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Ñ®|Mq_l,n�bam6mb¼~&|My6m6s�br��q_oK�_lOy*|M~'~�ba¥�oKq_l,³��_ba¥�³F�_b�l�~'y6stq_nast~+b�l,�'b¼¥;|¯m6]_��oKy6s�b1�'b�l,n]&|M`§~_l
|M¥���|MmoKstyb�lº¨V��oK�_l"q_oK�_l"~+baq_n*]_oKq_l���baq½~&|My6m6s�na�'¥ts�bay���l�'y�¥�b�lOn*]&|M`§~_l"p�|M�_l*l6s�baq_l�¨Vx�oK�'y,�'b�l
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(Ω,F, P )
�E � '��! *� � � ������ ���
J$ 
 '	�W����,G� $ ��� ���)( �E ��' �! *� � � � �!��$ �+*

��
�.��C� �,[.-�/�021�340"57680"9;:2<>=@?BADC  �$ ��� � '"������$Y$ � ' � '���� #�� �*�#$&
+�� ���
+�� ,W��' � �  ���$>�
X : Ω → E F T �& 


T ⊂ E F N G Nε E H GJI � '��  �*�/��$>��� �LK  �,G� '" �$ �� �� ��
J��� ������
Y,-��C' 
+�� H �
{ ~&|My6m6sty®�'b,n�bam6mb��'�?±_q'stm6s�oKq	��q_oK�_l®oK�'mbaq_oKq_l®�'q baq_lba`O�'¥�b,�'bO`cb�l�'yb�l

Ft1,...,tn

�'�?«
±_q's�b�l"~&|My

Ft1 ,...,tn(B) = P ((X(t1), ..., X(tn)) ∈ B)
~�oK�'y�moK�'m

B ∈ Bn �	o+M B
b�l6mO¥;|

m6y6st�'�Ã��oKy�a¥ts�baq'q_b§baq'p�baq_�=y��b§~&|My®¥�b�l®oK�'��bay6ml��'b,µ }�¨�©�ª²baq_lba`"�'¥�b¤�'bOmoK�'mb�l�n�b�l�`cb�l6�'yb�l
b�lm�|M~'~+ba¥���¥;|Ou|M`§st¥t¥�b��'b�l

Fd

�=s�lm6y6st�'�'m6s�oKq_l�¨

#´�%$ 4 5YË65ÏÉ 4 8 , W�NK  �, �  �$ �� �� ��
Y���
X(t)

�E� ��
Y,-��C' 
+�� H ��'�� ��
��2/�:21O:8PRQ%ST?G' 

∀τ, t1, ..., tkε E F N G

$ �UC(���������E�
(X(t1), ..., X(tk))

 ,-��,-� $>��
�.��C�"$ �)C���������� �
(X(t1 + τ), ..., X(tk + τ))

 �q¯n*]&|M`§~�|M¥���|MmoKstyb�]_oK`coKp�^aq_b�b�l6m�|M�_l*l6s	�=stm l6m*|Mm6s�oKq'q&|Mstybr¨_Æ�q°st`¤|Mp�bay6s�b"�KÑ,�=¥;|,l6m*|A«
m6s�oKq'q&|My6stm���Xª �'q�n*]&|M`§~_l�|M¥���|MmoKstybOl6stprq'sv±&bO³��	ª �'q baq_lba`"�'¥�b��'b�~'sv¡'ba¥�l��Xª �'q_b�st`¤|Mp�b�lbay*|
�=s�lm6y6st�'�_��lba¥�oKq´¥;|,`c¢a`cb�¥�oKsV~&|Myfm6y*|Mq_l6¥;|Mm6s�oKq�l6~&|Mm6s;|M¥�br¨

#´�%$ 4 5YË65ÏÉ 4 A ,  �LK  �,G�  �$ �� �� ��
J���
X(t)

��� ��
Y,-��/'�
��� H � '���-V:"SW9X<�SWY� �� �/��
Y �
t∗ε E F N

' ' 
 '� W���� ����
+�� ��� ���+C  �� 
+ � � �
R(s, t) = E[(X(s) − E[X(s)])(X(t) − E[X(t)])]

� '��

Z[Z]\�^



� �  �� �������� �"� '�����,���� '��	�M�����
��
� 

� �� ��
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J �
t = s = t∗ �& 


R(s, t)
� '�� ���� ��
JC�C� �� � ��� ���!��
J ��'�� � G  �$ ��� ' I � ��� � '��N���� ��
JC� �

#´�%$ 4 5YË65ÏÉ 4 7 & 
 ∂2R(s,t)
∂si∂ti

����
Y'���� ��� � '���� C
 �  �� �!��
J � � � G ��� ε E F 2N G
 �$ ��� '

Xi(t) = limh→0
X(t+hδi)−X(t)

h

����
 '����

Xi(t)
��'��� �$>��� '  �*�C��$>� � $> ,�'N����� 
7C(��� �! �����
+��$Y$ � ��� ,-�� �-'�.��/ ����
	�� ��� I � ���)��-�E�! �� �� �*�!�����

A
ti �& 
 ��$Y$ �"����
 '���� �!��� � � ���!���

ε E F N ��� �! ��)�� �*�!����� A �LK  *.��C�
ti
G  �$>��� ' I � ���G�!�(' '�����"� #�),"'

�E��� 
7C(��� ��  ���� �	��
��� �������+C( �� 
+ � � � ���
Xi(t)

