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Abstract: This document analyzes a single server queueing system in which service is
alternated between two queues and the server requires a (finite) switchover time to switch
from one queue to the other. The distinction from classical results is that the sequence of
switchover times from each of the queues need not be i.i.d. nor independent from each other;
each sequence is merely required to form a stationary ergodic sequence. With the help of
stochastic recursive equations explicit expressions are derived for a number of performance
measures, most notably for the average delay of a customer and the average queue lengths
under different service disciplines. With these expressions a comparison is made between
the service disciplines and the influence of correlation is studied. Finally, through a number
of examples it is shown that the correlation can significantly increase the mean delay and
the average queue lengths indicating that the correlation between switchover times should
not be ignored. This has important implications for communication systems in which a
common communication channel is shared amongst various users and where the time between
consecutive data transfers is correlated (for example in ad-hoc networks).
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Un Systéme & Polling avec Deux Files d’Attente et des
Temps de Passage Corrélés

Résumé : Ce document résout un systéme a Polling qui consiste en deux files d’attente
servies par un serveur. Aprés avoir servi une file d’attente, le serveur a besoin d’un temps
de passage aprés lequel il commence & servir autre file d’attente. Les suites des temps
de passages peuvent étre corrélées. Nous obtenons ’expression de plusieurs quantités, dont
notamment le temps d’attente moyen et la taille moyenne de la file d’attente. Gréce a
ces expressions, nous comparons les différentes disciplines de service. Finalement, par des
exemples nous montrons que la corrélation des temps de passage peut augmenter signi-
ficativement le temps d’attente moyen et la taille des files d’attente, indiquant que cette
corrélation ne peut pas étre ignorée. Cela a des implications importantes pour des sys-
témes de communication dans lesquels un canal de communication commun est partagé par
plusieurs utilisateurs et oul le temps entre des transferts de données consécutifs est corrélé
(par exemple dans les réseaux ad-hoc).

Mots-clés : Systéme & Polling, files d’attente, équations récursives stochastiques, processus
stochastiques
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1 Introduction and Motivation

So far only few explicit results have been known in queueing theory for systems whose
evolution is described by general stationary ergodic processes. One line of research that
allows one to handle stationary ergodic sequences is based on identifying measures that are
insensitive to correlations. For example, the probability of finding a G/G/1 queue non-
empty is just the ratio between the expected service time and the expected interarrival time
of customers (which follows directly from Little’s Law). The expected cycle duration in a
polling system (under fairly general condition) too, depends on the interarrival, service and
vacation times only through their expectations under general stationary ergodic assumptions
(see e.g. [4]). An example of performance measures that depend on the whole distribution of
service times but is insensitive to correlations is the growth rate of the number of customers
or of the sojourn time in a (discriminatory) processor sharing queue in overload [3, 14].
Other insensitivity results on bandwidth sharing in a network can be found in [7, 6].

The polling models we study do not exhibit insensitivity. Approximating correlated
vacations by independent ones can result in large errors in the performance, see e.g. [21]
in the context of bluetooth. To study these systems we make use of stochastic recursions
equations (SRE) introduced in [1] which extend branching processes with migration on one
hand, and linear stochastic recursive equations! on the other. It has already been shown in
[1] that vector valued SRE can be used to describe some embedded processes appearing in
polling models.2

In this paper we identify one dimensional SRE which we use in order to compute the
expected waiting times and queue lengths in a system with two queues where a single server
alternates between two queues and requires switch-over times (modeled as vacations) to
move from one queue to the other. We consider the exhaustive service discipline where
the server serves a queue until it empties before switching to the next queue as well as the
gated discipline where only customers present upon the arrival of the server are served. Two
systems are studied: one in which both queues are served exhaustively and one in which one
queue is served exhaustively and the other according to the gated discipline. Our analytical
results are then used to study numerically the impact of correlated switchover times on the
performance, as well as the difference in performance due to the service discipline used.

The polling system studied in this paper, but without the correlation, has been used in
the past [17] to model communication systems in which transmission between two stations
can take place only in one direction at a time. The position of the server then corresponds
to the direction data is travelling in. A similar situation arrises in ad-hoc network; there
is a common channel which needs to be shared amongst various users. The more users
there are, the longer one has to wait before being able to capture the channel necessary to
(re)transmit data. In particular, if one has to wait a long time before being able to transmit
data, then it is very likely that there are many users around and that the next time one
has to wait once again for a long period of time. For this reason the correlation of the

1Linear SRE have already been used to study the impact of correlation of the loss process on TCP
throughput [5].
2SRE have also been used recently to study the infinite server queue with correlated arrivals [2].

RR n° 5368



6 Groenevelt €& Altman

number of users over time in an ad-hoc network inherently introduces correlation between
the waiting (switchover) times, and this in turn leads to an increase in the mean delay and
queue lengths.

The remainder of this document is structured as follows. In section 2 the polling system
is described in more detail and the notation and some formulas are established. Section 3
(respectively section 4) is entirely devoted the analysis of the exhaustive/exhaustive (respec-
tively exhaustive/gated) queueing system. This is done by first deriving a SRE in section
3.1 (4.1) which leads to the derivation of a number of performance measures in section 3.2
(4.2), of which most notably the expected waiting times and queue lengths in section 3.2.6
(4.2.7). The performance measures are used then used in the examples of section 5 to show
the influence of correlated switchover times. Finally, conclusions are given in section 6. To
aid the reader, a list of notations is given appendix E.

2 Model Description

We examine the polling of two queues, i.e. one queue is served after which the other queue
is served. No limit is specified for the length of either queue. After serving queue i (i = 1, 2)
for the n-th time, the server requires a switchover time of duration V;, ;. Assume all V,, ; have
the same distribution as V; (V,,; ~ V;), where V; is assumed to form a general distribution
with first and second moment v; and v{>) and with variance 62 :=v\*'— 12, i = 1,2. Let
R:=v1+vy and A%:=§2+63. The sequences of switchover times are assumed to be stationary
ergodic instead of the usual i.i.d., and possibly dependent on each other. This implies that
there can be a correlation between the switchover times of the two queues and/or within
the sequence of switchover times for each queue. The arrival of customers at queue i is
Poisson with rate \; and the service times are nonnegative, i.i.d. random variables with
(finite) first and second moments for queue i given by, respectively, b; and bl@ The load at
queue i is p; := \;b; and the system is stable [19, page 280] if and only if the overall load
p = p1 + p2 < 1, which we assume throughout. Furthermore, we will continuously assume
that the queues are operating under stationary regime.
Introduce the covariance functions (i = 1, 2)
ci(n) :]E[Vo’iVn,i] — ]E[Vb’l]IE[Vn i]7 n €N, (].)

3

ci2(n) =IE[Vo1 Vi 2] — IE[Vo1]IE[V,, o], n € 7Z. 2)

Note that ci2(n) is defined for n € Z. With this convention it is not necessary to work
with ca1(n) = E[Vh2V,.1] — E[Vp2]IE[V,, 1], since under stationary regime it follows that
ca1(n) = E[Vp2Vui] — E[Vp o] E[V,i] = E[V_, 2Vi1] — E[V_, 2]E[Vh1] = c12(—n). In
particular, if for each queue the sequence of switchover times is uncorrelated, then c;(0) = §?
and ¢;(n) = 0, for n € N. If there is no correlation between the switchover times of the two
queues, then c¢j2(n) =0, for n € Z.

INRIA



An Alternating-Priority Server with Correlated Switchover Times 7

Because of the assumption of the queues operating under stationary regime (1) and (2)
can be rewritten as

E[Vy i Vpi] =vi+ci(n), i=1,2 neN, (3a)
IE[‘/E)JVMQ] = V12 + Clg(n), n € 7. (3b)

In order to establish the SRE, let D,, ;(N) be the duration of the busy period in the
it" queue, initiated by N customers waiting in that queue when the server arrives at that
queue for the n'" time. Similarly, let N, ;(T) be the number of customers arriving at queue
i during a period of time 7" during the server’s n'” visit to queue i.

Let us now establish a number of formulas which will be used throughout. First recall
that if D; is a random sequence with IE[D;] = d and IE[D?] = d®, independent of a random
variable N, and

N
7(N) := ZD“ (4)
then
E[r*(N)] =) nlE [Z Di-Y Di|N =n| P(N=n)
n=1 =1 =1
=>" n(BID3)+(n-1)(E[D1]))?) P(N =n)
=d*IE[N?] + (d® —d?)E[N]. (5)
Similarly,

BT = [T = aar) = [ (0w + ad)ar(o)
0 0
=NE[T?] + \IE[T]. (6)

Next we proceed in a similar manner to obtain the second moment of the busy period
generated by Y customers initially in the system. First recall that D, ;(1) is a single busy
period initiated by a single customer in an M/G/1 queue with Poisson arrivals with rate
A; and general service time with first and second moments b; and bz(-Q) respectively. The
first two moments of a single busy period initiated by a single customer are given by [15,
equations 5.141 and 5.142]

b;
di = ]E[Dnﬂ(l)] = 1_ p-, (7&)
) > b :
d;i” = E[D,,;(1)] = ma =12 (7b)

RR n° 5368



8 Groenevelt €& Altman

The busy period, D, ;(Y), generated by Y customers is the sum of ¥ independent single
busy periods, each with distribution D,, ; ;, ~ D,, ;(1). Hence the second moment is

Y 2 Y
ZD] By 0.0
k=1 k=1

By taking Y = N, ;(T') we obtain (i = 1,2)

2

E[D ,(Y)] = I = ZEY? + (d - &?)EY).  (8)

B[D? ,(N,,.4(T))] =d?ENZ (T)] + (4 — d2)B[N,, ;(T)]
=\2d2E[T?] + d'® \E[T). 9)

INRIA



An Alternating-Priority Server with Correlated Switchover Times 9

3 Exhaustive/Exhaustive Service System

3.1 Introduction

We start by examining the exhaustive polling of two queues, i.e. one queue is served until
it is empty after which the other queue is served until emptied. Consider the system at
the moment the server starts serving the first queue for the n*" time with L}, ; customers
waiting in the queue. From here on the following steps take place (see Figure 1 for a visual
representation of this decomposition):

o Ezhausting the first queue. The L} | customers in the first queue require a busy period
duration of D,, 1 := D, 1(L;, ;) to exhaust.

e Switching to the second queue. After serving the first queue the server requires a
switchover time of V,, 1 units of time.

e FErhausting the second queue. In the time needed to switch from the second to the
first queue (V;,—1,2), to exhaust the first queue (D, 1), and to switch back to the
second queue (V,, 1), there have been L}, 5 := Ny, —12(Vai—1,2) + Ny 2(Dra (L, 1) +Vi1)
customers arriving at the second queue. It requires D, 2 := D, 2(L;, 5) units of time
to empty this queue.

o Switching back to the first queue. After serving the second queue the server requires a
switchover time of V,, 5 units of time.

_1Im

Busy period Switchover Busy period Switchover
of duration Dn1 time Vp 1 of duration D2 time V2

Figure 1: Decomposition of the n'* cycle into busy periods (D,, ; and D,, ») and switchover
times (V,,,1 and V,, 2).

