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¢½­ acuPdguPv�¡ewc¡eyzr�¡��Ef�¢½­ yzw�r�fewcq�yzr�¡��Efsqj�Ey|¨Efe¢£q��Ef�¢=�¬Ì�uPwcf�tsuPwcq.y£�E¡e��¡sf��A¶ ��w¥�EfsqjyzwIr�¡e��Êer�q��Ef�tsfsq
wcuÀp��R ?¨¥��¡sq.y£�Efe�*�¤�c�Rwcq�¢=�g��uxq*q.yz�Eyz¢zyzr�¡��Ef���uPwc�E¡e��fe��¢½­ yzw"!c cfewctsf!�? §te�.yzr�be��f�r�fA¨?r. E�*�R¢�q. E��¢£f
te�.yzr�be��f0�*�P�?y£uPdg¡er.�.y£»I cf��Wy=�� Ew¬�+�R�*�Rdgber.��fx¶Ih;fe¢=���1fe�.dgfer.r.�*���R ?¨!wcu�p��R ?¨g�[­ÅÊer.��f��P�c�R�Er*�Rr.y|{Áq
fer��Ef���uP E��uPyz��tsuPwcq�y£�E¡e��fe���Efsq�uP�?�.fer�q�wcuPd��E��fe ?¨¹fer��x�R�.y£¡sq�¶

��uP cq
�s��uPwcq�r�fsq.r�¡!tsfsq
�Efe ?¨§wcu�p��R ?¨Æq. E�
�Efsq��E��uP�E¢£bedgfsq
��fe¢=�Rr.yz��fedgfewIr�te¢=�Pq�q.y£»I cfsq��Ef
r�¡e¢£¡s�E¡er�fster.y£uPw·¶8��yzwcq.y½¼�wcuP cq�����uPwcq�t�acfe��t*ac¡�ÃM�E¡er�fster�fe�
¢£fsq�{}fe ?¨´�Ef�{ÁuP��Êer�q� E���Efsq�yzd��Rv�fsq
q_�Rr�fe¢z¢zyzr*�Ryz��fsq�a+�R Er�f���¡sq�uP¢z Er.y£uPw#� � d��Rv�fsq�nW~;i�`����Ef
¢=�g��¡evxy£uPw§~���h;� �? E�*�Rw�r�¢£fsq�{}fe ?¨ �Ef
{}uP��Êer0�? ¤dguPy£q0�[­¾�Pu
$Er��x�x�x�%�A¶?��uP cqj�s��uPwcqj¡ev��R¢£fedgfewIr��R�E�E¢zy£»� c¡�tsfsq0�Efe ?¨�wcuÀp��R ?¨M�R Y�E��uR«
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�E¢£bedgf��Ef
�E¡er�fster.y£uPw§�Ef
Ì�uPwcfsqj E�.�+�Ryzwcfsq�q. E���Efsqjyzd��Rv�fsq�y£q�q. cfsqj�? ¹dgÊedgf�t��R�Er�fe E��¶
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���������+� 5 
�(8����� 6o��(���,_2�
��

����� �
	���
�
�����������������
���� �"!�#��$
�%"�
¸·fsq!nI²�³ q�uPwIr� Ewcf¤dg¡er.acuI�EfY�EfYte¢=�Pq�q.y|¯+t��Rr.y£uPwÈq. E��fe�.�Wy£q�¡sfx¼8yzw�r.��uW�? Eyzr�f¤�+�R��²��R�EwEy��

few 8��x�	: � ²��R�EwEy��1¼?8��x�	: �J¶+h;fer.r�f�dg¡er.acuW�Ef
tsuPwcq.y£q.r�f�Ã!q�¡e�+�R��fe�j¢£fsqj�EuPwEwc¡sfsq�few r.��uP E�P�RwIr�¢£f
q*¡e�+�R�*�Rr�fe E���EuPwIr�¢=�¹d��R�.v�f¤fsq�r�¢=�¹�E¢z cq�vx�*�Rwc�EfY�1uxq�q.yz�E¢£fx¼8�[­Åu�& ¢=�¹q*fstsuPwc�Ef¤q.yzvxwEy|¯+t��Rr.y£uPw
�Efsq$yzwEyzr.y=�R¢£fsq;nI²�³ Ç"' nW¡e�+�R�*�Rr�fe E�;Ã
²��Pq.r�fj³´�R�.v�f ' ¶�Â��Rwcq$ Ew¬�E��fed¬y£fe��r�fed¬�cq�¼PwcuP cq��R¢z¢£uPwcq
�*�R�E�1fe¢£fe�0¢£f��E�.yzwcteyz�1f��?  nI²�³%�c�Rwcq;¢£f�t��Pq0u�&¤¢£f��E��uP�E¢£bedgf
�Ef�te¢=�Pq*q.y|¯+t��Rr.y£uPw fsq.r®¢zyzwc¡��Ryz��fA«
dgfewIr�q�¡e�+�R�*�R�E¢£fx¶[��uP cq�tsuPwcq�y£�E¡e��uPwcq��c�Rwcq
tsf!t�a+�R�Eyzr.��f¬»I cf�¢=�Yte¢=�Pq�q�y|¯+t��Rr.y£uPw¦fsq.r��Eyzw+�Ryz��fx¼
tx­Åfsq�r±« ÃC«J�?yz��f�»� cf�¢½­ÅuPw¹t�acfe��t�acf!Ã!q�¡e�+�R��fe��¢£fsq��EuPwEwc¡sfsq�few¥�Efe ?¨ te¢=�Pq�q�fsq�¶

Â�¡A¯cwEy£q*q�uPwcqjr�uP Er��[­¾�R�1uP���¹»I cfe¢£»� cfsq + ÎcÏ��?Ï.-ÓÎ + � Ç

• ( ¼? Ew¥fewcq*fed��E¢£f��Ef
�EuPwEwc¡sfsq�Ã!te¢=�Pq�q.y|¯+fe�
• ) ¼? Ew¥q�uP cq±«Jfewcq�fed��E¢£f��Ef+*'tsuPwcq.r.yzr. +�Rw�r� Ewcf�te¢=�Pq�q�f
�[­ yzwIr�¡e��Êer�Ã!�?y£q.r.yzwEvx cfe��¶
• , ¼?¢½­Åfewcq�fed��E¢£f��Efsq�te¢=�Pq�q�fsq Ç y£tey Y = {−1, 1}
• A

¼? Ewcf
�+�Pq�f
�[­ÅfA¨Efed¬�E¢£fsq�¼ctx­Åfsq.r±« ÃC«J�?yz��f� Ew¥q�uP cq±«Jfewcq�fed��E¢£f��Ef
E × Y

�}�R�E�1fe¢£¡��R cq�q.y
�+�Pq�f
�[­¾�R�E�E��few�r.y£q*q*�Rv�f��A¶

•
� ¼�¢½­Åfewcq�fed��E¢£f��[­¾�R�E�E��few�r.y£q*q*�Rv�fx¼Efsq.r�¢=���E��fed¬y£be��f��E��uR�±fster.y£uPw �Ef

A
q. E�-*�¼I�Ryzwcq.y1»I cf

A1 = A ∩ F
fer

A−1 = A ∩ F c ¶E��¢£uP��q
A = [A1 × {1}]

⋃
[A−1 × {−1}]

¶
• ω . signF

fsq.r[ Ewcf��R�E�E¢zy£t��Rr.y£uPw��Ef�*§�c�Rwcq
{−1, 1}

�R�E�1fe¢£¡sf$te¢=�Pq�q.y|¯+t��Rr.y£uPw�teyz�E¢£fx¶Å��uP cq
�E¡A¯cwcuPwcq�¢½­¾�R�E�E¢zy£t��Rr.y£uPw

signF

»I Ey8Ã
x ∈ E

�Pq�q�uWtey£f 8
q.y
x ∈ F

ferj« 8
q.yzwcuPw·¶
• W ∈ {−1, 1}E fsq�r�¢=��{}�Rd¬yz¢z¢£f��Efsq�te¢=�Pq�q.y|¯+fe E��q��?  �E��uP�E¢£bedgfx¶