� '��  �$>��� '"�*��C ��� �! �� ∂2R(s,t)
∂si∂ti

�
� �&|Mq_�Á�'q�n]&|M`§~½|M¥���|MmoKstyb¼b�l6m®]_oK`coKp�^aq_br�	st¥�b�l6m�yba¥;|Mm6st��ba`cbaqFmOl6st`§~'¥�b§�'bc~'yoK�'��bay

³F�	ª st¥�b�l6m�|M¥�oKyl®`cl��=s ���aybaq_nas;|M�'¥�br¨V�!oK�_l�|M¥t¥�oKq_l�~&|My6m6s�na�'¥ts�^ayba`cbaqFm"q_oK�_l®stq�m�ayb�l*lbay"¬¼�'q_b
u|M`§st¥t¥�b,�'bOn*]&|M`§~_l"|M¥���|MmoKstyb�l��+¥�b�l®n]&|M`§~_l�p�|M�_l*l6s�baq_l�¨Xd9bam6mb�na¥;|Kl*lbO�'b,n*]&|M`§~_l�b�l6m�m6y^�l
�'m6st¥ts�l*��b��_|Mq_l ¥�b�l�|M~'~'¥ts�n�|Mm6s�oKq_l!¥ts���b�l�¬,¥;|,m6]_��oKy6s�bO�'b�l n]&|M`§~_l�|M¥���|MmoKstyb�l�n�|My�ba¥t¥�b�~�bay6`cbam
�Xª¿|���oKsty��'b�l�u oKy6`O�'¥�b�l�b?¡=~'¥ts�nastmb�l�bam�l6~+��nasv±&³F�_b�l��'m6st¥�b�l�~�oK�'y®n�oK`§~&|Mybay�¥;|¼m6]_��oKy6s�b¤¬¼¥ª²b?¡S«
~��ay6st`cbaq�m*|M¥¨
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#´�%$ 4 5YË65ÏÉ 4 < , #��C  ���
� ���$>�  �$ �� �� ��
J��� A C  �$>��� ��������$J$>� I � '��)��
����* ��E' ' 
 ��C � � ��� #��� *
,W �$ ��,-�� �)��
 '���� 
 �����/����� '�
 ��$J$ �  � #� ��' �/���� � � �

µ = E[X]
� C
 � G � #� C  ���
� �#� �

σ2 =
E[(X − µ)2]

��� �E#������ ����
+�� ������
Y'�����
 ���!��
+�� �*��C#��� �! ��

FX(x) = P (X ≤ x) =
∫ x

−∞(2πσ2)
1
2 exp− (x−µ)2

2σ2 dx

#´�%$ 4 5YË65ÏÉ 4 V ,  C(���������E�  �$>�� �� ��
J���
X = (X1, ..., Xn)

ADC  �$ ���E���* �/'
( E F n,B( E F d))

� '��
 ��*�/��$ ��C(��������� � �� ���' ' 
 �� ' 
 �!��� � � ���!�

α = (α1, ..., αn)
�* �/' E F n G $ � � � �6���E
�� '��� �$> �
J���

< α,X >=
∑n

i=1 αiXi
� '����E#�UC  �� 
+ ���$ �  �$ �� �� ��
J���"������$J$ � �* ��E' ' 
 ��C � �

�" �/' � ���� �' G $> ����/'�
J���"��� � ������ ���
J$ 
J��� ����C(��������� � I ��� ��
Y,-��/'�
��� �� '��N�*��C ��� �! ����

fX(x) = (2π)−
n
2 |V |−

1
2 exp [−

1

2
(x − µ)V −1(x − µ)T ]

���

µ = (E(Xi))i∈[1,n]

V = (E[(Xi − µi)(Xj − µj)])(i,j)∈[1,n]2

')(MZ*'�+
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Fd
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Y'�����
 ���!��
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 ��/' �

©	b�l
Fd
�=s�lm6y6st�'�'m6s�oKq_l �Xª �'q´~'yoFn�b�l*l6�_l9p�|M�_ll6s�baq¯¬O�K|M¥�ba�'yl(y��ba¥t¥�b�l l*oKq�mfn�oK`§~'¥��amba`cbaq�m

�'�ambay6`§stq_��b�l��'q_bcu oKs�lO³��_b¤¥;|1uwoKq_nam6s�oKq½�'bc`coºk�baq'q_b
µ(t) = E[X(t)]

bamO¥;|1uwoKq_nam6s�oKq½�'b
n�oº�K|My6s;|Mq_n�b

R(s, t) = E[(X(s) − EX(s))(X(t) − EX(t))]
l*oKq�m�l6~���nasv±&��b�l�¨

B �AÉ ; ��5Ï��Ë�� 2 & 
)�  �NK  �,G� �* ��E' '�
+�� A C  �$ ���E� ' ������$J$ � '  � #������ ����
+�� ��� ,W��%���C �
� ��/'��  � ���)��� � #�M���� ����
+�� ��� � �+C  ���
� � � �

R(s, t)
��� �/�� �* � � �E 
�.��C��,-�� � ���

s− t G  �$>��� '$ ���NK  �,G� � '���K ��,W� ����#� �
����� 	 ���V� ��
������� ����� �T�%�+���J� �� 	���� � � � ��� �!
2�%�>�@����� ���
#´�%$ 4 5YË65ÏÉ 4�� & ��
��

F (t) : E F N → E F �E#� ���� ����
+�� � ∀uε E F ���
S ⊂ E F N G �� �E� � C
��

$�� ?�S��!?�1 �%57?"!$# ?&% -�Y�=&�8< :"S �E�)$> ����#����
���('  �� ��� ' ' �E'"��� '���� 
J$�� �* �C' & �! �� �

Au(F, S) = {t ∈ S : F (t) ≥ u}

)+*-,+.�=0/®Æ�q_lba`"�'¥�b�l��Xª²b?¡'na�'yl6s�oKqO�Xª �'q"n*]&|M`§~��'b¦�=st`cbaq_l6s�oKqO�(~�oK�'yV�'ba�=¡�lba�'st¥�lV�=s �X�aybaq�ml