After this the process starts over again and a new cycle begins. Hence the n'" cycle is
made up of

Cn :Dn,l + VnA,l + Dn,2 + Vn,2-

RR n° 5368



10 Groenevelt €& Altman

The time between the server finishing work at queue ¢ and returning to queue 7 in the
next cycle is the intervisit time I,, ; and is given by

In,l = Vn,l + Dn,2 + Vn,27 (103)

Ino = Vao+Dpy11+Vagra. (10b)

A SRE will be established for this quantity and we will see that it plays a central role for

the derivation of the expected waiting times and queue lengths. The time D, 1 ; spent at
queue i in the (n+1)" cycle is related to the intervisit time according to

Dnyin = Dpg1,1(Nn1(In1)), (11a)
Dut12 = Dpa2[No2(Va2)+ N2 (Vi
+Dn+1,l(Nn,1(In71)))} (11b)

The expectation is the sum of expected busy periods [15, p.217] and thus

b IEN, 11y E[l,,
E[D, ] = Noa (o)l _ prE[Lna] (12a)
1—=p 1—p
Using the stationarity and the divisibility (N, 2(a+b) = Ny 2(a)+ N, 2(b)) of the arrival
process it can be shown that

E[L,

E[D, 2] = M (12b)
L—p2

Since the busy periods are sums of service times, the divisibility property also holds for
D, ;. This means that from (substitute 11b into 10a)

Int11 =Vas11 + Vag12 + Dpgi2 |:Nn,2(vn,2) + Not1,2 (Vn+1,1 + Dn+1,1(-/\[n,1([n,1))):|a

n € N, we see a SRE (as presented and solved for stationary ergodic sequences in [1])
arising. Although the system is two dimensional (as there are two queues), the reduction to
a one dimensional SRE is a key element in obtaining explicit formulas for the performance
measures.

Theorem 3.1. (SRE for exhaustive/exhaustive system). The intervisit time of the first
queue allows itself to be written as a one-dimensional SRE,

Ini11=A.(Inq1) + By (13)
with
An() 1= Drsra(Nosr2 (Pasa (W (). (14)
By = Vot11+ Vat1,2+Drgi2 (Nn,2<vn,2) +Nn+1,2(Vn+1,1))' (15)
Note that from (12a) and (12b) we have IE[A, (I, 1)] = oIE[I,, 1] where o := %. o

INRIA



An Alternating-Priority Server with Correlated Switchover Times 11

The existence of a stationary ergodic I,, ; which satisfies (13) is given in the following
theorem which is proven in Appendix A.

Theorem 3.2. If p < 1 then there exists a stationary ergodic regime I, ; which satisfies
(13). o

3.2 Performance Measures

In the next couple of sections the first two moments of various performance measures will
be derived. Starting with the first two moments of the intervisit time of the first queue, we
see that all of the other quantities can easily be expressed in terms of the intervisit time.
Most importantly, closed form expressions for the average waiting time and the mean queue
length will be derived in the presence of correlated switchover times.

3.2.1 Intervisit Time
Taking the expectation of the square of (13) gives

(134 1] =E[An(In,1)]* + E[B] + 2E[An (In,1) Bn)- (16)

This expression is central to the proof of the following theorem.

Theorem 3.3. (Intervisit time in exhaustive/exhaustive system). Under the stationary
regime the expected intervisit time of queue i is given by

R(1 —p; .
E[In,l] (1_pp)7 pi=p1 + P2, 1= 172 (17)

The second moment is given by

2p(?) 202(1— 1—p+2
BIE[I2 ] R </\1'021—|—)\2b§2)) +524 (1_;)2(,0)> 5§+<p+p1p2) R24+9C

:fp (1_/)1)2 1—p1 1-p
(18)
where
=P g (1=p)(L = p+2p1p2)
(A =p)(d = p2)’ ' (1—p1)2 :
and
C':i [C (j)+c (')—FMC (-)_|_1_7P26 (—')+MC (G—1) ol (19)
: 2 1U 2\J o(1—p1) 2\J o 12(—J 12(J

18 the addition to the intervisit time due to the correlation between the switchover times. ©

RR n° 0123456789



12 Groenevelt €& Altman

Remark: By taking Ao = 0, one obtains an ordinary M/G/1 queue with correlated va-

cations where IE[I? |] (= v£2)4-v§2)+2v1v2) no longer depends on the correlation (since a = 0).

The proof is given in Appendix B. On the basis of this theorem a number of other results
quickly follow.

Corollary 3.1. (Intervisit Time With Uncorrelated Switchover Times).

If the succesive switchover times in each queue are uncorrelated then ci(j) = ca2(j) = 0 for
j > 1. Furthermore, if the switchover times between the two queues are uncorrelated, then
c12(j) = 0 for j € Z. This leads to C = 0. The expression then agrees with the classical
result mentioned in [11, equation (55)] or in [18, equation® (4.36a)]. o

3.2.2 Number of Customers Waiting When Server Arrives

The exhaustive nature of the server implies that the number of customers building up at
queue 1 is exactly the number of customers that arrived at that queue during its intervisit
time. Thus,

L:L+171 = Nn,l(ln,l)-
From this we immediately obtain
RAi(1 = pi)
I—p

as the expected length of the queue, under stationary regime, at the moment the server
arrives at queue 7 (i = 1,2). The second moment follows through squaring,

IE[L:;HJ‘] :)‘iIE[In,i] = (20)

E[(Ly1)*) =BING 1 (In,1)] = B[ 1] + MIE[L, 1],

n,1
which leads to
RA\i(1 — pi)

BE[(L;, ;)] =B ] + 1o, (21)

3.2.3 Duration of Busy Periods

The expected time per cycle, in steady state, for the server to work on queue i (i = 1,2) is
given by
Rp;

=1 (22)

IE[Dn,i]

3Tnstead of switchover times this work refers to reply intervals. Unfortunately, the definition or the indices
in (4.36a) are not coherent for the case N = 2 as the indices of ones and two have to be interchanged (for
01 and 62, as well as for r; and r2) to obtain the correct result. The result is mentioned correctly in [11,
equation (55)].

INRIA



An Alternating-Priority Server with Correlated Switchover Times 13

This follows directly from IE[D,, ;] = IE[D,, ;(L;, ;)] = biIlEELpiT’i]
Since IB[D}, ;] = E[D2 | (Nn,1(I5,1))], the second moment follows with (9) and is given

by

P}IE[I2 4] R

0 p? T p)P(0—p) (23)

E[Di,l] =

3.2.4 Cycle time

By definition Cy41,; = Dyt1,i + Int1,. From this the expected duration of a cycle under
stationary regime immediately follows:

R
E[Ch1,] 1=,

Taking the expectation over the square produces

B(C111] =E[D 4] + B 1] + 2Dyt 1 lnga].

n

i=1,2. (24)

9 )

The last term on the right hand side can be derived using (13) to give
]E[Dn—i-l,ljn-i-l,l] :]E[Dn—i-l,l : (AH(I?LJ) + Bn)] = ]E[Dn—i-l,l : A?L(In,l)] + IE[Dn+1,1 ‘ Bn]
:]E [Dn+1,1 : Dn+1,2 (M1+1,2(Dn+1,1))] + ]E[Dn+1,1 (Nn,l(In,l) : Bn)}

P2 2 P1
= ED; + —IE[I,18,].
D+ B

Plugging in the expressions for IE[I,, 15,] (equations (72) and (75)) reveals that

209 2p1
E[CfL-f—l,I] :]E[D72L+1,1] + ]E[Ifb-f—l,l] + q]E[D?L-‘rl,l] + 1= pllE[In,an]
1+p2> 2 5 201 ( R? 262 )
- E[D2,,,] + E[2,] + v
(152 ) BiDt 4 B2, 4 20 (4 2
2 o ;[ei(h) +ea(d) (1—p)2ca(y) c12(—j) ‘ apa
+— > o [ + + +c (1 + 7)
p2 ; 1—p2 p1(L—p1)(1 = p2) p1 12(7) 1—p2
2(—c12(—1) + acy2(0
_202(1)+ ( 12( ) 12( ))

L —p2
The expression for IE[D2, , ] = IE[D} ,] is given in equation (23) and leads to

1+ p2 It 2 2p1 R? 203
E[C? = <( ) < +1 ) E[I? + +
[Cosral 1—ps) \(1=p1)? Bl 7= T, o

Eooaj 1) + c2()) (1= p)?ea(y) ci2(—j) oo (i apa
+p2; [ 1= m-p)(-p) +12(J)(1+ )]

2(—c12(—1) + aci2(0))
1—p2 .

— 262(1) +

RR n° 5368



14 Groenevelt €& Altman

Remark: A cycle can also be defined as C,, 1 = I,,,1 + Dy11,1. The first moment of the cycle
time is then the same. However, the second moment is then different since

IE[C?m] :E[Ir%,l] —+ ]E[D721+171] + 2IE[I;,1 - Dny1,1 (N (In1))]
:IE[ITQLJ] + )\fd%]E[I?z,ﬂ + /\1d§2)IE[In71] + 2/\1d11E[Ir2L,1]
E[I2,]  \b{ B[]
(1= p1)? (1=p1)?

This last expression corresponds to [18, equation® (4.23b)]. I

3.2.5 Number Served per Cycle

To derive the first and second moments of the number of customers served per cycle, consider
an M/G/1 queue with arrival rate \;, average service time b;, and the second moment of the
service time b§2). Then the expectation [15, equation (5.153)] and the variance [15, equation
(5.154)] of the number of customers served in a single busy period are

1 pi(1 = pi) + A3V
Var Fl‘ = t
=0y

Let 7, ;(N) be the number of customers served at queue i during the n** cycle if there are N
customers in the queue at the moment of polling. Since the number served is the sum of the
number served during N busy periods, (4) tells us that the expected number of customers
served, per cycle, at queue 7 is

E[T;]

= 17p1,

E[L; ;] AR
l—pi  1—p

for ¢ = 1,2. To derive the second moment note that

E[T.7(L;, ;)]
(E[D])?E[(Ly, ;)] + Var[[y i IE[L;, ;]
Bz, | Fu (e =) £ 0007)
(1—pi)? (1—pi)2(1—p)

E[T, ;] =IE[T, (L, ;)] =

n,t

: (25)

E[T?2

n,i]

Using equation (21) gives
RA1(1—,64+A$Q”)
1—p

_
(1—pi)?

4There is in fact a factor )\; missing in [18, formula (4.23b)]. It should read ... +
Mil=(=p) A2
1= ek ’
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An Alternating-Priority Server with Correlated Switchover Times 15

3.2.6 Expected Waiting Time and Average Queue Length

Two of the most important performance measures, the expected waiting time and the average
queue length, still remain to be given. The following theorem provides us with this result.

Theorem 3.4. (Expected waiting time and queue length for the exhaustive/exhaustive
service discipline). The expected waiting time (total time in system minus service time) of
a customer going through queue i is decomposed of two parts, namely

/\ibz('Q) (1- P)IE[I?LJ

E[W,,] = 7 27
Wadd =50=50 * "2R( = p) 7
1=1,2. This gives
EW, 1] = b MpabP (1 — p1)25”
A=
! 2(1=p1)  2(1=p1)(1=p)(1=p+2p1p2)
(1-p1)R 527/’2(1—.0) 2
+ 20—p) 5 - 35+C ) 9, (28)

where 1 := m and C (defined in (19)) is the increase in the expected waiting time
due to correlated switchover times.
The average number of customers at queue i (in service and in the queue) follows directly

from Little and is
]E[LS’Z‘] :)\Z]E[Wqﬂ] =+ Pisy 7= 1, 2. <o

In the uncorrelated case (C = 0) this is in correspondence with [19, formula® (3.12)].

