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pC`c�wbc�EpCe�}�R?�hj=n?f�^�\8R�g=b"pC�,^+j�jq`PR�pC`Pr¿^_NPR�pqr:Q�fh]+]_f��c�hR�n�jq`=^_e+jq�h]UpCe+R�QSR�pq]_bce�pC�c�hR���bc`Pn?^_fhjq`P]
u : J → [−ε, ε] �:�aNPR?e+R J fh]�pC`{f�`=^+R?e_}wpC� jC� R ¢

Ð `!^_NPR½e+jq��jq^_fhn�]���f�^+R?e�pC^_bce+RµÁ�n>� ¢�

� x��¹Ä>��^_NPR�r:\=`"pCQ�fhn�]�rcR>¦P`PR�r �=\ÉÁ Dε
Ä
�aNPR?`

M
fh]

^_NPR���bPn?��f�rPR�pC`{mc�EpC`PR&e+R?mce+R�]+R?`3^+]�^_NPR&QSjq^_fhjq`¡jC��p
bc`cfhn?\:n?�hR�Á�jqeap
e+jq����f�`c��m�R?`c`=\cÄ�pC`PrI^_NPR
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�=\µpCe+n>�Í�hR?`c�w^_N!�af�^_N!n?bce_}qpC^_bce+R'��jqbc`PrcR�rÔ�=\
ε ¢�Ð ` ��� uyx3��¾Kbc�cf�`P]½Á 
 x��¹Ä�rcR?^+R?e_Q�f�`PR�rÔ^_NPR�w�hjq�"pC�G]_^_e_bPn?^_bce+R&jC�õ^_NPR&n�jqe_e+R�]_m�jq`Pr:f�`c��^_f�QSRKjqmc^_f�Q'pC�-^_e�p�k_R�n?^+jqe_fhR�]�Å,NPR�]+NPj~��R�r'^_N"pC^.^_NPR?\

pCe+R�n�jq`Pn�pC^+R?`"pC^_fhjq`P]
jC��pC^sQSjw]_^s^_Nce+R�R�mcfhR�n�R�]sQ'pqrcR�jC��n?f�e+n?�hR�]�jC�.e�pqr:f�bP]
1/ε

jqes]_^_e�pCf��wN=^
��f�`PR�] ¢�� bce_^_NPR?e.e+R�]_^_e_fhn?^_fhjq`P]�jq`'^_NPR��hR?`c�w^_N½jC�#^_NPR&pCe+n�].jC�õpC`Ijqmc^_f�Q'pC��n�jq`Pn�pC^+R?`"pC^_fhjw`½N"p�}yR��R�R?`{mce+j~}�R�r¡�=\¡Z3bP]+]_Q'pC`c`8pC`Pr{M�pC`c�8Á 
 �wv��¹Ä ¢¾Kbc�cf�`P]~À �Í��f�Ñ�Ramce+jq�c�hR?QS]ÎN"p�}�R/��R�R?`Smce+jqm�jw]�R�r��=\�n�jq`P]_fhrcR?e_f�`c�
QSjqe+Ra�yR?`PR?e�pC�"Q'pC`cf��¯jq�hrc]
M ¢�� jqeÎf�`P]_^�pC`Pn�Rw�3^_NPR�n�pq]�R��aNPR?e+R M fh]�pU^���jC��r:f�QSR?`P]_fhjq`"pC�GQ'pC`cf���jq�hr½jC�õn�jq`P]+^�pC`=^a �pCbP])�
]_fEpC`�n?bce_}wpC^_bce+R��/pq],f�`=}�R�]_^_f���pC^+R�r�f�` 
 v:�C�P� � � � ���PpC`Pr�^_NPR/n�pq]+R��aNPR?e+R M = R

n, Sn
�
n ≥ 3�/pq]K]+^_bPr:fhR�r¤f�` 

� u:� ��� ���w��� ¢ M/NPR�n�jq`=^_e+jq���EpC�cf���f�^�\8fh]+]_bPR
fh]&`Pjq^Kr:f��'n?bc��^s^+jI]+jq��}�Rw��r:bPR
^+j^_NPR½�¯pqn?^�^_N"pC^�^_NPR¡¾&bc�cf�`P]~À�mce+jq�c�hR?Q n�pC` ��R½e+R>�¯jqe_Q�bc�EpC^+R�r¼pq]Sp8�hR>�¹^�f�`=}wpCe_fEpC`=^Sn�jq`=^_e+jq�

]_\:]_^+R?Q jq` p � fhR'�we+jqbcm ¢ � R?^�bP]
QSR?`=^_fhjq`ËpC`Pjq^_NPR?e���f�`PRIjC���yR?`PR?e�pC��f�Ï~pC^_fhjq`õ���aNcfhn�N n�jq`:�]_fh]+^+]�jC��n�jq`P]_fhrcR?e_f�`c�I^_NPRUr:fh]_^_e_f��cbc^_fhjq`"pC��}�R?e+]_fhjq`¤jC�
(Dε)

�c�aNPjw]+R���R�]+^)�ÍÑ=`Pj~�a`8R>ÇPpCQ�mc�hRUfh]
^_NPRU]+jC��n�pC���hR�r{o&R�R?rP])�ÌZ=NPR?mcm¤n�pCe�Á 

��� �¹Ä ¢�Ð `¡r:f�QSR?`P]+fhjq`{^���jc�c^_NPRUr:fh]_^_e_f��cbc^_fhjq`"pC��r:\3`"pCQ�fhn�]n�pC`¡��Rse+R?mce+R�]+R?`=^+R�r¡�=\I^_NPRs^���jC�Íf�`cmcbc^�n�jq`=^_e+jq�õ]+\3]_^+R?Q

(DDε) : q̇ = uf(q) + vg(q)
�af�^_N

|u|, |v| ≤ ε ¢ M/N"Ran�jq`=^_e+jq���EpC�cf���f�^Ì\�jC� (DDε)
fh]ÎpK^_e_f�}=fEpC�"n�jq`P]+R�g=bPR?`Pn�R�jC��f�^+]���R?f�`c�
]_^_e�jq`c�w��\

�ce�pqn�Ñ�R?^U�yR?`PR?e�pC^_f�`c�P��f ¢ R ¢ ��]_bPn�Nµ^_N"pC^��õ��jqe
R?}yR?e_\ q ∈ N
�õ^_NPR�^_e_f�mc�hR

(f(q), g(q), [f, g](q))]_m"pC`P]
TqN ¢lYQSjq^_f�}qpC^_fhjq`É��jqeI^_NPR¤mce+R�]�R?`=^I��jqe_ÑÆfh]I^_NPR¤e+R?Q'pCe_ÑÆ^_N"pC^����aNPR?`É�yR?`PR?e�pC��f�Ï�f�`c� ^_NPR

¾Kbc�cf�`P]�ÀPmce+jq�c�hR?QÃ��e+jqQÃ^_NPR���bPn?��fhrcR�pC`8mc�EpC`PRU^+jIp��yR?`PR?e�pC��o�fhR>Q'pC`P`cfEpC`8]_bce)�Ípqn�R
M
�c^_NPR
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n�jqQ�mc�hR?^+R'n�jq`=^_e+jq���EpC�cf���f�^�\¥jC�
(Dε)

]_^+jqmP]�^+j���RSp½^_e_f�}3fEpC��fh]+]+bPR ¢�£ RSpCe+R�`"pC^_bce�pC����\8�Ípqn�R�r�af�^_N pC`¥f�`=^_e_f�`P]_fhn�mce+jqm�R?e_^�\¿jC�
M
�Gf�`PrcR?m�R?`PrcR?`=^�jC�.�w�hjq�"pC��e+R�]�n�pC��f�`c�¤jC�.f�^+]sQSR?^_e_fhn���jqe_Q

g
�:^_N"pC^�fh]��:�aNPR?^_N"R>e

(Dε)
fh]�n�jqQ�mc�hR?^+R?��\¡n�jq`=^_e+jq���EpC�c�hRU��jqe�R?}�R?e_\

ε > 0 ¢,£ Rse+R>�¯R?ea^+jS]_bPn�Nmce+jqm�R?e_^�\½pq].^_NPR�§3¨P©+ª�«?¬�©�­¯®�¬�ª+°'®�±q²&³-´hª?¬�ª
®�±q¨"¬�©_±w´6´�¶�·?­6´¸­¹¬�ºKVsÂaÂ¼jC�õ^_N"R&¾Kbc�cf�`P]�À=mce+jq�c�hR?Q jq`
M ¢ 
 bcespCf�Q fh]�^_NPR?e+R>�¯jqe+R
^+j�¦P`Pr¤�yR�jqQSR?^_e_fhn�jqe&^+jqm�jq�hjq�wfhn�pC�,n�jq`Pr:f�^_fhjq`P]Kjq`

M
R?`P]_bce_f�`c�

V�ÂaÂ ¢M/N"R � fhR/pC���yR?�ce�pCfhn/]_^_e_bPn?^_bce+R�jC�
(Dε)

e+R?}yR�pC�h],g�bcfhn�Ñ3��\�^_N"pC^�^_NPRa �pCbP]+]_fEpC`�n?bce_}wpC^_bce+R
Kmc�Ep�\:]/p
n?e_bPn?fEpC��e+jq�hR&f�`I^_NPRKn�N"pCe�pqn?^+R?e_f�Ï~pC^_fhjw`¡jC� n�jq`=^_e�jq���EpC�c�hR�¾Kbc�cf�`P]�À�mce+jq�c�hR?QS] ¢�Ð `PrcR�R�r#��¯jqe�R?}yR?e_\

q ∈ N �
[f, [f, g]](q) = −K(π(q))g(q),

Á � Ä
�aNPR?e+R

π :N →M
rcR?`Pjq^+R�]/^_NPRK�cbc`Pr:�hRsmce+jCk)R�n?^_fhjq` ¢ M/NPRKe+jq�hRsjC� K fh].��bce_^_NPR?ea]_bc�w�yR�]+^+R�r

�=\�^_NPR���jq���hj~�af�`c�½]_^�pC`PrPpCe+r8R>ÇcpCQ�mc�hR�jC��`Pjq`:��n�jq`=^_e+jq���EpC�cf��hf�^�\GÅ.f��
M

fh]�^_NPR
i�jqf�`Pn�pCe+d�N"pC���6�
mc�EpC`PR

H2 ��^_NPR?` (Dε)
fh]Sn�jqQ�mc�hR?^+R?��\Ën�jq`=^_e+jq���EpC�c�hR{f��spC`PrÆjq`c��\Ôf��

ε > 1
Á�n>� ¢ 
 �"� � ���¹Ä ¢o&jqbc�wNc��\µ]+m�R�pCÑ=f�`c�P�,^_NPRI`PR?��pC^_f�}�R>`"R?]�]�jC�

K
fh]�pC`!jq�P]_^�pqn?�hRI��jqe�^_NPR½n�jq`=^_e+jq���hR�r!^_bce_`cf�`c�

pqn?^_fhjq`¤Á¹QSj=rcR?�hR�r��=\
g
Ä ^+j�j~}yR?e+n�jqQSR/^_NPRa]_mce+R�pqr:f�`c�UjC�-^+NPR��yR�j=rcR�]_fhn�] ¢�£ NPR?` |u| ≤ ε ≤ 1

�
^_NPRUR
	#R�n?^�jC�

u g
fh]�`Pjq^�]+^_e+jq`c�SR?`Pjqbc�wN»pC`Pr{n�jqQ�mc�hR?^+R
n�jq`=^_e+jq���EpC�cf���f�^�\��ÍpCf��h]a^+j�NPjq�hr ¢

Ð `Ôp�mce+R?}3fhjqbP]Um"pCm�R?e½Á 
 u��¹Ä>� ��R'pC��e+R�pqr:\¥mce+jqm�jw]+R�r ]+jqQSRS�yR�jqQSR?^_e_fhn½pC`Pr¥^+jqm�jq�hjq�wfhn�pC�n�jq`Pr:f�^_fhjq`P]Sjq`
M
���aNcfhn�NÆR?`P]_bce+R½^_N"pC^�^_NPR�VsÂaÂ�mce+jqm�R?e_^�\ÔNPjq�hrc]�^_e_bPR ¢µÐ `!m"pCe_^_fhn?bc�EpCe��f�^��apq]�mce+j~}�R�r¿^_N"pC^�pC`=\¿n�jqQ�m"pqn?^

M
]�pC^_fh])¦"R�]�^_NPRSVsÂaÂ mce+jqm�R?e_^�\ ¢SÐ `¥^_NPR�bc`=��jqbc`PrPR?rn�pq]+Rw�c^_NPRU]�pCQSR�n�jq`Pn?��bP]+fhjq`{�/pq]�jq�c^�pCf�`PR�r{�aNPR?`

M
fh]
¶C«>ºC²&³�¬Í±y¬�­�®�¶q´6´¸º��a¶w¬¯�:f ¢ R ¢ � K ^+R?`Prc]

^+j¡Ï�R?e+j8pC^Uf�`:¦P`cf�^�\ ¢ M/NPRSn�jq`=^_e+jq�.]+^_e�pC^+R?�w\¿�yj=R?]�pq]���jq���hj~��] ¢IÐ ^Ufh]s¦"e+]_^
]_NPj~�a`µ^_N"pC^
^_NPRn�jq`=^_e+jq���EpC�cf���f�^Ì\!jC�
(Dε)

fh]�R�g=bcf�}qpC�hR?`=^�^+j»^_NPRI�¯pqn?^�^_N"pC^�R?}�R?e_\
q = (p, v) ∈ N

n�pC` ��R
]_^+R�R?e+R�r ^+j

q− = (p,−v) �=\ pC`!pqr:Q�fh]�]_f��c�hR'^_e�p�k_R�n?^+jqe_\µjC� (Dε) ¢ M/NPR'�EpC^_^+R?e�mce+jqm�R?e_^�\y�n�pC���hR�r�
.ª_¶��
®+±q¨-¬�©_±q´6´�¶�·>­¹´ ­�¬�º/jC�
(Dε)

�wfh]�mce+j~}yR�r��=\�^_e�pqn�Ñ3f�`c�
pK^+R�pCe+r:e+jqmS�hj=jqm�f�`'psn�j~}yR?e_f�`c�
rcjqQ'pCf�`¥j�}yR?e�p'mcfhR�n�R�jC�

M
pC^Kf�`:¦"`cf�^�\ ¢ l�]_bcf�^�pC�c�hR�n�j~}yR?e_f�`c��Q'pC`cf��¯jq�hr¿n�pC`¿��R��w�hjq�"pC����\

rcR�]+n?e_f���R�r{�=\¡p�]_f�`c�w�hR
pCmcmce+jqmce_fEpC^+RU�yR�j=rcR�]+fhnUn�N"pCe_^ ¢
Ð ��jq`PRUÑ�R�R?mP]�f�`¤Q�f�`Pr¤^_NPRU`Pjq`:��n�jq`=^_e+jq���6pC�cf���f�^Ì\¤jC��^_NPR�¾Kbc�cf�`P]�ÀPmce+jq�c�hR?Q jq`

H2 �Pf�^&fh]e+R�pq]+jq`"pC�c�hR�^+j»n�jq`P]+fhrcR?e�^_NPR½]+f�^_b"pC^_fhjq` �aNPR?e+R
K ≥ 0 ¢¥Ð `PrcR�R�r#��f�` ^_N"pC^�n�pq]+Rw��`Pj8�hj=n�pC�]_mce+R�pqr:f�`c�µR
	#R�n?^�r:bPR½^+j»^_NPR¡r:e_f��¹^�^+R?e_Q N"pq]�^+j»��R�n�jqQ�m�R?`P]�pC^+R�r ¢ W»jqe+R�j~}�R?e���f�� M fh]

pC`¡jqm�R?`¡Q'pC`cf��¯jq�hr��af�^_N¡`Pjq`c`PR?��pC^_f�}yRUn?bce_}wpC^_bce+Rw�Pp�e+R�]_bc��^a�=\�Â�jqNc`:���Îjw]+]+R?` Á 
 � �¹Ä.f�Q�mP��fhR�]^_N"pC^��
∫

M
KdA <∞ ,

Á¯�yÄ
�aNPR?e+R

dA
fh],^_NPRa]_bce)�Ípqn�R/R?�hR?QSR?`=^�f�`

M ¢ MaNPR�f�`=^+R?�we�pC�"rcR�n�p�\�jC� K ^+jKÏ�R?e+jUpC^�f�`:¦P`cf�^�\�n�pC`
��R�f�`=^+R?e_mce+R?^+R�r!pq]
p¡]+jqe_^UjC��pq]_\3Q�mc^+jq^_fhn 	 pC^_`PR�]+]
n�jq`Pr:f�^_fhjq` pC`Pr¥f�^U]+bc�w�yR�]_^+]�^_N"pC^

(Dε)]_NPjqbc�hr���R�n�jqQ�mc�hR?^+R?��\�n�jq`=^_e+jq���EpC�c�hR���jqe,R>}�R?e_\
ε > 0 ¢�Ð ` 
 u����q��RÎ�/R>e�R/pC�c�hR.^+jKn�jq`:¦Pe_Q ^+N"pC^

f�`=^_bcf�^_fhjq`»bc`PrcR?e&^_NPR�pqrcr:f�^_fhjq`"pC��pq]+]_bcQ�mc^_fhjq`8^_N-pC^
K
fh]���jqbc`PrcR�r8j~}�R?e

M
�"f ¢ R ¢ � supM K

� ��
 � ù



�U§c·?­6¨c«���³-©_±�·?´�ª?² ±q¨8«�§3©��?¶y®�ª�«���� u

fh]�¦P`cf�^+Rw�GpC`Pr¿pC�h]+jS^+jIR>Ç:^+R?`Pr¤^_N"pC^&e+R�]_bc��^&^+j'^_NPR�n�pq]+R
�aNPR?e+R
K ≥ 0

jqbc^+]_fhrcR�p'n�jqQ�m"pqn?^
]+R?^ ¢ M/NPR�]+^_e�pC^+R?�w\½jC��^_NPRsmce+j=jC�,]_^_f����õn�jq`P]_fh]_^+]/f�`¡^_e�pqn�Ñ3f�`c�'p�^+R�pCe+r:e+jqm{�hj�jqm{f�`{p�n�j~}�R>e+f�`P�rcjqQ'pCf�`

D
�cbc^K^_NPR�n�jq`P]_^_e_bPn?^_fhjq`¥jC�

D
��R�n�jqQSR�]KQ�bPn�N¿QSjqe+R�rcR?��fhn�pC^+R�^_N"pC`»^_N"pC^sjC�Î^_NPR

pq]_\3Q�mc^+jq^_fhn 	 pC^�n�pq]+R ¢o&R�n�R?`=^_��\y�yi ¢ i,pC`P]+b�m�jqf�`3^+R�r�jqbc^,NPj~�!^_NPR/R>Ç:fh]_^+R?`Pn�R�jC�Gp&n?�hjw]+R�r��yR�j=rcR�]_fhn/jq`�pK]_bce)�¯pqn�R
M

�af�^_N¿n�jq`P]_^�pC`=^K`PR?��pC^_f�}�R�n?bce_}wpC^_bce+R�f�Q�mc��fhR�]K^_N"pC^��-�¯jqeKR?}yR?e_\{m�jqf�`=^
p ∈ M pC`Pr8R?}�R?e_\

ε > 0
�q^_NPR?e+RaR>Ç:fh]_^+]�p&`Pjq`:��n�jq`=^_e�pqn?^+f��c�hR�pqr:Q�fh]�]_f��c�hR/^_e�p�k)R�n?^+jqe_\�jC�

(Dε)
�aNcfhn�NS]_^+R�R?e+]�]+jqQSR

m�jqf�`=^
q ∈ UpM

^+j{^_NPR'm�jqf�`=^
q− ¢ Z=bPn�N p��¯R�pC^_bce+R'fh]
m"pCe_^_fhn?bc�EpCe_��\ f�`=^+R?e+R�]_^_f�`c�P�,^�pCÑ3f�`c�f�`=^+j�pqn�n�jqbc`=^/^_N"pC^/VsÂaÂ¼rcj=R�]�`Pjq^.NPjq�hr'�¯jqe.^_NPRKi�jqf�`Pn�pCe+dKN"pC���¹�Ímc�EpC`PR

H2 ¢ l�`½f�Q�QSR�r:fEpC^+Rg=bPR�]_^_fhjq`Éfh]I�aNPR?^_NPR?e¡VsÂaÂ n�pC`É��R8e+R�n�j~}yR?e+R�rÓ��jqe¡p g=bPjq^_fhR?`=^½Q'pC`cf��¯jq�hr
M = H2/Γ

�
mce+j~}3fhrcR�r�^_N"pC^Î��R�pqrcrSR?`Pjqbc�wN'^+jqm�jq�hjq�w\�^+j

H2 Á¹f ¢ R ¢ ��mce+j~}=fhrcR�rS^_N"pC^�^+NPRa�we+jqbcm Γ
fh]��hpCe+�yR

R?`Pjqbc�wN-Ä>��jqeUf��_� jq`µ^_NPRSn�jq`=^_e�pCe_\�� ^_NPRS¾Kbc�cf�`P]�À#mce+jq�c�hR?Q jq`ÔpC`=\¿g�bPjq^_fhR?`=^�jC�
H2 fh]U`Pjq^V�ÂaÂ ¢GÐ ^s^_bce_`P]�jqbc^�^_N"pC^�^_NPR�pC`P]_�/R?e�n�pC`¥��R�R�pq]+f���\»]_^�pC^+R�r#Å M = H2/Γ

N"pq]s^_NPR�VsÂaÂ
mce+jqm�R?e_^�\¤f��.pC`Pr»jq`c��\{f��Îf�^&fh]KjC�Î^_NPR
¦Pe+]_^&Ñ3f�`Pr#�-f ¢ R ¢ ��f�^+]&��f�Q�f�^s]+R?^�Á¯]+R�R�¾sR>¦P`cf�^_fhjq`µv ¢
� Ä�fh]^_NPRUR?`=^_f�e+R���jqbc`PrPpCe_\{pC^�f�`:¦P`cf�^�\¡jC�

H2 ¢
Ð `S^_NPR�mce+R�]�R?`=^Î��jqe_Ñ�����R�f�`=}�R�]_^_f���pC^+R�^_NPRaQSjqe�R��yR?`PR?e�pC��n�pq]+R�jC�#o�fhR?Q'pC`c`cfEpC`½]_bce)�Ípqn�R?]�af�^_N¿`Pjq`cm�jw]_f�^_f�}�R�n?bce_}wpC^_bce+R ¢UÐ ^Kfh]K��R?�����ÍÑ=`Pj~��`¿^_N"pC^UpI]_bce)�Ípqn�R M jC�.]_bPn�N¿Ñ=f�`Pr»n�pC`¿��R

fhrcR?`=^_f�¦"R�r��af�^_N�^_NPR.g=bPjq^_fhR?`=^,]_m"pqn�R
X/Γ

�C�aNPR?e+R
X
fh],p��KpqrPpCQ'pCe+r�]+bce)�¯pqn�RKÁ¹f ¢ R ¢ �yp�]+f�Q�mc��\n�jq`c`PR�n?^+R�r#��n�jqQ�mc�hR?^+R/o�fhR>Q'pC`P`cfEpC`�Q'pC`cf���jq�hr�jC�"`Pjq`cm�jw]+f�^_f�}yR/n?bce_}wpC^_bce+R~Ä�pC`Pr

Γ
fh]�p��we+jqbcm

jC��jqe_fhR?`=^�pC^_fhjq`:�Ímce�R�]+R?e_}3f�`c�Ifh]+jqQSR?^_e_fhR�]��aNcfhn�N»pqn?^+]a�¹e+R�R?��\¡pC`Pr¤r:fh]+n�jq`=^_f�`=bPjqbP]_��\{jq`
X
Á6��jqe

pC���,^_NPR�rPR�¦"`cf�^_fhjq`P]��#]�R�R�Z3R�n?^_fhjq`µvyÄ ¢�£ R�mce+j~}=fhrcR�n�jq`Pr:f�^_fhjq`P]Ujq` M �G]+b �'n?fhR?`=^K�¯jqesVsÂaÂ
^+j'NPjq�hr ¢ M/NPRU¦Pe+]+^&jq`PR
�yR?`PR?e�pC��f�Ï�R�]s^_NPR
N=\3m�R?e_��jq��fhn�n�pq]+R ¢�Ð ^&]�p�\:]�^_N"pC^ (i) M = X/Γ

fh]
jC�.^_NPR�¦"e+]_^sÑ=f�`Pr#�Gf ¢ R ¢ �#f�^+]s��f�Q�f�^U]+R?^ L(Γ) fh]�R�g�b"pC�,^+j½^_NPR�fhrcR�pC�,��jqbP`PrPpCe_\ X(∞)

jC�
X ¢M/NPR�]+R�n�jq`Pr8n?jq`"r:f�^_fhjq`

(ii)
fh]�e+R?Q�f�`cfh]�n�R?`=^KjC��^_NPR
`Pjq`c`PR?��pC^_f�}�R�n?bce_}wpC^_bce+R�n�pq]+Rw�"`"pCQSR?��\y�

f�^�]_^�pC^+R�]�^_N"pC^��¯jqe�R?}�R?e_\
r > 0

pC`Pr!R?}�R?e_\ ]+R�n?^+jqe
S
f�`
X
�
supp∈S

∫
BX(p,r)

KdA = 0
�

�aNPR?e+R
BX(p, r)

rcR?`Pjq^+R�]Î^_NPRa�"pC���"jC�#n�R?`=^+R?e
p
pC`PrSe�pqr:f�bP]

r ¢ M/NPR?`õ����Ramce+R�]+R?`=^�`PR�n�R�]+]�pCe_\n�jq`Pr:f�^_fhjq`P]Îjq`
M
��jqe,mce+jqm�R?e_^�\�V�ÂaÂ ^+jKNPjq�hr ¢ l¼g=bcf�^+R/]_bce_mPe_fh]_f�`c�se+R�]+bc��^,fh],^_NPR���jq���hj~�af�`c� ¢V&`PrcR?eõ^_NPRÎpq]+]_bcQ�mc^_fhjq`
^_N"pC^ R?f�^_NPR?e

K
fh]õ��jqbc`PrcR�r
jqe

supM K < 0
�~f��
M
}�R?e_f�¦"R�]#mPe+jqm�R?e_^�\

V�ÂaÂK��^_NPR?` R?f�^_NPR?e�n�jq`Pr:f�^_fhjq`
(i)

jqe�n�jq`Pr:f�^_fhjq`
(ii)

Q�bP]_^�NPjq�hrÔ^+e_bPR ¢¿Ð `Ô^_N"pC^��/p�\y����RR>ÇPpqn?^_��\»n�N"pCe�pqn?^+R?e_f�Ï�R'^_NPR�]_bce)�Ípqn�R�]
M
�õ�af�^_N¥`Pjq`cm�jw]_f�^_f�}�RSn?bce_}wpC^_bce+R

K
R?f�^_NPR?eU��jqbc`PrcR�r

jqe�]_bPn�N¡^_N"pC^
supM K < 0

�:}yR?e_f���\=f�`c��mce+jqm�R?e_^�\�V�ÂaÂ ¢cÐ `¤pqrcr:f�^_fhjq`õ�P]+jqQSR�n�jq`=^_e+jq���EpC�cf���fh^�\pC`PrI`Pjq`:��n�jq`=^_e+jq���Epq�cf���f�^�\Ie+R�]_bP��^�].f�`½^_NPRKn�pq]+R��aNPR?e+R
K
fh]�`Pjq`cm�jw]_f�^_f�}�RKjqbc^+]_fhrcRsp�n�jqQ�m"pqn?^

