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3%P\X�@ON´¬HbiYF��Eo`�\dE�bi_-UBnob/`�fF]/��_H]XpHJ+WF\�]/IKJ

��`�YgEH`�_@Y[f[b/_oW�IK`aW[W�`�]/_�f[b/_H~/J	]i�t]c_HJ
bi_o]iYgEoJ�f���D�f[b/_oWgI�`aW[W�`�]/_oW�{"J�YZ��J�J+_@Y¡�¤]B_H]XpHJ+W�\+bi_@]c_H��UCY[b/�/J
nH�ab/\�J�biY�IKJ�J�Yg`�_H~	Yg`�IKJ+W¤bi_opBb/fgJ�bcWgWg^HIKJ+pKYg]
{"J�`�_oW�Y[b/_cY[b/_HJ�]c^oW+�¥DFEHJj��biY�Y[J�f¤b/W[Wg^HIKnXYg`�]/_¦IK]XpHJ��aW
Y[EHJ�W�`�Yg^obiYg`�]/_���EHJ+fgJ¤Y[EHJFYgfdbi_oWgIK`�W[W�`�]c_	Yg`�IKJ�]i�0b�IKJ+W[W[bi~/J¤`aW$y/J+fgU
WgI¦bi���X��`±Y[EKfgJ�W�n"J�\´Y$Yg]�Y[EHJFYg`�IKJ
_HJ+J+pXJ�p	�3]cf¥Y¡��]P_H]XpXJ�W�Yg]�IKJ+J�Y+�$DFEoJ�f[J��3]/f[J/¬zYgEoJFf[b/_opX]/I _obiYg^Hf[J¤]i�"bPO@kjx�l6D²`�Wt\�b/nXYg^Hf[J+p
`�_�]/^Hf
IK]XpXJ+�0Y[EHfg]c^H~/E�bM¢o_H`�YgJ8_V^HI
{"J�f�]i��Y[EHJ+WgJP`�_opXJ+n"J�_opXJ+_cYjbi_£pCEH]/IK]/~cJ�_HJ+]/^oWFe�]c`�W[Wg]/_CnHf[]X\�J+W[W�J+W+�
DFEHJ8WgJ���J+\�Yg`�]/_?]i��Y[EHJ8`�_-YgJ+_oW�`�YZU

λ
��`���� {"J	pX`aWg\�^oW[W�J+pC`�_@SXJ+\´Y[`�]c_oW�uKb/_opC}o�

DFEHJ*IK]XpXJ���`aWB^oWgJ+p Y[]�\[Eob/f[bc\´Y[J�f[`�-+JCY[EHJ*IKJ�WgW[bi~cJ@pXJ+��bzU²{"J�YZ��J�J+_�Y¡�¤]�bif[{H`±Y[f[b/fgU_H]HpXJ+W/.
EHJ+fgJ�b�� YgJ+fj\�b/����J+p�YgEoJ
NB69K&> H=@(M_6!R0@jb/_op�YgEHJ4R0@2N=3.P\M_C[3%PQ6[M MU6IR0@�. �3]cf�YZ��] f[J��abzUCnHfg]/Yg]H\�]/�aW�bi_£p?�3]cf
Y[EHfgJ+JPIK]/{H`���`±YZU IK]XpXJ��aW+�
DFEHJtYZ��]�fgJ+��bzUjnHf[]iYg]H\�]/�aW®bif[J$Y[EHJW3.57698;: 6O<
> @BADC9E6nHf[]iY[]X\�]c�/bi_op�Y[EHJWK&MF> @ONO3.>OPQH23G@$R,> @2A�C9E6nHf[]iYg]H\�]/���
�¡_BY[EHJjYZ��]/§�EH]cnBf[J��abzUKnHfg]/Yg]X\�]/�oY[EHJPWg]/^Hfd\�Jj_H]XpXJ�I¦b�UK�3]/f[�¤b/f[pKYgEoJ�IKJ+W[Wgb/~/J�Y[]�b/���"YgEoJ�_H]XpXJ�W

`�YBI�J+J�YdW¦b/��]c_H~�`�Y[W¦fg]c^XYgJc¬�`�_£\���^opX`�_H~·]/�P\�]/^of[WgJCYgEHJ*pXJ�WZY[`�_£b�Yg`�]/_ _o]XpXJ/� k�_-U²_H]XpXJ���EH`a\dE EobcW
f[J+\�J+`�ycJ+pBY[EHJ8IKJ+W[Wgb/~/Jj�3fg]cI«Y[EHJ	W�]c^Hf[\�J�_H]XpXJ8IKbzUB]c_H��U¦�3]/f[�¤bifdp `±Y�Y[]�YgEoJ	pXJ+W�Yg`�_ob�Y[`�]c_?_H]XpXJc�
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YgEHJF^H_Hf[J+W�Ygf[`a\´YgJ�p	f[J��ab�U8nHf[]iYg]H\�]/�cYgEoJFWg]/^Hfd\�J�_H]XpHJ¤IKbzUP�3]/f[�¤b/f[p
b�IKJ+W[W[bi~/J;Yg]Pb/���VYgEHJF_H]XpXJ�W
`�YPIKJ�J�Y[WK�&b/W�`�_�Y[EHJMYZ��]/§�EH]cn�fgJ+��bzU�nHf[]iYg]H\�]/� �´¬0{H^HYP`�_�YgEH`aWPnHfg]/Yg]X\�]/�¥b/_-U@_H]XpXJMY[Eob�Y8\+bif[fg`�J+W�Y[EHJ
IKJ+W[W[bi~/JFI¦b�UM`�_KYg^Hf[_��3]cfg�Fbifdp	Y[EHJ�IKJ�WgW[bi~cJ�Y[]	bi���XY[EHJ�_H]XpXJ�W+P\3HJ+_o\�]c^H_cY[J�fdW�¬cbi��]/_o~ P\3QN�Y[f[b�hZJ+\�Yg]cfgUc�
DFEHJ�Y[EHf[J�J�IK]/{o`���`±YZU�IK]XpXJ+��WtY[Eob�Y���J���`����"\�]c_oWg`�pXJ+f6`�_KY[EH`aW;nobin"J+f;b/fgJ�YgEHJjm�b/_opX]cI ¶·b�UVn"]c`�_-Y

O�]c{H`���`�Y¡UMO@]XpXJ��Hbi_op	Y[EHJ�m�b/_opX]/Iqµ�`�f[J+\´Y[`�]c_KO�]/{o`���`±YZUMO�]XpHJ�� �9{"]iY[EMIKJ+_cYg`�]/_oJ+p�bi{"]�y/J��´¬/bi_op	Y[EHJ

 57698 R[P\X @BM#NOPQ6[M_C[A#VWC[M_R06[X Y(C9Aba[@B>��-6 #OP\A P 3%E��-6IRJ@2A±�6k����oY[EHfgJ+J�IK]XpXJ��aW;bi_£p�YgEHJ�`�f�IKbiYgEHJ+IKbiYg`a\�b/�
nHf[]/n"J+f�Y[`�J�W¤��`����®{"J	\�bif[J��3^H����U pXJ+W[\�f[`�{"J�p `�_*SVJ+\�Yg`�]/_�uo���c�
DFEHJ	\dEobifdb/\´Y[J�f[`�-�b�Yg`�]/_C]i�¥YgEHJ	IKJ+W[Wgb/~/JPpHJ��ab�U `�_*O@kjx�l6D EobcW�b/��f[J+bcpXUBfgJ�\�J�`�y/J+p?Wg]/IKJ	b�Y�Y[J�_X§

Y[`�]c_®� �¡_����+}�� `±YF`aWFW�EH]���_BYgEobiY+¬X^H_opXJ+f�Y[EHJjY¡�¤]i§³EH]/n fgJ+��bzUKnHfg]/Yg]X\�]/��¬/Y[EHJ�J�©Xn"J+\�YgJ+p IKJ+W[Wgb/~/JjpXJ��abzU
`aWP]i��YgEHJK]cf[pHJ�f

Tp(n)n
�3]cf�YgEoJ¦m�b/_opX]/I¨¶·b�UVn"]c`�_-Y	O@]/{H`���`�YZU=O�]XpXJ+�t]/_�b�W�noEHJ�f[J��3��EHJ+fgJ

n
`aW

Y[EHJC_-^HI
{"J+f�]i��_H]HpXJ+W
n"J+fM^H_H`�YKb/fgJ�b*bi_op
Tp(n)

`aW	Y[EHJ Ygfdbi_oWgIK`aWgWg`�]c_�Y[`�IKJC]/��b*IKJ+W[Wgb/~/Jz�´�(�³Y
`aW8WgEH]���_=`�_=Y[EHJBW[biIKJ�n£bin"J�fPY[Eob�Y8YgEHJ¦J�©Xn"J+\´Y[J+p=IKJ�WgW[bi~cJ�pXJ+��bzU*`aWP]/��YgEHJ¦]cf[pXJ+f

Tp(n) log2(n)��EHJ+_M_H]XpXJ�W¥J�©XJ+\�^XYgJ¤`�_opXJ+n"J�_opXJ+_cY	��f[]���_H`�b/_	IK]iY[`�]c_oW¥]/_�bjWgnHEHJ+fgJc���¡_�� 
��XYgEHJFJ�©Vn"J�\´Y[J+p
IKJ+W[Wgb/~/J
pXJ+��bzUM`�W;\�]cIKnH^XYgJ�p��3]/f;b8^H_H`apX`�I�J+_oWg`�]c_obi�o_HJ�YZ��]cfg�
Yg]/n"]c��]c~/Uc¬i��EHJ�f[JFYgEoJ�_H]XpXJ�WtIK]�y/J�`�_¦bcpzh�b/\�J�_cY
WgJ�~cI�J+_cYdW�b/\�\�]/fdpX`�_o~
Yg]¦`�_£pXJ�n"J�_£pXJ�_-Y�b/_opCfgJ��oJ+\�YgJ+p��f[]���_H`�b/_ IK]/Yg`�]/_oW+�
DFEHJ?nob/n"J�fK`�WK]/f[~cbi_o`�-+J+pb/WM�3]c����]z��W+� YgEHJ@W�Yg]X\dEob/W�Yg`a\ IK]XpXJ+�F`aW�`�_cYgf[]XpX^£\�J+p�`�_�SVJ�\´Y[`�]c_�wX� �/¬

Y[EHJ�_C��J�\�]cIKnH^XYgJ�`�_�SVJ+\�Yg`�]/_?wX�ÅwPY[EHJPª�bino��bc\�J�§ZS-Yg`�J���Y&hZJ+W�D�fdbi_oW��3]/f[I��9ª¥SXD��;]i�®YgEHJ�IKJ+W[Wgb/~/JjpXJ��abzU
�&etfg]cn"]cWg`±Y[`�]c_�wH���z�´� �¡_ YgEH`aW¦nHf[]/n"]-W�`�Yg`�]/_�¬;��J*bi�aW�]·]/{XYdbi`�_²YgEHJ�pX`�W�Y[fg`�{H^XY[`�]c_ ]i��YgEHJ@_V^HI
{"J�fB]/�
\�]/nH`�J+WB]i�PYgEHJ�IKJ+W[Wgb/~/J@biYBYgEHJ*Yg`�IKJ@Y[EHJ�IKJ+WgW[bi~cJ�`aW pXJ+��`�y/J�f[J+p Yg] YgEHJ=pXJ�WZY[`�_obiYg`�]/_�_H]XpXJc� �¡_
etf[]/n"]-W�`�Yg`�]/_ wH� w·��J�\+bi�a\�^H�ab�Y[J�Y[EHJ�J�©Xn"J+\�YgJ�p�IKJ+W[Wgb/~/J*pXJ��abzU²`�_ \���]-W�J+pX§&�3]cfgI�� ¯ofg]cI YgEH`aW+¬���J
pXJ+fg`�y/JPbi_?bcW�UVIKnXY[]iY[`�\jJ�©Xnob/_oWg`�]c_ ]i��Y[EHJPJ�©Vn"J�\´Y[J+p IKJ�WgW[bi~cJ�pXJ��ab�U¦�3]/f�b���b/fg~cJj_-^HI
{"J+f�]i��_H]HpXJ+W+�
DFEHJ�W�J8\+bi�a\�^H�ab�Y[`�]c_oWFb/fgJ8pX]/_HJ��3]cfFYgEoJ�YZ��]¦fgJ+��bzU¦nHf[]iY[]X\�]c�aW��

�¡_·SXJ+\´Y[`�]c_�uo¬ YgEHJKJ�©Xn"J+\´Y[J+p=IKJ+W[Wgb/~/J�pXJ+��bzU*b/_op*Y[EHJ¦pX`aW�Ygf[`�{H^HYg`�]/_�]i�;Y[EHJK_V^HI
{"J�f8]/�¤\�]cnH`�J+W
]/�FYgEHJCI�J�WgW[bi~cJK�3]/^H_£p `�_²SVJ�\´Yg`�]/_²w@b/fgJ \�]cI�n£bif[J+p=Yg]�f[J+Wg^H�±YdW	]c{XY[b/`�_HJ�p·{-U·Wg`�I
^H�ab�Yg`�]/_£W��*DFEHJ
Wg`�I
^o��biYg`�]/_oW6Eobzy/J�{"J+J�_B\�b/fgf[`�J+pM]c^XY6�3]cf6J�b/\dEK]/�"Y[EHJjW�`�©K\�]/I
{H`�_ob�Y[`�]c_oWt]/�"Y[EHJ�Y¡�¤]	fgJ+��bzU
nHf[]iY[]X\�]c��W
b/_op8YgEHJ�YgEofgJ�J¤I�]c{H`���`�Y¡U8IK]XpXJ+��W+�¥DFEHJ¤Wg`�I
^H�abiYg`�]/_
fgJ�W�^H��Y[W¥b/fgJ;y/J+fgU8\���]cWgJ6Y[]�YgEHJFb/_obi��U-Yg`a\�bi�cf[J+Wg^H��Y[W+�
¶�JM]c{oW�J+fgy/J�p@pX`aW[\�f[J�nob/_o\�`�J+W�]/_o��U���EHJ+_*YgEHJ�_H]XpHJ	Y[f[b/_oWgI�`aW[W�`�]/_@fdbi_o~/J
`�Wj�abif[~/J
��`±Y[E�f[J+Wgn"J+\�Y�Yg]
Y[EHJBWg` -�J¦]i�¤YgEHJ bif[J+b?`�_ ��EH`�\dE�Y[EHJ¦_o]XpXJ+W8IK]�y/J/�B¶�J bi�aW�]@W�Eo]z�qY[Eob�Y	YgEHJBnob/f[b/I�J�YgJ+f

λ
]i�¤Y[EHJ

W�Yg]X\dEobcWZY[`�\�I�]XpHJ��®{£J+Eobzy/J+W�b/W�b �-^obcpXf[biYg`a\��3^H_o\�Yg`�]/_�]i��Y[EHJPYgfdbi_£W�IK`aWgWg`�]c_ fdbi_o~/J/�
DFEHJPIK]XpXJ+�®bcWgWg^HIKnXY[`�]c_oWFEob�y/JP{"J+J�_?yibi��`�pob�YgJ�p `�_@SXJ+\´Y[`�]c_�u�`�_CY[EHJ	bi{£W�J�_£\�JP]i�¥`�_cY[J�fg�3J�f[J�_o\�J+W

�&bBWg`±Y[^ob�Y[`�]/_�Y[Eob�Yj��`�����YZU-no`�\+bi����U?]X\+\�^Hf���EHJ+_@YgEHJ�\�]/IKI
^H_H`a\�biYg`�]/_@fdb/pH`�^oW�]/�$Y[EHJ
_H]HpXJ+W�`�WjWgI¦bi���
��`�YgE?f[J+Wgn"J+\�Y¤Yg]�YgEHJ	bif[J+b
`�_?��EH`�\dECYgEHJ8_H]XpXJ�W¤IK]zy/Jc¬Xb/_opBY[EHJP_H]HpXJPpXJ+_oWg`±YZUB`aW�bi�aW�]KW�I¦b/��� �´��Nj_HJ
�¤bzU�Yg]�`�_£\�]/f[n"]/fdb�YgJ�`�_-YgJ+f��3J�f[J�_£\�J+W�`�_cY[]M]c^Hf¤I�]HpXJ��"`aW�Yg]
Y[EH`�_ YgEHJ�IKJ�J�Yg`�_H~
Y[`�IKJPWgJI�-^HJ�_£\�J+W+�¥��`�YgE
Wg]/IKJB�9`�_£pXJ�n"J+_opXJ�_-Yd��nHf[]/{ob/{H`���`�Y¡U

p
�9fgJ�W�n®�

1 − p
��bKY[f[b/_oW�IK`aWgWg`�]/_?]H\�\�^Hf[f[`�_H~Bb�Yjb¦IKJ�J�Y[`�_o~¦Yg`�IKJ

��`����¥{"J�b Wg^o\�\�J+W[W
�9fgJ�W�n®���9bi`���^HfgJz�´��µj^HJ
Y[]BYgEHJ
�9bc\´YjYgE£b�YPb¦YgEH`�_H_HJ�p�e¥]/`aWgWg]/_*nHfg]H\�J+W[W�`aWjb/~cbi`�_*b
e¥]/`aWgWg]/_
nHf[]X\�J�WgW+¬z`±Yt`�W¥J+_H]/^H~cE	Yg]�f[J�nH�ab/\�J