Proof: For a customer arriving at queue i (i = 1, 2) the system behaves as an M/G/1 queue
where the server goes on vacation as soon as the queue is empty. The random variable for
the nt" "vacation" from the first queue is exactly I, ;. Conditioning the waiting time in the
queue on whether or not a customer arrives when the server is busy or on vacation produces

B =g Fe

)

E[W, i|vac] + E[W, :|busy]. (29)

A tagged customer that arrives during a vacation has to wait for the vacation to finish
plus the time needed to serve the customers that arrived before him /her in the vacation. The
expected remaining vacation time is I[I7 ;]/2IE[I,, ;] and the expected number of customer
that arrived before the tagged customer is \;IE[I? ;]/2IE[I,, ;]. This means that

E[I7]

Wy 2IE[1,, ]

vac| = (14 Xb;). (30)

5The last term in [19, formula (3.12)] is missing a factor two and there is a mix up between §; and J5.
[L—p1 =205 (1=p))65 +(1-p1) 20}
2R(1—p+2p1p2) ’

The expression should read - - - +
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16 Groenevelt €& Altman

A tagged customer that arrives when the server is busy has to wait for the current
customer in service to finish plus the expected time needed to serve the L, ; customers that
arrived at (and still are in) the queue before the tagged customer did. This gives

(2

2b;

E[W, |busy] = + b;IE[L, ; [busy]. (31)
To obtain the number of customers in the queue, first realize that the expected waiting time
of a customer in the system is IE[W ;] = b; + IE[IV, ;]. Little [13] tells us that the expected
number of customers, L ;, at the queue i (in service and in the queue) is

IE[LS,Z'] = )\iIE[WSJ] = pPi + AiIE[WqJ'].
On the other hand,

E[L,.] :E[[Z:]] (Lo i|busy] + g[[é:ij} E[L,,

)

vac]

e . AiE[I’?L,Z']
=pi(l+ ElLglbusy]) + (1= p) Gy

Combining these last two equations gives

E(L, :fbusy] =~ (B, ] - (1= p)IE[I7 ] (32)
q,1|0USY 7b7, q,t Q]E[In,z] .
Putting together equations (29)-(32) gives
N 7 DN ' B () i )
[ (I,i] _( _pZ)QIE[Lm] ( + A Z) + pi 2b1 + [ ‘Z-,Z] - QIE[IHJ}
(2) 2
= — + Uni (33)

2L —pi)  2E[L]

The theorem follows by plugging in the values of IE[I,, ;] and IE[I? ;]. Notice that not once
have we assumed the switchover times and the busy periods to be uncorrelated!
An alternative proof is given in Appendix C. [

3.3 Identical queues

Let both queues be identically distributed, i.e. A := X;, ¢(j) := ¢ (j), b = 652), v = v,
82 == 62, and p := p;, for i = 1,2. The stability condition is then p = A\d < 1/2. In

INRIA



An Alternating-Priority Server with Correlated Switchover Times 17

stationary regime,

E[l,1] = 211(1_;;) (Intervisit time)
E[L;, ;] = 21}1)\(_12[3/5) (Queue length when server arrives)
E[D,1] = 12_1}[;[3 (Busy period duration)
E[Cp,] = 1 31;/3 (Cycle time)
E[T), 1] 12_1);ﬁ (Number served per cycle)

The second moments are
A3+ 20(1 — p)? 2(1 — p)é2
]:2v< + 2u( p)>+( p)

! (1-2p)2 1-2p
201-3p+30%) = ;o 201—5) {C(j) 1 e
T a1 _ a2 2.9°¢ + - ~ + —cia(—j) |’
51— p)? jz::o 12(7) 5 ; 1-25 3 12(—J)
20A(1 — p)
* )21 _ \27R[72
E[(Ln,l) ] =A IE[In,l] + 1— 2[)
Ep2 ) = (w4 220
n,l - (1 . p/\)g P n,l 1— zﬁ
E[I; 20Ab2)
Ec2,) - ol 2T
’ (1-p)2 (1-p)(1—-2p)
1 20\(1 — p? + A2b?)
E[T},] = NIE[I?
[ n,l} (1 Y ( [ n,l] + 1 — 2ﬁ
with
P g Q=)' =5 (025020 +27%)
(1-p)* (1-p)? (1-p)?
The expected waiting time and average queue length are
M3 4+ (1 —pw 62 e
E[Wq.] = T + %% (Waiting time)
1—3p+3p° — o 1=2p [ elh) 1 N
v(1— p)(1 — 2p + 257) ;O‘ ezl + 555 ; T-2p T ged)|e
E[Ls 1] = AE[W, 1] + p (Average queue length)
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18 Groenevelt €& Altman

In the case of uncorrelated switchover times these expressions coincide with the known
results for the intervisit time (equation (4.21) in [18]), number of customers at polling
instant (equation (4.12b) in [18]), duration of a busy period (4.15b), cycle time (4.24),
number of customers served per cycle (4.18b), waiting time (4.33b), and the average queue
length (4.34).

3.4 Heavily Unbalanced Traffic

What happens to the waiting times if we let the traffic at the second queue approach zero?
By letting A\ — 0 in (28) we see that the expected waiting times,

b R A2

E[Wq,l] :2(1 — pl) 2 + ﬁa
(2) 2
b R A , 1
E[Wq,Z] _2(1 — p1)2 + 2(1 — pl) + ( 2 pl(l p1)62 R(l — ,01)7

no longer depends on the correlation. Because of this the conclusions of [18, page 83] hold
which state that if p; > 0.5, or if all switching times of the second queue are constant
((52 = 0), we have E[Wq)g} > E[WqJ].

3.5 Switchover Times Equal to Zero

Let us examine what happens to the expected waiting time when the switchover times are
constant and equal to zero. By looking at the expressions for the expected waiting times
(equation (28)), we see that the variances and (cross) correlations of the switchover times
must go faster to zero than the mean switchover times does since otherwise the expected
waiting times could explode (for example, limgr .o d5/R must go to zero). Sending the
appropriate variables to zero in the right order produces

Auby? Aup3bi” + Ao (1 = p1)?5”
2(1=p1)  2(1—p1)(A = p)(1 = p+2p1p2)

This is naturally no longer dependent on the correlation and is identical to (4.36b) in
[18].

]E[Wq,l] =

4 Exhaustive/Gated Service System

4.1 Introduction

Now let the first queue be served exhaustively and the second be served in a gated manner.
The time needed to serve N customers in the second queue in the n** cycle is denoted by

INRIA



An Alternating-Priority Server with Correlated Switchover Times 19

Sp2(N). Naturally, IE[S,, 2(N)] = bIE[N]. The service time of the second queue, S, 2,
satisfies the following recursive relationship

Snt1,2 =Snt1,2(Na2(Sn2 + Vi2) + Nog12(Dns1a + Vagr,1))-
At the same time, the time the server works per cycle at the first queue, D, ;, satisfies
D71,+1,1 :Dn-l—l,l (Nn,l (‘/n,l + Sn,2 + Vn,2)> .

By combining these two expression we obtain the following theorems.

Theorem 4.1. (SRE for the exhaustive/gated system). The SRE for the service time at
the gated queue is given by

Sn1,2 =X (Sn2) + Va, (34)
with
X0() = Sun2 (N () Nt 2 (Pt 1 (Maa ), (35)
Vo 1= Snt1,2 (Nn,Q(Vn,z) + Nt1,2(Dng1,1 (No1 (Vag + Va2)) + Vn+1,1)>- (36)
Note that B[X,,(Sn2)] = YIE[Sy,2] where v = 22-. ©

Theorem 4.2. If p < 1 then there ezists a stationary ergodic regime Sy, o which satisfies

(34)- ©

The proof of the last theorem is omitted due to the strong similarity with the proof of
Theorem 3.2.

4.2 Performance Measures

Starting with the service time at the second queue, the next couple of sections will present
a number of performance measures of the mixed exhaustive/gated service system.

4.2.1 Service Time Second Queue

Theorem 4.3 (Service Time Second Queue). Under the stationary regime the expected
time per cycle spend on service time at the second queue is given by

R
T[Sy 11,2] =22 o (37)

1—

RR n° 5368



20 Groenevelt €& Altman

The second moment of the same variable is

R Ag(1—p1)2b5) 1—pi+
B[Sl = 72, <A1b§2)+2(p21)2> +(1=2p1(1-p)) 67 + 65 + (’)1”2) R

P2 1=p
5 1—P1(2—P) , , j
+ chlg +ZZ e2(i) + = (exz(=i)+per () )7 (38)
with
1— 2 _ 2
o= P2 , W= w o
I-p P2

The proof forwarded to Appendix D

4.2.2 Cycle Time Starting from the Second Queue

The cycle time, C), o, starting from the server arriving at the second queue can be derived
by using the relationship

Snt1,2 = Snt1,2 (Nn,2(cn,2))7

where Nng() expresses® the number of arrivals at the second queue during the n'* cycle,
with the cycle starting from the arrival of the server at the second queue. The time the server
works, per cycle, on the second queue is equal to the time needed to serve the customers that
arrived at the second queue during the previous cycle. Taking the expectation (IE[S)4+1,2] =
p2IE[C,, 2]) gives the first moment,

th

E[C, 2] = =, (39)

By taking the expectation of the square one obtains
. 2
E[S7 1] = B[S} 41 5(N2(Cn2))] = BIE[C) 5] + Aobs” E[C 2],

where (76) was used. Substituting (38) into this gives the second moment of the cycle time
starting from the polling instant of the second queue:

R R
BlCnal = 7=, p(A o2 2atf?) 4 (200 )t a3+ (L2 )

+zp2cl2 J+2z(@ Ww(muwpcl(j)))vj. (40)

P2

=1 =p)* -3

where v :=

8This represents a shift from the original arrival process Nn.,2(+). By doing so the calculations become
significantly less involved. Note that this process is correlated to Ny 2 and Np41,2, but it is independent of
Dn,l(') and Sn’z(-).
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An Alternating-Priority Server with Correlated Switchover Times 21

4.2.3 Intervisit Time First Queue

The time between the server leaving the first queue and arriving back at the first queue is
the intervisit time and it is given by

In,l = Vn,l + Sn,? + Vn,2~
It’s expectation is straightforward,

(1_P1)R.