]_bc�P]�R?^
jC�
M

pCe+R��wf�}�R?` ¢I£ R'pC�h]+j{mce+j~}3fhrcR']_b �'n?fhR?`=^�n�jq`Prcf�^+f�jq`"]�R?`P]_bce_f�`c�¤^_N"pC^ M N"pq]
^_NPR�V�ÂaÂ mce+jqm�R?e_^�\y�=�af�^_N'`Pj
]_f��w`½pq]+]+bcQ�mc^_fhjq`Ijq`

K
��`"pCQSR?��\��

(a) M
N"pq]�¦P`cf�^+R&pCe+R�p:�

(b)^_NPR
�yR�j=rcR�]_fhn 	 j~� jq`
M

f�]�^+jqm�jq�hjq�wfhn�pC����\¤^_e�pC`P]_f�^_f�}�R ¢/£ RUn�jq`Pn?��bPrcR��af�^_N»]+jqQSRUe+R?Q'pCe_Ñ:]jq`Ô^_NPR']+^_e_bPn?^_bce+RIjC�a^_f�QSRIjqmc^_f�Q'pC��^_e�p�k_R�n?^+jqe_fhR�]
��jqe
(Dε) ¢¡Ð � supM K ≤ −ε ����RI]_NPj~�^_N"pC^/^_NPR?\S�¯jq���hj~� p�¾Kbc�cf�`P]�À3m"pC^_^+R?e_`õ�c`"pCQSR?��\'^_N"pC^/^_NPR?\½pCe�RKn�jq`Pn�pC^+R?`"pC^_fhjw`¤jC��p��"pC`c�P�cp
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]_f�`c�wbc�EpCe���pC`Prµp½�"pC`c�¤pCe+n{Á¹�aN"R>e�R�]+jqQSRSpCe+n�n�pC`¥m�jw]�]_f��c��\8N"p�}yR�Ï�R?e+j��hR?`c�w^_N-Ä>� �af�^_N¥^_NPR
Á¹m�jw]+]+f��c�hR~Ä/]_f�`c�wbc�EpCe&pCe+n���R?f�`c�Ip��yR?j=rcR�]+fhnUjC�,^_NPR�]+bce)�¯pqn�R ¢M/N"R/m"pCm�R?e�fh]�jqe_��pC`cf�Ï�R�r'pq],�¯jq���hj~��] ¢�Ð `IZ3R�n?^_fhjq`I�:�w��R/��jqe_Q�bc�EpC^+Ra^_NPR�n�jq`=^_e+jq�Pmce+jq�c�hR?QpC^�N"pC`PrµpC`Pr¥rcR�]+n?e_f���R�f�^+]��"pq]_fhn���R�pC^_bce+R�] ¢�Ð ` Z3R�n?^_fhjq`Ôv:�G�yR?`PR?e�pC���Ípqn?^+]�jq`µo�fhR?Q'pC`c`cfEpC`]_bce)�Ípqn�R�]�jC�K`Pjq`cm�jw]_f�^_f�}�R¡n?bce_}wpC^_bce+R¤pCe+R�e+R�n�pC���hR�r ¢ M/NPR�Q'pCf�`Æe+R�]_bc��^+]SjC�&^_NPR�m"pCm�R?eIpCe+R]_^�pC^+R�r!f�`ÆZ3R�n?^_fhjq`Ë�¥pC`Pr!^_NPR?f�e�mce+j=jC�¯]�pCe+RImce�j~}=fhrcR�r!f�`¼Z3R�n?^_fhjq`Æu ¢ � f�`"pC����\��.Z3R�n?^_fhjq` �n�jq`=^�pCf�`P]&]+jqQSRse+R?Q'pCe_Ñ:]�jq`{^_f�QSRUjqmc^_f�Q'pC�õ^_e�p�k_R�n?^+jqe_fhR�] ¢������� Û3Ú � × Ü�� � × ������� Ð ^&fh]sp'mc�hR�pq]_bce+R
�¯jqe&bP]&^+jI^_N"pC`cÑ¤i ¢ i,pC`P]+b8��jqe&NPf�]s]+R?Q�f�`"pC�,]_bc�q��yR�]_^_fhjq`8pC`Pr¡Ncfh]�`=bcQSR?e+jqbP]&pqr:}3fhn�R ¢
� 	 ���G� ������(G�+��� ���¤(�
�� 
������������
� R?^

M
��RSp½^���jC��r:f�QSR?`P]_fhjq`"pq�.o�fhR?Q'pC`c`cfEpC` Q'pC`cf���jq�hr#��jqe���pq]���R��af�����R�g=bcf�}wpC�hR?`=^_��\¿n�pC���

f�^��Kp
��­¯ª?²�¶w¨P¨P­�¶w¨É«�§3© ��¶y®�ª ¢ l&]�]_bcQSR8^_N"pC^
M

fh]�jqe_fhR?`=^+R�r pC`PrÉ^_N"pC^�f�^+]½QSR?^_e_fhn
m
fh]

n�jqQ�mc�hR?^+R ¢ ¾sR?`Pjq^+R'�=\ N ^_NPR'bc`cf�^�^�pC`c�yR?`=^��cbc`Pr:�hR
UM = {q ∈ TM | m(q, q) = 1} �pC`Pr �=\

π : N → M
^_NPRIn�pC`Pjq`cfhn�pC���cbc`Pr:�hRImce+jCk)R�n?^_fhjq` jC�

N
jq`=^+j

M ¢ � R?^ K ��R'^_NPR
 �pCbP]�]_fEpC`¿n?bce_}qpC^_bPe+R�jq`

M ¢s£ R��af����,bP]+R�^_NPR�]_\3Q���jq� K pC�h]+jI��jqeK^_NPR�^_e_f�}=fEpC��R>Ç:^+R?`P]_fhjq`
Á�n�jq`P]_^�pC`=^�jq` ¦P��R?e+]�ÄUjC�

K
jq`

N ¢ MaNPR'r:fh]+^�pC`Pn�RIjq` M f�`"r:bPn�R�r �=\
m
fh]�rcR?`Pjq^+R�rÔ�=\

dM (·, ·) Á�jqe d(·, ·) �aNPR?`¿`Pj¡n�jq`:�¹bP]+f�jq`¥fh]sm�jw]+]_f��c�hR~Ä>� pC`Pr#�G��jqe�R?}�R?e_\ p ∈ M
pC`Pr

r > 0
�

BM (p, r)
]_^�pC`Prc]a��jqe�^_NPRs�"pC��� jC��n�R?`=^+R?e

p
pC`Pr¡e�pqr:f�bP]

r ¢� R?^
f
��RU^_NPR ��ª+±~°�ª�«�­¯®�«Í³-©_¶qº
jq`

TM
�"�aNPjw]+R
e+R�]_^_e_fhn?^_fhjq`8^�j

N
Á�]+^_f�����rcR?`Pjq^+R�r8�=\

f
Ä

fh]
p½��R?����rcR>¦P`PR�rµ}yR�n?^+jqe�¦"R?�hr¥jq`
N ¢ o�R�n�pC����^_N-pC^ f fh]Un�N"pCe�pqn?^+R?e_f�Ï�R�rµ�=\8^_NPR���jq���hj~�af�`c�mce+jqm�R?e_^�\GÅ

p(·) fh]&p��yR�j=rcR�]+f�n�jq` M f��ÎpC`Pr¤jq`c��\¡f��
(p(·), ṗ(·)) fh]KpC`¤f�`=^+R?�we�pC��n?bce_}�R
jC� f ¢

Ð `¡m"pCe_^_fhn?bc�EpCe�� f ]�pC^_fh])¦"R�]a^_NPR�e+R?�EpC^_fhjq`
π?(f(q)) = q ,

Á¯vyÄ
�¯jqe�R?}yR?e_\

q ∈ N ¢ M/NPRIª���³c±q¨�ª?¨"¬�­�¶q´ ²S¶�³ ±q¨ M f�]�rcR>¦P`PR�r¡�=\
exp(t, q) = π(etf (q)) ,

Á¹�=Ä
�aNPR?e+R

etf :N → N
rcR?`Pjq^+R�]�^_NPR 	 j~�ÈjC�,^_NPR�}yR�n?^+jqea¦"R?�hr

f
pC^�^_f�QSR

t ¢� R?^
g
��R&^_NPRK]_QSj=jq^_N�}�R�n?^+jqe.¦"R?�hr½jq`

N
�=�aNPjw]�RKn�jqe_e+R�]_m�jq`Pr:f�`c� 	 j~�ÒpC^/^_f�QSR

t
fh]�^_NPR

¦P��R?e_�afh]+Rae+jq^�pC^_fhjq`SjC�#pC`c�w�hR
t ¢ � jqe�R?}�R?e_\ q ∈ N �w��R/]+R?^ q− = eπg(q)

pC`Pr Rq = e−
π
2
g(q) ¢

� jqe ε > 0
�c�hR?^

(DM
ε )

��Rs^_NPRUn�jq`=^_e+jq��]_\:]_^+R?Q
(DM

ε ) : q̇ = f(q) + ug(q) , q ∈ N, u ∈ [−ε, ε] .
l&` ¶�°q²�­E«�«�­¯·?´�ª»®�±q¨-¬�©_±q´�fh]�p¥QSR�pq]_bce�pC�P��R8�¹bc`Pn?^_fhjq`

u(·) �arcR>¦P`PR�rÉjq`É]+jqQSR¤f�`=^+R?e_}qpC�jC�
R
���af�^_NÓ}wpC��bPR�]'f�`

[−ε, ε] ¢ M/NPR8]+jq��bc^_fhjq`P]IjC�
(DM

ε )
n�jqe_e+R�]_m�jq`Pr:f�`c�!^+jÔpqr:Q�fh]+]+f��c�hR

� ��
 � ù



�U§c·?­6¨c«���³-©_±�·?´�ª?² ±q¨8«�§3©��?¶y®�ª�«���� x

n�jq`=^_e+jq�h]�pCe+RKn�pC���hR�r¥¶y°q²�­6«�«�­Í·>´hª�¬�©_¶���ª+®�¬Í±w©�­Íª�« ¢ ÁÍZ3jqQSR?^_f�QSR�]��:^+j�mce+R?}�R?`=^apC`=\'n�jq`:��bP]_fhjq`õ�3��R�af���� ]_m�R�pCÑ¡pC�h]+jSjC�
ε � ¶�°q²�­E«�«�­¯·?´�ª�®�±q¨"¬�©_±q´ «apC`Pr ε � ¶y°q²�­6«�«�­Í·>´hª
¬�©_¶���ª+®�¬Í±q©>­¯ª>«_Ä ¢

� jqe�R?}�R?e_\ q ∈ N
pC`Pr

T > 0
��^_NPR8¶w¬¯¬Í¶w­6¨-¶=·>´�ª'«�ª�¬ ��©_±w²

q
§�³Ó¬Í±8¬�­¹²'ª

T
fh]
^_NPR']+R?^

AT
q = AT

q (M, ε)
n�jq`P]+fh]_^_f�`c�¡jC�.^_NPR�R?`Pr:m�jqf�`=^+]UjC�/pC����pqr:Q�fh]�]_f��c�hR�^_e�p�k_R�n?^+jqe_fhR�]s��jqe

(DM
ε )
�

]_^�pCe_^_f�`c�S�¹e+jqQ
q
�PjC���hR?`c�w^_N8]_Q'pC���hR?e�^_N"pC`¤jqe�R�g�b"pC�õ^+j

T ¢�£ RUpC�h]�j��ae_f�^+R

Aq = Aq(M, ε) = ∪T>0AT
q (M, ε) .

M/NPR�n�jq`=^_e+jq�-]_\:]_^+R?Q
(DM

ε )
f�]În�pC���hR�r¤®�±q²&³-´hª?¬�ª>´¸º�®�±q¨"¬�©_±w´6´�¶=·>´�ª�f��

Aq = N
��jqeÎR?}yR?e_\

q ∈ N ¢
�¡×�� ���6�	� Û ��
 �
��� ª�«�¶qºs¬ �:¶w¬#¬ �:ª �U§c·?­6¨c«��Ì³-©+±�·>´hª>²�±q¨

M
�3¶C«/¬ �:ª/§=¨"©+ª�«>¬�©>­¯®�¬�ª_°�®�±q²&³-´hª?¬�ª

®�±q¨"¬�©_±w´6´�¶�·?­6´¸­¹¬�º���� �����K³-©_±�³Pª>©?¬�º��Ì±q©��/ª��?§3­���¶q´hª>¨"¬�´¸º��/¬ �3¶y¬.­�¬Î­6«�� � ���S­ ��� ��±q©�ª��Cª>©>º
ε > 0

�
(DM

ε )
­E«
®�±q²&³-´�ª�¬�ª>´ º�®�±q¨"¬�©+±q´6´�¶�·>´hª� 

£ R8]_^_e+R�]+]I^_N"pC^½^_NPR8`Pjq^_fhjq`ÊjC��V�ÂaÂ mce+jqm�R?e_^�\Ón�jqe_e+R�]_m�jq`Prc]�^+jÔ^_NPR8jqe_f��wf�`"pC�Í�&n�jq`=^_e+jq���
��e+R�RU��jqe_Q�bc�EpC^_fhjq`¥jC��^_NPR�¾Kbc�cf�`P]~À"mce+jq�c�hR?Q jq`

M
ÅaVsÂaÂ NPjq�hrc]&f��.pC`Pr»jq`c��\¡f��_�P�¯jqe&R?}�R?e_\

ε > 0
pC`PrÉR?}�R?e_\

(p1, v1)
�
(p2, v2)

f�`
TM

��^_NPR?e+R»R>Ç:fh]_^+]�p mcfhR�n�R?�afh]+R¥]_QSj=jq^_NÊn?bce_}�R
γ : [T1, T2] → M

�af�^_NÒ�yR�j=rcR�]_fhn¥n?bce_}qpC^_bce+Rµ]_Q'pC���hR?e�^_N"pC`
ε
]_bPn�NÊ^_N"pC^

γ(Ti) = pi
�

γ̇(Ti) = vi
�
i = 1, 2 ¢ V�mµ^+j8p�e+R?m"pCe�pCQSR?^+R?e_f�Ï�pC^_fhjq`!�=\µpCe+n>�Í�hR?`c�w^_Nõ��^_NPR���f���^
jC� γ jq` Nfh]�pC`

ε
��pqr:Q�fh]+]_f��c�hRI^_e�p�k)R�n?^+jqe_\����aNPjw]+RIn�jqe_e+R�]_m�jq`Pr:f�`c�¥n�jq`=^_e+jq�

u(t)
fh]�R�g=b"pC�Í��pC^�pC��QSjw]+^

R?}�R?e_\
t ∈ [0, T ]

�c^+j�^_NPR��yR�j=rcR�]_fhn
n?bce_}qpC^_bce+R
jC�
γ
pC^�^_NPRsm�jqf�`=^

γ(t) ¢
Ð ^,fh]�R�pq]_\�^+j�n�NPR�n�Ñ�^_N"pC^��q�¯jqe�R?}�R?e_\ M pC`Pr�R?}�R?e_\

ε > 0
�
(DM

ε )
fh]��ce�pqn�ÑyR?^��yR?`PR?e�pC^_f�`c� ¢

Ð `PrcR�R�r#�-�¯jqesR?}yR?e_\ q ∈ N ����R�N"p�}�R�^_N"pC^ π∗([f, g](q)) = π∗(f(Rq)) ¢ M/NPR?e+R>��jqe+Rw� f pC`"r
g
rcR>¦P`PRSpIn�jq`=^�pqn?^Ur:fh]_^+e_f��cbc^_fhjq`µjq`

N ¢UÐ `¿m"pCe_^_fhn?bc�EpCe��G�¯jqesR?}�R?e_\ 0 < t < T
pC`Pr¿R?}�R?e_\

q ∈ N �
etf (q) ∈ Int(AT

q ) ,
Á¯uyÄ

�aNPR?e+R
Int(AT

q )
rcR?`Pjq^+R�]�^_NPR�f�`=^+R?e_fhjqe�jC�

AT
q ¢ M/Ncfh]õ�¯jq���hj~��]��~��jqe f�`P]_^�pC`Pn�Rw����e+jqQ ^_NPRÎrcR�]�n?e_f�m:�

^_fhjq`»jC�Î]_Q'pC�����Í^_f�QSR�pC^_^�pCf�`"pC�c�hR�]+R?^+]��¯jqe&]_f�`c�w�hR>�Íf�`cmcbc^s`Pjq`:��rcR?�yR?`PR?e�pC^+R�^_Nce+R�R>��r:f�QSR?`P]+fhjq`"pC�
n�jq`=^_e+jq��]_\:]_^+R?QS]/�wf�}�R?`{�=\ � jq�ce_\½f�` 

� ��� ¢Z=f�`Pn�R

f
�
g
�3pC`"r

[f, g]
pCe+R���f�`PR�pCe_��\�f�`PrcR?m�R?`PrcR?`=^�pC^.R?}�R?e_\�m�jqf�`=^��=^_N"R>\Sn�pC`I��R�bP]�R�rS^+j

f�`=^_e+j=r:bPn�R�pUQSR?^_e_fhnKjq`
N
��e+R�g=bcf�e_f�`c�

(f(q), g(q), [f, g](q))
^�j
��RKp
jqe_^_NPjq`Pjqe_Q'pC�G�"pq]+fh].jC�

TqN
���¯jqe R?}�R?e_\

q ∈ N ¢ Z=b"n�N
QSR?^_e_fhnw���aNcfhn�N�fh]õbP]_b"pC����\�n�pC���hR�rU^_NPR ��¶C«�¶ �~­"²'ª?¬�©>­¯®�­6¨ �:ª>©>­¹¬�ª+°�>©_±q²
m
�õR?`Prcj~��]

N
�af�^_N p�n�jqQ�mc�hR?^+RSo�fhR?Q'pC`c`cfEpC` ]_^_e_bPn?^_bce+R¤Á�]+R�Rw�G�¯jqesf�`P]_^�pC`Pn�Rw� 
 �w���¹Ä ¢

Ð `!pqn�n�jqe+rPpC`Pn�R½�af�^_N!^_NPR'`Pjq^�pC^_fhjq`P]�f�`=^_e+j=r:bPn�R�rËpC��j~}yRw�,��R'�af����/rcR?`Pjq^+RI�=\ dN (·, ·) ^_NPRf�`Pr:bPn�R�r'r:fh]_^�pC`Pn�R�jq`
N
pC`Pr#�w�¯jqe�R?}yR?e_\

q ∈ N pC`Pr
ρ > 0

�y�=\
BN (q, ρ)

^_NPR/�"pC���"jC�Gn�R?`=^+R?e
q
pC`Pr¡e�pqr:f�bP]

ρ ¢
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z ����­�¬Í±q§3©����-­��y¶w´�±w¬¯¬�­

(
0, 1

ε

)

(
0,− 1

ε

)

� f��wbce+R � Å�M/NPRs^+R�pCe+rce+jqm{^_e�p�k_R�n?^+jqe_\¡jC�,]_f�Ï�R 1/ε ¢

�½× � �c� � 
 � 
 ��¨ ����� 
.ª'¨�±w¬�­�®�ª+°»¬ �3¶w¬��&«�­¹¨-®�ª
(DM

ε )
�:¶C«'¬ �:ªU³-©_±�³Pª>©?¬�º¿± �½·+ª?­6¨ �µ·>©_¶�®
�qª?¬

��ª?¨�ª>©_¶w¬�­¹¨ ���U¬ �cª �U§c·>­¹¨c«��=³-©_±�·>´hª>²�±q¨
M

­E« � � �È­ �½¶q¨-°¥±q¨P´¸º8­ � ��±q©�ª �Cª>©>º
ε > 0

¶q¨-°
ª �qª>©�º

q ∈ N �a¬ �:ª>©+ª'ª �q­E«?¬¹«
q̂ ∈ Aq(M, ε)

«�§c®
�»¬ �3¶w¬
q̂− ∈ Aq̂(M, ε)

 ���¨ ±q©_°=ª>©�¬Í±�³-©_± �Cª
¬ ��­6«'´�¶C«>¬.³-©_±�³Pª>©?¬�º�� 
.ª 
�­¹´6´/± �>¬�ª?¨Ë²�­6²�­¯®¡±q¨

M
¬ �:ª¤·+ª
�3¶ ��­¯±q©{± ��¶¿¬�ª+¶q©_°w©_±�³É¬�©+¶���ª+®�¬Í±q©>º

±q¨Æ¬ �:ª���§:®�´ ­¯°�ª+¶q¨¿³�´�¶q¨Gª� � ª¡®�¶q´6´�¬�ª+¶q©+°q©_±�³É¬�©_¶���ª+®�¬Í±q©>º¥±��S«�­	�~ª
1/ε

�Í«�ª�ª�
Î­��w§=©+ª
���8¬ �cª
·+¶q¨ � � ·+¶q¨ ��¬�©_¶���ª+®�¬Í±q©>º½± � (DR

2

ε )

 �:±C«�ª�®+±w¨"¬�©_±q´

u
�.°=ª���¨�ª+°�·?º��

u(t) =





ε
­ �

0 ≤ t ≤ π
3ε ,

−ε ­ � π
3ε < t ≤ 2π

ε ,

ε
­ � 2π

ε < t ≤ 7π
3ε ,

«?¬�ª+ª>©�«
(1, 0) ∈ U(0,0)R2 ¬Í± (−1, 0) ∈ U(0,0)R2  

�½× � �c� � 
 ��� � �
M1,M2

¶q©+ªU¬ 
Î± ��­Íª>²S¶q¨P¨P­¯¶q¨{²S¶q¨P­ �?±q´�°C«�¶q¨-°
P :M1 →M2

­E«�¶S´�±�®�¶q´
­6«?±q²'ª?¬�©>º¡¶w¬�ª �Cª?©�º�³c±q­¹¨"¬a± �

M1
�a¬ �:ª>¨ ª �Cª>©>º¤¶y°q²�­6«�«�­Í·>´hª�¬�©_¶���ª_®�¬Í±q©�º �?±q©

(DM1
ε )

­6«�¬�©_¶w¨c« ���±q©>²Sª+°»·?º
P∗ : UM1 → UM2

­¹¨!¶w¨ ¶y°q²�­E«�«�­Í·>´�ª'¬�©_¶���ª_®�¬Í±q©�º��?±w©
(DM2

ε )
 ��¨{³c¶q©>¬�­¯®?§3´�¶w© �

­ �
P
­6«�±q¨"¬Í±{¶q¨-°¡¬ �cª �U§P·>­6¨P« �C³-©+±�·>´hª>² ±q¨

M1
­E« � � ���.¬ �cª>¨ ¬ �:ª�«?¶w²Sª�­E«�¬�©>§cª �?±q©�¬ �:ª

�U§c·?­6¨c«���³-©_±�·?´�ª?² ±q¨
M2
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 ��]_m�R�n?fEpC��f�`=^+R?e+R�]_^��¯jqe�^_NPR¿mce+R�]+R?`=^{]_^_b"r:\ÉpCe+R¥o�fhR?Q'pC`c`cfEpC`È]_bce)�Ípqn�R�]¡jC��`Pjq`cm�jw]_f�^_f�}yR
n?bce_}wpC^_bce+R ¢,£ R�n�jq���hR�n?^Îf�`S^_Ncfh].]+R�n?^_fhjq`']�jqQSR�rcR>¦P`cf�^_fhjq`P]�pC`PrSÑ3`Pj~�a`Se+R�]_bc��^+].pC��jqbc^Î^_NPR?Q{��aNcfhn�N��af����:��R�bP]+R�r�f�`�^_NPR/]+R�g�b"R>� ¢�£ NPR?`�`PjsR>Ç:mc��f�n?f�^�]+jqbce+n�R�fh],�wf�}yR?`õ�w��R�e+R>��R?e,^_NPR�e+R�pqrcR?e^+j�^_NPR���j=jqÑ�jC���apC����Q'pC`c`õ�� Ke+jqQSj~}G�"pC`Pr8Z3n�Nce+j=R�rcR?e 
 ��� ¢lÊ]_f�Q�mc��\�n�jq`c`PR�n?^+R�r#�3n�jqQ�mc�hR?^+R&o�fhR?Q'pC`c`cfEpC`'Q'pC`cf��¯jq�hr'jC�#`Pjq`cm�jw]_f�^_f�}yR�]�R�n?^_fhjq`"pC�-n?bce)�
}wpC^_bce+R¿fh]¡n�pC���hR�r p��U¶y°y¶w²�¶w©_°Ë²S¶q¨P­ ��±q´�° ¢%Ð � M fh]{p n�jqQ�mc�hR?^+Rw�sn�jq`c`PR�n?^+R�r#��jqe_fhR?`=^+R�r
o�f�R?Q'pC`c`PfhpC` Q'pC`cf��¯jq�hrµjC�/`Pjq`cm�jw]_f�^_f�}�RS]�R�n?^_fhjq`"pC�În?bce_}wpC^_bce+Rw� ^_NPR?`

M
n�pC`µ��RSrcR�]+n?e_f���R�r

pq]
X/Γ

���aNPR?e+R
X
fh]�p �spqrPpCQ'pCe+r'Q'pC`cf��¯jq�hr½pC`Pr

Γ
fh]�p��we�jqbcm½jC�õjqe_fhR?`=^�pC^_fhjq`:�ÍmPe+R�]+R?e_}3f�`c�

fh]+jqQSR?^_e_fhR�]��aNcfhn�N�pqn?^+]��¹e+R�R?��\�pC`Pr�r:fh]+n�jq`=^_f�`=bPjqbP]_��\�jq`
X ¢�£ RÎ�af����:rcR?`Pjq^+R.�=\ Π :X →M^_NPRUn�pC`Pjq`cfhn�pC�õmce+jCk_R�n?^_fhjq`¤jC�

X
jq`=^+j

M ¢�£ NPR?`{^_NPR�]+R�n?^_fhjq`"pC� n?bce_}wpC^_bce+R�fh]�n�jq`P]_^�pC`=^�jq`
M
�:^_NPR?`

M
fh]�]�pCfhr¤p ��º�³Pª>©�·_±w´ ­¯®�²S¶q¨"­ ��±q´�°UpC`Pr

X
p ��º�³Pª>©�·+±q´ ­¯®
«�³:¶�®�ª ¢

���
	 �
��������������������������� �

� e+jqQ `Pj~� jq`õ�
X
�af�����rcR?`Pjq^+RÎp �KpqrPpCQ'pCe+r
]_bce)�Ípqn�Rw�~^_N"pC^õfh]���p �KpqrPpCQ'pCe+rU^���jC��r:f�QSR?`P]_fhjq`"pC�

Q'pC`cf��¯jq�hr ¢½Ð � M = X/Γ
fh]�p{n�jqQ�mc�hR?^+RIo�fhR?Q'pC`c`cfEpC`!]_bce)�Ípqn�Rw� ^_NPR?`Ô��R��af����.rcR?`Pjq^+R'�=\

^_NPRS]�pCQSR��hR?^_^+R?e+]
f
�
g
�
K
�
m
��pC`Pr

π
^_NPRSn�jqe_e+R�]_m�jq`"r:f�`c�8jq�ck)R�n?^+]
jq`

X
pC`Pr

M ¢ M/Ncfh]fh]�QSjq^_f�}wpC^+R�r!�=\µ^_N"R'�Ípqn?^�^_N"pC^
Π : X → M

�,��R?f�`c� p¤�hj=n�pC�/fh]+jqQSR?^_e_\y��fhrcR?`=^_f�¦"R�]�]_bPn�N
jq�:k_R�n?^+]��"pC^a�hR�pq]_^&pC^�p��hj=n�pC�õ�hR?}�R?� ¢

Ð ^.fh].��R?�����ÍÑ=`Pj~��`½^_N"pC^ X fh]�r:f�	#R?QSjqe_mcNcfhnK^+j
R
2 ¢ l&`=\��yR�j=rcR�]_fhnK]+R?�wQSR?`=^/f�` X fh].^_NPR

bc`cfhg=bPR��hR?`c�w^_N:�ÍQ�f�`cf�Q�f�Ï�f�`c�K^_e�p�k)R�n?^+jqe_\���R?^���R�R?`�f�^+] R>Ç:^_e+R?QSR�] ¢�Ð `Um"pCe_^_fhn?bc�EpCe��ypC���=n�jqQ�mc�hR?^+R�yR�j=rcR�]_fhn�]&pCe+RU]_f�Q�mc�hR ¢l ©_¶qº&fh]/p�N"pC���6�Í�yR�j=rcR�]_fhn�jq`
X ¢ l «�ª+®�¬Í±w©Îfh]ap
e+R?�wfhjq`¡jC�

X
��jqbc`PrcR�r½�=\'^���j�r:fh]+^_f�`Pn?^

e�p�\:]�]_^�pCe_^_f�`c�IpC^�^_NPRU]�pCQSRsm�jqf�`=^��P�aNcfhn�N{fh]�n�pC���hR�r{^_NPR �qª>©?¬�ª��¡± �
S ¢M/N"R�­�°�ª+¶q´�·+±q§3¨-°y¶q©>º�jC�

X
�crcR?`Pjq^+R�r¡�=\

X(∞)
�3fh]�rcR>¦P`PR�r{pq]a^_NPR�g�bPjq^_fhR?`=^�jC��^_NPR�]+R?^

jC��pC���#e�p�\:]am"pCe�pCQSR?^+R?e_f�Ï�R�r¤�=\¡pCe+n>�Í�hR?`c�w^_N¤�=\½^_NPRUR�g�bcf�}wpC�hR?`Pn�R�e+R?�EpC^_fhjq`

c1 ∼ c2 ⇐⇒ lim sup
t→∞

dX(c1(t), c2(t)) <∞ .