��uP cq�t*acfe��t�acuPwcq®�R¢£uP��q®Ã�tsuPwcq�r.�. Eyz��fj Ewcf0��bevx¢£fj�Ef0te¢=�Pq�q.y|¯+t��Rr.y£uPw·¼�tx­Åfsq.r±« ÃC«J�?yz��f�Ã���fstsuPwcq.«
r.�. Eyz��f�q�fe¢£uPw ¢=�!�+�Pq�f
�[­ÅfA¨Efed¬�E¢£f

A
¢=��{}uPwcter.y£uPw¹yzwc�?y£t��Rr.�.y£tsf

ω = signF ∈ E[−1,1] �Ef 90¶
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A
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ω
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∀(x, y) ∈ A, y = ω(x)
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¸8��tsuPwcq�y£q.r*�Rwctsf!�Ef�¢=���+�Pq�f��[­¾�R�E�E��fewIr.y£q�q*�Rv�f¬q.yzvxwEy|¯+f�»I cf�¢=���+�Pq�f��[­ÅfA¨?fed¬�E¢£fsq
���Ey£few
¡er�¡Y�R�E�E�.y£q�fYfer��EuPwct¤»� cf�¢£f¤te¢=�Pq�q�y|¯+fe E��r.��uP E��¡Yq�¡e�+�R��f�tsuP�.��fster�fedgfewIr¬¢£fsq��EuPwEwc¡sfsq!�Ef¤¢=�
�+�Pq*f
�[­¾�R�E�E��few�r.y£q�q*�Rv�fx¶

/ �10 + -\Ï.-ÓÎ + < #N��� ����
?��" �,���@�A= � "J�,� 	�� � � 6�C ��" ��� ���@� � 7����,
 ��� � � �N� 9�� � 6�� 6��(	 � " � ����" � "J� �
" ? ��" 6	� 
+<��J� ����� � � ��� 4 	 � (E,ω,A,A,W)

����
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(E,ω,A,A,W) ? ��" �L� � � � 4 	 � 6@�5������� � � � ���	
��!��" � � "L��� ����"J� 	 9 � � <��J�
�
��� � "L�
	�� ��� 6 C �	
!
�� � � ��
 � ��� 
?" >�� �A� � � ��� 4 	 � ��� 
 6���
�� K$G��FMHK�� O ��� W = WL

����
(� C � " �;� 	�� ���
6�����D�� M"I�I�K�� O	��� I�� K$G��FMHK�� O1I <���� � C � 6@� "N
�� � ��� � C ��� � ��� ��7����,
 ��� �!� ��� � n+1 ����� � C � 6@� "L
�� � � �	
����	"<,�����

(θ, w) ∈
� �

×
� � n ��� �,�;��� ��� � ���	"L�,
��!��" ��� "L�	� ��� 619 � "J� � �����

E ⊂
� � n �����

ω(x) =
sign � � +(w.x − θ)

��� > ���
�L� 9��,��"N

����� �L��� 6�����
 �,��������� ��� � � ��� � 6	�!� " 6��	" ��� � n >
��fst�acfe��t*acfe�� Ew¹q�¡e�+�R�*�Rr�fe E���+�R�.d¬y·¢£fsq�te¢=�Pq�q.y|¯+fe E��q�¢zyzwc¡��Ryz��fsq���fe�Wy£few�r�Ã!t*acfe��t�acfe��¼�wcuP cq

¢£f���fe�.��uPwcq;¢£uP��q®�Ef�¢=��{}uP�.d� E¢=�Rr.y£uPw¹�? ¤�E��uP�E¢£bedgfx¼I EwYa�pW�1fe�.�E¢=�RwY�Ef
E
»I Ey�q*¡e�+�R��f�¢½­Åfsq.�+�Ptsf

E
few¥�Efe ?¨M�Efed¬y|«Jfsq��+�Ptsfsq��c�Rwcqj¢£fs»I cfe¢£q�q�f�r.��uP E��fe��uPwIr�¢£fsq��Efe ?¨Mte¢=�Pq�q*fsq��[­ÅfA¨?fed¬�E¢£fsqÀ¶

/ �10 + -\Ï.-ÓÎ + 7 # ����

(E,ω,A,A,W) ? ��" �L� � � � 4 	 � 6@�5������� � � � ���	
��!��" � � "L��� ����"J� 	 9 � � <��J�

� � "�9���� ��� >�� " 6���
-<,� � � � �L��� � �54 	 � � � 
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ω ∈ WL

�,
 ��� ��� �����;� 6 C ���@�L����"N
�� ����� ���
A
��� 
&����"J��� � 
 ��"N

����7����5� � ��� � � � >

��wcf0wcuPr.y£uPwgyzd¬�1uP�.r*�Rw�r�f��c�Rwcq�¢£fsq��E��uP�E¢£bedgfsq®�Ef�te¢=�Pq�q.y|¯+t��Rr.y£uPw¤q. E��fe�.�Wy£q�¡sfjfsq.r�¢=��tsuPd!«
�E¢£fA¨?yzr�¡¹�[­¾�R�E�E��fewIr.y£q�q*�Rv�fx¶0Â�f d��RwEy£be��f¥fe¢z¢zyz�Er.y£»I cfx¼®fe¢z¢£f¹��fe�E��¡sq�few�r�f§¢£f¹t��R���?yzw+�R¢�d¬yzwEyzd��R¢
»I cf�¢=���+�Pq�f��[­¾�R�E�E��few�r.y£q�q_�Rv�f��EuPyzr��s��uPyz����uP E�jÊer.��f
tsuPwcq.y£q.r*�RwIr�fx¶"*�¢z¢£f�t��R�*�Pter�¡e�.y£q*f
�EuPwct
¢=�
r*�Ryz¢z¢£f�uP�Er.yzd��R¢£f��Ef
¢=�¬�+�Pq�f��[­¾�R�E�E��few�r.y£q*q*�Rv�f��1fe�.dgfer.r*�Rw�r��Ef
wcf
�+�Pq�Êer.��f�few¥q.yzr. +�Rr.y£uPw§�Ef
q*uP cq±« �R�E�E��few�r.y£q�q_�Rv�f�r�uP Er�few¥w·­Å¡er*�RwIr��+�Pq�fewºq. E�±« �R�E�E��few�r.y£q*q*�Rv�fx¶·h;fer.r�f�tsuPd¬�E¢£fA¨?yzr�¡�w·­Åfsq.r
�+�Pq�t��R¢£te E¢=�R�E¢£f�$c¢=�¬q�uP¢z Er.y£uPw§tsuPwcq.y£q.r*�Rw�r��R¢£uP��q�Ã!¢=���1uP�.wcfe��¶

��� � %�� !	& � 	����������(' � � !1��) 	�*�& �
��uP cq�tsuPwcq�y£�Ebe��uPwcq� Ew¹�E��uP�E¢£bedgf��Ef�te¢=�Pq�q.y|¯+t��Rr.y£uPw¹wI Edg¡e�.y£»� cf��Eyzw+�Ryz��f�¢zyzwc¡��Ryz��f

(E,ω,A,A,W)
u�& ¢£fMwcuPd��E��f¹�[­¾�Rr.r.�.yz�E Er�qgfsq.r¬w·¶���uP cq¬t�acfe��t*acuPwcqY�R¢£uP��q! Ewcf q�uP¢z Er.y£uPw

tsuPwcq�y£q.r*�Rw�r�f¬�s��fst�¢=���+�Pq�f��[­¾�R�E�E��few�r.y£q�q*�Rv�f �Átsf��E��uP�E¢£bedgf!fsq.r
�R cq�q.y��R�E��fe¢£¡��E��uP�E¢£bedgf!�? 
�1fe��tsfe�Er.��uPw·¼E�E��¡sq�fewIr�¡��+�R����uxq�few��E¢=�Rr.r��Å��uxq�fewI�E¢=�Rr.r�¼?8��	:x� �(�A¶
��uP cq {}uP�.d� E¢£uPwcqÆtsf��E��uP�E¢£bedgfÉfew �Pq�q�uWtey=�Rw�rÆÃ©t*a+�P»� cf fA¨?fed¬�E¢£f

x
�Ef ��¼j¢£f���fster�fe E�

&('CO)&�*



���������	��

���	
��������	��������������������� � ���	
��!��"������$#&%(' �

x̃ = (x,−1) ∈
� � n+1 q�y x ∈ A1

fer
x̃ = (−x, 1) ∈

� � n+1 q.y x ∈ A−1
¶���uP cqg�R�E�1fA«

¢£uPwcq
Ã
¼?¢£f�q�uP cq±«Jfewcq�fed��E¢£f��Ef � � n+1 �Ryzwcq.y8tsuPwcq.r.�. Eyzr�¶

