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r_tuw]w]`�r�n�x§�kx°nµj��]}ptu��`_}�n�x§`ql(tu¨�n�[]`,w�`0no£3tu}p®©£�x°¦§¦2�m`_�{}pz{�m`e£�x°n�[@}�`�l¤��`�r�n�n�t#n�[]`,x§w��m`_��`qw��m`qw{n´r_zul�`u³
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Z�[]xylR�]}p`_�u`qw{n�l
¨ª}ptu^
z��mx§}�`�r�n<z��]��¦°xyr_z�n�x§tuw«tu¨�z�lonptmr�[�zul¤n�xyr��u`qtu^#`0np}�jIzu�]�]}�tFzur�[Â³   w«n�[�`#¨ªt{¦°¦§tN£�x§w]�*¯2£3`�£�x§¦°¦�[]tU£3`_�u`q}
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Pcov = 1 − PI .
$ *�6

  w9r_zul�` N xyl,z�^#tu}p`��{`_w]`q}pzu¦
�*t{x§w{n��]}�t]r0`qlpl�$Tl¤npz�n�x§tuw�zu}�j�`q}��{tm�mxyr 6�¯¸np[]`#nµ£(t �Fv�z�wFn�x°n�x§`ql�r_z�w«��`
}p`_¦yzUnp`q���kj�^#`qz�w*l�t�¨
z�|�z�¦§^ x°wk�u`_}�l¤x§tuw�¨ªt{}�^<v�¦§z (Å�3*:,â³
=�w]t�np[]`_},x§w{n�`q}�`�lonpx°w���^#`qzuw]x°w���t�¨

PI

xylen�[�z�nq¯2x°w«n�[]`#¦§x§^#x¬n
λ → +∞ ¯ PI

r_tuwF�u`q}��{`ql�n�t�'q`_}�t@zUn
np[]`�l�zu^#`�}pz�n�`#zUn·£�[�x§r�[²n�[]`#�]}ptu�*z��]x§¦°x°noj�t�¨3[�zN�kx§w]��t{w]`�x§w3$�w]x°n�`©r0t{w]w]`qr0n�`q�«r0tu^#��t{w]`_wFn·x§wInp[]`
w]`_nµ£(tu}p®<r_tuwk�u`_}p�u`ql.n�t,t{w]` ( �957,â³
�stun�`{¯u[�tN£3`q�u`_}�¯Unp[�zUnRn�[]`�zu}�xyl�x°w]�·t�¨¸zuw#x°w3$*w]x¬np`�r_tu^#��tuw]`qw{n��mtm`ql
w]tun�x§^#�]¦°j�w]`0no£3tu}p®�r0t{w]w]`qr0n�x§�kx¬noj{¯kn�[�`·¦yz�n¤n�`q}�}p` �Fv]x§}�x§w]�#lonp}�t{w]�u`q}�r_tuw��mx°n�x§tuw*l_³
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Z�[]`��]`0n�`q}�^#x§w]xylonpx§r@rqzul�`�£�x§¦§¦���`@v�l�`q�¸¯3x§wYn�[�`�¨ªtu¦§¦§tN£�x§w]��¯(zul#z«}�`_¨ª`_}p`_w�r_`�npt9l¤[]tU£!n�[]`�x°^#��z{r�n
tu¨�n�[]`©rp[�zuw]w]`_¦�}�z�w��]tu^#w]`qlpl´x§w��mv�r_`q�²�kj�n�[]`©l¤[�z{�mtU£�x°w]�@z�w���¨Tz{�mx§w]���][�`_w]t{^�`qw�z]³   wInp[]`�r_z{l¤`
tu¨,z9�m`0np`_}p^#x°w]xyl¤n�xyr�rp[�zuw]w]`_¦�^#tm�m`q¦G¯(np[]`_}p`�` "mx§l¤n�z9�]`0n�`q}�^#x§w]xylonpx§r��mxyl¤npz�w*r0`

R
$ª}p`0¨ª`q}�}p`q�Yn�t*¯�x°w

np[]`b¨ªtu¦§¦§tN£�x§w]��¯Âzul�np[]`�"�r0tu^#^<v]w�x§rqzUn�x§tuwI}�z�w]�{`+#�6�¯Ml�t�np[�zUn,z�w]tm�m`�x§l·z���¦°`bn�t@r0t{^�^<v]w�x§rqzUn�`�£�x°n�[
zu¦°¦(n�[]`�w�tm�m`ql�¦°jkx§w]�²£�x°n�[]x§w �mxyl¤npz�w*r0`

R
³¢Z�[]`@l�x°�{w�z�¦¬{nptUFw]tuxyl¤`�}pz�n�x§t $Gh]��� 6bx§wY�]}�`�l¤`qw�r0`�tu¨´z

np}pzuw�l¤^#x°n¤np`_}¤F}p`qr0`qx°�u`_}��mxyl¤npz�w*r0`·tu¨
r
xyl��ux§�u`_w��Fj�F

γ(r) =
Ptxl(r)

W
,

$D�-6

£�[]`q}�`(x°wbn�[]xyl�r_zul�`
l(r) = Kr−α

³
Z�[]`�r0t{^#^<v]w]xyr_zUnpx°t{w<}�z�w]�{`�^�zNj,��`�r0t{^���vmn�`��bzul�n�[]`��mxylon�z�w�r_`
z�n�£�[]xyrp[�n�[]`<h]���J¨Tz�¦§¦yl���`_¦§tU£Wnp[]`·n�[]}p`ql�[]tu¦y�

Ψ
³RZ�[Fv*l_¯]£3`,�u`0n�F

R =

(

KPtx

WΨ

)
1
α

.
$G�+6

Z�[]xyl�xyl�x§w��m`q`q�@z�r_¦§z{l�l�xyr_z�¦ ;(tkt{¦°`�z�w�^#tm�m`q¦¸£�x°n�[��m`0np`_}p^�x§w]xylonpxyr�$Tr_x°}�r0v�¦§zu} 63l�[�zu��`qlq¯mzuw���n�[]`,w]t]�m`
xyl¤t{¦§z�n�x§tuw��]}ptu��zu�]x§¦°x°noj�xyl��ux§�u`_w��Fj�F

PI = e−λπR2

= e−λπ(KPtx
WΨ )

2
α

.
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r
¯sn�t¥��`«�m`�l�r_}�x§��`q� �Fj z¢��}�t{��z��]x§¦§x¬noj

�m`qw�l¤x°noje¨ªv]w*r�n�x§tuw�$ª�M�k¨ 6
fl|r(·|·)

¯Ut{}q¯N` �Fv]x§�Uzu¦°`qw{np¦°j{¯N�Fj·n�[�`(r0t{}�}p`ql���tuw��mx§w]��r0v]^<v]¦yzUnpx§�u`3�]x§l¤n�}px§�]vmn�x§tuw
¨ªv]w�r0n�x§tuw

Fl|r(·|·)
³�E«`��m`_w]tun�`��Fj

li
n�[�`©¦§t{lpl,t{w±n�[]`���z�n�[9��`_nµ£(`_`_w9n�[]`�x§w{np`_w��m`��¢�m`_�kxyr0`�zuw��

w]t]�m`
i
³ = w]tm�]`·x§l�x§l�tu¦yzUnp`q��x¬¨o¯]¨ªtu}sz�wkj

i
¯mnp[]`<hm��� Ptxli

W

¨Tzu¦°¦yl���`_¦§tN£5n�[]`·np[]}p`ql�[]tu¦y�
Ψ
³

E«`��]`�$�w]`´z,}pzuw��mtu^+�Uzu}�xyz���¦°`
R
¯{£�[�x§r�[�£�x§¦°¦*��`s}p`0¨ª`q}�}p`q�bn�t<z{l�n�[]` ��,! � &'#2=0 � )�
 0 ,/2���) 254���x§w#np[]`

¨ªt{¦°¦§tN£�x§w]�*¯k[*z��kx§w]�#r_v]^<v]¦yzUn�x§�u`��mx§l¤n�}px§�]vmn�x§tuw�¨ªv]w�r�npx°t{w6F

FR(a) = P [γ(a) ≤ Ψ] = P

[

l(a) ≤ WΨ

Ptx

]

= P

[

l(r) ≤ WΨ

Ptx

|r = a

]

= Fl|r

(

WΨ

Ptx

|a
)

.
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  w�n�[]`,^#tu}p`e�{`_w]`q}pzu¦¸r_z{l¤`·£�[]`_}p`
PS|Γ(·) xyl�w]t�n�z#lonp`_��¨óv�w�r�npx°t{wÂ¯]£(`·[�zN�u`9F

FR(a) = 1 −
∫ +∞

0

fl|r

(

Wx

Ptx

|a
)

PS|Γ(x)dx.
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R
³ E«`<z{l�l�v]^#`

0 < E[R2] < +∞ ³sZ�[]`br_zul�`ql E[R2] = 0
z�w*�

E[R2] = +∞ zu}�`3n�}px§�Fxyzu¦mz�w��bt�¨�w]t·x°wFn�`_}p`ql¤n�F�x°wbnp[]`�$*}pl¤n�rqzul�`(tuv]}R�m`_�kxyr0`�x§l��mxylpr0tuw�w]`qr�np`q�b|
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Pn(r)
np[]`b�]}ptu��zu�]x§¦°x°noj�n�[�z�n´np[]`_}p`bzu}�`

n
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r
¨ª}ptu^:n�[�`
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Pn(+∞)
³

Z�[]`#`_�u`_wFn��
n
t{w]`�k[]tu�Iw]`qx°�{[F��tu}�lez�}p`b�]}p`ql�`_w{n·£�x°n�[]x§w±�mxylon�z�w�r0`

(x + δx) � r_zuwI��`#£�}�x°n¤np`_w«zulnp[]`,v]w]x§tuw�tu¨�n�[]}p`_`��mx§lT~otux§w{ns`q�u`_w{n�l $Tv]��n�t#n�[]` $�}�l¤n�tu}��m`_}�x§w
δx
6:F

*u³(np[]`_}p`(zu}�`
n
tuw]`0F[]t{��w]`_x§�u[k��tu}�l2£�x°n�[]x§w��mxyl¤npz�w*r0`

x
zuw���w]tew]tm�m`�l.z�}p`���}�`�l¤`qw{n.x§w<n�[]`�zuwFv]¦§v�l

C(x, x + δx) �

�m³(np[]`_}p`�z�}p`
(n − 1)

t{w]`�k[]tu��w]`qx°�{[F��tu}�l�£�x°n�[]x§w��mx§l¤npzuw�r0`
x
zuw���tuw]`��m`q�Fxyr0`,x§w C(x, x + δx)£�[]xyr�[@r_zuw@r0t{^�^<v]w�x§rqzUn�`,£�x¬np[�n�[]`,x§w{n�`qw��m`���w]tm�m` �

�]³(np[]`_}p`·z�}p`
n
tuw�`�F[]t{�©w�`_x§�u[F��t{}pl3£�x°n�[]x§w��]x§l¤npzuw�r0`

x
z�w���tuw]`·�m`q�Fxyr0`ex§w C(x, x + δx)

£�[]xyr�[
rqz�w]w]tunsr0tu^#^<v]w�x§rqzUn�`,£�x¬np[�np[]`,x§w{n�`qw��m`���w]tm�m`{³

Z�[]`qwÂ¯m¨ªtu¦§¦§tN£�x§w]� (+*q��,2£3`,rqz�w�£�}�x°n�`·¨ªtu}
n ≥ 1

F

Pn(x+ δx) = Pn(x)[1−2πλxδx]+Pn−1(x)2πλxδx[1−FR(x)]+Pn(x)2πλxδxFR(x)+o(δx).$â� 6
¶�tu}

n = 0
¯]£3`,[�z��u` F

P0(x + δx) = P0(x)[1 − 2πλxδx] + P0(x)2πλxδxFR(x) + o(δx).
$ 556

Z.z�®kx§w]�
δx → 0

¯]£3`·�{`0n�F
{

∂Pn(x)
∂x

= 2πλx[1 − FR(x)][Pn−1(x) − Pn(x)], n ≥ 1;
∂P0(x)

∂x
= −2πλx[1 − FR(x)]P0(x).

$G�+6

��tN£,¯]¦°`_n�v*l��]`�$�w]`·np[]`,�u`_w�`_}�zUn�x§w]�b¨ªv]w�r0n�x§tuw@t�¨
Pn(x)

zul�F

Π(x, z) =
+∞
∑

n=0

Pn(x)zn.
$4*q�56
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¶�}�t{^ $T�563£(`·�u`_n�F
∂Π(x, z)

∂x
= 2πλx[1 − FR(x)](z − 1)Π(x, z).

$4* *�6

1�`_w�r0`{¯
∂ ln Π(x, z)

∂x
= 2πλx[1 − FR(x)](z − 1).