λ
{-U

λp
¬i��`±Y[E

p
YgEHJFnHf[]/{ob/{H`���`�Y¡UPYgEobiYtbj\�]/IKI
^H_H`a\�biYg`�]/_

�9b/`��aW�pX^HJPY[]K`�_cYgJ+f��3J+fgJ+_o\�J�W��;Nj_H§�~c]/`�_H~Mf[J+WgJ+bifd\[EC`�W�pXJ�y/]/YgJ�p Yg]�Y[EH`aW�`�W[W�^oJ/�
Nj_KY[EHJ�]/YgEHJ+f�Eobi_op ¬-�¤J�I¦b�UKb/��Wg]
bif[~/^HJ�YgEobiY;Y[EHJ�\�]/IKI
^H_H`a\�biYg`�]/_Bf[bcpX`�^oW6]i� Y[EHJ�_o]XpXJ+W;I
^oW�Y

{"J�WgI¦bi���¥J�_H]c^H~/E=W�] YgEobiY�`�_cY[J�fg�3J�f[J�_o\�J+WjfgJ+IKb/`�_=b�YPb/_�bc\�\�J+nXY[b/{H��J
��J�y/J���� �³Y�E£b/Wj{"J�J�_�W�EH]���_�`�_
� ��sV¬�ª�J�IKI¦b�� �$Y[Eob�Y8YgEHJKYgfdbi_oWgIK`aWgWg`�]c_�f[b/_H~/J�]i��YgEHJ¦_H]XpXJ�WPWgEH]/^o��p={"JK]i��YgEoJK]/fdpXJ�f

1/
√

N
�3]cf

Y[EHJ8Y¡�¤]i§³EH]/n�fgJ+��bzUBnofg]/Yg]X\�]/��¬X`�_@]/fdpXJ+fFYg]¦I¦b/`�_-Y[b/`�_@b¦\�]/_oW�Y[b/_cY�\+binobc\�`�Y¡U n"J�f�_H]XpXJB�9��`±Y[E
N
Y[EHJ

_V^HI
{"J�f$]/�o_H]XpXJ�W�n"J�f$^H_H`�Ytb/fgJ�bc�´� �¡_KSVJ�\´Yg`�]/_M}j��JFWgEH]z�EH]��]/^Hf¥IK]XpXJ+�X\�bi_
{"J¤^oWgJ+p	Yg]P\�]cI�no^XYgJ
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Y[EHJ�J�©Xn"J+\´Y[J+p�I�J�WgW[bi~cJ
pHJ��ab�UXW��3]/f��abif[~/J
_HJ�YZ��]cfg�XWjb/_op@�3]/fjY[EHJMY¡�¤]CfgJ+��bzU?nofg]/Yg]X\�]/�aW�\�]c_oWg`�pXJ+fgJ�p
`�_CY[EH`aW�nobin"J�f�¬X��EHJ�_?YgEoJPYgfdbi_oWgIK`�W[W�`�]/_Cfdbi_H~cJj`aW�]i��YgEoJ8]/fdpXJ�fF]i�

1/
√

N
�

k��]cf[pP]c_PY[EHJ�_H]iYdb�Y[`�]c_®� ~c`�y/J+_	b��3^H_o\´Y[`�]c_
g(N)

¬z�¤J;��fg`�YgJ
f(N) = O(g(N))

`�� |f(N)/g(N)|`aWF{"]c^H_opXJ+pC�3f[]/I b/{"]zy/J8b/W
N → ∞ bi_op

f(N) = o(g(N))
`��

f(N)/g(N) → 0
b/W

N → ∞ �

� ���C����� ����C�	�&�¥�B������C��

¶�J
\�]c_oW�`apXJ+f�b¦_HJ�YZ��]/f[� ��`�YgE
N + 1

`apXJ�_cY[`a\�bi��IK]c{H`���J	_H]XpXJ�W��¤DFEHJ+fgJ8`aW�b NOP\M �0AD@ X�@2N$NBC��J@�Y[]¦{"J
pXJ+��`�y/J�f[J+p�{-U?bBWg]/^Hfd\�J8_H]XpXJ8Y[] b¦pXJ�WZY[`�_£b�Yg`�]/_@_H]XpXJc� �¡_-YgJ�f[IKJ+pX`abif[U _H]XpHJ+W�\�b/_�{"J	^oWgJ+p@bcW�f[J��ab�U
_H]HpXJ+W+�¥DFEHJ�~/]-bi�V`aW$Yg]	pXJ�Y[J�f[I�`�_HJFYgEHJ�pX`�W�Ygf[`�{H^XYg`�]/_K]i�£Y[EHJ�IKJ+W[W[bi~/JFpXJ+��bzUMbi_op
Y[EHJ�pX`aW�Ygf[`�{H^HYg`�]/_�]/�
Y[EHJP_-^HI
{"J+f�]i�$\�]/no`�J�W¤]i��Y[EHJPIKJ+W[W[bi~/J�biY¤Y[EHJ�Y[`�IKJ�Y[EHJPIKJ+W[W[bi~/Jj`aW�pXJ���`�y/J�f[J+pBYg]�YgEHJ	pXJ+W�Yg`�_ob�Y[`�]c_
_H]HpXJ/�
¶=JP¢ofdWZY�`�_cY[fg]XpH^o\�J�YgEoJPIK]XpXJ+�6��SVJ+\´Y[`�]/_@wH���z�´¿VYgEoJ�_���JP^oWgJP`±Y�`�_@SVJ�\´Y[`�]c_@wX�Åw	Yg]KJ+y�b/��^obiYgJjY[EHJ

n"J�fg�3]/f[I¦bi_o\�J@�3IKJ�WgW[bi~cJ¦pXJ+��bzU/¬¥_-^HI
{"J+f
]i��\�]cnH`�J�W[�P]i�FYgEHJBY¡�¤]i§³EH]/n·f[J��ab�U=b/_op=Y[EHJB^o_HfgJ�WZY[fg`a\´Y[J+p
f[J��ab�UBnHf[]iYg]H\�]/�aW+�

���
	 ��������������������������! "�$#%�'&
k�_?b/_obi��U-Yg`a\�b/�"I�]HpXJ��0YgEobiYF�¤]/^H�apC\�b/fgJ��3^o����UKY[b/�/J�`�_-Yg]Kbc\�\�]/^H_-Y�Y[EHJPI¦bi`�_ �3J+b�Y[^Hf[J+W¤]i�¥bKO@kjx�l6D
�3Ygfdbi_oWgIK`�W[W�`�]/_?fdbi_H~cJ/¬XIK]/{H`���`±YZUCnob�YgYgJ�f[_®¬o`�_-YgJ�fg�3J�f[J�_o\�J+W+¬X�9b/pX`�_H~o¬oJ�Yd\i�Å�K��]/^o��p?{"J8I¦biYgEHJ�I¦biYg`a\�b/����U
`�_cY[f[bc\´Y[b/{H��J/���¡_oW�YgJ�b/p ¬ �¤J�nHf[]/n"]cWgJMbCIK]XpXJ+�$��EHJ�f[JMYgEHJK`�IKnobc\´Y8]i�;YgEHJ�W�JM�3J�b�Y[^HfgJ�WPbif[J�\�binHYg^Hf[J+p
Y[EHfg]c^H~/E�bKW�`�_H~/��JPnobifdbiIKJ�YgJ�f8�3YgEHJ	nobifdbiIKJ�Y[J�f

λ
¬oWgJ�JP{"J���]����´�

ª®J�Y
0 ≤ ti,j(1) < ti,j(2) < · · · {"JKY[EHJBWg^o\+\�J+W[Wg`�y/J4X�@$@B3%P\M,�S3.P\X @2Nj{"J�Y¡�¤J�J�_ _H]XpXJ�W

i
b/_op

j�
i 6= j

�´�jµ�J�¢£_HJ
τi,j(n) := ti,j(n + 1) − ti,j(n)

¬£Y[EHJ
n
§&Y[E P\MF3;@B>O8GX�@$@B3%P\M,��3%P\X�@�{"J�YZ��J+J�_*_H]XpXJ�W

ib/_op
j
�

D�fdbi_oWgIK`�W[Wg`�]c_oW¥{"J�YZ��J�J+_�YZ��]8_H]XpXJ�W$I¦bzU
]/_H��U	Y[b/�/JFnH�ab/\�J�biY6I�J+J�Y[`�_H~PY[`�I�J�W6b/_op�b/fgJ�bcWgWg^HIKJ+p
Y[]P{£J*P\M#NO3GC9M 3GC9MU@$6[K N´�¥DFEHJF�ab�YgYgJ�f6bcWgWg^HIKnXYg`�]c_�\�]�y/J�fdW�Y[EHJ�W�`�Yg^obiYg`�]/_���EHJ�f[J¤YgEHJFYgfdbi_oWgIK`�W[Wg`�]c_	Yg`�IKJ
]/�$b�I�J�WgW[bi~cJj{"J�Y¡�¤J�J�_?YZ��]K_H]HpXJ+WF`aWF_HJ+~/��`�~/`�{H��JP��`�YgE�f[J+W�n"J�\´YFYg]KYgEHJ8_H]HpXJP`�_cYgJ+f�§³IKJ�J�Yg`�_H~�Yg`�IKJ+W+�
¶=JFb/W[W�^HIKJ6Y[Eob�Y P ��b�Ygfdbi_oWgIK`�W[W�`�]/_PYdbi�/J�W�nH�ab/\�J;{"J�YZ��J�J+_
_H]XpXJ

i
bi_£p8_H]XpHJ

j
�9b�Y$Wg]/IKJ;IKJ+J�Yg`�_H~

Y[`�IKJ
ti,j(n)

��YgEHJ+_*`�Yj��`����¥{"J
N=K H=H$@2N=N �=K&A±��kjWgWg^HIKJ	YgEobiYj_H]XpXJ
i
\�b/fgf[`�J+WFYgEHJMIKJ+W[Wgb/~/JFhZ^oW�Y�{"J��3]/f[J

Y[`�IKJ
ti,j(n)

��(�_opXJ+f¤YgEHJ�Y¡�¤]i§³EH]/n f[J��ab�UKnHf[]iY[]X\�]c�£_H]XpXJ
i
��`����"Y[f[b/_oWgI�`�Y8�9b�\�]/nVU¦]i�d�6YgEHJPI�J�WgW[bi~cJ

Y[]C_o]XpXJ
j
biY�Yg`�I�J

ti,j(n)
`±�

i
`�W�YgEHJ¦W�]c^Hf[\�J
_o]XpXJ�]/f�`��

j
`�WjY[EHJ¦pXJ+W�Yg`�_ob�Y[`�]c_�_H]HpXJ/�)(�_opXJ+f�YgEoJ

^H_Hf[J+W�Ygf[`a\´Y[J+pKf[J��ab�UMnofg]/Yg]X\�]/�H_H]HpXJ
i
��`����"bi���¤bzUXW$Y[f[b/_oWgI�`�Y;YgEHJjI�J�WgW[bi~cJFYg]
_H]HpXJ

j
b�Y;Y[`�IKJ

ti,j(n)f[J�~-bif[pH��J�WgW�]i�¥YgEHJ8`apXJ�_-Yg`�Y¡UC]i�¥_o]XpXJ
j
�

DFEHfg]c^H~/EH]c^XY¤Y[EHJ8nobin"J+f¤Y[EHJP�3]/����]z��`�_H~¦b/W[W�^HIKnXY[`�]c_C��`���� Eo]/�ap �3]/f�J�b/\dECf[J��abzU¦nHf[]iY[]X\�]c�&�
�&kj� Y[EHJ�nHfg]H\�J+W[WgJ+W {ti,j(n), n ≥ 1} ¬ 1 ≤ i, j ≤ N + 1

¬
i 6= j

¬�b/fgJ?I
^XYg^ob/����U`�_opXJ+n"J�_opXJ+_cY
b/_op¦EH]cI�]c~/J+_HJ�]/^£W6e¥]/`aWgWg]/_BnHf[]X\�J�WgWgJ+W6��`�YgE fdb�YgJ

λ > 0
�tl �-^H`�y�bi��J�_-Yg��U¦WZYdb�Y[J+p ¬cY[EHJjfdbi_opX]cI

yibif[`�b/{H��J�W¦�3f[yXW[� {τi,j(n)}i,j,n
bif[J¦I
^XYg^ob/����U�`�_opXJ+n"J�_opHJ�_cY�b/_op�J�©Xn"]/_HJ�_-Yg`abi����U=pX`aWZY[fg`�{H^XY[J+p

��`�YgE�IKJ+b/_
1/λ
�

¶=J8`�_cY[fg]XpX^£\�J/�
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� T2
�9fgJ�W�n®�

TU
�´¬�Y[EHJFIKJ+W[Wgb/~/J¤pXJ��ab�U8^o_opXJ�f$YgEHJ¤YZ��]i§³EH]cnC�3f[J+Wgn®��^H_Hf[J+W�Ygf[`a\´YgJ�po��f[J��ab�U8nHf[]iYg]H\�]/��¬

pXJ�¢o_HJ+p=bcW�Y[EHJMYg`�IKJ�_HJ�J�pXJ+p*Yg]�W�J+_op@YgEoJMIKJ�WgW[bi~cJ �9]/fPbC\�]cn-U�]/�6YgEHJ�IKJ+W[W[bi~/Jz�F�3fg]cI Y[EHJ
Wg]/^Hfd\�JjY[]�YgEoJ	pXJ+W�Yg`�_ob�Y[`�]c_®¿

� N2 ∈ {1, 2, . . . , N} �3f[J+Wgn NU ∈ {1, 2, . . . , N} ��¬HY[EHJ	_-^oI
{"J�f�]i�t\�]/nH`�J+W�]i�$YgEHJ	IKJ+W[W[bi~/JP`�_Y[EHJj_HJ�YZ��]cfg���9`�_o\���^£pX`�_o~
YgEHJj]/f[`�~/`�_obi�oIKJ+W[Wgb/~/J�{H^XYFJ�©H\���^opX`�_H~	Y[EHJjIKJ+W[Wgb/~/J�b�Y;Y[EHJ�pXJ�WZY[`�_obi§
Y[`�]c_?_H]XpXJz�¤biYFYgEoJPYg`�I�JPY[EHJ8IKJ+W[Wgb/~/J�`aW�pXJ+��`�y/J�f[J+p Yg]KYgEHJ	pXJ�WZY[`�_£b�Yg`�]/_?_o]XpXJ/�

¯o]/f
θ ≥ 0

��J�Y
T ?

2 (θ) := E[e−θT2 ], T ?
U (θ) := E[e−θTU ]

{"JPYgEHJ	ª¥SXD�]i�
T2
b/_op

TU
¬Hf[J+Wgn"J+\´Y[`�y/J+��Uc�

��� � � ����� ���������
	 � ������� &�����
����� ��	 � &��
etf[]/n"]-W�`�Yg`�]/_@wH���8~/`�y/J+W+¬V�3]cf�J+b/\dE�fgJ+��bzUBnHf[]iY[]X\�]c�&¬VY[EHJ
ª�SXD(]/�¥YgEHJ	IKJ+W[Wgb/~/J8pXJ��abzUCbi_opCY[EHJ
pX`aWZY[fg`�§
{H^XY[`�]/_�]i��YgEoJ8_-^HI
{"J�f�]/�$\�]/no`�J�W��
� � ½��t½ ��� ��� ½������ �"!�#%$�&�½�' � ¹ ���+�)( ¹ ¾ ¹ d3� º+*,�

- M_RJ@2>*3%: @�3.57698;:&6=< > @BADC[E*<F> 693G6IH=69A

T ?
2 (θ) =

N
∑

i=1

i
(N − 1)!

(N −i)!

(

λ

λN + θ

)i � ���

C[M_R

P (N2 = i) =
i

N i

(N − 1)!

(N −i)!
, i = 1, . . . , N.