Bl =

(41)

For the second moment a little more work is needed as
E[I7 ] =E[(Va1 + Sna + Va2)?] = 67 + 65 + R? + 2E[Sn 2 (Va1 + Va2)] + E[S) 5], (42)

The second last term remains to be assessed. Similar to the step taking (80) to (81), Theorem
2 of [1] provides us with the answer. Applying the theorem just as in (81) gives

E[Sp (V14 Vo) = Z'YjIED}OU/jJrl,l + Vjt1,2)]

Jj=0

= ZW’jIE[Sl,z (N072(V0,2) + M 2(D11 (Mo (Vo +Vo,2)) + V171))(Vj+1,1 + ij—&-l72):|
=0

=2 B[ (Vo + 72 (Vo £ Vo2) + Vir ) (Vi + Vi 2)]-
, —p1
Jj=0
Using the covariance functions and collecting terms gives

oo

E[Sn2(Va1+Va2)] =p2 > 7 (

=0

R + cia(—j—1) + ca(j+1)
1—p1

Lo (c1(j41) + c12(j+1))
L—p1

+ 1)) +012(J'))-

Here the term R2? can be taken out of the summation and the covariance terms can be
re-indexed (for example, 7372 y7ci(j+1) = 3272, 7/ ei(d)) to give
E[Sn2 (Vi1 + Vi2)] Z%RQ + p2(c1(0) + ¢12(0))

(oo}

+ ; [012(*]') + c2(j) + pr(cr(j) + c12(4)) + p2 (e (4) + Clg(j))i|"yj

7P2Ptz
=1

+ P2 (5% + 012(0)) + Z {012(*]‘) + Cg(j) + p(cl(]) + 612(j)):|"yj.
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This expression can be put back into (42) to disclose that
2
B2, =0+ 3+ (14 22 ) B2 28 + ca(0)
+2) [012(—j) + e2(5) + p(er(h) + 012(j))}7j
j=1

1
4+ =
w

R Xa(1 — p1)20? 2
1p()‘1b§2)+2(p§1)2>+(1—2m(1—p))5?+5§+(l+1 o )R2
- 2

- o > 1= p(2- , , ,
+2p) ey +2) <02(J) + 1=m=p) <012(_,7) + pq(J)))WJ ;
=0 j=1 P2
with v 1= 5 fi)l and w := (1_”;#. Collecting terms gives the second moment of the
2
intervisit time of the first queue,
2 2
(2 | <A & (1= )05 (=pPA* 2= p)(L4p2)
" (1=p)2(1 = p1+ p2) (L=p)A = p1+p2) L= p1+p2
(L—p1)® o 2po (1—P1(2—P)>
4+ -——5R°+ c12(0 43
(1-p)? L—p\ 1—pi+p2 12(0) (43)

(1=p)(1=p1+p2) 4 1=p1 ) <”“<J’>+012<—J’>)+C2<J‘>+pcu<j>} 7.

2-p)? & [(MZ“‘”)

4.2.4 Duration of the Busy Period at the First Queue
The time the server spends, per cycle, at the first queue is made up of
Dn+1,1 = Dn+1,1 (NH,I(ITL,l))a

the time needed to empty a queue (exhaustively), starting with the number of customers
that have arrived at and accumulated at the first queue since the last time the server served
the first queue, i.e. since the intervisit time I,, ;. The expected value is

]E[DnJrl,ﬂ -

e (44)

Taking once again the expectation over the square gives IE[D?Z , | |] = E[D2 |, | (M1 (In1))],
which with (9) gives

PIE[I2 ] A RBS?)
(1=p1)?  (A=p1)*1—p)

as the second moment of the duration of the busy period at the first queue.

IE[D72L+1,1] =

(45)

INRIA



An Alternating-Priority Server with Correlated Switchover Times 23

4.2.5 Number of Customers Waiting When Server Arrives

The number of customers, L, ; ;, waiting in a queue at the moment the queue is polled is
equal to either (i = 1) the number of customers that arrived during the last intervisit time
or (i = 2) the number of customers that have arrived since the gate closed. This gives

er+1,1 :Nn,l (In’l)
Lyt =Ny2(Ch2).

Thus the expected number of customers waiting at the polling instances are

N AM(l—p1)R
E[L111] = 71(1 — pl) (46a)
AR
E[L} = . (46b)
[L711,2] -,
The second moments follows through squaring to give (see (6))
N AM(1l—p1)R
Bl = i)+ (a7a)
. AR
E[(Ln+l72)2] = )\glE[Cfm] + 1 i S (47b)

4.2.6 Number of Customers Served per Cycle

The derivation of the expected number of customers served, per cycle, at the first queue is
completely identical to that of the exhaustive/exhaustive service discipline given in section
3.2.5 (with ¢ = 1). Equations (25) and (26) give

E[L7.] MR

BT, == = 7 (48)

1
(1=p1)?

AlR(pl(l — )+ A%b?)

]E[T?L,ﬂ = 1— P)

E[(Ly, 1)%] +

AlR(l 2 A%b?’)
1-p

1
=7 (MBI +

(1 - 01)2 (49)

The number of customers served, per cycle, at the second queue is easier since, because of
its gated nature, it is equal to the number of customers waiting in the queue at the moment
the queue gets polled. Thus 7}, 2 = L}, , and, in particular,

AR
E(Tn2] =EILy0] = 1, (50)
AR
[T} o] <IB[(L7,2)°) = MBICT o] + 12 (51)
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4.2.7 Expected Waiting Time and Average Queue Length

Theorem 4.4 (Expected Waiting Times for Exhaustive/Gated Served Queues).
If queue 1 is serviced exhaustively and queue 2 has gated service, then the expected time a
customer waits in queve i (i = 1,2) until being served is given by

1=p)R  pa(1—p)(1+p2)d? 1— b + 008 AZ42C0
IE[Wq,l]:( PR p2(1=p)(1+p2)07 p1 { 1017+ Aoby” | ATH 1] (52a)
2(1-p) R(1—p1+p2) 2(1=p1+p2) l—p R
()R pi(=p)(Ap2)07  Tdps [AbEY +A0bSY | A%+20%
EW,..] = - " (52b)
2(1—p) R(1—p1+p2) 2(1=p1+p2) l=p R
where
ad , , pg(l-p)) ‘ . ] , p2(1—=p1(2-p))
Ci = ca(g)+pc + [ 1+——= | {c12(—J)+pc T+ c12(0
-y aliy o) + (142022 (el peati)| o7+ 2022 o)
. o 1—p(2— . Ny
Coy = {cz(j) + pci2(j) + mp(zp) (012(—1) + pq(j))}vj + 2pc12(0)
Jj=1
is the increase due to correlated switchover times. Here vy := 1f—"‘p1.
The average queue lengths,
follow immediately because of Little. o

If the switchover times for each of the two queues are indepedent, as well as the switchover
times between the two queues, then C; = 0 = C; and we obtain the results given in [16,
formulas (25) and (28)] or [19, formula’ 4.1].

Proof: For a customer arriving at the first (exhaustive) queue, the derivation of the waiting
time is identical to that leading to (33) in Theorem 3.4. Therefore we have

>\1b§2) E[I? ]
2(1—p1)  2E[l,1]

E[Wq,l] =

Filling in the values of IE[I,, 1] and IE[I? ;] gives the expected waiting time of a customer in
the first queue.

Now imagine a tagged customer arriving at the second queue. The tagged customer has
to wait for the cycle to finish (the expected remaining cycle time is IE[C? ,]/2IE[C, 2]) plus
the time needed to serve the customers which arrived in the same cycle, but the before the
tagged customer did (the expected number of customers arriving before the tagged customer

"The formula presented in this reference is taken incorrectly from [16]. The first term for the waiting
time for customers arriving at the second queue should contain (1 + p2) instead of (1 + p1).
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is \2IB[C} 5] /2IE[C,, 2] and they require an expected total time of AoboIE[C? ,]/2IE[C,, o] to
serve). Therefore, the expected waiting time for a customer arriving at the second queue is

E[C] ]
EW,2| =—=7=—(1 .
[ (172] 2]}__‘}[077”2]( +p2)
Filling in the value for the second moment of the cycle time gives IE[W, 5]. 1

4.3 Identical Queues

In the case of identical queues (A := \;, p = ps, v 1= v;, 6 := &;, b = bgz), and ¢(j) = ¢ (j),
for i = 1,2) we have as the stability condition p = \d < 1/2 and

2pv

E[D,1] = T (Service Time/Busy Period Q1)
E[S, 2] = . 2_ﬁ;/3 (Service time/Busy Period Q2)
E[I, 1] :2(11_22)1] (Intervisit time Q1)
E[Cy 2] =1 31}2;3 (Cycle time Q2)
E[L}, ] —2)\1(1__2?U (Number Waiting Q1)
E[L;, o] :% (Number Waiting Q2)
E[T, ;] = 12—)\12},6 (Number Served per Cycle)

Writing out the second moments of these quantities does not provide much insight. The
expected waiting times are

_(A=p  pA-2p)(A+p)0% 1-p[20P 8+ C

EWqi] = - 25 T o MR ey . (54a)
C(+pw p1=2p)(A+p)0% 145203 62+ G

BlWaa] = 1-2p 2v + 2 [1-2p v (54b)
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with
& 128 12 N (1= 25(1 - )
Cy = Z [2PC12(J) + 5= p () + 4 p c12(‘])> ¥+ (L c12(0) (55a)
=1
(.. o\ e 1=2p(1=p) ]
Cy = Z [2[)012(3) + (3 —4p+ 4[’2)0(]) + p/gp)cm(—])] v’ +4pc12(0)  (55b)
j=1
being the increase due to correlated switchover times. In this case v := 1%,5'
The average queue lengths are given by
E[Ls;] = AE[W,;]+p, t=1,2. (56)

4.4 Comparison of Waiting Times in Exhaustive/Gated System

In the subsequent sections the effect of the service discipline at the two queues will be
studied. We start by examining the expected waiting times in the exhaustive/gated system.
Although the discussions are about the expected waiting times, the same arguments hold
for the average queue length.

4.4.1 Single Server Queue with Correlated Vacations

By turning off one of the queues one obtains an M/G/1 queue with multiple correlated
vacations. Let us start by turning off the second queue (by setting Ay = 0, po = 0, vo = 0,
and véz) = 0, which leads to c2(j) = 0, ¢12(j) = 0, and v = 0) to end up with an exhaustively
served M/G/1 queue where the expected waiting time

YR

]E[Wle] :2(1 _ pl) Tvl

(Exhaustive M/G/1)
is independent of the correlation between the vacations! This result was previously pointed
out in [1, paragraph 3.6] which causes it to correspond to the expression for the expected
waiting time but with i.i.d. vacation times [20, page 123].

On the other hand, by turning off the first queue in the exhaustive/gated system, we

are left with an M/G/1 queue with a gated service discipline. After setting the appropriate
parameters to zero we obtain

(2) (2)
A2b 1 j
2% 2y P22 L NTL36) (Gated M/G/1)

E =_’22
W2 20—p2) 202 1-pp w2 L

as the waiting time of a customer arriving at a gated M/G/1 queue with correlated vacations.
If there is no correlation then this expression is in agreement with the result previously
obtained in [1, Theorem 5] and [20, equation (5.24a)].
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It is interesting to compare the difference between these two waiting times due to the
server behaving differently. Assuming queues with identical parameters (by dropping the
indices of ones and twos and setting p := p; = p3) we see that
o0
> i, (57)

Jj=1

P
L=p

+

S| =

]E[W]gated M/G/1 — E[W}ezhaustive M/G/1 —

where the first term on the right hand side is the mean length of a service period (which is
the same for the exhaustive and the gated service systems). If there is no correlation, then
it is well known that the expected waiting time in an exhaustively served queue is less than
that in a gated serviced queue. In the presence of correlated vacation times this difference
is larger but remains a surprisingly simple expression.

4.4.2 Nonidentical Queues

The difference between the waiting times at the two queues is found by subtracting (52b)
from (52a) to give IE[W, o] — IE[W, 4] =

PR p(1—p)(1+p2)d} p Mb + Agbf? n A? +2(C; — C1)
20-p)  R(1-p1+p2)  2(1—p1+p2) 1—p R
_ PR p(1—2(p1+ pap)) p Wb+ Mobg? 03 +2(Co — C)

2(1=p) 2R(1 = p1 + p2) 2(1 = p1 4 p2) L—p R

with C7 and Cs defined in Theorem 4.4. Although not shown here, it can be verified that for
any choice of parameters Co > C1. From this expresion we see that if 1 — 2(p; + pa2p) > 0,
and C; = 0 = Cy, and if 67 is sufficiently large, that it may very well be possible that the
expected waiting time at the gated queue is smaller than the expected waiting time at the
exhaustive queue! However, the range of parameter settings for which this is the case is
fairly small. In particular, in the next sections it will be shown that this does not happen

when all parameters are equal, if there are no switchover times, or if the system is heavily
loaded.