$ *��-6
��t�n�x§w]��np[�zUn

Π(0, z) = 1
¯�zuw���[]`_w*r0`

ln Π(0, z) = 0
¯]£3`,�u`_nq¯]x°wFn�`_�{}pz�n�x§w]� $ *��-6�¨ª}ptu^

0
n�t

+∞ F

ln Π(+∞, z) = (z − 1)πλ

+∞
∫

0

2x[1 − FR(x)]dx = (z − 1)πλE[R2].
$4*q�56

  wk�u`_}�n�x§w]��¯{£(`)$�w���n�[�z�n�n�[�`�wkv]^<��`_}(t�¨Âtuw]`0F[]t{�#w]`qx°�{[F��t{}pl�¨ªtu¦§¦§tN£sl3z,|
tuxyl�l�tuw©�mxyl¤n�}px°�]v]n�x§tuw©£�x°n�[
x§w{np`_w�l�x¬noj

πλE[R2]
³ =�lsz#r0tu}ptu¦§¦yz�}�ju¯Fn�[�`·w�tm�m`·xyl¤t{¦§z�n�x§tuw��]}ptu��zu�]x§¦°x°noj�xyl��ux§�u`_w��Fj�F

PI = P0(+∞) = e−λπE[R2].
$4*_�:6

��t�n�`,np[�zUn $ *_�:6�r0t{v]¦§�@��`�}�`_n�}px°`q�u`q��£�x¬np[]tuv]}�}p`ql�tu}�n�x§w]�bnpt©�u`_w]`q}pz�n�x§w]��¨ªv]w�r0n�x§tuwÂ¯*�kj�l�x°^#�]¦§j�x§w{np`�-
�{}pz�n�x§w]�bnp[]`�l�`qr_tuw���` �Fv�zUnpx°t{w�x°w<$T�+60³ =sw�z�¦°n�`q}�w�z�n�x§�u`·^#`0n�[�tm��¨ªtu} $�w��mx§w]��n�[]`�}�`q¦§z�n�x§tuw�l�[]x§� $4*_�:6
xyl�}p`_��t{}¤np`q��x§w�np[]`�z��]��`qw��mx�"M³
Z�[]`·`��{v*zUn�x§tuw�zu��tN�u`e�]}p`q�mxyr�n�l3np[�zUn�t{v]}�l�jkl¤n�`q^!��`_[�zN�u`ql(¦§x§®u`·z ;3tmtu¦§`qz�w�^#tm�m`q¦¸£�x¬np[�` �Fv]x§�Uz�¦§`_wFn
zN�u`_}�z��u`<zu}�`�z

Ŝ = πE[R2]
(Å�3*�,D³<¶]t{}�^<v]¦yz $4*_�:6sxyl´£3t{}¤np[²l¤t{^�`�r_tu^#^#`_w{n�l_³   w*�m`_`��¸¯¸x°n·�]}�`��mxyr�npl

np[�zUn���(=)/2=2����0��)/2 *+,� 2���& &  %)�� (=)���� ) � ��2�� � ��0 )!� 0� ��) ��
 ,/2 2���
 . ,!���C��, 2=2�� ��
 0���0�
�U³�Z�[]xyl�[]t{¦§��l
x°¨2z�w��#t{w]¦°j�x°¨Mnp[]`��][Fjml�x§rqz�¦���[]`_w]t{^�`qw]tuw�£�[�x§r�[�x§w��mv*r0`qlRnp[]`�}pzuw��mt{^�w�`qlpl�¦°`�zu�]l�npt<zuw#x§w�r_}�`q^�`qw{n
x§w�np[]`�l¤`�r0t{w��FFt{}p�m`q}(^�t{^#`_w{nstu¨�n�[]`,}�z�w��]tu^!�Uz�}pxyz��]¦§`

R
³

����� � �	���8�� �D � �  � �� � �$� � � � 
��	� �F��� �����

  w ( ��,�z±l¤`q^�x¬kzuw�z�¦§jFn�xyr_zu¦�z��]�]}pt{z{rp[¥xyl#�]}p`ql�`_wFn�`q�¥¨ªtu}#n�[]`�r0t{^#�]vmnpz�n�x§tuw t�¨´n�[]`�w]tm�m`@x§l�tu¦yz�n�x§tuw
�]}ptu��zu�]x§¦°x°noj�x§w�z<l�[�zu�mtU£�x§w]��`qwF�kx§}�t{w]^�`qw{n�³   w���zu}¤npx§r_v]¦§zu}q¯{n�[]`e�]}�t]r0`q�mv�}�`�x§l3��z{l¤`���tuw©n�[]`·�mxylonp}�x&-
�]vmnpx§tuw�t�¨
n�[�`

k
{np[�w]`qzu}�`�lonsw]`qx°�{[F��t{}��mx§l¤npzuw�r0`�l_¯��]v]n´w]t©r_¦°tFl¤`��F{¨ªt{}�^!¨ªtu}p^<v]¦yz#xylstu�mn�z�x§w]`q�¸³ ;(j

¨ªt{¦°¦§tN£�x§w]�enp[]`���}�tmr_`q�mv]}p`�tuvmnp¦°x§w]`q�#x°w�np[]`���}�`q�Fx§tuv*l�l¤v]��l�`qr0n�x§tuwÂ¯u£(`sz�}p`�z��]¦§`(npt,�u`_nRz,r0¦§t{l�`q�k{¨ªtu}p^
` "k��}�`qlpl�x°t{w#¨ªt{}

PI

¯k¨ª}�t{^ £�[]xyrp[�x°n�x§l(��t{lpl¤x§�]¦§`�n�t�r_¦°`�z�}p¦°j�l¤`q`�n�[]`ex§^#��zur0n(tu¨Ân�[]`·�]xA@M`_}p`_wFn(¨Tzur�nptu}�l_³
�ex§�u`_w�zbn�}�z�w�l�^#x¬n�n�`_}¤F}p`qr_`_x§�u`_}��mx§l¤n�z�w�r0`

ρ
¯mn�[�`·�M�m¨.tu¨�n�[�`,��zUnp[�¦§t{lpl(xyl��{x°�u`qw��kj (&*N��, F

fl|r(a|ρ) =
1√

2πσa
e
− 1

2

(

ln a−ln(Kρ−α)
σ

)2

,
$4*��+6

£�[]`q}�`
σ
¯¸n�[]`#¦§tu�{w]tu}p^�z�¦.l��]}p`qz{�¸¯¸x§len�[]`�l¤npzuw��]zu}p�I�m`q�kx§z�n�x§tuw²t�¨�np[]`'�·z�v�lpl¤xyzuw²�mx§l¤n�}px§�]vmn�x§tuw±�m`�-

lpr0}px°��x°w]��n�[]`�l�[�zu�]tN£�x§w]���][]`qw]tu^#`_w�tuwÂ³
E«`·n�[]`qw�[*z��u` F

E[R2] =

+∞
∫

0

dρ2ρ

[

1 − Fl|r

(

WΨ

Ptx

|ρ
)]

=

+∞
∫

0

dρ2ρ

+∞
∫

WΨ
Ptx

da
1√

2πσa
e
− 1

2

(

ln a−ln(Kρ−α)
σ

)2

.
$4*�/56
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hkv]�*lonpx¬npvmn�x§w]�
x = ln a−ln Kρ−α

σ
=

ln
(

aρα

K

)

σ

¯]£3`·�{`0n�F

E[R2] =

+∞
∫

0

dρ2ρ

+∞
∫

ln(WΨρα

PtxK )
σ

dx
1√
2π

e−
x2

2 .
$4*N�-6

hkx§w�r0`·np[]`,x°wFn�`q�u}�z�¦yl�r0t{wF�u`_}p�u`·z���l�tu¦§vmnp`_¦§ju¯m£3`·^�zNj�zu�]�]¦§j�¶�v]�]x§w]x � l�np[]`_t{}�`q^�¯]�u`0n�n�x§w]�LF

E[R2] =

+∞
∫

−∞

dx

(

eσxPtxK

ΨW

) 1
α

∫

0

dρ2ρ
1√
2π

e−
x2

2 =

+∞
∫

−∞

dx

(

eσxPtxK

ΨW

)
2
α 1√

2π
e−

x2

2 =

=

(

PtxK

ΨW

)
2
α

+∞
∫

−∞

dx
1√
2π

e−
x2

2 + 2σx
α =

(

PtxK

ΨW

)
2
α

e

(√
2σ
α

)2

,
$4*�556

£�[]`q}�`·£3`,v�l�`q��np[]`·¨ªtu¦§¦°tU£�x§w]��x§w{np`_�{}pzu¦ (Å���7, F

+∞
∫

−∞

dx
1√
2π

e−
x2

2 e±βx = e
β2

2 .
$4*q�56

1�`_w�r0`·np[]`,w]tm�m`·xyl�tu¦yzUn�x§tuw���}�t{��z��]x§¦§x¬noj©x§l��ux§�u`_w��Fj�F

PI = e−λπ(PtxK

ΨW )
2
α e

(√
2σ
α

)2

.
$G���56

|R¦§`qz{l¤`·w�t�n�`·n�[�z�n�n�[]xyl�}�`�l¤v�¦¬n�£(z{l�x°^#�]¦§xyr0x°n�¦§j��m`q}�x§�u`q��x§w (+*q��,D³
Z�[]xyl.l�v]�u�{`ql¤nplÂn�[*zUn.n�[]`(�]}p`ql�`_w�r0`3t�¨�¦§tu�uw�tu}p^#zu¦{l¤[*zu�mtU£�x°w���0� ����,!�7��&(n�[]`�r0t{w]w]`qr0n�x§�kx¬noj·�]}ptu��`q}¤npx°`�l
tu¨¸n�[]`´w�`0no£3tu}p®M¯Fzul���}�`��mx§r0n�`����Fj�np[]`´}p`ql�v]¦¬n�l�x§w>(+*q�]¯�5�,â³�¶�v]}¤np[]`_}�¯{n�[]`ew]tm�m`�xyl�tu¦yzUnpx°t{w��]}�t{��z��]x§¦§x¬noj
xyl�^#tuw�t�n�t{w]xyr_z�¦§¦§j©�m`qr_}�`�zul�x°w��bx§w�np[]`,¦§tu�uw�tu}p^#z�¦¸l��]}�`�zu�

σ
³

Z�[]xyl�¨Tz{r�n�^�z�j zu¦§l�t9��`²l¤`_`qwWzul�z9�Fjk�]}ptm�mv�r0n�t�¨�z9^#tu}p`��u`qw]`_}�z�¦s}p`ql�v]¦°nq¯�£�[]xyrp[W}�`q�{z�}��]l�np[]`
��tFl�l�x°��x°¦§x¬noj�t�¨ $�w*�mx°w���z�lonptmrp[*zul¤n�xyr�t{}p�m`q}�x§w]���bz�^#tuw]��n�[]`#�]x§l¤n�}px°��vmn�x§tuw�let�¨�n�[]`#r_tu^#^<v]w]xyr_z�n�x§tuw
}�z�w]�{`e£�x¬np[@�]xA@M`_}p`_wFns�Uz�¦§v]`�l(tu¨�n�[]`,¦§tu�{w]tu}p^#zu¦Ml��]}p`qzu�

σ
³   w��m`_`��¸¯]£3`,[�zN�u`9F

FRσ
(a) = 1 −

∫ ΨW
KPtx

0

dx
1√

2πσx
e
− 1

2

(

ln(xaα)
σ

)2

=

∫

ln ΨW aα

KPtx
σ

−∞

dt√
2π

e−
t2

2 = Φ

(

ln ΨWaα

KPtx

σ

)

.

$G�3* 6
  nsxyl(np[]`_w@`qz{l¤j�npt�l�`_`en�[*zUns£3`·^�zNj©£�}px¬np`9F

Rσ1
� Rσ2

, σ1 ≤ σ2.
$G�u�+6

��� ÃÅø0Îoé�ÍóÆ¸Ç©ÈGÊ�éNÏNÇ�ñ ø�Ê�ÈTÃêÊ�Ð�ëÅÎ¤Ä
A
Ê�éNÏ

B
ö2Æ¸Î<ÄDÊ¤Ñ�ÍGÁUÊpÍ

A
ÃÅÄ´ÄGÍGÇ<0DÁUÊ�ÄGÍGÃ30¤Ê�ëÅëÅÑ�ÄDñsÊ�ëÅëÅÎoÈ�ÍDÁNÊ�é

B
ö

A � B
Ã æ

FA(x) ≥ FB(x) ∀x ≥ 0
@ M��%Eóå
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¶�}�t{^ ( �u�7,â¯ $G�{�-63xyl�` �Fv]x§�Uzu¦°`qw{n�npt

E[f(Rσ1
)] ≤ E[f(Rσ2

)], σ1 ≤ σ2
$G���56

¨ªt{}sz�wFj�x°w*r0}�`�zul�x°w��<¨ªv�w�r�n�x§t{w
f(·) ³ 1s`qw�r0`{¯]£3`·[�zN�u`en�[�z�n�F

E[Rh
σ1

] � E[Rh
σ2

], σ1 ≤ σ2, h ≥ 0.
$D�U�:6

Z.z�®kx§w]�
h = 2

z�w*�I}p`qrqz�¦§¦°x§w]� $4*q�560¯Â£3`#}p`0np}�x§`_�u`bnp[�zUn,n�[�`#w�tm�m`#x§l�tu¦yzUnpx°t{w²�]}�t{��z��]x§¦§x¬nojI�m`qr_}�`�zul�`ql
^#tuw�t�n�t{w]xyr_z�¦§¦§j�£�x¬np[�n�[]`,¦§tu�{w]tu}p^�z�¦Ml��]}p`qzu�

σ
³

  w�np[]`�¦§x°^#x°n
σ → +∞ n�[]`���`q[�z��kx§tu}�t�¨.np[]`�}�`�l¤v]¦°npx°w]��w]`0no£3t{}�®�£�x§¦°¦2}p`ql�`_^<�]¦§`enp[�zUn�t�¨�z#}�z�w��]tu^�{}pzu�][ ( �G*�,D¯Âx§wInp[�zUn·n�[�`#l���z�n�xyz�¦�r0t{^���t{w]`_wFn·£�x°¦§¦���`qr0t{^#`�w]`_�u¦§x§�ux§�]¦§`u³   w±l¤v*rp[²¦§x§^�x°n�x§w]�@}p`_�ux§^#`u¯

np[]`b�]}ptu��zu�]x§¦°x°nµj�n�[�z�n·z�nojk�]x§rqz�¦.w]tm�]`<xyler0tuw]w�`qr�np`q��n�t�z�wkj�tun�[]`q}´w]tm�m`<n�`qw��]l´n�t 1
2

³   w��]`_`q��np[]`
�]}ptu��zu�]x§¦°x°noj�tu¨
r0t{w]w]`qr0n�x§tuw�n�t©z�w]tm�m`,z�ns�mxyl¤npz�w*r0`