��uP cq�t*acfe��t�acuPwcq��R¢£uP��q
w̃ = (w, θ) = (w1, ..., wn, θ) ∈

� � n+1 r�fe¢/»� cf

∀x̃ ∈ Ã, w̃.x̃ > 0
� 8��

��uP cq�t�acfe��t*acuPwcq��EuPwct� Ew§a�pW��fe�.�E¢=�RwÆ�Ef *'�Ef�¢=�g{ÁuP�.dgf
w.x − θ = 0

»I Ey/q�¡e�+�R��f�¢£fsq
fA¨Efed¬�E¢£fsq��Ef�¢=���+�Pq�f��[­¾�R�E�E��few�r.y£q*q*�Rv�f��Ef�d��RwEy£be��f�q.r.�.y£ter�f��Ó¢£fsq�fA¨?fed¬�E¢£fsq�wcf��EuPyz��few�r��+�Pq
�R�E�+�R�.r�fewEyz�YÃº¢½­ a�pW��fe�.�E¢=�Rw �¬fer¬ Ew+�RwEyzdgf �Ór�uP cq¬¢£fsqgfA¨Efed¬�E¢£fsqg�EuPyz��fewIr¤Êer.��f �Ey£few©te¢=�Pq�q*¡sq
q*fe¢£uPw ¢£fe E���+�Pq�f��[­¾�R�E�E��fewIr.y£q�q*�Rv�f��A¶

nIy�¢½­Å¡s»� +�Rr.y£uPw 8¬�P�?dgfer� EwÆ��fster�fe E��q�uP¢z Er.y£uPw·¼·�R¢£uP��q
wcuP cq
�1uP E��uPwcq
��uPyz��»I cf!¢£fsq���fstA«
r�fe E��q;acuPdguPr�¡er.y£»I cfsqj�c�Rwcq; Ew¤�*�R�E�1uP�.r®�1uxq.yzr.y|{/Ã�tsf���fster�fe E�jq�uP¢z Er.y£uPwMq�uPwIrj�R cq*q.y�q�uP¢z Er.y£uPwcq
�Ef�¢½­Å¡s»I +�Rr.y£uPw·¶�h;fe¢=�¬wcuP cqj��fe�.dgfer��R¢£uP��q��Ef
wcuP�.d��R¢zy£q�fe��¢£f��E��uP�E¢£bedgf�few yzd¬�1uxq*�Rw�r

w̃.x̃ ≥ 1
�}�%�

¸$­Åfewcq�fed��E¢£fM�[­¾�R�E�E��fewIr.y£q�q*�Rv�fMfsq.r��Ryzwcq�y®q�¡e�+�R��¡¤�+�R���Efe ?¨¦aIpI�1fe�.�E¢=�Rwcq��+�R�*�R¢z¢£be¢£fsq�¶ *$w
fA¿[fer�¼?�1uP E�

x ∈ A1, w.x − θ ≥ 1
ferj��uP E�

x ∈ A−1, w.x − θ ≤ −1
¶

¸8fsq�¡s»� +�Rr.y£uPwcq��Efsq��Efe ?¨ a�pW��fe�.�E¢=�Rwcq�q�uPw�r��EuPwct Ç

{
w.x − θ = 1
w.x − θ = −1

�}�%�

¸·fsq�tsuPw�r.�*�RyzwIr�fsq�yzd¬�1uxq�¡sfsq0�+�R��¢½­Å¡s»I +�Rr.y£uPw¥�!q�­Å¡ste�.yz��fewIr�¼+few  Er.yz¢zy£q*�RwIr�¢=����¡e��uPwcq*f
�E¡sq.y|«
��¡sf

y
�? ¥q�¡e�+�R�*�Rr�fe E��¢zyzwc¡��Ryz��f�Ã�¢½­ÅfA¨?fed¬�E¢£f

x
¼E�+�R� Ç

∀(x, y) ∈ A, y(w.x − θ) ≥ 1
�Ó� �

¸$­Åfsq.�+�PtsfMfew�r.��fMtsfsq!�Efe ?¨ÉaIpI�1fe�.�E¢=�Rwcq!�E¡A¯cwEyzr!�EuPwctY EwcfYÌ�uPwcfY�EfYq*¡ste E�.yzr�¡YfewIr.��fY¢£fsq
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�R cq*q.y[¢=��d��R�.v�f��? ¥te¢=�Pq�q�y|¯+fe E��¼cfsq.r 2
‖w‖

¶
¸/�jd��R�.v�f®��fe�E��¡sq�few�r�f;�EuPwct�¢£f®�EuP E�E¢£f��Ef�¢=���?y£q.r*�Rwctsf;�Ef$¢½­ aIpI�1fe�.�E¢=�Rw�q*¡e�+�R�*�Rr�fe E�

w.x−θ =
0
�R ?¨¹fA¨Efed¬�E¢£fsq�¶

¸8f¬�E Er��Ef¬¢=�¹te¢=�Pq�q.y|¯+t��Rr.y£uPw��+�R�!nI²�³ fsq.r��R¢£uP��q��Ef¬r.��uP E��fe��¢£f�q�¡e�+�R�*�Rr�fe E� �Átx­Åfsq.r±« ÃC«J�?yz��f
¢£f
tsuP E�E¢£f

(w, θ)
�0�EuPw�r�¢=��d��R�.v�f�fsq.rj¢=���E¢z cqj¢=�R�.v�f
�1uxq�q.yz�E¢£fx¼?fer�tsfe¢=�!q�uP cq�¢£fsqjtsuPw�r.�*�Ryzw�r�fsq

�Ef�q�¡e�+�R�*�Rr.y£uPw��+�R�®¢£fsq��Efe ?¨¬a�pW��fe�.�E¢=�Rwcq �ÁtsuPw�r.�*�RyzwIr�fsqj�EuPwEwc¡sfsq$�+�R�®¢½­Å¡s»� +�Rr.y£uPw �Ó� � �A¶���uP cq
{}uP�.d� E¢£uPwcq�tsfe¢=�¬�c�Rwcqj¢=�!�E��uP�1uxq.yzr.y£uPw¥q� Eyz�P�RwIr�fx¶
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(E,ω,A,A,WL) ? ��" � � � ��� 4 	 �B6@��������� � � � ���	
��!��"G� �;�J� �87.� � 9���� � "L��� ���� � "�9���� ��� ��
 � � "�9���� ��� 	 � "N
 � 9
������� � � � > �3���:9
� ��� ��

� ��� � � "�9���� ��� 6@� 	 ��� �@� 	 �;�	� 	 ��� � ����
 ����=� ��
�����" 6��5� � � ��� 4 	 �B6�C ��� 
��(	5� �,�	
��!��" <�� ��6����	
�� <��J��������������"N
������ "N