4.4.3 Identical Queues

Assume that, except for the service discipline, the two queues in the exhaustive/gated system
have equal parameter settings. The difference between the waiting time of a customer
arriving at the gated or at the exhaustive queue is

226 + 20 N (14 2p)6% + Co — Cl>

1-2p v
with Cy and C5 defined in (55). For all parameter settings Cy > Cy. From this we can
deduct that, under equal parameter settings, the average waiting time at the gated queue is

always larger than the average waiting time at the exhaustive queue. As pointed out in the
previous section, this is not always the case if the parameter values are not identical.

E{W, 2] — E[W,,] =5 (
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4.4.4 Switchover Times Equal to Zero

Let us now examine the two service disciplines in the interesting situation when the switchover
times are equal to zero. By looking at the expressions for the expected waiting times (equa-
tion (52)), we see that the variances and (cross) correlations of the switchover times must
go faster to zero than the mean switchover times does since otherwise the expected waiting
times could explode (for example, limp_.o 6? /R must go to zero).

By first sending the second moments and the (cross) correlations of the switchover times
to zero, and then the mean switchover times to zero, we see that the expected waiting times
for the exhaustive/gated service discipline are

S E A PRV
T (1= p1 + p2) 1—p ’

E[W, ] = 1+ p2 )\1b§2) + )\2b52)
21— pi+ p2) 1—p '

From this it is clear that a customer arriving at the second queue is expected to wait

Abi + Agbl”
B, a] ~ BlWa] = g |22

2(1=p1+p2) 1—-p
longer than a customer that arrives at the first queue.

4.4.5 Heavily Loaded System

Let us now consider what happens if the system is heavily loaded (p close to 1). In this case
(with the exception of the case where p; — 1 and ps — 0, in which case we refer to section
4.4.1) the expected waiting times (taken from 52),

_ _ (2) (2)
E[Wq 1] - (1 pl)R 1 P1 |:)\1b1 + )\2[)2 :|
’ 20=p) 21— p1+p2) 1—p
(2) (2)
ST LY U TP (VRS
7 20=p) 21 =p1+p2) L—p

explode due to the factor 1— p in the denominators. As we can see, the correlation no longer
plays a role. The difference between the expected waiting times tends towards

E[Wqﬁ] - E[Wq,l] -

e el
21—=p)  2(L=p1+p2) 1—p
which is always positive.

More discussions on the differences arising due to the server behaviour can be found in
the examples of the next section.
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5 Examples

In the following sections we will consider a number of examples in which the sequences
of switchover times are correlated. The covariance functions will be calculated explicitely
after which the effect of the correlation on the waiting times will be studied. In all of
the examples the expected waiting time of a customer arriving at the first queue of the
exhaustive/exhaustive system is given by (28), whereas in the exhaustive/gated system the
expected waiting times are given by (52). The difference between each of the examples is
that C, C1, and C5 take on different values.

5.1 Example 1: Correlated Switchover Times

Consider a sequence of switchover times where there is no correlation between the switchover
times of the two queues (this gives c12(j) = 0, for j € Z). Let the individual sequence of
switchover times per queue satisfy

Vn+1,i == xivn,i + (]- - xi)gn,iv 1= ]-a 27 (58)

where x; € [0,1) is a constant and ¢, ; are positive i.i.d. variables with finite expectation

Ee,, ;] =: & and second moment E[e}, ;] =: 552). The parameter z; determines the amount

of correlation in the sequence; with z; = 0 the sequence is i.i.d., whereas when z; tends to
one the correlation is maximal. Notice that there exists a stationary ergodic sequence of
switchover times which satisfies (58). By taking the expectation it follows that IE[V,,11 ;] =
IE[V, ;] + (1 — 2")&;. Due to the stationarity of the process IE[Vy ;] = E[V, ] = v; is
independent of x;, and therefore v; = &;. A similar relationship can be derived for the
second moments by taking the expectation over the square of (58) to give

IE[V112+1,1'] :x?IE[VnQ,l] + (1 - fz)zlE[@%J

+ 2$i(1 — «Ti)]E[gn,i]]E[Vn,i]'
Due to the stationarity (IE[V,?,, ;] = E[V,2,] = 0{?)) this implies that

U(Q) . (1 — LL’Z‘)EZ(-Q) + 2x;8;v;
e 14 ZT;

)

which gives a second relationship (since &; = v;),

5(2) :17391‘
¢ 1+x;

Var(en,).

Thus we see that for x; € [0,1) there exists a €, such that any desired values of v; and
52 can be obtained. Now we will derive the covariance functions and the expected waiting
time.
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By iterating (58) a number of times it is quickly seen that
n—1
Vi =i Voi+ (1= 23) > en_1-parl. (59)
k=0

From this we obtain
E[Vo,i Vil :ngE[VOQ,i] + (1 - xi)gl]E[‘/Oz] = xgvim +(1- xf)éivi.
This means that the covariance functions, ¢;(j) = IE[V,,;V; ] — IE[V]IE[V; ], are given by
¢i(d) :mgvz@) +(1- xf)s‘ivi — v (vai +(1- xz)él) = :Ef (vz@) — vf) = xzéf (60)
Since

S a(j)al =823 () = 20 (61)

1—azx;’

j=1 j=1

we have from Theorem 3.4 that the expected waiting time in the exhaustive/exhaustive
system is given by (28) with

O w63 N w63 (1 (1—p)? )
1—azx; 1-—axy p1(1—p1)

P1p2
(1=p1)(1=p2)"
Equivalently, in the exhaustive/gated system we have from equation (61) and from

Theorem 4.4 that the expected waiting times are given by (52) where v = 22— and

and o =

1—p1
52 1-— 52
o - o (sz( p)>p+ Y203
L=~y L—p1 1 — o
2162 X902
CQ _ 711 <1+p1(1p)2>+722'
1— vy P2 1=z

Numerical examples of the influence of the correlation on the expected waiting times can
be found in Figure 2. Shown in each of the figures is the expected waiting time divided by
the expected waiting time for uncorrelated sequences of switchover times. There are Poisson
arrivals with \; = 0.4. The first two moments of the switchover times are always kept fixed
(first moment for each of the switchover time distributions is fixed at v; = 3) and the service
times are taken to be exponential with b; = 0.4 or b; = 1.2.

Based on the figures and equations above the following important conclusions can be
made:

e If 1 = x5 = 0 then there is no correlation between the sequences of switchover times
and C =0, Cy =0, and Cy = 0;
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e The increase in expected waiting times due to correlated switchover times can be up
to several times (3.5 times in the example) the expected waiting times if there would
be uncorrelated switchover times.

e The increase in the expected waiting times due to correlation grows linearly with the
variance 07 of the switchover times;

e Under light traffic (o and ~ are small and so) the increase in the expected waiting
time is (approximately) linear in x;.

e Under heavy traffic a and ~ are close to one and, due to the factor 1 —ax; or 1 —~yx; in
the denominators, the increase in waiting time due to correlated switchover times can
be significant. Hence the presence of correlation has the biggest impact on the waiting
time if the system has a heavy load (and the switching times have a high variance).
This can be seen clearly in Figure 2.

e In can be shown that, under identical parameter setting, in the exhaustive/gated
system the expected waiting time at the exhaustive queue is always larger than at the
gated queue. In addition to this, we see from Figure 2 that in lightly loaded systems
the gated queue (Q2) suffers most from correlated switchover times whereas in heavily
loaded traffic both queues are effected (relatively) equally by the correlated switchover
times.

5.2 Example 2: Stochastic Recursive Sequence of Switchover Times

Consider a sequence of switchover times which satisfy the following stochastic recursive
relationship

Vot1,i =Fn,i(Voi) + Eni, (62)

where F,, ;(-) are independent, infinitely divisible stochastic processes with IE[F, ;(T)] =
z;IB[T] and E[F? (T)] = xEQ)IE[T2] + yE[T). Here z; € [0,1), y; > 0 and xl@) > z2. The
sequence &, ; is a sequence of independent variables with IE[E, ;] = & and E[E? ] = 552).
Iterating gives

n—1 n—1 n—1
Vi = <H fk,z‘) Voi+ Y < 11 fl,z‘) En—k,is
k=0 k=0

=l I=k+1
and so
n—1
1—2P
_ k _
]E[Vnﬂ] :x?vi +&; E T; = J}?’Ui + LE;.
=0 1-— xX;
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Figure 2: Ezample: Correlated Switchover Times. The expected waiting time divided by the
expected waiting time with uncorrelated switchover times. The different lines correspond to
different switchover time distributions, all with mean v; = 3. Here z := 21 = x5 determines
the level of correlation, there is no cross correlation, the service times are exponential, and
A; = 0.4. The top figures are with mean service times b; = 0.4 (p = 0.32) whereas the second
row of figures are under heavy traffic with b; = 1.2 (p = 0.96). The first column of figures
correspond to the exhaustive/exhaustive system, whereas the second and third column of
figures show the normalized waiting times for, respectively, the exhaustive queue (Q1) and
the gated queue (Q2) in the exhaustive/gated system.
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This leads to the condition v; = 12 -. The second moment of the switchover times is found

by taking the expectation over the square of (62). Doing this produces

IE[VQJFLZ»] :IE[.F,%A(VM)] + ]E[Er%,z] + QE[fn)i(Vmi) . gn,i] = xEQ)vZQ) + Yiv; + 5(2) + 2x;0;€;.

n %

)

Since, by definition, [V '+ 1,:] also equals vi(2 , we have

@ = 51('2) + (yi + 2miE)v;
L 1— 2@ '

Thus we see that there exists a £, ; which generates a sequence V,, ; with arbitrary correlation
(

and any desired values of v; and U¢2)- Similarly, it is easy to show that

1 —
IE[‘/O,iVn,i] :x?UZ(Q) + 1 i E;V;.
X

— 4

This gives the covariance functions

; 1—af ; 1—af i

ci(j) =E[Vo,iVii] — EVoJE[V;] = zlol? + ﬁ@vi —v; (mfvl + : s‘i> = 2752

K3

which are completely identical to (60)! This means that if the first two moments of the

switchover times are kept fixed while varying = € [0,1), that the expected waiting times

are once again given by (28) and (52) with C, C;, and Cs as given in the first example.
Furthermore, the conclusions of the first example also hold here.

As a special case of (62) we can take V11, = z,;V;, + €,,,; where z; € [0,1) is a constant

and ¢, ; is a positive sequence of i.i.d. variables.

5.3 Example 3: Identical Switchover Times

Set V2 = Vj,.1. This introduces cross-correlation between the two sequences of switchover
times and it gives vo = v; and 63 = 67. In addition to this let V,,111 =2V, 1 + (1 — 2)enn
just as in the first example. From (60) we have c;(j) = 2767 after which
Vil = e1(j) = 2767
= EVo1Vna] = EVo]E[V, ] = e1(j) = 2767
Va

1] = a(j) =276

c2(j) =IE[Vh 2 Vi 2] — IE[V o] IE[V;,
c12(j) =IE[Vo,1 Vi 2] — IE[Vo 1 ]IE[V,
c12(—j) =IE[Vy 2 Vi 1] — E[Vp o] IE[V,

immediately follow. This means that (i = 1,2

~
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can all be plugged into Theorem 3.4 so that the expected waiting time in the exhaus-
tive/exhaustive system is given by (28) with

ard} (1—py(l—a 1-p)? 1-
ot (i) Ly Ooa" 1),
1—azx ox p1(1—p1) p1
e l=p — ___pip2
V= 2U1(1—P+12/7192)’ and o = (1—911)(12—/72)'

Equivalently, the expected waiting times in the exhaustive/gated system are given by
(52) with

l—x I—=p (1=p1)? b
82 1—p1(2—

Oy =124 <1+ at p)>(1—p)+2pfsf.
L=z P2

To get a feeling of the impact of the cross correlation, the expected waiting times are
plotted in Figure 3 for various switchover time distributions and traffic loads. Shown in
each of the figures is the expected waiting time divided by the expected waiting time for
uncorrelated sequences of switchover times. There are Poisson arrivals with \; = 0.4. The
first two moments of the switchover times are always kept fixed (first moment for each of
the switchover time distributions is fixed at v; = 3) and the service times are taken to be
exponential with b; = 0.4 or b; = 1.2.