ρ
x§l�F

P

[

l ≥ WΨ

Ptx

|r = ρ

]

=

+∞
∫

WΨ
Ptx

1√
2πσa

dae
− 1

2

(

ln a

Kρ−α

σ

)2

=

+∞
∫

ln
WΨρα

PtxK

σ

dx
1√
2π

e−
x2

2 = Q

(

ln WΨρα

PtxK

σ

)

,

$G�u�+6
£�[]xyr�[¡¨ªtu}�z�wkj $�w]x°n�`

ρ
n�`qw��]l©n�t

Q(0) = 1
2

zul
σ → +∞ ³ Z�[�`��]}ptu��zu�]x§¦°x°nµj¥np[�zUn�¯��ux§�u`_w ntun�[]`q}#w]tm�]`ql#x°wYnp[]`�w]`0no£3tu}p®M¯Rn�[�`�nojk�]x§rqz�¦�w]tm�]`�xyl#xyl¤t{¦§z�n�`��¢xyl 1

2n → 0
zul

n → +∞ ³ hmx°w�r_`x§w²tuv]}·v]wF��t{v]w��m`��I}�`q�ux§tuw�np[]`_}p`�x§le|�kz�³ lq³�zuwIx§w3$�w]x°n�`#wkv]^<��`_}·tu¨�w�tm�m`qlq¯¸tuv]}·w]`0no£3tu}p®@£�x§¦§¦
|

z�³ lq³Rw]t�n��]}�`�l¤`qw{n�z�wkj�x§l�tu¦yzUnp`q��w]t]�m`u¯�£�[]x§r�[@�]}ptU�Fxy�m`�l�z�w@x°wm¨ªt{}�^�zu¦k~ov�l¤n�x&$*rqzUn�x§tuw�t�¨.n�[]`,¨Tzur0n�n�[*zUn
lim

σ→+∞
PI = 0

³<c´w�np[]`�t�n�[�`_}e[�z�w��Â¯Mx°¨
σ → 0

£3`b}p`0np}�x§`_�u`�np[]`��]`0n�`q}�^#x§w]xylonpx§rb��zUnp[kF¦§t{lpl�^�t]�m`_¦
�]}p`_�kx§tuv�l�¦§j«z�w�z�¦§j '_`��¸³   nbxyl<x§w{np`_}p`ql¤n�x§w]��n�tIw]tun�`©np[�zUn�x°wYl¤v�r�[¢¦§x°^#x°n�x§w]�²rqzul�`u¯.n�[]`�r_tuw]w]`�r�npx°�kx°nµj
�]}ptu��`q}¤npx°`�l·z�}p`#�]}�x§�u`_w«tuw�¦°jI�Fj�np[]`#¨ª`qz�n�v]}p`ql·tu¨3n�[�`�v]w��m`_}p¦§jkx°w]��l���zUnpx§zu¦��]}ptmr0`�l�l � x°w«np[]x§l<l¤`_w*l¤`{¯
£3`©^�zNjI}p`_�Fz�}���np[]`©}p`ql�v]¦°n�x§w]��w]`0no£3t{}�®«zul�z��u`_t{^#`0n�}pxyr�}�z�w��mt{^'�u}�z��][ ( �F��, $ªn�[]xyl<}�`q¦§z�n�x§tuw�l�[]x§�
��`0no£3`q`_w5zu�Fk[]tmr@w]`0no£3t{}�®ml�z�w��¡�{`_tu^#`_n�}px§r@}�z�w��mt{^ �u}�z��][�l�xyl©w�t�n�w�`_£,¯sl�`_` ( �u��,360³   wWl�tu^#`
l�`_w�l�`u¯*np[]`b��z�}�n�xyz�¦�}pzuw��mtu^#w]`�l�lsx§w{np}�t]�mv�r0`����Fj�n�[]`b¦§tu�{w]tu}p^�z�¦2l�[�zu�]tN£�x§w]�©^�z�j@��`<` "k��`�r�np`q�@n�t
�]}ptm�mv�r_`sz,w�`0no£3tu}p®�l¤x§^#x°¦yz�}Rn�tbz�l¤^�z�¦§¦�£3t{}�¦y� ( ����¯{�F��,â¯{£�[�x§r�[�xylRx§w��m`q`q��®kw]tN£�w#npt��]}p`ql�`_w{n3��`0n¤np`_}
r_tuw]w]`�r�n�x§�kx°nµj��]}ptu��`_}�n�x§`ql3np[�z�w@�u`qtu^#`0np}�xyr´}�z�w��mt{^ �{}pzu�][�lq³
��`q¦§z�n�`��I}p`ql�v]¦¬n�l·z�}p`�tu�mn�z�x§w]`q�Ix§wD( � /7,â¯Â£�[]`q}�`bnp[]`�z�v]n�[]t{}plq¯¸�Fj�v*l¤x§w]�@z�r_tuwFn�x§wFv]v]^'��`_}�r0t{¦§z�n�x§tuw
zu�]�]}�tFzur�[Â¯�l¤[]tU£²n�[]`���`_w]`�$*r0xyz�¦ux§^#��zur0n2t�¨]l¤�]}p`qz{�FFt{vmnÂr0t{w]w]`�r�n�x§tuw*l1$ªxD³ `u³§¯Nzsl¤��}�`�zu�FktuvmnÂ�m`qw�l�x¬noj�¨ªt{}
R
x§w�t{v]}(l�`0n�n�x§w]�56�tuw©n�[]`ew]`_nµ£3t{}�®�r0t{w]w]`�r�n�x§�kx¬nojC� � � � 03254�) ��� � *

E[R2]
³�c´w©n�[�`´tun�[]`q}3[�zuw��¸¯k£3`

�m`q^�t{w�l¤n�}�zUnp`q�©np[�zUn�l�tu^#`e¨ªtu}p^�l�t�¨�rp[�zuw]w]`_¦Â}�z�w��]tu^#w]`qlpl@$ª`{³ �*³§¯m¦§tu�{w]tu}p^�z�¦Ml�[�z{�mtN£�x§w]�:63z�}p`,z��]¦§`
npt@x§^#�]}�tU�u`�r0tuw�w]`qr0n�x§�Fx°noj�¨ª`qzUnpv]}p`ql·�Fj«zur0n�v�zu¦°¦§j � 2L��)!� 4 032:4

E[R2]
.>0�
3(=, '3
@) 2L� 032�������)/&���032

Ptx

³
Z�[]`,x§w{np`_}p`ql¤n�x§w]�#��[]`_w]t{^�`qw]tuw@tu��l�`_}p�u`q��x°w%( �9/�,2x§^��*zur�n�l�n�[]`<r0}px¬npxyr_z�¦2�m`_w�l�x°nµj�zUns£�[]xyrp[@w�`0no£3tu}p®
��`_}�r0t{¦§z�n�x§tuwIt]r_r0v�}plq³ 1stU£3`q�u`_}�¯Mn�[�x§l,xyl·w]t�n��]x°}p`qr0n�¦§j�}�`q¦§z�n�`���n�t�n�[�`#w]t]�m`#x§l�tu¦yzUnpx°t{wI�]}ptu��zu�]x§¦°x°noju¯
�]vmnen�t�x°npl´}p`_¦yzUnpx°t{w�l¤[�x°��£�x°n�[�n�[�`<��}�t{��z��]x§¦§x¬noj�t�¨R`�"mxyl¤n�`_w�r_`<t�¨�zuw�x§w3$�w�x¬np`�r0t{^���t{w]`_wFnq³e¶]v]}�n�[]`q}q¯
x§w²n�[�`#¦§x§^�x°n

λ → +∞ n�[�`#`qw][�z�w*r0`_^#`_wFn��]v]`�npt�l¤��}�`qz{�FFt{vmn·r_tuw]w]`�r�npx°t{w�le��z�w]xyl¤[�`qlq¯Âl�x§w�r0`�np[]`
�]}ptu��zu�]x§¦°x°noj�t�¨R`�"mxyl¤n�`_w�r_`<t�¨�zuw�x§w3$�w]x°n�`�r_tu^#��tuw�`_w{n´n�`_w*�]l�n�t

1
zUn�np[]`�lpz�^#`<}pz�n�`bzul

PI

$T£�[]x§r�[
�m`q��`_w��]l
~ov�l¤nst{w

E[R2]
63np`_w��]l�npt

0
(Å�!57,â³

  nbxyl�£3t{}¤np[±}p`_^�zu}�®kx§w]��np[�zUn<n�[�`ql�`©}p`ql�v]¦¬n�l<�mt�w]tunbz{r_r0t{v]w{n�¨ªt{}�n�[]`��*zul�x§r#¨Tzur0n�np[�zUn�z�£�x§}�`q¦°`�l�l

ò 6 HÂò >



� ,�������) 4���)/2 * � , 2=2��	��
 0���0�
��,�8�� *���� ,�������
 . ,����/& 032�������&���2��	� ,�8 � (=)/2=2������ ) 2 *-,! 2���&�& *9*

r�[�z�w]w�`_¦D¯kx§w�}p`qzu¦°x°noju¯mr_zuw]w]t�n�z�^#�]¦§x°¨ªj©z�l�x°�{w�z�¦D¯ml¤tbn�[�z�n(np[]`·x°^#��z{r�n�tu¨2¦§t{�uw]tu}p^�z�¦�l�[�z{�mtN£�x§w]�bx°w@z
}p`qzu¦¸l�`0n�n�x§w]�#xyl�w]tunsr_tu^#�]¦§`0np`_¦§j�r0¦§`qzu}q³
  wI¶.x°�*³0*�£(`���¦°tun¤n�`���l¤t{^�`�}p`ql�v]¦°nplq¯�x§w�n�`q}�^�l�t�¨Rr0tU�u`_}�z��u`,�]}�t{��z���x°¦§x°nµj��u`q}pl�v�l�n�[]`<w]t]�m`<�m`qw�l�x¬noj
λ
¨ªtu}���z�}px°t{v�l#�Uzu¦°v�`ql�tu¨enp[]`I¦°t{�uw]t{}�^�z�¦sl��]}p`qz{�

σ
³ Z�[]`�t�np[]`_}�l�jkl¤np`_^ ��zu}pzu^�`_n�`q}pl�zu}�`

α =
3.5
¯

Ptx = 1
^�E±zUn�nq¯

K = 10
¯

W = 0.01
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FPtx
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E[Ptx] =

+∞
∫

0

da [1 − FPtx
(a)] = ω.
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E[R2|Ptx] = ξ(Ptx)
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α ,
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¶.x§�uv]}p`�� F.�stm�m`sx§l�tu¦yzUnpx°t{wb��}�t{��z��]x§¦§x¬noj�¨ªtu}
α = 3.5

¯
Ptx = 1

^�E±z�n¤nq¯
K = 10

¯
W = 0.01

^ E«z�n¤n�¯
Ψ = 10

�G;e³

£�[]`q}�`
ξ =

(

K
WΨ

)
2
α
¨ªtu}Rn�[]`�rqzul�`�tu¨¸�m`0np`_}p^#x°w]xyl¤n�xyr�r�[�zuw]w]`_¦D¯

ξ =
(

K
WΨ

)
2
α e

(√
(2)σ

α

)

¨ªt{}R¦°t{�uw]t{}�^�z�¦
l�[�zu�mtU£�x§w]�²zuw��

ξ = 2
α
Γ
(

2
α

) (

K
WΨ

)
2
α e

(√
(2)σ

α

)

¨ªtu}�l¤v���`_}px°^#��t{l�`q�¢¦°t{�uw]t{}�^�z�¦(l�[�zu�mtU£�x§w]�²zuw��
�szNjk¦°`qx°�{[�¨Tzu�]x°w]�*³�Z�[]`qwÂ¯�z����]¦°jkx§w]��n�[]`·npt�n�z�¦¸` "k��`�r�n�zUn�x§tuw�n�[�`_tu}p`_^�F

E[R2] = E
[

E[R2|Ptx]
]

= ξE
[

(Ptx)
2
α

]

.
$T�{�+6

¶�tu}
α ≥ 2

¯
(·) 2

α
xyl�z#r_tuw�rqz��u`´¨ªv]w*r�n�x§tuw2³RZ�[]`qwÂ¯�z��]��¦°jkx§w]���u`qw�l¤`qw�� l�x°w]`��Fv�z�¦§x¬noj{¯m£3`,[�z��u` F

E[R2] = ξE
[

P
2
α

tx

]

≤ ξE[Ptx]
2
α = ξω

2
α .
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Dρ
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Ik = { w�tm�m` k

xyl�x§l�tu¦yzUnp`q� } ¯ k = 1, . . . , n
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Dρ| n
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�]}p`ql�`_wFn � x§l��ux§�u`_w��Fj (1 − PI)
n ³���l�x§w]��n�[�`·n�t�n�z�¦Â�]}�t{��z��]x§¦§x¬noj�n�[�`_tu}p`_^@¯m£3`,[�zN�u`9F

P [A] =

∞
∑

n=0

e−λπρ2

[

λπρ2(1 − PI)
]n

n!
= e−λπρ2PI .
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lim
λ−→∞

P [A] − P [C] = 0.
$T�F�-6
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PI

xyl(z,¨ªv]w�r0n�x§tuw�t�¨
Ptx

� £3`el�[�z�¦§¦�zu¦§¦°tU£ Ptx

npt<��`ez�¨ªv]w�r�npx§tuw�tu¨
λ
z{l�£3`_¦§¦D³�Z�[kv�l�n�[]`��m`q��`_w��m`qw�r0`,tu¨

P [A]
tuw

λ
xyl(np[]}ptuv]�u[�n�[]`,��`q[�zN�Fx§tu}�tu¨

λPI

³
�´l¤x§w]� $G�{�-60¯m£3`�l¤[�zu¦§¦Âl�zNj�n�[�z�n�n�[]`,w]`_nµ£3t{}�®©xylszul�jF^#�mnpt�npx§rqz�¦§¦°j�r0tuw�w]`qr�np`q��x°¨

lim
λ→+∞

P [A] = 1
³

��w��m`_}�np[]`²z��]��}�t "mx°^�zUnpx°t{w�l
(i) − (iii)

¯�¨ª}�t{^ $G���:6�z9w]`qr_`qlpl�zu}�jYzuw�� l�v �©r0x§`_wFn�r0t{w��mx°n�x§tuw¡¨ªtu}
z{l¤jk^#�mn�tun�xyr·r0tuw]w�`qr�npx°�kx°noj©tu¨
z�wFj2$�w]x°n�`

Dρ

xyl�F

lim
λ→∞

λPI = 0.
$G�9/56

B2`0n�v�l�z{l�l�v]^#`´n�[�z�n�£(`·z�}p`´x§w���}�`�l¤`qw�r0`et�¨.z��m`_n�`_}p^#x§w]x§l¤n�xyr·rp[�zuw]w]`_¦¸^#tm�m`q¦��U¦°t{�uw]tu}�^�z�¦Ml¤[�z{�mtU£ -
x§w]����l¤v��*`q}�x§^#��t{l�`q����z�jk¦§`_x§�u[�¨Tz{�mx°w��·z�w��b¦°t{�uw]t{}�^�z�¦kl¤[�z{�mtU£�x°w]�*¯Uzuw��<¦§`0n
np[]`(n�}�z�w�l�^#x§lpl¤x§tuw<��tU£3`_}
lpr_zu¦°`,zul�F

Ptx =

(

1

πξ
· ln λ + c(λ)

λ

)
α
2

,
$T�F�-6
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^#tm�m`q¦§l�r_tuw�l�xy�m`_}p`q�¸¯m£3`,[�z��u`
PI = e−λπξ(Ptx)

2
α
³��´l¤x§w]��np[]`,`�"m�]}p`qlpl¤x§tuw
$T�k� 6�¯]£3`·[�zN�u`9F

PI = e−(ln λ+c(λ)) =
e−c(λ)

λ
.