�&wc�

-�M_R0@B>*3Q:&@�K&M > @2NO3%>OPQHB3;@=R�> @2ADC[E*<F> 693G6IH=69A

T ?
U (θ) =

1

N

N
∑

i=1

i
∏

j=1

λj(N + 1 − j)

λj(N + 1 − j) + θ

�&uc�

C[M_R

P (NU = i) =
1

N
, i = 1, . . . , N,

�3}V�

3%: C[3 P'N/.73%: @�M K&X%# @B>�6 ��H$6O<FPQ@2N�P'N*K&M P �26[>OX ATE R[P'N=3.>OP #2K&3;@=R�6 �9@2> {1, . . . , N} 0 �
� � ½®½�'/� ¯H]cfC{"]iY[E YgEHJ=Y¡�¤]i§³EH]/n�b/_op�Y[EHJ�^H_HfgJ�WZY[fg`a\´Y[J+p nHfg]/Yg]X\�]/�aW¦YgEHJ�nHf[]V]i�	`aWC{ob/WgJ+p�]c_

IK]XpXJ+��`�_H~�Y[EHJB_V^HI
{"J�fM]i��\�]/no`�J�W8`�_·YgEHJ _HJ�YZ��]/f[�=bcW	b/_ bi{£W�]cfg{H`�_H~?¢o_H`�YgJ�§³W�Y[biYgJCO@b/fg�/]�y�\dEobi`�_®�
DFEHJPYgfdbi_£W�`�Yg`�]/_Cfdb�Y[J+WF]i��Y[EHJ+WgJ	O@b/fg�c]zyB\dEobi`�_oWF��`�����pX`D10J�f��3]/f�J�b/\dECnofg]/Yg]X\�]/���
¯H]/f8J+bc\[E�nHf[]iY[]X\�]/�¥Y[EHJBO*bif[�/]zy*\[E£bi`�_�Ydbi�/J�W�`�Y[W8y�b/��^HJ�W�`�_ {1, 2, . . . , N + 1} �¦DFEHJ O@bif[�/]zy\dEobi`�_�`aWB`�_ W�Y[biYgJ

i = 1, 2, . . . , N
��EHJ�_�YgEoJ�f[J*b/fgJ

i
\�]/no`�J�W¦]i�PYgEHJ*IKJ�WgW[bi~cJ�`�_�Y[EHJ*_HJ�Y¡��]cfg�

��� 0����
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 v

`�_o\���^opX`�_H~	YgEoJ�]/f[`�~c`�_obi�HIKJ+W[W[bi~/Jc¬cbi_op¦`±Y¤`�W;`�_ WZYdb�YgJ
N +1

��EHJ+_KY[EHJ�IKJ+W[W[bi~/J�E£b/W6{"J+J�_ pXJ���`�y/J�f[J+p
Y[]CYgEoJ¦pXJ+W�Yg`�_ob�Y[`�]c_=_H]XpXJc��x�]/YgJMY[Eob�Y	W�Y[biYgJ�W

1, 2, . . . , N
bif[J
Y[f[b/_oWg`�J+_cY8W�Y[biYgJ+W8bi_op

N + 1
`�W8bi_

b/{oW�]cfg{H`�_H~KWZYdb�Y[J/�
¶=J8nHf[]zyV`apXJ8b�WgJ�n£bifdb�YgJ�nHf[]V]/���3]/f	� �z�³§´�&wc�¤bi_op·�9uc�¡§d�9}-���
� > 6I6 � 6 ������� C9MUR��	�
���

�������� ���� ���
� ������
��1 2 3

3λ 2λ λ

2λλ 3λ

(Ν−2)λ (Ν−3)λ

(Ν−2)λ

(Ν−1)λ
N

(Ν−1)λ

N−1N−2

N+1

Νλ

¯¥`�~/^Hf[J)�c��D���]/§�EH]cn?f[J��abzU"�6Y[f[b/_oWg`±Y[`�]c_@pX`�b/~/fdbiI ]i�$Y[EHJMO*bif[�/]zyC\[E£bi`�_�f[J�nofgJ�W�J�_-Yg`�_H~KYgEHJ
_V^HI
{"J�f
]/�$\�]/nH`�J+W

DFEHJ�Ygfdbi_oWg`�Yg`�]/_¦pX`abi~/fdbiIq]i�0YgEHJ�O@bif[�/]�y
\[E£bi`�_¦\�]/f[fgJ�W�n"]/_opX`�_H~�Yg]8YgEoJ�YZ��]i§³EH]/nKf[J��ab�U
nofg]/Yg]X\�]/�
`aW¤~/`�y/J�_C`�_?¯¥`�~/^Hf[J��c�tm�J+\�b/���"Y[Eob�Y�^H_opXJ+f¤YgEHJ�YZ��]i§³EH]/n f[J��abzUKnHf[]iYg]H\�]/�"]/_H��UKYgEoJPWg]/^Hfd\�Jj_H]XpXJPpX`aWZ§
Y[fg`�{H^XY[J+WF\�]/nH`�J+W�]/�®Y[EHJ�IKJ+W[W[bi~/J�Yg]�_H]XpXJ�W;Y[Eob�Y�\�]/IKJj��`�Y[EH`�_?`±YdW�Y[f[b/_oW�IK`aWgWg`�]/_Bfdbi_H~cJ/�$DFEHJ�f[J��3]cfgJc¬
��EHJ+_*YgEoJ�f[J�bif[J

i
\�]cnH`�J�W�`�_*Y[EHJ�_HJ�YZ��]/f[�0¬£Y[EHJ�_=J�`�YgEHJ+fPb _HJ��q\�]/n-U�`aW�WgJ�_-YjY[] YgEHJ

N − i
_H]XpXJ�W

��EH`a\dE=pX]C_H]iY�E£b�y/J�b \�]/n-U�U/J�Y+¬0��Eo`�\dE�]X\+\�^HfdWjb�YjYgEoJMfdb�Y[J
λ(N − i)

bi_op@Ygf[`�~/~/J+f[W�bBYgfdbi_£W�`�Yg`�]/_
�3f[]/I

i
Y[]

i + 1
¬ ]cf�]/_oJM]/�6Y[EHJ+WgJ

i
\�]/nH`�J+W�fgJ�b/\dEHJ+W�Y[EHJKpHJ+W�Yg`�_ob�Y[`�]c_�_H]HpXJ/¬ ��Eo`�\dE=]X\+\�^HfdW�b�Y�Y[EHJ

fdb�Y[J
λi
b/_op@Ygf[`�~/~/J+f[WjbBY[f[b/_oW�`�Y[`�]c_@�3f[]/I

i
Y[]

N + 1
�
DFEH`aW�J�©XnH�abi`�_oW�YgEoJMYgfdbi_oWg`�Yg`�]/_=pX`�b/~/fdbiI `�_

¯¥`�~/^Hf[J��c�
DFEHJ�Ygfdbi_oWg`±Y[`�]c_M�3f[]/I

i
�3fg]cI

i+1
]X\+\�^HfdW$��`�YgEKY[EHJ�nHf[]/{£bi{H`���`�YZU

(N − i))λ/((N − i))λ+ iλ) =
1 − i/N

¬;b/_op YgEHJCYgfdbi_£W�`�Yg`�]/_ �3f[]/I
i
Yg]

N + 1
]X\+\�^HfdW
��`±Y[EY[EHJ�\�]cI�no��J+I�J+_cYdbif[U�nHf[]/{ob/{H`���`�YZU

iλ/((N − i))λ + iλ) = i/N
�

DFEHJ;Wg]ihZ]/^Hf[_�Yg`�IKJ
Si
`�_
WZYdb�Y[J

i = 1, 2, . . . , N
`�W�J�©Xn"]/_HJ+_cY[`�b/����U�pX`�W�Y[fg`�{H^XY[J+pP��`�YgE	`�_cY[J�_oWg`±YZU

λN�3YgEHJ
W�^HI ]i��Y[f[b/_oW�`�Yg`�]/_?fdb�YgJ�WF]/^XY�]i�$W�Y[biYgJ
i
�´��O�]cfgJ+]zy/J+f

S1, . . . , SN
b/fgJPI
^XYg^ob/����U `�_opXJ+n"J�_opXJ+_cY

fdbi_opX]cI y�bif[`abi{H��J+W+�
��U@\�]/_£pX`±Y[`�]c_H`�_H~B]c_�Y[EHJ�WZYdb�Y[J
]i�tYgEHJKO@b/fg�/]�y?\[Eob/`�_¦hZ^oW�Y�{"J��3]cfgJ
`±YdW�J+_cY[J�fdWjWZYdb�YgJ

N + 1
¬0]/f

J!�c^o`�y�b/��J�_cY[��U�{-U \�]/_£pX`±Y[`�]/_H`�_H~*]c_·YgEoJ _-^oI
{"J�fM]/��\�]cnH`�J+W
N2
hZ^oW�YM{"J��3]/f[J¦YgEHJCIKJ+W[Wgb/~/J¦EH`�YdW
`�Y[W

pXJ�WZY[`�_£b�Yg`�]/_�¬X��J8Eob�y/J

T ?
2 (θ) =

N
∑

i=1

IE[e−θT2 |N2 = i]P (N2 = i)

=

N
∑

i=1

IE[e−θ
∑

i
j=1

Sj |N2 = i]P (N2 = i).
��s/�
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kjW	IKJ+_cYg`�]/_oJ+p J+bif[��`�J+f+¬
1 − j/N

�3f[J+Wgn®�
j/N

�8`�W	YgEHJCnHfg]c{obi{H`���`±YZU=]i�thZ^HIKnH`�_o~*�3fg]cI�W�Y[biYgJ
j
Yg]

W�Y[biYgJ
j + 1

�9fgJ�W�n��
N + 1

���6DFEHJ+fgJ�� ]cfgJc¬

P (N2 = i) =
i

N

i−1
∏

j=1

(

1 − j

N

)

=
i

N i

(N − 1)!

(N −i)!
,

� 
c�

��EH`a\dE?J+W�Y[b/{H��`�WgEHJ+W8��w/�´�
¶�EHJ�_ `�_CWZYdb�YgJ

j = 1, 2, . . . , N
¬-YgEHJPO*bif[�/]zy�\dEobi`�_ \+bi_BJ+`±Y[EHJ�f¤J�_-YgJ�fFW�Y[b�Y[J

j +1
bi� YgJ+f¤b8Y[`�IKJ

Sj,1
YgEobiY¤`aW¤J�©Xn"]/_oJ�_cY[`�b/����U¦pX`aW�Ygf[`�{H^HYgJ+p ��`�YgEC`�_cY[J�_oWg`±YZU

(N + 1− j)λ
¬V]/f¤J+_cYgJ+fFW�Y[biYgJ

N + 1
b�� Y[J�f

bBYg`�IKJ
Sj,2
¬ `�_£pXJ�n"J�_£pXJ�_cY8]i�

Sj,1
¬ b/_op*J�©Xn"]/_oJ�_cY[`�b/����U@pX`aWZY[fg`�{H^XY[J+p���`±Y[E=`�_-YgJ�_£W�`�Y¡U

jλ
�MNj{oWgJ�f[y/J

Y[Eob�Y
Sj = min{Sj,1, Sj,2}

�;O�]cfgJ�]�y/J+f

P [Sj,1 < x |Sj,1 < Sj,2] =P [Sj,2 < x |Sj,1 > Sj,2]

=P (Sj < x)

=1 − exp(−λN)
��v/�

bcWFbK\�]/_oWgJI�-^HJ+_o\�JP]i��Y[EHJ8J�©Xn"]/_HJ+_cY[`�b/�®pX`�W�Ygf[`�{H^XYg`�]/_��tDFEoJ�f[J��3]/f[J/¬

IE[e−θ
∑

i
j=1

Sj |N2 = i] =IE[e−θ(
∑i−1

j=1
Sj,1+Si,2) |Sj,1 < Sj,2,

. . . , Si−1,1 < Si−1,2, Si,1 > Si,2]
� 'c�

� ¯ofg]cI°��vi��¬�� 'c��bi_op?YgEHJ	�9b/\´Y�Y[Eob�Y�Y[EHJ	f[yVW {Sj,k}j=1,...,N,k=1,2
b/fgJ8I
^XYg^£bi����U?`�_opHJ�n"J�_opHJ�_cY�¬£��J

f[J+bcpX`���U¦¢o_op

IE[e−θ
∑

i
j=1

Sj |N2 = i] =

i
∏

j=1

IE[e−θSj ] =

(

λN

λN + θ

)i

.
� �c�

et^HY�Yg`�_H~��&sc�´¬�� 
-�¤b/_op�� �-�;Y[]/~cJ�YgEoJ�f�U-`�J��apHW

T ?
2 (θ) =

N
∑

i=1

i
(N − 1)!

(N − i)!

(

λ

λN + θ

)i

,
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DFEHJ¤Ygfdbi_£W�`�Yg`�]/_�pH`�b/~/fdbiI ]i�£YgEoJ�O@b/fg�/]�y	\[Eob/`�_KbcWgWg]X\�`ab�Y[J+p	��`�YgE�YgEHJ�^H_Hf[J+W�Ygf[`a\´YgJ�p
f[J��ab�U	nHf[]iYg]/§

\�]/�o`aW;pX`aWgnH��bzU/J+pK`�_B¯¥`�~/^Hf[J�wH� (�_opHJ�f;YgEH`aW;nHfg]/Yg]H\�]/��¬/J+b/\dE¦_H]XpXJ���EH`a\dE¦EobcW;b	\�]/nVUM]i�0Y[EHJ�IKJ+W[Wgb/~/J
`aW	bi����]z��J�p�Yg]*pX`aWZY[fg`�{H^XY[J¦`�Y8Y[]*b?_H]HpXJK��Eo`�\dE pX]VJ�WP_H]/Y	Eobzy/J¦b@\�]cn-U=bi_op���EH`a\[E\�]/IKJ+W8��`�YgEH`�_
`�Y[W8Y[f[b/_oWgI�`aW[W�`�]/_�fdbi_H~cJ/�CDFEHJ+fgJ��3]/f[J/¬���EoJ�_·YgEHJ+fgJ bif[J

i
\�]/nH`�J+W8]/�¤Y[EHJBIKJ+W[Wgb/~/JK`�_·YgEHJB_oJ�YZ��]/f[�

b _HJ��q\�]/n-U�`aW�\�f[J+biYgJ�p*b�YjY[EHJMfdb�Y[J
λi(N − i)

�3Ygfdbi_oWg`�Yg`�]/_@�3f[]/I
i
Yg]

i + 1
��b/_op*]/_HJM]i�6Y[EHJ+WgJ

i\�]/nH`�J+WFf[J+bc\[EoJ+W¤YgEHJ
pXJ+W�Yg`�_obiYg`�]/_�_H]XpXJ	b�Y�YgEoJ8fdb�Y[J
λi
� Y[f[b/_oW�`�Yg`�]c_C�3fg]cI

i
Yg]

N + 1
�´¬£bcW�pXJ+nH`�\�YgJ�p

]c_?¯¥`�~/^Hf[J	wX�
DFEHJ8\dEob/`�_MhZ^oI�n£WF�3f[]/I W�Y[b�Y[J

i
Yg]BWZYdb�Y[J

i + 1
��`�YgE�nHf[]/{£bi{H`���`�YZU

(N − i)/(N + 1 − i)
bi_opC`�Y

hZ^HIKnoWj�3fg]cI�W�Y[biYgJ
i
Yg]CW�Y[biYgJ

N + 1
��`�YgE�nHf[]/{obi{o`���`�Y¡U

1/(N + 1 − i)
��DFEHJ�Wg]�hZ]c^Hf[_�Yg`�IKJ

S̃i
`�_

��� 0����
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2λλ 3λ

(Ν−1)λ 2(Ν−2)λ 3(Ν−3)λ
N−2 N

+1N+1

Νλ(Ν−1)λ(Ν−2)λ

N−1
(Ν−1)λ(Ν−2)2λ(Ν−3)3λ

¯¥`�~/^Hf[JjwH� (�_Hf[J+W�Ygf[`�\�YgJ+p¦f[J��ab�U0��Ygfdbi_£W�`�Yg`�]/_BpH`�b/~/fdbiI ]i� YgEoJ�O*bif[�/]zy�\dEobi`�_BfgJ+nHfgJ�W�J+_cYg`�_H~8Y[EHJj_-^HI�§
{"J�f�]i�$\�]/nH`�J+W

W�Y[biYgJ
i
`aW¤J�©Xn"]/_oJ�_cY[`�b/����UBpX`aWZY[fg`�{H^XY[J+p ��`�YgE?`�_-YgJ+_oW�`�YZU

λi(N + 1− i)
�9]/{XYdbi`�_HJ+pCb/W�YgEoJPWg^HI ]i��YgEHJ

Y[f[b/_oW�`�Yg`�]/_?f[biYgJ+WF~/]c`�_o~�]/^XY�WZYdb�Y[J
i
�´�

��UC\�]c_opX`�Yg`�]/_H`�_H~K]/_CY[EHJ8_-^HI
{"J+f�]/�$\�]cnH`�J�W
NU
¬H�¤JPEobzy/J

T ?
U (θ) =

N
∑

i=1

IE[e−θ
∑

i
j=1

S̃j |NU = i]P (NU = i)

��`�YgE

P (NU = i) =
1

N + 1 − i

i−1
∏

j=1

N − j

N + 1 − j
=

1

N
,

��EH`a\dE?nHf[]zycJ+WP�9}-�´�
SV`�IK`���b/fg��U¦Y[]@� �-���¤JPEobzy/J

IE[e−θ
∑

i
j=1

S̃j |NU = i] =

i
∏

j=1

IE[e−θS̃j ] =

i
∏

j=1

λj(N + 1 − j)

λj(N + 1 − j) + θ
,

Wg]MY[Eob�Y

T ?
U (θ) =

1

N

N
∑

i=1

i
∏

j=1

λj(N + 1 − j)

λj(N + 1 − j) + θ
,

��EH`a\dE?nHf[]zycJ+WP�&uc�´�

etfg]cn"]cWg`±Y[`�]c_�wX�Åw�~c`�y/J�W	YgEHJCJ�©Xn£J�\´Y[J+p IKJ�WgW[bi~cJBpHJ��ab�U��3]/fMJ�b/\dE f[J��abzU=nHf[]iY[]X\�]c�&�=DFEH`aW
f[J+Wg^H��Y
WgEH]���WtY[Eob�Y��3]/f�J+bc\[EBnHf[]iY[]X\�]c�XY[EHJjJ�©Xn"J+\�YgJ+pBI�J�WgW[bi~cJ�pHJ��ab�U�`aW�b	��`�_HJ+b/f6�3^H_o\�Yg`�]/_ ]/�0Y[EHJjJ�©Xn"J+\�YgJ�p
`�_cY[J�fg§�IKJ�J�Yg`�_H~�Yg`�IKJ

1/λ
�
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IE[T2] =
1

λN

N
∑

i=1

i2(N − 1)!

