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Abstract: Let M be a complete, connected, two-dimensional Riemannian manifold
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following holds: Given any (pi,v1) and (p2,v2) in T'M, there exists a curve v in
M, with arbitrary small geodesic curvature, such that v connects p; to ps and,
for ¢ = 1,2, ¥ is equal to v; at p;. Property UCC is equivalent to the complete
controllability of a family of control systems of Dubins’ type, parameterized by the
(arbitrary small) prescribed bound on the geodesic curvature. It is well-known that
the Poincaré half-plane does not verify property UCC. In this paper, we provide
a complete characterization of the surfaces M, with either uniformly negative or
bounded curvature, that satisfy property UCC. More precisely, if sup,; K < 0 or
infp; K > —o0, we show that UCC holds if and only if (i) M is of the first kind or
(73) the curvature satisfies a suitable integral decay condition at infinity.
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Probléme de Dubins sur surfaces. II.
Courbure non positive

Résumé : Soit M une variété riemannienne compléte, connexe, bidimensionnelle,
telle que K, sa courbure gaussienne, est non positive. On dit que M satisfait la
propriété de contrélabilité compléte sans contrainte (CCSC) si, pour tous (p1,v1) et
(p2,v2) dans T'M, il existe une courbe v dans M, & courbure géodésique arbitraire-
ment petite, telle que v connecte p; avec py et, pour ¢ = 1,2, 4 est égale & v; au point
p;. La propriété CCSC est équivalente a la contrdlabilité compléte d’une famille de
systémes de controle du type Dubins, paramétrée par la courbure géodésique maxim-
ale admise. Il est bien connu que le demi-plan de Poincaré ne vérifie pas la propriété
CCSC. Dans ce rapport de recherche, on caractérise les surfaces M & courbure, ou
bien uniformément négative, ou bien bornée, qui vérifient la propriété CCSC. Plus
précisément, si sup;; K < 0 ou infpr K > —oo, on démontre que CCSC est vraie
si et seulement si (i) M est du premier type, (i) la courbure vérifie une certaine
propriété de décroissance intégrale a l'infini.

Mots-clés : controlabilité, controle géométrique, courbure géodésique, courbure
non positive
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1 Introduction

Let (M, m) be a connected, oriented, complete Riemannian manifold and let N =
UM be its unit tangent bundle. Points of N are pairs (p,v), where p € M, v € T,M
and m(v,v) = 1. Given ¢ > 0, the Dubins’ problem consists of finding, for every
(p1,v1), (p2,v2) € N, a curve v:[0,T] — M, parameterized by arc-length and whose
geodesic curvature is bounded by e, such that v(0) = pi1, ¥(0) = vi, Y(T) = po,
A(T) = vz, and which minimizes 7. When the dimension of M is equal to two,
the Dubins’ problem can be formulated as the time optimal control problem for the
following control system,

(De) : q¢=f(q) +ug(q), €N, uel-¢c¢,

where f is the geodesic spray on N (i.e., the infinitesimal generator of the geodesic
flow on M), ¢ is the smooth vector field generating the fiberwise rotation with
angular velocity equal to one and the admissible controls are measurable functions
u:J — [—¢, €|, where J is an interval of R.

In the robotics literature (cf. [17]), the dynamics defined by (D.) when M is
the Euclidean plane represents the motion of a unicycle (or a rolling penny) and the
projections of the trajectories of (D) on the plane are planar curves parameterized
by arc-length with curvature bounded by e. In 1957, Dubins ([7]) determined the
global structure of the corresponding time optimal trajectories: he showed that they
are concatenations of at most three pieces made of circles of radius 1/e or straight
lines. Further restrictions on the length of the arcs of an optimal concatenation have
been proved by Sussmann and Tang ([23]).