���
{

minw,θ
‖w‖
2 = 1

2 (w2
1 + ... + w2

n)
sous∀(xi, yi) ∈ A, yi(w.xi − θ) ≥ 1

�}�%�

��uP cq·q*uPd¬dgfsq·few��E��¡sq�fewctsf$�[­  Ew��E��uP�E¢£bedgf$�[­ÅuP�Er.yzd¬y£q*�Rr.y£uPw�»I +�P�?�*�Rr.y£»I cf�q�uP cq·tsuPwIr.�*�Ryzw�r�fsq
yzwc¡ev��R¢zyzr�¡sq�¢zyzwc¡��Ryz��fsq�¶E¸·f��E��uP�E¢£bedgf
�Ef
te¢=�Pq�q.y|¯+t��Rr.y£uPw¹¡er*�RwIrj¢zyzwc¡��Ryz��fedgfew�r�q�¡e�+�R�*�R�E¢£fx¼?yz¢·�P�W«
dgfer
 Ewcf! EwEy£»I cfgq�uP¢z Er.y£uPw¦�EuPwEwc¡sfg�+�R��¢£f!r.ac¡suP��bedgfg�Ef��� EaEw?«J`· ct ��fe��¶ *$w¦yzw�r.��uW�? Ey£q*�Rw�r
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�Efsq�d� E¢zr.yz�E¢zy£t��Rr�fe E��q��Ef�¸8�Rvx�*�RwEv�f!�1uP E��t*a+�P»� cf!tsuPwIr.�*�Ryzw�r�fx¼1wcuP cq�¡er*�R�E¢zy£q�q�uPwcq�¢=�g{ÁuP�.d� ?«
¢=�Rr.y£uPw§�? +�R¢£f��Ef�tsf��E��uP�E¢£bedgf �Á�E¡edguPwcq�r.�*�Rr.y£uPw§�c�Rwcq � n?�Rd� cfe¢zy£�Efsq�¼��x�x�R�%�(�A¶

¸·fj�E��uP�E¢£bedgf��[­ÅuP�Er.yzd¬y£q_�Rr.y£uPwY��fsq.r�¡s»I Eyz�x�R¢£few�r®�R g�E��uP�E¢£bedgf��[­ÅuP�Er.yzd¬y£q*�Rr.y£uPwYq� Eyz�P�RwIr Ç




maxα

∑N
i=1 αi − 1

2

∑N
i=1

∑N
j=1 αiαjyiyj(xi|xj)

sous

{
∀i, αi ≥ 0∑N

i=1 αiyi = 0

�!:%�

i &
(.|.)

��fe�E��¡sq*few�r�f�¢£f��E��uI�? Eyzr�q�t��R¢=�Ryz��f�fe cte¢zy£�?y£few´�Pq�q�uWtey£¡�Ã
E��fsq.rj¢£f�wcuPd��E��f��Ef
�+�R�*�Rdgber.��fsq��Ef�¸8�Rvx�*�RwEv�fA« �� EaEw?«J`· ct ��fe��¶

¸8����¡sq�uP¢z Er.y£uPw¹�Ef�tsf��E��uP�E¢£bedgf
�[­ÅuP�Er.yzd¬y£q*�Rr.y£uPw¥tsuPwI��fA¨?f
w·­Åfsq�r;�+�Pqj¡e�Wy£�Efew�r�fx¶��J¢[fA¨?y£q.r�f
tsfe�1fewc�c�Rw�r/�E¢z cq.y£fe E��q[dg¡er.acuW�Efsq·r�fe¢z¢£f$»I cf�¢=�0dg¡er.acuW�Ef$�? 
vx�*�P�?y£few�r�tsuPwP�  Evx c¡�q�uP cq·tsuPw�r.�*�RyzwIr�fsq�¶
Â
�Rwcq�wcuPr.��fj¡er. c�Efx¼RwcuP cq� Er.yz¢zy£q�fe��uPwcq� Ewg�R¢zv�uP�.yzr.aEdgfj�[­ÅuP�Er.yzd¬yzr.y£uPwg Er.yz¢zy£q�¡0few�yzd��Rv�fe�.y£fx¼��R�?«
�1fe¢£¡ �±h;³ ¼C����fst® Ewcf®��¡s�? cter.y£uPwg�Ef;tsuPw�r.�*�Ryzw�r�fsqÀ¶x��uP cq��E¡e��fe¢£uP�E��fe��uPwcq�tsfer.r�f;dg¡er.acuW�Ef0�c�Rwcq
¢=�!q� Eyzr�f��Ef
tsf�t�a+�R�Eyzr.��fx¶

*�w �R�E�1fe¢=�Rw�r
α? ¼®¢=�Æ{½�Rd¬yz¢z¢£fº�Ef¥�+�R�*�Rdgber.��fsq �Ef´¸8�Rvx�*�RwEv�fA« �� EaEw?«J`· ct ��fe�´uP�Er.yzd��R¢£f

�Átx­Åfsq�r±« ÃC«J�?yz��f�¢½­  EwEy£»I cf�q�uP¢z Er.y£uPw´�? ´�E��uP�E¢£bedgf :%�A¼+¢£fsq��+�R�*�Rdgber.��fsq
�? §te¢=�Pq*q.y|¯+fe E�
uP�Er.yzd��R¢
(w?, θ?)

q�uPw�r��R¢£uP��q�uP�Er�few� cq��+�R� Ç

w? =

N∑

i=1

α?
i yixi

�½� �

θ? =

N∑

i=1

α?
i yi(xi|xj) − 1 , pour xj ∈ A1

� � �

¸·f�te¢=�Pq�q.y|¯+fe E��uP�Er.yzd��R¢
ω? q�­ÅfA¨W�E�.yzdgf��R¢£uP��q��+�R� Ç

ω?(x) = sign � � +

(
N∑

i=1

α?
i yi(xi|x) − θ?

)
�}�%�

��uP cqj�E��uP�1uxq�uPwcq��Ef���¡sq. Edgfe��tsf���¡sq. E¢zr*�Rr��c�Rwcq�¢=���E��uP��uxq�yzr.y£uPw¥q. Eyz�x�Rw�r�fx¶
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6@��"J"�9&����� �

ω?(x) = sign � � +

(
N∑

i=1

α?
i yi(xi|x) − θ?

)

��� �����
α?

i

����"L
$��� �����	� �
	 4�
������ 6@� �?� �	� ��" �@�A=������@""=�� � ����� � ���	� ��
����	" � 6	�G� � � ��� 4 	 �
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	 >

¸·fsq
α?

i 6= 0
q�uPw�r��Efsq���fster�fe E��q�q. E�E��uP�.r�qÀ¶/h;fgq�uPwIr�fe ?¨¦»� Ey$��uPwIr��E¡A¯cwEyz��¢£fsq
a�pW��fe�±«

�E¢=�Rwcq�q�¡e�+�R�*�Rr�fe E��q�¶�i�w���fed��R��»� cfg�[­¾�Ryz¢z¢£fe E��q�»� cfg¢£fsq
α?

i = 0
w·­ yzw�r�fe�.�Wy£fewEwcfew�r��+�Pq��c�Rwcq

¢=�¬{ÁuP�.d� E¢=�Rr.y£uPwÆ�? §te¢=�Pq�q.y|¯+fe E��uP�Er.yzd��R¢��EuPwEwc¡sf��+�R��¢½­Å¡s»� +�Rr.y£uPw �}�%�A¶�¸$­ÅfA¨?fed¬�E¢£f
i
�EuPwIr�¢£f

�+�R�*�Rdgber.��f��Ef�¸/�Rvx�*�RwEv�fA« �� EaEw?«J`· ct&��fe���Pq�q�uWtey£¡�fsq.r®wcuPw�w� E¢1q�fjr.��uP E��fe�*���Ryzwcq.y�q. E�� EwY�Efsq
�Efe ?¨Ma�pW�1fe�.�E¢=�Rwcq�q�¡e�+�R�*�Rr�fe E��q�¶

����� %���� � ����� ��� ��
 � �
��uP cq¬��fewcuPwcq��EfM��uPyz�g¢=�ºte¢=�Pq�q.y|¯+t��Rr.y£uPw©�+�R�MnI²�³��c�Rwcq¬¢£f t��Pqgu�&Ë¢£fM�E��uP�E¢£bedgf§fsq.r