M/NPRUR�g�bPf�}wpC�hR?`Pn�RUn?�Epq]+]�jC��p�m"pCe�pCQSR?^+R?e_f�Ï�R�r{e�p�\
c
fh]�rcR?`Pjq^+R�r{�=\

c(+∞)
pC`Pr¡f�^afh]�n�pC���hR�r

^_NPR¡ª?¨-°�³c±q­6¨-¬a± �
c ¢KÐ � c : R → X

fh]�pSm"pCe�pCQSR>^�R>e+f�Ï~R�r¥n�jqQ�mc�hR?^+R��yR�j=rcR�]_fhnw�G^_NPR?`
c(−∞)rcR?`Pjq^+R�]�^_N"R�R�g=bcf�}qpC�hR?`Pn�R
n?�Epq]+]�jC�

[0,∞) 3 t 7→ c(−t) ¢
� jqeUpI�wf�}yR?`¿m�jqf�`=^ p ∈ X

^_NPR?e+R�fh]UpIjq`PR>�Í^+jC��jq`PRSn�jqe_e+R�]_m�jq`PrcR?`Pn�R
ψp

��R?^Ì��R�R?`
UpXpC`Pr

X(∞)
���aNcfhn�N¡pq]+]_f��w`P].^+j

v ∈ UpX
^_NPR&R�g=bcf�}qpC�hR?`Pn�RKn?�Epq]+]�jC�

[0,∞) 3 t 7→ exp(t, v) ¢M/NPR�n�jqe_e+R�]+m�jq`PrcR?`Pn�R&rcR>¦P`"R?]/p�^+jqm�jq�hjq�w\Sjq`
X(∞)

�y�aNPf�n�NIfh]În�pC���hR�r'^_NPR�«Í³ �:ª>©+ªs¬Í±�³c±q´�± �wº ¢


�
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� � ����­�¬Í±q§3©����-­��y¶w´�±w¬¯¬�­

M/NPR�]_mcNPR?e+Rs^+jqm�jq�hjq�w\�R>Ç3^+R?`Prc]a^+j�^_NPR�]+jC��n�pC���hR�rµ®�±q¨�ª
¬Í±�³c±q´�± �wºsjq`
X = X ∪X(∞) ¢ M/NPRn�jq`PR�^+jqm�jq�hjq�w\�fh]a�yR?`PR?e�pC^+R�r¤�=\I^_NPRUjqm�R?`¤]+R?^+]�jC�

X
pC`Pr¡^_NPRU]+R?^+]

ψp(U) ∪ (∪t>0 exp(t, U)) ,

�aNPR?e+R
p ∈ X pC`Pr

U
f�]�pC`�jqm�R?`S]+R?^�jC�

UpX ¢ TKjq^_fhn�R�^+N"pC^,^_NPR�pqn?^_fhjq`Sjq` X jC�GpC`�R?�hR?QSR?`=^
jC�

Γ
N"pq]&p�`"pC^_bce�pC��n�jq`=^_f�`=bPjqbP]&R>Ç3^+R?`P]_fhjq`¤jq`

X ¢ sf�}yR?`µp½]+R?^
Ω
f�`
X
�G��R��ae_f�^+R

∂Ω
�¯jqeK^_NPR���jqbc`PrPpCe+\»jC�

Ω
f�`
X
�G�aNcf��hR

Ω(∞)
�af����

rcR?`Pjq^+RU^_NPRsf�`=^�R>e�]+R�n?^_fhjq`¤��R?^���R�R?`
X(∞)

pC`Pr¡^_NPRUn?�hjw]_bce+RUjC�
Ω
f�`
X ¢M/N"R½fh]+jqQSR?^_e_fhn�^_e�pC`P])��jqe_Q'pC^_fhjq`P]'jC�

X
n�pC` ��R¡n?�Epq]+]_f�¦"R�r f�` ^+R?e_QS]�jC�K^_NPR�]+jC��n�pC���hR�r

°q­6«Í³-´�¶y®�ª>²'ª>¨"¬ �>§=¨�®�¬�­�±w¨
X 3 p 7→ dX(p, γp) ¢ l&`{fh]�jqQSR?^_e_\ γ :X → X

fh]�n�pC���hR�r ª>´6´¸­ä³G¬�­�®
f�� f�^�N"pq]/pC^��hR�pq]_^/jq`PR�¦cÇcR�rIm�jqf�`=^�f�`

X �
��º�³Pª>©�·+±q´ ­¯®�f�� ^_NPRKr:fh]_mc�Epqn�R?QSR?`=^���bc`Pn?^_fhjq`{pC^_^�pCf�`P]

f�^+]aQ�f�`cf�Q�bcQ f�`
X
�PpC`Pr{]_bPn�N{Q�f�`cf�Q�bcQ fh]�]_^_e_fhn?^_��\½m�jw]+f�^_f�}yR

�
³c¶q©_¶�·+±q´¸­�®�jq^_NPR?e_�afh]+R ¢

����� ����� � � �	� �
� � � ��� � � ��
 ����� ����� � �����

Ð � M = X/Γ
fh]�p½n�jqQ�mc�hR?^+R�o�fhR?Q'pC`c`cfEpC`µ]_bce)�Ípqn�Rw�G^_NPR?`¿^_NPR�jq`c��\8R?����f�mc^_fhn�R?�hR?QSR?`=^UjC�

Γfh]�^_NPRUfhrcR?`=^_f�^�\ ¢ � R?^ G ��R
p�n?�hjw]+R�r{�yR�j=rcR�]_fhnUf�`
M ¢ � f�Ç¡jq`PR
jC�,f�^+]���f���^+] G̃ f�`

X
pC`Pr{�hR?^

c : R → X
��R�pIm"pCe�pCQSR?^+R?e_f�Ï~pC^_fhjq` jC�

G̃
�=\8pCe+n>�Í�hR?`c�w^_N ¢ M/NPR?e+R�fh]sjq`PR�fh]+jqQSR?^_e_\ γ ∈ Γ]_bPn�N ^+N"pC^

γ(c(0)) = c(T )
���aNPR?e+R

T
fh]�^_NPR��hR?`c�w^_NÆjC�

G ¢ M/NPR?` c(t + T ) = c(t)
��jqe

R?}�R?e_\
t ∈ R

Á¹^_NPR�mce+j=jC���yj=R�]�pq]af�`¡^_NPRsN=\3m�R?e_��jq��fhnUn�pq]+Rw�c]�R�R 

� zc�cM/NPR�jqe+R?Q �:¢ �:¢ ���¹Ä ¢ M/NPRfh]+jqQSR?^_e_\
γ
fh]�N=\3m�R?e_��jq��fhn8Á�]+R�R 
 �:��� � �¹ÄUpC`Pr G̃ fh]Un�pC���hR�rÔpC`Ó¶ �q­6«sjC�

γ ¢ lan?^_b"pC����\�� R?}�R?e_\N=\3m�R?e_��jq��fhn�fh]+jqQSR?^_e_\{N"pq]�pC^K�hR�pq]+^Kjq`PR�p�Ç:fh] ¢&Ð ��`Pjq`PR�jC�Î^_NPR�N"pC���6�ÍmP�hpC`"R?]s��jqbc`PrcR�r»�=\ G̃fh] 	 pC^��P^_NPR?`õ�"�wf�}yR?`»p�`PR?f��wN=��jqe_NPj=j=r
U
jC�
c(−∞)

pC`"r¤p�`PR?f��wN=��jqe_NPj=j=r
V
jC�
c(+∞)

f�`
X
�:^_NPR?e+R
R>Ç3fh]_^+]

n ∈ N
]_bPn�N{^_N"pC^

γm
(
X \ U

) ⊂ V , γ−m
(
X \ V

) ⊂ U ,
Á � Ä

�¯jqe�R?}yR?e_\
m ≥ n

�Ppq]amce+j~}�R�r¡�=\ �apC����Q'pC`c`¤f�` 
�� � ¢M/N"R�R�Ç:fh]_^+R?`Pn�R�jC� p�n?�hjw]�R�rS�yR�j=rcR�]_fhn�jq`Io�fhR?Q'pC`c`cfEpC`½]_bce)�Ípqn�R�]�fh]ÎR�]+^�pC�c��fh]_NPR�rS�=\�]+jqQSR
n?�Epq]+]_fhn�pC�ce+R�]+bc��^+],bc`PrcR?e�}yR?e_\��yR?`PR?e�pC�-pq]+]_bcQ�mc^_fhjq`P] ¢ � \3bP]_^+R?e_`cf�Ñ�pC`Pr � R?^ 

� v��cmce+j~}�R�r�^_N"pC^pC���:n�jqQ�mc�hR?^+Ran�jqQ�m"pqn?^�o�fhR?Q'pC`c`cfEpC`�]+bce)�¯pqn�R�],n�jq`=^�pCf�`SpC^��hR�pq]_^,jq`PR�n?�hjw]+R�r��yR�j=rcR�]_fhn ¢ l���^+R?e^_N"pC^���M/NPjqe_��R?e_�y]+]�jq` 
 �C� �,R>Ç3^+R?`PrcR�r8^_NPR
e+R�]_bc��^&^+j½pC����n�jqQ�mc�hR?^+Rw�Gn�jq`c`PR�n?^+R�r¿o�fhR?Q'pC`c`cfEpC`]_bce)�Ípqn�R�]�`PR?f�^_NPR?eKNPjqQSR�jqQSjqe_mcNcfEn�^+jS^_NPR
mc�EpC`PR�`Pjqe&^+j'^_NPR�n?\=��f�`PrcR?e ¢ lK]KpSn�jq`P]�R�g�bPR?`Pn�Rw�f��
Γ
fh]a`Pjq^�n?\3n?��fhnw�c^_NPR?`

M = X/Γ
n�jq`=^�pCf�`P]Kp�n?�hjw]+R�r¡�yR�j=rcR�]_fhn ¢

�¡×�� ���6�	� Û � ���
��� ª?¬
Γ
·+ª�¶ �q©_±q§~³Ô±���­E«�±q²'ª?¬�©>­¯ª�«�± �

X
 
Î­ �

p ∈ X ¶w¨-°½®�±q¨c«�­¯°�ª>©
Γ(p)

�
¬ �:ª�®�´�±q«�§=©�ª�­6¨

X
±���¬ �:ª

Γ � ±q©�·>­�¬�± � p  �� �:ª�«�ª?¬ L(Γ) = Γ(p) ∩X(∞)
°y±�ª�«�¨�±w¬a°�ª�³Pª>¨-°

±q¨
p
�.¶q¨-°'­6«U®�¶q´6´hª+°½¬ �:ª
´ ­¹²�­¹¬�«�ª�¬�± �

Γ
 

� ��
 � ù



�U§c·?­6¨c«���³-©_±�·?´�ª?² ±q¨8«�§3©��?¶y®�ª�«���� ���

�¡×�� ���6�	� Û � ��� 
 � ª?¬
X

·�ª{¶ �
¶y°y¶q²S¶q©_°¿«�§3© ��¶y®�ª{¶q¨�°
M = X/Γ

·�ª{¶µ®�±q²&³-´�ª�¬�ª ��­¯ª �²S¶q¨P¨"­�¶q¨8«�§3©��?¶y®�ª� � ª
«?¶qºI¬ �:¶w¬
M

­E«�± �
¬ �cª �Î©�«?¬ �~­¹¨-°I­ � L(Γ) = X(∞) �
±w¬ �cª>© 
�­6«�ª�
.ª

«�¶qº'¬ �3¶w¬
M

­E«
± �U¬ �:ªU«�ª+®�±q¨-° �~­¹¨-°� 
�½× � �c� � ����� � �

Γ
­6«K®?ºy®?´¸­�® ��¬ �:ª>¨

M
­6«K± �K¬ �:ª&«�ª+®�±q¨-° ��­6¨-°  ��¨�°�ª�ª_°��,­ �

Γ = {Id} �,¬ �:ª?¨
L(Γ) ­6«�ª>²&³�¬�º� �� � Γ ­6«U¨-±q¨"¬�©>­���­�¶w´ ��¬ �:ª>¨¥­¹¬.­6« ��ª>¨�ª?©_¶w¬�ª+°¤·>º¡¶ ��º�³Pª>©�·+±q´ ­¯®S±q©�¶
³:¶q©+¶�·_±w´ ­¯®
­6«?±q²'ª?¬�©>º��s°�ª>¨�±w¬�ª+°µ·>º

γ
 � �

γ
­6« ��º�³Pª>©�·_±w´ ­¯® ��¬ �:ª?¨ ­¹¬K¬�©_¶q¨c«>´�¶w¬�ª>«I¶w¬&´hª_¶q«>¬s±q¨Gª ��ª+±~°�ª�«�­¯® �

�:ª?¨-®�ª L(Γ) ­6«a²S¶y°�ªK± ��¬ �:ªK¬ 
Î±�ª>¨�°�³:±w­6¨"¬¹«&± �a«�§c®
����ª+±�°�ª>«�­¯® � ��§=«>¬�®�±q¨c«>­�°=ª>©�¬ �cªK±q©�·>­¹¬,± �&¶³c±q­¹¨"¬�±q¨¤¬ �:ª���ª+±~°�ª�«>­�® �  � �
γ
�,­6¨c«?¬�ª_¶�°���­6«�³:¶q©+¶�·+±q´ ­¯® ��¬ �:ª>¨8¬ �:ª>©+ª�ª��q­6«>¬¹«�¶&³c±q­6¨-¬

z ∈ X(∞)
 ��­¯®
�½­6«s­6¨ �C¶q©�­¯¶q¨"¬�§3¨-°�ª?©U¬ �:ª�¶y®�¬�­¯±q¨¿± �
γ
�Î¬Í± �=ª?¬ �:ª>© 
�­�¬ �½¬ �cª �3±w©_±C«Í³ �cª>©+ª�«�®�ª>¨"¬�ª>©+ª+°�¶w¬

z�Í«�ª�ª ��� � � ª>²�²S¶��  �� � �  
Î­ �I¶q¨"ºK³:±q­¹¨"¬
x ∈ X ¶w¨-°I®+±w¨c«�­¯°�ª>©
¶ �3±q©_±C«�³ �:ª>©�ª

U
®�ª>¨"¬�ª?©+ª_°�¶w¬

z

 ��­¯®
�½®�±q¨"¬Í¶q­¹¨c«

x
 � �:ª>¨ L(Γ) ­6«K®�±q¨"¬Í¶q­¹¨�ª+°�­6¨ U(∞)

 ��¨8·+±w¬ �½®�¶C«�ª>« �
M

­6«�¨�±w¬�± �K¬ �:ª
��©�«>¬ �~­6¨�°� � �:ª>©+ª �?±q©+ª �Î­ �

M
­6«U± �
¬ �:ª �Î©�«?¬ �~­¹¨-°��Î¬ �:ª>¨¿­¹¬.®�±q¨-¬Í¶q­6¨P«U¶½®?´�±C«�ª_° ��ª+±�°�ª>«�­¯®	 

�¡×�� ���6�	� Û � ����� � ª?¬
M

·�ª�¶ ��­Íª>²S¶q¨P¨"­�¶q¨�«�§3© ��¶y®�ª� � ª�«?¶qº�¬ �3¶w¬G­�¬¹«
	�¶q§=«�«>­�¶q¨I®?§3© ��¶w¬�§3©+ª
K
­6«s§3¨P­ �?±q©>²�´¸º�¨�ª��y¶w¬�­��Cª�­ �

supM K < 0
 

Ð � K fh]�bc`cf���jqe_Q���\»`PR?��pC^_f�}�R�jq`
X
�#^_NPR?`õ�#��jqe�R?}�R?e_\8^���j¡R?�hR?QSR?`=^+]

x, y
jC�
X(∞)

�#^_NPR?e+R
R>Ç:fh]_^+]UpIm"pCe�pCQSR?^+R?e_f�Ï�R�rµ�yR�j=rcR�]_fhn

c : R → X
]_bPn�N¥^_N"pC^

c(+∞) = x
pC`Pr

c(−∞) = y ¢M/N"pC^Sfh]~�ÎbP]_f�`c�µ^_NPR�^+R?e_Q�f�`Pjq�hjq�w\Ëf�`=^_e+j=r:bPn�R�r¼�=\ ����R?e_�hR?f�`ÊpC`Pr 
 ÀæT&R?f�����f�` 
 z���� X fh]'p
��­6«�­Í·>­¹´ ­�¬�ºS²S¶q¨P­ ��±q´�° ¢
��� � � �
� � � ��� � � � � ��� ��
�� � � �
 sR�j=rcR�]+f�nSn�j=jqe+r:f�`"pC^+R�]
n�pC`¥��R��w�hjq�"pC����\¿rcR>¦P`PR�r¥jq`

X ¢ M/NPR?\»rcR?m�R?`Prµjq`¥^_NPR�n�NPjqfhn�R�jC�pC`¤R?�hR?QSR?`=^
q
jC�
UX

�PpC`Pr¤pCe+RUrcR>¦P`PR�r{^_Nce+jqbc�wN¤^_NPR�Q'pCm

φq : R
2 −→ M

(x, y) 7−→ π(eyf ◦ eπ2 g ◦ exf (q)) .
ÁÍxwÄ

� R?^
B :R2 → R

��Rs^+NPR�]�jq��bc^_fhjq`¤jC��^_NPRU]_\:]_^+R?Q

B(x, 0) ≡ 1, By(x, 0) ≡ 0,
pC`Pr

Byy +KB = 0 ,
Á¯zyÄ

f�`½�aNcfhn�N�^_NPR&f�`PrcR>Ç
y
pCmcm�R�pCe_f�`c��f�`

By, Byy
]_^�pC`Prc].�¯jqe.^_NPR&m"pCe_^_fEpC�#r:f�	#R?e+R?`=^_fEpC^_fhjq`¡�af�^_N

e+R�]_m�R�n?^�^+j
y ¢ T&jq^_fhn�R�^_N"pC^��P]+f�`Pn�R K ≤ 0

�
B
fh]a�w�hjq�"pC����\¡rcR>¦P`PR�r8pC`Pr

B(x, y) ≥ 1 ,
Á � Ä

yBy(x, y) ≥ 0 ,
Á � �yÄ


�
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� � ����­�¬Í±q§3©����-­��y¶w´�±w¬¯¬�­

�¯jqe�R?}yR?e_\
(x, y) ∈ R

2 ¢ M/NPRUn�j=jqe+r:f�`"pC^+R�R>Ç3mce+R�]+]+fhjq`��¯jqea^_NPR�QSR?^_e_fhn m jq`
X
fh]a�wf�}�R?`¡�=\

m(x, y) = B2(x, y)dx2 + dy2 .

ÁÍZ3R�Rw�:�¯jqeaf�`P]_^�pC`Pn�Rw� 

� ��� ¢ Ä�M/NPR�bc`cf�^��cbc`Pr:�hR UX n�pC`{��R�fhrcR?`=^_f�¦"R�r{�af�^_N
{(

x, y,
cos θ

B(x, y)
, sin θ

)
∈ R

4

∣∣∣∣ (x, y) ∈ R
2, θ ∈ S1

}
.

Ð `¡^_NPRUn�j�jqe�r:f�`"pC^+R�] (x, y, θ) � f pC`Pr g pCe+R��wf�}yR?`{�=\

f(x, y, θ) =

(
cos θ

B(x, y)
, sin θ, F (x, y) cos θ

)T
, g(x, y, θ) = (0, 0, 1)T ,

Á ��� Ä

�aNPR?e+R
F (x, y) =

By(x, y)

B(x, y)
.

Á � �yÄ
��g=bcf�}qpC�hR?`=^+��\���Á

DX
ε

Ä�n�pC`{��R��ae_f�^_^+R?`8pq]a��jq���hj~��]��

ẋ =
cos θ

B
,

Á � vyÄ
ẏ = sin θ,

Á � �=Ä
θ̇ = u+ F cos θ.

Á � uyÄ
TKjq^_fhn�R�^_N"pC^��"pq]af�^�n�pC`{��RUR�pq]_f���\�rcR�r:bPn�R�r¡�¹e+jqQ Á¯zyÄ>�

F
]�pC^_fh])¦"R�]a^_NPR�Â/pCbPn�N=\½mce�jq�c�hR>Q

Fy = −K − F 2, F (x, 0) ≡ 0 .
Á ��� Ä

Ð � M = X/Γ
fh]Up�n�jqQ�mc�hR?^+R'o�fhR?Q'pC`c`cfEpC`Ô]_bce)�Ípqn?Rw�õ^_NPR?`õ�#�¯jqe
pC`=\¤¦cÇcR�r

q ∈ N
�#^+NPR

Q'pCm
φq
��rcR>¦P`PR�rÊpq]If�` ÁÍxwÄ>�afh]¡pµ�hj=n�pC�sr:f�	#R�jqQSjqe_mcNcfh]_Q pC^½R?}�R?e_\Æm�jqf�`=^�jC�

R
2 ¢ M/NPR

mcbc�����"pqn�ÑSjC�G^_NPR�QSR?^_e_fhn
m
^_Nce+jqbc�wN

φq
R?`Prcj~��]

R
2 �af�^_N½p�o�fhR?Q'pC`c`cfEpC`½]_^_e_bPn?^_bce+Rw����Ncfhn�Ne+R?`PrcR?e+]

R
2 fh]+jqQSjqe_mcNcfhnU^+j X ¢

�½× � �c� � ����� � �:ª�³�©+ª ��­¯±q§�« ��±q©>²�§=´�¶w¬�­¯±q¨Ë±��'¬ �:ª �U§c·?­6¨c«���³�©_±�·>´hª>² ­6¨Æ®�±�±w©_°q­¹¨-¶w¬�ª�«S«?¬�­6´6´
²S¶ �qª>«a«�ª>¨c«�ª�
 �cª>¨¡±q¨P´¸ºU´�±~®+¶w´ ��­¹¨c«>¬�ª+¶y°�± � �q´�±=·_¶w´ � ��ª+±�°=ª�«�­¯®�®�±�±q©+°q­6¨-¶y¬�ª�«&¶q©+ªK°�ª���¨Gª_°  ��±w¨ �«>­�°�ª>©�¬ �:ª/®�¶C«�ªa± ��¶ ��­Íª>²S¶q¨P¨P­¯¶q¨�«�§3©��?¶y®�ª

M

�­�¬ ��³c±C«�«�­Í·>´¸º�«�­ �q¨ � ��¶q©>ºq­6¨ ��®�§=© ��¶w¬�§3©+ª	 ��ª+®�¶q´6´¬ �3¶w¬a¶ �3¶q´ � � ³-´�¶q¨�ª�±�� M ­6«�¶I«�­¹²&³-´ º�®+±w¨P¨�ª+®�¬�ª+°{±�³Pª>¨¿«�§P·�«�ª?¬�± �

M
·_±w§=¨-°=ª_°¤·?º�¶I«�­¹²&³-´�ª

±�³Pª>¨8®�±q²&³-´hª?¬�ª ��ª+±�°=ª�«�­¯®	 � �
M

®+±q¨-¬Í¶q­6¨P«K¶ �3¶q´ � � ³-´�¶q¨�ª H ¶q¨-°�­ �
K
­6«�¨-±q¨w³:±C«>­¹¬�­��Cª�±q¨

H
�

¬ �:ª?¨
H

¶y°q²�­�¬¹«I¶¤«�ºC«>¬�ª>² ± ����ª+±~°�ª�«>­�®{®�±~±q©_°q­¹¨-¶w¬�ª�«� �>¨-°�ª�ª_° � ��±q©I¶q¨Pº
q ∈ N

«�§c®
� ¬ �3¶w¬
φq(R×[0,∞)) = H

�
R×[0,∞)

®�¶q¨�·�ª&ª>¨-°�±�
.ª_° 
�­�¬ ��¬ �:ªa²'ª?¬�©>­�®
φ∗qm

��¶q¨-°U¬ �:ª �U§P·>­6¨P« �

� ��
 � ù



�U§c·?­6¨c«���³-©_±�·?´�ª?² ±q¨8«�§3©��?¶y®�ª�«���� � v

³-©_±=·>´�ª?² ±q¨
H

®�¶q¨¼·�ª½°�ª>«?®?©>­¯·�ª+°µ·?º¿ª��?§c¶w¬�­�±w¨c« ������� � � �  �"­¹²�­6´�¶q©>´ º���­ �
q = (p, v) ∈ N¶q¨�°

a, b, r > 0
¶q©+ª�«�§c®
�¿¬ �3¶y¬

K ≤ 0
±q¨

BM (p, r)
¶q¨�°

a + b < r
��¬ �:ª>¨!¬ �:ªS©+ª_®�¬Í¶q¨ �q´hª

[−a, a]× [−b, b] ⊂ R
2 ��ª>¨�°y±�
.ª+° 
�­¹¬ � φ∗qm �,­E«s¶�¨-±q¨q³c±C«�­�¬�­ �qª>´¸º�®?§=© �Cª+°I®�± �Cª>©>­6¨ �'°y±q²S¶q­¹¨

± �&¶
¨Gª>­����:·+±q© �:±�±~°�± �
p
 �� �y¶q­¹¨ �õ«>º�«?¬�ª>²�������� � � ��°�ª�«�®?©>­¯·�ª�«K¬ �:ª ��§P·>­¹¨c« ��³-©_±=·>´�ª?² ±q¨I«>§:®
�

¨-±w¨ � �a¶w¬Î©+ª_®�¬Í¶q¨ �q´hª� 

� � (��/(-���Y����(Ò���8(�
�� ����	-���)(-	

£ R.n�jq���hR�n?^,NPR?e+R�^_NPR�]_^�pC^+R?QSR?`=^+]�jC�"^_NPR.Q'pCf�`�e+R�]_bc��^+]�mce+j~}�R�r�f�`�^_NPR.`"R�Ç:^,]+R�n?^_fhjq`õ�qf�`�jqe+rcR?e^+j�]_^_e+R�]�]/^_NPRsf�`=^+R?e_e+R?�EpC^_fhjq`P]���R?^���R�R?`{^_NPR�mce+jqm�jw]+R�r¡`PR�n�R�]+]�pCe_\�pC`Pr{]_b �'n?fhR?`=^�n�jq`Pr:f�^_fhjq`P]
�¯jqea^_NPRUVsÂaÂÉmce+jqm�R?e_^�\�^+j�NPjq�hr ¢
� � Û
	�Û �	�6�	� Û � � �
��� ª�¬