¶�}�t{^ $G�9/+60¯2z�w]`�r0`qlplpz�}pj�z�w��«l¤v �©r_x°`qw{n�r_tuw��mx°n�x§tuw²¨ªtu}�zul�jF^#�mnpt�npx§r�r_tuw]w]`�r�npx°�kx°nµj�xyl
e−c(λ) → 0

¯
¨ª}ptu^ £�[]x§r�[�z�w]`qr0`�l�lpz�}pj©z�w���l�v �©r0x§`_wFn�r0t{w��mx°n�x§tuw�¨ªtu}sz{l¤jk^#�mnpt�npx§r·r0t{w]w]`qr0n�x§�kx¬noj©xyl�F

lim
λ−→∞

c(λ) = +∞.
$G�95+6
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α
¯�l�t�n�[*zUn�z�r0tuw*l¤`q}���zUn�x§�u`e�Uz�¦§v]`·tu¨
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p
³ E«`�¦§`0n

p
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λ
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zuw��²lonpv��mjIlpr_zu¦°x§w]��¦yzN£sl´¨ªtu}enp[]`�n�}�z�w�l�^#x§lpl�x°t{w���tU£3`_}�³�BÂ`_nenp[]`�rp[*z�w]w]`q¦
��`�r�[�z�}�zur�np`_}px&'q`q���kjIz
��z�n�[@¦§t{lpl(¨Tzur0n�tu}

α
¯]}p`_�Fz�}p�]¦°`�l�l(t�¨.n�[]`���t{lpl¤x§�]¦§`·�]}p`ql�`_w�r_`·t�¨�l¤[�z{�mtU£�x°w]��z�w*� �Nt{}��szNjF¦§`_x§�u[�¨Tz{�mx°w��

zuw���¦§`0n
Ptx(λ)

�]`_w]tun�`·n�[�`·np}pzuw�l¤^#xyl�l�x§tuw���tU£3`_}�³�Z�[]`_wÂ¯�v]w��]`_}�zu�]�]}pt�"mx§^#z�n�x§tuw*l
(i) − (iii)

¯*z�w��
np[]}�`�zu�mx§w]��n�[]`·¨ªtktun��]}px§w{npl�tu¨�( �]¯6* *:,D¯]x°nsxyl�`�zul�j#npt�l�[]tN£5n�[�z�n�n�[]`·¨ªt{¦°¦§tN£�x§w]�Fl([]t{¦§� F
$Tz56�z�w]`�r0`qlplpz�}pj©z�w���l�v �©r0x§`_w{n´r0tuw��]x¬npx°t{w�¨ªtu}sz{l¤jk^#�mn�tun�xyrer_tuw]w�`qr�npx°�kx°nµj�xyl��{x°�u`qw��kj�F

lim
λ→+∞

λp(λ)e−λp(λ)(Ptx(λ))
2
α = 0.

$G�u�56

$ª� 6   ¨
p = lim

λ→+∞
p(λ)

l�z�n�xyl $�`ql
1 < p < 0

z�w��
Ptx(λ) =

(

1
πξ

· ln λ+c(λ)
λ

)
α
2 ¯¸n�[]`#w]`0no£3t{}�®�x§l

z{l¤jk^#�mn�tun�xyr_zu¦°¦§j©r_tuw]w]`�r�np`q��zUn��mxylon�z�w�r_`
d
x¬¨

c(λ)
l�z�n�xyl4$*`ql

c(λ) ≥ ζ ln λ,
$T�{�+6
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Ptx = 10
^�E±zUn�nq¯

K = 10
¯
W = 0.01

^ E±zUn¤n�¯
Ψ = 10

�G;e¯
α = 3.5

¯
σ = 3, 4

³

£�[]`q}�`
ζ > 1−p

p

³¡¶�v]}¤np[]`_^#t{}�`{¯Rn�[�`@w]`_nµ£3t{}�®¢x§l�z{l¤jk^#�mnpt�npx§rqz�¦§¦°j¢r0t{w]w]`�r�n�`��¥t{w]¦§j9x°¨
c =

lim
λ→+∞

c(λ) = +∞ ³

$Tr 6 B2`0n
p(λ)

��`
p(λ) = λ−γ

¯]£�[]`_}p`
0 < γ < 1

³RZ�[]`_w@z�l�v ��r_x°`qw{nsr_tuw��mx°n�x§t{w�¨ªtu}�z{l¤jk^#�mn�tun�xyr
w]`_nµ£(tu}p®�r0tuw]w�`qr�npx°�kx°noj�z�ns�mxylon�z�w�r_`

d
x§l��ux§�u`_w��Fj�F

p(λ) [Ptx(λ)]
2
α ≥ ζ

ln λ

λ
,

$ª�L* 6

£�[]`q}�`enp[]`�r0tuw*lon�z�w{n
ζ
l�z�n�xyl4$�`�l

ζ > 1 − γ
³
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�s���0�� &%�(��)+�,�.- ���������R������������� 6��
�����<6��g�0�����
/2�����

  w9n�[]xylbl�`qr�npx§tuw9£3`�`�"m�]¦§tu}p`#n�[�`���t{lpl¤x§�]x§¦°x°noj²t�¨sx°^#�]}ptN�kx§w]�@np[]`�r0t{w]w]`�r�n�x§�kx¬noj«t�¨�np[]`�w]`_nµ£(tu}p®²x°w
�]}p`ql�`_w�r_`bt�¨3l�v]��`_}px°^#��tFl¤`����szNjk¦°`qx°�{[�¨Tzu�]x°w]�@z�w��I¦°t{�uw]t{}�^�z�¦.l¤[*zu�mtU£�x°w����Fj�v�l�x§w]��^<v]¦°n�x§�]¦§`#zuw3-
np`_w]w�z{l�z�n(np[]`·}�`�r0`_x§�u`q}�l¤xy�m`u³   n�x§l�r0¦§`qzu}3np[�zUn�¯k¨ªt{}(n�[]`enpx§^�`·��`qx°w���¯kn�[]`·v*l¤`·t�¨�^<v]¦°n�x§�]¦§`�z�w{np`_w]w�z{l
¨ªt{}·z{�FF[]t]r�w]`_nµ£3t{}�®mle�mtm`ql´w�t�n·}p`_�]}p`ql�`_wFn·z��kxyz��]¦§`�l�tu¦§vmnpx°t{w6Fsnp[]`�x§w�r_}�`qz{l¤`bx§w«r0tFlon�¯¸r_tu^#�]¦§`�"mx°nµj
zuw��«��z�n¤np`_}pj²�m}�z�x§w«¨ªtu}�n�[]`��m`_�kxyr0`ql<�mt�w]t�nbz�¦§¦§tN£ z�wFj²�]}�zur0n�xyr_zu¦Rzu�]�]¦§x§rqzUn�x§t{w«tu¨�l�v�rp[¢�mx§�u`_}�l�x¬noj
lprp[�`_^#`qlq³�1stU£3`_�{`_}�¯.z���zu}¤n,¨ª}ptu^'np[]`�np[]`_t{}�`_n�xyr_z�¦�x°^#��t{}¤n�z�w�r0`©t�¨�n�[]`�x§lpl�v]`u¯.x°n<xyl�£3t{}¤np[±w]tun�x§w]�
np[�zUn,�mx§�u`_}�l�x¬noj�rqz�wI��`�`�"m�]¦§tux°n�`���w]t�n·t{w]¦°j��Fj�v*l¤x§w]��^<v]¦°npx°�]¦§`�z�w{np`_w]w*zulq¯M�]vmn�z�¦yl¤t��Fj�^#`qzuw�l´tu¨
r_tktu��`_}�zUnpx°tuw�lpr�[]`_^#`ql ( �{�]¯]� *:,â¯�£�[]`_}p`enp[]`<l¤��z�n�xyz�¦2�mx§^#`_w�l�x°t{w@t�¨.n�[�`,w�`0no£3tu}p®©x°n�l¤`q¦¬¨�x§l�v*l¤`��@zulsz
�mx§�u`_}�l�x¬noj�¨Tzur0n�tu}�³

HIH é!JLK:M�N:N



�u� � 0 ,!��)/2 */0�� � � 
  %)/2

=´l�l�v]^#x°w���n�[�z�n
M
zuw{np`_w]w�z{l�z�}p`,�]}p`ql�`_wFn´zUn�n�[]`b}�`�r0`_x§�u`_}�¯*z�w���np[�zUn�np[]`_j@zu}�`<l¤�*zur0`��@zu��z�}�nq¯*l�t

np[�zUn.np[]`(��z�n�[�l�¨ª}ptu^ n�[�`3n�}�z�w�l�^#x¬n�n�`q}�n�t´n�[�`(}�`�r0`qx°�u`q}.z�wFn�`qw]w�zul.^#zNj,��`�r0tuw*l¤xy�m`_}p`q��x°w*�m`_��`_w*�m`_w{n�¯
£3`�lonpv��mj©np[]`,x°^#��z{r�nst�¨�no£3t�l�x§�uw�zu¦M�]}ptmr0`�l�l�x§w]�<np`qr�[]w]x��{v�`u¯]w�zu^�`q¦°j�F

�
��`�lon#��zUnp[Yl�`_¦§`qr�npx°t{w $;(|3h�6:FRzu^�t{w]��n�[�`

M
}p`qr0`qx°�u`��¢l¤x§�{w�z�¦yl_¯
n�[�`�t{w]`�£�x°n�[¥n�[]`�¦yz�}p�u`ql¤n

hm�´� x§ls�m`qr_tm�m`�� �

�
^�z/"mx§^�z�¦¸}�zUnpx°t�r0tu^<��x°w]x§w]� $Gd���a 6�F]n�[]`

M
}�`qr_`_x§�u`q��l¤x§�uw*z�¦yl�zu}�`,r0tu^<��x°w]`���x§w�l¤v�r�[�z�£(zNj

npt#^�z/"mx§^�x+'_`enp[]`,tU�u`_}�z�¦§¦¸hm�´� $Tl�`_` ( �u�7,�z�w�� ( �k��,Â¨ªtu}�^#tu}p`·�]`0npzux°¦yl 6�³
  n@x§l�£(tu}�n�[Ww]tun�x§w]�¥n�[�z�n�np[]`Ino£3tY^#tm�m`_¦yl�z���tU�u`I¦°`�zu�¡npt¥n�[]`±lpz�^#`I}p`ql�v]¦°npl�£�[]x§r�[Jr0t{v]¦y� ��`
}p`0np}�x§`_�u`����kj�tun�[]`q},�mx°�u`q}pl�x°nµj�lprp[]`q^#`qlq³<¶�tu}e` "]z�^#�]¦§`u¯Mnp[]`�$*}pl¤n,l�r�[]`_^#`�xyle` �Fv]x§�Uzu¦°`qw{n·`_x°n�[]`q}en�t
z±�mx§�u`_}�l�x¬noj¥l�r�[]`q^�`�£�[]xyrp[¡`_^#�]¦§tNjml