¢zyzwc¡��Ryz��fedgfewIr¤q�¡e�+�R�*�R�E¢£fx¶�h;fe�1fewc�c�Rw�r�¼®�c�Rwcq! EwcfMvx�*�Rwc�EfMd��C�±uP�.yzr�¡¥�EfYt��PqÀ¼�¢£f¤�E��uP�E¢£bedgf
w·­Åfsq�r
�+�Pq
¢zyzwc¡��Ryz��fedgfew�r!q�¡e�+�R�*�R�E¢£fx¶ � ¢$fA¨Wy£q�r�fg�R¢£uP��q��E¢z cq.y£fe E��q��R¢zr�fe�.w+�Rr.yz��fsqÀ¶8¸$­  Ewcfg�[­Åfe¢z¢£fsq
tsuPwcq�y£q.r�f�Ã!t�a+�RwEv�fe���[­Åfsq.�+�Ptsf��Ef���fe�E��¡sq�few�r*�Rr.y£uPw·¶ �J¢·qÀ­¾�Rvxyzr��Ryzwcq.y8�Ef
r.�*�Rwcq���uP�.r�fe��¼E�+�R�� Ewcf
�R�E�E¢zy£t��Rr.y£uPwªwcuPwË¢zyzwc¡��Ryz��fx¼�¢£fsq¬�EuPwEwc¡sfsq

x ∈ E
�c�Rwcq¬ Ew©fsq.�+�Ptsf

E
¼��Ef �?yzdgfewcq.y£uPw©�E¢z cq

vx�*�Rwc�Ef »I cf¤¢½­Åfsq.�+�Ptsf
E
u�&Èyz¢0q*fe�*�´�R¢£uP��q!�1uxq�q.yz�E¢£fM�EfY¢£fsq!q�¡e�+�R��fe�¬¢zyzwc¡��Ryz��fedgfew�r��+�R�� Ew

aIpI�1fe�.�E¢=�Rw§�Ef
E
¶�h;fe¢=�¬��fe�Wy£few�r�few {½�Ryzr�Ã! Er.yz¢zy£q�fe�� Ewcf
{}uPwcter.y£uPw§�Ef��E¡stey£q.y£uPw¥wcuPw?«½¢zyzwc¡��Ryz��fx¼

fewË�sp��RwIr�¼��[­  EwÈ��uPyzwIr��EfY�W Év�¡suPdg¡er.�.y£»I cfx¼� Ewcf¤aIpI�1fe��tsuP E�.�1fY»I Ey;d��R��»� cf¤¢=� {Á��uPw�r.y£be��f
fewIr.��f
¢£fsq��Efe ?¨¹te¢=�Pq�q�fsq��[­ÅfA¨?fed¬�E¢£fsq��c�Rwcqj¢½­Åfsq.�+�Ptsf��[­ÅuP�.yzvxyzwcfx¶

0���<���) / ��0 + -\Ï.-ÓÎ +
��uP cq��R�E��fe¢£uPwcq

Φ
¼E¢½­¾�R�E�E¢zy£t��Rr.y£uPw´��fe�.dgfer.r*�RwIr�tsf�t�a+�RwEv�fedgfew�r
�[­Åfsq.�+�Ptsf��Ef���fe�E��¡sq�few?«

r*�Rr.y£uPw·¼+tx­Åfsq.r±« ÃC«J�?yz��f�¢½­¾�R�E�E¢zy£t��Rr.y£uPw´�E¡A¯cwEy£f
�+�R� Ç

Φ : E → E

x → Φ(x)
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X2

X1

X1

X2

X3

�������+� �¹h®a+�RwEv�fedgfew�r��[­Åfsq.�+�Ptsf��Ef
��fe�E��¡sq�fewIr*�Rr.y£uPw§�+�R��¢=��{ÁuPwcter.y£uPw
Φ
�C¯cw¥�Ef
��fewc�?��f�¢£f

�E��uP�E¢£bedgf�¢zyzwc¡��Ryz��fedgfew�r�q�¡e�+�R�*�R�E¢£f

h;uPd¬dgfjwcuP cq��1uP E��uPwcq�¢£f0��uPyz��q. E��¢=��¯cvx E��f��?¼R¢£f0wcuP E��fe¢+fsq.�+�Ptsfj�Efsq$�EuPwEwc¡sfsq
E
fsq�r��Ef

�?yzdgfewcq�y£uPwYq. E�1¡e�.y£fe E��f�Ã�tsfe¢z¢£f��Ef�¢½­Åfsq.�+�Ptsf��Ef��E¡e�+�R�.r
E
¶I¸·fsq®wcuP E��f��R ?¨¤�C¨Efsq®tsuPwIr.y£fewEwcfew�r

 Ewcf¬q� E�.v�¡ewc¡e�*�Rr.y£uPwÉ�[­ yzw?{}uP�.d��Rr.y£uPw��+�R�
�*�R�E�1uP�.r��R ?¨§�E��¡sts¡s�EfewIr�q�¼8tsf¬»I Ey���fe�.dgfer�y£�E¡��R¢£fA«
dgfewIrj�[­ÅfA¿1fster. cfe�; Ewcf��?y£q*te�.yzd¬yzw+�Rr.y£uPw ¢zyzwc¡��Ryz��f�¢=Ã�u�&M�R E�+�R�*���P�RwIr�tsf�w·­Å¡er*�Ryzr;�+�Pq;��uxq*q.yz�E¢£fx¶

��uP cq0{}uP�.d� E¢£uPwcq�tey|«J�Efsq�q�uP cq�¢£f�wcuP E��f��R ¥�E��uP�E¢£bedgf��Ef
te¢=�Pq*q.y|¯+t��Rr.y£uPw¥�+�R��nI²�³ ��¡sq� E¢|«
r*�RwIr��Ef�tsf
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��fe�E��¡sq�fewIr*�Rr.y£uPw·¶


�
CÎL2 
�-Ó��Ï�� < # ��� � "N

(E,ω,A,A,WL) ? ��" � � � ��� 4 	 � 6@� ����������� � ���	
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" ��� ��� � � "�9��	� ��� ��

Φ ? ��" � ����� � �!���	
��!��" 6@� ������" �@� 	 � "N
 6�C ��� � ��� � 6@� ���
�L� 9��,��"N
 �	
��!��" 

� � ���<,� � ��� "L��� 7����	�5�L��� � �54 	 � 6�������������� � ���	
��!��" ���.� � �A7;� � 9�� � � "L��� ��� � � "�9��	� ���

(E, ω̂, Â, Â, ŴL)�,����
 � � "�9��	� ��� 	 � "N
 �:9
���	� � ����� > �A�$�:9
���	� �	

������� � "�9���� ��� 6@� 	 ��� �@� 	 �;�	� 	 ��� � ω̂?
� � 
 6@��"J"�9��

� ��� �

ω̂?(x) = sign � � +

(
N∑

i=1

α?
i yi(Φ(xi)|Φ(x)) − θ̂?

)
� 8��%�
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��� � "�9 ���	� ��
�9��$����� 7 ��"N
 �





maxα

∑N
i=1 αi − 1

2

∑N
i=1

∑N
j=1 αiαjyiyj(Φ(xi)|Φ(xj))

sous

{
∀i, αi ≥ 0∑N

i=1 αiyi = 0

� 8	8��

� � (.|.)
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� � 9��;� "N

� � � �L��� 6���� 
 �����	� ��� ��� � ���,� � 6�� � " ��� �,�;����9 �

E� ����
 � ��"L�
	�� ��� 6@� �������
	 4�
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�J¢�fsq�r�Ã wcuPr�fe��»� cf�¢£f¬{½�Ryzr��Ef�q*fg�E��uR�.fer.r�fe���c�Rwcq� EwÉfsq.�+�PtsfY�Efg��fe�E��¡sq�fewIr*�Rr.y£uPwÈ�E¢z cq
vx�*�Rwc�Mwcf
tsuPd¬�E¢£fA¨?y|¯+f
�+�Pq0¢=����¡sq�uP¢z Er.y£uPw¥�R¢zv�uP�.yzr.aEd¬y£»I cf��?  �E��uP�E¢£bedgf
�E Ey£q*»� cf�¢=��{½�Rd¬yz¢z¢£f
�Ef��+�R�*�Rdgber.��fsq��Ef
¸8�Rvx�*�RwEv�fA« �� EaEw?«J`8 ct&��fe����fsq.r�f
�Ef�r*�Ryz¢z¢£f���¶
Â�f
�E¢z cqÀ¼c¢£f
wcuP E��f��R ´�E��uP�E¢£bedgfx¼��Ryzwcq�y8»� cf�q*�¬q�uP¢z Er.y£uPw·¼+wcf��E¡e�1fewc�Efew�r�»� cf��Efsq��E��uI�? Eyzr�q
q*t��R¢=�Ryz��fsq
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Φ : E → Ẽ