(N−i)!N i

� �+|-�

=
1

λ

(
√

π

2N
+O

( 1

N

)

)

.
� � �z�
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IE[TU ] =
1

λN

N
∑

i=1

1

i

� ��wc�

=
1

λN

(

log(N) + γ + O
( 1

N

)

)

,
� �+u-�

5 :&@2> @
γ ≈ 0.57721

P'N	� K&AD@B>�� N�H=69M#NO3GC9MF3 0

� � ½®½�'/��SV`�_o\�J
IE[T2] = − dT ?

2
(θ)

dθ

∣

∣

∣

θ=0

¬
IE[T2]

\+bi_?{"J	pXJ+fg`�y/J+p�b�Y�]/_o\�J��3f[]/I°� �z�´�;¯o]/f�Wgb/�/J�]/�
\���b/fg`�Y¡U¦Y[EHJ8nHf[]V]i��]/�F� � �z��`�WF�3]/f[�¤b/f[pXJ�p¦Y[]�Y[EHJ	binHn"J+_opX`±© �
SV`�IK`���b/fg��Uc¬X��J�¢o_op?{VUCpX`D1"J+fgJ�_-Yg`ab�Y[`�_o~@�9u-���8� f�� Y

θ
¬obi_opCYgEHJ�_�{VUCW�J�Y�Y[`�_H~

θ = 0
¬XYgEobiY

IE[TU ] =
1

λN

N
∑

i=1

i
∑

j=1

1

j(N + 1 − j)

=
1

λN(N + 1)

N
∑

i=1

i
∑

j=1

(

1

j
+

1

N + 1 − j

)

=
1

λN(N + 1)

N
∑

j=1

N
∑

i=j

(

1

j
+

1

N + 1 − j

)

=
1

λN(N + 1)

N
∑

j=1

(

1

j
+

1

N + 1 − j

)

(N + 1 − j)

=
1

λN

N
∑

j=1

1

j
,

��EH`a\dE²`aW�� ��wc�´� DFEH`aW��ab/W�Y¦Wg^HIKI¦b�Y[`�]c_²`�WK�V_H]z��_ bcWMYgEHJ�E£bif[I�]c_H`a\ _-^oI
{"J�fdW�� �³YdWKbcW�UVIKnXY[]iY[`�\
J�©Vn£bi_oWg`�]c_C`�W ����uX¬Hn®� �*' 
��

N
∑

j=1

1

j
= log(N) + γ + O

( 1

N

)

,
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��EHJ+fgJ
γ
`aW�lt^H��J�f!� W�\�]c_oWZYdbi_-Y+�tDFEH`aW�~/`�y/J+W8� ��uc�¤bi_op�\�]/_£\���^opXJ+W¤Y[EHJ8nHf[]V]i�Z�

DFEHJ@_HJ�©VYBf[J+Wg^H��Y¦~/`�y/J+W�Y[EHJ@J�©Xn"J+\´Y[J+p _-^HI
{"J+fB]i�8\�]cnH`�J�WK]i��YgEHJ*IKJ+WgW[bi~cJ�b�Y¦Y[EHJ�Yg`�IKJ�Y[EHJ
IKJ+W[W[bi~/J�`aW�pXJ+��`�y/J�f[J+p®�
� ½ � ½ d d3�H� º ��� �"!������6¹ �/� ¹ ¾ � � ��� ¹ � ½�' � ½�� � ¹ � *,� 
�:&@(@��B<&@=H23G@$R
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IE[N2] =
1

N

N
∑

i=1

i2

N i

N !

(N −i)!
.

� ��}V�

� @2MUH$@ � H � 0 ���������
IE[N2] = λN IE[T2],

NB6�3%: C[3

IE[N2] =

√

πN

2
+O(1).

� ��s/�
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IE[NU ] =
N + 1

2
. �

DFEHJKf[J��ab�Y[`�y/JKn"J�fg�3]/f[IKb/_o\�J�]/��YgEHJKYZ��]/§�EH]cn=f[J��ab�U�bi_£p=^H_Hf[J+W�Ygf[`�\�YgJ+p=f[J��ab�U*nHf[]iY[]X\�]c��WP\�bi_�{"J
\+binXY[^HfgJ�pBY[EHf[]/^H~cE YgEoJ8f[biYg`�]cW

IE[TU ]/IE[T2]
bi_£p

IE[NU ]/IE[N2]
~c`�y/J+_C{VU=�9\´�Z�£etf[]/n"]cWg`�Yg`�]/_�wX�Åw/�

IE[TU ]

IE[T2]
=

N
∑N

i=1
1
i

∑N
i=1

i2

Ni
N !

(N−i)!

b/_op��9\��Z�"L�]/f[]/���abifgU wX� ���
IE[NU ]

IE[N2]
=

N(N + 1)

2
∑N

i=1
i2

Ni
N !

(N−i)!

,

f[J+Wgn"J+\´Y[`�ycJ���U/�tx�]iY[J�Y[Eob�Y�{"]/YgE?fdb�Y[`�]-WFbif[J�`�_opXJ+n£J+_opXJ+_cY�]i�
λ
�

��U ^oWg`�_H~KYgEHJ	b/WgUVIKnXYg]/Yg`a\jJ�©Xnobi_oWg`�]/_oWP� � �z�´¬®� �+uc�Fbi_op�� ��s/��¬X��J	W�J+J�YgEobiY

IE[TU ]

IE[T2]
≈ log(N)√

N

√

2

π

b/_op
IE[NU ]

IE[N2]
≈

√

N

2π
,

�3]cfF��b/fg~cJ
N
� �¡_C]/YgEHJ+fF��]/fdpHW+¬c�3]cfF�abif[~/J

N
YgEHJPJ�©Vn"J�\´Y[J+p IKJ+W[W[bi~/J�pXJ+��bzU¦^o_opXJ�fFYgEHJP^H_ofgJ�WZY[fg`a\´Y[J+p

f[J��ab�U�nHf[]iY[]X\�]/�o`aW�b/nHnHf[]�©X`�I¦b�Y[J���U
log(N)/

√

πN/2
Yg`�IKJ+W¤W�I¦b/����J�f;YgEob/_B^H_opHJ�f�YgEHJ�YZ��]i§³EH]cn¦f[J��ab�U

nHf[]iY[]X\�]c�&¬V��EH`���J�Y[EHJ8J�©Xn"J+\�YgJ+p?_-^HI
{"J+f�]i�$\�]cnH`�J+WF`�W�binonHfg]z©X`�I¦biYgJ���U √

N/2π
Y[`�IKJ+W��abif[~/J+f+�

¯H]/f�`�_oW�Y[b/_o\�J/¬X�3]/f
N = 103 YgEHJ+_ IE[TU ]/IE[T2] ≈ 0.17

bi_£p
IE[NU ]/IE[N2] ≈ 12.6

�
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IK]/{o`���`±YZU*IK]XpXJ��aW+� �³Y8`�W8WZY[fg^£\´Yg^ofgJ+p=bcW��3]c����]���W���Y[EHJKI�]c{H`���`�Y¡U*IK]XpHJ��aWPbif[JMnHf[J+WgJ�_cY[J+p�`�_·SVJ�\´Y[`�]c_
uo����bi_£p
Y[EHJ�Wg`�I
^H��biYg`�]/_¦W�J�Y�Yg`�_H~P�3]/f6J+bc\[EKI�]c{H`���`�Y¡UMIK]XpXJ��H`aWt`�_cY[fg]XpH^o\�J+p�`�_BSVJ+\�Yg`�]/_¦uH�ÅwX�¥DFEHf[]/^H~cE
{"]/YgE�`�_cY[^H`±Y[`�ycJ�fgJ�b/Wg]/_H`�_H~ bi_£p�W�`�I
^H�ab�Y[`�]c_oWj`±YP`aW�WgEH]���_*`�_�SVJ�\´Y[`�]c_=uH� u¦YgE£b�Y8b/W[W�^oI�nXY[`�]/_��&kj�j`�W
f[J+bcW�]c_obi{H��Jj��EoJ�_?YgEoJPYgfdbi_£W�IK`aWgWg`�]c_Cf[b/_H~/JP`�W�_o]iY�Yg]X]K��b/fg~cJ�f[J��ab�Yg`�y/J�Yg]KYgEoJ	Wg^Hf��9bc\�J8bif[J+bo� �FbcW�J�p
]c_CYgEo`�W�]/{oWgJ�f[y�biYg`�]/_®¬XJ+WZY[`�IKbiYgJ�W�b/fgJP]c{XY[b/`�_HJ�p �3]cfFY[EHJ8IKJ+J�Yg`�_H~¦fdb�Y[J

λ
¬H�3]/f�J+b/\dE?IK]/{o`���`�Y¡UCIK]XpXJ��

b/_op�� ]cfCy�bif[`�]/^oW¦Ygfdbi_oWgIK`�W[W�`�]/_�f[b/_H~/J�W�� ¶�`�YgE Y[EHJ=EHJ���n ]/�PY[EHJ+WgJ�J�WZY[`�I¦biYgJ+WCb/_op etfg]cn"]cWg`±Y[`�]c_
wH� wH¬oY[EHJMJ�©Xn"J�\´YgJ�p@IKJ+W[W[bi~/J
pHJ��ab�UXW�nHf[J+pX`a\´Y[J+p*{-U?Y[EHJ�bi_£bi��UcY[`�\+bi��IK]XpXJ��$bif[JM\�]/IKnH^XY[J+p@�3]/f�J+b/\dE
IK]/{o`���`±YZU�nob�YgYgJ�f[_®¬®�3]/f8{"]iYgE=Y[EHJ�YZ��]/§�EH]cn=fgJ+��bzU*b/_op*�3]cf�Y[EHJ¦^H_HfgJ�WZY[fg`a\´Y[J+p=fgJ+��bzU@nHf[]iYg]H\�]/�aW+¬ b/_op
b/fgJP\�]/IKnob/fgJ+pBY[]¦Wg`�I
^o��biYg`�]/_?fgJ�W�^o�±YdW��
DFEHJ	b/\+\�^Hfdb/\�UB]i�¥YgEHJ	I�]HpXJ��®`aW�pXJ�IK]c_oWZY[f[biYgJ�p `�_*SVJ�\´Yg`�]/_£W�uH� }Kb/_op�uH�ÅsX¬X��EHJ+fgJPYgEHJ	J�©Xn"J+\�YgJ�p

IKJ+W[W[bi~/J�pXJ+��bzU�bi_op�YgEHJ�pH`�W�Ygf[`�{o^XYg`�]/_�]i�	YgEHJ=_V^HI
{"J�f?]/�
\�]cnH`�J+W ]c{XY[b/`�_HJ�p�{-U Y[EHJ=IK]XpXJ+�Pbif[J
\�]/IKnobif[J+pBY[]¦W�`�I
^H�ab�Y[`�]c_?fgJ�W�^H��Y[W+�

���
	  �����
& ���   "�$#%�'&��
k��±Y[EH]/^H~cEBYgEHJ�f[J+Wg^H�±YdW�`�_�SVJ+\´Y[`�]c_?w	EH]/�apBfgJ+~cbifdpX��J+WgW6]/� Y[EHJPpX`�I�J+_oW�`�]/_ ]/� Y[EHJPW�n£b/\�Jj`�_C��EH`�\dEBY[EHJ
_H]HpXJ+W�IK]�y/J/¬®`�_=YgEHJK�3]/����]���`�_H~?��J¦W�Eob/���t]/_H��U�binHno��U@Y[EHJ�I¨Y[]CY[EHfgJ+JKW�Y[b/_opHb/f[p 3%57698 R[P\X @BM N=PQ6[M_C[A
IK]/{o`���`±YZU�IK]XpXJ��aW+�jY[EHJBm�bi_£pX]/I¨¶·bzU-n"]c`�_-Y
O�]/{o`���`�Y¡U�O�]XpXJ+���&SXJ+\´Y[`�]c_·uo���c���z�´¬ YgEHJBm�b/_opX]/I°µ�`�§
f[J+\´Y[`�]/_?O�]/{H`���`±YZU O�]HpXJ��t�&SVJ�\´Y[`�]c_Cuo���c�Åw/�´¬Vb/_op¦Y[EHJPD���]/§³µj`�IKJ+_oW�`�]/_ob/�"m�bi_opX]cI«¶�b/���/J+f�O�]/{H`���`±YZU
O�]HpXJ��6��SVJ+\�Yg`�]/_@uH� �/� uc���

� � ��� � � � � ¾ ½ �	�q� º��6½ � � � c ½ �+� d � � º c ½ ¾ ¹ d
DFEHJ?m�bi_£pX]/I ¶�bzUVn"]/`�_cYKO�]c{H`���`�Y¡UO�]HpXJ�� � 'H¬¥}2�F`�W�\�]/IKIK]/_o��U�^oWgJ+p`�_YgEHJ Y[EHJ?W�`�I
^H�ab�Y[`�]c_ ]/�
IK]/{o`���J�bcpKEH]X\�_HJ�YZ��]cfg�XW+���¡_KY[EHJjm�b/_opX]/I�¶·b�UVn"]/`�_cYFO�]/{H`���`±YZU¦O�]XpXJ+�oJ�b/\dE¦_H]XpXJ�`aW;bcWgWg`�~/_HJ�p�b/_
`�_H`�Yg`abi�t��]X\+b�Y[`�]c_*`�_�bC~/`�y/J�_�bif[J+b=� YZUVnH`�\+bi����U�b?W �-^ob/fgJz��bi_op*Ygfdbzy/J��aW�b�Y8b?\�]c_oWZYdbi_-YPWgn"J�J�p

S
Y[]�b

pXJ�WZY[`�_£b�Yg`�]/_?\dEH]cWgJ�_ ^o_H`±�3]cfgIK��U¦`�_ YgEo`�W�bif[J+bo�¥DFEHJ8W�n"J+J+p
S
`�WF\dEH]-W�J+_ ^H_H`��3]/f[IK��UB`�_