M
z�wFn�`_w�w�zul�z�n#n�[�`@n�}�z�w�l�^#x¬n�n�`_}�t{}�npt9z²npx°^#`��mx§�u`_}�l¤x°noj

lprp[�`_^#`u¯�£�[�`_}p`
M
}�`q�]¦§x§rqzul�t�¨
n�[]`<l�x§�uw�zu¦2z�}p`,l�`_wFn�tuvmn´z�¨ón�`_}´z�npx°^#`<¦°t{w]�u`q}�n�[*z�w@n�[]`br0t{[]`_}p`_w�r_`

npx°^#`©t�¨(np[]`�rp[�zuw]w]`_¦�( �{�7,â³�c´w²np[]`©t�np[]`_}�[�zuw��¸¯���`q}¤¨ªt{}�^�z�w*r0`#` �Fv]x§�Uzu¦°`qw{n,n�t�dI��a�zu}�`#®kw]tU£�w
npt©��`<}p`qzur�[�z���¦°`,�kj�`_^#�]¦§tUjFx§w]��np[]`<£3`q¦°¦¬F®kw]tU£�w =�¦§zu^�t{vmn�x.lpr�[]`_^#`C( �{��,D³�1�tN£3`q�u`_}�¯�x§w��]}�`�l¤`qw�r0`
tu¨�n�}�z�w�l�^#x¬n�n�`q}ok��zul�`q���mx°�u`q}pl�x°nµj�l�r�[]`_^#`�l_¯Mz�r0tu}p}p`ql���tuw��mx§w]��x§w�r0}p`qz{l¤`<x°w�n�[�`<n�}�z�w�l�^#x¬n�n�`�����tU£3`_}
xyl<}�`��{v�x°}p`q�¸³<$   w¢}p`qz�¦§x°nµj{¯
z�¦yl�t@np[]`�z{�mtu�mnpx°t{w9t�¨sl�v�r�[¢l�x§�uw�zu¦��]}�t]r0`qlpl�x°w]�@np`qrp[�w]x!�Fv]`�l<x§^���¦°x§`qlbzuw
z{�]�mx°n�x§tuw�zu¦M��tU£3`q}�r_tuw�l�v]^#�mn�x§tuw2³ 6
B2`0n�v�l·¨ªtmr0v�l,tuw²np[]` $�}�l¤n�lprp[]`q^#` � �ux§�u`_w±z�w±zN�u`q}pzu�u`#hm�´� t�¨ Γ = y

¯2n�[]`���}�t{��z��]x§¦§x¬noj�n�[*zUn<zUn
¦§`qz{lon�tuw�`·��zUnp[��]}p`ql�`_wFnpl�z�hm�´� �u}p`qzUnp`_}(n�[�zuw

Ψ
x§l�F

PS|Γ(y) = 1 −
M
∏

k=1

Ψ
∫

0

daifγi|Γ(ai|y) = 1 −





Ψ
∫

0

da
1

y
e−

a
y





M

= 1 −
(

1 − e−
Ψ
y

)M

=

= −
M
∑

h=1

(

M

h

)

(−1)he−
hΨ
y .

$ª�F�+6

hkv]�*lonpx¬npvmn�x§w]� $ª�F�+63x§w $ *_�560¯kn�t{�u`_n�[]`q}�£�x°n�[7$4*N�-60¯m£3`,�u`0n�F

PI = exp







−λπ





+∞
∫

0

da

+∞
∫

0

dρPS|Γ

(

aPtx

W

)

2ρfl|r(a, ρ)











=

= exp











λπ

M
∑

h=1

(

M

h

)

(−1)h







+∞
∫

0

da

+∞
∫

0

dρe
−hΨW

aPtx 2ρ
1√

2πσa
e
− 1

2

(

ln
aρα

K
σ

)2
















=

= exp







λπ

M
∑

h=1

(

M

h

)

(−1)h





+∞
∫

−∞

dx

+∞
∫

0

dρ
1√
2π

e−
x2

2 2ρe
−hΨW e−σxρα

KPtx











.
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PI = exp

{

λπ

M
∑

h=1

(

M

h

)

(−1)h 2

α
Γ

(

2

α

)(

hΨW

KPtx

)− 2
α

e

(√
2σ
α

)2
}

=

= exp

{

λπ
2

α
Γ

(

2

α

)(

ΨW

KPtx

)− 2
α

e

(√
2σ
α

)2 M
∑

h=1

(

M

h

)

(−1)hh− 2
α

}

.
$ª�u�:6

hkx§w�r0`
M
∑

h=1

(

M

h

)

(−1)hh− 2
α ≤ −1,

£3`�^�zNj±r0tuw�r_¦°v*�m`©n�[�z�n<n�[]`�v�l�`©tu¨�}p`qr_`_x§�u`_}b�mx°�u`q}pl�x°nµj«£�x¬np[¢��`�lonb��z�n�[¥l�`_¦§`qr0n�x§tuw9x§^#�]}�tU�u`ql,np[]`
r_tuw]w]`�r�n�x§�kx°nµj �]}ptu��`q}¤npx°`�l�t�¨<n�[]`±}�`�l¤v]¦°n�x§w]� w]`0no£3tu}p®M¯´z{l�`�"m��`�r�n�`��¸³ ��t�np`u¯e[]tN£(`_�u`_}�¯sn�[*zUn�np[]`
lpr_zu¦°x§w]�b¨ªtu}�zul�jF^#�mnpt�npx§r·r0t{w]w]`qr0n�x§�kx¬noj�}�`q^#zux°w*l(v]w*rp[�zuw]�u`��¸³
  wIr_z{l¤`�t�¨�d���a´¯*n�[]`�l¤jml¤n�`q^ ��`q[�z��u`�l�zul�x¬¨�np[]`br�[�z�w]w�`_¦.r0t{w�l¤xyl¤n�`q�@tu¨Rzuw

M
m��zu®Uz��FzU^#x¸¨Tz{�mx°w��

l�v]��`_}px°^#��tFl¤`��©n�t�¦°t{�uw]t{}�^�z�¦¸l¤[�z{�mtU£�x°w]� (Å����,D³RZ�[]`,�M�k¨
t�¨�np[]`,x§w�lon�z�wFnpz�w�`_tuv*l�hm�´� x§l��ux§�u`_w��Fj�F

fγ|Γ(a|y) =

(

M

y

)M
aM−1

Γ(M)
e−M a

y ,

£�[]`q}�`
Γ(·) xyl3n�[�`��·zu^#^#z<¨ªv]w�r0n�x§tuwÂ³R��t�np`´n�[*zUn(¨ªt{}

M = 1
£3`etu�]npz�x§w�n�[]`·v�l�v�z�¦M` "k��}�`�l�l�x°t{w�¨ªtu}

�szNjk¦°`qx°�{[�¨Tzu�]x°w]�*³�Z�[]`�r_rq�k¨.xyl��ux§�u`_w��Fj�F

PS|Γ(y) = P [γ > Ψ|Γ = y] = 1 − Fγ(Ψ) =
Γ
(

M, MΨ
y

)

Γ(M)
,

$ª�F�+6

£�[]`q}�`
Γ(·, ·) xyl�n�[�`�x§w�r0t{^���¦°`_n�` �·zu^�^�z#¨ªv]w�r�npx°t{w (Å���7,â³�hmx°w�r_` M

xyl�z�w�x°wFn�`_�{`_}�¯]n�[]`<`�"m�]}p`ql�l�x§tuw
zu��tN�u`·l�x§^���¦°x&$�`ql�n�t F

PS|Γ(y) = e−M Ψ
y

M−1
∑

h=0

(

MΨ

y

)h
1

(h + 1)!
.
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PI = exp







−λπ

M−1
∑

h=0

1

(h + 1)!





+∞
∫

0

da

+∞
∫

0

dρe
− ΨW

aPtx ·
(

MΨW

aPtx

)h

2ρ
1√

2πσa
e
− 1

2

(

ln a−ln(Kρ−α)
σ

)2










=

exp







−λπ

M−1
∑

h=0

1

(h + 1)!





+∞
∫

−∞

dx

+∞
∫

0

dρ
1√
2π

e−
x2

2 2ρe
−ΨW e−σxρα

KPtx

(

MΨWe−σxρα

KPtx

)h










=

= exp







−λπ

M−1
∑

h=0

1

(h + 1)!





+∞
∫

−∞

dx
1√
2π

e−
x2

2
2

α
·
(

ΨW

eσxKPtx

)−(h+ 2
α )

Γ

(

αh + 2

α

)(

MΨWe−σxρα

KPtx

)h










=

= exp

{

−λπ
2

α
e

(√
2σ
α

)2
(

ΨW

KPtx

)− 2
α

M−1
∑

h=0

1

(h + 1)!
MhΓ

(

h +
2

α

)

}

.
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hkx§w�r0`
M−1
∑

h=0

1

(h + 1)!
MhΓ

(

h +
2

α

)

≥ Γ

(

2

α

)

,

zu¦§l�t�}�`�r0`qx°�u`q}ok��zul¤`q���]x°�u`q}pl�x°nµj©£�x°n�[�d��sa x§^#�]}�tU�u`ql(n�[]`,w]`_nµ£(tu}p®�r0tuw]w�`qr�npx°�kx°noju³
¶�tu}���tun�[�;(|3h�zuw���dI��a´¯mn�[]`�r0tuw]w�`qr�npx°�kx°noj©x°^#�]}ptN�{`_^#`_w{nsr0t{v]¦y����`·�]}p`q�mxyr�np`q���Fj�`ql¤npzu�]x°¦§xyl¤[]x§w]�
z²lonptmrp[*zul¤n�xyr©tu}��m`_}px°w���zu^#tuw]��n�[]`@�mxylonp}�x§�]vmnpx°t{w�lbt�¨sn�[]`@r0t{^�^<v�w]x§rqzUnpx°t{w¢}pzuw]�u`

R
x°wY�]}�`�l¤`qw�r0`

tu¨��]xA@M`_}p`_wFn�wkv]^<��`_}#t�¨´zuw{np`_w]w�z{l_³   n�l¤v ��r_`ql<npt²w]tun�`�np[�zUn�¨ªtu}���tun�[Ylprp[]`q^#`qlq¯�x°¨
M1 ≤ M2

¯
PS|Γ,M1

≤ PS|Γ,M2

¯*£�[]`q}�`
PS|Γ,x

xyl�n�[]`<�]}�t{��z���x°¦§x¬noj�t�¨Rl¤v�rqr0`qlpl¤¨ªv]¦2}�`�r0`_�]n�x§tuw@�{x°�u`qw�z�w�z��u`q}pzu�u`
hm�´�¢tu¨

Γ
z�w���x§w<�]}p`ql�`_w*r0`�tu¨

x
zuw{np`_w]w�z{l_³
hkv]��l¤n�x°n�vmnpx§w]�ex§w�$ /56�¯Ux°n
xyl�`qz{l¤jen�tel�`_`�n�[*zUn�z�l¤n�t]rp[�z{lonpx§r

t{}p�m`q}�x§w]�#z�^#tuw]�bnp[]`��mxylonp}�x§�]vmnpx°t{w@r_tu}p}�`�l¤��tuw��mx§w]�<npt��mx&@M`_}�`qw{ns��z�¦§v]`ql�t�¨
M
xyl���t{lpl�x°�]¦§`9F

RM1
� RM2

M1 ≤ M2,
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zuw���n�[]`�r_tuw]w]`�r�npx°�kx°nµj�x§^���}�tU�u`_^#`_wFn�¨ªtu¦§¦°tU£sl�z�¦§tuw��<np[]`�z�}p�uv�^�`qw{n�l(tuv]n�¦§x°w]`���x§w ���m³ ��³
hkt{^#`,}�`�l¤v]¦°nplq¯]x§w�np`_}p^#lst�¨�r0tU�u`_}�z��u`e�]}ptu�*z��]x§¦°x°noju¯m¨ªt{}���tun�[�np[]`<lprp[]`q^�`�lsz�w�zu¦°jml�`q�¸¯�z�}p`·}p`_��tu}�n�`��
x§w±¶�x§��³���z�w��«¶�x§��³65�³ =�l,x¬n,^�zNj���`�l¤`_`qwÂ¯Â��tun�[±l�r�[]`_^#`�lex§^#�]}�tU�u`qlew]`_nµ£(tu}p®���`_}�¨ªtu}p^#zuw�r0`{³   n
xyl�£3t{}¤np[�w]tun�x§w]��n�[�z�ns£�x¬np[�;(|3h�n�[�`,r_tN�u`q}pzu�u`´`_w][�zuw�r0`q^�`qw{n�l(n�`qw���n�t�lpzUnpv]}pz�n�`{¯ml�tbnp[�zUnsx¬n��mtm`ql
w]tun·l�`_`_^ t�¨�x§w{np`_}p`ql¤n´n�t��{t���`_j{tuw��

M = 3
¯M£�[�x°¦§`b£�x°n�[«d��saJn�[�`b��`q}¤¨ªt{}�^�zuw�r0`<x°^#�]}ptU�u`_^#`_wFn

np`_w��]l·npt�r0t{w�l¤xy�m`q}pzu�]¦°j�x§w�r_}�`�zul�`b£�x°np[
M
³2= �]x°}p`qr0n�r0t{^��*z�}px§l�tuwItu¨3n�[]`���`q}¤¨ªt{}�^�z�w�r_`#zur�[]x°`q�u`q�

�kj���t�n�[�lprp[]`q^�`�l�xyl�}p`_��}�`�l¤`qw{n�`���x§w�¶.x§��³*�]¯�£�[]`q}�`,x°n�^�z�j���`<l¤`q`_w�np[�zUn´d��saWt{vmn���`_}�¨ªtu}p^�l(np[]`
l�x°^#�]¦§`_}�;(|3h�l�r�[]`_^#`{¯�zuw��@n�[�z�n�n�[�`<��`_}�¨ªtu}p^�z�w�r_`�z{rp[]x§`_��z��]¦§`�£�x¬np[ ;(|3h�z�w��

M = 4
zuw{np`_w]w�z{l

^�zNj©��`,tu�mn�z�x§w]`q��zu¦§l�t��Fj�¦§x§^�x°npx°w]�#np[]`,wFv]^<��`q}st�¨
zuw{n�`qw]w�zul�n�t
M = 2

z�w���`_^#�]¦§tNjkx§w]��z#d���a
lprp[�`_^#`u³

� ������37���/2�0�<�/

  w�n�[]xyl���z���`q}
£(`�[�zN�u`��]}�`�l¤`qw{np`q��z�w#zuw�z�¦§jFn�xyr_z�¦m�]}�t]r0`q�]v]}�`3¨ªt{}
n�[]`sr_tu^#�]vmnpz�n�x§tuw�t�¨�n�[]`�w]tm�]`�x§l�t!-
¦yzUnpx°t{w<�]}ptu��zu�]x°¦§x°nµj,x°w�zuwbzu�kF[]tmr�w]`0no£3t{}�®,x°wb�]}p`ql�`_w*r0`3t�¨�r�[�z�w]w]`q¦k}pzuw��mt{^�w�`qlpl_¯N£�x°n�[#z���zu}¤npx§r_v]¦§zu}
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M=2
M=3
M=4