Æ�q¯mbay6`cb"�Xª st`¤|Mp�bay6s�br�
Au

yba~'y��lbaq�mb"¥ª²baq_lba`"�'¥�b��'b�l na¥t�_l6mbayl!�Xª �'q_b�st`¤|Mp�bO|M��lba�'st¥
�	��nrª²b�l6mÇ«¶¬A«2�=styb1¥ª²baq_lba`O�'¥�b´�'b�l§l6�'yÇu|Kn�b�l��'�?±_q's�b�lº���_|Mq_l,¥ª²b�l~&|Kn�b1�KÑ,��~&|My,¥ª stq�mbaylb�nam6s�oKq
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F : E F N → E F G �E#� ���� ����
+�� ��� ��� $&
 ����� ' � �-�  ��/'	��,���$>� � ��,G�! *���

S ⊂ E F N ��  �E� � C
��N$  ���� -V0"=@0 -�9;6%=!< �89X<��%YJ? ��� �)
 �G������#��
� �$ ( � �/��$ ����% 	�� ��� $�� ��/'���,���$ �W�0� �������E�N*
'�
���

Au(F, S)
�! ��)$>�  ��,������

χ(Au) G ��� � C
�� �/ ����

χ(Au) = (−1)N−1
N−1
∑

k=0

(−1)kχk(Au)

�
�
χk(Au)

��� � ����'��� ��� $>�  ��,���������� �!��
J �J'
t ∈ S

����$[.��/� �

• F (t) = u

• ∂F
∂xi

(t) = 0 G ∀i ∈ [1, N − 1]

• ∂F
∂xN

(t) > 0

• D(t) =
(

∂2F
∂xi∂xj

(t)
)

i,j∈[1,N−1]

 �� C  �$ ��� � ' � ��� � ��� '  � �* ���
7C(� ' �
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J����� � �  �NK! �,G� I G $  ���� ����
+��

w : h → w(h) = sup
‖t−s‖<h

|X(t) − X(s)|

�
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 �� � I � ��� G t ∈ E F N � W�NK  �,G�  �$ �� �� ��
J�����* ��E' '�
+�� K ��, ��� ��#� �E� , ��%*��C#�
 �E$J$>� ' � � & G ��/'���,���$>� ����,G�! *�	� ���G����2C(����� ��� E F N �*�� � $ ������� �

∂S
 �� #�W,-� ' � ��� ���

�[� ��� ' ���C� C�E$J$ � � �  ' �6�*�!�('	�-.��C� I  ��� 'W������
 C(� � ' �! �����
+��$Y$ � 'G� ����'�.��C�W'�� ����,-�� �G���� ��
 *
 �/� '����'�.�� �  �� '	������ � ��������� G  +C(��� �E� ' C( �� 
+ � � � ' � C
 � ' �� �/' �E C ��
Y' 
JC  ��� ��� & G ���
.��/� $  ��
 '���� 
 ���!��
�������
Y ��� ��� I ��� ��� '�� '�������
 C���� ' �! �����
 ��$Y$ � ' � '��) �� ��� ����#������� � � 
#�����

φ(x, x1, ..., xN , z) G $> �E��/' 
��������
J ��� ���
X,X1, ..., XN , Z

���
Z
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$>�� ���/��� � N(N−1)
2

���� ����  � � $ � ' ���6��� ��
+�� �J' ���-$> ,W �����
+� � ��� 
+ � ��� $> �
Y���-' �6�/����
 ���E�������

D(t)
� � 
Y'UA $  W' � 
J���)'��E
7C  � ��$>��'"����$>��C#� ' � �  #�����

λ G $> W,-� '��E��� ��� � � � � ' ���C� ��� S �
��� � $ ��' G ' 
�$ � '),W�	��� $>� '"�E�"� �� ��
JC�E
�������� Xi

���
Xij

'� ���
 'J���� ��$> � �� ��
���
���

P (maxi,j [wi(h), wij(h)] > ε) = o(hN )
.��/ � �

h ↓ 0
���

∀ε > 0 �
� $>��� ' G
• E(χk(Au)) = λ(S)(−1)k

∫

xN>0

∫

xN (detD)φ(u, 0, ..., 0, xN , z)dxNdz �
��� $> "'���� �� ��� 
Y ��� ���  �$>�"� '�� ��� � C
 � �!��� � � ���!�

z ∈ E F N(N−1)
2

�!���E� $ � '�.��C��$&'
D

 
k
C( �$>���E� '

�#� � �#��� '"#� �* ���
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• E(χ(Au)) = λ(S)(−1)N−1
∫

xN>0

∫

z∈ E F N(N−1)
2

xN (detD)φ(u, 0, ..., 0, xN , z)dxNdz �
B �AÉ ; ��5Ï��Ë�� A & ��
 �� � I � ��� �E �NK  �,G�  �$>�� �� ��
J��� �* ��E' '�
+��BK ��,W� ����#�G��� E F N �E� ,W��%���C �
 �E$J$>����� & � ���/'���,���$>� ��� E F N '� ���
Y'Y�� �
Y'� � � $ � '"���� ��
���
���C')�E�)$> )� ��� � ��
+����� � ����� ������ ��� �
� $>��� ' G $�� � ' �/���  �#� �W���"$> W� ( �� ��  *�	����� 
Y'���
+.��C�-�E�"$ � ��/'	��,���$>� �0� �������E� ' 
+��

A = Au(X,S)��'�� ����C#��� �/ �� �

Eχ(A) = λ(S)(2π)
N+1

2 |Λ|
1
2 σ−(2N−1)exp− u2

2σ2

∑[N−1
2

]

j=0 (−1)jajσ
2jC

2j
N−1u

N−1−2j �
�
�

σ2 = E(X2(t)) G Λ
� '���$> -,  *��� 
+� � ���"���+C  �� 
+ � � �W���

Xj(t)
G ��� aj = (2j)!

j!2j
�

x�oK�'y ~'¥t�_l��'b��'�am*|Mst¥�l l6�'yf¥�b�l �'�a`coKq_lm6y*|Mm6s�oKq_l��'b�n�b�l �'ba�=¡1~'yoK~'y6s��am��l��_¥�b®¥�b�namba�'y!b�l6m
stqF�Fstm�O¬,n�oKq_l6�'¥tmbay �²{f�=¥�bay�� =���@!= �2¨
Æ�qÁ~&|My6m6s�na�'¥ts�bay��X~+oK�'y®�'qÁn]&|M`§~Å|M¥���|MmoKstyb§p�|M�_ll6s�baqÁ�'b,�=st`cbaq_l6s�oKq½�=�+¥ª²b�l6~��ay*|Mq_n�b§�'b,¥;|
Ñ®\ n�|My*|Knam�ay6s�l6m6s�³F�_b"b�lm �'oKq'q_��~&|My"Ä

Eχ(A) = λ(S)(2π)
3
2 |Λ|

1
2 σ−3exp−

u2

2σ2

· =º¹
�!oK�_lf~�oK�'��oKq_l�|K�_|M~'mbay�n�b®m6]_��oKy^a`cbO�_|Mq_lf¥�b��'oK`¤|Mstq_b��'b®¥ª st`¤|Mp�bay6s�br¨�x�oK�'y�n�ba¥;|=�_¥�b�l

]FkF~�oKm6]_^�lb�l �'b�¥;|�~'yoK~'y6s��am�O�,�'oKst��baq�m�¢am6yb����ay6sv±&��b�l"Ä

•
©�|�n�oKq�m6stqF�'stm�Ã�'b�l¼�'�ay6st����b�l¼~&|My6m6s�ba¥t¥�b�l�zÇ�_l³F�	ª¿|M� lb�n�oKq_�ÐoKy�=yb��=�Ðn*]&|M`§~ |Mstq_ls!³F�_b

¥;|°q_�apr¥tstp�b�|M�'st¥tstm�°¬°¥ª²oKy�=yb
N
�'b�l,`¤|A¡Sst`¤|��'bU¥�ba�'y�`coS�=�'¥�b1�'b¼n�oKqFm6stq��'stm��· n�b1³F�'s9b�lm

~'¥t�_l u oKy6m5¹fl6stprq'sv±&baq�m��+baq°mbay6`cbO�Xª st`¤|Mp�bay6s�br��³F�_b�¥ª st`¤|Mp�b"�'oKstm®|���oKsty��'q_b�n�bay6m*|Mstq_bO]_oK`coM«
p��aq_�astm�®�_|Mq_l9¥ª stq�mbaq_lstm���'b�lb�l9~'sv¡'ba¥�l�·Ïs¨²br¨S�'q1n�bay6m*|MstqU¥ts�l*l*|Mp�bº¹�bam9q_oKm*|M`§`cbaq�m ³F�	ª²ba¥t¥�b!q_b
�'oKstm�~&|Kl ¢am6yb�m6yoK~¯�'y6�'stm��br¨
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•
x�oK�'y"³��	ª �'q_b,st`¤|Mp�b§l*oKstm�`coF�'�a¥ts�l*|M�'¥�b,~&|My��'q_b�y��|M¥ts�l*|Mm6s�oKq½�Xª �'q�n]&|M`§~�p�|M�_lls�baq ]_oM«

`coKp�^aq_br�_st¥�u|M�'m ³F�_b!¥;|,�=s�lm6y6st�'�'m6s�oKq°�'b�l(stq�mbaq_l6stm��l!�'b�l(~'sv¡=ba¥�lf�'b�n�bam6mb®st`¤|Mp�b"l6�'st��b��'q_b
¥�oKsXq_oKy6`¤|M¥�bU· n�ba¥;|,yba�Ss�baq�m!¬c|���oKsty �'q_b��=s�l6m6y6st�'�'m6s�oKq�q_oKy6`¤|M¥�b��'b�¥ª ]'s�l6moKpry*|M`§`cbº¹?¨

Æ�q mbay6`cb°�Xª st`¤|Mp�bay6s�br�9n�bam6mb¯~'yoK~'y6s��am��q_oK�_lc~�bay6`cbam¤�'b°³F�&|Mq�m6sv±&bay¼¥�b¯q_oK`O�'yb¯`co�k�baq
�'b�na¥t�_lmbayl!|M�¯lba�'st¥	�´~�oK�'y �'q_b®st`¤|Mp�b�`coS�'�a¥ts�l��b�~&|My��'q°n]&|M`§~¯p�|M�_l*l6s�baq	¨