Dubins’-like problems have been proposed by considering more general manifolds
M. For instance, the case where M is a two-dimensional manifold of constant Gaus-
sian curvature was investigated in [3, 4, 9, 14] and the case where M = R", 5", n >3
was studied in [15, 16, 22]. The controllability issue is not difficult to solve, due to
the fact that the Dubins’ problem can be reformulated as a left invariant control
system on a Lie group. Let us mention another line of generalization, which con-
sists of considering the distributional version of (D.), whose best-known example is
the so-called Reeds-Shepp car ([19]). In dimension two, the distributional dynamics
can be represented by the two-input control system (DD;) : ¢ = uf(q) + vg(q) with
lu|, |[v] < e. The controllability of (DD,) is a trivial consequence of its being strongly
bracket generating, i.e., such that, for every ¢ € N, the triple (f(q),g(q),[f,q](q))
spans T, N.

A motivation for the present work is the remark that, when generalizing the
Dubins’ problem from the Euclidean plane to a general Riemannian surface M, the
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4 Chitour & Sigalotti

complete controllability of (D) stops to be a trivial issue. We are naturally faced
with an intrinsic property of M, independent of global rescaling of its metric form
g, that is, whether (D,) is completely controllable for every ¢ > 0. We refer to such
property as the unrestricted complete controllability UCC of the Dubins’ problem on
M. Our aim is therefore to find geometric or topological conditions on M ensuring
UCC.

The Lie algebraic structure of (D.) reveals quickly that the Gaussian curvature K
plays a crucial role in the characterization of controllable Dubins’ problems. Indeed,
for every q € N,

[ 1f,9ll(@) = —K(7(9))9(a); (1)

where m: N — M denotes the bundle projection. The role of K is further suggested
by the following standard example of non-controllability: if M is the Poincaré half-
plane H?2 then (D.) is completely controllable if and only if ¢ > 1 (cf. [4, 14]).
Roughly speaking, the negativeness of K is an obstacle for the controlled turning
action (modeled by g) to overcome the spreading of the geodesics. When |u| <e <1,
the effect of u g is not strong enough and complete controllability fails to hold.

In a previous paper ([5]), we already proposed some geometric and topological
conditions on M, which ensure that the UCC property holds true. In particular,
it was proved that any compact M satisfies the UCC property. In the unbounded
case, the same conclusion was obtained when M is asymptotically flat, i.e., K tends
to zero at infinity. The control strategy goes as follows. It is first shown that the
controllability of (D) is equivalent to the fact that every ¢ = (p,v) € N can be
steered to ¢~ = (p,—v) by an admissible trajectory of (D). The latter property,
called weak controllability of (D.), is proved by tracking a teardrop loop in a covering
domain over a piece of M at infinity. A suitable covering manifold can be globally
described by a single appropriate geodesic chart.

If one keeps in mind the non-controllability of the Dubins’ problem on H?, it is
reasonable to consider the situation where K > 0. Indeed, in that case, no local
spreading effect due to the drift term has to be compensated. Moreover, if M is
an open manifold with nonnegative curvature, a result by Cohn-Vossen ([6]) implies
that,

/MKdA<oo, (2)

where dA is the surface element in M. The integral decay of K to zero at infinity can
be interpreted as a sort of asymptotic flatness condition and it suggests that (D;)
should be completely controllable for every € > 0. In [5], we were able to confirm that
intuition under the additional assumption that K is bounded over M, i.e., sup,; K
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Dubins’ problem on surfaces I1 5

is finite, and also to extend that result to the case where K > 0 outside a compact
set. The strategy of the proof still consists in tracking a teardrop loop in a covering
domain D but the construction of D becomes much more delicate than that of the
asymptotic flat case.

Recently, P. Pansu pointed out how the existence of a closed geodesic on a surface
M with constant negative curvature implies that, for every point p € M and every
e > 0, there exists a non-contractible admissible trajectory of (D) which steers some
point ¢ € U,M to the point ¢~. Such a feature is particularly interesting, taking
into account that UCC does not hold for the Poincaré half-plane H2. An immediate
question is whether UCC can be recovered for a quotient manifold M = H?/T,
provided that we add enough topology to H? (i.e., provided that the group I' is large
enough), or if, on the contrary, the Dubins’ problem on any quotient of H? is not
UCC. Tt turns out that the answer can be easily stated: M = H?/T has the UCC
property if and only if it is of the first kind, i.e., its limit set (see Definition 3.1) is
the entire boundary at infinity of H?2.