x → Φ(x) = Φ2 ◦ Φ1(x)
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�+�R�*�R�E¢£f�few¹q�f��E��uR�±fer*�RwIr��c�Rwcq� Ew¹fsq��+�Ptsf
�Ef
��fe�E��¡sq�few�r*�Rr.y£uPw´�Ef
�?yzdgfewcq.y£uPw¹�E¢z cq�vx�*�Rwc�Efx¶
� ¢·�1fe�.dgfer��R cq�q�y8�Ef
{½�Pteyz¢zyzr�fe��¢=��te¢=�Pq�q.y|¯+t��Rr.y£uPwºfew¥¢z Ey��Pq*q�uItey=�RwIr��Efsq�t��R�*�Pter�¡e�.y£q.r.y£»� cfsq��1fe�±«
r.yzwcfewIr�fsq0�Ef��?y|¿[¡e��fewctey=�Rr.y£uPwM�Efsq;te¢=�Pq�q�fsqÀ¼�¢£f�wcuÀp��R Yfsq�r;�Ryzwcq.y�¢£f�tsuWfe E�®�? ¤dg¡st��RwEy£q.dgf��E Ey£q±«
»I ·­ yz¢[t��R�*�Pter�¡e�.y£q�f
¢=��q.yzd¬yz¢=�R�.yzr�¡�fewIr.��f
�Efe ?¨M�EuPwEwc¡sfsqÀ¶EÂ��Rwcq0¢=�!q� Eyzr�f
�Ef�wcuPr.��f
¡er. c�Efx¼cwcuP cq
 Er.yz¢zy£q*fe��uPwcqj�Efsq;tsuPd¬�1uxq.yzr.y£uPwcqj�Ef�wcu�p��R ?¨¹�C¯cw �Ef��E¡A¯cwEyz���Efsq0t��R�*�Pter�¡e�.y£q.r.y£»I cfsq0r�fA¨Wr. E�*�R¢£fsq
�1fe�.r.yzwcfew�r�fsq��c�Rwcq�wcuPr.��f
�E��uP�E¢£bedgf��Ef
te¢=�Pq�q.y|¯+t��Rr.y£uPw¥�? ¹{Áfe ¹fer��?  wcuPw?«}{}fe ·¶
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¸$­ yzw�r.��uW�? cter.y£uPw��[­  Ewªwcu�p��R  �c�Rwcq¤ Ewcf¥te¢=�Pq�q.y|¯+t��Rr.y£uPw �+�R�MnI²�³�wcf¹��fewc�ª�+�Pq��1uP E�

�R Er*�RwIr®¢£f��E��uP�E¢£bedgf�{}uP��ts¡edgfew�r;¢zyzwc¡��Ryz��fedgfew�r0q�¡e�+�R�*�R�E¢£fx¶ �J¢+fsq�r�tsfe��fewc�c�RwIr®�1uxq�q.yz�E¢£f��[­  Er.y|«
¢zy£q*fe�� Ewcfgdg¡er.acuW�Ef�tsuPwcq�y£q.r*�Rw�r¬Ã ��fe¢=�C¨Efe��¢=�¥tsuPw�r.�*�Ryzw�r�fM�Ef�¢=� d��R�.v�f��?  te¢=�Pq�q.y|¯+fe E���+�R�
¢½­ yzwIr.��uI�? cter.y£uPw©�[­  Ewcf¤�x�R�.y=�R�E¢£f¤�Ef¤��fe¢=�C¨E�Rr.y£uPw·¶$h;fe¢=�§q.yzvxwEy|¯+fY»� cf�¢½­ÅuPwÉr�uP¢£be��fY EwÈtsfe�.r*�Ryzw
d��Rwc»I cfM�Ef tsuPwcq.y£q.r*�Rwctsf �s��fstM¢=�§�+�Pq�fM�[­¾�R�E�E��fewIr.y£q�q*�Rv�fx¶®i�wª�P�?dgferg�EuPwctM»I cfYtsfe�.r*�Ryzwcq
fA¨Efed¬�E¢£fsq�q�uPy£fewIr
d��R¢$te¢=�Pq�q�¡sq�¶�� ¢�fsq.r�Ã¤wcuPr�fe��»� cf�dgÊedgfg�c�Rwcq� Ewcf¬q�yzr. +�Rr.y£uPw�u�&º¢£f!�E��uR«
�E¢£bedgfMfsq.r�¢zyzwc¡��Ryz��fedgfew�rgq*¡e�+�R�*�R�E¢£fx¼�yz¢®�1fe Er�Êer.��fY�E��¡A{}¡e�*�R�E¢£fM�[­  Er.yz¢zy£q�fe�¬tsfer.r�f¤dg¡er.acuW�Ef Ç
uPwÆ�Wy£uP¢£f!»� cfe¢£»I cfsq
tsuPw�r.�*�RyzwIr�fsq��1uP E��¡e¢=�R�.vxyz�
¢£fsq
d��R�.v�fsq��Ef�¢½­Åfewcq�fed��E¢£fg�Efsq�q�¡e�+�R�*�Rr�fe E��q
¢zyzwc¡��Ryz��fsq�ferjv��Rvxwcfe��few ��uP�E cq.r�fsq*q�f�tsf
»I cf�¢½­ÅuPw¹��fe���¥few¹fe�.��fe E���[­¾�R�E�E��few�r.y£q�q_�Rv�fx¶

Â� È�1uPyzw�r¬�EfY�I cfY�EfY¢=�¥{ÁuP�.d� E¢=�Rr.y£uPw©�Ef¤wcuPr.��fY�E��uP�E¢£bedgfx¼�¢=�¥dg¡er.acuW�Ef �Efsq�d��R�.v�fsq
��fe¢=�C¨E¡sfsq �=°±nWuR{Ár�³º�R�.vxyzw?µ!few �RwEvx¢=�Ry£q�����fe�Wy£few�r�Ã yzw�r.��uW�? Eyz��f�tsfg»I cf!¢½­ÅuPwÉ�R�E�1fe¢z¢£fg�Efsq��x�C«
�.y=�R�E¢£fsq
�[­Å¡st��R�.r��c�Rwcq�¢£fsq
tsuPwIr.�*�Ryzw�r�fsq��Ef�q*¡e�+�R�*�Rr.y£uPwcq��+�R���Efe ?¨§a�pW�1fe�.�E¢=�Rwcq�¶1¸$­Å¡s»� +�Rr.y£uPw
�gqÀ­Å¡ste�.yzr��R¢£uP��q�q�uP cqj¢=�!{ÁuP�.dgf Ç

{
∀(xi, yi) ∈ A, yi(w.xi − θ) ≥ 1 − ξi

ξi ≥ 0

� 8��%�

i & ¢£fsq
ξi

q*uPw�rj¢£fsq��x�R�.y=�R�E¢£fsq��[­Å¡st��R�.r�¶

¸·f
�E��uP�E¢£bedgf��[­ÅuP�Er.yzd¬y£q*�Rr.y£uPwÆ�!�Efe�Wy£few�r��R¢£uP��q Ç

{
minw,ξ,θ

1
2

∑n
k=1 w2

k + C
∑n

k=1 ξk

sous∀(xi, yi) ∈ A, yi(w.xi − θ) ≥ 1 − ξi , ξi ≥ 0

� 8��%�

h;uPd¬dgf
�E��¡sts¡s�Efed¬dgfew�r�¼�uPw¹¡ste�.yzr�¢£f��E��uP�E¢£bedgf�q�uP cq�¢=��{ÁuP�.d� E¢=�Rr.y£uPw¥�? +�R¢£f��Ef��¦uP¢|{}fx¶
Â�fsq[yzw?{}uP�.d��Rr.y£uPwcq8q� E�[¢£fsq·t��R¢£te E¢£q8�Ef��+�Pq*q*�Rv�f���fe E��fewIr8Êer.��f$tsuPwcq. E¢zr�¡sq/�c�Rwcq � n?�Rd� cfe¢zy£�EfsqÀ¼��x�x�R�
�J¶
i�w´�1fe Er�w+�Rr. E��fe¢z¢£fedgfewIr��R�E�E¢zy£»� cfe��¢=��dg¡er.acuI�Ef!�Efsq�d��R�.v�fsq���fe¢=�C¨?¡sfsq
Ã�¢=��te¢=�Pq�q�y|¯+t��Rr.y£uPw
�+�R�jwcuÀp��R ·¶+¸·f��E��uP�E¢£bedgf��[­ÅuP�Er.yzd¬y£q*�Rr.y£uPw 8	8��P�¬�R¢£uP��q�q�­Å¡ste�.yz��f�q�uP cqj¢=��{}uP�.dgf Ç