M
·+ª�¶
®�±q²&³-´hª?¬�ª���®�±q¨P¨Gª_®�¬�ª_° ��­Íª>²S¶q¨P¨P­¯¶q¨�«>§=©���¶y®�ª� � �cª ��§P·>­¹¨c« �

³-©_±=·>´�ª?²�±w¨
M

�3¶C«½¬ �:ª � � �Æ³-©_±�³Pª>©?¬�º¿­ �½¶w¬s´hª_¶q«>¬U±q¨Gª¡± �½¬ �:ª��?±w´6´�±�
�­¹¨ �µ®�±q¨-°q­�¬�­�±w¨c«'­6«
«�¶w¬�­E«���ª+°��

(a) M
�3¶q« ��¨P­�¬�ª&¶q©+ª+¶��

(b)
¬ �:ª ��ª+±�°=ª�«�­¯® �/±�
Ë±q¨

M
­6«�¬Í±�³c±q´�± �w­�®�¶q´6´¸º�¬�©_¶q¨c«�­�¬�­��Cª� 


�� ×=Û � × � � � 
 � ª�¬
M

·+ªK¶�®�±q²&³-´hª?¬�ª���®+±w¨P¨�ª+®�¬�ª+° ��­Íª>²S¶q¨P¨P­¯¶q¨S«�§3©��?¶y®�ª 
�­¹¬ ��¨-±w¨q³c±C«�­�¬�­ �Cª
	�¶q§=«�«>­�¶q¨Ò®?§3© ��¶w¬�§3©+ª

K
 ��ª>¨�±w¬�ª¿·>º

X
¬ �cª¤§=¨"­ �Cª?©�«�¶q´&®�± �qª>©�­¹¨ �Ë± �

M
 � �:ª �U§P·>­6¨P« �

³-©_±=·>´�ª?²�±w¨
M

�3¶C«½¬ �:ª � � �Æ³-©_±�³Pª>©?¬�º¿­ �½¶w¬s´hª_¶q«>¬U±q¨Gª¡± �½¬ �:ª��?±w´6´�±�
�­¹¨ �µ®�±q¨-°q­�¬�­�±w¨c«'­6«
«�¶w¬�­E«���ª+°��

(i) M
­6«S±��S¬ �:ª ��©�«>¬��~­6¨�° � (ii) �?±w©Iª �Cª?©�º r > 0

¶q¨�°¿ª �Cª>©>º¤«�ª_®�¬Í±q©
S
­6¨
X
�

supp∈S
∫
BX(p,r)

KdA = 0
 

Â�jq`Pr:f�^_fhjq`P]��aNcfhn�NIpCe+R/��jq^_N']_b �'n?fhR?`=^ÎpC`Pr�`PR�n�R�]+]�pCe_\
�¯jqe�V�ÂaÂ!n�pC`���R���jqe_Q�bc�EpC^+R�r�bc`PrPR>e
QSjqe+R�e+R�]+^_e_fhn?^_f�}yR�N=\3m�jq^_NPR�]+R�]�jq`

K ¢

�� ×=Û � × � � ���	� ª�¬

M
·�ª&¶�®+±w²�³�´�ª?¬�ª �,®�±q¨P¨�ª+®�¬�ª+° ��­Íª>²S¶q¨P¨P­¯¶q¨S«�§3© ��¶y®�ª&¶w¨-°�¶C«�«>§=²'ª�¬ �3¶w¬

­�¬¹« 	�¶q§=«�«>­�¶q¨¼®?§3©��C¶w¬�§=©+ª
K

­6«S§3¨P­ ��±q©>²�´ º8¨�ª��y¶w¬�­��Cª� � �cª>¨Ë¬ �cª �U§c·?­6¨c«��=³-©_±�·?´�ª>²�±q¨
M�3¶C«
¬ �:ª � � �»³-©_±�³Pª>©?¬�º'­ �
¶q¨-°½±q¨"´ ºS­ �

M
­E«
± �U¬ �:ª ��©�«>¬ �~­6¨�°� 


�� ×=Û � × � � ��� � ª�¬
M

·�ª&¶�®+±w²�³�´�ª?¬�ª �,®�±q¨P¨�ª+®�¬�ª+° ��­Íª>²S¶q¨P¨P­¯¶q¨S«�§3© ��¶y®�ª&¶w¨-°�¶C«�«>§=²'ª�¬ �3¶w¬
­�¬¹« 	�¶w§�«�«>­�¶w¨8®?§3© ��¶w¬�§3©+ª

K
­E«K¨-±q¨w³:±C«>­¹¬�­��CªU¶q¨�°'·+±q§3¨-°�ª+°� ��s«�«�§3²'ª���²S±q©+ª+± �Cª?© �Î¬ �3¶w¬

M
­6«

± �
¬ �cªU«�ª_®�±q¨-° �~­¹¨-°�¶q¨�°½°=ª>¨-±w¬�ª�·>º
X
­¹¬¹«U§3¨P­ �qª>©�«?¶q´�®�± �qª>©�­¹¨ �� � �:ª��U§P·>­6¨P« �~³-©+±�·>´hª>² ±w¨

M
�3¶q«�¬ �cª � � �!³-©_±�³Pª>©?¬�º{­ �S¶q¨�°8±q¨P´¸º{­ ��� ��±q©Iª �Cª>©>º

r > 0
� ��±q©Iª �Cª>©>º¤«�ª+®�¬Í±q©

S
­6¨
X
�

supp∈S
∫
BX(p,r)

KdA = 0
 

M/NPR�e+R�]_bc��^+].]_^�pC^+R�r'f�`IM/NPR�jqe+R?Q � ¢ �
pCe+R�mce+j~}�R�rSf�`½i�e+jqm�jw]_f�^_fhjq`P]au ¢ � pC`Pr½u ¢
� � ¢ � jqe.�aN"pC^n�jq`Pn�R?e_`P]�M/NPR�jqe+R?Q � ¢ v:��f�^�fh]�p¤n�jqQ��cf�`"pC^_fhjq`ËjC��i�e+jqm�jw]_f�^_fhjq`Ëu ¢ � pC`Pr Â�jqe+jq���EpCe_\!u ¢
� u ¢
� f�`"pC����\��q^_NPR�mce+j=jC��jC��M/NPR�jqe+R?Q|� ¢ �sfh],]_mc��f�^,f�`=^+jK^_NPR�jq`PR�]�jC��i�e+jqm�jw]_f�^_fhjq`'u ¢
� �spC`PrSÂ�jqe+jq����EpCe_\�u ¢
� z ¢ � jqeae+R�]_bc��^+]an�jq`Pn�R?e_`cf�`c�'Q'pC`cf��¯jq��rP]a�af�^_N¡m�jw]+]_f��c��\½]_f��w`:�Í}wpCe_\3f�`P�Sn>bPe_}qpC^_bce+Rw�c��Re+R>�¯R?ea^+j�^_NPRUrcR?^�pCf�� jC�ÎZ3R�n?^_fhjq`P]&u ¢ �:�"u ¢ v:�"pC`Pr¤u ¢ � ¢


�
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� � ����­�¬Í±q§3©����-­��y¶w´�±w¬¯¬�­

� �Ë�-������	 ���¤( 

� �-��	����_(-	
���
	 � � � ��� ��� 
 ����� � ��� � � � � � � � ��� � � ��� 
 
 � � 
 ������������� � � � 
 � 
�� � ����� �
	 �

� � ��	 � �������

Ð ` ^_Ncfh]�m"pCe�pC�we�pCmcNõ�.��R½mPe+j~}yR¡]+jqQSR½�yR�jqQSR?^_e_fhn¡mce+jqm�R?e_^_fhR�]'jC�Ko�fhR?Q'pC`c`cfEpC`Æ]+bce)�¯pqn�R�]�jC�`Pjq`cm�jw]_f�^_f�}�R¥n?bce_}wpC^_bce+Rw�&�aNcfhn�NÕpCe+R¥pC^¡^_NPR»NPR�pCe_^{jC��^_NPR¥pCe_�wbcQSR?`=^+]¤jC��^_NPR»^_NPR�jqe+R?QS]
]_^�pC^+R�r{pC��j~}�R ¢�Ð `¡m"pCe_^_fhn?bc�EpCe��c��R�]_N"j~�ÊNPj~� n�R?e_^�pCf�`{mce+jqm�R?e_^_fhR�]&jC����f�Q�f�^�]+R?^+]/�aNcfhn�N{NPjq�hr
f�` ^_NPRSN3\=m�R?e_��jq��fhnIn�pq]+R'n�pC`Ô��RSe+R�n�j~}yR?e+R�r f�` ^_N"RS`Pjq`:��n�jq`P]_^�pC`=^�n?bce_}qpC^_bce+RIn�pq]�Rq��bc`PrPR>e
]_bcf�^�pC�c�hR�`Pjq`:� 	 pC^_`PR�]�]�pq]+]_bcQ�mc^_fhjq`P] ¢ M�j&^_Ncfh],R>Ç:^+R?`=^,��R.mce+jqm�jw]+R�^_NPR.��jq���hj~�af�`c�UrcR>¦P`cf�^_fhjq` ¢
�¡×�� ���6�	� Û � � �
� �Y«�ª+®�¬Í±q©

S
±��{¶ �U¶y°y¶w²�¶w©_°µ«�§3© ��¶y®�ª

X
­E«�«?¶q­¯° ¬Í±!·�ª �:ª+¶ ��º���­ ��� ��±q©

ª �qª>©�º'«�ª+®�¬Í±q©
S′
®�±q¨"¬Í¶w­6¨�ª+°'­¹¨

S
� ∫

S′ KdA = −∞  

� jqeSR>ÇcpCQ�mc�hRw��pq]���R½�af�����jC��^+R?` bP]�Rw��f�� r, δ > 0
R>Ç3fh]_^�]+bPn�N ^_N"pC^ ∫

BX(p,r)
KdA ≤ −δ�¯jqeUR>}�R?e_\

p ∈ S
�#^_NPR?`

S
fh]�NPR�p�}=\ ¢ �KR�p�}=\»]+R�n?^+jqe+]
R?`qk)j~\»^_NPR��¯jq���hj~�af�`c�{}=fh]+f��cf���f�^Ì\��Í^�\3m�Rmce+jqm�R?e_^�\ ¢

�Î× � � � � � 
 � ª?¬
S
·�ª¤¶ �:ª+¶ ��º¥«�ª+®�¬Í±q©{± �¡¶ �
¶y°y¶q²S¶q©_°¿«�§3©��?¶y®�ª

X
 � �cª>¨ � �?±q©{ª �Cª?©�º

z1
­¹¨Æ¬ �:ª�­6¨"¬�ª?©�­¯±q©�± �

S(∞)
¶q¨-° ª��Cª>©>º

z2 ∈ X(∞)
°q­ 
&ª?©+ª>¨"¬ ��©+±q²

z1
�U¬ �cª>©+ª¤ª��w­E«?¬¹«�¶

��ª+±~°�ª�«>­�®
c :R→ X

«>§:® �{¬ �3¶w¬
c(−∞) = z1

¶w¨-°
c(+∞) = z2

 

M/NPR��hR?Q�Q'p�fh]��"pq]_fhn�pC����\¥p�e+R>��jqe_Q�bc�EpC^_fhjq`ÔjC� 
 �:� �,Ç:R?e+n?fh]�R¤Á¹f6Ä&m ¢ uyx � ¢ � jqeU]�pCÑ�R�jC�an�jqQ��mc�hR?^+R?`PR�]+]~�3�hR?^/bP]/mce+j~}3fhrcRKf�^+]/mce+j=jC� ¢ Â�jq`P]_fhrcR?e�p�n?jq`3}yR>Ç½]�R�n?^+jqe S′ ��jqbP`PrcR�r��=\'^���j�e�p�\:]N"p�}3f�`c�
z1
pC`Pr

z2
pq]�R?`Pr:m�jqf�`=^+] ¢ M/NPR?` ∫S′ KdA = −∞ ¢ ¾KR?`Pjq^+R'�=\ x ^_NPR'}yR?e_^+R>Ç jC�

S′
pC`Pr¤�hR?^

pn
�
qn
��RU^��/j']+R�g=bPR?`Pn�R�]KjC��m�jqf�`=^+]&f�`

∂S′
�P^+R?`Pr:f�`c�P�-e+R�]+m�R�n?^_f�}yR?��\��"^+j

z1
�
z2
�

pq]
n
^+R?`Prc]�^+j�f�`:¦P`cf�^�\ ¢ ¾sR?`Pjq^+R��=\ Tn ^_N"R��yR�j=rcR�]_fhn�^_e_fEpC`c�w�hR��af�^_N¥}�R?e_^_fhn�R�] x � pn � pC`Pr

qn ¢  �pCbP]+]_� ��jq`c`PR?^.^_NPR�jqe+R?Q%f�Q�mc��fhR�]Î^_N"pC^ ∫
Tn
KdA > −π ��jqe.R?}yR?e_\ n ¢ M/N"R>e�R��¯jqe+Rw�=^_NPR?e+RR>Ç:fh]_^+]�p{n?jqQ�m-pqn>^�]_bc�P]+R?^

C
jC�
S′
]_bPn�N ^_N"pC^���m�jw]+]_f��c��\¿m"pq]�]_f�`c�{^�j¤p{]_bc�P]+R�g=bPR?`Pn�Rw��^_NPR

�yR�j=rcR�]_fhn½]+R?�wQSR?`=^���R?^���R�R?`
pn

pC`Pr
qn

f�`=^+R?e+]+R�n?^+]
C
�¯jqe�R?}�R?e_\

n ¢ ��\¥n�jqQ�m"pqn?^_`PR�]+]�jC�
UC = {q ∈ UX| π(q) ∈ C} �C^_NPR?e+R/R>Ç3fh]_^+] q ∈ UC ]_b"n�N�^_N"pC^,^_NPR.�yR�j=rcR�]_fhn

s 7→ exp(s, q)n�jq`c`PR�n?^+]��-pq]ae+R�g=bcf�e+R�r#�
z1
pC`Pr

z2 ¢ sf�}yR?`!p �KpqrPpCQ'pCe+r!]_bce)�¯pqn�R
X
pC`"rÔp¡�we�jqbcm

Γ
jC�afh]+jqQSR?^_e_fhR�]�jC�

X
���hR?^
bP]�rcR?`Pjq^+R

�=\ A(Γ) ^_NPR�n?�hjw]_bce+Rsf�` X(∞)
jC��^_NPRs]+R?^ajC��R?`Pr:m�jqf�`3^+]�jC�,p�Ç:fh]/jC��N=\=m�R?e_��jq��fhn�fh]+jqQSR?^_e_fhR�]

n�jq`=^�pCf�`PR�r{f�`
Γ ¢

�Î× � � � � ���	� ª?¬
X

·�ª¡¶ �
¶y°y¶q²S¶q©_°»«�§3© ��¶y®�ª¡¶q¨-°
Γ
¶ �q©_±q§~³Ê± �'­6«?±q²'ª�¬�©�­Íª�«½± �

X
 � �

A(Γ) ­E«a¨�±q¨�ª>²&³�¬�º���¬ �:ª>¨ � �?±w©&ª �Cª?©�º �cª_¶ �~º
«�ª+®�¬Í±q© S ± �
X
� L(Γ)∩S(∞) = A(Γ)∩S(∞)
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�U§c·?­6¨c«���³-©_±�·?´�ª?² ±q¨8«�§3©��?¶y®�ª�«���� � u

��©_±~± �� ÎÂ.�hR�pCe_��\ A(Γ) ⊂ L(Γ) ¢ � f�Ç pC`Æp�Ç:fh] G jC��p8N=\=m�R?e_��jq��fhn¡^_e�pC`P])�¯jqe_Q'pC^_fhjq`ÆjC�
Γ
�

pIm�jqf�`=^
z
f�`
S(∞)

pC`Pr¥pq]�]_bcQSR�^_N"pC^�^_NPR?e+R�R>Ç3fh]_^+]UpI`PR?f��wN=��jqe_NPj=j=r
J
jC�
z
�aNcfhn�Nµrcj=R�]

`Pjq^�n�jq`=^�pCf�`ÓpC`=\ÔR?`Pr:m�jqf�`=^'jC�Kn�jqQ�mc�hR?^+R��yR�j=rcR�]+f�n�]SjC�&^_NPR�^�\=m�R
γ(G)

�
γ ∈ Γ ¢ � R?^ H��R�p{N"pC���¹�Ímc�EpC`PR�jC�

X
]+bPn�NÔ^_N"pC^

z ∈ H(∞) ⊂ J
�,�aNPjw]+R½R>Ç:fh]_^+R?`Pn�RIfh]��wb"pCe�pC`=^+R�R�r �=\

� R?Q�Q'p�u ¢ � ¢ M/NPR?`õ�:^_NPRKR?`=^_f�e+R Γ ��jqe_�cf�^ajC� G fh]/n�jq`=^�pCf�`PR�r�f�`
X \H ¢ M/NPR?e+R>�¯jqe+Rw� z fh]�`Pjq^p�rcR?`P]_f�^�\½m�jqf�`=^�jC�,^_NPR

Γ
��jqe_�cf�^�jC��pC`=\Im�jqf�`=^&jC�

G
�:f ¢ R ¢ � z 6∈ L(Γ) ¢

M/NPRS��jq���hj~�af�`c�8�hR?Q�Q'p¤n�jq`Pn�R?e_`P]�^_NPR'R>Ç:f�]+^+R?`Pn�R'jC�aN"pC���¹�Ímc�EpC`PR�]�f�` `Pjq`cm�jw]_f�^_f�}�R?��\µn?bce_}�R�r
o�f�R?Q'pC`c`PfhpC`Ë]_bce)�Ípqn�R�] ¢8Ð ^+]�e+jq�hRI�af�������RIn?e_bPn?fEpC�/�aNcf��hRImce+j~}3f�`c�»^_NPRI`Pjq`:��n�jq`=^_e+jq���EpC�cfh��f�^�\e+R�]_bc��^+]�n�jq`=^�pCf�`PR�r{f�`»Z3R�n?^_fhjq`8u ¢ v ¢
�Î× � � � � ��� � ª?¬

M
·�ªS¶{®�±q²&³-´hª?¬�ª��&®�±q¨P¨�ª+®�¬�ª+° ��­Íª>²S¶q¨P¨P­¯¶q¨¿«�§3© ��¶y®�ª 
�­�¬ �{¨-±w¨q³c±C«�­�¬�­ �Cª

®?§3© ��¶w¬�§3©+ªS¶q¨-°I´hª?¬
X
·�ª�­�¬¹«�§3¨P­��Cª>©�«?¶q´,®�± �Cª>©>­¹¨ �� �s«�«�§3²'ª�¬ �3¶y¬

M
­6«�± �
¬ �:ª
«�ª_®�±q¨-° ��­6¨-°

¶q¨�°¤¬ �:¶w¬
X

®�±q¨"¬Í¶w­6¨c«'¶ �:ª+¶ �~º{«�ª_®�¬Í±q©
S
 � �cª>¨ ¬ �:ªI®�¶q¨�±q¨P­�®�¶q´G³-©+±���ª+®�¬�­¯±q¨

Π : X → Mª>²'·�ª+°C«U­¹¨
M

¶ �:¶q´ � � ³�´�¶q¨Gª�±�� X �.®+±q¨-¬Í¶q­6¨Gª_°I­6¨
S
 

��©_±~± �� £ R�]+^�pCe_^K^_NPR�mce+j=jC�.�=\{`Pjq^_fhn?f�`c�¡^_N"pC^��Gf��Î^_NPR?e+R�R>Ç3fh]_^+]�pC`¿jqm�R?`õ�G`Pjq`PR?Q�mc^�\��#n�jq`:�`PR�n?^+R�r�]_bc�P]+R?^
U
jC�
S(∞)\L(Γ) ]_bPn�N�^_N"pC^ γ(U)∩U = ∅ �¯jqe�R?}�R?e_\ γ ∈ Γ\{Id} �C^_NPR?`�R?}=�R?e_\UN"pC���¹�Ímc�EpC`PR

H
��jqbc`PrcR�r��=\

U
pC`Pr�p��yR�j=rcR�]_fhn��af�^_N�R?`Pr:m�jqf�`=^+],f�`

U
fh],R?Q���R�rcrcR�r��=\

Πf�`
M ¢�Ð `"rcR�R?rõ� H∩γ(H) 6= ∅ f�Q�mc��fhR�],^+N"pC^ H(∞)∩(γ(H))(∞) = H(∞)∩γ(H(∞)) 6= ∅pC`Pr
γ
Q�bP]_^�^_NPR?e+R>�¯jqe+RU��R�^_NPRUfhrcR?`=^_f�^�\ ¢ M/NPRUR>Ç:fh]_^+R?`Pn�R
jC��p��yR�j=rcR�]_fhnU�af�^_N8R?`Pr:m�jqf�`=^+]�f�`

U
��jq���hj~��]a�¹e+jqQ � R?Q�Q'p'u ¢ � ¢
£ R�r:fh]_^_f�`c�wbcfh]_N�^���jsn�pq]+R�]��wrcR?m�R?`Pr:f�`c��jq`��aNPR?^_NPR?e Γ n�jq`=^�pCf�`P]�p�N=\3m�R?e_��jq��fhn�fh]+jqQSR?^_e_\jqe�`Pjq^ ¢lK]+]_bPQSRK¦Pe+]+^�^_N"pC^

Γ \ {Id} fh]�Q'pqrcR
jC��m"pCe�pC��jq��fhn
fh]+jqQSR?^_e_fhR�]&jq`c��\ ¢.Ð `{m"pCe_^_fhn?bc�EpCe�� Γfh]�n?\:n?��fhnw�õ]_f�`Pn�R
M

n�jq`=^�pCf�`P]�`Pj¡n?�hjw]+R�r¿�yR�j=rcR�]_fhn ¢ ¾KR?`Pjq^+R��=\ γ pI�yR?`PR?e�pC^+jqe�jC� Γ ¢ M/NPR]+R?^'jC�&¦cÇcR�r m�jqf�`=^+]'jC�
γ
jq`

X(∞)
fh]Sn?�hjw]+R�r¼pC`PrË`Pjq`PR?Q�mc^�\ ¢¼Ð �Kf�^Srcj=R�]S`Pjq^'n�jq`=^�pCf�`

S(∞)
�"^_NPR?`8^_NPR?e+R�R>Ç3fh]_^�]KpC`»jqm�R>` �-`Pjq`PR?Q�mc^�\y�Gn�jq`c`PR�n?^+R�r»]+bc�P]+R?^

U
jC�
S(∞)

]_bPn�N8^_N"pC^
γj(U) ∩ U = ∅ �Î�¯jqeSR?}�R?e_\ j ∈ Z \ {0} ¢ M/NPR?`¼^_NPR¡�hR?Q�Q'p¿��jq���hj~��]S�¹e+jqQ�^_NPR¤pC��j~}�R
e+R?Q'pCe_Ñ ¢K£ R�pCe+R��hR>�¹^K^+j½rcR�pC�,�af�^_N»^_NPR�n�pq]�R
f�`»�aNcfhn�N¥R?}�R?e_\{m�jqf�`=^�jC� S(∞)

fh]�¦cÇcR�r8�=\
γ ¢ Â�jq`P]_fhrcR?e
p'm"pCe�pCQSR?^+R?e_f�Ï�R�r¥�yR�j=rcR�]_fhn c : R → X

]_bPn�N»^_N"pC^
c(+∞)

pC`Pr
c(−∞)

pCe+R
��jq^_N»f�`

S(∞) ¢ Z=f�`Pn�R γ ¦cÇ:R�]&^_NPR�R?`Pr:m�jqf�`=^+]�jC� c �-^_NPR?` Pc �-^_NPR�]�R?^&]+m"pC`c`PR�r¤�=\8pC����^_NPR�yR�j=rcR�]_fhn�]�m"pCe�pC���hR?� ^+j
c
�cfh]af�`=}wpCe_fEpC`=^�bc`PrcR?e�^_NPR
pqn?^_fhjq`8jC�

γ ¢ M/N"RU]+R?^ Pc fh]�fh]+jqQSR?^_e_fhnU^+j
R× Σ

�c�aNPR?e+R
Σ
fh]&p�n?�hjw]+R�r¡�yR�j=rcR�]+fhnU��f�`PR�f�`

X
Á�]+R�R 
 �c� � R?Q�Q'pI� ¢ � �¹Ä ¢ ��\½N=\3m�jq^_NPR�]_fh]��

c
��jqbc`Prc]
`Pj 	 pC^
N"pC���6�Ímc�EpC`PRw��^_NPR?e+R>��jqe+R

Σ
fh]U��jqbc`PrcR�r ¢ Z=f�`Pn�R γ f�`Pr:bPn�R�]�p¡n�jq`=^_f�`=bPjqbP]^_e�pC`P])�¯jqe_Q'pC^_fhjq`µjC�

Σ
��^_NPR?e+R�Q�bP]_^�R>Ç3fh]_^�pC^s�hR�pq]+^sjq`PR�n�jqQ�mc�hR?^+R��yR�j=rcR�]_fhn�jC�

X
¦cÇcR�r8�=\

γ ¢ M/N=bP] γ �:�aNcfhn�N{fh]�p�`Pjq`c�ÍN=\=m�R?e_��jq��fhn
fh]+jqQSR?^_e_\�jC� Pc �cf�]a^+NPRsfhrcR?`=^_f�^�\�^_e�pC`P])�¯jqe_Q'pC^_fhjq`õ�pC`Pr¤^_NPR
]_^�pC^+R?QSR?`=^KjC��^_NPR
�hR?Q�Q'pSfh]�^_e_f�}3fEpC����\¡^_e_bPR ¢ Á�TKjq^_fhn�RU^_N-pC^�^_NPR�pCe_�wbcQSR?`=^��-�aNPf�n�N
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z1

z

S(∞)

c(0)

z2

G2

C

γn(c(0))

X

G1

� f��wbce+R
� ¢

�¯jq���hj~��]s^_NPR�mce+j=jC�/jC� � R?Q�Q'p �:¢ z½f�` 
 �����#]+NPj~��]K^_N"pC^ γ N"pq]UpC^sQSjw]_^�jq`PR�¦cÇ:R�r»m�jqf�`=^�f�`^_NPR�f�`=^+R?e_fhjqe&jC�
S(∞)

�:bc`c�hR�]+]
Γ = {Id} ¢ ÄlK]+]_bPQSR¤`Pj~� ^_N"pC^

Γ
n�jq`=^�pCf�`P]{pC^��hR�pq]_^�jq`PR»N=\3m�R?e_��jq��f�n¿fh]+jqQSR?^_e_\ ¢ l�n�n�jqe+r:f�`c� ^+j

� R?Q�Q'pIu ¢ v:�P^_NPR?`õ� L(Γ) ∩ S(∞) = A(Γ) ∩ S(∞) ¢ TKjq^_fhn�R�^_N-pC^��P�=\�rcR>¦P`cf�^_fhjq`¿jC�,NPR�p�}3\]+R�n?^+jqe����¯jqe¡R?}yR?e_\Én�jqQ�mc�hR?^+R¥�yR�j=rcR�]_fhn
G
�af�^_NÈpC^��hR�pq]_^{jq`PR¿R?`Pr:m�jqf�`=^{f�`Ê^_NPR¿f�`=^+R?e_fhjqe

jC�
S(∞)

�,^_NPRIN"pC���¹�Ímc�EpC`PR�]���jqbc`PrPR?r �=\
G
pCe+R½`Pjq^ 	 pC^ ¢ M/NPR?e+R>�¯jqe+Rw� L(Γ) ∩ S(∞)