(vmin, vmax)
¬

`�_opXJ�n"J+_opXJ+_cYg��U·]/��YgEHJC`�_o`±Y[`�b/����]X\+b�Yg`�]/_b/_oppXJ+W�Yg`�_ob�Y[`�]c_®�=k�� YgJ+f�fgJ�b/\dEH`�_o~�Y[EHJ?pXJ+W�Yg`�_ob�Y[`�]c_®¬¥Y[EHJ
_H]HpXJCI¦b�U nobi^oWgJ �3]/fKb�fdbi_opX]cI biIK]/^H_-Y�]i��Y[`�IKJ�bi� YgJ�fK��EH`a\[E b�_HJ�� pHJ+W�Yg`�_ob�Y[`�]c_�b/_op�b�_HJ+�
Wgn"J�J+p@bif[J8\dEH]cWgJ�_�¬H`�_opXJ+n£J+_opXJ+_cYg��U?]i�6bi���®nHf[J�yV`�]/^oW�pXJ+W�Yg`�_obiYg`�]/_oW+¬oWgn"J�J�pHW+¬ob/_op?nob/^oWgJPYg`�IKJ+W��FDFEHJ
W�Y[biYg`�]/_ob/fgU�pX`�W�Ygf[`�{H^XYg`�]/_£W¦]i�P��]X\+b�Y[`�]c_ bi_£p Wgn"J�J�p²`�_ Y[EHJ*m�b/_opX]/I ¶�bzUVn"]/`�_cYCO�]/{o`���`±YZU O@]XpXJ��
pX`D10J�f	Wg`�~c_H`�¢£\�b/_cYg��U��3f[]/IRY[EHJK^H_o`±�3]cfgI�pH`�W�Ygf[`�{o^XYg`�]/_®���¡_�n£bifgYg`a\�^H�abif�¬ `±Y	Eob/WP{"J�J�_�]c{oW�J+fgy/J�p@YgE£b�Y
Y[EHJPWZYdb�Yg`�]c_obif[UKpX`�W�Ygf[`�{H^XYg`�]/_C]i�®Y[EHJ���]H\�b�Y[`�]c_B]i��b
_H]HpXJj`�W¤IK]/f[Jj\�]/_o\�J�_cY[f[biYgJ�p¦_HJ+b/f�YgEHJP\�J+_cY[J�f¤]/�
Y[EHJ�f[J�~c`�]c_*`�_=��EH`a\[E=YgEHJK_H]XpHJ+W�I�]�y/J � u��³�Mk��aWg]o¬

vmin
_oJ�J+poWjYg]?{"J¦WZY[fg`a\´Y[��U@n"]-W�`�Yg`�y/JMYg]?J+_oW�^Hf[J

Y[Eob�Y�YgEHJ	bzy/J�fdbi~/JPW�n"J+J+pC]�y/J�f¤Y[`�IKJ	pX]XJ+WF_H]/Y�~/]�Yg])-�J�f[] � � 
 �³���

� � ��� � � � � ¾ ½ ��
 �3� ¹ �/��� ½�� c ½ � � d �3� º c ½ ¾ ¹ d
�¡_?YgEHJ
m�bi_£pX]/I µ�`�f[J+\´Y[`�]c_@O�]c{H`���`�YZU?O�]XpXJ+� �ÅwX¬"v*��J+bc\[E?_o]XpXJP`aW�b/W[W�`�~c_HJ+pCb/_?`�_o`±Y[`�b/��pX`�fgJ�\´Yg`�]/_

θ
¬

Wgn"J�J+p
S ∈ [vmin, vmax]

b/_op�bB¢o_H`�YgJMYgfdbzy/J���Yg`�I�J
τ
�	DFEHJM_H]HpXJ
YgEHJ+_�Ygfdb�y/J+��W�`�_�YgEHJKpX`�fgJ�\´Yg`�]/_

θ

��� 0����



�-@2N$NBC��J@ ] @BADC[E�P\M������	��
 �+u

�3]cfPbCpX^Hfdb�Yg`�]/_
τ
bi_op�biYPWgn"J�J�p

S
�P¶�EoJ�_�YgEoJ�_H]XpXJ
Y[f[bzy/J���Yg`�IKJ�Eob/WjJ�©XnH`�f[J+p�b _HJ+�qpX`�fgJ�\´Yg`�]/_�¬

Wgn"J�J+p bi_£pKYgfdbzy/J��oYg`�IKJ�b/fgJj\[Eo]cWgJ�_ b�Y¤fdbi_opX]cI�`�_£pXJ�n"J�_£pXJ�_cY[��U¦]i��b/���"nHf[J�yV`�]/^oW�pX`�fgJ�\´Y[`�]c_oW�¬VWgn"J�J+poW
b/_op*Ygfdb�y/J+��Y[`�IKJ+W+�M¶�EoJ�_·bC_H]XpXJ�f[J+bc\[EHJ�W�b {"]c^H_opHb/fgU@`±Y8`aW�J�`�Y[EHJ�fPf[J��£J+\´Y[J+p � �i¬�w �6]/fjY[EHJ¦bif[J+b
��fdbinoW�bif[]/^H_opCWg]�YgEobiY�YgEHJ8_H]XpHJPfgJ�binHn"J�bifdW�]/_CY[EHJ8]iY[EHJ�f�Wg`�pHJ/�Åw*�³�
DFEHJBW�Y[biYg`�]/_ob/fgU�pX`aWZY[fg`�{H^XY[`�]c_oW8]/�¤YgEHJB��]X\�biYg`�]/_·bi_op·pH`�f[J+\�Yg`�]/_�E£b�y/J¦{"J�J+_ WgEH]z��_�Y[]@{"J¦^H_H`�§

�3]cfgI � �/¬ �$�5�¥�3]cf�b/fg{H`�Ygfdbif[U?pX`�fgJ�\´Y[`�]c_®¬0Wgn"J�J�p�bi_op@Ygfdb�y/J+��Yg`�IKJKpX`�W�Ygf[`�{H^XYg`�]/_£W�¬0`�fgf[J+Wgn"J+\�Yg`�y/J	]/�tY[EHJ
{"]c^H_opHbif[`�J+W6{"J+`�_o~
f[J��oJ�\´Yg`�_H~
]/f���fdbin bif[]/^H_£p �¥DFEo`�W�`aW;`�_C\�]/_-Ygfdb/W�Y;��`�YgEBY[EHJ�m�b/_opX]/I ¶·b�UVn"]c`�_-Y
O�]c{H`���`�Y¡UCO�]HpXJ�� ��EHJ�f[J�_H]XpXJ�WFbif[JjIK]/f[Jj��`��/J+��U¦Yg]K{"JP\�]/_o\�J�_cY[f[biYgJ+p _HJ+b/f�Y[EHJ8\�J+_cYgJ+fF]/��YgEHJ8bif[J+bo�
k�_H]iY[EHJ�fMpX`T10J�f[J�_o\�J¦`aWPY[Eob�Y	YgEoJBI�`�_H`�I
^HI Wgn"J�J+p

vmin
pX]VJ�W8_H]iY
Eob�y/JKY[]@{"J WZY[fg`a\´Y[��U=n"]cWg`±Y[`�y/Jc�

DFEHJ
W�n"J+J+p�\�b/_�{£J	JI�-^ob/� Yg])-+J�f[]¦W�`�_o\�JPY[EHJ	_H]XpXJ8I¦b/`�_-Y[b/`�_oW�b¦\�J�fgY[bi`�_�Wgn"J�J�p?]/_H��UB�3]/f�bK��`�I�`�YgJ�p
b/I�]c^H_cY�]i��Yg`�IKJ/�

� � ��� � &�¼
½o» 
 �Q� ¹ � ��� ½�� �#d � � � ¾ ½ �	�q�#d�� ¹ � c ½ ¾ ¹ d
�¡_8Y[EHJ;Y¡�¤]i§¡pX`�IKJ+_oW�`�]/_£bi�cm�b/_opX]/I ¶�b/���/J�f¥O@]/{H`���`�YZU	O�]XpXJ��-J+b/\dE	_H]XpXJ;IK]�y/J+W�b/W�b�f[b/_opX]/I �¤b/���/J+f
]c_*b¦YZ��]i§¡pX`�I�J+_oWg`�]c_obi��W$�-^obif[J	��biY�Yg`a\�Jc�jDFEHJ
Yg`�I�JM`aWjpX`aW[\�f[J�YgJMbi_£p@biYjJ+bc\[E@Yg`�IKJ�WZY[J�n*J�b/\dE@_H]HpXJ
EobcW�bCnHf[]/{ob/{H`���`�Y¡U@]i�

1/4
]i��EH]/nHno`�_H~CYg]�bCn"]cWg`±Y[`�]c_=bi{"]�y/J/¬0{"J+��]��8¬0Yg]CY[EHJ���J�� Y�¬®]/fjY[]CYgEHJKfg`�~/E-Y

]/��`±YdWM\�^Hf[fgJ+_cY
n"]cWg`�Yg`�]/_®�+�³��YgEoJ _H]XpXJB`aW	n"]-W�`�Yg`�]/_oJ+p·]/_b@{"]/^o_opHbif[Uc¬�YgEoJ�_`�_oWZY[J+bcp·]i��EH]cnHnH`�_H~
]01 Y[EHJ*�ab�Y�Y[`�\�J@`�Y EH]cnoW¦{obc\[�Y[]·Y[EHJ�Wgb/IKJ@W�Y[biYgJc�(DFEo`�WBIK]zy/J+I�J+_cYC\�b/_ {"J�WgJ�J�_�bcWBW�]cIKJ�]/_oJ
�¤b/_opXJ�f[`�_H~KbiY�bK\�]/_oW�Y[b/_cY�Wgn"J�J�p �3fg]cI `�_-YgJ�fdWgJ+\´Y[`�]c_CYg]K`�_cY[J�fdW�J�\´Y[`�]c_ Y[EHf[]/^H~cE?bK\�`±YZUc¬H��EHJ�f[J8bi��� ]/�
Y[EHJMW�Ygf[J�J�YdW�b/fgJ	JI�-^ob/����U?Wgnobc\�J+p@b/_op�n"J+fgn"J+_opX`a\�^H�abif�Y[]BJ�b/\dE@]iY[EHJ�f��&O@b/_HEob�YgY[b/_@_HJ�Y¡�¤]/f[�X����DFEHJ
W�Y[biYg`�]/_ob/fgUjpX`aW�Ygf[`�{H^HYg`�]/_8]/�VYgEHJ;��]X\�biYg`�]/_P]/�HbFY¡�¤]i§¡pX`�IKJ+_oW�`�]/_ob/�ifdbi_opH]/I(�¤bi���/J�f�]/_	b�W$�c^£bif[J$�ab�YgYg`a\�J
`aWt^o_H`±�3]cfgI ]�y/J�ftYgEHJ�b/fgJ�bH�¥DFEH`�W6nHf[]/n"J+f�Y[`�J�W$`aW6b8\�]/_oWgJI�-^HJ+_o\�J�]i�"Y[EHJ��9b/\´Y6Y[Eob�Y�b�YZ��]/§³pX`�IKJ�_oWg`�]/_ob/�
fdbi_opX]cI �¤b/���/J+f�\+bi_?{"J	\�]c_oW�Ygf[^o\´Y[J+p �3fg]cI Y¡��]¦`�_opXJ�n"J+_opXJ�_-Y�]/_HJ�§³pH`�IKJ�_oWg`�]/_ob/�0fdbi_opH]/I �¤b/���/J+f[W+¬
b/_op�YgE£b�YjYgEoJ�WZYdb�Y[`�]c_obif[UC��]H\�b�Y[`�]c_@]i��b WgU-IKIKJ�Y[fg`a\	fdbi_opH]/I �¤bi���?`�_�]/_HJ�pX`�IKJ+_oW�`�]/_�`�Wj^H_H`��3]/f[I
�3Y[bi�/J

n → ∞ `�_C¯o]/f[I
^H�ab �9uo���zs/�6`�_�� sX¬Xn®�tucs-v*�£Y[]M]/{HY[bi`�_BYgEHJPW�Y[biYg`�]/_ob/fgUKpX`aW�Ygf[`�{H^HYg`�]/_Cb/_op¦YgEHJ+_
WgJ�Y

p = q = 1
2

���

��� � �$� ����&�� ����� ��� ��� ��� ���
DFEHJ�_V^HI�J+fg`a\�b/�Xf[J+Wg^H��Y[W$nofgJ+WgJ�_-YgJ�pMEHJ+fgJ�b�� YgJ+f6bif[J¤{obcW�J�pM]/_KWg`�I
^H�ab�Yg`�]/_�nofg]c~/fdbiIKW¥`�_K��EH`�\dEKIK]/{H`���J
_H]HpXJ+WFIK]�y/J�`�_@bKW �-^ob/fgJ�]i�$Wg` -�J

4
�VI ×4

�VI?¬H��`�YgEH]c^XY�nobi^£W�`�_H~o�
k�W�IKJ�_-Yg`�]/_oJ+p�`�_ ���zw*��YgEHJ+fgJ�bif[J?WgJ�y/J�fdbi�¤nH`�Y��9bi���aWMY[]�bzy/]c`�p��EHJ�_�W�`�I
^H�ab�Yg`�_H~=YgEHJ@m�b/_opX]/I

¶·b�UVn"]c`�_-Y	O�]/{H`���`±YZU�O@]XpXJ���� �¡_�YgEH`aWP��]/f[����J�E£b�y/J�^oW�J�p*YgEHJK`�I�no��J+I�J+_cYdb�Yg`�]/_�]i�;YgEHJ¦m�b/_opX]/I
¶·b�UVn"]c`�_-Y�O�]c{H`���`�Y¡UKO@]XpXJ��onHf[]/n"]cWgJ+pM`�_ ���zw*�¥�3��`�YgEo]/^XY�nobi^oWg`�_H~-�¥��EH`a\dE¦\�]/_oWg`aWZYdW$]/� W[biIKnH��`�_H~PY[EHJ
`�_H`�Yg`abi�FW�n"J+J+pHWMb/_op ��]X\+b�Y[`�]c_oW8�3fg]cI°Y[EHJ�`�f�W�Y[b�Y[`�]/_obif[U�pX`aWZY[fg`�{H^XY[`�]c_oW��=DFEoJ�_®¬6Wg^H{oWgJI�-^HJ�_-Y�Wgn"J�J+poW
b/_opC��]H\�b�Y[`�]c_oWFb/fgJPW[biIKnH��J+p �3f[]/I YgEHJ8^H_o`±�3]cfgI pX`aWZY[fg`�{H^XY[`�]c_®�
SV`�_£\�J¤Y[EHJ�WZYdb�Yg`�]/_£bif[U8pX`aW�Ygf[`�{H^HYg`�]/_�]i�£Y[EHJ���]X\+b�Y[`�]c_
]/�"b�_H]HpXJF`�W$^o_H`±�3]cfgIq`�_�{"]iY[EMYgEHJ�m�b/_opX]/I

µj`�f[J+\�Yg`�]/_O@]/{H`���`�YZU·O�]XpXJ+��bi_op�YgEHJ m�bi_opX]cI°¶�b/���/J+fMO�]/{H`���`±YZU·O�]XpHJ���¬�Y[EHJ�`�f
`�IKnH��J�IKJ+_cY[biYg`�]/_
pX]XJ+WF_H]iY�n"]cWgJPb/_-UCpX` !B\�^H�±YZUc�
¯H]/f�Y[EHJ	m�bi_opX]cI ¶·b�UVn"]c`�_-YjO�]/{H`���`±YZU?O@]XpXJ���bi_opCY[EHJ	m�bi_opX]cI µj`�f[J+\�Yg`�]/_*O�]/{o`���`�Y¡U�O�]XpXJ+�&¬

bKWgn"J�J+p·�3`�_��-I	��E£���¤bcW�\[EH]-W�J+_C^H_o`±�3]cfgIK��UB`�_
[vmin, vmax] = [4, 10]

�
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�¡_ YgEHJ8m�b/_opX]/I µ�`�fgJ�\´Y[`�]c_?O@]/{H`���`�YZU O�]HpXJ���¬XbM_H]XpXJ�IK]�y/J+W¤`�_�bMpH`�f[J+\�Yg`�]/_BY[Eob�Y�`aW¤^H_H`��3]/f[IK��U
pX`aW�Ygf[`�{H^HYgJ+p�`�_

[0, 2π)
¬H�3]cf�bi_�J�©Xn"]/_HJ�_-Yg`abi����UCpX`�W�Y[fg`�{H^XY[J+p@biIK]/^H_-Y�]/�¥Yg`�IKJ �3J�©VnofgJ�WgWgJ+p?`�_@EH]/^of[Wd�

��`�YgEMIKJ�bi_
1/4

b/_opMb�YtbjWgn"J�J�p8Y[Eob�Yt`�W¥^H_o`±�3]cfgIK��U	pX`aWZY[fg`�{H^XY[J+p
`�_
[4, 10]

¬i{"J��3]/f[J;YgEoJ¤_H]XpXJF\dEH]V]cWgJ+W
b�_HJ+� pX`�fgJ�\´Yg`�]/_�¬VYgfdb�y/J+�"Y[`�I�J	b/_op?Wgn"J�J+p®�
¯H]/f¤YgEHJ8m�bi_opH]/I«¶�b/���cJ�f�O�]/{o`���`�Y¡U O@]XpXJ��0��JPbcWgWg^HIKJ�YgEobiY¤YgEoJPWZY[fgJ+J�YdW¤bif[J

80
IKJ�YgJ+f[WFbinob/f�Y

b/_op·YgEobiYMYgEHJCfdbi_opX]cI��¤bi���/J�fdW	IK]zy/JCb�YMYgEHJ?Wgn"J�J�p ]i��]c_HJ {H��]X\[�·n"J�fMIK`�_-^XY[J�� Y[EH`aWMfgJ�W�^o�±YdW
`�_
512 = 2601