In the present work, we investigate the more general case of Riemannian surfaces
with nonpositive curvature. It is well-known that a surface M of such kind can be
identified with the quotient space X /T", where X is a Hadamard surface (i.e., a simply
connected, complete Riemannian manifold of nonpositive curvature) and I' is a group
of orientation-preserving isometries which acts freely and discontinuously on X (for
all the definitions, see Section 3). We provide conditions on M, sufficient for UCC
to hold. The first one generalizes the hyperbolic case. It says that (i) M = X/T" is
of the first kind, i.e., its limit set £(T") is equal to the ideal boundary X (oo) of X.
The second condition (i¢) is reminiscent of the nonnegative curvature case, namely,
it states that for every r > 0 and every sector S in X, sup,cg | Bx (p.r) KdA =0,
where Bx (p,r) denotes the ball of center p and radius r. Then, we present necessary
conditions on M for property UCC to hold. A quite surprising result is the following.
Under the assumption that either K is bounded or sup;; K < 0, if M verifies property
UCC, then either condition (i) or condition (7i) must hold true. In that way, we
exactly characterize the surfaces M, with nonpositive curvature K either bounded
or such that sup,; K < 0, verifying property UCC. In addition, some controllability
and non-controllability results in the case where K is nonpositive outside a compact
subset of M are given. We also provide sufficient conditions ensuring that M has
the UCC property, with no sign assumption on K, namely, (a) M has finite area, (b)
the geodesic flow on M is topologically transitive. We conclude with some remarks
on the structure of time optimal trajectories for (D.). If sup;; K < —e, we show
that they follow a Dubins’ pattern, namely that they are concatenation of a bang, a
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6 Chitour & Sigalotti

singular, and a bang arc (where some arc can possibly have zero length), with the
(possible) singular arc being a geodesic of the surface.

The paper is organized as follows. In Section 2, we formulate the control problem
at hand and describe its basic features. In Section 3, general facts on Riemannian
surfaces of nonpositive curvature are recalled. The main results of the paper are
stated in Section 4 and their proofs are provided in Section 5. Finally, Section 6
contains some remarks on time optimal trajectories.

Acknowledgments. It is a pleasure for us to thank P. Pansu for his seminal sug-
gestion and his numerous advice.

2 Formulation of the problem

Let M be a two-dimensional Riemannian manifold, or, as we will equivalently call
it, a Riemannian surface. Assume that M is oriented and that its metric m is
complete. Denote by N the unit tangent bundle UM = {q € TM| m(q,q) = 1},
and by 7 : N — M the canonical bundle projection of N onto M. Let K be the
Gaussian curvature on M. We will use the symbol K also for the trivial extension
(constant on fibers) of K on N. The distance on M induced by m is denoted by
dp(+,-) (or d(-,-) when no confusion is possible), and, for every p € M and r > 0,
By (p, ) stands for the ball of center p and radius 7.

Let f be the geodesic spray on T'M, whose restriction to N (still denoted by f)
is a well defined vector field on N. Recall that f is characterized by the following
property: p(-) is a geodesic on M if and only if (p(-),p(+)) is an integral curve of f.
In particular, f satisfies the relation

m(f(q) = q, (3)
for every ¢ € N. The exponential map on M is defined by
exp(t, q) = m(e' (q)), (4)

where ¢!/ : N — N denotes the flow of the vector field f at time t.
Let g be the smooth vector field on N, whose corresponding flow at time ¢ is the
fiberwise rotation of angle ¢. For every ¢ € N, we set ¢~ = e™(q) and Rq = e~ 29(q).
For € > 0, let (DM) be the control system

(M) - d=f(q) +ug(q), q€N, wucl—g¢g].

An admissible control is a measurable function wu(-), defined on some interval
of R, with values in [—¢,¢]. The solutions of (D) corresponding to admissible
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Dubins’ problem on surfaces I1 7

controls are called admissible trajectories. (Sometimes, to prevent any confusion, we
will speak also of e-admissible controls and e-admissible trajectories).