N"pq]
`Pjq`PR?Q�mc^�\¿f�`=^+R?e_fhjqe�� ]_f�`Pn�RSjq^_NPR?e_�afh]+R¤Á � Ä&��jqbc�hr¥f�Q�mc��\8^_N"pC^ M fh]UjC�.^_N"R�¦Pe+]_^�Ñ=f�`Pr ¢�Ð `m"pCe_^_fhn?bc�EpCe��

S(∞)
fh]K`Pjq^sn�jq`=^�pCf�`PR�r¿f�` L(Γ) ¢�� f�Ç z ∈ S(∞) \ L(Γ) ¢ l�n�n�jqe+r:f�`c��^+j½^_NPRe+R?Q'pCe_ÑSpC^Î^_NPRa��R?�wf�`c`cf�`c��jC�G^_NPRamce+j=jC�_��f�^Îfh]�R?`Pjqbc�wNI^+j�mce+j~}yR�^_N"pC^

z
fh]ÎpC`Sfh]�jq�EpC^+R�rSm�jqf�`3^

jC��^_NPR
Γ
��jqe_�cf�^�jC�

z
f�`
X(∞) ¢ M�j8^_Ncfh]�R>Ç:^+R?`=^����hR?^�bP]�]+NPj~� ^_N"pC^�^_NPR

Γ
��jqe_�cf�^�jC�

z
f�`

X(∞)
N"pq]�`PjUrcR?`P]_f�^�\�m�jqf�`=^�f�`'^_NPRaf�`=^+R?e_fhjqe.jC�

S(∞)\L(Γ) ¢ lK]+]_bcQSRw�y�=\�n�jq`=^_e�pqr:fhn?^_fhjq`õ�^_N"pC^�^_NPR?e+RIR>Ç3fh]_^
z1
f�` ^_NPRSf�`=^+R?e_fhjqe�jC�

S(∞) \ L(Γ) pC`Pr!p{]+R�g=bPR?`Pn�R γn jC�afh]+jqQSR?^_e_fhR�]f�`
Γ
]_bPn�N¿^_N"pC^

γn(z)
^+R?`Prc]s^+j

z1
pq]
n
�yj=R�]s^+j½f�`:¦P`cf�^�\ ¢ � R?^ c : [0,∞) → X

��R�p'e�p�\
�af�^_N

c(+∞) = z ¢ i,pq]+]+f�`c�½m�jw]�]_f��c��\{^+j¡pI]_bc�P]�R�g�bPR?`Pn�Rw� γn(c(0)) n�jq`=}yR?e_�yR�]s^+j¡p'm�jqf�`=^
z2
jC� L(Γ) ¢ l�n�n�jqe+r:f�`c�½^+j � R?Q�Q'p�u ¢ �:�-^_NPR?e+R�R>Ç:fh]_^&^���j'�yR�j=rcR�]+f�n�] G1 pC`Pr G2 �-R�pqn�N¿jC�^_NPR?Q N"p�}3f�`c�½jq`PR�R?`Pr:m�jqf�`=^Kf�`

z1
��]_bPn�N8^_N"pC^K^_NPR
e+R?�wfhjq`¿jC�

X
��jqbc`PrcR�r»�=\

G1
pC`Pr

G2n�jq`=^�pCf�`P]
γn(c(0))

�¯jqe�R?}�R?e_\
n ¢ M/N=bP]���^_NPR?e+R½R�Ç:fh]_^+]�p¤n�jqQ�m"pqn?^�]_bc�P]+R?^ C jC�

X
�aNcfhn�N

f�`=^+R?e+]+R�n?^+]
R�pqn�N¥e�p�\
cn(·) = γn(c(·))

�
n ∈ N

Á�]�R�R � f��wbce+RS�yÄ ¢ M/NPR?e+R>�¯jqe+Rw�õ��R�n�pC`¿¦cÇ¥p]+R�g=bPR?`Pn�R
tn
jC��m�jw]_f�^_f�}�Rse+R�pC�#`=bcQ���R?e+]�]_bPn�N¡^_N"pC^��3�¯jqeaR?}�R?e_\

x ∈ X � cn(tn) N"pq]ar:fh]_^�pC`Pn�R

� ��
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��e+jqQ
x
bc`cf���jqe_Q���\���jqbc`PrcR�r{�af�^_N{e+R�]_m�R�n?^�^+j

n ¢ � f�Ç x ∈ X pC`Pr¡`Pjq^_fhn�RU^_N"pC^
tn = d(cn(0), cn(tn)) ≥ d(cn(0), x)− d(x, cn(tn)) ,

�aNcfhn�N¥f�Q�mc��fhR�]s^_N"pC^
tn
^+R?`Prc]s^+j½f�`:¦P`cf�^�\8�af�^_N

n ¢ M/N=bP]�� c(tn) ^+R?`Prc]s^+j z pq] n �yj=R�]s^+jf�`:¦P`cf�^�\ ¢ 
 `½^_NPR&jq^+NPR?e�N"pC`Pr#� γ−1n (x)
N-pq]�r:fh]_^�pC`Pn�R���e+jqQ

c(tn)
bc`cf���jqe_Q���\'��jqbc`PrcR�r½�af�^_N

e+R�]_m�R�n?^S^+j
n ¢ Ð ^��¯jq���hj~��]�^_N"pC^��/pq] n �yj=R�]S^+j¿f�`:¦P`cf�^�\��

γ−1n (x)
n�jq`=}�R?e_�yR�]�^�j

z
�Î�aNcfhn�N

n�jq`=^_e�pqr:fhn?^+]�^_NPRs�Ípqn?^a^_N"pC^
z
rcj=R�]a`Pjq^���R?�hjq`c�'^+j L(Γ) ¢

����� � � 
 ��� � � � ��� ����� ��� ��� ��� �����
� R?^ÎbP]���R?�wf�`'^_NPR�]+R�n?^_fhjq`'�af�^_NS^+NPR/��jq���hj~�af�`c�P�3R?�hR?QSR?`=^�pCe_\�e+R?Q'pCe_Ñ ¢ Â�jq`P]_fhrcR?e�p�n�jqQ�mc�hR?^+Ro�f�R?Q'pC`c`PfhpC`�]+bce)�¯pqn�R

M
�C�af�^_N�`Pj�e+R�]_^_e_fhn?^_fhjq`�jq`�^_NPR.]_f��w`�jC�Pf�^+]�n?bce+}qpC^_bce+R

K ¢ Z3R?^_^_f�`c� t =
1
pC`Pr

T = 2
f�`µÁ¯uyÄ>�:��RsN"p�}�RK^_N"pC^��:��jqeaR?}�R?e_\

q ∈ N pC`Pr
ε > 0

�
ef (q) ∈ Int(A2q(M, ε)) ¢

� f�Ç q pC`Pr»�hR?^ q′ }wpCe_\{f�` BN (q, 2)
���aNcfhn�N¿fh]�pIe+R?�EpC^_f�}yR?��\»n�jqQ�m"pqn?^s`PR?f��wN=��jqe_NPj=j3r¥jC�

q ¢M/NPR�n�jq`=^_f�`=bPjqbP],rcR?m�R?`PrcR?`Pn�R/jC�
A2q′(M, ε)

jq`
q′
f�Q�mc��fhR�]�^_N"pC^�^_NPR?e+R�R>Ç3fh]_^+]

ρ(ε, q) ∈ (0, 1)]_bPn�N{^_N"pC^��:�¯jqe�R?}yR?e_\
q′ ∈ BN (q, 2)

�
BN (ef (q′), ρ(ε, q)) ⊂ Aq′(M, ε) .

M/NPR?e+R>�¯jqe+Rw�
q ∈ Int(Aq′(M, ε))

f��
ef (q′) ∈ B(q, ρ(ε, q)) .

Á � xwÄ
Ð `PrcR�R�r#�:��jqe�R>}�R?e_\ q′ ∈ N ]+bPn�N¡^_N"pC^

ef (q′) ∈ B(q, ρ(ε, q))
�:��R�N"p�}�R

dN (q, q′) ≤ dN (q, ef (q′)) + dN (q′, ef (q′)) < 2 .

�Î× � � � � ��� � ª?¬
M

·�ª&¶�®+±w²�³�´�ª�¬�ª��,®�±q¨P¨�ª+®�¬�ª+° ��­¯ª>²S¶q¨"¨P­�¶w¨S«�§=©���¶y®�ª� � �
q ∈ N ¶q¨-°

ε >
0
ª��q­6«>¬,«>§:®
��¬ �3¶w¬

Aq(M, ε)
�3¶C« ��¨P­�¬�ª ��±q´¸§3²Sª ��¬ �:ª?¨

M
�:¶C« ��¨P­�¬�ª�¶q©+ª+¶'¶q¨�°

Aq(M, ε) =
N
 

��©_±~± �� � f�Ç q ∈ N pC`Pr
ε > 0

]+bPn�N�^_N"pC^
Aq = Aq(M, ε)

N"pq]/¦P`cf�^+Rs}�jq��bPQSR ¢�£ RK�/pC`=^a^+jmce+j~}�R&^+N"pC^
∂Aq

fh]aR>Q�mP^�\ ¢ � R?^��3�=\In�jq`=^_e�pqr:fhn?^_fhjq` � q̄ ∈ ∂Aq
�cpC`Pr�rcR>¦P`PR

ρ̄ = ρ(ε, q̄) > 0
�

�aNPR?e+R'^_NPR���bc`Pn?^_fhjq`
ρ
]�pC^+f�]_¦"R�]IÁ � xwÄ ¢ l%�/R?�����ÍÑ3`Pj~�a`Ô^_NPR�jqe+R?Q �3\��Ke�R>`"R>e¡Á 

��� �¹Ä�]_^�pC^+R�]^_N"pC^&pC`=\¡pC^_^�pCf�`"pC�c�hR
]+R?^�jC��p��ce�pqn�Ñ�R?^��yR?`PR?e�pC^_f�`c�I]_\:]_^+R?Q fh]�n�jq`=^�pCf�`PR�r{f�`{^_NPR�n?�hjw]_bce+RUjC�

f�^+]�f�`=^+R?e_fhjqe ¢ M/NPR?e+R>�¯jqe+Rw� V = Aq ∩BN (q̄, ρ̄)
N"pq]�`Pjq`PR?Q�mc^�\�f�`=^+R?e_fhjqeKpC`Pr#�Pf�`{m"pCe_^_fhn?bc�EpCe��

m�jw]_f�^_f�}�R»}yjq��bcQSR ¢ Z=f�`Pn�R
ef

fh]¡pÔ}yjq��bcQSR¿mce+R�]+R?e_}3f�`c�Ër:f�	#R�jqQSjqe_mcNcfh]_Q jC�
N

Á�]+R�Rw���¯jqe
f�`P]_^�pC`Pn�Rw� 
 �w���¹ÄUpC`Pr Aq

N"pq]U¦P`cf�^+R'}yjq��bcQSRw��^_NPR?` ^_NPRI]+R?^+]
enf (V )

� �¯jqe
n ∈ N

��n�pC`c`Pjq^
��R½m"pCf�e_��f�]�R¡r:fh]�k)jqf�`=^�����R?f�`c�

enf (V ) ⊂ Aq
�¯jqe�R?}yR?e_\

n ∈ N ¢ M/NPR?e+R>�¯jqe+Rw�Î^_NPR?e+R¡R>Ç3fh]+^
n1 < n2

]_bPn�N�^_N"pC^
en1f (V )∩ en2f (V )

fh]�`Pjq`PR?Q�mc^�\ ¢ �Îg�bcf�}wpC�hR?`=^_��\y�:^_NPR?e+RsR>Ç:f�]+^+]/p
m�jqf�`=^
q′
f�`
e(n2−n1−1)f (V )

�aNPjw]+R�f�Q'pC�yR
�=\
ef
��fhR�]&f�`

V ¢ ¾KbPR
^+j»Á � xwÄ>�-^_NPR�n�jq`=^_e�pqr:fhn?^_fhjw`¿fh]e+R�pqn�NPR�r ¢


�
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� z ����­�¬Í±q§3©����-­��y¶w´�±w¬¯¬�­

� Û � Û � �¹�c� Ø � ���	� ª?¬
M

·�ªK¶�®+±q²&³-´hª?¬�ª �,®�±q¨P¨�ª+®�¬�ª+° ��­¯ª>²S¶q¨"¨P­�¶w¨S«�§3© ��¶y®�ª 
�­¹¬ � ��¨"­¹¬�ª�¶w©+ª_¶  
� �:ª?¨»¬ �:ª��U§c·>­¹¨c«���³-©_±�·?´�ª>² ±q¨

M
�:¶C«U¬ �:ª � � �»³-©_±�³Pª>©?¬�º� 

TKjq^_fhn�RU^_N"pC^~�"f�`¤^_NPR
`Pjq`cm�jw]_f�^_f�}�R�n?bce_}wpC^_bce+R�n�pq]+Rw�"f��
M

N"pq]�¦P`cf�^+R�pCe+R�pS^_NPR?`8f�^&fh]&jC��^_NPR
¦Pe+]_^�Ñ=f�`PrÒÁ�]+R�Rw����jqe�f�`P]+^�pC`Pn�Rw� 

� �¹Ä ¢ M/NPR�n�jq`=}�R?e+]+Rw�În?�hR�pCe+��\���fh]�`Pjq^�^_e_bPR½f�` �yR?`PR?e�pC� ¢ Ð ^fh]��ÎNPj~��R?}�R?e��.�aNPR?`

M
fh]'p»¦P`cf�^+R?��\ n�jq`c`PR�n?^+R�rÆN=\3m�R?e_��jq��fhn{]_bce)�Ípqn�RµÁ�]+R�Rw�Î��jqe�f�`P]_^�pC`Pn�Rw�



� z��¹Ä ¢¼Ð `Ëm"pCe_^_fhn?bc�EpCe��/��R¡mce�j~}yR�rÆ^_N"pC^S^_NPR{¾Kbc�cf�`P]~À�mce+jq�c�hR?Q jq`Óp»¦P`cf�^+R?��\Æn�jq`c`PR�n?^+R�r
N=\3m�R?e_��jq��fhn¥]_bce_�¯pqn�R¿jC��^_NPR8¦Pe+]+^�Ñ=f�`PrÊfh]¡VsÂaÂ ¢ lan?^_b"pC����\���¦Pe+]_^�Ñ3f�`PrÉf�Q�mc��fhR�]{V�ÂaÂ f�`
n�jqQ�mc�hR?^+RU�yR?`PR?e�pC��f�^�\��-pq]af�^a�af����õ��RU]_NPj~�a`{f�`{i�e+jqm�jw]_f�^_fhjq`»u ¢ �:¢� R?^
bP]
`Pj~�%mce+j~}yRS^_N"R']+R�n�jq`Pr m"pCe_^�jC��i�e+jqm�jw]_f�^_fhjq`!� ¢
�w¢ o�R�n�pC���Î^_N"pC^�^_NPRS�yR�j=rcR�]_fhn	 j~��jq`

M
fh]
]�pCfhr¿^+j¡��R{¬Í±�³c±q´�± �w­�®�¶q´6´¸º8¬�©+¶q¨c«�­�¬�­ �qªKf��/^_NPR?e+RSR>Ç:fh]_^+]

q ∈ N
]_bPn�N¥^+N"pC^U^_NPR

jqe_�cf�^�jC�
q
��jqea^_NPR��yR�j=rcR�]_fhn 	 j~�U�cfh]�rcR?`P]+R�f�`

N ¢
� � Û
	�Û �	�6�	� Û � � ��� � ª�¬

M
·�ªs¶�®�±q²&³-´hª?¬�ª���®+±w¨P¨�ª+®�¬�ª+° ��­¯ª?²S¶q¨P¨P­¯¶q¨'«>§=©��?¶�®�ª&«�§c®
�'¬ �3¶w¬,¬ �:ª

��ª+±~°�ª�«>­�® �a±�
 ±q¨
M

­E«�¬Í±�³c±q´�± �q­�®�¶q´6´¸º¡¬�©_¶q¨P«�­¹¬�­��Cª	 �� �:ª?¨¥¬ �cª �U§P·>­6¨P« ��³�©_±�·>´hª>² ±q¨
M

�3¶C«
¬ �:ª � � �»³-©_±�³Pª>©?¬�º� 

��©_±~± �� � f�Ç q0 ∈ N ]_bPn�N¡^_N"pC^

Oq0 = {etf (q0) | t ∈ R}
fh]�rcR?`P]+R�f�`

N ¢ M/NPRsmPe+jqm�R?e_^�\I�¯jqe_Q�bc�EpC^+R�r{f�` Á � xwÄ�f�Q�mP��fhR�]�^_N"pC^��:�¯jqe�R?}yR?e_\ ε > 0
�

N = Aq0(M, ε) ∪
(
Aq−0

(M, ε)
)−

,

�aNPR?e+R
(Aq−0

(M, ε))−
rcR?`Pjq^+R�]�^+NPR�f�Q'pC�yR�jC�

Aq−0
(M, ε)

^_Nce+jqbc�wNµ^_NPR�f�`=}yjq��bc^_f�}�R�r:f�	#R�jC�
QSjqe_mcNcfh]_Q

q 7→ q− ¢ �KR?`Pn�Rw�c^_NPR?e+R
R>Ç3fh]_^+]&p�rcR�n?e+R�pq]_f�`c�I]�R�g�bPR?`Pn�R εn �Pn�jq`=}�R?e_�wf�`c�'^+j�Ï�R?e+jpq]
n
^+R?`Prc]�^+j�f�`:¦P`cf�^�\��P]_bPn�N{^_N"pC^

q−0 ∈ Aq0(M, εn)
�¯jqe�R?}yR?e_\

n ≥ 1 ,
Á � zyÄ

jqe
q0 ∈ Aq−0

(M, εn)
�¯jqe�R?}�R?e_\

n ≥ 1 .
Á ��� Ä

£ f�^_NPjqbc^��hjw]+]�jC�,�yR?`PR?e�pC��f�^�\y�P��RUn�pC`8pq]+]_bcQSRs^_N-pC^�Á � zyÄ�NPjq�hrc]��P]_f�`Pn�R

Oq−0
= (Oq0)

−

fh]�rcR?`P]+R�f�`
N
�c�aNcfhn�N{QSR�pC`P]�^_N"pC^�^_NPR�e+jq�hR�]�jC�

q0
pC`Pr

q−0
pCe+RU]_\3Q�QSR?^_e_fhn ¢

� ��
 � ù



�U§c·?­6¨c«���³-©_±�·?´�ª?² ±q¨8«�§3©��?¶y®�ª�«���� ���

Z=f�`Pn�R
ε 7→ Aq0(M, ε)

fh]&QSjq`Pjq^+jq`PR��af�^_N»e+R�]_m�R�n?^&^+j'^_NPR
f�`Pn?��bP]+fhjq`õ�-^_NPR?`
q0
��R?�hjq`c�y]

^+j�^_NPRU]+R?^
W = {q ∈ N | q− ∈ Aq(M, ε)

��jqe�R?}�R?e_\
ε > 0} .M/N"R�VsÂaÂÈmce+jqm�R?e_^�\8��jqes^_NPR�¾Kbc�cf�`P]�À�mce+jq�c�hR?Q jq`

M
fh]sR�g=bcf�}qpC�hR?`=^�^+j½^_NPR�R�g=b"pC��f�^Ì\

N =W
Á�]�R�R&o&R?Q'pCe_ÑI� ¢ �yÄ ¢�Ð ^�fh]�R?`Pjqbc�wN�^+j�]_NPj~�É^_N"pC^ Oq0 ⊂W

�3r:bPR&^+j�^_NPRKrcR?`P]_f�^�\'jC�
Oq0

f�`
N ¢M/NPf�]�fh],^_e_f�}3fEpC�:�¯jqe��aN"pC^�n�jq`Pn�R?e_`P]Î^_NPR/`PR?��pC^_f�}�Rajqe+�cf�^�jC�

q0 ¢�� f�Ç�`Pj~� ε, t > 0
pC`Pr�`PjC�

^_fhn�R&^_N"pC^
Aetf (q0)(M, ε)

n�jq`=^�pCf�`P]�pU`PR?f��wN=��jqe_NPj=j=r
V
jC�
q′ = e(t+1)f (q0) ¢ � R?^��=��jqe�R?}�R?e_\

ε′ > 0
�
q(·, ε′) : [0, Tε′ ]→ N

��R
p
ε′
��pqr:Q�fh]+]_f��c�hRU^_e�p�k_R�n?^+jqe_\¡]_bPn�N{^_N-pC^

q(0, ε′) = q0
pC`Pr

q(Tε′ , ε
′) = q−0 ¢ M/NPR?`õ�-pq] ε′ �yj=R�]�^+j�Ï�R?e+jc�P��R�N"p�}�Rs^_N"pC^ Tε′ �yj=R�]�^+j�f�`:¦P`cf�^�\��c�aNcf��hRw�c�¯jqeR?}�R?e_\
L > 0

�3^_NPRse+R�]_^_e_fhn?^_fhjq`¤jC�
q(·, ε′) jq` [0, L]

Á¹e+R�]_m�R�n?^_f�}�R?��\y�
[Tε′ − L, Tε′ ]

Ä.n�jq`=}�R?e_�yR�]
bc`cf��¯jqe_Q���\¿^+j

[0, L] 3 s 7→ esf (q0)
Á¹e+R�]_m�R�n?^_f�}�R?��\y�

[Tε′ − L, Tε′ ] 3 s 7→ e(s−Tε′ )f (q−0 )
Ä ¢

Ð ` m"pCe_^_fhn?bc�EpCe��,�¯jqe ε′ ]_Q'pC����R?`Pjqbc�wNõ� q(t + 1, ε′)
pC`Pr

q(Tε′ − t − 1, ε′)−
��R?�hjq`c�»^+j

V ¢i�e+j~}3fhrcR�r ^_N"pC^
ε′ ≤ ε

��pC`
ε
��pqr:Q�fh]�]_f��c�hR'^_e�p�k)R�n?^+jqe_\µ]+^+R�R?e_f�`c�

etf (q0)
^+j

(etf (q0))
− n�pC`

��RIjq�c^�pCf�`PR�rÔ�=\¥�w��bcf�`c�8^_Nce+R�R
ε
��pqr:Q�fh]+]+f��c�hRI]_bc�:�Í^_e�p�k_R�n?^+jqe_fhR�]��,^_NPRS¦Pe+]_^�jq`PR'�yjqf�`c�8�¹e+jqQ

etf (q0)
^+j

q(t + 1, ε′)
�Î^_NPR¡]+R�n�jq`PrÆjq`PR¡n�jqf�`Pn?fhr:f�`c� �af�^_NË^_NPR�e+R�]_^_e+f�n?^_fhjq`ÓjC�

q(·, ε′) jq`
[t+ 1, Tε′ − t− 1]

�"pC`Pr¡^_NPR��EpC]+^�jq`PRUn�jq`c`PR�n?^_f�`c�
q(Tε′ − t− 1, ε′)

pC`Pr
(etf (q0))

− ¢
�/R>��jqe+R8]_^�pC^_f�`c�Ô]_b �'n?fhR?`=^½n�jq`Pr:f�^_fhjq`P]I��jqeIV�ÂaÂ jq`¼`Pjq`cm�jw]_f�^_f�}�R?��\¼n?bce_}yR�rÓo�fhR?Q'pC`c`cfEpC`
]_bce)�Ípqn�R�]��:��R�mce+j~}�Rs^_NPRs�¯jq���hj~�af�`c�S^+R�n�Nc`cfhn�pC� e+R�]_bc��^ ¢
�Î× � � � � ��� � �:ª>©+ª�ª �q­E«?¬K¬ 
Î±��>§=¨-®�¬�­�±q¨P«

δ,R : (0,∞) → (0,∞)
«>§:® �µ¬ �3¶w¬�� �?±w©Iª �qª>©>º

ε > 0
� ��±q©�ª �Cª>©>º ��­Íª>²S¶q¨P¨P­¯¶q¨»«�§3©��?¶y®�ª

M
� �?±q©�ª �qª>©�º

p ∈ M «>§:® �8¬ �3¶y¬
R(ε) < ip(M)

�
K ≤ 0

±q¨
BM (p,R(ε))

�K¶w¨-° ∫
BM (p,R(ε))

(−K)dA ≤ δ(ε)
� �?±q©Iª �Cª?©�º

q ∈ UpM
�&¬ �:ª>©+ª

ª��w­E«?¬¹«s¶q¨
ε � ¶y°q²�­6«�«>­¯·>´hªs¬�©_¶���ª+®�¬Í±q©>º �y±q­¹¨ � �>©_±q² q

¬Í±
q−

¶q¨�°�®�±q¨"¬Í¶w­6¨�ª+°�­¹¨
UBM (p,R(ε))

 
��©_±~± �� �TKjq^_fhn�R�^_N"pC^�f�^�fh]�R?`Pjqbc�wNÆ^+j»mce+j~}�R½^_NPR¡R>Ç:fh]_^+R?`Pn�R¡jC�

δ(1)
pC`Pr

R(1)
pq]�f�` ^_NPR

pC��j~}�RU]_^�pC^+R?QSR?`=^ ¢ÎÐ `"rcR�R?rõ�:¦cÇ ε > 0
pCe_�cf�^_e�pCe_\ ¢  Kf�}�R?`8p�n�jqQ�mc�hR?^+R
o�fhR?Q'pC`c`cfEpC`8]+bce)�¯pqn�R

M = (M,m)
��rcR?`Pjq^+RS�=\

M ε ^_NPR'o�fhR?Q'pC`c`cfEpC`!]_bce)�Ípqn?R (M, εm) ¢ � R?^�� QSjqe+R�j~}�R?e�� KεpC`Pr
dAε ��Rw�we+R�]_m�R�n?^_f�}�R?��\y�w^_N"R/n?bce_}wpC^_bce+R�pC`Pr�^_NPRa]_bce)�Ípqn?R���jqe_Q jq`

M ε ¢ M/NPR?` Kε = εK
�

dA = εdAε �PpC`Pr#�:�¯jqe�R?}yR?e_\ p ∈M pC`Pr
r > 0

�
BM (p, εr) = BMε(p, r) ¢ M/N=bP]~�

∫

BM (p,εr)
(−K)dA =

∫

BMε (p,r)
(−Kε)dAε .