W�Y[biYgJ�W�bi_op?bK\�]/_oW�Y[b/_cY�Wgn"J�J+p?]i�
4.8
�VI	�zE"�´�

¶=J8b/W[W�^oI�JjYgEobiY¤Y[EHJ�f[JPbif[Jj_H]�`�_X�3J+fgJ+_o\�J�WFbi_opBYgE£b�YFYgEHJ�Ygfdbi_oWgIK`�W[Wg`�]c_B]i�¥bMI�J�WgW[bi~cJ�{"J�Y¡��J+J�_
YZ��]P_H]XpHJ+W��3`�_¦\�]/_-Y[bc\´Yd��`aW$`�_oW�Y[b/_cY[b/_HJ�]c^oW+��DFEHJF�3]/f[IKJ�ftbcWgWg^HIKnXYg`�]/_MYZU-no`�\+bi����U	IK]XpHJ��aW$bPWg`�Yg^obiYg`�]/_
��EHJ+fgJ@Y[EHJ*Ygfdbi_oWgIK`�W[Wg`�]c_ fdb/pX`�^oWB`�WCWgIKb/���j��`±Y[E fgJ�W�n"J+\�YBYg] Y[EHJ=Wg`�-+J*]i�PY[EHJ=bif[J+bo� DFEHJ*�ab�YgYgJ+f
bcWgWg^HIKnXYg`�]/_?YZUVnH`a\�bi����U IK]XpXJ+��W�b¦Wg`�Yg^obiYg`�]/_���EHJ+fgJ8YgEHJ	IKJ�WgW[bi~cJ�Ygfdbi_oWgIK`�W[Wg`�]c_CYg`�I�J
{"J�YZ��J�J+_�Y¡�¤]
_H]HpXJ+WF`aWF_HJ+~/��`�~/`�{H��JP��`�YgE�fgJ�W�n"J�\´YFYg]KYgEHJ8_H]HpXJP`�_cYgJ+f�§³IKJ�J�Y[`�_o~�Yg`�I�J�W��

�¡_ ]cf[pHJ�f�Yg]KbinHnH��UKYgEoJ�f[J+Wg^H�±YdW�`�_�SVJ+\�Yg`�]/_�w	�¤Jj_oJ�J+p ¬V�3]cf¤J+bc\[ECI�]c{H`���`�Y¡UBIK]XpXJ���¬-Y[]K\[EHJ�\[�KY[EHJ
y�b/��`�pX`�YZUK]i��b/W[Wg^HIKnXYg`�]/_=�9k���bi_op¦Y[]M`�pHJ�_cY[`±�3U¦YgEoJjn£bifdbiIKJ�Y[J�f

λ
]i�®YgEoJjJ�©Vn"]c_HJ�_-Yg`abi�"`�_cYgJ+f�§³IKJ�J�Yg`�_H~

Y[`�IKJ	pX`aWZY[fg`�{H^XY[`�]c_®�

��� � � ��& �
# � ����� ���������%� � � ��� � � � � � �����
� ������� �+�
¯o]/f¤J+bc\[E IK]c{H`���`�Y¡UBIK]XpXJ�� bi_£p¦�3]/fFy�bif[`�]/^oW�\�]cIKI
^H_H`a\�b�Y[`�]/_ f[bcpX`�`&¬V��J�Eobzy/J�W�`�I
^H�ab�Y[J+p¦Y[EHJ�IK]�y/J�§
IKJ�_-Y�]i�-YZ��]�_H]HpXJ+W®b/_op�Eobzy/J$J�WZY[`�I¦biYgJ+p�YgEHJ;pX`aWZY[fg`�{H^XY[`�]c_¦��SVJ+\´Y[`�]/_8uo� uo���z�"bi_£pjYgEHJ;bi^HYg]i§¡\�]�y�bifg`abi_o\�J
�3^H_o\�Yg`�]/_ �&SVJ�\´Yg`�]/_ uo� uo� wc��]/��Y[EHJ¦`�_cYgJ+f�§³IKJ�J�Yg`�_H~?Yg`�IKJ+W	{"J�YZ��J�J+_�YgEHJ�W�JKYZ��]�_o]XpXJ+W+�BDFEHJ¦f[J+Wg^H��Y[W+¬
{obcW�J�p
]/_ �+|c|H¬ |/|/|�]c{oWgJ�f[y�b�Y[`�]c_oW¥bi_opM��EH`a\dEKbif[J¤fgJ+n"]/fgYgJ�p	{"J���]��8¬/WgEH]z��YgEobiY$Y[EHJ�e¥]/`aWgWg]/_�bcWgWg^HIKnX§
Y[`�]c_·�3]/f
YgEHJ IKJ�J�Yg`�_H~*Yg`�IKJCW�J!�c^oJ�_o\�J+W	`aW	yibi��`�p��3]/f�bi���6Y[EHfgJ+JBIK]/{H`���`±YZU�IK]XpXJ+��WMbi_op��3]cfMb@�abif[~/J
fdbi_H~cJ�]i�$\�]cIKI
^H_H`a\�b�Y[`�]c_Cfdb/pH`�`��

� � � � � � � � ¹ � »$c ¹V¹ ��� � ( & �Q� ¹ 
 �3�+��� �3� �®��� ½��
¯¥`�~/^Hf[J�uPpX`aWgnH��bzUXW�¬/]/_KbP��]c~i§¡Wg\+bi��J;�3]/ftYgEoJ

y
b�©X`aW�¬�Y[EHJ�`�_-y/J+f[WgJ�L�^HI
^H�ab�Y[`�y/J�µj`�W�Ygf[`�{H^XYg`�]/_¦¯o^H_o\�Yg`�]/_

�³L¤µj¯t��]/�$Y[EHJ
`�_cY[J�fg§�IKJ+J�Yg`�_H~BYg`�I�JM{"J�YZ��J+J�_@YZ��] _H]XpXJ�W��3]cf�J�b/\dE@IK]/{H`���`�YZU?IK]XpXJ+�¥bi_op��3]/f�YgEofgJ+J
pX`D10J�f[J�_cY@\�]/IKI
^H_H`a\�biYg`�]/_�fdb/pX`�`K�

R = 50m
¬

100m
¬

250m
��� ¯o]/f?J�b/\dE IK]c{H`���`�Y¡U�IK]XpHJ��8bi_op

�3]cfBJ�b/\dE�\�]cIKI
^H_H`a\�b�Y[`�]c_�fdb/pX`�^oWB��J*Eobzy/J*b/��Wg] nH��]iYgYgJ+p�YgEHJ�`�_Vy/J�fdW�J�L¤µj¯�]i�	bi_�J�©Xn"]/_oJ�_cY[`�b/�
pX`aW�Ygf[`�{H^HYg`�]/_��3`�� Jc�-b	W�Ygfdbi`�~/E-Y6��`�_HJ�]/_Bb	��]c~i§¡Wg\+bi��J¤�3]/f;YgEHJ

y
b�©X`�Wd�´¬c��Eo]cWgJ�`�_-YgJ�_£W�`�Y¡U@�9`&� J/�VW���]/n"Jz�

λ
`�W

Y[EHJ	`�_-y/J+f[WgJ8]i�$YgEHJ
J�©Xn"J+\�YgJ�p?`�_cY[J�fg§�IKJ+J�Yg`�_H~¦Yg`�IKJ	]c{XY[b/`�_HJ�p�bc\�f[]cW[WFb/����Wg`�I
^H��biYg`�]/_oW+�F¯H]cf�b/����_H`�_HJ
\+b/WgJ+W�YgEobiYP��J�E£b�y/J�`�_Vy/J+W�Yg`�~cbiYgJ+p��3YgEHf[J�JKI�]c{H`���`�Y¡U*IK]XpXJ+��WPbi_£p@Y[EHfgJ+JKpX`T10J�f[J�_-Y8\�]/IKI
^H_H`a\�biYg`�]/_
fdb/pX`�` ����J¦\�b/_=]/{£W�J+fgy/J�b/_=J�©X\�J�����J+_cY	bi~cfgJ+J�IKJ�_-Y�{"J�Y¡�¤J�J�_=Y[EHJKJ�WZY[`�I¦biYgJ+p L¤µ�¯q�9Wg]/��`�p=��`�_HJz��b/_op
Y[EHJBJ�©Vn"]c_HJ�_-Yg`abi�FL¤µj¯��&pHb/WgEHJ+p·��`�_HJz�´��Nj_H��U��3]/f	YgEHJCm�bi_opH]/I°¶·bi���/J�fMO�]c{H`���`�Y¡U O�]XpXJ+�;`�_·Y[EHJ
\+b/WgJK��EHJ+fgJ

R = 250m
\+bi_·��JB_H]iY[JBWg]/IKJBpX`D1"J+fgJ+_o\�J+W	{"J�YZ��J+J�_·YgEHJBJ�WZY[`�I¦biYgJ+p�L¤µj¯ b/_op=YgEoJ

J�©Vn"]c_HJ�_-Yg`abi��L¤µ�¯�bcW¤YgEHJ8`�_cY[J�fg§�IKJ�J�Yg`�_H~�Yg`�IKJ8`�_£\�f[J+b/WgJ+W+�
DFEHJ��9b/\´Y;Y[Eob�Y�¬c�3]/f�J+b/\dE¦IK]/{o`���`±YZU�IK]XpXJ+�oYgEHJ8L¤µj¯�]/�0YgEHJj`�_-YgJ�fg§³I�J+J�Y[`�_H~MpX`aWZY[fg`�{H^XY[`�]c_¦`aW;��J����±§

b/nHnHfg]z©X`�IKbiYgJ�p={-U�b/_·J�©Xn"]/_HJ+_cY[`�b/�;pX`aWZY[fg`�{H^XY[`�]c_®¬$b�Y
��J+b/W�Y8�3]cf
WgIKb/���6Yg]*IK]XpXJ�fdb�Y[J�Y[f[b/_oWgI�`aW[W�`�]/_
fdb/pX`�`��3��`�YgE f[J+Wgn"J+\´Y8Yg]@YgEHJ Wg`�-+JK]/�¤YgEHJ b/fgJ+b-��¢o_opHW	`�Y[W	fg]X]iY[WP`�_�Y[EHJBy�bif[`�]/^oWP`�_opXJ+n"J�_opHJ�_o\�J bcWZ§
Wg^HIKnXYg`�]/_£WFnH��bc\�J+pC]/_?J+b/\dECIK]/{H`���`±YZUBIK]XpHJ���� �¡_opXJ+J+p ¬H_H]XpXJ�W¤IK]�y/J�`�_opXJ�n"J+_opXJ�_-Yg��U ]/��J+bc\[EC]/YgEHJ+f
b/_op��3^XYg^ofgJjpX`�f[J+\´Y[`�]c_oW;bi_op¦Wgn"J�J�pHW��&bi_opKYgEHJ+fgJ��3]/f[J���]X\�biYg`�]/_oWd�¥]i��b8_H]XpXJ�b/fgJ�`�_opHJ�n"J�_opHJ�_cY¤]i� n£b/W�Y

��� 0����
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¯¥`�~/^Hf[J�uo���¡_-y/J�fdWgJ�L¤µ�¯�]/�£Y[EHJ�`�_cYgJ+f�§³IKJ�J�Y[`�_H~PYg`�IKJ�]i�"YZ��]8_H]XpHJ+W$�3]/ftY[EHJ�YgEHJ�m�b/_opX]cIq¶·b�UVn"]c`�_-Y
O�]c{H`���`�Y¡U?O�]HpXJ���¬VY[EHJ	m�bi_£pX]/I µ�`�fgJ�\´Y[`�]c_@O�]/{H`���`±YZU?O�]XpXJ+�®b/_op YgEHJ	m�bi_opX]cI ¶·bi���/J�f�O�]XpHJ����

pX`�f[J+\´Y[`�]c_oW
b/_opW�n"J�J�pHW
]i��YgEH`aWM_H]XpXJc���³����J nH`a\d�=YZ��]�I�]c{H`���J _H]HpXJ+WMb�YMfdbi_opX]cI�biYMWg]/IKJCWZYdb�§
Y[`�]c_obif[UKY[`�IKJc¬XYgEHJ+_?YgEHJ+fgJP`aW�b�nHf[]/{obi{o`���`�Y¡U

q
Y[Eob�Y�Y[EHJ�U ��`���� IKJ+J�Y
�3`�_?YgEHJ	WgJ�_£W�JP]i�${"J�`�_H~K��`�YgEH`�_

Y[f[b/_oW�IK`aWgWg`�]/_�f[b/_H~/JM]i�¤]/_HJKb/_H]iY[EHJ�f´��{"J��3]/f[JMYgEHJK_HJ�©-Y	\dEobi_o~/J�]i�¤pX`�fgJ�\´Y[`�]c_�]/��J�`�YgEHJ+fP_o]XpXJ/��k¤Y
Y[EHJB_HJ�©VYM\dEobi_H~cJ¦]i��pX`�f[J+\´Y[`�]c_®¬�{"J+\+bi^oWgJ¦]i�¤Y[EHJB`�_opXJ�n"J+_opXJ�_-Y�b/W[W�^HIKnXY[`�]c_oW8fgJ�\�b/����J+p·bi{"]zycJ/¬®Y[EHJ
nHf[]X\�J�WgW;f[J�n"J�b�Y[W�`�Y[WgJ�����b/_op¦YgEHJ+fgJj`aWFb	nofg]c{obi{H`���`±YZU

q
YgE£b�Y¤YgEHJ�W�J�_H]XpXJ�W���`����0IKJ�J�YF{"J��3]/f[J�Y[EHJ�_HJ�©VY

\dEobi_H~cJ�]/��pX`�f[J+\�Yg`�]/_®�tDFEH`�W�UV`�J+��pHW¤b	~/J�]cIKJ�Ygf[`a\�pH`�W�Ygf[`�{H^XYg`�]/_¦�3]cf;YgEHJj_V^HI
{"J�f¤]i��\dEobi_H~cJ+W;]i��pX`�fgJ�\´§
Y[`�]c_�{"J��3]/f[J8{"]iY[E@_H]XpXJ�W�IKJ�J�Y+��DFEHJ	J�©Vn"]c_HJ�_-Yg`abi��pX`aWZY[fg`�{H^XY[`�]c_�n"]cnoW�^Hn@{"J+\+bi^oWgJPY[EHJ	_-^oI
{"J�f�]/�
\dEobi_H~cJ+WF]i�$pX`�f[J+\´Y[`�]c_C`aW��Z��`�_oJ+bif[��U��jf[J��ab�Y[J+p Yg]�Y[EHJPYg`�IKJPYgfdb�ycJ���J+p {"J�� ]cfgJ�Y[EHJ8_H]XpXJ�WFIKJ�J�Y��
DFEHJ?�9bc\´Y¦YgEobiY¦`�_cY[J�fg§�IKJ�J�Yg`�_H~�Yg`�IKJ+WBbif[J?J�©Vn"]c_HJ�_-Yg`abi����U�pX`aW�Ygf[`�{o^XYgJ+p EobcW¦bi��fgJ�b/pXU {"J+J�_ ]c{X§

WgJ�f[y/J+p ¬0yV`�bCW�`�I
^H�ab�Y[`�]c_oW+¬£�3]cfjYgEHJ �¤f[]z��_H`abi_=O�]/{o`���`±YZU�O�]XpXJ+�$b/_op@YgEHJKm�b/_opX]/IR¶�bzUVn"]/`�_cY8O�]/§
{H`���`±YZU?O�]HpXJ��®]/_�bKW�noEHJ�f[J/���+}��³�
¶�EHJ�_=J�WZY[`�I¦biYg`�_H~ YgEoJ�`�_-YgJ+_oW�`�YZU@]/�6YgEoJ�`�_-YgJ+f�§³IKJ�J�Y[`�_o~ Yg`�IKJ

λ
¬ ��J�Eobzy/JM]/{£W�J�f[y/J�p?Y[Eob�YPYgEH`aW

nob/f[b/IKJ�YgJ+f�J�©XEH`�{o`±Y[J+p·b4�c^£b/pXfdb�Y[`�\�pXJ+n"J�_opXJ+_o\�J¦]c_�Y[EHJB\�]cI�I
^o_H`�\+b�Y[`�]c_=fdb/pX`�^oW
R
¬�bcWPpXJ+nH`a\´YgJ�p
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¯¥`�~/^Hf[J	}£��m�J+��biYg`�]/_oWgEH`�n@{"J�Y¡�¤J�J�_*YgEHJM`�_cY[J�fg§�IKJ�J�Yg`�_H~BYg`�IKJM`�_-YgJ+_oW�`�YZU
λ
b/_op�YgEHJ�\�]/IKI
^H_H`a\�biYg`�]/_

fdb/pX`�^oW
R

`�_@¯�`�~/^ofgJP}��3]cfFYgEoJ	m�bi_£pX]/I ¶�bzUVn"]/`�_cYjO�]/{H`���`±YZU?O�]HpXJ���bi_opCYgEHJ	m�bi_opX]cI µj`�fgJ�\´Yg`�]/_*O�]/{H`���`±YZU
O�]HpXJ��F�3YgEH`aW�]/{oWgJ�f[y�biYg`�]/_*bi�aW�]C\+bif[fg`�J+W�]c_@Y[] YgEHJKm�b/_opX]/IR¶�b/���/J+fPO�]c{H`���`�Y¡U�O�]XpHJ��¥{H^XY8pX^oJ
Yg]
Y[EHJMpX`T10J�f[J�_£\�J
`�_�Wg\+bi��`�_o~KYgEHJ
f[J+Wg^H��Y[W�Eobzy/J	_H]/Y�{"J�J+_@`�_o\���^opXJ�p@`�_@YgEoJ	¢o~/^Hf[J�����x�]iY�W�^Hf[nHf[`�Wg`�_H~/��U
Y[EHJ �-^obcpXfdb�Yg`a\KfgJ+��biYg`�]/_oWgEH`�n·{"J�YZ��J�J+_