� � �����+����
6����-¸������%

©�ª²�am6�_�'b¤y��|M¥ts�l*��b¤�_|Mq_l�n�bam6mbc~&|My6m6s�bUl�ª¿|M~'~'�'s�b¤l6�'yO¥;|´m6]_��oKy6s�b¼�'b�lOn*]&|M`§~_l,|M¥���|MmoKstyb�l
p�|M�_l*l6s�baq_l¦�'oKqFm¦q_oK�_l���baq_oKq_l£�'bf��oKsty£n�bay6m*|Mstq_b�l£~'yoK~'y6s��am��l�¨Fx�oK�'y9³��_bfq_oK�_l¦~'�'s�ll6s�oKq_l¦�'m6sv«
¥ts�l*bay(n�b�lf�'bay6q's�^ayb�lº�=¥�b�l9�'oKq'q_��b�lº�'nrª²b�l6mÇ«¶¬A«2�=styb®¥�b�l(st`¤|Mp�b�l \fµ } �'b�l9u ba�=¡X�F�'oKst��baqFm ~�oK�'��oKsty
¢am6yb�`coS�'�a¥ts�l��b�lf~&|Myf�'b�lfn]&|M`§~_l p�|M�_ll6s�baq_l�¨'��oK�_lf|M¥t¥�oKq_l �'oKq_n�|M~'~'¥ts�³��_bayf~'¥t�_ls�ba�'yl(~'y�?«
m6y*|Mstmba`cbaqFml�|A±_q�³��_b�¥�b�l st`¤|Mp�b�l�l6�'y ¥�b�l*³��_ba¥t¥�b�lfq_oK�_l�m6y*|��r|Mst¥t¥�oKq_l�|Ms�baqFm �'q_b��=s�l6m6y6st�'�'m6s�oKq
p�|M�_l*l6s�baq'q_br¨

����� � �"�V� ��� �T��� � � �����!

 �q_b"st`¤|Mp�bOb�l6m�|Kll6st`§st¥;|M�'¥�b,¬§�'q�n*]&|M`§~�p�|M�_l*l6s�baq ls	¥�b�l�~'sv¡'ba¥�l��'b"n�bam6mb�st`¤|Mp�b�loKqFm

�=s�lm6y6st�'�_��l�lba¥�oKq��'q_b,¥�oKs�q_oKy6`¤|M¥�br¨�µ2¥�l�ª¿|Mprstm��'oKq_n¤�'b,y��|M¥ts�lbay��'qÁmb�l6m��'b,q_oKy6`¤|M¥tstm�¼l6�'y
¥;| �=s�l6m6y6st�'�'m6s�oKq �'b�l,~'sv¡'ba¥�l§�'bU¥ª st`¤|Mp�b¯|A±_q �Xª¿|���oKsty§�'q»�'bapry�´�'b1n�bay6m6stm6�_�'b¯³F�&|Mq�m¤¬�¥;|
`coS�'�a¥ts�l*|Mm6s�oKqU�'b ¥ª st`¤|Mp�b ~&|My£�'q¼n*]&|M`§~¼p�|M�_lls�baq	¨�µ2¥�b?¡Ss�l6mb�~'¥t�_l6s�ba�'yl£mb�l6ml¦�'bfq_oKy6`¤|M¥tstm�
� iF~'ybaqFm�� =��r�r���2�rn�oK`§`cb(¥�b(mb�lm��'b F�oK¥t`coKp�oKyo��F« iF`§sty6q_o����S¥�b(mb�l6m��'bf©Xstq¤bam�!��'¥t]_oK¥ �r|My�oK�
�'s�baq,baq_n�oKyb£¥�b¦mb�l6m��'b(iF]&|M~'styoM« �4st¥ �=l�¨K�!oK�_l��'m6st¥ts�lbayoKq_l�¥�b�mb�l6m��'bNF�oK¥t`coKp�oKyo��F« iF`§sty6q_o����
mb�lm"~&|My6m6s�na�'¥ts�^ayba`cbaq�m¤~'y��nas�lO~�oK�'y�¥�b�lO��n*]&|Mq�m6st¥t¥�oKq_lc�'b¼m*|Mst¥t¥�b¤st`§~�oKy6m*|Mq�mbr��nrª²b�l6mÇ«¶¬A«2�=stybr�
�_|Mq_l q_oKm6yb�n�|Klf~�oK�'y ¥�b�lfpryorllb�l st`¤|Mp�b�l�¨
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©	b"mb�lm��'b�F�oK¥t`coKp�oKyoº��« iF`§sty6q_oº��b�l6m�uwoKq_�'��l6�'y!¥;|¼n�oK`§~&|My*|Ms�loKqÁ�'b�¥;|§uwoKq_nam6s�oKqÃna�=«
`O�'¥;|Mm6st��b��'b u y��³F�_baq_n�b

N(x)
~+oK�'y9¥ª²��n]&|MqFm6st¥t¥�oKq½· nrª²b�l6mÇ«¶¬A«2�=styb®¥�b!q_oK`"�'yb��Xª²oK�_lbay6�r|Mm6s�oKq_l

stq=uw�ay6s�ba�'yb�l�¬
x
l�'y!¥�b�q_oK`"�'yb§�Xª²oK�_l*bay6�K|Mm6s�oKq_l®moKm*|M¥�b�l5¹�|���b�nO¥;|cuwoKq_nam6s�oKqÃ�'b�y�a~&|My6m6stm6s�oKq

F (x)
�Xª �'q_b9¥�oKsSq_oKy6`¤|M¥�b(~+oK�'y�¥;|!~+oK~'�'¥;|Mm6s�oKq¯· nrª²b�l6mÇ«¶¬A«2�=styb(¥;|!~'yoK�&|M�'st¥tstm�f³F�	ª �'q_b£oK�_l*bay6�K|A«

m6s�oKq¼loKstm�stq=uw�ay6s�ba�'yb!¬
x
¹?¨�Ñ�b `¤|Mq's�^ayb ~'¥t�_l�~'y��nas�l*br�rq_oK�_l¦�'�ambay6`§stq_oKq_l£¥ª²��n�|My6m¦`¤|A¡=st`"�'`