M/NPRSe+R�r:bPn?^_fhjq`Ô^+j¡^_NPR'n�pq]+R
ε = 1

fh]Umce+j~}yR�rÓÁ¹�af�^_N
εR(ε) = R(1)

pC`Pr
δ(ε) = εδ(1)

Ä>�
]_f�`Pn�RapC`

ε
��pqr:Q�fh]+]_f��c�hR�^_e�p�k_R�n?^+jqe_\
f�`

M
fh]�p

1
��pqr:Q�fh]+]_f��c�hR�^_e�p�k_R�n?^+jqe_\
f�`

M ε pC`Pr ip(M) =
εip(M

ε) ¢� R?^
q = (p, v)

pC`Pr
R
��Rw�Pe+R�]+m�R�n>^+f�}�R?��\��-p�m�jqf�`=^KjC�

N
pC`Pr»p�m�jw]_f�^_f�}�R
n�jq`P]_^�pC`=^K]_bPn�N

^_N"pC^
R < ip(M)

pC`Pr
K ≤ 0

jq`
BM (p,R) ¢ ¾sR?`Pjq^+R��=\ Q ^_NPR�]+g=b"pCe+R

[−R/2, R/2] ×


�
 ð��������#�	� ��
! #"
�



�w� ����­�¬Í±q§3©����-­��y¶w´�±w¬¯¬�­

[−R/2, R/2] ⊂ R
2 �cR?`Prcj~��R�r{�af�^_N{^_NPR�QSR?^_e_fhn φ∗qm ¢ o�R�n�pC���õ^_N"pC^�^_NPRU¾Kbc�cf�`P]�Àcmce+jq�c�hR?Qjq`

Q
fh]�rcR�]+n?e_f���R�r{�=\½^_NPR�R�g=b"pC^_fhjq`P]�Á � v�� � uyÄ ¢� R?^
u : [0, T ]→ [−1, 1] ��RÎp 1 ��pqr:Q�fh]�]_f��c�hR�n�jq`=^_e+jq�y�¹bc`Pn?^_fhjq`õ�qpC`PrUrcR?`Pjq^+R��=\ (x(·), y(·), θ(·))^_NPR�n�j=jqe+r:f�`"pC^�R?]�jC��^_NPR�n�jqe_e+R�]+m�jq`Pr:f�`c�¤^_e�p�k)R�n?^+jqe_\¿]+^�pCe_^_f�`c����e+jqQ p½�wf�}yR?`

(x0, y0, θ0) ∈
UQ ¢lK]+]_bPQSR�^_N"pC^

(x(t), y(t), θ(t)) ∈ UQ
pC`Pr

ẋ(t) > 0
�¯jqe
R?}yR?e_\

t ∈ (0, T ) ¢S£ R�n�pC`rcR>¦P`PR�p¡Q'pCm
τ : [x0, x(T )] → [0, T ]

�=\¥QSR�pC`P]�jC��^_NPR'e+R?�EpC^_fhjq`
x(τ(ξ)) = ξ ¢ TKjq^_fhn�R^_N"pC^

τ
fh]�n�jq`=^_f�`=bPjqbP]��.pq]���R?����pq]�^_NPRI�¹bc`Pn?^_fhjq`

η : [x0, x(T )] → R
�aNcfhn�N Q'pCmP]

ξ
^+j

η(ξ) = y(τ(ξ)) ¢ � R?^ Ω ��R�^_NPRUjqm�R?`{e+R?�wfhjq`¤jC�
Q
rcR>¦P`PR�r{�=\

Ω = ∪ξ∈(x0,x(T ))I(η(ξ)) ,

�aNPR?e+Rw���¯jqe�R?}�R?e_\
l ∈ R

�
I(l)

rcR?`Pjq^+R�]S^_NPR�jqm�R?`Ëf�`=^+R?e_}wpC�a�af�^_N
0
pC`Pr

l
pq]���jqbc`PrPpCe_\

m�jqf�`=^+] ¢� R?^
(X,Y,Θ)

��Rs^_NPRU]+jq��bc^_fhjq`8jC�




Ẋ = cosΘ,

Ẏ = sinΘ,

Θ̇ = u,

�af�^_N{f�`cf�^_fEpC��n�jq`Pr:f�^_fhjq`
(X(0), Y (0),Θ(0)) = (x0, y0, θ0) ¢ � jqe�R?}�R?e_\ t ∈ [0, T ]

�

|θ(t)−Θ(t)| =

∣∣∣∣
∫ t

0
cos(θ(s))

By(x(s), y(s))

B(x(s), y(s))
ds

∣∣∣∣ =

∣∣∣∣∣

∫ x(t)

x0

By(ξ, η(ξ))dξ

∣∣∣∣∣

≤
∫ x(t)

x0

dξ

(∫

I(η(ξ))
Byy(ξ, v)dv

)
=

∫ x(t)

x0

∫

I(η(ξ))
−K(ξ, v)B(ξ, v)dv dξ ,

�aNPR?e+RU^_NPR��Epq]_^�R�g�b"pC��f�^�\½��jq���hj~��]a��e+jqQ Á¯zyÄ ¢ Z=f�`Pn�RU^_NPRU]_bce)�Ípqn�RUR?��R?QSR?`=^ dA jC�
Q
fh]�R�g=b"pC�

^+j
B(ξ, v)dv dξ

�:��R�N"p�}yR

|θ(t)−Θ(t)| ≤
∫

Q
(−K)dA .

Á¯�w�yÄ

Ð `=^+R?�we�pC^_f�`c�'^_NPRUR�g�b"pC^_fhjq`P]&]�pC^_fh])¦"R�r¡�=\ y(·) pC`Pr Y (·) �:�/Rs�yR?^��:�¯jqe�R?}yR?e_\ t ∈ [0, T ]
�

|y(t)− Y (t)| ≤
∫ t

0
|θ(s)−Θ(s)|ds ≤ t

∫

Q
(−K)dA .

Á¯� � Ä

� ��
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�U§c·?­6¨c«���³-©_±�·?´�ª?² ±q¨8«�§3©��?¶y®�ª�«���� � �

Z=f�Q�f��EpCe_��\��P��R�jq�c^�pCf�`

|x(t)−X(t)| =

∣∣∣∣
∫ t

0

(
cos(θ(t))

B(x(t), y(t))
− cos(Θ(t))

)
dt

∣∣∣∣

≤
∣∣∣∣
∫ t

0
(cos(θ(t))− cos(Θ(t))) dt

∣∣∣∣+
∣∣∣∣∣

∫ x(t)

x0

(1−B(ξ, η(ξ))) dξ

∣∣∣∣∣

≤ t

∫

Q
(−K)dA+

∫ x(t)

x0

(∫

I(η(ξ))
By(ξ, v)dv

)
dξ

= t

∫

Q
(−K)dA+

∫ x(t)

x0

(∫

I(η(ξ))

(∫

I(v)
(−K(ξ, l)B(ξ, l))dl

)
dv

)
dξ

= t

∫

Q
(−K)dA+

∫ x(t)

x0

(∫

I(η(ξ))
|η(ξ)− l|(−K(ξ, l)B(ξ, l))dl

)
dξ

≤
(
t+ (x(t)− x0)

R

2

)∫

Q
(−K)dA

≤ t

(
1 +

R

2

)∫

Q
(−K)dA .

Á¯�w�yÄ
� R?^

δ =

∫

Q
(−K)dA .

Á¯�wvyÄ


 bce�pCf�Q fh]
^+j8]_N"j~��^_N"pC^��,bc`PrcR?e�]_bcf�^�pC�c�hR½pq]+]+bcQ�mc^_fhjq`P]�jq`
R
pC`Pr

δ
��^_NPR?e+RIR>Ç:fh]_^+]

p
1
��pqr:Q�fh]+]_f��c�hR�^_e�p�k_R�n?^+jqe_\»n�jq`=^�pCf�`PR�r¥f�`

UQ
�aNcfhn�Nµ]+^+R�R?e+]

(0, 0, 0)
^+j

(0, 0,−π) ¢ lK]�pQSj=rcR?�:��R.n�jq`P]+fhrcR?e�^_NPR.^+R�pCe+r:e+jqm�f�`�^_NPRÎmc�EpC`PR/jC�"]+f�Ï�R.jq`PRw�q�aNPjw]+R.mce+jCk_R�n?^_fhjq`�fh],n�jq`=^�pCf�`PR�r
f�`8p�]+g=b"pCe+R�jC��n�R?`=^+R?e

(0, 0)
pC`Pr¡R�r:�yR
]_f�Ç ¢� R?^

α ∈ (0, π/2)
pC`Prµn�jq`P]+f�rPR>e
^_NPR�^_e�p�k_R�n?^+jqe_\

(x+(·, α), y+(·, α), θ+(·, α)) f�` UQ�af�^_N!f�`cf�^_fEpC�/n�jq`Pr:f�^_fhjq`
(x+(0, α), y+(0, α), θ+(0, α)) = (0, 0, 0)

n�jqe_e+R�]_m�jq`Pr:f�`c�¥^+j¤^_NPR
n�jq`=^_e+jq�

u+(s, α) =

{
1

f��
0 ≤ s ≤ α ,

−1 f��
s > α .

� R?^
t+(α)

��R�^_NPR�¦Pe+]+^�^_f�QSR
t
pC^U�aNcfhn�N

θ+(t, α) = −π/2 ¢ M/NPR��Ípqn?^U^_N"pC^�p½¦P`cf�^+R
t+(α)

�af�^_N
]_bPn�NUmce+jqm�R?e_^�\UR>Ç3fh]_^+]~���¯jqe
δ
pC`Pr

1/R
]_Q'pC����R?`Pjqbc�wNõ�CrcR?m�R?`Prc]�jq`U^_NPR,�¯jq���hj~�af�`c�

n�jq`P]_fhrcR?e�pC^_fhjq`P] ¢�� f�e+]_^��w`Pjq^_fhn�R/^_N"pC^�^_NPR/^_e�p�k)R�n?^+jqe_\�fh]�rcR>¦P`PR�rSpq],�hjq`c�
pq],f�^+],mce+jCk_R�n?^_fhjq`Sjq`^_NPR�mc�EpC`PR
(x, y)

]_^�p�\:]�f�`
Q �

^_N3bP]��w�¯jqe.ps^_f�QSR
Tmax

�EpCe_�yR?e.^_N"pC`
R/2 ¢,Ð � ẋ+(s, α) > 0

��jqe
R?}�R?e_\

s ∈ [0, t]
�-^_NPR?` |θ+(t, α) − ∫ t0 u+(s, α)ds| ≤ δ

��pq]&f�^���jq���hj~��]���e+jqQ Á¯�w�yÄ ¢ lK]+]_bcQSR^_N"pC^
δ < π/2− α . Á¯�C�=Ä


�
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π
2

+ 2α + δ

δ t+(α)

−δ

α + δ

−

π
2

α

π
2

� f��wbce+R�v:Å�M/NPR��we�pCmcN8jC� θ+(·, α) ¢

Ð `�m-pCe_^_fhn?bc�EpCe�� ẋ+(t, α) > 0
bc`=^_f��

θ+(·, α) pq]+]_bPQSR?]�^+NPRa}wpC��bPR −π/2 jqe�bcmS^+jU^_f�QSR Tmax ¢
Ð �)�:QSjqe+R�j~}yR?e��

R ≥ 2π + 2α
Á¯�wuyÄ

^_NPR?`
Tmax ≥ R/2 > π/2 + 2α + δ

pC`Pr#��]_f�`Pn�R ∫ π/2+2α
0 u+(s, α)ds = −π/2 � t+(α) fh]��R?��� rcR>¦P`PR�r8pC`Pr{]�pC^_fh])¦"R�]

∣∣∣∣t
+(α)− π

2
− 2α

∣∣∣∣ ≤ δ .
Á¯� � Ä

ÁÍZ3R�R � f��wbce+RËv ¢ Ä � R?^
u−(·, α) = −u+(·, α) ��rcR>¦P`PR (x−(·, α), y−(·, α), θ−(·, α)) pq]^_NPR¤^_e�p�k_R�n?^+jqe_\Æf�`

UQ
n�jqe_e+R�]_m�jq`Pr:f�`c� ^+j ^_NPR8n�jq`=^_e+jq�

u−(·, α) �af�^_NÓf�`cf�^_fEpC�Kn�jq`Pr:f�^_fhjq`
(x−(0, α), y−(0, α), θ−(0, α)) = (0, 0, 0) ¢ l&]KpC��j~}�Rw�-f�� δ pC`Pr R ]�pC^_fh])��\µÁ¯�C�=Ä�pC`Pr Á¯�wuyÄ>�
^_NPR?`

t−(α)
�y^_NPR/¦Pe+]+^�^_f�QSR

t
�¯jqe��aNcfhn�N

θ−(t, α) = π/2
�yfh]���R?���"rcR>¦P`"R?r½pC`Pr�^_NPR�R�]_^_f�Q'pC^+R

∣∣∣∣t
−(α)− π

2
− 2α

∣∣∣∣ ≤ δ
Á¯�yxwÄ

NPjq�hrc]�^_e_bPR ¢
� f�Ç R = 3π

pC`Pr�`Pjq^_fhn�Rs^_N"pC^��Ppq]�p�n�jq`P]�R�g�bPR?`Pn�Rw� Á¯�wuyÄ.fh]�pC���/p�\3]�]�pC^_fh])¦"R�r ¢ � R?^ U ��R
pU`PR?f��wN=��jqe_NPj=j=r�jC�

(π/3, π/3)
n�jqQ�m"pqn?^_��\In?jq`3^�pCf�`PR�rIf�`

(0, π/2)× (0, π/2) ¢ M/NPR?`I^_NPR?e+RR>Ç:fh]_^+]
δ0 > 0

]+bPn�N¡^_N"pC^��cf��
δ ≤ δ0

�:^_NPR?`

F(α0, α1) = (x+(t+(α0), α0), y
+(t+(α0), α0))− (x−(t−(α1), α1), y

−(t−(α1), α1)) ,Á¯�wzyÄ
fh]a��R?��� rcR>¦P`PR�r¡��jqe�R?}yR?e_\

(α0, α1)
f�`
U
�PpC`Pr

t+(α0), t
−(α1) ≤

3

2
π .

� ��
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(0, 0)

α0

α1

F (α0, α1)

� f��wbce+R�� ¢

TKjq^_fhn�RU^_N"pC^
δ0
rcR?m�R?`Prc]&jq`c��\¡jq`¤^_NPR
n�NPjqfhn�R
jC�

U ¢ M/NPR
g=b"pC`=^_f�^�\ |F(α0, α1)| QSR�pq]+bce+R�]NPj~�Æ�¯pCe�^_NPR�^���j�^_e�p�k_R�n?^+jqe_fhR�].n�jqe_e+R�]_m�jq`Pr:f�`c��^+j�^_NPR�n�jq`=^_e+jq�h]
u+(·, α0)

pC`Pr
u−(·, α1)

pCe+R
��e+jqQ Q'pC^+n�Ncf�`c��^_NPR?f�esR?`Prc]�Á�]+R�R � f��wbce+R��=Ä ¢ M/NPR��hR?Q�Q'pIfh]&mce+j~}yR�r8f��Î��R�]_NPj~� ^_N"pC^K^_NPR
Q�f�`cf�Q�bcQ jC� |F| jq` U fh]�R�g=b"pC�#^+j�Ï�R?e+j ¢� R?^�����jqe�R?}�R?e_\

α ∈ (0, π/2)
�
(X±(·, α), Y ±(·, α),Θ±(·, α)) ��RS^_N"RS^_e�p�k_R�n?^+jqe_fhR�]�f�`

UR
2 ∼= R

2 × S1 n?jqe+e+R�]_m�jq`Pr:f�`c�I^+j�^_NPR
n?jq`3^_e+jq�h] u±(·, α) pC`Pr{^+j�^_NPR�f�`cf�^_fEpC��n�jq`Pr:f�^_fhjq`P]
(X±(0, α), Y ±(0, α),Θ±(0, α)) = (0, 0, 0) ¢ � jqe�R?}yR?e_\ (α0, α1)

f�`
U
�:�hR?^

G(α0, α1) = (X+(π/2 + 2α0, α0), Y
+(π/2 + 2α0, α0))− (X−(π/2 + 2α1, α1), Y

−(π/2 + 2α1, α1))

= 2(sinα0 − sinα1,− cosα0 − cosα1) ,�aNcfhn�N fh]�^_NPR 	 pC^�n�jqbc`=^�R>e+m"pCe_^SjC� F ¢ o�R?Q'pCe_Ñ ^_N"pC^����=\ n�jq`P]_^_e_bPn?^_fhjq`õ� G(π/3, π/3) =
(0, 0) ¢ W8jqe+R�j~}�R?e��

rcR?^
DG(π/3, π/3) = rcR?^ ( cos π3 − cos π3

sin π
3 sin π

3

)
=

√
3

2
,

pC`Pr¿]�jIf�� S1 3 s 7→ (α0(s), α1(s)) ∈ U
fh]�p½]_f�Q�mc�hR�n?�hjw]�R�r»�hj=jqm¥R?`Pn?f�e+n?��f�`c�

(π/3, π/3)pC`Pr{��R?f�`c�½n?�hjw]+R
R?`Pjqbc�wN8^+j
(π/3, π/3)

�P^_NPR?`
s 7→ G(α0(s), α1(s))

R?`Pn?f�e�n>�hR�]
(0, 0) ¢ � f�Çp���j=jqm

(α0(·), α1(·))
jC��]_bPn�N{Ñ=f�`Pr¤pC`Pr¡�hR>^
r = min

s∈S1
dR2((0, 0),G(α0(s), α1(s))) > 0 .

£ R�]_^_e+R�]+]&^_N-pC^ r �G�=\¤n�jq`P]_^_e_bPn?^_fhjq`õ�#fh]Kf�`PrcR?m�R?`PrcR?`=^UjC�.^_NPR�]_m�R�n?f�¦"n�m�jqf�`=^ p pC`Pr¿jC�Î^_NPRQ'pC`cf��¯jq�hr
M ¢�Ð `��¯pqn?^��cf�^�rcR?m�R?`Prc]&jq`c��\�jq`{^_NPR�r:\3`"pCQ�fhn�]�jC�,^_NPR 	 pC^�¾Kbc�cf�`P]�Àcmce+jq�c�hR?Q ¢l�n�n�jqe+r:f�`c�'^+j{Á¯� � ÄapC`Pr Á¯�w�yÄ>�c��R��yR?^��:�¯jqe�R?}yR?e_\ (α0, α1) ∈ U

pC`Pr��¯jqe
j = 0, 1

�

|x±(t±(αj), αj)−X±(t±(αj), αj)| ≤ t±(αj)

(
1 +

R

2

)
δ ≤ 3

2
π

(
1 +

3

2
π

)
δ ,

|y±(t±(αj), αj)− Y ±(t±(αj), αj)| ≤ t±(αj)δ ≤ 3

2
πδ .


�
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 `{^_NPRUjq^_NPR?e�N"pC`Pr#�:�¯jqe/�¯jqe�R?}yR?e_\ (α0, α1) ∈ U
pC`Pr

j = 0, 1
�

|X±(t±(αj), αj)−X±(π/2 + 2αj , αj)| ≤ δ ,

|Y ±(t±(αj), αj)− Y ±(π/2 + 2αj , αj)| ≤ δ ,

pq]af�^a��jq���hj~��]a��e+jqQ Á¯� � ÄapC`Pr Á¯�yxwÄ ¢ M/NPR?e+R>�¯jqe+Rw�P�=\I^_e_fEpC`c�wbc�EpCe&f�`PR�g�b"pC��f�^�\��

|F(α0, α1)− G(α0, α1)| ≤ c0δ ,

�¯jqe�R?}yR?e_\
(α0, α1) ∈ U

�c�aNPR?e+R
c0
fh]�p�bc`cf�}�R?e+]�pC�õm�jw]_f�^_f�}�R�n�jq`P]+^�pC`=^ ¢�Ð �

δ ≤ min

{
δ0,

r

c0

}
,

Á¯� � Ä

^_NPR?`¡f�^���jq���hj~��]/�¹e+jqQ ]+^�pC`PrPpCe+r¡rcR?�we+R�Rs^_NPR�jqe_\½n�jq`P]_fhrcR?e�pC^_fhjq`P]�^_N"pC^/^_NPR?e+R�R>Ç:fh]_^+]
(α0, α1)f�`

U
]_bPn�N»^_N"pC^ F(α0, α1) = (0, 0) ¢ MaNPR��hR?Q�Q'pIfh]Kmce+j~}�R�r#���af�^_N R(1) = 3π

pC`Pr
δ(1)R�g=b"pC�#^+j�^_NPR�e_f��wN=^)�ÍN"pC`Pr¤]_fhrcRUjC�aÁ¯� � Ä ¢

� e+jqQ `Pj~� jq`õ���hR?^��-��jqesR?}yR?e_\¤n�jqQ�mc�hR?^+R�o�fhR?Q'pC`c`cfEpC`¥]+bce)�¯pqn�R
M
�"�¯jqeKR?}�R?e_\

p ∈ M pC`Pr
r > 0

�
Φ(p, r) =

∫

BM (p,r)
KdA .

� � Û
	�Û �	�6�	� Û � � � � � ª�¬
M

·+ª{±��½¬ �:ª �Î©�«?¬ �~­¹¨-°� � �:ª>¨¼¬ �:ª ��§P·>­¹¨c« �:³-©_±�·>´hª>² ±q¨
M

­6«
� � �  

��©_±~± �� � f�Ç q ∈ N
pC`Pr

ε > 0 ¢ W»jq^_f�}wpC^+R�rÆ�=\Ëo�R?Q'pCe_ÑÆ� ¢ �:�/��R8pCe+R{�yjqf�`c� ^+jµmce+j~}�R^_NPR�]+jC��n�pC���hR�r 
.ª+¶ �I®�±q¨-¬�©_±q´6´�¶�·>­¹´ ­�¬�º �>©_±q²
q
�Pf ¢ R ¢ �"^+N"pC^�^_NPR?e+R�R>Ç:fh]_^+] q̂ ∈ A(q, ε) ]_bPn�N¤^_N"pC^

q̂− ∈ A(q̂, ε) ¢� R?^
q̃ ∈ UX ��R�]_bPn�N»^_N"pC^

Π∗(q̃) = q
pC`Pr¿rcR>¦P`PR

q̃1 = ef (q̃) ¢ o�R�n�pC���,^_N"pC^��Gr:bPR�^+jÁ¯uyÄ>�
q̃1
��R?�hjq`c�y]�^+jI^_NPR�f�`=^+R?e_fhjqeUjC�

Aq̃(X, ε) ¢ M/NPR?e+R>��jqe+Rw�G^_N"R>e�R�R>Ç:fh]_^+] ρ > 0
]_bPn�N»^_N"pC^��

�¯jqe�R?}yR?e_\
θ ∈ [−ρ, ρ] �G^_NPR�e�p�\ [0,∞) 3 s 7→ exp(s, eθg(q̃1))

fh]smce+jCk)R�n?^+R�r¥�=\
Π
f�`¿^_NPR

f�`=^+R?e_fhjqe
jC�
π(Aq) ¢ ¾KR?`Pjq^+R��=\ S ^_NPR�]+R�n?^+jqeUjC�

X
]+m"pC`c`PR�r¿�=\»pC����e�p�\3]

exp(·, eθg(q̃1))
�

θ ∈ [−ρ, ρ] ¢Â�jq`"]_fhrcR?e�^_NPR.n�pq]+R�f�`��aNcfhn�N�^_NPR?e+R.R>Ç3fh]+^+]
p ∈ S ]+bPn�N
^_N"pC^ Φ(p,R(ε)) ≥ −δ(ε) �C�aNPR?e+R

R(·) pC`Pr δ(·) pCe+RÎ^_NPR��¹bc`Pn?^_fhjq`P]��aNPjw]+R.R>Ç3fh]_^+R?`Pn�R.�/pq]�R�]_^�pC�c��fh]+NPR�r
�=\ � R?Q�Q'pKu ¢ z ¢ T&jq^_fhn�R^_N"pC^
ip(X) = ∞ ¢ M/NPR?`õ� �¯jqe
R?}�R?e_\ q̂ ∈ UpX

� ��RS��jqbc�hr N"p�}yR
q̂− ∈ Aq̂(X, ε) ¢ Z=f�`Pn�R

UpX ∩ Aq̃(X, ε) 6= ∅ �õ^_NPR?` ^_NPR���R�pCÑ¥n�jq`=^_e+jq���EpC�cf���f�^�\¿��e+jqQ q
��jqbc�hr¿�¯jq���hj~� ¢ M/N=bP]�� ��Rn�pC`8pq]+]_bcQSR�^_N"pC^

S
fh]aNPR�p�}3\ ¢

� ��
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q̃

G̃

q̃1

X

ρ

� f��wbce+R
u ¢

o&R�n�pC����^_N"pC^
M

n�jq`=^�pCf�`P]�pC^��hR�pq]_^/jq`PRKn?�hjw]+R�rI�yR�j=rcR�]+fhn
G
Á�]�R�R&o&R?Q'pCe_ÑIv ¢ vyÄ ¢ M/NPRK]�R?^

Π−1(G)
fh]�^_NPR�bc`cfhjq`ÔjC�/f�`:¦P`cf�^+R?��\¿Q'pC`=\¿n�jqQ�mc�hR?^+RS�yR�j=rcR�]+fhn?] ¢ � R?^ G̃ ��RSjq`PRSjC�/^_NPR�]+R

��f���^+]�jC�
G ¢ � f�Ç¡jq`PRUR?`Pr:m�jqf�`=^&jC� G̃ pC`Pr{rcR?`Pjq^+RUf�^a�=\

z ¢� R?Q�Q'p¡u ¢ v½f�Q�mc��fhR�]�^_N"pC^��õ�af�^_NPjqbc^��hjw]�]sjC���yR?`PR?e�pC��f�^�\y� z ∈ S(∞)
pC`Pr

G̃
fh]s`Pjq^�^_NPR

��jqbc`PrPpCe_\½jC��p 	 pC^�N"pC���¹�Ímc�EpC`PR ¢ Z=f�`Pn�R G̃ fh]�^_NPRsp�Ç3fh]/jC��p
N=\3m�R?e_��jq��fhnKfh]+jqQSR?^_e_\In�jq`=^�pCf�`PR�r
f�`

Γ
�#f�^K�¯jq���hj~��]s�¹e+jqQ Á � Ä&^_N"pC^�^_NPR?e+RSR>Ç3fh]_^�n�jqQ�m�jq`PR?`=^�]
jC� Π−1(G) �aNcfhn�NÔpCe+R�R?`=^_f�e+R?��\n�jq`=^�pCf�`PR�r{f�`

S ¢ M/N=bP]~�:��RUn�pC`8pq]+]_bcQSR�^_N"pC^ G̃ ⊂ S
Á�]+R�R � f��wbce+R
uyÄ ¢Â.N"j�jw]�R�p�m"pCe�pCQSR?^+R?e_f�Ï~pC^_fhjw`

c :R→ X
jC�
G̃ ¢ lË]+^�pC`PrPpCe+r�pCmcmc��fhn�pC^_fhjq`�jC�"M�jqm�jq�yjq`Pj~}^_NPR�jqe+R?Q ^+j{^_NPRS^_e_fEpC`c�w�hR

(π(q̃1), c(t), c(0))
]_NPj~��]
^_N"pC^
^_NPRIpC`c�w�hR'��R?^���R�R?`

G̃
pC`Prµ^_NPR

]+R?�wQSR?`=^s�¹e+jqQ
π(q̃1)

^+j
c(t)

�yj=R�]s^+j½Ï�R>e�j¡pq]
t
�yj=R�]s^+j½mc��bP]�jqesQ�f�`=bP]�f�`:¦P`cf�^�\ Á�]+R�R 
 �����m ¢ vC�=Ä ¢

� f�Ç p ∈ G
pC`Pr �hR?^

σ > 0
��R ]_bPn�N ^_N"pC^��s�¯jqe{R?}�R?e_\

q′ ∈ UpM
�
BN (q′, σ) ⊂

A2
e−f (q′)

(M, ε) ¢ M/NPR?e+R¤R>Ç3fh]+^+]'p¿e�p�\Ô�¹e+jqQ π(q̃)
�.n�jq`=^�pCf�`PR�r¼f�`

S
�.�aNcfhn�N¼f�`=^+R?e+]+R�n?^+]

G̃pC^�p
m�jqf�`=^/�aNPf�n�N¡mce+jCk_R�n>^�]�^+j
p
�3�af�^_N{pC`¡pC`c�w�hR�]_Q'pC���hR?e/^_N"pC`

σ
�cpC`Pr¡pC^�p�r:fh]_^�pC`Pn�RK�¹e+jqQ

π(q̃)
�EpCe_�yR?e�^_N"pC`¤jq`PR ¢M/N"R>e�R��¯jqe+Rw��^_NPR?e+R�R>Ç:fh]_^+]�pC`Ipqr:Q�fh]+]_f��c�hR�n?bce_}�R/��jqe

(DM
ε )