λ
bi_op

R
pXJ�n"J�_£pHW	]c_�Y[EHJ IK]/{H`���`�YZU=IK]XpXJ+�&¬tb/W
W�EH]���_·`�_

¯¥`�~/^Hf[J�}£�
�¡_cYg^o`±Y[`�y/J+��Uc¬�Y[EH`�W �-^ob/pHf[biYg`a\;pXJ+n"J�_opHJ�_o\�J¤�3]/����]z��W��3fg]cI YgEHJ¤�9b/\´Y$YgEobiY$_H]HpXJ+W$\�b/_MbinonHfg]-b/\dE	J+b/\dE

]/YgEHJ+f;�3fg]cI b/_-UKb/_H~/��J/¬-��EH`a\[E `�I�nH��`�J+W;Y[Eob�Y¤`�_cYgJ+f�§³IKJ�J�Y[`�_H~	Yg`�IKJ+W¤pXJ+n"J�_opB]/_BYgEHJ�bif[J+b	pXJ�¢o_HJ�p¦{VU
Y[EHJ	_o]XpXJ
\�]cIKI
^H_H`a\�b�Y[`�]c_�fdb/pX`�^oW+�FDFEH`aW�b/fgJ�b�`aW�bBpX`aW��?]i�6Wg`�-+J

πR2 ¬£��EH`a\dE@~/`�y/J+W�YgEHJ �-^obcpXf[biYg`a\
pXJ+n"J�_opXJ+_o\�J8]/�

λ
]/_

R
�

k��aW�]j_H]/YgJ;Y[Eob�YtpX^HJ�Y[]�YgEHJFb/{oW�J+_o\�J�]i�o`�_cY[J�fg�3J�f[J�_o\�J�W
λ
pX]VJ�W�_o]iY$pXJ+n"J�_op
]/_	Y[EHJ¤fgJ+��bzU�nofg]/Yg]X\�]/�

Y[Eob�Y�`aWF^oWgJ+p �

� � � � � � � ¾ ¹ �6¹ � ¾ ¹ � � ¹*½�' � � � ¹ � »$c ¹V¹ ��� � ( & �Q� ¹ �
ª�J�Y {τ(n)}n

{"J�YgEHJ8`�_cYgJ+f�§³IKJ�J�Yg`�_H~MY[`�IKJ+W�{"J�YZ��J�J+_CYZ��]K~/`�y/J�_C_o]XpXJ+W+�tD�]K\dEHJ+\d�¦YgEoJ8b/W[Wg^HIKnXYg`�]/_
Y[Eob�YKY[EHJ�f[yVW {τ(n)}n

bif[JCI
^HYg^ob/����U`�_opXJ+n"J�_opXJ+_cYBfgyXW+¬;��J�Eob�y/J�^oW�J�pY[EHJ?�3]/����]z��`�_H~·\��ab/W[W�`a\�b/�
J�WZY[`�I¦b�Y[]/fF�3]/fFYgEoJ	bi^XY[]i§¡\�]/f[fgJ��ab�Yg`�]/_B�3^H_o\�Yg`�]/_�]/� {τ(n)}n

ρm(h) =
γm(h)

γ0(h)
, h ≥ 0,

��EHJ+fgJ

γm(h) :=
1

m

m−h
∑

n=1

(

τ(n + h) − τ̂ (m)
) (

τ(n) − τ̂ (m)
)

`aWPb/_=J+W�Yg`�I¦b�Yg]cf�]/�;YgEHJ¦b/^XYg]/§³\�]zyibifg`�bi_o\�J	�3^H_o\�Yg`�]/_®¬���`�YgE
τ̂ (m) = (1/m)

∑m
n=1 τ(n)

YgEHJ¦W[biIKnH��J
IKJ+b/_C�3]/f

m
]/{oWgJ�f[y�biYg`�]/_oW+�

��� 0����
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 �zv

�³�®YgEoJjf[yXW {τ(n)}n
bif[J�I
^XY[^obi����U¦`�_opHJ�n"J�_opHJ�_cYFYgEHJ+_BY[EHJ�`�fFb/^XYg]H\�]/f[fgJ��ab�Yg`�]/_K�3^H_o\�Yg`�]/_C`aW�JI�-^ob/�

Y[]/-�J+fg]M�3]cf�bi���
h ≥ 1

�
DFEHJ?IKb/nHnH`�_H~

h → ρm(h)
\�]/f[f[J+Wgn"]/_opX`�_H~@Y[]�Y[EHJ�m�b/_opX]/I ¶·bzU-n"]c`�_-Y¦O@]/{H`���`�YZU�O�]XpXJ+�F`�W

nH��]iYgYgJ�p�`�_(¯�`�~/^ofgJ=s·�3]/f
m = 100, 000

bi_op
R = 0.25km

� DFEHJ=bi^HYg]X\�]/f[fgJ��ab�Yg`�]/_ �3^H_o\´Y[`�]c_oW
\�]/f[fgJ+Wgn"]/_opX`�_H~·Yg]�]iYgEoJ�f y�b/��^oJ+WB]i�

R
�
R = 0.05km

¬
R = 0.1km

�Bbi_£p �z]cfKY[] Y[EHJ=m�b/_opX]cI
µj`�f[J+\�Yg`�]/_=O�]/{H`���`±YZU@O�]HpXJ��¥bi_£p?Y[EHJMm�b/_opX]/I ¶·b/���/J+f�O�]/{H`���`±YZU@O�]HpXJ��¥b/fgJ	_H]iY�pH`�WgnH�ab�U/J�p@W�`�_o\�J
Y[EHJ�U b/fgJ�`apXJ+_cYg`a\�b/�jY[]�Y[EHJ�fgJ�W�^H��Y[WC`�_(¯¥`�~/^Hf[J·sX�«¯ofg]cI YgEHJ�W�J�fgJ�W�^o�±YdWC��J�\�]/_o\���^opXJ=YgEobiYCY[EHJ
bcWgWg^HIKnXYg`�]/_*YgEobiYjY[EHJ�`�_-YgJ�fg§³I�J+J�Y[`�_H~ Y[`�IKJ+W�{"J�YZ��J+J�_*YZ��]C_o]XpXJ+W�b/fgJ
I
^XY[^obi����U@`�_opHJ�n"J�_opHJ�_cY8fgyXW
`aW�b�f[J+bcW�]c_obi{H��J�b/W[Wg^HIKnXYg`�]/_®�

�¡_ \�]c_o\���^oW�`�]c_®¬®YgEoJ¦f[J+Wg^H�±YdW8fgJ+n"]/fgYgJ+p=`�_SVJ�\´Yg`�]/_£W	uH� uH� �Kb/_op·uH� uH�ÅwCy�bi��`apHb�Y[J�YgEHJ b/W[Wg^HIKnXYg`�]/_
Y[Eob�Y
YgEHJ IKJ�J�Y[`�_H~@Yg`�IKJBnofg]X\�J+W[WP{"J�Y¡�¤J�J�_ Y¡�¤]*~/`�y/J�_·_o]XpXJ+W	`aW
b*e�]c`�W[W�]c_·nHf[]X\�J�WgWP�3]/fMbi���6YgEofgJ+J
IK]/{o`���`±YZU¦IK]XpXJ+��WFbi_opB�3]/fFWgI¦bi���£Y[]MIK]XpHJ�f[biYgJ�\�]cI�I
^o_H`�\+b�Y[`�]c_Bfdb/pH`�`$�9��`±Y[ECf[J+Wgn"J+\�Y�Yg]MYgEHJPWg` -�Jj]/�
Y[EHJ	bif[J+bM`�_���EH`a\[E?YgEoJP_o]XpXJ+WFIK]�y/J����
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¯¥`�~/^Hf[J;sX�®k�^XY[]X\�]cfgf[J��ab�Y[`�]c_��3^H_o\�Yg`�]/_8]i�X`�_-YgJ�fg§³I�J+J�Y[`�_H~FY[`�I�J�W �3]/f Y[EHJ;m�bi_£pX]/I(¶�bzUVn"]/`�_cY¥O�]/{H`���`±YZU
O�]HpXJ�� ��`�Y[E

R = 0.25km

����� ����� � 	 � � #  � � � � ����� �'& ��
¯o]/f�Y[EHJ8YgEofgJ+J8IK]/{H`���`±YZUCIK]XpXJ+��W�`�_cYgf[]XpX^o\�J+p?`�_�SVJ+\�Yg`�]/_*uH� �	bi_op?� ]cf�Y[EHf[J�J	\�]/IKI
^H_H`a\�biYg`�]/_�fdb/pX`�`
�
R = 0.05km

¬
0.1km

¬
0.25km

�´¬$¯�`�~/^ofgJ�W 
i§ZvCpX`�WgnH�ab�U*YgEHJBJ�©Xn"J+\´Y[J+p�IKJ+W[Wgb/~/JKpXJ��abzUXW�]c{XY[b/`�_HJ+p
{"]/YgE¦YgEHf[]/^H~cEBW�`�I
^H�ab�Yg`�]/_£W;bi_£pK{-U�YgEHJ�bi_ob/��U-Y[`�\+bi�oI�]HpXJ��"b/W�bP�3^H_o\�Yg`�]/_ ]i�0Y[EHJ�_V^HI
{"J�f�]/� _H]HpXJ+W+�
m�J�W�^H��YdW¦�3]cfBYgEHJ�Y¡��]/§�Eo]/n �9fgJ�W�n�� ^H_ofgJ�WZY[fg`a\´Y[J+po�¦fgJ+��bzU�nofg]/Yg]X\�]/��bif[J@~c`�y/J+_�`�_�¯¥`�~c^HfgJ 
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P (NU = i) = 1/39 = 0.0256
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i = 1, . . . , 39
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�M`aW���J+����binHnofg]z©X`�I¦b�Y[J+p{-U�b��c^£b/pXfdb�Y[`�\B�3^H_o\�Yg`�]/_ ]i��Y[EHJ
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��DFEH`�WBbinonHfg]z©X`�I¦biYg`�]/_�`aW¦y�bi��`ap²bcWK��]c_H~ b/W
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`�W¦_H]iY �¡Y[]V]·��b/fg~cJ �C��`±Y[E

f[J+Wgn"J+\´YFY[]�YgEoJ	W�` -�JP]/��YgEHJ	b/fgJ�b
`�_���EH`�\dECY[EHJ8_H]XpHJ+WFIK]zy/Jc�
Nj_�YgEHJ¦]iY[EHJ�fPE£bi_op ¬���EHJ�_=YgEoJK_-^HI
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et^XY�Y[`�_o~KY[EHJ+WgJ�YZ��]K]c{oWgJ�f[y�b�Y[`�]/_£W;Yg]c~/J�YgEHJ�f�¬XUV`�J+��pHW

λ = O(R2(N)),

��EHJ+fgJ
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¬0YgEHJMY[f[b/_oWgI�`aW[W�`�]/_*f[b/_H~/J	�3]cfPb _HJ�YZ��]cfg����`�YgE
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N
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√
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Wg]@Y[Eob�YMY[EHJCJ�©Xn"J+\�YgJ+pI�J�WgW[bi~cJ

pXJ+��bzU `�W O(1)
bcW¤Y[EHJ8_V^HI
{"J�f�]/�¥_o]XpXJ+W�{"J+\�]/IKJ+W���b/fg~cJ/�6¯H]cfFYgEoJPYZ��]i§³EH]cnCf[J��abzUBnHf[]iYg]H\�]/�0YgEH`aW�`aW

bc\[EH`�J�y/J�pM��EHJ�_
R(N) = O(N1/4)

¬/��EHJ+fgJ�b/W¥�3]/ftYgEHJ�^H_Hf[J+W�Ygf[`a\´YgJ�pMf[J��ab�U	nHf[]iY[]X\�]c�-Y[EH`�W6`aW6b/\dEH`�J+y/J+p
��EHJ+_

R(N) = O(
√

log(N)/N)
�
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� � 
���¤I� ���B
�

�¡_YgEH`aWMnobin"J+f
�¤J Eobzy/JB`�_-Ygf[]XpX^o\�J�pb�W�`�IKnH��J?W�Yg]X\dEob/W�Yg`a\¦IK]XpXJ+�;Y[]=\[E£bifdb/\´Y[J�f[`�-+JKYgEoJCpHJ��ab�U�`�_X§
\�^Hfgf[J+p·{VU·b*IKJ+W[W[bi~/JB`�_�b*IK]/{H`���J?b/p EH]X\B_HJ�YZ��]cfg�0��DFEHJCIK]XpXJ��¤Eob/W	YZ��]�`�_HnH^XY�n£bifdbiIKJ�Y[J�fdW�¬
Y[EHJ�_V^HI
{"J�fF]/��_o]XpXJ+W+¬Xbi_opBYgEoJ�`�_cYgJ+_oWg`±YZUB]i�¥b	¢o_o`±Y[J�_V^HI
{"J�f�]i��`�_opXJ+n"J�_opHJ�_cY�b/_op EH]/IK]/~cJ�_HJ+]/^oW
e¥]/`aWgWg]/_BnHf[]X\�J+W[W�J�W��¥DFEHJ�W�JjnHf[]X\�J+WgWgJ+W;IK]XpXJ��0`�_oW�Y[b/_o\�J�W¤b�Y¤��EH`a\dECbi_VUKnobi`�f¤]i��_H]XpXJ�W¤\�]/IKJj��`�YgEH`�_
Y[f[b/_oW�IK`aWgWg`�]/_@fdbi_H~cJ	]i�;]/_HJ�bi_H]/YgEHJ+f+��DFEoJ�ª�SXD ]i�6YgEHJ�I�J�WgW[bi~cJ
pXJ��abzU/¬ bi_op@YgEHJKpX`aWZY[fg`�{H^XY[`�]c_*]/�
Y[EHJP_-^HI
{"J+f�]i�$\�]/no`�J�W¤]i��Y[EHJPIKJ+W[W[bi~/J�biY¤Y[EHJ�Y[`�IKJ�Y[EHJPIKJ+W[W[bi~/Jj`aW�pXJ���`�y/J�f[J+pBYg]�YgEHJ	pXJ+W�Yg`�_ob�Y[`�]c_
_H]HpXJ/¬0Eobzy/J
{"J�J+_=pXJ�f[`�y/J+p��3]cf�YZ��]CfgJ+��bzU?nHf[]iY[]X\�]c��W+�¤YgEHJMY¡�¤]i§�Eo]/n*f[J��ab�U?nHf[]iY[]X\�]c��b/_op�Y[EHJM^o_HfgJ�§
W�Ygf[`�\�YgJ�p�fgJ+��bzU�nHf[]iY[]X\�]c���	DFEoJ+WgJKbi_ob/��U-Yg`a\�b/�¥f[J+Wg^H�±YdW�Eobzy/JM{"J+J�_·\�]/IKnob/fgJ�p@Yg]�Wg`�I
^H��biYg`�]/_=f[J+Wg^H�±YdW
]c{XY[b/`�_HJ�p��3]cf6Y[EHfgJ+JjpX`T10J�f[J�_-Y�IK]c{H`���`�Y¡UKIK]XpXJ��aW+��Y[EHJjm�b/_opX]cI�¶�bzUVn"]/`�_cY�¬/Y[EHJjm�bi_opX]cI µ�`�f[J+\´Y[`�]c_
b/_op�YgEHJ�m�bi_£pX]/I ¶·bi���/J�fPO�]/{o`���`�Y¡U*O�]XpXJ+��W+��¯o]/f�W�I¦b/����Y[] I�]HpXJ�fdb�Y[J8Ygfdbi_oWgIK`�W[W�`�]c_�f[bcpX`�`��9��`±Y[E
f[J+Wgn"J+\´YtY[]PYgEHJ�Wg` -�J�]i�"Y[EHJ�bif[J+b-�´¬�Y[EHJ�bi_ob/��U-Y[`�\+bi�Xf[J+Wg^H��Y[W6bif[JFy/J+fgUM\���]cWgJFYg]PY[EHJ�W�`�I
^H�ab�Y[`�]c_�f[J+Wg^H��Y[W+�
¶=J�{"J���`�J�y/J¤Y[Eob�YtY[EH`�Wt~cJ�_HJ+fg`a\�IK]XpXJ+�H\+bi_�{"JF^oWgJ+pMYg]PJ+y�bi��^obiYgJFb/_op�\�]/IKnobif[J�YgEHJ�n"J+f��3]cfgI¦bi_£\�J

]/�$pX`T10J�f[J�_-Y�fg]c^XYg`�_H~KnHfg]/Yg]X\�]/�aW;�3]cf�O@k�xjl6D��3]cf�b���`�pHJPfdbi_H~cJ�]i�¥IK]/{H`���`±YZU IK]XpXJ��aW+�

��� ����� ���=	

#�¹ � �·� ��� � 6[>*ADC[> �J@
N

N
∑

i=1

i2N !