Striking is the impact of the cross correlation on the waiting times. For example, if
there is no correlation within each sequence of switchover times (z = 0), then there is
still an increase in the expected waiting time due to the cross-correlation. For the exhaus-
tive/exhaustive system this increase is (1 — p2(1 — «))6? and for the exhaustive/gated
system this increase is given by "2((%11()2;"))5% and 2pé7 for, respectively, the exhaustive and
the gated queue. For exponentially distributed switchover times this can mean an increase
of tens of percents in the expected waiting time. Besides this, all of the conclusions made
in the first example also hold here, with the exception that the increase in expected waiting
time can up to a factor 5.

5.4 Example 4: Switchover Times Coming from the Same Sequence

As alast example consider the case where the two sequences of switchover times come from
a single sequence:

Vn71 = Yén

Y1 =zY, + (1 —x)e,,
+ ( ) Vn,2 = 1/2n+1-

(63)

Here Y}, is a stationary ergodic sequence, IE[e,,] = ¢, and IE[2] = (?). In this case there is
a large correlation between the two sequences, but it is not as strong as in example 3. Once
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Normalized Expected Waiting Time at Q1 in Exh/Gated Normalized Expected Waiting Time at Q2 in Exh/Gated
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Figure 3: Ezample: Identical Switchover Times. The expected waiting time divided by the
expected waiting time if there would be no correlation between the switchover times. The
different lines correspond to different switchover time distributions. Here = determines the
level of correlation, cross correlation is introduced by setting V), » = V}, 1, the service times
are exponential, and A\; = 0.4. The figures in the first row are with mean service time
b; = 0.4 (p = 0.32) and the figures on the bottom row are under heavy traffic with b; = 1.2
(p = 0.96). The first column of figures correspond to the exhaustive/exhaustive system,
whereas the second and third column of figures show the normalized waiting times for,
respectively, the exhaustive queue (Q1) and the gated queue (Q2) in the exhaustive/gated

system.
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again we will derive an explicit expression for the expected waiting times. Equation (63)
can be rewritten as

Vo1 =zVi_12 4+ (1 — z)eay,

Vi =2Vi1 4+ (1 — x)eonya.

Iterating twice gives

Vi1 =22V + (1 — 2) (ze2n-1 + €20)
Vo =22V,_12+ (1 — z) (z2n + €2041),

and iterating a few more times shows that

n—1

Vo1 =2*" Vo1 + Z (ze2(n—k)—1 + Eo(n1)) "
k=0
n—1

Vo =2*" Voo + Z (ze2(n—) + E2(n—k)41) T**
k=0

Taking the expectation over this gives

1—
IE[Vnﬂ] :xQ”vi + JJ

€ ,=1,2
1_‘7/_ 9y l =

which with the stationarity gives v; = €. This last result can be generalized to saying that
all of the moments of V,, 1 and V,, o are equal to each other, in particular, 5% = 5%. This
follows from the stationarity of Y;,, i.e. E[VF,] = B[V, ] = E[Yf,] = E[V}F].

The covariance functions can be derived in the same way as in the previous examples,

a1 (j) =EVo,1V;1] — EVoa]E[V; 1] = 2™ (E[V,] — E[Voa]?) = 2%765. (64)

In a similar manner it can be derived that ca(j) = 22765 = x276?. The cross covariance
function for j € N is

c12(j) =E[Vo,1Vj 2] — E[Vo1|IE[V] o]
=E[Vo1(zVj1 + (1 — 2)ezjt1)] + E[Vo]E[zV1 + (1 — 2)e2;41]
=2B[V}] + 2E[Vo]E[V; 1] = zei (j) = 2% 163, (65)
Similarly,
c12(=7) =E[V_;2Vo1] — BE[V_; o]E[Vy 1] = IE[Vp 2 V) 1] — E[Vo o] B[V} 1]
:]E[‘/POVQ . ($%_1’2 -+ (1 — ZZ’)EQn)] — ]E[V072}]Elix‘/jj_1_2 + (1 — 213)62n]
=xcy(j—1) =z 7162 (66)
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Putting these expressions for the covariance functions into (19) tells us that the expected
waiting time for a customer arriving at the first queue of an exhaustive/exhaustive system

is given by (28) where v := R(l_lp;p;plpz), a =g A%4—5, and
1 po(1— 1—,2 11— 252
o—(zpeliza) ,, (=p)” | 1= pe) 02’ (67)
ax p1(1—p1) zp1 )1 — ax?

Similarly, in the exhaustive/gated system the expected waiting times follow by putting
(64)-(66) into Theorem 4.4. This leads to the expected waiting time being given by (52)

with v = 1f2pl and
252
ya*o7 1 p2(L—p)\ | p2(L—p1(2—p)) oo
= - 1
4 a2 (p-l—x) (x+ + 1= + A= p)2 03 (68a)
252 1 1—pi(2—
Cy = 1” L (p—|— ) (x—I— pl(p)) + 2p262 (68b)
-z z p2

The waiting times as a function of = and for different switchover time distributions can
be seen in Figure 4. Due to the strong similarities the same conclusions can be made as for
the first examples, with the exception that in this case the increase is not entirely linear in
x for systems with a low traffic load.

6 Conclusions

We have studied the performance of alternating-priority queues with very weak assumptions
on the switchover time sequences; all we assume is that these sequences are stationary er-
godic. In spite of this generality we were able to derive explicit expressions for the expected
waiting times and number of customers in each queue. The expressions obtained involve
the weighted sum of all correlations where the weights decrease exponentially fast to zero.
With the help of our explicit expressions, we studied numerically the role of correlation and
gave examples where they add up to 400% to the expected waiting times. This has impor-
tant implications for (ad-hoc) networks where a common communication channel is shared
amongst a number of users and the number of users between consecutive data transfers are
correlated.
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Figure 4: Switchover Times from the Same Sequence. The expected waiting time divided

by the expected waiting time if there would be no correlation between the switchover times.

The different lines correspond to different switchover time distributions. Here = determines
the level of correlation, cross correlation is introducted having the switchover times come
from the same sequence, the service times are exponential, and \; = 0.4. The figures in the
first row are with mean service time b; = 0.4 (p = 0.32) and the figures on the bottom row
are under heavy traffic with b; = 1.2 (p = 0.96). The first column of figures correspond to
the exhaustive/exhaustive system, whereas the second and third column of figures show the
normalized waiting times for, respectively, the exhaustive queue (Q1) and the gated queue

(Q2) in the exhaustive/gated system.
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A Proof of Theorem 3.2.

The proof of Theorem 3.2 will make use the following lemma, [8, Propositions 6.6 and 6.31][10,
p-292 and p.295]

Lemma A.1. Let X1, Xo,... be a stationary and ergodic process, and ¢(x) be Borel mea-
surable, then the process By, Bo, ... defined by B, = ¢(X,, Xpi1,-..) 18 stationary ergodic.

First of all note that A, (y) and B, are nonnegative (componentwise) for all n and y.
Moreover, A, (y) are monotone increasing in y for all n and for each sample path. Theorem
1 in [1] then tells us that

(i) if the sequence {(A,(-),B,), —o00 < n < oo} is stationary ergodic® and
(ii) if P(limy,—ooly,1 is finite) > 0 for Iy =0,

then there exists a stationary ergodic regime I;; | defined on the probability space and I, ;
satisfies (13).

We start by verifying that B, is stationary ergodic by analyzing it term by term. First of
all the processes V,, 1 and V,, o are by assumption stationary ergodic. Furthermore it can be
shown that NV, 2(V,, ), ¢ = 1,2, is also stationary ergodic. To do this introduce the sequence
of i.i.d. uniform variables U,, on (0,1) and let NV,, 2(w), w € IR, have cummulative distribu-
tion function Fi, , (%) := P(Np2(w) < ). With the help of the inverse-transformation
method for drawing random numbers it follows that A, o(w) = F/\?jg(w) (Uy,) which leads to
Noo(Vii) = FA?i,z(Vn,i)(U”)' In other words, N, 2(V;,.;) is a function of two parameters, U,
and V,, ;. Call this function f(U,V) := F/\E 2(V)(U). This function is Borel measurable, and
since X,, := (Up, V,,;) is stationary ergodfc it follows with Lemma A.1 that N, 2(V,2) =
f(Un,V,,;) is stationary ergodic. An identical argumentation with the sequence of i.i.d.
uniform variables W,, on (0,1) leads to the function g(W,,, N) := FD_32(N)(W,L) =D, 2(N)
with which it can be shown that D,, o(N,,) = g(W,,, N,,) is also statioﬁary ergodic. Getting
back to B,,, with the vector X,, := (V,,.1, V2, Uy, W,,) and the projection function P;(X,,)
which gives the i-th coordinate of X,,, we can rewrite 3,, as

Bn = Vn+1,1 + Vn+1,2 + g(Wn+17 f(UTh Vn,2) + f(Un+17 Vn—i—l,l))
= P1(Xn+1) + Po(Xn1) + 9(Pa(Xnt1), f(P3(X5), Po(Xn)) + f(Ps(Xnt1), Pr(Xnt1)))

Since projections, additions and compositons of measurable functions are once again mea-
surable it follows with Lemma A.1 that 5, is stationary ergodic.

Next we show that the sequence A,,(+) is stationary ergodic by starting with the innermost
term of (14) and working outwards. Since the number of arrivals in cycle n is independent of
the number of arrivals in cycle k, for k # n, it follows that AV, 1(-) is an i.i.d. sequence in n.
With a similar argumentation it follows that D,, 1 (-) is an i.i.d. sequence in n. Furthermore,

8We mean by that notation that the sequence {((An(y))yecy,Bn), —00 < n < oo} is stationary ergodic
rather than {(An(In,1),Bn), —0o0 < n < co}. Here Y is a subset of IR.
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a composition of independent processes results once again in an i.i.d. sequence. To prove
this let D () and N,,(-) be i.i.d. sequences and independent of each other. Conditioning
on the inner process gives (k # | and m # n)

PO < 55PN <) = [ [T POW) £ 5:Di(s) < AP, < )P, <)

/ / < z)P(D,(s) < y)dP(N,, <r)dP(N, <s)
=P(D(Ny) < z)P(Di(Ny) < y).

In particular, this means that the sequence D, y11(N,1(+)) is an iid. sequence in n.
Performing two more compositions like this proves that A,(-) is an i.i.d. sequence (and
therefore also stationary ergodic). This proves (i).

To show that (i7) holds it is sufficient to show that certain conditions of Lemma 1
in [1] hold as that lemma leads to (iz). The first condition is that A, () forms an i.i.d.
sequence independent of the stationary ergodic sequence B,,. The second condition is that
E[lAo(y)|] < aly| for some o < 1 and all y > D where D > 0 is some constant.