�aNcfhn�N']_^�pCe_^�],�¹e+jqQ ^_NPR/m�jqf�`=^)�
�af�^_N:��r:f�e+R�n?^_fhjq`

q
pC`PrµpCe_e_f�}�R�]�^�pC`c�yR?`3^_fEpC����\µjq`

G ¢ W»jqe+R�j~}yR?e�� ^_NPR�]�pCQSR�mce+j=n�R�r:bce+R'n�pC`��R&pCmcmc��fhR�r'f�`Ijqe+rcR?e.^+j�pCe_e_f�}yR�^�pC`c�yR?`3^_fEpC����\Ijq`
G
�af�^_N'^_NPR�jqmPm�jw]_f�^+R�jqe_fhR?`=^�pC^_fhjq` ¢  s��bcf�`c�mcfhR�n�R�]KjC�Îpqr:Q�fh]+]_f��c�hR
^_e�p�k)R�n?^+jqe_fhR�]~�-jq`PR
jq�c^�pCf�`P]spC`»pqr:Q�fh]�]_f��c�hR
]+^_e�pC^+R?�w\��aNcfhn�N»n�jq`c`PR�n?^+]

q
�af�^_N

q− ¢


�
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� � ����­�¬Í±q§3©����-­��y¶w´�±w¬¯¬�­

Ð `U^_N"R.pC��j~}yR�mce+j=jC�P��R.pqrcr:f�^_fhjq`"pC����\U��p�}�RÎpC`�pCe_�wbcQSR?`3^ ��jqe ^_NPR��¯jq���hj~�af�`c��mPe+jqm�jw]_f�^_fhjq` ¢
� � Û
	�Û �	�6�	� Û � � �
���	� ª?¬

M
·+ªK¶�®�±q¨P¨Gª_®�¬�ª_°�®�±q²&³-´�ª�¬�ª�¨-±q¨w³:±C«>­¹¬�­��Cª>´¸º�®?§3© �Cª+° ��­Íª>²S¶q¨P¨P­¯¶q¨

«>§=©��?¶y®�ª�¶q¨-°½°=ª>¨-±w¬�ª�·>º
X
­�¬¹«�§=¨"­ �Cª?©�«�¶q´�®+± �Cª>©>­6¨ �  � � ���?±w©�ª �qª>©>º

r > 0
¶q¨-°�ª��Cª>©>º'«�ª+®�¬Í±w©

S
± �
X
�
supp∈S Φ(p, r) = 0

�Î¬ �cª>¨¿¬ �:ª���§P·>­¹¨c« �~³-©_±�·>´hª>² ±q¨
M

­6« � � �  
�½× � �c� � � �
��� � �

limp→∞, p∈M K(p) = 0
�G¬ �:ª>¨ ����±q©�ª �Cª?©�º

r > 0
�
limp→∞, p∈X Φ(p, r) =

0
¶q¨-°�«?±�¬ �:ª �U§c·?­6¨c«���³-©_±�·>´hª>² ±q¨

M
­E« � � �  �� �=­E«&°y±�ª�«&¨-±w¬,®�±q²'ª&§3¨�ª���³Pª+®�¬�ª+°  ��¨-°�ª�ª_° �

­�¬/­6«�¶�«�³cª+®?­¯¶q´�®�¶C«�ª'± � ��� � ���:ª_±w©+ª>² �  �� � � � 
 �:ª?©+ª�§3¨P©+ª�«>¬�©>­¯®�¬�ª+°8®�±q²&³-´�ª�¬�ª'®�±q¨"¬�©+±q´6´�¶=·>­6´¸­�¬�º

Î¶C«K³-©_± �Cª+° �?±w©S¶q´6´Î®�±q²&³-´hª?¬�ª��s®�±q¨P¨Gª_®�¬�ª_° ��­¯ª>²S¶q¨"¨P­�¶w¨¥«>§=©���¶y®�ª>« 
 �3±q«�ªI®?§3©��C¶w¬�§=©+ª½¬�ª?¨-°C«
¬Í± �~ª?©_±½¶y¬�­¹¨ ��¨"­¹¬�º� 
� Û � Û � �¹�c� Ø � �
� 
 � �

K ≤ 0
¶q¨-° ∫

M KdA
­E« ��¨P­�¬�ª���¬ �:ª>¨¿¬ �:ª��U§P·>­6¨P« ��³-©_±�·>´hª>² ±w¨

M
­E«

� � �  

��©_±~± �� �l&]+]+bcQSR½^_N"pC^�^_NPR¡V�ÂaÂ�mce+jqm�R?e_^�\Ërcj=R�]�`Pjq^SNPjq�hr ¢!Ð ` m"pCe_^_fhn?bc�EpCe�� M fh]�jC�K^_NPR
]+R�n�jq`Pr¤Ñ3f�`Pr8pC`Pr#��pqn�n�jqe+r:f�`c�½^+jIi�e+jqm�jw]_f�^_fhjq`¥u ¢
� �:�-^_NPR?e+R�R�Ç:fh]_^ r > 0

pC`Pr»pS]+R�n?^+jqe
S
f�`

X
]_bPn�N{^_N"pC^

sup
p∈S

Φ(p, r) < 0 ,
Á¯vw�yÄ

�aNPR?e+R
X
rcR?`Pjq^+R�]S^_NPR¡bc`cf�}�R?e+]�pC��n�j~}�R?e_f�`c� jC�

M ¢ M/NPR?` S fh]�NPR�p�}3\ pC`Pr � R?Q�Q'p u ¢ ��wb"pCe�pC`=^+R�R�]�^_NPR8R>Ç3fh]+^+R?`Pn�R8jC��pµN"pC���6�Ímc�EpC`PR
H ⊂ S

R?Q���R�rcrcR�rÓ�=\
Π
f�`
M ¢ � f�`"pC����\��∫

M KdA =
∫
H KdA = −∞ ¢

�½× � �c� � � �
� � � ª?¬
M

·+ª�¶½®+±w²�³�´�ª?¬�ª ��®�±q¨P¨�ª+®�¬�ª+°I§3¨�·+±q§=¨�°�ª+° ��­Íª>²S¶q¨P¨P­¯¶q¨{«>§=©��?¶�®�ª�¶q¨�°
¶C«�«�§3²Sª�¬ �3¶w¬

K ≤ 0
±q§:¬¹«�­¯°�ª�¶{®�±q²&³c¶y®�¬/«�§P·�«�ª?¬

C
±��
M
 � �:ª?¨ � ��±q©�ª �Cª?©�º

p ∈ M \ C ���±q©�ª��Cª>©>º
q ∈ UpM

��¬ �:ª
«��?§c¶q©+ª
[−d(p, C)/2, d(p, C)/2]× [−d(p, C)/2, d(p, C)/2] ®�¶q¨·�ª�ª>¨�°y±�
.ª+° 
�­¹¬ �{¬ �:ª�²'ª?¬�©>­�®

φ∗qm
 � �:ª>©+ª���±q©+ª � �?±w©�ª �Cª?©�º

r > 0
��±w¨¥¶¡®+±w²�³�´�ª>²'ª>¨-¬a± ��¶

®�±q²&³c¶y®�¬Î«�§P·�«�ª�¬/± �
M
� 
 ��­�® �{°�ª�³Pª>¨-°q«�±q¨

r
��­¹¬Î­E«�³c±C«�«�­Í·>´hª�¬Í±½°�ª���¨�ª

Φ̃(p, r) =

∫

B̃(p,r)
KdA ,


 �:ª?©+ª
B̃(p, r)

­E«K¬ �cªU·+¶q´6´õ± ��®�ª?¨"¬�ª>©
(0, 0)

¶q¨�°�©_¶y°q­¹§=«
r
®+±w¨"¬Í¶q­6¨Gª_°�­¹¨¤¶�«�§��¼®?­¯ª?¨"¬�´ º�´�¶q© �=ª

« �?§:¶w©+ª»±��{¬ �:ª8¬�º�³Pª
[−ρ, ρ] × [−ρ, ρ] ª>¨-°y±�
.ª+° 
�­�¬ �

φ∗qm
� ��±q©¡«?±q²'ª

q ∈ UpM
 � �:ª

°�ª ��¨P­�¬�­�±q¨¤²S¶ �qª�«s«�ª>¨c«�ª��,«>­6¨-®�ªU¬ �:ª ��¶q´¸§Pª�± � ∫
B̃(p,r)KdA

°y±�ª�«�¨-±w¬Î°�ª�³Pª>¨-°½±q¨8¬ �cª
®
�3±q­¯®�ª
± �
q
 ��´hª_¶q©>´¸º���­ �

ip(M) ≥ r
�Î¬ �:ª>¨

Φ̃(p, r) = Φ(p, r)
 

� �
limp→∞ Φ̃(p, r) = 0

�&¬ �:ª>¨ ¬ �:ª ��§P·>­¹¨c« �y³-©_±�·?´�ª>² ±q¨
M

­E« � � �  ��¨-°=ª+ª+°��&­¹¬�­6«S¶
��ª?¨�ª>©_¶q´ ��¶y®�¬�¬ �3¶w¬/±w¨¥¶q¨¿§3¨�·+±q§3¨-°�ª+°I«>§=©��?¶�®�ª

M
ª �Cª?©�º¡¶w¬¯¬Í¶w­6¨-¶�·?´�ª
«�ª�¬.­E«U§3¨�·+±q§=¨�°�ª_° �¯«�ª�ª

� ��
 � ù



�U§c·?­6¨c«���³-©_±�·?´�ª?² ±q¨8«�§3©��?¶y®�ª�«���� �yx

� ª>²�²S¶ �  � �  � �cª>¨ � �?±w©�ª��Cª>©>º
ε > 0

¶q¨-°Iª �Cª>©>º
q ∈ N ��¬ �:ª>©+ª�ª �q­E«?¬¹«

q̂ ∈ Aq(M, ε)
«�§c®
�

¬ �3¶w¬
Φ̃(π(q̂), R(ε))

­E«�
.ª>´6´�°�ª���¨�ª+°¤¶q¨-°�­�¬�­6«
´�¶q© ��ª?©�¬ �:¶q¨ −δ(ε)  ��.³y³-´¸ºq­6¨ � � ª>²�²�¶ �  ��
¬Í±

(−R(ε), R(ε)) × (−R(ε), R(ε)) ��ª>¨�°y±�
.ª+° 
�­¹¬ �
φ∗q̂m

��
.ª¤±�·�¬Í¶q­6¨É¬ �cª¤°�ª>«�­¹©+ª_° 
.ª+¶ �
®�±q¨"¬�©_±w´6´�¶�·?­6´¸­¹¬�º �>©_±q²

q
 

��� � � � 
�� � � 
 � � � ��� ��� � ����� � ��� ��� �����
�Î× � � � � �
� � � ª?¬

M
·+ª¡¶µ®+±w²�³�´�ª?¬�ª ��­¯ª>²S¶q¨"¨P­�¶w¨Ô«>§=©��?¶�®�ª	 � �½¶ �:¶q´ � � ³-´�¶q¨�ª H ­6¨

Mª��w­E«?¬¹« ��«>§:®
�¤¬ �3¶w¬
supH K < 0

�Î¬ �:ª>¨¥¬ �:ª��U§P·>­6¨P« ��³-©+±�·>´hª>² ±w¨
M

­E«�¨-±w¬ � � �  
��©_±~± �� � R?^

a = | supH K| > 0 ¢ � f�Ç½p�]+\3]_^+R?Q jC� �yR�j=rcR�]+fhnsn�j=jqe+r:f�`"pC^+R�]
(x, y)

jq`
H
]+bPn�N

^_N"pC^
H
fh]am"pCe�pCQSR?^+R?e_f�Ï�R�r8�=\ {(x, y)| x ∈ R, y ≥ 0} ¢ � R?^�bP]�n�jqQ�m"pCe+R F (x, y) �PrcR>¦P`PR�rpq]af�`ÔÁ � �yÄ>�c�af�^_N

G(y) =
√
a tanh

(√
ay
)
,^_NPRS]+jq��bc^+f�jq`ÔjC�UÁ ��� Äsn�jqe_e+R�]_m�jq`Pr:f�`c�8^+j K ≡ −a ¢SÐ � (x, y) ∈ H

pC`"r
F (x, y) = G(y)

�
^_NPR?`

Fy(x, y)−Gy(y) = −K(x, y)− a ≥ 0 ¢ M/NPR?e+R>�¯jqe+R

F (x, y) ≥ √a tanh (√ay) . Á¯v � Ä
� R?^

q = (0, 1, π/2) ∈ UH ¢¿£ R½n?�EpCf�Q ^_N"pC^�����jqe
ε
]_Q'pC���aR?`Pjqbc�wNõ��^_NPR�pC^_^�pCf�`-pC�c�hR¡]+R?^

Aq(M, ε)
fh]Un�jq`=^�pCf�`PR�r¥f�`¥^_NPR�f�`=^+R?e_fhjqe
jC�

UH ¢�Ð `PrcR�R�r#�#�hR?^ ε ∈ (0,
√
a tanh(

√
a))

pC`Pr
n�jq`P]_fhrcR?e¤pC`=\Êpqr:Q�fh]+]_f��c�hR¥n�jq`=^_e+jq�

u : [0,∞) → [−ε, ε] ¢ ¾KR?`Pjq^+R¿�3\
(x(·), y(·), θ(·))f�^+]�n�jqe_e+R�]_m�jq`Pr:f�`c�µ^_e�p�k)R�n?^+jqe_\!]_bPn�N!^_N"pC^

(x(0), y(0), θ(0)) = q ¢ ¾sR>¦P`PR θ0 ∈ (0, π/2)^_Nce+jqbc�wN¤^_NPR�e+R?�EpC^_fhjq`
√
a tanh

(√
a
)
cos θ0 = ε

Á¯vw�yÄ
pC`Pr¡�hR?^

T = sup{τ > 0 | π − θ0 ≤ θ(τ) ≤ θ0} .TKjq^_fhn�R�^_N"pC^
y(t) ≥ 1

�¯jqeUR?}yR?e_\
t ∈ [0, T ) ¢�Ð ^K�¯jq���hj~��]s��e+jqQ Á¯v � ÄK^_N"pC^ F (x(t), y(t)) ≥√

a tanh(
√
a)
�¯jqe�R?}�R?e_\

t ∈ [0, T ) ¢ M/NPR?e+R>�¯jqe+Rw�cf�� T ��R?e+Rs¦P`cf�^+Rw�c^_NPR?`

F (x(T ), y(T )) cos θ0 > ε ,

F (x(T ), y(T )) cos(π − θ0) < −ε .
M/Ncfh]½��jqbc�hrÉ`Pjq^½��R»n�jqQ�m"pC^+f��P��R¿�af�^_N Á � uyÄ>��^_NPR¿R�g�b"pC^_fhjq`Ò]�pC^_fh])¦"R�rÓ�3\

θ(·) ��pC`PrÉ^_NPRrcR>¦P`cf�^_fhjq`8jC�
T ¢

� Û � Û � �¹�c� Ø � �
� � � �
K

­E«�§3¨P­ �?±w©�²�´¸º¡¨�ª��y¶w¬�­��Cª½¶q¨-°
M

­6«S± �S¬ �:ª�«�ª+®�±q¨-° ��­6¨-° ��¬ �:ª?¨!¬ �cª
�U§c·?­6¨c«��?³�©_±�·>´hª>²Ã­6«K¨-±w¬ � � �  ��»±q©+ª�³-©�ª_®�­E«�ª?´ º���­ �

0 < ε < | supM K| ¬ �cª>¨ (DM
ε )

­E«K¨�±w¬
®�±q²&³-´hª?¬�ª>´¸º�®+±w¨"¬�©_±q´6´�¶�·>´hª� 
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�wz ����­�¬Í±q§3©����-­��y¶w´�±w¬¯¬�­

��©_±~± �� #M/NPR�¦Pe+]_^sm"pCe_^�jC�.^_NPR�]_^�pC^+R?QSR?`=^s�¯jq���hj~��]K�¹e+jqQ � R?Q�Q'p{u ¢ �P�G�aNcfhn�NµR>`"]_bce+R�]s^_N"pC^
Π
R?Q���R�rc]&p�N"pC���¹�Ímc�EpC`PRUjC�

X
f�`
M ¢ M/NPRUg=b"pC`=^_f�^�pC^_f�}�R
pq]+]+R?e_^_fhjq`{fh]aR�pq]+f���\½rcR?e_f�}�R�r��¹e+jqQ^_NPR�mPe+j=jC�õmce+jqm�jw]�R�rS�¯jqe � R?Q�Q'p�u ¢
� �P�3�aNPR?e+R&^_NPR�m�jqf�`=^ q1 = (0, 1, π/2)

n�pC`I��R�e+R?mc�Epqn�R�r
�=\

(0, y, π/2)
�c�af�^_N

y
pCe_�cf�^_e�pCe_f���\¡�EpCe_�yR ¢

�Î× � � � � �
� �	� ª?¬
M

·+ªK¶�®+±w²�³�´�ª�¬�ª ��­Íª>²S¶q¨P¨P­¯¶q¨S«>§=©��?¶�®�ª� � ª�¬
H ⊂M

·�ª&¶ �3¶w´ � � ³-´�¶q¨�ª«>§:®
�8¬ �3¶w¬
K
­6«U¨-±q¨q³c±C«>­¹¬�­��Cª�¶w¨-°¡·+±q§3¨-°�ª+°{±q¨

H
 �K«�«�§3²'ª�¬ �3¶w¬�¬ �cª>©+ªSª��q­6«>¬¹«

r > 0
«�§c®
�

¬ �3¶w¬
supp∈H Φ(p, r) < 0

 � �:ª>¨¿¬ �:ª��U§P·>­6¨P« ��³-©_±=·>´hª>² ±w¨
M

­E«�¨-±w¬ � � �  
��©_±~± �� Gi,pCe�pCQSR?^+R?e_f�Ï~R

H
j~}�R?e {(x, y)| x ∈ R, y ≥ 0} �af�^_NµpI]_\:]_^+R?Q jC�.�yR�j=rcR�]_fhn�n�j=jqe)�

r:f�`"pC^+R�] ¢ ��\»n�jq`=^_e�pqr:fhn?^_fhjq` ���hR?^UbP]
pq]+]_bcQSR�^_N"pC^U^_NPRS¾Kbc�cf�`P]�À#mce+jq�c�hR?Q jq`
M

fh]UV�ÂaÂ ¢M/NPR?e+R>�¯jqe+Rw�#�¯jqe�R?}�R?e_\
ε > 0

�#^_NPR?e+RSR>Ç3fh]+^+]Up½n?bce+}yR��hR�p�}3f�`c����e+jqQ
(0, 0)

f�`¥^_NPR�r:f�e+R�n?^_fhjq`
(0, 0, π/2)

pC`"r'n�jqQ�f�`c���"pqn�Ñ�^+j
∂H

f�`'¦P`cf�^+R�^_f�QSRw�=N"p�}3f�`c�
�yR�j=rcR�]_fhn&n?bce_}wpC^_bce+R���jqbc`PrcR�r
�=\

ε ¢aÐ `¤m"pCe_^_fhn?bc�EpCe���^_NPR?e+R�R>Ç3fh]_^�]&pC` ε ��pqr:Q�fh]+]+f��c�hR
^_e�p�k)R�n?^+jqe_\ q = (x, y, θ) : [0, T ] → N]_bPn�N8^_N"pC^
q(0) = (0, 0, π/2)

pC`Pr
q(T ) = (x(T ), y(T ), kπ)

�"�af�^_N
x(T ) ∈ R

�
y(T ) > 0

�
pC`Pr

k ∈ {0, 1} ¢
£ f�^_NPjqbc^��hjw]+]sjC�.�yR?`PR?e�pC��f�^�\�� θ(t) ∈ (0, π)

��jqe�R?}yR?e_\
t ∈ [0, T ) ¢ �&R?`Pn�Rw� t 7→ y(t)

fh]
`Pjq`c`PR?��pC^_f�}�R�pC`Pr�]_^_e_fhn?^_��\�f�`"n>e�R�pq]+f�`c�Ujq`

[0, T ] ¢ T&jq^_fhn�R�^_N"pC^ T ^+R?`Prc],^+jKf�`:¦P`cf�^�\�pq] ε �yj=R�]^+j�Ï�R?e+jc�P]_f�`Pn�RUjq^_NPR?e_�afh]+RUlK]+n�jq��f#^_N"R?jqe�R>Q ��jqbc�hr{f�Q�QSR�r:fEpC^+R?��\��hR�pqr¡^+j'p�n�jq`=^_e�pqr:fhn?^_fhjw` ¢M/N"RK�¯jq���hj~�af�`c�'n?�EpCf�Q �af����õ��Rse+R?m�R�pC^+R�r:��\¤pCmcmc��fhR�r ¢
���¹� � � ���
� � 
 ±q©�ª �Cª?©�º

ρ, τ > 0
�Î¬ �cª>©+ª�ª �q­6«>¬¹«

ε(ρ, τ) > 0

�­�¬ �¡¬ �:ª �?±w´6´�±�
�­¹¨ ��³-©+±�³cª?©>¬�º��

� ª?¬
γ : [0, τ ]→ H

·�ªa¶�®?§3©��qª 
�­¹¬ � ��ª+±�°�ª>«�­¯®�®�§=© ��¶w¬�§3©+ª&·_±q§3¨-°�ª+°�·>º
ε(ρ, τ)

�=³:¶w©_¶q²'ª?¬�ª>©>­���ª_°
·>º{¶q©_® � ´�ª>¨ �w¬ �¿¶q¨�°I«�§c®
�8¬ �:¶w¬ φγ̇(0)([0, τ ] × [−ρ, ρ]) ­E«�®�±q¨"¬Í¶w­6¨�ª+°�­6¨ H � ¬ �:ª?¨ � ��±q©�ª��Cª>©>º
t ∈ [0, τ ]

�
dist(γ(t), exp(t, γ̇(0))) < ρ

 
M�jUmce+j~}yR�^_NPR�n?�EpCf�Q{��f�^Îfh]�R?`Pjqbc�wNI^+j�e+R�pq]+jq`'f�`S�yR�j=rcR�]_fhn�n�j=jqe+r:f�`"pC^+R�]��=�aNcfhn�N½pCe+R��w�hjq�"pC����\
rcR>¦P`PR�rÊf�`

UH ¢ M/NPR?`õ�spq]
ε
pCmcmce+jypqn�NPR�]{Ï�R?e+jc�sp!]_^�pC`PrPpCe+rÊm�R?e_^_bce_�"pC^_fhjq` pCe_�wbcQSR?`=^

pCmcmc��fhR�rÔ^+j{^_NPR']+\3]_^�R>Q Á � v�� � uyÄ�\3fhR?�hrc]
^_NPR'e+R�]_bc��^ ¢ TKjq^_fhn�RS^_N"pC^ ε n�pC` ��RIn�NPjw]+R?`!jq`c��\rcR?m�R?`Pr:f�`c�Ijq`
τ
pC`Pr

ρ
�:��R�n�pCbP]+R

K
fh]abc`cf���jqe+Q���\���jqbc`PrcR�r¡��e+jqQ ��R?�hj~� ¢V&m8^+j½p��w�hjq�"pC��e+R�]+n�pC��f�`c��jC�

M
��pq]�m�R?e)�¯jqe_QSR�r8f�`8^_NPR
mce+j=jC�.jC� � R?Q�Q'p½u ¢ z:�-��R�n�pC`pq]+]+bcQSRs^_N"pC^

r = 1/4 ¢ lK]+]_bcQSRK��e+jqQ `Pj~�Èjq`{^_N"pC^
ε < ε(1/4, 1)

pC`Pr
T > 2 ¢� R?^

T1
��R'^_NPR'�EpCe_�yR�]+^�`=bcQ���R?e���R?^���R�R?`

T − 2
pC`Pr ^_NPRIQ'p�Ç3f�Q'pC��^_f�QSR

t ∈ [0, T )]_bPn�N{^_N"pC^
θ(t) = π/2 ¢ � R?^��cQSjqe+R�j~}�R?e��

Ω = ∪t∈(T1,T ){x(t)} × (0, y(t)) ,

pC`Pr
D
��R
^_NPR�rcf�]+Ñ{jC��n�R?`=^+R?e

p = exp(1/2,Rq(T − 1))
pC`"r¤e�pqr:f�bP]

1/4 ¢ lK]+]_bcQSRU^_N"pC^
θ(T ) = 0

Á�]_\3Q�QSR?^_e_fhn»pCe_�wbcQSR?`=^+]�NPjq�hr¼�aNPR?`
θ(T ) = π

Ä ¢  �pCb"]+])� �/jq`c`PR?^I^_NPR�jqe+R?Q{�

� ��
 � ù
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π(q(τ))

D

exp(τ−T+1, q(T−1))

p

q(T−1)

� f��wbce+R �:¢

pCmcmc��fhR�r{^+j
Ω
�cf�Q�mc��f�R�]�^_N"pC^

θ(T1) +

∫

Ω
(−K)dA = −

∫ T

T1

u(t)dt .

Z=f�`Pn�R���jq^_N
θ(T1)

pC`Pr ∫
Ω(−K)dA

pCe+R�`Pjq`c`PR?��pC^_f�}�Rw�P^_NPR?`

θ(T1),

∫

Ω
(−K)dA ≤

∣∣∣∣∣

∫ T

T1

u(t)dt

∣∣∣∣∣ ≤ 2ε .
Á¯vwvyÄ

l n�jq`=^_e�pqr:fhn?^_fhjq`Ôfh]Ue+R�pqn�NPR�rµf����/R�]+NPj~� ^_N-pC^��õ��jqe
ε
]_Q'pC���ÎR?`Pjqbc�wNõ�

D
fh]
n�jq`=^�pCf�`PR�r

f�`
Ω ¢SÐ ^���jq���hj~��]���e+jqQ Á¯vwvyÄUpC`Pr¥^_NPRSrcR>¦P`cf�^_fhjq`ÔjC�

T1
^_N"pC^~�#�¯jqe

ε < π/4
�
T1 = T − 2 ¢Â.�EpCf�Q u ¢
� x¥f�Q�mc��fhR�]I^+N"pC^ y(1) ≥ 3/4 ¢ M/N=bP]~�/^_NPR

y
��n�jqQ�m�jq`PR?`=^�jC�

p
fh]'�EpCe_�yR?eI^_N"pC`

y(T − 1) − 1/2 > y(1) − 1/2 ≥ 1/4 ¢ M/NPR?e+R>�¯jqe+Rw�
D
rcj=R�]¡`Pjq^{f�`=^+R?e+]+R�n?^{^_NPR¥��f�`PR

{(x, 0)| x ∈ R} ¢ÎÐ � D n�jq`=^�pCf�`PR�r8p�m�jqf�`=^&jC�,^_NPR�^�\3m�R
π(q(τ))

�:�¯jqe
τ ∈ [T − 2, T ]

�c^_NPR?`
^_NPRUr:fh]_^�pC`Pn�Rs��e+jqQ

p
^+j�^_NPR��yR�j=rcR�]_fhn

s 7→ exp(s, q(T − 1))
��jqbc�hr¡��RU]_Q'pC���hR?e�^_N"pC`

d(p, π(q(τ))) + d(π(q(τ)), exp(τ − T + 1, q(T − 1))) <
1

2
.