(N − i)!N i
= N3/2

√

π

2
+ O(N).

� �zv/�

� � ½®½�'/�Fµ�J�¢o_HJ
A(N) :=

∑N
i=1

i2N !
(N−i)!Ni

�
�³��`�YK��J+fgJC_H]/YM�3]cfMYgEHJ?nofgJ�W�J+_o\�JC]i��Y[EHJC�9b/\�Yg]cf

i2
`�_

A(N)
¬6YgEHJ+_�YgEH`aW �-^obi_-Yg`�Y¡U �¤]/^H�ap{"J

Y[EHJCm�biI¦bi_V^�h�bi_���§¡pX`aWZY[fg`�{H^XY[`�]c_ � �+uX¬$nob/~/J �*' '2��¬¥b/��Wg]@�V_H]���_b/W8YgEHJ {o`�fgYgEopob�U=�3^H_o\´Y[`�]c_®�*DFEo`�W
�3^H_o\�Yg`�]/_�]/� YgJ�_@WgEH]z��WF^Hn�`�_CY[EHJ	bi_ob/��UXWg`�W¤]/�$bi��~/]cfg`�YgEHI¦W+�
DFEHJ	pXJ�f[`�y�b�Y[`�]c_C]/��Y[EHJ	b/nHnHf[]�©X`�I¦b�Yg`�]/_�� �zvi���3]/����]z��WFYgEobiY�]i�¥YgEHJ
m�biI¦b/_-^�h�b/_���§¡pX`�W�Ygf[`�{H^XYg`�]c_

b/nHnHfg]z©X`�IKbiYg`�]/_(� �+uH¬oetfg]cn"]cWg`±Y[`�]c_C}o� '��³�$¶=J8_H]��(]/^XY[��`�_HJ8`±Y��
ª®J�Y

i0 := bN3/5c �6DFEH`aW�`�IKnH��`�J�WFYgEobiY i20/N → ∞ bcW
N → ∞ b/_op

i0 = o(N2/3)
�t¶�JPE£b�y/J

A(N) =

i0
∑

i=1

i2N !

(N − i)!N i
+ B(N),

��`�YgE
B(N) :=

∑N
i=i0+1

i2N !
(N−i)!Ni

�
B(N)

`aWPb/_=J�©Xn"]c_HJ�_-Yg`abi����U�W�I¦bi���$�3^H_o\´Y[`�]c_�]/�
N
¬®`�_=YgEHJBW�J+_oW�J�YgEobiY

B(N)
`aW O(1/Na)

�3]cf
b/_-U

a > 0
��DFEHJ	nHf[]V]i�$]/�¥Y[EH`�W�f[J+Wg^H��Y�~c]VJ+W�bcWF�3]/����]z��W+� �³Yj`�W�WgEH]���_�`�_�YgEoJ	nHf[]V]/�¥]/�te6fg]cn"]cWg`±Y[`�]c_

}£� '`�_ ����u ��YgE£b�Y
C(N) :=

∑N
i=i0+1

N !
(N−i)!Ni

`aWCb/_ J�©Xn"]/_HJ+_cYg`ab/����U�W�I¦b/��� �-^ob/_cY[`±YZU/�«Nj_�Y[EHJ
]/YgEHJ+f8Eobi_op ¬

B(N) ≤ N2C(N)
¬��3fg]cI¨��EH`a\[E·��JB\�]c_o\���^opXJ�Y[Eob�Y

B(N)
`aW8J�©Xn"]/_HJ+_cYg`ab/����U�W�I¦b/���

Wg`�_£\�J	YgEoJMnHfg]XpH^o\´Yj]/�;bi_*J�©Xn"]/_HJ+_cY[`�b/����U�W�I¦b/�����-^ob/_cY[`±YZU@bi_op*b/_-U?n"]c��UV_H]cIK`�b/��`�_
N
f[J�I¦bi`�_oW�b/_

J�©Vn"]c_HJ�_-Yg`abi����U WgI¦bi��� �-^obi_-Yg`�Y¡U(� �+uH¬Hlt©XJ�fd\�`a\�JP}o� �+|o¬Vn®� ��s '��³�

��� 0����
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DFEHJ�f[J��3]/f[J/¬

A(N) =

i0
∑

i=1

i2N !

(N − i)!N i
+ ∆(N),

��EHJ+fgJ
∆(N)

fgJ+nHfgJ�W�J+_cY[W�bM�3^H_o\´Y[`�]/_���EH`a\[E�`aWFJ�©Xn"]c_HJ�_-Yg`abi����U WgI¦bi���&�
¯H]/f�b/_-UB`�_cY[J�~cJ�f

i
Y[Eob�Y�`aW

o(N2/3)
`±Y�`aW�WgEH]���_C`�_ ����uX¬oetf[]/n"]cWg`�Yg`�]/_C}o� }2� Y[Eob�Y

N !

(N − i)!N i
=e−i2/(2N)

(

1 + O
( i

N

)

+ O
( i3

N2

)

)

.
� ��'-�

SV`�_£\�J
i = o(N2/3)

��EHJ�_oJ�y/J�f
1 ≤ i ≤ i0

¬H��J	pXJ+pX^o\�JP�3fg]cI�� ��'c�;Y[Eob�Y

A(N) =

i0
∑

i=1

i2e−i2/(2N)

(

1 + O
( i

N

)

+ O
( i3

N2

)

)

+ ∆(N).

�¤U
binHno��UV`�_H~jYgEHJ�lt^H��J�fg§¡O*b/\�ª�bi^Hf[`�_
Wg^HIKI¦b�Y[`�]c_�� �+uX¬cetf[]/n"]cWg`�Yg`�]/_
}£� w��VYg]�YgEoJ¤�3^H_o\�Yg`�]/_oW
x3e−x2/2

b/_op
x5e−x2/2 ��J�¢£_opCYgEobiY
�9WgJ�J/� �+uH¬Hlt©VJ+f[\�`�\�JP}o� ��� �3]/f�Wg`�IK`��abif�fgJ�W�^H��Y[Wd�

i0
∑

i=1

i2e−i2/(2N)O
( i

N

)

= O(N)

b/_op
i0

∑

i=1

i2e−i2/(2N)O
( i3

N2

)

= O(N),

f[J+Wgn"J+\´Y[`�ycJ���U/�t��J�_£\�J/¬

A(N) =

i0
∑

i=1

i2e−i2/(2N) + O(N).
� ���-�

�¤UC_H]/Yg`�_H~¦YgEobiY
i2e−i2/(2N) `aW�J�©Xn"]/_oJ�_cY[`�b/����U?W�I¦b/���®�3]/f i > i0

��J
\�b/_@bcpHp@bi���®YgJ�f[I¦W��3]/f
i > i0`�_cY[]�Y[EHJ8f+� E®� W��t]i�F� �*�c��¬X��EH`a\[E�~/`�y/J+W

A(N) =
∑

i≥1

i2e−i2/(2N) + O(N).
��wi|-�

DFEHJ�bi{"]�y/J;W�^HIKI¦b�Y[`�]c_8`aW Y[EHJ�Wg^HIKIKbiYg`�]/_8]/�VYgEoJ6�3^H_o\´Y[`�]c_
Nx2e−x2/2 biY�f[J�~c^H��b/fg��UjW�nobc\�J�p�n"]c`�_-Y[W��`�YgE?WZY[J�n

1/
√

N
�6k�_H]/YgEHJ+fFbinHnH��`a\�b�Y[`�]c_B]i�®YgEHJPlt^H��J�fg§¡O*b/\�ª�bi^Hf[`�_K�3]/f[I
^H��b ����uX¬Xetf[]/n"]-W�`�Yg`�]/_B}o�Åw �

0�0 Ë21�3547698
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UV`�J��apHW

∑

i≥1

i2e−i2/(2N) =N3/2

∫ ∞

0

x2e−x2/2dx + O(N)

=N3/2

√

π

2
+ O(N),

��w �z�

Wg]MY[Eob�Y

A(N) = N3/2

√

π

2
+ O(N)

�3f[]/I°�&wi|-�¤bi_op·�&w �z�´¬X��Eo`�\dE�\�]/_o\���^£pXJ+W¤Y[EHJ8nHfg]X]i��]i��Y[EHJ8��J�IKI¦bH�

� ����� �������¤���

� �7�	x	� �Fbi_oW[bi�;bi_£p��¥��ª�`�^��*L¤binobc\�`�Y¡Uc¬¥pXJ��abzU=b/_op·I�]c{H`���`�YZU=`�_ ��`�f[J���J+W[W	b/pV§³EH]X\K_HJ�YZ��]cfg�XW+� �¡_
� > 6IH 0 6 ��� � � ���OM*�26IH=69X � � � �i¬0SXb/_�¯Hfdbi_oWg`aWg\�]o¬oL¤k	¬ok�nHfg`�� ��§¡uKwi|c|/uH�

�Åw �MLj� �¤J�YgY[W�YgJ�Y�Y[J�f���O�]c{H`���`�Y¡UCIK]XpXJ���`�_H~K`�_���`�fgJ+��J�WgWF_HJ�Y¡�¤]/f[�VW+��L¤b�YgJ+~/]cfg` -+b�Yg`�]/_®¬HW�IK]V]/YgE?IK]�y/J�§
IKJ�_cY�¬Bbi_opq{"]/fdpXJ�f�J210J+\�Y[W+� ��� � �-6 #OP\A�@	� 69X,<FK&3.P\M � C9M_R
� 69X(X K&MFPQH$C[3%PQ6[M#N VW@��!P @B5t¬
sH�&uc��� scs*. 
-vV¬��i^H��UCw/|/|��/�

� u��MLj� �¤J�YgY[W�YgJ�Y�Y[J�f�b/_op=Lj�£¶·bi~/_oJ�f+��DFEHJMW�n£b�Yg`abi��_H]XpXJMpX`aW�Ygf[`�{H^HYg`�]/_*]i�tYgEHJMfdbi_opX]cI �¤bzUVn"]/`�_cY
IK]/{H`���`±YZU@I�]HpXJ���� � > 6IH 0 � P\>=NO3 � @B>OX C[M Y(69>=a!N$:&6=< �-6$#2P\AD@�69M��WR[8 ��6IH�� @23.5769>=a!N ��Y �����
� ��� �
�z¬£nob/~/J+WF}��7.Xs2'H¬HO@bifd\[E@w/s�§¡w 
Mw/|/|-wX�

� }2��H� ��f[]X\dE®¬XµM�£O@bi��Y -c¬HµM���i]cEH_oW�]c_®¬���� §�Lj�H��^®¬obi_op��o���iJ�Y[\dEHJ�yibH�tO�^H��Yg`�§³EH]/n?��`�fgJ+��J�WgW�b/p Eo]X\
_HJ�YZ��]cfg��f[]/^XY[`�_H~ nofg]/Yg]X\�]/�aW�� �¡_ � > 6IH 0 6 ���� � �-6$#2P�� 6[X � ���/¬®nob/~/J+W 'cs .,�-vV¬0µ�bi����bcW�¬ D��M¬
N�\´Y[]/{"J�f�w/s�§³uc|%�*� �$'H�

�Ås �8¶ � ¯HJ�����J�f�� �,M��OMF3%> 6IR[K H23.PQ69M 3G6�� > 6 # C #OP\ATP\3.E 
 : @=69>OESC9MUR P'3%N � <J<FA PQH=C93.PQ69M N´��i]cEH_*¶�`���J+U��
SV]/_£W�¬ �¡_£\i��¬ ���cs/|H�

� 
��	m8����f[]VJ�_oJ�y/J���Y+¬Hl��ok��±Y[IKb/_®¬ob/_op?e¥�£x�bi`�_®�6m�J��ab�UV`�_H~�`�_�I�]c{H`���J	b/pCEH]H\�_HJ�YZ��]/f[�XW+� �¡_ � > 6IH 06 �LY(69>=a!N=: 6O< 6[M��-6IR0@BA P\M,�4C9MUR���<_3%P\X(P��IC[3%PQ6[M P\M��-6$#2P\AD@ . �WR � 6IH(C9M_R Y P\> @2AD@2N=N�� @23.5769>=a!N
��Y�P���<F3 � � ����¬ (! K¬£O@b/f[\dE�wi|c|i}£�

�Öv*�	m8�"��^#�+fg`�_®� L�Eobi_H_oJ���]X\�\�^onobi_o\�U Y[`�I�J�pH`�W�Ygf[`�{o^XYg`�]/_�`�_ b \�J+����^H�abifBf[bcpX`�] W�UXW�YgJ+I?�#� � � �

&> C9M NBC0HB3%PQ6[M#N 69M%$F@2:JPQHBK&ADC9> 
 @=HO: M_6[AD6 �0E�¬"u 
H� ' ��. � �H¬Xk�^H~c^oWZY����$'-vX�

� '��	µM� ���&�i]cEH_oWg]/_�b/_op�µM�"k	�"O*bi��Y -/�FµjU-_£biIK`�\	Wg]/^Hfd\�J8fg]c^XYg`�_H~¦`�_@bcp?EH]X\8��`�f[J���J+W[W�_HJ�YZ��]/f[�XW��
�¡_ �¡IK`�J+��`�_oWg�-`jb/_op' �]/fgYgE®¬FJ+pX`�Yg]cf[W+¬	�-6 #OP\AD@(� 69X,<FK&3.P\M �/¬�y/]c��^HIKJ�ucs/uH�) P��^-�¤J�f k�\�b/pHJ�IK`�\
et^H{H��`aW�EoJ�f[W+¬ ���$� 
H�

��� 0����



�-@2N$NBC��J@ ] @BADC[E�P\M������	��
 w/s

� ��� �M�®ª®`6bi_£p=µM�®m�^oW��¦SVJ�_£pX`�_o~�I�J�WgW[bi~cJ+W�Y[]?IK]/{o`���J�^£W�J+f[W�`�_·pX`aWg\�]/_H_HJ�\´YgJ�p=bcpV§�Eo]X\
��`�fgJ+��J�WgW
_HJ�YZ��]cfg�XW+� �¡_ � > 6IH 0�� 3%:)��� � �-6$#2P�� 6[XM¬ �¤]cW�Yg]c_®¬oO@k	¬ok�^H~/^£WZY 
�§9� �8wi|/|c|H�

� �+|2�8µM��x�b/`�_®¬�x
��e�J�Yg`�~cbifdbH¬�b/_op��	� �Fbi�ibi�Vfg`aW�EH_£bi_®���¡_cY[J�~cf[biYgJ+p�f[]/^HYg`�_H~�b/_op�WZY[]/fdbi~cJ
�3]/f8IKJ+W�§
W[bi~/`�_H~KbinHnH��`a\�b�Y[`�]c_oW¤`�_?IK]c{H`���J8b/pCEH]H\j_oJ�YZ��]/f[�XW�� �¡_ � > 6IH 0 6 �LY(69>=a!N=: 6=< 6[M��-6IR0@BA P\M,�4C9MUR
��<F3.P\X P��!C93.PQ69M-P\M �-6$#2P\AD@ . �WR ��6IH C9M_R Y�P\> @BAD@2N$N�� @23.5769>=a!N ��Y�P���<_3 � � ����¬£SV]/noEH`�b�k�_-Yg`�n"]/��`�W+¬
¯Hfdbi_£\�J/¬oO@b/f[\dE�w/|/|cuH�¥D�]¦binHn"J�bif�`�_*O�N�x�l;DP�

� � � �8e¥��xjbi`�_®¬¥µM��D�]z��Wg��J+U/¬ ����ª®`�^®¬¥b/_op��¥��ª®`�^®�Cetf[]/n"J+f�Y[`�J�WP]/�¤fdbi_£pX]/I°pX`�fgJ�\´Yg`�]/_·IK]XpXJ��aW+�%�¡_
� > 6IH 0 6 ��� � � ���OM*�26IH=69X � � ����¬0O�`abiIK`�¬H¯$ª6¬£O*bifd\[E �+u�§9�zv
w/|/|csH�

� ��w��P¶ ��x�bzyV`�pX`;bi_op�DP��L¤b/IKn®�¦S-Ydb�Y[`�]c_obif[U*pX`aWZY[fg`�{H^XY[`�]c_oW��3]/fPY[EHJKfdbi_opH]/IR�Fb�UVn"]/`�_cY8IK]/{H`���`±YZU
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