¶.x§�uv]}p`<�3F3a3tU�u`_}�z��u`e�]}ptu�*z��]x§¦°x°noj©�mlq³Rw]t]�m`��m`_w�l�x°nµj�FRn�[]`�x°^#��z{r�n�t�¨
}�`�r0`_x§�u`_}s�mx§�u`_}�l�x¬noj�£�x¬np[@��`�lon
��z�n�[Il¤`q¦°`�r�n�x§tuw�zu¦°�{tu}px¬np[]^ � Ptx = 1

^�E±z�n¤nq¯
K = 10

¯
W = 0.01

^�E±zUn�nq¯
Ψ = 10

�G;e¯
α = 3.5

¯
σ = 3

`q^��][*zul�x§letuwInp[]`�`�@�`�r�n,tu¨�¦§tu�{w]tu}p^�z�¦.l�[�zu�]tN£�x§w]��z�w��²�szNjk¦°`qx°�{[�¨Tzu�mx§w]���][]`qw]tu^#`qw�z]³?E«`�[�zN�u`
l�[]tU£�w9n�[*zUn�n�[]`�w]tm�m`�xyl�tu¦yzUn�x§tuw¢�]}ptu��zu�]x§¦°x°noj±�m`�r0}p`qz{l¤`�l<zul<np[]`�¦§tu�{w]tu}p^�z�¦3l��]}p`qzu�

σ
x°w�r_}�`�zul�`qlq¯

zuw��¥x°wk�u`ql¤n�x§�{z�n�`q�¢n�[]`@w�`_�{z�n�x§�u`�`�@�`�r�n�t�¨e��z�jk¦§`_x§�u[¢¨Tz{�mx§w]��³ E²`@�]}ptU�u`q�9np[�zUn�w]t±r_tuw]w]`�r�npx°�kx°nµj
x§^#�]}�tU�u`_^#`qw{n�^�zNj���`,zur�[]x°`q�u`q���Fj©v*l¤x§w]��}�z�w��mt{^ n�}�z�w�l�^#x§lpl¤x§tuw���tU£3`_}�l�`_¦§`qr�npx°t{w�lpr�[]`_^#`qlq³�Z�[]`
w]t]�m`·xyl¤t{¦§z�n�x§tuw��]}ptu��zu�]x§¦°x°noj�r0tux§w�r_x§�m`�l�£�x°n�[�n�[�`�r0tu^#�]¦§`_^#`qw{nst�¨�np[]`�r_tN�u`q}pzu�u`´�]}ptu��zu�]x°¦§x°nµj{¯m�ux§�u`_w
np[�zUnew]tm�m`�l´z�}p`<�mxylonp}�x§�]vmnp`q�Izurqr0tu}��mx§w]�#npt�z©|.t{x§lpl�tuw���t{x°wFn´�]}ptmr_`ql�l � tun�[]`q}�£�xyl�`�x°n´xyl´�*tFl�l�x§�]¦°`�n�t
}p`_¦yzUnp`´np[]`·nµ£3t �Fv�z�wFn�x°n�x§`ql�n�[]}ptuv]�{[�z�w�x§wF�u`q}pl�x§tuw�¨ªtu}p^<v]¦yz]³
¶�}�t{^ np[]`bw]tm�m`bx§l�tu¦yzUnpx§tuw��]}ptu��zu�]x§¦°x°nµj@£3`brqz�w��{`0n�¯�v]w��]`_}·l¤t{^#`bl¤x§^#�]¦°x°¨ªjkx§w]��z��]�]}pt�"mx§^�zUnpx°t{w�l_¯�z
r_¦°tFl¤`��b¨ªt{}�^+¨ªt{}�^<v]¦yz·¨ªtu}�n�[]`´�]}�t{��z���x°¦§x¬nojbtu¨Mnp[]`�w]`_nµ£(tu}p®b��`_x§w]�<r_tuw]w�`qr�np`q��x°w©�]}p`ql�`_w�r_`st�¨2z,�u`_}pj
¦yz�}p�u`<�m`_�kxyr0`b�]`_w�l�x¬noj{³·hkx°^<v�¦§z�n�x§tuw�}p`ql�v]¦°npl�[�zN�u`<��`_`_wI�]}p`ql�`_w{np`q�¸¯M£�[]x§r�[²l¤[]tU£ np[]`�l¤t{v]w��mw�`qlplstu¨
np[]`,�]}�t{��t{l�`q���]}ptmr0`q�]v]}�`{³
¶�tu}�np[]`�rqzul�`�t�¨Âl¤v]��`q}�x§^#��t{l�`q�#l¤[�z{�mtU£�x°w]��z�w����szNjk¦°`qx°�{[b¨Tz{�mx°w���¯un�[]`´r0t{w]w]`qr0n�x§�kx¬nojbx§^���}�tU�u`_^#`_wFn
z{rp[]x§`_��z��]¦§`��Fj#^#`�z�w�l3t�¨Âno£3t�l¤x§^#�]¦§`e�mx°�u`q}pl�x°nµj�lprp[]`q^#`qlq¯F��`ql¤n(��z�n�[�l�`_¦§`qr�npx°t{w�z�w*��^�z "kx§^�z�¦�}pz�n�x§t
r_tu^<�]x§w]x§w]��¯m[�zul(��`_`qw�x§wF�u`�lonpx°�FzUn�`�� � zb�u`qw]`_}�z�¦Ml¤n�tmr�[�z{lonpx§r´tu}��m`_}px°w]�b}�`q¦§z�n�x§tuw�l�[]x§��[�zul(��`q`_w�¨ªt{v]w��
¨ªt{}��*tun�[�l�r�[]`q^�`�l_¯�l¤[]tU£�x§w]�bnp[]`,��`_w]`�$*r0xyz�¦Âx°^#��z{r�nst�¨�n�[�`,v�l¤`,t�¨
�mx§�u`_}�l¤x°noj�lprp[]`q^�`�l_³
� x°}p`qr0n�x§tuw�l<¨ªt{}<¨ªvmnpv]}p`�£3t{}�®±x°w�r_¦°v*�m`�np[]`��u`_w�`_}�z�¦§x&'�zUn�x§tuw9t�¨snp[]`�}p`ql�v]¦°npl<n�t²^#tu}p`��u`qw]`_}�z�¦3w]t]�m`
�]¦yzur_`_^#`_wFn��mxylonp}�x§�]vmnpx°t{w�lszuw��@z#l¤npv��mj�t�¨.n�[�`,x§^#��zur0nstu¨.��z�}px°t{v�l(^#t{�]x°¦§x°nµj���z�n¤n�`q}�w*l�tuw�n�[]`<r0t{w3-
w]`�r�n�x§�kx°nµj�}p`ql�v]¦°npl(¨ªt{v]w���¨ªtu}sz#l¤npzUnpxyr·l�r_`_w�zu}�x§t�³

HIH é!JLK:M�N:N



��� � 0 ,!��)/2 */0�� � � 
  %)/2

10
−5

10
−4

10
−3

10
−2

10
−1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Node density (m−2)

C
ov

er
ag

e 
pr

ob
ab

ili
ty

M=1
M=2
M=3
M=4

¶.x§�uv]}p` 5GF¢a3tN�u`q}pzu��`��]}ptu��z���x°¦§x°nµjY�mlq³ w�tm�m`I�m`qw�l�x¬noj�F²n�[]`²x°^#��z{r�n�t�¨,}p`qr_`_x§�u`_}��mx§�u`_}�l¤x°nojY£�x°n�[
^�z/"mx§^�z�¦Â}pz�n�x§t�r0t{^<�]x°w�x°w]� � Ptx = 1

^ E±zUn¤n�¯
K = 10

¯
W = 0.01

^ E«z�n¤n�¯
Ψ = 10

�G;e¯
α = 3.5

¯
σ = 3

� � �.-���s) 70�����<; ��b��/

Z�[]`�zuvmn�[�tu}�l�£3tuv]¦y��¦°x§®u`·n�t#n�[*z�w]®��,³���`q}p�]tuw]`�z�w�� ��³�c´}p}px§lpl3¨ªtu}�n�[]`�v�l�`0¨ªv]¦��mxyl�r_v�lpl¤x§tuw�l�t{w�np[]`
l�v]�m~o`qr�n�³

8:���U���.����(��/

(+*�,   ³¸¶(³ =�®kjkx°¦y�mx+'u¯ E ³2hkvÂ¯���³Âhmzuw]®Uzu}pz{l¤v]�]}�zU^�z�w]xyz�^@¯Mz�w*���s³�a(zNjkx°}�r0xD¯ "4E x§}p`_¦§`qlpl´l�`_w*l¤t{}´w]`_n -
£3t{}�®ml�F = l¤v]}p�u`_j{¯ # � ,� � '3
 ��������
 . ,����/&�¯]�utu¦D³]�95�¯kw�t�³m�*¯m�]�Â³*�u�u�UF�F�u�m¯kd�zu}q³��u�u�{�]³

(Å�7,,|
³ �ev]�mn�z�z�w��«|
³��,³��·v]^�z�}�¯ "�a3}px¬npx§rqz�¦���tU£3`_}·¨ªt{}�z{l¤jk^#�mnpt�npx§r#r_tuw]w�`qr�npx°�kx°nµj{¯ #�x§w ����,���� ,�8
� ,/2�8��1,/2
	 �	� 0�& 0 ,/2 ) 2 * � ,/2 
��,��¬¯�Z.z�^#��z�¯ �´h3=<¯6*��u� 5]³

( ��,ef f ¯�"�Z�[]`,rqz���z{r0x°nµj©tu¨.£�x§}�`q¦°`�l�l�w]`0no£3t{}�®mlq¯ #�������3��)/2=&��1, 2
� 2�8���� ( �§¯��ut{¦G³m��/]¯mw]t*³��]¯m�]�2³
�95 5NF�{����¯kd�zu}q³��u�u�{�]³

( �!,<hM³�hk[�z�®k®utun¤npzuxG¯m�,³]hm}�x§®Uzuw{nq¯mzuw����<³G;´³]hm[]}�t9@.¯ " ��w]}�`q¦°xyz���¦°`el�`_w�l�tu}(�u}pxy�]l�F
r_tN�u`q}pzu�u`u¯Fr_tuw]w]`�r:-
n�x§�kx¬noj�zuw����mxyz�^#`0np`_}�¯ #ex§w ����,����1, 8������� 2 8�,���,! b¯�h]z�w@¶�}pzuw�r0xyl�r_t�¯�a�=�¯����u�{�]³

(Å�7,,|
³Mhmz�wFn�x�zuw�� � ³�d9³ ;(¦§tuv]�{[Â¯�"�Z�[]`<r0}px¬npxyr_z�¦Ân�}�z�w�l�^#x¬n�n�x§w]��}�z�w]�{`e¨ªtu}´r0t{w]w]`qr0n�x§�kx¬noj�x§w�l¤��zu}pl�`
£�x§}�`q¦°`�l�l3z{��[]t]rsw]`_nµ£(tu}p®klq¯ #�������3��)/2=& ��, 2 � , ��0��+� � ,� � '3
 03254u¯k�{tu¦D³k�]¯Fw]t*³�*u¯k�]�Â³]�u�Nk�u�]¯
�{zuwkkdIz�}��u�u�{�]³

ò 6 HÂò >



� ,�������) 4���)/2 * � , 2=2��	��
 0���0�
��,�8�� *���� ,�������
 . ,����/& 032�������&���2��	� ,�8 � (=)/2=2������ ) 2 *-,! 2���&�& �u�

10
−5

10
−4

10
−3

10
−2

10
−1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Node density (m−2)

C
ov

er
ag

e 
pr

ob
ab

ili
ty

M=2, MRC
M=4, MRC
M=2, BPS
M=4, BPS

¶.x§�uv]}p`<�LF�a3tN�u`q}pzu�u`,�]}�t{��z���x°¦§x¬noj��ml_³�w]t]�m`b�m`_w�l�x°nµj�Fsr0t{^��*z�}px§l�tuw@tu¨���`�lone��z�n�[Il�`_¦§`qr�npx§tuw<$;(|3h�6
zuw��@^�z/"mx§^�z�¦2}�zUnpx°t�r0t{^<�]x§w]x°w�� $Gd���a 6 � Ptx = 1

^ E±zUn¤n�¯
K = 10

¯
W = 0.01

^�E±z�n¤nq¯
Ψ = 10�G;e¯

α = 3.5
¯
σ = 3

( /�,bcb³ � t{v�l�l�`u¯¸|
³ÂZ�[]x§}pzuwÂ¯¸zuw��Id9³61�z{l¤¦§`_}�¯ "pa3t{w]w]`�r�n�x§�kx¬noj�x°w«z{�FF[]t]r<z�w*��[Fjk�]}pxy��w]`_nµ£3t{}�®mlq¯ #
x§w>����,����1,�8��������2 8�,�� ,� �¯*�s`q£ �Rt{}�®M¯ �´h3=<¯*�u�u�{�]³

(ê��, =�³k�szU~o`ql�£(zu}pzuw#zuw��©�,³F��`_�{xG¯ "pa(zu��zur_x¬nojbtu¨¸��tU£3`_}3r_tuw�l¤n�}�z�x§w]`��#zu�3-D[]tmr�w]`_nµ£(tu}p®klq¯ #�x§w ����,����
, 8������� 2�8 ,���,! b¯ 1�tuw]� �´tuw]��¯����{����³