ÁÍZ3R�R � f��wbce+R �:¢ ÄÊM/NPR?e+R>�¯jqe+Rw��r:e�p��af�`c�»^_NPR'Q�f�`cf�Q�f�Ï�f�`c�¿]�R?�wQSR?`=^
��e+jqQ
p
^+j{^_N"R'n�jq`P]+fhr3�

R?e+R�rÔ�yR�j=rcR�]_fhnw�,��RI��jqbc�hr!n�jq`P]_^_e_bPn?^�p{^_e_fEpC`c�w�hR¥Á¹N"p�}=f�`c�
p
pC`Pr

π(q(T − 1))
pq]�^���j»jC�

f�^+]
}�R?e_^_fhn�R�]�Ä��af�^_NÔ^���j¤jqe_^_NPjq�yjq`"pC��pC`c�w�hR?] ¢ M/Ncfh]�fh]
f�Q�m�jw]+]_f��c�hRw�,r:bPR'^+j» UpCbP]+])� �/jq`c`PR?^^_NPR�jqe+R?Q ¢lK]+]_bPQSR�`Pj~�É^_N"pC^
y ∈ [0, y(T )]

R>Ç:fh]_^+]�]_bPn�NI^_N"pC^
(x(T ), y)

��R?�hjq`c�y]�^+j
D ¢ M/NPR?`½^_NPRr:fh]_^�pC`Pn�R'��e+jqQ

exp(−1, q(T )) ^+j¤^_NPR'�yR�j=rcR�]_fhn s 7→ (x(T ), s)
fh]�]_^_e_fhn?^_��\ ]_Q'pC���hR?e�^_N"pC`

jq`PR ¢ l&��pCf�`õ�c^_Ncfh]a�hR�pqrc]�^+j'p�n�jq`=^_e�pqr:fhn?^_fhjq` ¢M/N"R�]�pCQSR�pCe_�wbcQSR?`=^.]+NPj~��]�^_N"pC^
D
rcj=R�]�`Pjq^�f�`=^+R?e+]+R�n?^

Σ = {exp(s,Rq(T −2))| s ∈
J} �w�aNPR?e+R J fh]�^_NPRaQ'p�Ç3f�Q'pC�Pf�`=^+R?e_}wpC�"n�jq`=^�pCf�`cf�`c�
Ï�R?e+jU]_bPn�NS^_N"pC^ exp(s,Rq(T −2)) ∈ H


�
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�¯jqe�R?}�R?e_\
s ∈ J ¢ Z=f�`Pn�R θ(T − 2)

fh]Sn�jq`=^�pCf�`PR�rÆf�`
(0, π/2)

��pC`Pr
Σ
n�pC`c`Pjq^Sf�`=^+R?e+]+R�n?^

{(x(T − 2, y)| y ≥ 0} ^��afhn�Rw�c^_NPR?`{^_NPRU]_^�pC^+R�r¡f�`Pn?��bP]_fhjq`8jC� D f�`
Ω
�¯jq���hj~��] ¢

� e+jqQ � R?Q�Q'p'u ¢ �P�Pjq`PRUR�pq]_f���\�jq�c^�pCf�`P]�Å
� Û � Û � �¹�c� Ø � �
� � � ª?¬

M
·�ª�¶'®�±q²&³-´hª?¬�ª��.®�±q¨P¨Gª_®�¬�ª_° ��­¯ª?²�¶w¨P¨P­�¶w¨�«>§=©���¶y®�ª� ��K«�«>§=²'ªU¬ �3¶w¬

K
­6«K¨-±q¨q³c±C«>­¹¬�­��Cª
¶q¨-°I·+±q§3¨-°�ª+°½±w¨

M
¶q¨-°'¬ �3¶w¬

M
­6«�± ��¬ �:ª�«�ª+®+±w¨-° ��­6¨-°� � ª?¬

X
·�ªU¬ �cª

§3¨P­��Cª>©�«?¶q´�®�± �qª>©�­¹¨ �µ± �
M
 �s«�«>§=²'ªI¬ �:¶w¬

supp∈S Φ(p, r) < 0
��±q©�«?±q²'ªS«�ª+®�¬Í±q©

S
± �
X¶q¨�°�«�±q²'ª

r > 0
 � �:ª>¨¿¬ �:ª���§P·>­¹¨c« �~³-©_±�·>´hª>² ±q¨

M
­6«s¨�±w¬ � � �  

����� � � � ����
 
 � � 
 ������������� ��� ����� 
 � 
�� � ����� �
	 � � ����	�� � � ��� � ������� � � � � � � �
� ��� � � ���

Ð `¼^_Ncfh]I]+R�n?^_fhjq`õ�a�hR?^IbP]S��j=n?bP]½jq`Óo�fhR>Q'pC`P`cfEpC`É]_bce)�Ípqn�R�]'�af�^_NÉ]_f��w`:�Í}wpCe_\3f�`c�Ôn?bce_}wpC^_bce+Rw�pC���hj~�af�`c�
K
^+j8��R½m�jw]_f�^_f�}yR�jq`Æp¤��jqbc`PrcR�rË]+R?^ ¢ o�R�n�pC����^+N"pC^�p»]_bc�P]+R?^ U jC�sp{¦P`cf�^+R?��\

n�jq`c`PR�n?^+R�r�n�jqQ�mc�hR?^+R�o�fhR?Q'pC`c`cfEpC`¡]_bce)�Ípqn�R
M

fh]�n�pC���hR�r¡p ��­¯ª>²S¶q¨"¨P­�¶w¨ �:¶q´ � � ®�ºC´¸­¹¨-°�ª>©Îf��õf�^fh]�r:f�	#R�jqQSjqe_mcNcfhna^+j S1× [0,∞) ¢ £ f�^_NSpso�fhR?Q'pC`c`cfEpC`SN"pC���6��n?\3��f�`PrcR?e U �w��R/n�pC`'pq]+]�j=n?fEpC^+Rf�^+]'n?bce_}wpC^_bce+R8pC^'f�`:¦P`cf�^�\
K∞(U) = − ∫U KdA − k(∂U)

���aNPR?e+R
k(∂U)

rcR?`Pjq^+R�]'^_NPR
f�`=^+R?�we�pC�UjC��^_NPR»�yR�j=rcR�]_fhn¿n?bce_}wpC^_bce+R¥jC�

∂U ¢ Â/jqNc`:����jw]+]�R?`Ê^_NPR�jqe+R?Q �wb"pCe�pC`=^+R�R�]¡^_N"pC^
K∞(U) ≥ 0 ¢,£ NPR?` K∞(U)

fh]a]_^_e_fhn?^_��\'m�jw]+f�^_f�}yRw�
U
fh]/n�pC���hR�r{p'«>¬�©>­�®�¬���­Íª>²S¶q¨P¨"­�¶q¨��3¶w´ � �®?ºq´¸­6¨�°�ª>© ¢ T&jq^_fhn�RS^_N"pC^U^_NPRSg=b"pC`=^_f�^�\ K∞(U)

� ^+jq�yR?^_NPR?e
�af�^_N ^_NPR�mce+jqm�R?e_^�\¥jC�
U
��R?f�`c�

]_^_e_fhn?^��Pjq`c��\�rcR?m�R?`Prc]&jq`¡^_NPRUR?`Pr{jC�
M

pq]�]+j=n?fEpC^+R�r¡�af�^_N
U ¢

£ R�n�pC`{mce+j~}�Rs^_NPRs�¯jq���hj~�af�`c� ¢
� � Û
	�Û �	�6�	� Û � � �
� � � ª?¬

M
·�ª�¶ ��¨"­¹¬�ª>´¸º�®�±q¨P¨�ª+®�¬�ª+°'®+±q²&³-´hª?¬�ª ��­Íª>²S¶q¨P¨"­�¶q¨½«�§3© ��¶y®�ª&«>§:®
�

¬ �3¶w¬
K

­6«I·_±w§=¨-°�ª+°¥¶q¨-°¤¨-±q¨q³c±C«>­¹¬�­��CªI±q§:¬¹«�­¯°�ª½¶»®+±w²�³c¶y®�¬�«�ª?¬  �s«�«�§3²'ª��&²S±q©+ª+± �Cª>©��s¬ �3¶w¬
ª �qª>©�º ��­Íª>²S¶q¨P¨P­¯¶q¨ �3¶q´ � � ®?ºq´ ­¹¨-°�ª?©{­¹¨ M ­6«½«?¬�©�­¯®�¬  � �cª>¨Ê¬ �:ª �U§c·>­¹¨c«��P³-©_±=·>´�ª?² ±q¨

M­6« � � � ­ �!¶q¨�°Ò±q¨"´ ºÉ­ � � �?±q©Æª �Cª>©>º �3¶q´ � � ³-´�¶w¨�ª H ®+±w¨"¬Í¶q­¹¨�ª_°Ò­6¨
M

¶q¨-°Èª �Cª>©>º
r >

0
�
supp∈H Φ(p, r) = 0

 ��¨Ë³:¶q©?¬�­¯®?§=´�¶q©���¬ �:ª �U§c·?­6¨c«��G³-©+±�·>´hª>² ±q¨
M

­6« �Í­ � � � � ­ �
∫
M KdA > −∞ � ��­6­ � ¨-±w¬ � � � ­ �¥¬ �cª>©+ª ª��q­6«>¬¹«Ô¶Æ«>¬�©>­�®�¬ ��­¯ª?²�¶w¨P¨P­�¶w¨ �3¶q´ � � ®?ºq´¸­6¨-°=ª>©
U ⊂M

«>§:®
�{¬ �:¶w¬
supp∈U Φ(p, r) < 0

�?±q©�«?±q²'ª
r > 0

 

£ R{rcjµ`Pjq^SmPe+j~}=fhrcR8pµn�jqQ�mc�hR?^+R»pCe_�wbcQSR?`=^��a]+f�`Pn�R{i�e+jqm�jw]+f�^_fhjq`Êu ¢
��� �"pq]_fhn�pC����\ ��jq���hj~��]��e+jqQ �aN"pC^Smce+R�n�R�rcR�]'pC`Pr!��e+jqQ ^_NPR�e+R�]_bc��^+]SjC��Z3Ncfhj~\�pËÁ 
 � � �¹Ä ¢ � R?^SbP]Kk)bP]_^�]_Ñ�R?^+n�N ^_NPRQ'pCf�`{m�jqf�`=^+]�jC�,^_NPR�mce+j=jC� ¢Z=NPf�j�\�psmce+j~}�R�r�^_N"pC^��yf��
U
fh]Îps]_^_e_fhn?^Îo�f�R?Q'pC`c`PfhpC`'N"pC���¹��n?\=��f�`PrcR?e���^_NPR?`õ��^_Nce+jqbc�wN'R?}�R?e_\

m�jqf�`=^ajC�
U
�¯pCe/R?`Pjqbc�wN���e+jqQ

∂U
�=m"pq]�]+R�]ap�n�jqQ�mc�hR?^+Rs�yR�j=rcR�]_fhn

c :R→M
�:n�jq`=^�pCf�`PR�r�f�`

U
pC`Pr»�aNcfhn�N¿N"pq]�pS¦P`cf�^+R�`=bcQ���R?e

n(U)
jC�.]+R?���¹�Íf�`3^+R?e+]+R�n?^_fhjq`P]SÁ�jq`c��\8rcR?m�R?`Pr:f�`c�¡jq`

U
Ä ¢

Ð `»pqrcr:f�^_fhjq`õ� n(U) = 0
f�� ∫

U KdA = −∞ �"�aNcfhn�N»QSR�pC`P]&^_N"pC^
U
n�jq`=^�pCf�`P]spSN"pC���6�ÍmP�hpC`"R

� ��
 � ù
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jC�
M ¢.£ NPR?` n(U) ≥ 1

�P^_NPR
]+R?���¹�Íf�`=^+R?e+]+R�n?^_fhjq`P]KjC�
c
pCe+RS©�ª �w§=´�¶q©�f�`¤^_NPR
]+R?`P]+R
rcR>¦P`PR�r¤f�`

Â.N"pCmc^+R?e � jC� 
 � � � ¢ Z=bPn�N»`Pjq^_fhjq`¿jC��e�R>�wbP�hpCe+f�^Ì\¤�wb"pCe�pC`=^+R�R�]s^_N"pC^��-bcm»^+j'e+R�jqe_fhR?`=^�pC^_fhjq`¥jC�
c
��^_NPR�e+R�]_^_e_fhn?^_fhjq`�jC�

φċ(0)
^+j

R× [0,+∞)
^�pCÑyR�]Î}wpC��bPR�]Îf�`

U
pC`PrIR�pqn�N½jC�#f�^+]Îmce+R>�Íf�Q'pC�yR�]

fh]�¦P`cf�^+Rw�-�af�^_N»n�pCe+r:f�`"pC��f�^�\¤��jqbc`PrcR�r8�=\
n(U) + 1 ¢ M/NPR?e+R>�¯jqe+Rw� φċ(0)(R × [0,+∞))

��f���^+]
^+j'p�`Pjq`cm�jw]_f�^_f�}�R?��\¡n?bce_}yR�r¡N"pC���¹�Ímc�EpC`PR ¢

Ð �P^_NPR?e+R�R>Ç3fh]_^ r > 0
pC`Pr�p�N"pC���¹�Ímc�EpC`PR

H
n?jq`3^�pCf�`PR�r�f�`

M
]+bPn�N�^_N"pC^

supp∈H Φ(p, r) <
0
�:^_NPR?`{^_NPRU¾Kbc�cf�`P]�Àcmce+jq�c�hR?Q jq`

M
fh]a`Pjq^�V�ÂaÂ Á�i�e+jqm�jw]+f�^_fhjq`»u ¢
��� Ä ¢

� f�Ç q ∈ N
pC`Pr

ε > 0
��pC`Pr¼pq]+]+bcQSR�^_N"pC^��Î�¯jqeSR?}�R?e_\!N"pC���6�Ímc�EpC`PR

H
n?jq`3^�pCf�`PR�rÆf�`

M
pC`PrÈR?}�R?e_\

r > 0
�
supp∈H Φ(p, r) = 0 ¢ o&R�n�pC���
^_N"pC^

Aq(M, ε)
fh]¤bc`=��jqbc`PrcR�r ¢

Ð � ∫U KdA > −∞ ��jqe¡]+jqQSR»o�fhR?Q'pC`c`cfEpC`ÒN"pC���6��n?\3��f�`PrcR?e
U
��^_NPR?`õ����jqe�R?}�R?e_\

r > 0
�

limp∈U, p→∞ Φ̃(p, r) = 0
Á6�¯jqe�^_NPR¿rcR>¦P`cf�^_fhjq`ÈjC�

Φ̃
�&]+R�R¿o&R?Q'pCe_ÑÉu ¢
� vyÄ ¢%Ð � Aq(M, ε)n�jq`=^�pCf�`P]�p½m�jqf�`=^

q̂
]+bPn�N¿^_N"pC^

Φ̃(π(q̂), R(ε)) = 0
�#^_NPR?`µ^_NPR���R�pCÑ»n�jq`=^+e+jq���hpC�Pf���fh^�\»�¹e�jqQ

q
fh]�mce+j~}�R�r ¢ 
 ^_NPR?e_�afh]+Rw��^_NPR?e+R�Q�bP]_^�R>Ç:fh]_^�p8o�fhR?Q'pC`c`cfEpC`ËN"pC���6��n?\3��f�`PrcR?e U ]_bPn�N ^_N"pC^

∫
U KdA = −∞ pC`Pr

π(Aq(M, ε))∩U fh]�bc`=��jqbc`PrcR�r ¢ M/N=bP]��C^_NPR?e+R.R>Ç:fh]_^�pam"pCe�pCQSR?^+R?e_f�Ï~R�rn�jqQ�mc�hR?^+R&�yR�j=rcR�]_fhn
c(·) jC�#^_NPR�^�\3m�R�rcR�]+n?e_f���R�r½pC��j~}�R&pC`Pr q̂ ∈ π−1(c(0))∩A(q, ε) m�jqf�`=^)�f�`c��f�`P]_fhrcR&^_NPR�N"pC���¹�Ímc�EpC`PR

φċ(0)(R× [0,+∞)) ¢�� e+jqQ ^_NPR&bP]_b"pC�-e+R�pq]�jq`cf�`c���"pq]+R�r½jq`¿Á¯uyÄ>�
φċ(0)(R× [0,+∞))∩π(Aq(M, ε))

n�jq`=^�pCf�`P]ap
]+R�n?^+jqe
S ¢,Ð � limp∈S, p→∞Φ(p,R(ε)) = 0

�
^_NPR?`!^_NPRI��R�pCÑ n�jq`=^_e+jq���EpC�cf���fh^�\ �¹e+jqQ

q
�¯jq���hj~��] ¢ 
 ^_NPR?e_�afh]+Rw� ∫SKdA = −∞ ¢ � e+jqQ p

}3fh]_f��cf���f�^�\8mce+jqm�R?e_^�\¥pC`"pC�hjq�yjqbP]U^+j � R?Q�Q'p¤u ¢ �:�#f�^s��jq���hj~��]�^_N"pC^ S n�jq`=^�pCf�`P]�pIN"pC���¹�Ímc�EpC`PR
jC�
M ¢ M/NPR���R�pCÑ�n�jq`=^_e+jq���EpC�cf���f�^�\���e+jqQ q

��jq���hj~��] ¢
�½× � �c� � � � 
 � � �:ªS¶q©��q§=²'ª>¨-¬�¶�·+± �qª�« �3±�
,«�¬ �3¶w¬�� 
 �cª>¨

supp∈H Φ(p, r) = 0
�?±w©Sª �Cª>©>º

�3¶q´ � � ³-´�¶q¨�ª H ®+±w¨"¬Í¶q­¹¨�ª_°'­¹¨
M

¶q¨-°�ª �Cª?©�º
r > 0

� � � � �3±w´�°C«�ª �Cª>¨¿­¹¨»¬ �:ª�®�¶C«�ª
­¹¨ 
 ��­¯®
�
K
­6«U§3¨�·+±q§=¨�°�ª+°� �&¨-¶q´�± ��±q§�«>´ º�� � ª?²�²S¶ �  � � ­¹²&³-´¸­¯ª�«�¬ �3¶w¬���­ �

K
­E«
§=¨"­ ��±q©>²�´¸º'¨Gª ��¶w¬�­ �qª

��³:±C«�«�­Í·>´¸º�§3¨�·+±q§3¨-°�ª+° ��±q¨¤¶�«>¬�©>­�®�¬���­Íª>²S¶q¨P¨P­¯¶q¨ �3¶q´ � � ®?ºq´ ­¹¨-°�ª?© ��¬ �:ª>¨¤¬ �:ª �U§c·>­¹¨c«���³-©_±=·>´�ª?²±q¨
M

­6«�¨-±w¬ � � �  

� �Õ��� �a���s	Ê������
U(����Y���I���&��(-�����
� R?^

M
��R�psn�jqQ�mc�hR?^+R�n�jq`c`PR�n?^+R�rIo�fhR?Q'pC`c`cfEpC`I]_bce)�Ípqn�R/�af�^_N'`Pjq`cm�jw]_f�^_f�}�R�n?bce_}wpC^_bce+R ¢�� f�Ç

q1 = (p1, v1)
�
q2 = (p2, v2) ∈ N

pC`Pr»pq]+]_bcQSRU^_N"pC^
q2 ∈ Aq1(M, ε) ¢ M/NPR?`õ�"^_NPR?e+R�R>Ç:fh]_^+]pC`

ε
��pqr:Q�fh]+]_f��c�hR¡n?bce_}�R

q : [0, T ] → N
]_bPn�NË^_N"pC^

q(0) = q1
�
q(T ) = q2

�.pC`Pr ��Ncfhn�N
Q�f�`cf�Q�f�Ï�R�]

T ¢M/N"R�i,jq`=^_e_\�pC�wf�`¿Q'p�Ç:f�Q�bcQ mce_f�`Pn?f�mc�hRw�õpCmcmc��fhR�r»^+j
q(·) �-f�Q�mc��fhR�]K^_N"pC^K^_NPR?e+R�R>Ç:fh]_^ λ :

[0, T ] → T ∗N
pC`Pr

c ≥ 0
]_bPn�N¿^_N"pC^��G�¯jqe�pC��QSjw]+^�R?}�R?e_\

t ∈ [0, T ]
�
λ(t) ∈ T ∗q(t)N \ {0}pC`Pr¡^_NPRs�¹bc`Pn?^_fhjq`

Hu(λ) = 〈λ, f(q)〉+ u 〈λ, g(q)〉 , λ ∈ T ?
qN, q ∈ N, u ∈ [−ε, ε]
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}�R?e_f�¦"R�]

Hu(t)(λ(t)) = 〈λ, f(q)〉+ ε|〈λ(t), g(q(t))〉| , Á¯vC�=Ä
λ̇(t) =

−−−→
Hu(t)(λ(t)) ,

Á¯vwuyÄ
�aNPR?e+Rw�y�¯jqeÎR?}yR?e_\

u ∈ [−ε, ε] � −→Hu
rcR?`Pjq^+R�]Î^_NPR �spCQ�f���^+jq`cfEpC`I}yR�n?^+jqe�¦"R?�hrIpq]+]+j=n?fEpC^+R�rS�af�^_N

Hu : T
∗N → R ¢ W»jqe+R�j~}�R?e��:��jqe�pC��QSjw]+^�R?}yR?e_\ t ∈ [0, T ]

�

Hu(t)(λ(t)) = c .
Á¯v � Ä

£ R¡n�pC`¼pq]+]�j�n?fEpC^+R¡�af�^_N q(·) pC`Pr λ(·) ^_NPR���jq���hj~�af�`c�µ^_Nce+R�R���bc`Pn?^_fhjq`P]���rcR>¦P`PR�rÆjq`Ë^_NPRf�`=^+R?e_}wpC�
[0, T ]

�

ϕ1(t) = 〈λ(t), f(q(t))〉 ,
ϕ2(t) = 〈λ(t), g(q(t))〉 ,
ϕ3(t) = 〈λ(t), [f, g](q(t))〉 .

o&R>Q'pCe+ÑI^_N"pC^
u(t) = sign(ϕ2(t)) ε

Á¯vyxwÄ
�¯jqe�pC��QSjw]_^�R?}�R?e_\

t
]_bPn�N{^_N"pC^

ϕ2(t) 6= 0
pC`Pr¡^_N"pC^

|ϕ1(t)|+ |ϕ2(t)|+ |ϕ3(t)| 6= 0
Á¯vwzyÄ

�¯jqe&R?}yR?e_\
t
�-]_f�`Pn�R

λ(t) 6= 0
pC`Pr

f, g
��pC`Pr

[f, g]
pCe+R
R?}�R?e_\3�aNPR?e+R
��f�`PR�pCe_��\¡f�`PrcR?m�R?`PrcR?`=^ ¢l «�­¹¨ �q§3´�¶w©I¶q©+®IÁ¹e+R�]_m�R�n?^_f�}�R?��\y��·_¶q¨ �¿¶q©+®�Äsfh]
^_NPRSe+R�]_^_e_fhn?^_fhjq`!jC�

q(·) jq`!p{]_bc�cf�`=^+R?e_}qpC��jC�
[0, T ]

�aNPR?e+R
ϕ2 ≡ 0

Á¹e+R�]_m�R�n?^_f�}�R?��\y�
ϕ2 6= 0

Ä ¢M/N"RK��bc`Pn?^_fhjq`P]
ϕ1
�
ϕ2
�
ϕ3

pCe+RU]+jq��bc^_fhjq`P]�jC�,^_NPR�]+\3]_^+R?QÃjC��r:f�	GR?e+R?`=^+fhpC��R�g=b"pC^_fhjq`P]

ϕ̇1(t) = −u(t)ϕ3(t) ,
Á¯v � Ä

ϕ̇2(t) = ϕ3(t) ,
Á¹���yÄ

ϕ̇3(t) = u(t)ϕ1(t)−K(q(t))ϕ2(t) .
Á¹� � Ä

� e+jqQ Á¯v � Ä���R�f�Q�QSR?rcfhpC^�R>�h\��yR?^�^_N"pC^ uϕ1 = uc− ε2ϕ2
pC`Pr{]+jc�3��e+jqQ Á¹� � Ä>�c��RUrcR�r:bPn�R

ϕ̈2 = −(K(q(t)) + ε2)ϕ2 + u(t)c .
Á¹���yÄ
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K
­E«s§3¨P­ �?±q©>²�´¸º�¨Gª ��¶w¬�­ �qª�¶w¨-°

ε
­6«K«�²S¶q´6´�ª>¨-±q§ � � �.¬ �:ª>¨

q(·) ­E«�¬ �:ª®�±q¨-®�¶w¬�ª>¨�¶w¬�­�±w¨Ô±���¶8·_¶q¨ ����¶½«>­6¨ �w§=´�¶q©���¶q¨�°{¶¤·+¶q¨ �8¶q©_®��¯«�±q²'ª�± � 
 ��­�® ��³c±C«�«�­Í·>´ º �3¶ ��­6¨ �
��ª>©_±�´hª>¨ �y¬ ���  �»±q©�ª_± �qª>©��.ª �Cª?©�º�«>­6¨ �w§=´�¶q©�¶q©_®�­6«�³-©+±���ª+®�¬�ª+°½·>º

π
±q¨8¶ ��ª+±~°�ª�«�­¯®�«�ª��q²'ª>¨-¬�± �

M
 ��¨S³c¶q©?¬�­�®?§3´�¶q©

q(·) �?±q´6´�±�
,«U¬ �:ª��U§c·>­¹¨c« �~³:¶y¬¯¬�ª>©�¨  
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 � ù



�U§c·?­6¨c«���³-©_±�·?´�ª?² ±q¨8«�§3©��?¶y®�ª�«���� vwv

��©_±~± �� PlK]+]_bcQSRs^_N"pC^
K ≤ −ε2 . Á¹��vyÄ

M/NPR?`õ�-Á¯vyxwÄ�f�Q�mc��fhR�]�^_N"pC^
ϕ̈2(t)ϕ2(t) ≥ 0

�¯jqe�pC��QSjw]_^�R?}�R?e_\
t ∈ [0, T ] ¢ � R?^ τ ∈ [0, T )

��R�p
]_bPn�N�^_N"pC^

ϕ2(τ) = 0
pC`Pr

ϕ2 > 0
jq`{p��hR>�¹^/`PR?f��wN=��jqe_NPj=j=r{jC�

τ ¢ M/NPR?` ϕ2 > 0
jq`

(τ, T ] ¢Z=\3Q�QSR?^_e_fhn{pCe_�wbcQSR?`=^+]S]+NPj~� ^_N"pC^�^_NPR�]�R?^ {t ∈ [0, T ] | ϕ2(t) 6= 0} N"pq]SpC^�QSjw]_^�^��/jn�jq`c`PR�n?^+R�r8n�jqQ�m�jq`PR?`=^+]spC`Pr{^_N"pC^
q(·) fh]�^_NPR
n�jq`Pn�pC^+R?`"pC^_fhjq`¿jC��p��"pC`c�P��p�]_f�`c�wbc�EpCe���pC`Prp��"pC`c�'pCe+n ¢ � R?^a`Pj~� I ⊂ [0, T ]

��R�p�]_f�`c�wbc�EpCe�pCe+n ¢,£ R&�/pC`=^a^+j�]_NPj~�Ê^_N"pC^
u(t) = 0

�¯jqe
pC��QSjw]_^�R?}�R?e_\

t ∈ I ¢ � e+jqQ Á¹���yÄ>�c�/RsN"p�}�R�^_N"pC^
ϕ3 = 0

jq`
I ¢ i���bc�w�wf�`c�I^_NPR�f�`:��jqe_Q'pC^+f�jq`f�` Á¯v � Ä/pC`PrµÁ¹� � Ä>�c��Rs�yR?^a^_N"pC^ ϕ1 fh]an�jq`P]_^�pC`3^�pC`Pr�^_N"pC^ ϕ1(t)u(t) = 0

��jqe�pC��QSjw]_^�R?}�R>e+\
t ∈ I ¢ ¾&bPR�^+j¤Á¯vwzyÄ>�"pC`=\=NPj��U� ϕ1 6= 0

�"pC`Pr¡^_N=bP]
π (q|I)

fh]&pqn?^_b"pC����\¡p��yR�j=rcR�]_fhn
pCe+n ¢
�½× � �c� � ��� 
�� ±w¬�­¯®�ª&¬ �3¶w¬�¬ �:ª�³-©_±~± ��¬ �3¶w¬�¶U«>­6¨ �w§=´�¶q©&¶q©_®&­6«�³-©_±���ª_®�¬�ª_°S·>º

π
±q¨¡¶ �=ª_±~°�ª�«>­�®

«�ª �q²'ª?¨"¬�±q¨
M

°y±~ª>«U¨-±w¬�©+ª��?§3­¹©+ª�¶w¨PºI¶C«�«>§=²&³�¬�­¯±q¨¥±q¨
K
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