ε
baq´�K|M¥�ba�'y!|M�_l*oK¥t�_b�baq�m6yb

N(x)
bam

F (x)
¨
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ε = max
x∈
µ } |N(x) − F (x)|

�!oK�_l(n�oK`§~&|MyoKq_l |M¥�oKyl
ε
¬"�'b�l9�r|M¥�ba�'yl9nay6stm6s�³F�_b�l(m*|M�'�'¥���b�l(lba¥�oKq1¥;|�m*|Mst¥t¥�b®�'b!¥ª²��n]&|Mq=«

m6st¥t¥�oKqUbam�¥�bfq'st��b�|M�1�'b l6stprq'sv±&n�|Mm6s�oKqU��oK�'¥t�¤�=�¤mb�lm�¨�Æ�q¤~&|My6m6s�na�'¥ts�bay��F~�oK�'y¦�'b�l¦��n*]&|Mq�m6st¥t¥�oKq_l
�'b,m*|Mst¥t¥�bcq�l6�'~+�ay6s�ba�'ybc¬´�r�1bam�~�oK�'y��'q�q'st��b�|M���'b§lstprq'sv±&n�|Mm6s�oKq��ap�|M¥£¬´�=¨¿�!=r��¥;|U�r|M¥�ba�'y
nay6stm6s�³F�_b�b�l6m�|M~'~'yo�¡Sst`c��b"~&|My 1.63√

n

¨
Ñ�|Mq_l!q_oKm6ybOn�|Klº�_¥;|§m*|Mst¥t¥�b��'bO¥ª²��n]&|Mq�m6st¥t¥�oKq�n�oKy6yb�l~+oKq_�Ã|M�°q_oK`O�'yb��'b"~'sv¡=ba¥�l��'bO¥ª st`¤|Mp�b
bam®b�l6m®�'oKq_n"q_bam6mba`cbaqFm"l6�'~��ay6s�ba�'y®¬U�r�=¨+�!oK�_l��'m6st¥ts�lbayoKq_l��'oKq_nO¥;|¼�K|M¥�ba�'y 1.63√

n

~�oK�'y�|M~=«
~'yo�¡Sst`cbay�¥;|,�K|M¥�ba�'y!nay6stm6s�³��_b�~�oK�'yf�'q¯q'st��b�|M�°�'b�lstprq'sv±&n�|Mm6s�oKq��ap�|M¥�¬§�=¨¿�!=r¨
��oK�_l�yb zÇbam6mbayoKq_l��'oKq_n�¥ª ]FkF~�oKm6]_^�lb,³��_b�¥�b�n]&|M`§~�loKstm®p�|M�_lls�baq	��|���b�n��'q_bO~'yoK�&|M�'st¥tstm�
�'b��=¨¿�!=��'b®lb�m6yoK`§~�bay l6s�¥ª²��n�|My6mf`¤|A¡=st`"�'` oK�_lbay6���

ε
b�l6m(l6�'~+�ay6s�ba�'y oK�´�ap�|M¥V¬O¥;|O�K|M¥�ba�'y

nay6stm6s�³F�_b 1.63√
n

¨

x�|Myc|Mst¥t¥�ba�'yl���q_oK�_lOyb�lm6ybastprq_oKq_lO¥�bUn�|M¥�na�'¥f�'bc¥ª²��n�|My6m,`¤|A¡=st`"�'`�oK�_lbay6���
ε
¬

x ∈ [µ −
3σ, µ+3σ]

o+M
µ
bam

σ
l*oKq�m¦yb�l~+b�nam6st��ba`cbaqFm9¥;|"`co�k�baq'q_b�bam£¥;|��K|My6s;|Mq_n�b��'b ¥;|�¥�oKs&q_oKy6`¤|M¥�b

¬!¥;|K³F�_ba¥t¥�b9q_oK�_l�n�oK`§~&|MyoKq_l�q_oKm6yb(��n]&|MqFm6st¥t¥�oKq	¨Sd9ba¥;|�q_b(n]&|Mq'p�b(~&|Kl�¥;|!~�bay6m6stq_baq_n�bf�=�§mb�l6m
n�|My��	~+oK�'y��'q_b§¥�oKs¦q_oKy6`¤|M¥�br�X~'¥t�_l"�'b

99%
�'b�lOoK�_lbay6�K|Mm6s�oKq_lO�'b,¥ª²��n]&|MqFm6st¥t¥�oKq l*b§l6stm6�_baq�m

�_|Mq_l£¥ª stq�mbay6�r|M¥t¥�b
[µ−3σ, µ+3σ]

¨'d9bam6mb yb�l6m6y6s�nam6s�oKqU~�bay6`cbam£�'b q_b�~&|Kl¦mbaq'sty9n�oK`§~'mb!�'b�l
oK�_l*bay6�K|Mm6s�oKq_l9n�oKy6yb�l6~�oKq_�_|Mq�ml |M�=¡§uwba�=¡¤�'bfuwoKy¢aml£�_|Mq_l9¥�b mb�lm£�'b F�oK¥t`coKp�oKyo��F« iF`§sty6q_o����
oK�_l*bay6�K|Mm6s�oKq_l�|�k�|MqFm��'b�l��K|M¥�ba�'yl�b?¡=m6y^a`cb�l�bam�³F�_b¦q_oK�_l�n�oKq_l6s��'�ayoKq_l��am6y*|Mq'p�^ayb�l�|M�,n]&|M`§~
p�|M�_l*l6s�baq	¨