For every ¢ € N and T > 0, the attainable set from q up to time T is the set
AZ = AZ(M ,€) consisting of the endpoints of all admissible trajectories for (DM),
starting from ¢, of length smaller than or equal to 7. We also write

Aq = Aq(M,E) = UT>0A,£(M, 6) .

M
€

The control system (D.") is called completely controllable if A, = N for every g € N.

Definition 2.1 We say that the Dubins’ problem on M has the unrestricted complete
controllability (UCC) property (or, equivalently, that it is UCC) if, for every e > 0,
(DM) is completely controllable.

We stress that the notion of UCC property corresponds to the original, control-
free formulation of the Dubins’ problem on M: UCC holds if and only if, for every
e > 0 and every (p1,v1), (p2,v2) in T'M, there exists a piecewise smooth curve
v : [T1,T2] — M with geodesic curvature smaller than ¢ such that v(7;) = p;,
A(T;) = v, @ = 1,2, Up to a reparameterization by arc-length, the lift of v on N
is an e-admissible trajectory, whose corresponding control wu(t) is equal, at almost
every t € [0,7T], to the geodesic curvature of v at the point ~(¢).

It is easy to check that, for every M and every £ > 0, (D) is bracket generating.
Indeed, for every ¢ € N, we have that m.([f,g|(q¢)) = m«(f(Rq)). Therefore, f and
g define a contact distribution on N. In particular, for every 0 < t < T and every
qeN,

¢ (g) € Tnt(AT). (5)

where Int(AqT) denotes the interior of AqT. This follows, for instance, from the descrip-
tion of small-time attainable sets for single-input non-degenerate three-dimensional
control systems given by Lobry in [12].

Since f, g, and [f, ¢] are linearly independent at every point, they can be used to
introduce a metric on N, requiring (f(q),9(q), [f,9](q)) to be a orthonormal basis of
Ty N, for every ¢ € N. Such metric, which is usually called the Sasaki metric inherited
from m, endows N with a complete Riemannian structure (see, for instance, [20]).
In accordance with the notations introduced above, we will denote by dn(-,-) the
induced distance on N and, for every ¢ € N and p > 0, by By(q, p) the ball of center
q and radius p.

RR n° 5378



8 Chitour & Sigalotti

Figure 1: The teardrop trajectory of size 1/e.

Remark 2.2 In [5] we noticed that, since (D) has the property of being bracket
generating, the Dubins’ problem on M is UCC if and only if for every ¢ > 0 and
every g € N, there exists ¢ € Ay(M,e) such that §~ € Ag(M,e). In order to prove
this last property, we will often mimic on M the behavior of a teardrop trajectory
on the Euclidean plane. We call teardrop trajectory of size 1/e (see Figure 1) the
bang-bang trajectory of (DERZ) whose control u, defined by,

e if 0<t< 4,
u(t) =9 —e if §T—€<t§2§,
e if T<t<In,

steers (1,0) € U(O,O)R2 to (—1,0) € U(O,O)RQ-

Remark 2.3 If My, Ms are two Riemannian manifolds and P : My — Ms is a local
isometry at every point of M, then every admissible trajectory for (DM1) is trans-
formed by P, : UMy — UMy in an admissible trajectory for (DM2). In particular,
if P is onto and the Dubins’ problem on My is UCC, then the same is true for the
Dubins’ problem on Ms.

INRIA
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3 General facts on Riemannian surfaces of nonpositive
curvature

Of special interest for the present study are Riemannian surfaces of nonpositive
curvature. We collect in this section some definitions and known results about them,
which will be used in the sequel. When no explicit source is given, we refer the reader
to the book of Ballmann, Gromov, and Schroeder [2].

A simply connected, complete Riemannian manifold of nonpositive sectional cur-
vature is called a Hadamard manifold. If M is a complete, connected, oriented
Riemannian manifold of nonpositive sectional curvature, then M can be described
as X/I', where X is a Hadamard manifold and I is a group of orientation-preserving
isometries which acts freely and discontinuously on X. We will denote by I1: X — M
the canonical projection of X onto M. When the sectional curvature is constant on
M, then M is said a hyperbolic manifold and X a hyperbolic space.