It has already been shown that the sequence A, (-) forms an i.i.d. sequence and that
B, is a stationary ergodic sequence. The sequence 4,(:) is also independent of B,, since
(compare (15) to (14)) V411 and V,,41 2 are independent of A, (-), N, 2 is independent of
Npi1.2, and V,, 111 is independent of D411 (N 1(4)).

Finally, since E[|Ao(y)|] = E[An(y)] = ay, with o = =55, it follows that the
second condition holds since o < 1 whenever p < 1, which was assumed throughout. Thus
(3) holds if p < 1.

Since (i) and (ii) hold there exists (Theorem 1 in [1]) a stationary regime I ; which
satisfies (13). [

B Proof of Theorem 3.3.

Proof: Taking the expectation on both sides of equation (13) gives

PlIE[In,l])'

]:E)[InJrl’l} :R+ (R+ 1 —p1

1—,02

Under the stationary regime IE[I,411] = IE[[, ] which immediately leads to the first
moment

R —p1)

E[In,l] = 1_ P

(69)
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To obtain the second moment we need to derive the terms on the right hand side of (16).
First of all,

B[A2 (I,1)] =IE [D721+1,2 (Nn+1,2 (Dn+1,1 (N1 (In,l))) )}
=MD 11 (N (T )]+ A2 Bl 1,4 (Wi (1, 1))]
383 (MAEELLZ ] + MdPE(La]) + M dodS (L 0],

Plugging equations (7) and (17) into this results in

E[A7 (In,1)] =

PIRE(L; 1] R ( Ap2b?
(1=p1)?(1—p2)? (1 —=p2)*(1—p) \ (1 —p1)?

Next we proceed with the second unknown of expression (16), IE[B2], where we recall
that B, is defined in equation (15). Making use of (3) gives

2
E[B2] =IE [Vn+1,1 + Vat12 +Dnti2 (Nn,Q(Vn,z) +Nn+1,2(vn+1,1)>:|
:1}§2) + 1}52) + 2v1v9 + 2012(0) + 2Xad2 (1}?) + U% + 2v1v9 + 62(1) + 012(—1) + 012(0))
+ A2d2 (v@ + 082 + 2vy0 + 2012(—1)) + XdPR

. AQ + R2 _ 2p26% R}\ng2) 2p202(1) + 2012(0) + 2[)2612(—1)
(1=p2)2 1—=p2 (1—p2)? 1L—p2 (1—p2)?
To solve the last part first notice that the processes Ny, 1(+), Ny 2(+), Not1,1(+), Ng1.2(),

Dy+1,1(+), and Dy 4q,1(+) are all independent of each other, and each of them is independent
of I, 1, V.2, Vaga,1, and V41 2, This means that

(71)

E[An (In1)Bn] =aE[L,1Ba], (72)

with o := %. The last piece of the puzzle can be derived with the help of Theorem

2 in [1] which states that

n—1

In,l = Z ( H Agnj)) (Bn_]’_1), n €,

j=0 Yi=n—j

where for each integer 1, {Ag_j )}j are independent of each other and have the same distri-
bution as A;(-). To apply the theorem it is sufficient to have o < 1, which turns out to be
equivalent to p < 1, and that IE[B,] < oo (see Lemma 1 in [1]). The latter indeed holds as
E[B,] = i

1—p2~
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Applying the theorem gives

n—1

n 18 = i [ H ( i+1,2 (J\/i+1,2 (Di+1,1(~/\[z’,1(8n7j71)))>) : Bn]
:iajIE (B—j—1B,] = iajIE [BoBj11] .- (73)
j=0 j=0

because of the independence of the processes D; 1(-), Dp2(-), Nii(:), and N;o(-), for all
i € Z. Writing out the last term yields

IE [BoBjt1] =IE {(Vm +Via+Dip (NO,Q(VO,Q) +N1,2(V1,1)))
: <Vj+2,1 + Vjt22 +Djrap (Nj+1,2(Vj+1,2) + Nj+2,2(Vj+2,1)))]

:’U% + Cl(]—|—1) + V1V2 + 012(j + 1) + )\ng (’011)2 + Clg(j) + U% + Cl(j+1))

+ 0109 4 c12(—j—1) +v3 + ca(j+1) + Xada (v% +co(j) +vrve + 612(_j_1))

+ Aada (1)11}2 +c12(—j—2) + U% +c2(j+2) + Aod (Ug +co(j+1) + vive + cra2(—]

+ )\ng (U% + Cl(j+1) + V1V2 + 612(j+1) + )\ng (1)11)2 + Clg(j) + U% + Cl(j+1)>)

_ R’ c1(j+1) +e2(j+1) n pa(ca(j) — 2c2(j+1) + ca(j+2))
(1—p2)? (1= p2)? 1= p2
ci2(=j—1) +ci2(i+1) | palcia(=7—2) + c12(j))
" L—po " (1—p2)? '

(74)

Putting (72)-(74) together and re-indexing the summation (for example, >°7°;a7* cs(5)
=221 0dea(i—1) = aca(0) + X272, @’ acy(j)) produces

Ry o) i) |, 2(0 =21 5)e)

E[A,(In1)Ba] =)

s (1= p2)? L=p2
c1a(—J) P2 c12(j) ap2 J
* 1—po (1+a(1—P2)> * 1—P2(1+1—P2)]a
p2(acz(0) — ca(1)) | pa(—ci2(—1) + aci2(0))
* 1—po - (1 - P2)2 '
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All of the terms with v; and vy can be pulled out of the summation and under stationary
regime c(0) = 05. This gives

B p1p2R? p1p302 B pac2(1)  pa(—cia(—1) + ac12(0))
BBl = G = T T = 11 (1—p2)?
1 X[ L (=p)Pea() | (L= p2)era(=d) |
+m; {61(1)4—62(])4_ p1(l—=p1) " P1 ¢
G el ™

Putting equations (70),(71), and (75) into (16) and collecting terms gives

9 B Pip3IB[I2 ] R /\1P2b( (2)
Bl =0 = o T 02— ) <<1 ZoE b >

1 2p2(1 — p)&3 <1 —pt 2P1P2> 2
b (a2 - + R
(1—,02)2( L—p L—p )
2(1 - p2 1 - a
RENCESE ZC”
= (1—=p)2ca(j) (A —=pa)ara(=4)|
ca1(j) + e2(j) + + o’
1—P22;[1 2 p1(1—p1) pP1

Under stationary regime IE[I2, , ,] = IE[I? ;]. The Theorem follows by putting these terms
on the same side and by making use of the identity

() () e :

C Alternative proof of Theorem 3.4.

Proof: Under a number of assumptions [12] presents a decomposition theory which states
that the expected waiting time in an M/G/1 queue with vacations can be decomposed into
two parts, namely

E[Wq,i] =
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The first part is the Pollaczek-Khinchin formula for the expected waiting time in an ordinary
M/G/1 queue without vacations. The second part is the forward-recurrence time defined as

_m
BV =3,

See 9] for an application of this theory. Since a customer in a polling system arriving at
queue i sees the system as an M/G/1 with vacations, and the theorem does not assume
independence between vacations and service times (or busy periods), we can apply the
theorem to our polling system. n

D Proof of Theorem 4.3.

Proof: First of all note that the expected service time of N customers at the second
queue is the sum of their individual service times and hence IE[S,, o] = b;IE[N]. Taking the
expectation over (34) then gives

E[S)+1,2) =p2 (E[Sn,Z] + R+ E[Dn+1,1 (Nn,l(Sn,z + Vo1 + Vn2))])

=1 f2,01 (IE[Sn,z] + R)7

where the last line follows since IE[D,, 1] = p1IE[I,,1])/(1 — p1) (equation (12a)) . Because of
the stationarity (IE[S,41,2] = IE[S,, 2]), this gives the first moment, IE[S,,11 2] = p2R/(1—p).

Before we derive the second moment, we first need to point out (with the help of (4) and
(6)) that

E[S2 5 (Np2(T))] =b3ENZ o (T)] + (b5 — b3)E[N;, 2(T)]
=p2IE[T?)] + AbPE[T). (76)

Squaring (34) gives the second moment of the service time of the second queue as

E[S41 2] =B (Sn2)] + EVR] + 2E[X, (Sn.2) Va). (77)
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The right hand side will be solved piece by piece. First of all, using (76), and then (6) along
with the independence of N, 2(-) and N, 4+1,2(-) gives

E[X?(S,2)] =IE {3721+1,2 (Nn,2 (Sn.2) + Nog1,2(Drgrn (an(SnQ))>):|

2
:bglE |:<-/\/:n,2 (Sn,Z) +Nn+1,2 (Dn+1,1(Nn,1(S7L,2)))> :|

(057 — B3)IE [N 2(Sn2) + No1.2(Dusra (N (S.2)) )]
b2 (AQIE[siQ] + B[Sy 2] + 2201 [Sn - Doyr1 (Nt (Sn2))]
+ XIE [D2,)  (Na1(Sn2))] + B [Dpi11 (Nni(Sn2))] )
+ A0 — B)IE [Sps + Dogr 1 (Nt (Sn2))] -

A couple of these terms can be crossed out to give

B2 (S02)] =p3 (ES2 2] + 2 [S3 - D11 (N1 (S0.2))] + B [D2 4 (Vo (Sn.2))] )
+ AQbéZ)IE [sz + Dn—i—l,l (Nn,l(sn,Q))] .

Applying formula (8) and then substituting d; = b1 /(1 — p1) and d§2) = ng)/(l —p1)? (see
(7)) leads to

2 Ab%)
E[X(S,2)] =3 (ES22] (1 4+ 72— + M} ) + MV ELS, o) + T2

E[S,
. 1—p [5.2]
OIS | BlSu] (DA e
(1—p1)? L=p1 \(A=p1)? 2
2IE 52 A b(2) 2
:Pz [ n22] I pR 101 P22 Jr)\zbé?) (78)
(I=p1)>  Q=p1)1=p) \ (1=p1)
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The second part of (77) can be derived along similar lines. Taking the expectation of the
square of (36),

B2 =B [82410 (N2 (Va2) + Noe12(Prsst (Nt (Vi + Vi 2)) + Vasnt) )|
3] (N2 (Vo) + Nr 2 (P s (W (Vs + Vi) + Vi) |
n (bf) - bg)]E {Nn,Q(VM) 4 Nosr2 (D1t Nova (Vos + Vi) + Vn+1,1)}
Ao (AzlE[V,iz] + B[V, + 2/\21E[Vn72 : (DHM (Nt (Voos + Via)) + V,,H,l)]
+ AIE {(DMM (Nt (Viud + Vo)) + vn+1,1)2}
+E[Dpi11 (Nt (Vs + Vo)) + le,l})
TP (b;2> . bg)IE [VW + Dy (Nt (Vs + Vi) + Vnﬂ,l] :
Also here terms can be crossed out?. Doing this gives
E[V2] =p3 (E[Vf,g] +2IE [Vn,z : (Dn+1,1(Nn,1(Vn,1 + Vn2)) + Vn+1,1)}
+E [(Dnﬂ,l (N1 (Vior + Vi) + Vnﬂ,lﬂ)
+ Agbg”na{vn,z) 4 Dy Nt (Vs + Vi) + vnH,l} :

after which the expectations can be moved farther back in the equation to give

2
B2 =p (B2 + - B [Vaa Vaz + V] + 2BV, Vo]

1-— P1
+ NBE[(Var + Va2)?] + MdVEVn + Vio] + E[V2 ]
2 Mb PR
4+ EV,1Vagt11 + Vn+1,1Vn,2]) 4222 =
1— P1 1-— P1