maxα

∑N
i=1 αi − 1

2

∑N
i=1

∑N
j=1 αiαjyiyj(Φ(xi)|Φ(xj))

sous

{
∀i, 0 ≤ αi ≤ C∑N

i=1 αiyi = 0

� 8e� �

&('CO)&�*
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¸·fº�E��uP�E¢£bedgf�fsq.r¹»I +�Pq.yzdgfewIr¹yzwct�a+�RwEv�¡�d¬y£q¥Ã �+�R�.r¥»I cfº¢½­ÅuPw � d��Ryzw�r�few+�RwIr´�Efe ?¨
tsuPwIr.�*�Ryzw�r�fsq�yzwc¡ev��R¢zyzr�¡sq
�1uP E��t�a+�P»I cf

αi

¶[¸·fsq
αi

q*uPw�r�few¦fA¿[fer
d��Ryzw�r�few+�Rw�r�d��C�±uP��¡sq��+�R�
¢=�gtsuPwcq.r*�Rw�r�f

C
¶E¸8�¬q*�Rr. E�*�Rr.y£uPw´�Ef

αi ≥ 0
tsuP�.��fsq.�1uPwc� r�uP P�±uP E��q��R  {½�Ryzr�»� cf
¢½­ÅfA¨Efed¬�E¢£f

ifsq�r� Ewº��fster�fe E��q. E�E�1uP�.r
�Óyz¢�q�f�r.��uP E��f¬q� E�� EwÆ�Efsq
�Efe ?¨´a�pW��fe�.�E¢=�Rwcq��A¶[¸/�¤q_�Rr. E�*�Rr.y£uPw¦�Ef
αi ≤ C

tsuP�.��fsq.�1uPwc�¥Ã� Ew¥fA¨Efed¬�E¢£f
i
few¥�EfeacuP��q��Ef�¢=�!d��R�.v�fx¶

Â
�Rwcq�¢=��q� Eyzr�f��Ef�wcuPr.��f�¡er. c�Efx¼1tsfer.r�f�dg¡er.acuI�Ef!�Efsq�d��R�.v�fsq���fe¢=�C¨?¡sfsq�q�fe�*�Y�R Er�uPd��Rr.y£»� cfA«
dgfewIr��R�E�E¢zy£»I c¡sf��s��fst� Ewcf�te¢=�Pq�q.y|¯+t��Rr.y£uPw¹�+�R��nI²�³ ¶

����� � !���)�	 *�& � ' � � 	���
�
���������������� � � !���� � �H� ��& � � �"!;��� ���
¸·fsq;nI²�³ q�uPw�r®�Ey£few¤�P�c�R�Er�¡sq;�R ?¨¬�E��uP�E¢£bedgfsq;�Ef�te¢=�Pq�q�y|¯+t��Rr.y£uPw¤fewgyzd��Rv�fe�.y£f��PÂ�¶IÂ
�Rwcq

tsfsq��E��uP�E¢£bedgfsq�¼�uPwÈt�acfe��t*acf¹Ã¥te¢=�Pq�q�y|¯+fe��¢£fsq��Ey|¨Efe¢£q��[­  EwcfYyzd��Rv�fMq�fe¢£uPwÈtsfe�.r*�Ryzwcfsq¬t��R�*�PtA«
r�¡e�.y£q�r.y£»� cfsq�¶ �� +�Rwc� tsfe¢z¢£fsq±«Jtey
q�uPwIrM�[­ÅuP���?��f´�E E��fedgfewIr¹�*�P�?y£uPdg¡er.�.y£»� cfsq �Átx­Åfsq.r±« ÃC«J�?yz��f´wcf
�E¡e�1fewc�c�Rw�rY»� cf¥�Ef ¢½­ yzw�r�fewcq.yzr�¡´�? ©�Ey|¨Efe¢�fewª»I cfsq.r.y£uPw �A¼�uPwª�E��fewc�©tsuPd¬dgf¥fewcq�fed��E¢£f

E�Efsq0�EuPwEwc¡sfsq�Ã�te¢=�Pq�q.y|¯+fe� �Átx­Åfsq.r±« ÃC«J�?yz��f
tsuPd¬dgf�fsq.�+�Ptsf��Ef���fe�E��¡sq*few�r*�Rr.y£uPw �®¢½­Åfewcq�fed��E¢£f
�Efsq
�Ey|¨Efe¢£q��Ef�¢½­ yzd��Rv�f Ç  Ewcf��EuPwEwc¡sf�uP § Ew´fA¨Efed¬�E¢£f�tsuP�.��fsq.��uPwc�º�R¢£uP��q�Ãg¢½­ÅuP�cq�fe�.�x�Rr.y£uPwº�[­  Ew
�Ey|¨Efe¢½¶8h;f!t��Pq�tsuP�.��fsq.�1uPwc�¦ÃY¢½­Åfsq.�+�Ptsf¬�Ef���fe�E��¡sq�few�r*�Rr.y£uPwÉyzwEyzr.y=�R¢$¢£f��E¢z cq�q.yzd¬�E¢£f¬»I cf�¢½­ÅuPw
�E Ey£q*q�f�r.��uP E��fe��¶�*�w´�R�E�1fe¢=�Rw�r

S
¼c¢½­Åfewcq*fed��E¢£f��Efsq�q.yzr�fsq��[­  Ewcf�yzd��Rv�f�fer

xs

¼+¢½­ÅuP�cq�fe�.�x�Rr.y£uPw
�Pq*q�uItey£¡sf��R ¹q�yzr�f

s
¼W¢½­Åfewcq�fed��E¢£f��Efsq��EuPwEwc¡sfsq

E
q�­ÅfA¨?�E�.yzdgf
�+�R�

E = {xs/s ∈ S}
¶

�� +�Rwc�´tsfsq�t��R�*�Pter�¡e�.y£q.r.y£»I cfsq
q�uPw�r��E¢z cq�¡e¢=�R��uP��¡sfsq�¼�wcuPr*�Rd¬dgfew�r�»I +�Rwc�´uPw´q�f��E¢=�Ptsf!�c�Rwcq
 Ewgt��P�?��f�d��R� ��u��Wy£few·¼�yz¢?{½�R Er$r�fewEyz��tsuPd¬�Er�f��Ef�¢½­ yzw�r�fe�*�Pter.y£uPwMfew�r.��fj�Ey|¨Efe¢£q$��uPy£q.yzwcqÀ¶xÂ��Rwcq®tsf
t��PqÀ¼�wcuP cq®wcf��1uP E��uPwcq��E¢z cq® Er.yz¢zy£q�fe�;¢½­Åfsq.�+�Ptsf��Ef���fe�E��¡sq�few�r*�Rr.y£uPwMyzwEyzr.y=�R¢1�E¡A¯cwEyzr®�E��¡sts¡s�Efed!«
dgfewIr$t��R�� Ew¬�Ey|¨?fe¢Ew·­Åfsq�r��E¢z cq$ Ewcfjfew�r.yzr�¡jyzwc�E¡e�1fewc�c�Rw�r�fx¼�d��Ry£q��E¡e��fewc�¬�Efjq�uPw!��uPy£q.yzwEw+�Rv�fx¶
��wcf;�EuPwEwc¡sf;uP � Ew!fA¨?fed¬�E¢£f0�Ef