3.1 Hadamard surfaces

From now on, X will denote a Hadamard surface, that is, a Hadamard two-dimensional
manifold. If M = X/I' is a complete Riemannian surface, then we will denote by
the same letters f, g, K, m, and 7 the corresponding objects on X and M. This
is motivated by the fact that II : X — M, being a local isometry, identifies such
objects, at least at a local level.

It is well-known that X is diffemorphic to R%. Any geodesic segment in X is the
unique length-minimizing trajectory between its extremes. In particular, all complete
geodesics are simple.

A ray is a half-geodesic on X. A sector is a region of X bounded by two distinct
rays starting at the same point, which is called the vertex of S.

The ideal boundary of X, denoted by X (c0), is defined as the quotient of the set
of all rays parameterized by arc-length by the equivalence relation

L~y = liItnsude(cl(t),cQ(t)) < 00.
— 00

The equivalence class of a parameterized ray c is denoted by ¢(+0o0) and it is called
the endpoint of c. If ¢c: R — X is a parameterized complete geodesic, then ¢(—o0)
denotes the equivalence class of [0,00) 3 t — ¢(—t).

For a given point p € X there is a one-to-one correspondence 1, between U, X
and X (oc0), which assigns to v € U, X the equivalence class of [0, 00) 3 t — exp(t,v).
The correspondence defines a topology on X (0c), which is called the sphere topology.

RR n° 5378



10 Chitour & Sigalotti

The sphere topology extends to the so-called cone topology on X = X U X (c0). The
cone topology is generated by the open sets of X and the sets

Yp(U) U (Ugso exp(t,U)) ,

where p € X and U is an open set of U, X. Notice that the action on X of an element
of I' has a natural continuous extension on X.

Given a set Q in X, we write 092 for the boundary of Q in X, while Q(co) will
denote the intersection between X (co) and the closure of Q in X.

The isometric transformations of X can be classified in terms of the so-called
displacement function X > p — dx(p,yp). An isometry v: X — X is called elliptic
if it has at least one fixed point in X; hyperbolic if the displacement function attains
its minimum in X, and such minimum is strictly positive; parabolic otherwise.

3.2 Closed geodesics and limit sets

If M = X/T is a complete Riemannian surface, then the only elliptic element of T’
is the identity. Let G be a closed geodesic in M. Fix one of its lifts G in X and let
¢:R — X be a parameterization of G by arc-length. There is one isometry v € I’
such that v(¢(0)) = ¢(T"), where T is the length of G. Then c¢(t + T) = c¢(t) for
every t € R (the proof goes as in the hyperbolic case, see [18, Theorem 9.6.2]). The
isometry ~ is hyperbolic (see [2, §6]) and G is called an azis of 7. Actually, every
hyperbolic isometry has at least one axis. If none of the half-planes bounded by G
is flat, then, given a neighborhood U of ¢(—o0) and a neighborhood V' of ¢(+00) in
X, there exists n € N such that

YHXN\U)CV, y(X\V)CU, (6)

for every m > n, as proved by Ballmann in [1].

The existence of a closed geodesic on Riemannian surfaces is established by some
classical results under very general assumptions. Lyusternik and Fet [13] proved that
all complete compact Riemannian surfaces contain at least one closed geodesic. After
that, Thorbergsson [24] extended the result to all complete, connected Riemannian
surfaces neither homeomorphic to the plane nor to the cylinder. As a consequence,
if " is not cyclic, then M = X/T" contains a closed geodesic.

Definition 3.1 Let I' be a group of isometries of X. Fiz p € X and consider I'(p),
the closure in X of the I'-orbit of p. The set L(T') = I'(p) N X (co) does not depend
on p, and is called the limit set of T'.

INRIA



Dubins’ problem on surfaces I1 11

Definition 3.2 Let X be a Hadamard surface and M = X/T be a complete Rie-
mannian surface. We say that M is of the first kind if L(I') = X (00); otherwise we
say that M 1is of the second kind.