( 5�, BR³I;(tktun�[Â¯ �*³0;(}pv�r�®�¯.d¢³
a3tktu®M¯.z�w��±d¢³�¶]}�z�w*r0`qlprp[�`0n¤npxD¯ " =��±[]tmr#£�x§}p`_¦§`ql�l,w]`_nµ£(tu}p®kl,£�x°n�[
w]tuxyl�j©¦°x§w]®mlq¯ #·x°w ����,����1,�8������� � � ��� � � ¯ �Rtu®ut{[�z�^�z�¯ �Fz��*z�wÂ¯����{�u�]³

( ��,ba´³ ;3`_n¤n�lonp`0n¤np`_}�z�w*� a´³ 1´z�}�n�^�z�w�wÂ¯�"pa3t{w]w]`qr0n�x§�kx¬noj¡tu¨<£�x°}p`_¦§`qlpl�^<v]¦°n�x§[]tu�Jw]`_nµ£(tu}p®kl�x°w z
l�[�zu�mtU£W¨Tzu�mx§w]�#`qwF�kx§}�t{w]^#`_w{n�¯ #·x°w ����,����1, 8 � � � � ��� 0 ��¯*h]z�w � x°`q�ut�¯*a�=<¯*���{�u��³

(+*q�!,,�,³01s`q®F^�z�n�z�w��²|
³ ��z�w±d�x§`_�{[]`_^@¯:"�hFnpv��mjItu¨(r_tuw]w]`�r�npx°�kx°nµjIx°w±£�x°}p`_¦§`qlpl·z{�FF[]t]r<w]`_nµ£(tu}p®kl
£�x°n�[�z�w�x§^#�]}�tU�u`q��}pz{�mx§t�^�t]�m`_¦D¯ #·x°w ����,����1,�8 � 0�� ��
D¯�a(z�^<�]}px§�]�u`u¯ ���#¯*���{����³

(+*9*�, � ³�d�x§tu}�z�w*�mxÂz�w��
�s³ =s¦°n�^�zuwÂ¯ "pa3t{w]w]`qr0n�x§�kx¬noj©x§w�z{� -D[]t]r´w]`_nµ£(tu}p®ml�F�z%�Fv]`_v]`qx°w���np[]`_tu}p`0npx§rqz�¦
z��]��}�tFzur�[Â¯ #´x§w>� ��,���� , 8 � 0�� ��
G¯�a(z�^<��}�xy�m�u`{¯ ���#¯��u�u�u��³

(+*���,,d9³	��t{}�'qx¸z�w��@h¸³]|Rv]��tu¦§x§wÂ¯�"�c´vmnpzu�u`e�]}ptu��zu�]x°¦§x°nµj©x§w�^<v�¦¬npx°�]¦§`�z{r_r_`qlpl(��zur�®u`0n�}�zu�]x°t�w]`_nµ£(tu}p®kl
x§w²n�[�`#��}�`ql�`_w*r0`�tu¨3¨Tzu�mx§w]��¯ # ���� �3��)/2=& ��
L� ( � �L� � ( �§¯.�utu¦D³¸�{��¯Âw]t�³2�]¯2�]�Â³0/u�u�U3/3*q�]¯6=sv]�
*q�{����³

HIH é!JLK:M�N:N



�9/ � 0 ,!��)/2 */0�� � � 
  %)/2

(+*q�!, ��³@c´}p}px§lpl z�w��ghM³
�#³C;�zu}¤nptuwÂ¯ "o|�}�t{��z��]x§¦§x¬noj �mxyl¤n�}px°�]v]n�x§tuw�l ¨ªtu}Wn�[�` wFv]^<��`q}5tu¨±}�zu�mx§t
n�}�z�w*l�r0`qx°�{`_}plM£�[]xyrp[�r_zuw,r0t{^�^<v�w]x§rqzUnp`�£�x°n�[,tuw]`�z�w]tun�[]`q}q¯ # ���� �G��) 2�& � ,/2 � ,�  �§¯N�utu¦D³q�G*u¯
w]t�³]��¯]�]�Â³L/k��/N3/!5G*u¯3=s�]}�³��u�u�{�]³

(+*_�9,´f f ¯�"�=%lon�zUn�xyl¤n�xyr_zu¦´^#tm�m`_¦´¨ªt{}�r0t{w]w]`�r�n�x§�kx¬noj¡��`0no£3`q`_w5^#tu�]x§¦§`ql�z�w��W��zul�`²l¤npzUnpx°t{w�l�F«np[]`
`�"knp`_w�l�x°t{w�npt©hkvG'qv]®kxG¯ #����{�{�m¯�a�c·hmZ �{���bZ � $G�{�-6�*��G*u³

(+*���,´f f ¯ " =:lon�zUnpx§l¤n�xyr_zu¦(^#tm�m`_¦(¨ªtu}�r0t{w]w]`qr0n�x§�Fx°noj9�*`_nµ£(`_`_wY^#tu��x°¦§`ql#z�w��¢�*zul�`�l¤npz�n�x§tuw*l�F�¨ª}ptu^
hkvG'qv]®kx¸n�t���xyr0`�z�w*����`_jut{w��¸¯ #����{�u�]¯�a�c·hmZ �{���bZ � $T�{�+6 5u�]³

(+*�/!,<cb³ � tuv�lpl�`u¯N¶(³�;�zurqr0`q¦°¦§xG¯Nzuw��·|
³�Z�[�x°}�z�wÂ¯+"   ^#��zur0n2t�¨mx§w{np`_}�¨ª`_}p`_w�r_`qlÂt{w�r0tuw]w�`qr�npx°�kx°noj´x§w<zu�Fk[]tmr
w]`0no£3t{}�®mlq¯ #ex°w ����,����1,�8������� 2�8�,�� ,� �¯�hmz�w@¶�}pzuw�r0xylpr0t�¯ �eh3=�¯����{�u��³

(+*N�7,,¶(³�;�zurqr0`_¦§¦§x{z�w�� ;e³�;(¦§z{l '�r�'qjkl�'_jkwÂ¯1"�c´w�zsr0tU�u`_}�z��u`
��}�tmr_`qlpl¸}pzuw]�ux§w]��¨ª}ptu^Jn�[]` ;(tkt{¦°`�z�w·^#tm�m`_¦
n�t#n�[]`,|
tuxyl�l�tuw
��tu}ptuw�tux�n�`�l�l�`_¦§¦yzUn�x§tuw�£�x¬np[�z��]�]¦§xyr_zUnpx°t{w�l3npt#£�x§}�`q¦°`�l�l�r0t{^�^<v�w]x§rqzUnpx°t{w�l_¯ #   � -
�   =<¯�Z2`�rp[2³]��`q�Â³]�F�G*q��¯]cer0nq³*���u�{�]³

(+*�5!,<cb³ � tuv�lpl�`�zuw���|
³{Z�[]x§}�z�wÂ¯Q"�a3tuw]w�`qr�npx°�kx°nµjb�mlRr_zu��zur_x¬noj<x°w©�m`_w�l�`sz{��[]tmr�w]`_nµ£3t{}�®mlq¯ #�x°w.����,����
, 8������� 2�8 ,���,! b¯ 1�tuw]� �´tuw]��¯����{����³

(+*q�!,,Z·³NhM³��sz��]�*z���tu}�nq¯ � 0������&��&�& � ,! � &'#2=0 � )�
 0 ,/2=&�³ ���]��`_}
hmz{�]�m¦°`3��x§�u`_}�¯N�s`_£ �u`_}�l�`_j�FM|R}p`_wFn�xyr0`
1�zu¦°¦D¯6*q�u�{�]³

(Å���!, BR³I1�zuwG'_t*¯�a´³01<³0E«tuw]�*¯.z�w��±d¢³.hM³ �R`_`{¯ � *-) ��
 0 ��� � 0������&� & & �3��) 2�&��	� 0������ &�³ �s`q£ �Rt{}�®�F
�ut{[]w E x°¦§`_j�zuw��@hkt{w�l_¯*���{�{�m³

(Å�3*�, � ³uhFnptNj{zuwÂ¯�E ³{hM³ �·`_w*�]z�¦§¦G¯uz�w*� ��³�d�`qr�®u`u¯ � 
 ,���(=) &:
 0 �?4�� ,� ��
 �:� )/2 * 0�
 & )�� ��� 0 � )!
 0 , 2=&�³ �s`q£
�Rtu}p®�F ��³GE x°¦§`_j�� hkt{w�l_¯6*q�95k�k³

(Å�u��,·|
³91´z�¦§¦G¯ ��2L
 ��, * 'L��
 0 ,/2.
 , 
3(L��
3(L��,!�:� ,�8���,!�7����) 4�� ����,�� ��&�&���&�³W��`_£ �Rtu}p®�F �*³�E x§¦§`_jbzuw���l�tuw�lq¯
*q� 595]³

(Å���!,�hM³ud�`_�{v]`_}��mxyrp[]xyz�w2¯�¶(³ ��t{v�l¤[*z�wm¨Tz�}�¯�d9³�|.t�np®utuwU~¤zu®M¯uz�w���d9³9;e³uhk}px§�Uzul¤npzN�Uz]¯)"pa3tU�u`_}�z��u`3�]}ptu�3-
¦§`_^�l�x§w@£�x°}p`_¦§`qlpl�zu�kF[]tmrel�`_w*l¤t{}�w]`0no£3tu}p®ml_¯ #´x§w ����,����1, 8������� 2 8�,���,! b¯ =�w�r�[]tu}�z��{`u¯]���{�G*u³

(Å�U�9, ;e³9B2x°v©z�w�� � ³FZ2tU£sl�¦°`qju¯Q"pc´w�n�[�`�r0tU�u`_}�z��u`�zuw��#�m`0np`qr0npz���x°¦§x°nµj�t�¨M¦yz�}p�u`�ml�r_z�¦§`(£�x§}�`q¦°`�l�lRl¤`qw�l¤t{}
w]`0no£3t{}�®mlq¯ #ex°w ����,����1,�8 � 0�� ��
D¯*hktu�][]xyz =swFn�x§��tu¦§x§lq¯�¶�}pzuw�r0`u¯��u�u�u��³

(Å�u��,��#³ �,z�}�zuw���hM³ ;�zuw]`_}G~o`_`{¯�"��st]�m`,��¦§z{r0`_^#`qw{ns¨ªt{}´r0tuw]w�`qr�np`q��r0tU�u`_}�z��u`·x§w�l�`_w�l�tu}sw]`_nµ£3t{}�®mlq¯ #
x§w>����,����1,�8 � 0�� ��
D¯*hktu�][�x§z =�w{n�x§��tu¦§xyl_¯�¶�}pzuw�r0`{¯����u�{�]³

(Å�!/!,��<³6E±z�w]�*¯���³���x§w]��¯ ��³ �M[�z�w]�*¯.a´³6BÂv2¯��,³¸|�¦°`�l�lq¯�z�w��9a´³��ex§¦§¦G¯ "   w{np`_�{}pz�n�`q�²r0tU�u`_}�z��u`�zuw��
r0t{w]w]`qr0n�x§�kx¬noj�r0t{w3$��uv�}pz�n�x§tuw�x°wb£�x§}p`_¦§`qlpl�l�`_w*l¤t{}�w]`_nµ£(tu}p®klq¯ #3x°w � ��,�����, 8 � � 2 � � &�¯!BÂt{l =sw]�{`_¦§`qlq¯
a�=�¯*�u�u�{�]³

(Å�{�7,��<³ - �b³ B2xG¯R|.³ - ��³ E±z�wÂ¯�z�w�� cb³.¶�}�x§`q�m`q}q¯�"pa3tU�u`_}�z��u`�x§w¥£�x°}p`_¦§`qlplbzu�9[]tmr�l¤`qw�l¤t{}<w]`_nµ£3t{}�®mlq¯ #
������3��)/2�& �1,/2 � ,! � �§¯��ut{¦D³��u�m¯mw]t*³G/]¯]�]�Â³��u���N���/��]¯ �uv]w����{�u�]³

ò 6 HÂò >



� ,�������) 4���)/2 * � , 2=2��	��
 0���0�
��,�8�� *���� ,�������
 . ,����/& 032�������&���2��	� ,�8 � (=)/2=2������ ) 2 *-,! 2���&�& �{�

(Å�!5!,,�,³�d�`_`�lonp`_}´z�w�����³*�stNj{¯ � ,/2 
 032 ' '3 � ����� ,���)!
 0 , 2�³ �s`q£ �Rtu}p®�F�a(z�^<��}�xy�m�u` ��w]x§��³*|�}�`�l�lq¯
*q�{�9/]³

(Å���!,   ³�hM³ �e}pz{�]l¤[Fn�`qjFw�zuw��   ³*d9³���j '_[]x§®M¯ �=) ���&� , 8�032L
 � 49��)�� &  &���� 0 ��&  )/2 * ����, * 'L��
 &�³ c´}�¦yz�w��]tLF=�r_zu�m`q^#x§r·|R}�`�l�lq¯ *��95u��³
( �u�!, � ³MhFnptNj{zuwÂ¯ � ,! �=)�� 0�& , 2 �>��
 (�, */&?8�,�����'L� 'L��& )/2 * � 
 (G��� � 
',�� (�)/& 
 0 � ,�*9��� &�³ �s`q£ �Rt{}�®�F