Marge d’acceptation du test

Fonction cumulative de frequence de l’echantillon

fonction de repartition d’une loi normale

Ecart maximun

)+*�,+.�� /¼\Vb�lm��'b F�oK¥t`coKp�oKyoº��« iF`§sty6q_oº�

Z[Z]\�^



=�� �  �� �������� �"� '�����,���� '��	�M�����
��
� 

��� � �����V�!�%� 
 �������J� ����� � � ��� ��� � � ��� ��� �����R���T�R�����!
2�%
2�
©	b�l"st`¤|Mp�b�l�l*|Mmba¥t¥tstm*|Mstyb�l�~�orll^��'baq�m����'s�baq½l*oK�'��baq�m���~'¥t�_l6s�ba�'yl,na¥;|Kllb�l"�'oK`§stq&|MqFmb�l¯·

`cbay��Ambay6ybr�Aq��&|Mp�b�l��t¨t¨t¨ ¹?�Mn�b£³F�'s�ybaq_�O¥�ba�'y��=s�lm6y6st�'�'m6s�oKq�`O�'¥tm6st`coF�_|M¥�br¨KÑ�|Mq_l�n�b�l�n�oKq_�=stm6s�oKq_l��
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2eme ETAPE

Intensite

nb de pixels

Mode final restant

Mode enleve lors de la 2eme etape

Modes enleves lors de la 1ere etapee

)$*-,+.&� /¼{�¥tp�oKy6stm6]'`cbO�=� � F�«`cb�|Mq_l �"¬c�,na¥;|Kllb�lfstm�ay�

baq_l*ba`"�'¥�b�l9�'b y��|M¥ts�l*|Mm6s�oKq_l(�'b �r|My6s;|M�'¥�b�l(|M¥���|MmoKstyb�l9|M�_loK¥t�'`cbaqFmfn�oKq�m6stq��_b�l(q_oKm��b�l£yb�l6~�b�n?«
m6st��ba`cbaqFm

A
�
R
bam

B
¨_d9b�l��K|My6s;|M�'¥�b�l�|M¥���|MmoKstyb�l�loKqFm n�|My*|Knam�ay6s�l��b�l�~&|Myf¥�ba�'yl!�'baq_l6stm��l �'b

~'yoK�&|M�'st¥tstm�
fA
�
fR
�
fB
��bam¦¥�ba�'yl¦u oKq_nam6s�oKq_l(�'b�y�a~&|My6m6stm6s�oKq

FA
�
FR
�
FB
¨Se!qUl6�'~'~�orlb�³F�_b

fR
b�l6mfq_oKq¯qF�'¥t¥�b"l6�'yf¥ª stqFmbay6�K|M¥t¥�b

]rmin, rmax[
¨

iSoKstm
a ∈]amin, amax[

�F¥ª stq�mbaq_l6stm�®�Xª �'q¼~'sv¡=ba¥��_|Mq_l¦¥ª st`¤|Mp�b!stq'stm6s;|M¥�b®{ bam£����\�·w|�¹?�F¥ª stq�mbaq=«
lstm�¦n�oKy6yb�l6~�oKq_�_|Mq�mb(�_|Mq_l�¥ª st`¤|Mp�b¦m6y*|Mq_lÇuwoKy6`c��br¨M�!oK�_l�n]_bayn*]_oKq_l�|M¥�oKylV¥;| m6y*|Mq_lÇu oKy6`¤|Mm6s�oKq
\ mba¥t¥�b"³��_b®~�oK�'y

a ∈]amin, amax[
�=q_oK�_l�|�k�oKq_lOÄ

FB(T (a)) = FA(a)