Remark 3.3 IfT is cyclic, then M is of the second kind. Indeed, if T' = {Id}, then
L(T) is empty. If ' is nontrivial, then it is generated by a hyperbolic or a parabolic
isometry, denoted by ~v. If v is hyperbolic, then it translates at least one geodesic,
hence L(T') is made of the two endpoints of such geodesic (just consider the orbit of a
point on the geodesic). If 7, instead, is parabolic, then there exists a point z € X (00)
which is invariant under the action of v, together with the horospheres centered at z
(see [2, Lemma 6.6]). Fiz any point x € X and consider a horosphere U centered at
z which contains x. Then L(I') is contained in U(oco). In both cases, M is not of the
first kind. Therefore, if M is of the first kind, then it contains a closed geodesic.

Definition 3.4 Let M be a Riemannian surface. We say that its Gaussian curvature
K is uniformly negative if sup,; K < 0.

If K is uniformly negative on X, then, for every two elements x,y of X (co), there
exists a parameterized geodesic ¢: R — X such that ¢(+00) = = and ¢(—o00) = v.
That is, using the terminology introduced by Eberlein and O’Neill in [8], X is a
visibility manifold.

3.3 Geodesic coordinates

Geodesic coordinates can be globally defined on X. They depend on the choice of
an element ¢ of UX, and are defined through the map

Oq R? — M
f z zf (7)
(x,y) +—— m(e¥ oez90e™ (q)).
Let B:R? — R be the solution of the system
B(z,0) =1, By(z,0)=0, and By, +KB=0, (8)

in which the index y appearing in B,, By, stands for the partial differentiation with
respect to y. Notice that, since K <0, B is globally defined and

B(z,y)
yBy(.T, y)

RR n° 5378



12 Chitour & Sigalotti

for every (z,y) € R%. The coordinate expression for the metric m on X is given by
m(z,y) = B*(x,y)dz?® + dy?*.
(See, for instance, [10].) The unit bundle UX can be identified with
cosf . 4
x,1, ,sm¢9> cR
{( B(z,y)

In the coordinates (z,y,0), f and g are given by

(z,y) € R% 0 631} .

cos 6 T
f(x7y’ 9) = (B(i[}y)7sjn9’F($’y) COS9> ) g(x7y7'9) = (0707 1)T> (11)
where
_ By(x73/)
Flay) = 228 (12)

Equivalently, (DX) can be written as follows,

cosf
. cost 1
& 5 (13)
y = sind, (14)
0 = u+ Fcosb. (15)

Notice that, as it can be easily deduced from (8), F satisfies the Cauchy problem
F,=-K—F?% F(x,0)=0. (16)

If M = X/I' is a complete Riemannian surface, then, for any fixed ¢ € N, the
map ¢,, defined as in (7), is a local diffeomorphism at every point of R?*. The
pullback of the metric m through ¢, endows R? with a Riemannian structure, which
renders R? isomorphic to X.

Remark 3.5 The previous formulation of the Dubins’ problem in coordinates still
makes sense when only local, instead of global, geodesic coordinates are defined. Con-
sider the case of a Riemannian surface M with possibly sign-varying curvature. Recall
that a half-plane of M is a simply connected open subset of M bounded by a simple
open complete geodesic. If M contains a half-plane H and if K is nonpositive on H,
then H admits a system of geodesic coordinates. Indeed, for any q € N such that
$q(Rx[0,00)) = H, Rx[0,00) can be endowed with the metric ¢;m, and the Dubins’

INRIA



Dubins’ problem on surfaces I1 13

problem on H can be described by equations (13-15). Similarly, if ¢ = (p,v) € N
and a,b,r > 0 are such that K < 0 on By(p,r) and a +b < r, then the rectangle
[—a,a] x [-b,b] C R?, endowed with ¢ym, is a nonpositively curved covering domain
of a neighborhood of p. Again, system (13-15) describes the Dubins’ problem on such
non-flat rectangle.