�ut{[]w E x°¦§`_j�� hkt{w�l_¯6*q� 5u�]³
( �G*�, ;e³G;(t{¦°¦§tu���{l_¯G� )/2 *-,! 49��)��=(5&�³ a(z�^<�]}pxy�m�u`{¯ ��� F*a(zu^<�]}�xy�m�{` �sw]x§�u`_}�l�x¬noj©|R}p`qlplq¯����{�G*u³
( �{��,,d9³ � ³�|.`qw]}�tFl¤`{¯9� ) 2 *+,� 4 � ,� ��
 � 0 �?49��)��=(5&�³ c "k¨ªtu}��¸¯ ��� F{c "F¨ªt{}p� �sw]x§�u`_}�l¤x°noj�|R}�`�l�lq¯{���{�u�]³
( �u�!,<a´³ ;(`0n�npl¤n�`_n¤np`_}�¯ "�c´w�np[]`�^#x§w]x§^<v]^:w]t]�m`<�m`_�u}p`_`�zuw���r0tuw]w�`qr�npx°�kx°noj�t�¨Rz#£�x§}p`_¦§`qlpl�^<v]¦¬npx°[�tu�
w]`0no£3t{}�®M¯ #´x§w ����,����1, 8 � , � 0�(�,��_¯�B2zuv�l�zuw]w]`{¯�a�1<¯*���{�{�m³

( ���9,,�,³G=�¦°��`q}¤nszuw��.=�³LBR³G;�z�}�z����ul¤xD¯ "�hFn�zUnpx§l¤n�xyr_zu¦M^#`qr�[�z�w]xyr_l�t�¨.r_tu^#�]¦§`�"�w]`0no£3t{}�®mlq¯ # ������0 � .�&�,�8
� , *9��� 2 � ( � & 0 � &�¯*�utu¦D³*�N�*¯k���Â³]�k��k�k�F¯ �{zuwÂ³��u�u�{�]³

( �{��, =�³ 1�`_¦§^<ju¯ "phk^�z�¦§¦Â£3t{}�¦y�]l�x§w@£�x§}p`_¦§`qlpl�w]`0no£3t{}�®mlq¯ # ���� � ,�  &'#2=0 � )�
 0 ,/2�&��0��

 ��� &�¯]w�t�³6*��]¯
�]�Â³]�F�u�UF�{�{�k¯�cer�n�³��u�u�u��³

( �9/!,,d9³±¶]}�z�w�r_`qlprp[�`0n¤npxG¯ BR³%;(tkt�np[Â¯ �*³ ;(}pv�rp®M¯Wd¢³Åa3tkt{®M¯Wz�w�� �,³±d�`q`qlonp`_}�¯ "pa3tuwFn�x§wFv]v�^
��`_}�r0t{¦§z�n�x§tuw¢£�x°n�[ v]w�}�`_¦§xyz��]¦§`@z�w��Yl��]}p`qzu�¢t{vmn�r_tuw]w]`�r�npx°t{w�l_¯ #��u�u�u��¯M~otuv�}�w�zu¦�t�¨·hFn�zUn�xyl¤n�xyr_z�¦
|R[kjkl�xyr_lq³   w ��}�`�l�lq³ (êc´w]¦°x§w]`�,D³ =��Uz�x§¦yz��]¦§`9F [{n�n��6F � �G(�`_`�r0`u³ v�rql��¸³ `q�mv ���]^�zulpl�x°^#t�� �utuv]}�w*zU¦ �
|.`q}pr�hk�]}p`qzu�3-�hkv]��^�xylpl¤x§tuwÂ³ �M�k¨

( �F�7,<a´³ ;3`_n¤n�lonp`0n¤np`_}3z�w��©cb³ �·}pzuv�l¤`{¯<"pc´w#��tu}��m`_}�`�@�`qr0nplRx§w#^#tm�m`q¦°x§w]��z�w��#l�x§^<v]¦§z�n�x§tuw#t�¨M£�x§}�`q¦°`�l�l
zu��[]t]rew]`0no£3tu}p®ml_¯ #´x§w ����,����1, 8����� � � � ��¯���`�r0x°¨ª`u¯L;(}�z!'_x§¦D¯]���{�G*{³

( �95!,,d9³ � ³�|
`_w]}pt{l�`u¯ "�Z�[]`<¦§tuw]�{`ql¤n�`��m�u`<tu¨�n�[�`b}pzuw��mtu^:^#x§w]x°^�zu¦
l¤��zuw]w]x§w]�©n�}p`_`{¯ # � (L�?� 2=2 )�� &
, 8 � � ��� �0� ��, ���§¯��ut{¦G³*�m¯mw]t�³*�m¯]�]�Â³����F�Nm�!/G*u¯�*q�u�k�k³

( �u�!,·|
³ 1�zu¦°¦D¯ " 1�`qzN�Fjbn�}�z �©rszu�]�]}pt�"mx§^�zUn�x§tuw*l.¨ªt{}���v�l¤j#��`_}px°tm�#x§w�z�w
M |G|∞ �Fv]`qv]`u¯ # � 
',�� (�) &:
 0 �

����,�� � & &���& ) 2 *2
3(L��0���� � ��� 0 � )�
 0 ,/2=&�¯��ut{¦G³6*q�]¯m�]�Â³��u���Um�!/u�m¯�*q� 5{�]³
( �{�!, BR³ - B�³ ��x§`�z�w���|
³U�,³ �·v�^#zu}q¯!"�=¥w]`_nµ£(tu}p®ex§wm¨ªtu}p^�zUnpx°t{w,n�[�`_tu}pje¨ªtu}.£�x§}�`q¦°`�l�l�r_tu^#^<v]w]xyr_z�n�x§tuw�l�F
lpr_z�¦§x§w]�<¦yz�£sl(zuw��©tu�mnpx°^�zu¦�t{��`_}�zUn�x§tuw2¯ # ������G��)/2�& � � 2�8�� � ( �§¯m�{tu¦D³m���]¯kw]t�³]�m¯k�]�Â³��U� 5U]��/{�k¯
d�zNj����{���*³

( �L*�, ��³���³IB�z�w]`_^�zuwÂ¯ � ³��<³
a´³2Z.l¤`{¯.z�w�� ��³0E ³0E«tu}pw]`_¦§¦D¯:"�a3tkt{��`_}�zNnpx§�u`#�mx°�u`q}pl�x°nµjIx§w±£�x§}�`q¦°`�l�l
w]`0no£3t{}�®ml�FY`!�©r0x§`_wFn��]}pt�nptmr0t{¦·z�w��Jtuvmn�z��u`«��`_[�zN�kx°t{}q¯ # ���� �3��) 2�& ����2 8��
� ( �°¯<�u�u�u��¯sn�t
z��]��`�z�}�³�(êc´w]¦°x§w]`�,D³L=2��z�x§¦§zu�]¦§`9F
[{n�n��6F � �U£�£�£,³ w��Â³ `��mv ����~ow]¦��U�]v]��l �Nx°n��u�u�{�m³ �M�k¨

( �F��,,��³�;(`_w�`_�u`_wkvmn�t�zuw�� ��³¸a3[]`_}pv]�]x§w]xG¯6� � 4+,!� 0�
3(3 & 8�,!� � ,�  &'#2=0 � )�
 0 , 2�& � � &:
 �� & )/2 * � (G� 0��
� � ��� 0 � )�
 0 , 2�&�³��s`q£ �Rt{}�®�F �ut{[]w E x°¦§`_j�� hkt{w�l_¯*���u�F�m³

HIH é!JLK:M�N:N



�95 � 0 ,!��)/2 */0�� � � 
  %)/2

( �{�!, ��³�1�³�E x°wFn�`_}�lq¯!"¤Z�[]`��]x°�u`q}pl�x°nµj´�Fz�x§w·tu¨kn�}�z�w�l�^#x¬n.�mx°�u`q}pl�x°nµj´x§w�£�x°}p`_¦§`qlplÂl�jmlonp`_^�lÂ£�x°n�[<�szNjk¦°`qx°�{[
¨Tzu�mx§w]�*¯ #·x°w ����,����1, 8������� � � ¯*�s`q£ �Rtu}p®M¯m���b¯0*q�{����³

( �u�9,�hM³Md9³�=s¦yzu^�t{vmn�xD¯ "�=�l�x§^��]¦§`<n�}�z�w�l�^#x¬ne�mx§�u`_}�l�x¬noj�n�`�rp[�w]x!�Fv]`<¨ªtu}´£�x§}p`_¦§`qlpl�r0t{^#^<v]w]x§rqzUnpx°t{w�l_¯ #
������ � � ��� �0��� �>, 2 � ,�  �§¯��ut{¦G³ *�/]¯mw]t�³L5]¯m���Â³6*_�k�3*0 *_�F�!5]¯]cer0nq³ *��u� 5]³

� �  � 7��.���.�	·�����<� 1 �
����� ����� " ���

  w�tu}��m`_}¸npt�r_zu}�}pj�tuvmn2n�[�`3r0tu^#�]vmn�zUnpx°t{w,t�¨kn�[�`�w]tm�m`Rxyl�tu¦yzUn�x§tuw·�]}ptu�*z��]x§¦°x°noju¯�£3`R¨ªtu¦§¦°tU£±zuw�z��]�]}pt{z{rp[
x§w�l��]x°}p`q���kj�n�[�z�n3tu¨ ��tu}	'_x*`0n�z�¦D³�(+*���,�¨ªt{}�n�[]`ezuw�z�¦§jml¤xylRt�¨¸np[]`´tuvmn�z��{`s�]}ptu��zu�]x°¦§x°nµj�x§w©�*zurp®{`0n3}�zu�mx§t
w]`_nµ£(tu}p®klq³   w �*z�}�n�xyr0v]¦yz�}�¯R£3`��]}�t]r0`_`��¥z{lb¨ªt{¦°¦§tU£sl_³DE«`�r0t{w�l�x§�m`q}�z²�*z�¦§¦�t�¨e}pz{�mx°v*l

c
¯

Dc

zuw��
r_tuw��mx°n�x§tuw¢tuw±np[]`�wkv]^<��`_}btu¨�w]tm�m`�l��]}p`ql�`_wFnq¯��m`qw]t�np`q�9�Fj

k
³I��t�n�xyr0`©np[�zUn<np[]`

k
��tux§w{npl<tu¨ Nx§w

Dc

z�}p`�v]w]x°¨ªtu}p^�¦§j¥�mxylonp}�x§�]vmnp`q�¸³DE«`�r0t{^���vmn�`�n�[�`@w]tm�m`@x§l�tu¦yzUnpx°t{w¥�]}ptu��zu�]x°¦§x°nµj9v�w��m`_}©l�v�r�[
r_tuw��mx°n�x§tuw*l_³�Z�[�`_wÂ¯�£3`<z��]�]¦§j©np[]`·npt�n�z�¦Â�]}ptu��zu�]x§¦°x°noj�np[]`_t{}�`q^!n�t�v]w�r_tuw��]x¬npx°t{w@tuw

k
$ªw]tun�x§w]�#n�[*zUn

np[]`�wFv]^<��`q}©t�¨·w]tm�m`�l#�]}p`ql�`_w{n©x°w
Dc

¨ªtu}p^�l�z«|
tuxyl�l�tuw }pzuw��mt{^ �Uz�}pxyz��]¦§`�t�¨ex§w{np`_w�l�x°nµj
λπc2 60³¶.x§w�z�¦§¦°j{¯m£(`·��z{l�l(n�t#n�[]`,¦§x§^�x°n

c → +∞ npt#�{`0n�np[]`,w]tm�m`·xyl�tu¦yzUnpx°t{w���}�t{��z��]x§¦§x¬noju³�Z�[Fv*l�F

PI = lim
c→+∞

∞
∑

k=0

e−λπc2 (λπc2)k

k!

∫ +∞

0

da1

∫ +∞

0

dak

k
∏

i=1

(

1 − PS|Γ

(

aiPtx

W

))

·

·
k
∏

i=0

∫ c

0

2ρidρi

c2
fl|r(ai|ρi).

$ª�{�56

Z�[]`qwÂ¯

PI = lim
c→+∞

∞
∑

k=0

e−λπc2 (λπc2)k

k!

k
∏

i=1

∫ +∞

0

dai ·
(

1 − PS|Γ

(

aiPtx

W

))∫ c

0

2ρidρi

c2
fl|r(ai|ρi) =

= lim
c→+∞

∞
∑

k=0

e−λπc2 (λπc2)k

k!

[∫ +∞

0

da ·
(

1 − PS|Γ

(

aPtx

W

))∫ c

0

2ρdρ

c2
fl|r(a|ρ)

]k

=

= lim
c→+∞

e
−λπc2

[

1−
+∞
∫

0

da
c
∫

0

dρ(1−PS|Γ( aPtx
W )) 2ρ

c2
fl|r(a|ρ)

]

=

= e
−λπ lim

c→+∞

[

c2−
+∞
∫

0

da
c
∫

0

dρ(1−PS|Γ( aPtx
W ))2ρfl|r(a|ρ)

]

=

= e
−λπ lim

c→+∞

[

+∞
∫

0

da
c
∫

0

dρPS|Γ( aPtx
W )2ρfl|r(a|ρ)

]

=

= e
−λπ

[

+∞
∫

0

da
+∞
∫

0

dρPS|Γ( aPtx
W )2ρfl|r(a|ρ)

]

,
$G���56

ò 6 HÂò >



� ,�������) 4���)/2 * � , 2=2��	��
 0���0�
��,�8�� *���� ,�������
 . ,����/& 032�������&���2��	� ,�8 � (=)/2=2������ ) 2 *-,! 2���&�& ���

£�[]`q}�`
np[]`R��zulpl�zu�u`�npt�n�[�`�¦§x§^#x¬n2xylk~ov*lonpxA$�`��·x°¨Fnp[]`Rx°wFn�`q�u}�z�¦�r_tuwk�u`_}p�u`ql¸z���l�tu¦§vmn�`q¦°j $ªn�[]xyl2r_tu}p}�`�l¤��tuw��]l
npt�n�[]`�r_tuw��mx°npx°t{w

E[R2] < +∞ 6�³
hkv]�*lonpx¬npvmn�x§w]� $ /+6(x§w $D���563£3`·}p`0np}�x§`_�u`�$ *_�:6�³

HIH é!JLK:M�N:N



Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)

Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)

Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)

Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)���������	�
�������� ������� ��� ���

ISSN 0249-6399