9The slightly more elaborate calculations and then the crossing out of terms is due to N, 2(-) and
Np+1,2(-) being treated seperately. Although it is tempting to combine them into one term, it is better
not to do so since the independence and correlations between the different processes N, 1(T), Ny 2(T),
Dpt1,2(T), Sn,1(T), and Sp41,1(T) are not always obvious and have to be treated with care when squaring
them.
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In terms of the covariance functions ¢ (j), c2(j), and ¢12(£j5), jEN (see (3)),

(2)
2
E[V:] P2< 2+ prloves +e(®) + v ) + 2v1vp + 2¢12(—1)

Vs s
3 (v§2) ( ) 4 2010 + c12(0)) )\ b1 IR
+ 3
(1—01) —p1 )

n 2p1(v7 + e1(1) + v1va + cra(— ) N
1—/)1 1—p1

2 2 52 2
P2 01 +05+ R 2
= 2010
1—01( 1—p1 Tamor )2

2p3 01012(0
1 -1 —=2).
- (;0161( )+ ci2(—1) + -

+ i

/\1b(2 R ) bR
_|_
L=p

_|_
The third part of (77) is

E[X, (Sh2)V,] =IE [Sn+1,2 (A/:n,2 (Sn,Z) + Npt12 (Dn+1,1 (Nn,1(5n,2)))> . yn:|
:)\2IE[(Nn,2 (Sn,2) + Nog1,2 (Dn+1,l(Nn,l(Sn,2)))) 'yn:|
=p2B|(Sn2 + Dot (Vo1 (Sn2) ) - Y| = 1 E[Sh 200 (30)

where in each step the indepence and non-overlapping of S, 2 and V,,; (i = 1,2) was used.
Theorem 2 in [1] provides us with a mean to work out (80). The theorem states that

n—1

=i( H " “)(Jﬁn 1), nez,

j=0 —J

where for each integer i, {Xi(_j )}j are independent of each other and have the same distri-
bution as X;(-). To apply the theorem it is sufficient to have v < 1, which turns out to be
equivalent to p < 1, and that IE[),] < oo (see Lemma 1 in [1]). The latter indeed holds as

EY,] = p2R

—p1’
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Using the theorem and because of the independence of the processes D, 1(-), Sp2(),
N,a(+), and N, o(+), for all n € N, we obtain

E[S)2Vn] Ziﬂﬂl T (Si+1,2 (/\/;,2(3}717]‘71) +M+172(,DiJrl,l(-/V‘i,l(ynfjfl))))) 'yn‘|

i=0  Li=n—j
oo ] n—1

= Z byIE [ H (M,Q (Vn—j—1) + Niz1,2(Dig11 (/\/'i,1(yn7jf1)))) : ynl
§=0 i=n—j
o) ) n—1

:Z;%IE[ (ynqu +Di+1,1(-/\[i,1(ynfjfl))> 'ynl
j=0 i=n—j
o] 7 o] )

= Z (1 ﬁ:l) E[Vnj1In] = ZVJIE YVoYjtal- (81)
7=0 7=0

P2

with v :=

22 Finally, writing out the last term of this expression yields
B DY) =B [S12 (Noa(Fha) + Aia(P1a(Noa (Vo1 T02) + Vi)

“Sjt2,2 (f\/j+172 (Vitr2) + Njt22(Dja21 (Njr1a(Visr1+Vig12)) + VB’HJ))}
—pE {(VQ2 + D1t (Vo (Vo +Vo2) + Vi )

. (Vj+1,2 + Dj+2,1(./\/}+1,1(Vj+1,1 +Vj+1,2)) + Vj+2,1)]

=p3IE |:V1,1Vj+2,1 +Vo2Vit12 + ViaVitie + Ve Voo

+ 1 Plp <V171Vj+1,1 +Vo1Vjre1 + 2V 2Vig1 2
- p1
T Vit1aVo2 + VoaVit12 + Vigo1 Voo + V171Vj+1’2>
2
+ (1/)7;)2 (VU,1Vj+1,1 +Vo2Vitr2 +VoaVipi2 + VJ‘H’IVOQ)} '
- p1
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Using the covariance functions (3)

IE VoY1) =p3 {U% +e1(j+1) + 03 + ca(j+1) + 20102 + 12(j) + cr2(—j—2)

P1

+
]-_,01

(208 + 1)+ 1(i+2) + 203 + 2e2(j+1)

+ 4dvivg + c12(—j—1) + c12(j+1) + c12(—j—2) + C12(j)>
o
(1—p1)?
B { R? (nu+4>+cﬂj+w
= +

1— P1 1-— P1 1-—

+ (v% +e1(GH1) 4+ 03 + co(§41) + 20100 + c1o(5+1) + 012(_j_1)>:|

+p1(c1(j) = 2e1(G+1) +e1(j+2))

pi(cia(—j— 1)+012(J+1))}

— (82)

+ c12(—j—2) + c12(j) +

Putting equations (81) and (82) into (80) and re-indexing the summation gives

E[X,, (Sn,2)YVn] = r i(RQHl(jHC?(j)+p1(c1(j—1)—2c1(j)+c1(j+1))

1-— P1 = 1-— P1
p1(c12(—j) +012(j))> j
1- i
P1

+ecra(=j—1) +ci2(j—1) +

In this expression the term R? can be pulled out of the summation and the various covariance
functions can be collected together (for example, Z;’il Y ea(j—1) = ve1(0) + Z;’il Y vea(5))
to reveal

E[X0(Sn,2)Vn] = 1 fgpl [(1 — Zfﬁi T (ye1(0) = e1(1)) — era(—1) + ye12(0)
+Z (+c12(;) +pea(@)(y -2+ i) +cl2(*j)(% + 5 flpl) +en() (1 + flpl))]
=1 prl {(1 . Zﬁi ) e (ve1(0) = ea(1)) = eaa(=1) +ye12(0)
a=p2 Z (Cl ) +e2(j) + %(1 —p)*ei(j) + 1—p1p(22—p)012(_j) +p012(j))7j.

(83)

RR n° 5368



50 Groenevelt €& Altman

Putting equations (78), (79), and (83) into (77), using ¢;(0) = vf) — v, and collecting terms
gives

2IE[S2 } p2RR )\1/) b(
E[S? ( 2L AobS >
[ +1,2] (1 _pl (1 —P1)(1— ) (1_p1) 2
2 2 (2) (2)
(51 +52 PR, g b R2) AP R
o1 o e
1 p (1—=p1) L—p
2 0
P3 (,0101 (1) + PlCm())
1 - P 1-— P1
2p3
—c1a(—1
1,p1 [ 1 7p1 ( ) + (751 c1(1)) = era( )+’yCl2(0)]
2 1o ‘
p2 2 Zry ( P1(2 ,0) <612( ) + pcl( )) + pCu(]))
— ”21'3[52 (Amzb( ) +>\2b(2)>
(1—p1)?
+ p722 ((1 —2p1(1 = p))&7 + 65 + (1_”1“’2) R+ 2pC12(0)>
(I—=p1) 1—-p
25 N~ (o) 4 Lm0 J
(1—p1)2 Z (CQ P (012( )+ per(y )) + pc1a(j) )77

The final expression is obtained by assuming stationary, putting the terms IB[S?,, ,] =
IE[S? ,] on the same side, and multiplying both sides by (1 — p1)?/p3. I
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E List of Notations

An(-) = A nested combination of stochastic processes defined in (14).
B,, = A nested combination of stochastic processes defined in (15).
D, ;(N) = Total busy period generated by N customers in queue 7 with arrival rate \;
and first and second moment of the service time b; and b§2>, respectively.
D.,.i.s(IN) = Single busy period generated by the k-th customer in queue i with arrival
rate \; and first and second moment of the service time b; and bEQ), respec-
tively.
Sn,i(N) = Service time of N customers at queue ¢ with first and second moment of the
service time b; and bf), respectively.
N,..i(T) = Number of arrivals at queue i in time 7 in the n** cycle (cycle starting from
the polling instant of the first queue).
N2(-) = The number of arrivals at the second queue during the n'" cycle, with the
cycle starting from the arrival of the server at the second queue.
7,,.;(N) = The number of customers served at queue i during the n'" cycle if there are
N customers in the queue at the moment of polling.
X.(-) = A nested combination of stochastic processes defined in (35).
Yn = A nested combination of stochastic processes defined in (36).

C,.; = Duration of the n'" cycle starting from the polling instant of the i*" queue.

D,,; = Duration of the busy period at queue i in the n'* cycle.

i = Intervisit of the i'" queue in the n'® cycle. This is the time between the
server switching away from queue 7 until the time that the server comes back
to queue i. ( I,1 = Vi1 + Dn2 + Vi, 2 for exhaustive/exhaustive queues
and I,,1 = Vi, 1 + Sn.2 + V2 for exhaustive/gated queues).

L* . = Number of customers in queue i in the n** cycle at the moment the queue
is polled.

Lg4,; = Average number of customers in queue ¢. This is also the number of cus-
tomers that arrived at queue ¢ during a vacation, and are still in the queue,
before a tag customer arrived in that same vacation.

L, ; = Average number of customers at queue i (including the customer in service).
This is also the number of customers that arrived at queue ¢ during a va-
cation (and are in the queue or in service) before a tag customer arrived in
that same vacation.

Sni = Service time at queue i in the n'" cycle (=similar to the duration D,,; of

the busy period but then with no arrivals).

T, ; = The number of customers served, per cycle, at queue .

V,..i = Switching time from queue i to the other queue in the n'" cycle.

W,.. = Random variable for the waiting time of a customer in queue ¢ (not including
service).

W, ; = Random variable for the total sojourn time of a customer at queue i (waiting
time plus service time).

I"; = The number of customers served during a busy period, where the arrival
rate is \;, average service time is b;, and the second moment of the service

t

time is bgz)‘
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= v,

% = Central quantity in the exhaustive/exhaustive queueing sys-
tem. Comes forth from IE[A,, ()] = oIE[I], with A, (-) defined in (14).
IE[B;] = Expected service time at queue i.

= IE[B;]? = Second moment of the service time at queue i.

pi/(1 — p;) = The expected duration of a single busy period, where the
arrival rate is \; and the average service time is b;.

b§2)/ (1 — p;)® = Second moment of the duration of a single busy period,
where the arrival rate is \;, the average service time is b;, and the second
moment of the service time is bz(?).
1(2) —v2 = Variance of the switching time from queue i to the other queue.
f—"‘pl = Central quantity in the exhaustive/gated queueing system. Comes

forth from IE[X,,(I)] = ~vIE[I], with X,,(-) defined in (36).

= (Poisson) arrival rate at queue .
= \;d; = load at queue 1.
= p1 + p2 = load of the system. The assumption is made throughout that

p<1/2.

p1 = p2 if the parameter settings for the two queues are equal.

V1 + va.

E[V,, ;] = Expected switching time from queue ¢ to the other queue.
E[V;?;] = Expected second moment of the switching time from queue i to
the other queue.

= E[W,iVa,:) —IE[V:]IE[V;, ;] = Covariance function for the vacation sequences

at queue i.
E[Vb.1Vn2] — E[Vo1]E[V,2] = Covariance function for the vacation se-
quences between the two queues.

55



/<

Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopdle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-1és-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhone-Alpes : 655, avenue de I’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Editeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
http://www.inria.fr

ISSN 0249-6399