e!y���q_oK�_l£��oK�'¥�oKq_lf|���oKsty
FB = FR

¨�x��'s�l³��_b
FR

b�l6m¦stqF��bayl6st�'¥�b!l�'y
]rmin, rmax[

��q_oK�_l
~'ybaq_�=yoKq_lOÄ

T = F−1
R ◦ FA
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q	ª²b�l6m9~&|Kl(|M¥tp�oKy6stm6]'`§sv«
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nayoKs�l*l*|Mq�mb§n�oKqFm6stq��_b¤n�oKq_lm6stm6�_��b§�'b"uwoKq_nam6s�oKq_l"| �cq_b�l�¨Vd£]&|K³F�	ª �'q_b§�'b§n�b�l�uwoKq_nam6s�oKq_l�n�oKyÇ«
yb�l~+oKq_�Å¬´¥;|´m6y*|Mq_l6u oKy6`¤|Mm6s�oKq | �cq_bU�Xª �'q½stqFmbay6�K|M¥t¥�bU�Xª stq�mbaq_l6stm�r¨�Ñ®b¤n�bam6mb¼`¤|Mq's�^aybr��¥;|
�=s�lm6y6st�'�'m6s�oKq°oK�'mbaq��_b�q	ª²b�lmf~&|Klfb?¡'|Knamba`cbaqFm q_oKy6`¤|M¥�br�'`¤|Ms�l b�l6m(�'q_b�|M~'~'yo�¡Sst`¤|Mm6s�oKq�~&|My
uwoKq_nam6s�oKq_l£| �cq_b�l£�Xª �'q_bfp�|M�_ll6s�baq'q_br¨=d9ba¥;|��=stm���³F�&|Mq_�¤oKq§~'ybaq_�¤�'qc~&|Kl¦�'bf³F�&|Mq�m6sv±&n�|Mm6s�oKq
yba¥;|Mm6st��ba`cbaqFm�~�bam6stm���q_oK�_l�oK�'mbaq_oKq_l��'b,m6y^�l®�+oKq_l�y��l6�'¥tm*|Mml��Xbam®¥�b�mb�l6m��'b F�oK¥t`coKp�oKyoº��«
iF`§sty6q_oº�´b�l6m(uw|Knast¥�ba`cbaqFm�|Kn�n�ba~'m�r¨
 !q_b´�'bay6q's�^ayb¯�am*|M~�b¯n�oKq_l6s�l6mb¯¬�n�baq�m6ybay¤bam¼¬ y���=�'styb°n�bam6mb¯�=s�l6m6y6st�'�'m6s�oKqÐq_oKy6`¤|M¥�b�|A±_q
�'b°l6st`§~'¥tsv±&bay¤¥�b�l¼m6]_��oKy^a`cb�l¤�'m6st¥ts�l*��lc�'¥tm�ay6s�ba�'yba`cbaq�m¯|Mstq_l6s�³��_b¯¥�b�l¤n�|M¥�na�'¥�lU³��'s�baq �'�?«
n�oK�'¥�baqFm�¨���oK�_l!|���oKq_l!�'oKq_nr�+¬,¥;|,±_q �'b�l ~'y�am6y*|Mstmba`cbaqFml��+�'q_b�st`¤|Mp�bO�'oKqFm�¥�b�l�`coF�'b�l!�'b
u|Mst�'¥�b�stq�mbaq_l6stm�®`coºk�baq'q_b�loKq�m(`¤|Kl³F�_��l��=bam(�'oKq�mf¥;|O~&|My6m6s�b�q_oKqU`¤|Kl*³��_��b®b�l6m(�'q'st`coS�_|M¥�b
�=s�lm6y6st�'�_��b�lba¥�oKq¯�'q_b®¥�oKs	q_oKy6`¤|M¥�bOn�baq�m6y��b�y���=�'stmbr¨

���
	 � 
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������ �!�
©	b�l�y��l6�'¥tm*|Mml�~'y��lbaqFm��l�l6�'y�¥�b�l�±_pr�'yb�l��!bam��!`coKq�m6ybaqFm�¥�b�l��=s �X�aybaq�mb�l��am*|M~�b�l��_|Mq_l�¥�b

~'y�am6y*|Mstmba`cbaqFm��'b�¥ª st`¤|Mp�br¨ � �_b9n�b¦loKstm�¥�oKyl��'b£¥;| na¥;|Kl*l6sv±&n�|Mm6s�oKq§�'b�lV`coS�'b�l��'b£¥ª st`¤|Mp�b£~&|My
¥ª¿|Mp�oKy6stm6]'`cb®�=��� F�«`cb�|Mq_l(stm�ay����¬���na¥;|Kllb�l(oK�U¥�oKyl£�'b!¥;|Ol6~+��nasv±&n�|Mm6s�oKq´�Xª ]'s�l6moKpry*|M`§`cbr�
�'q¤mb�l6m¦�'b q_oKy6`¤|M¥tstm�!�'b m¶kF~�b F�oK¥t`coKp�oKyoº��« iF`§sty6q_o��Áb�l6m¦b��Xb�nam6�_�!|A±_q¼�'b �r|M¥ts��'bay�¥;|�³F�&|A«
¥tstm���=�°~'y�am6y*|Mstmba`cbaq�m�¨+©	b�nay6stm^ayb��Xª¿|Kn�n�ba~'m*|Mm6s�oKq �=�¯mb�l6m b�l6m��_|M�´±_¥	�'b�l ~'y�am6y*|Mstmba`cbaq�ml��
�'b®~'¥t�_l!baq´~'¥t�_lf±_q	¨

par rappor a une 
distribution normale

IMAGE FINALE

itere

K_means a 2 classes

fermeture 
et ouverture

mathematiques

par morphologie

Specification d’histogramme

+

de la distribution

centrage et reduction 

IMAGE INITIALE

)+*�,+._� /´iFkFqFm6]_^�lb��'b�lf~'y�am6y*|Mstmba`cbaqFml®����b�nam6�_��l

µ2¥�b�l6m�¬¤q_oKmbay�³F�_br�&l�'y!¥;|§±_pr�'yb,�=�&¥ª ]'s�l6moKpry*|M`§`cb,�'b"¥ª st`¤|Mp�bO±_q&|M¥�br�+nrª²b�l6mÇ«¶¬A«2�=styb�¥ª
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st`¤|Mp�b &(µ¶}!Ñ¾yb�l�'¥tm*|Mq�mb¤�'b¤¥ª¿|M¥tp�oKy6stm6]'`cb¼�=� � F�«`cb�|Mq_l"stmbay���¤¬°�¯na¥;|Kllb�l��Xnrª²b�l6mÇ«¶¬A«2�=styb
|���b�n�¥;|,`cbay bam ¥�b�l q��&|Mp�b�l `¤|Kl*³��_��l�¨
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�!oK�_l9��baq_oKq_l(�'b�m6y*|Mq_lÇu oKy6`cbay(¥ª st`¤|Mp�b�|A±_q´�'b�~�oK�'��oKsty(¥;|�`coS�'�a¥ts�lbay(~&|My9�'q_b!y��|M¥ts�l5|A«
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�am6y*|Mq'p�baylO|M�Ãn*]&|M`§~	�	nrª²b�l6mÇ«¶¬A«2�=stybc¬U�'b�l®~'sv¡'ba¥�l®y*|Myb�l�³��'s�~'y��lbaqFmbaq�m"�'q_b,�=s�ln�oKqFm6stq��'stm�
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