E
tsuP�.��fsq.��uPwc�!�R¢£uP��q�Ã�¢½­ÅuP�cq�fe�.�P�Rr.y£uPw¬�[­  Ew��Ey|¨?fe¢E�Ryzwcq.yE»I ·­¾Ã

tsfe¢z¢£f��Ef�q�fsq®��uPy£q.yzwcq�¶ *�wMwcuPr*�Rw�r
νs

¼I¢£f���uPy£q�yzw+�Rv�f��?  q.yzr�f
s
¼�¢½­Åfsq.�+�Ptsf��Ef���fe�E��¡sq*few�r*�Rr.y£uPw

EqÀ­ÅfA¨W�E�.yzdgf��R¢£uP��q��+�R�
E = {{xs} ∪ {xr/r ∈ νs}/s ∈ S}

¶

¸·f¬�E Er��EfgwcuPr.��fg¡er. c�Ef�fsq.r��Efgte¢=�Pq�q.y|¯+fe�� Ewcfgyzd��Rv�f�q�fe¢£uPw·¼·few �R Er.��fsq�¼8�Efsq�t��R�*�Pter�¡A«
�.y£q�r.y£»� cfsqjr�fA¨?r. E�*�R¢£fsq�¶c¸8f
t��P�?��f
d��R� ��u��Wy£few§q�fed��E¢£f��EuPwct
�Ey£few§�P�c�R�Er�¡x¶��J¢[wcuP cq0{½�R Er��1uP E�
tsfe¢=�g�E¡A¯cwEyz�� Ew¹q.p?q.r�bedgf
�Ef
��uPy£q.yzw+�Rv�fx¶

/ �10 + -\Ï.-ÓÎ + I
V = {V (s)/s ∈ S}

����
 ��" I �"I�L
		� O�� O�
 EHK�I�K�G�M���O�� �

• s 6∈ V (s)

• s ∈ V (t) ⇐⇒ t ∈ V (s)
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� �&�L� ��� ? ��" �����J� � � � D�� K�
	� O ? ��" �,���@�A= � "J�,� 	�� � � c
6@�

S
6���"L
 ��� � � � 

� � �,��"N
�7���� � � "J� 6@� �	�

� 6@� �	� > � " "L�	

� C ? � C ��" �,� 	�� � � 6@��
 ����

��� ��� ����� � <��J�������,�;����9���� � (S, V ) >
/ �10 + -\Ï.-ÓÎ +�� � " 619 � "N� 
 � � 
 E"K$IFK$G�M ��O νk

s

6�� ����

�
s
�,
 6@� 
 ��� � ���

k ≥ 1 ? ���
	 	 �5� C � ""=�;� 	�� � � 6���� ����

��� �L� 9��,� "L
 � 6���" � ��� �;� "���
���� ����� � 9�� 6@� � �	" �@� ���
2k + 1

��
 � � "N
�� 9���� ��� � �
� � 

�

s >
��uP cq� Er.yz¢zy£q�fe��uPwcq�¢£f0��uPy£q.yzw+�Rv�f

νk
s

�c�Rwcq�wcuPr.��fj¡er. c�Efjq. E��¢£fsq�dguI�Ebe¢£fsq��E�.yzd��Ryz��fsq��Ef0wcu�p��R ?¨
Ã�r�fA¨?r. E��fx¶

s

Vs
2

��� ����� ��²$uPy£q.yzw+�Rv�f
νk

s

�c�Rwcqj¢£f�t��Pq
k = 2

/ �10 + -\Ï.-ÓÎ +�� � " 619 � "N� 
 9 ����� � 	 � "N

C

k
s,t ? � C � " �,� 	
����� 6@��� �����.�L� ��� 6@� � � 

� � (r, q)

���
r ∈ νk

s

�,

q ∈ νk

t



��� � <��J�
r
��


q
�.�����.� � "N
 6@� �5�L� �@� ��� ���(	5� ����� ��� � 6@��" � ������� �;� "��,
����

�����
� ���,
�� 7�� >
/ �10 + -\Ï.-ÓÎ + B � " 619�� "J��
 ? � ";� " ? ��� � E���O�GJG�O ��� � G 
�EHK�I�K�G�M � O

µs
���	� � � 	 ���@� "J"(�

6������ ���;� �87��	
����	" � 6�� 7 ��� ��� "L� ���
νk

s ? �HC ����
 =���= 6�� ��� ����� �

µs =
1

card νk
s

∑

r∈νk
s

xr
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¸·f���uPy£q.yzw+�Rv�f¬»� cf�wcuP cq
�E¡A¯cwEy£q�q�uPwcq��Ryzwcq�y��E¡e�1fewc�º�? º�+�R�*�Rdgber.��f
k
¶�¸�­Åfsq.�+�Ptsf!�Ef���fA«

�E��¡sq*few�r*�Rr.y£uPw'»I cf wcuP cq¬ Er.yz¢zy£q*fe��uPwcq��c�RwcqgwcuPr.��f¥¡er. c�Ef¹�E¡e��fewc�?�*���EuPwct ¢z Ey��R cq�q�y��Ef¹tsf
�+�R�*�Rdgber.��fx¶L9�yzw+�R¢£fedgfew�r�¼c¢½­Åfsq��+�Ptsf��Ef
��fe�E��¡sq�fewIr*�Rr.y£uPw¥��fer�few� ´fsq.r Ç

Ek = {{xs} ∪ {xr/r ∈ νk
s }/s ∈ S}

� 8��%�
Â��Rwcq�wcuPr.��f0t��Pq�u�&!¢½­ÅuP�cq�fe�.�x�Rr.y£uPw

xs

�[­  Ewgq.yzr�f
s
fsq.r� Ewcf;�x�R¢£fe E����¡sfe¢z¢£f �Át��Pq��Efsq�yzd��Rv�fsq

�+�Rwct*aE��uPd��Rr.y£»� cfsq �A¼�¢=�
�?yzdgfewcq�y£uPw��Efj¢½­Åfsq.�+�Ptsf��Efj��fe�E��¡sq�few�r*�Rr.y£uPw
Ek

fsq.r
(2k+1)2

¶x��uPr.��f
�E��uP�E¢£bedgfM�Ef¤te¢=�Pq�q.y|¯+t��Rr.y£uPwÈ�Eyzw+�Ryz��f¤fsq�r��EuPwct¤w� Edg¡e�.y£»I cfYfer�¢£fgwcuPd��E��fM�[­¾�Rr.r.�.yz�E Er�q¬fsq.r
(2k + 1)2

¶c��uP cq�tsuPwcq.y£�E¡e��uPwcq�¼��Ef��E¢z cq�¼c»I ·­  Ewcf�uP�cq�fe�.�x�Rr.y£uPw
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Φ1 : Ek → Ek

Xs → Φ1(Xs) =

(
Xs

γ|Xs − xs.Id|

)
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K(Xs, Xt) = Kg(Φ1(Xs),Φ1(Xt)) = exp
(
−‖Φ1(Xs)−Φ1(Xt)‖2

2σ2

) ��uP E�
(Xs, Xt) ∈

E2
k

¢£f�wcu�p��R  �4qÀ­ÅfA¨W�E�.yzdgf��Ef�d��RwEy£be��f
�E¢z cq�fA¨?�E¢zy£teyzr�f�q�uP cqj¢=��{}uP�.dgf Ç

∀(Xs, Xt) ∈ E2
k

¼

K(Xs, Xt) = exp


−

1

2σ2

∑

(r,q)∈Ck
s,t

(xr − xq)
2 + γ2(|xr − xs| − |xq − xt|)

2




� 8;:%�
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∀x ∈ Ω,∀s ∈ S, P (Xs = xs|Xr = xr, r ∈ S − {s}) = P (Xs = xs|Xr = xr, r ∈ V (s))
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P (X) =
exp−U(X)
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U(X) =

∑
c∈C Vc(Xs, s ∈ c)
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Z =
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X∈Ω exp−U(X)
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∀(Xs, Xt) ∈ E2
k

¼

K(Xs, Xt) = exp
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k
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−
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