4 Statement of the results

We collect here the statements of the main results proved in the next section, in order
to stress the interrelations between the proposed necessary and sufficient conditions
for the UCC property to hold.

Proposition 4.1 Let M be a complete, connected Riemannian surface. The Dubins’
problem on M has the UCC property if at least one of the following conditions is
satisfied: (a) M has finite area, (b) the geodesic flow on M is topologically transitive.

Theorem 4.2 Let M be a complete, connected Riemannian surface with nonpositive
Gaussian curvature K. Denote by X the universal covering of M. The Dubins’
problem on M has the UCC property if at least one of the following conditions is
satisfied: (i) M is of the first kind; (ii) for every r > 0 and every sector S in X,

SUPpes [y (pr) KdA = 0.

Conditions which are both sufficient and necessary for UCC can be formulated under
more restrictive hypotheses on K.

Theorem 4.3 Let M be a complete, connected Riemannian surface and assume that
its Gaussian curvature K is uniformly negative. Then the Dubins’ problem on M
has the UCC property if and only if M is of the first kind.

Theorem 4.4 Let M be a complete, connected Riemannian surface and assume that
its Gaussian curvature K is nonpositive and bounded. Assume, moreover, that M is
of the second kind and denote by X its universal covering. The Dubins’ problem on
M has the UCC property if and only if, for every r > 0, for every sector S in X,

SUPpes [y (pr) KdA = 0.

The results stated in Theorem 4.2 are proved in Propositions 5.9 and 5.10. For what
concerns Theorem 4.3, it is a combination of Proposition 5.9 and Corollary 5.15.
Finally, the proof of Theorem 4.4 is split into the ones of Proposition 5.10 and Corol-
lary 5.18. For results concerning manifolds with possibly sign-varying curvature, we
refer to the detail of Sections 5.2, 5.3, and 5.4.
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14 Chitour & Sigalotti

5 Proofs of the results

5.1 Additional properties of Riemannian surfaces of nonpositive
curvature

In this paragraph, we prove some geometric properties of Riemannian surfaces of
nonpositive curvature, which are at the heart of the arguments of the theorems
stated above. In particular, we show how certain properties of limit sets which hold
in the hyperbolic case can be recovered in the non-constant curvature case, under
suitable non-flatness assumptions. To this extent we propose the following definition.

Definition 5.1 A sector S of a Hadamard surface X is said to be heavy, if, for
every sector S' contained in S, [¢ KdA = —oc0

For example, as we will often use, if 7,0 > 0 exist such that [5 ) KdA < —§
for every p € S, then S is heavy. Heavy sectors enjoy the followmg v151b1hty—type

property.

Lemma 5.2 Let S be a heavy sector of a Hadamard surface X. Then, for every
z1 in the interior of S(co) and every zo € X(oo) different from z1, there exists a
geodesic ¢: R — X such that c¢(—o0) = z1 and c(+00) = z3.

The lemma is basically a reformulation of [2, Exercise (i) p. 57]. For sake of com-
pleteness, let us provide its proof. Consider a convex sector S’ bounded by two rays
having z; and 2o as endpoints. Then [¢ KdA = —oo. Denote by z the vertex of
S’ and let p,, g, be two sequences of points in 95’, tending, respectively, to z1, 29,
as n tends to infinity. Denote by T, the geodesic triangle with vertices z, p,, and
gn- Gauss-Bonnet theorem implies that an KdA > —m for every n. Therefore, there
exists a compact subset C' of S’ such that, possibly passing to a subsequence, the
geodesic segment between p, and ¢, intersects C' for every n. By compactness of
UC ={q e UX]| n(q) € C}, there exists ¢ € UC such that the geodesic s — exp(s, q)
connects, as required, z; and zs.

Given a Hadamard surface X and a group I' of isometries of X, let us denote
by A(T") the closure in X (c0) of the set of endpoints of axis of hyperbolic isometries
contained in I'.

Lemma 5.3 Let X be a Hadamard surface and I' a group of isometries of X. If
A(T") is nonempty, then, for every heavy sector S of X, L(I')NS(c0) = A(I')N.S(0).

INRIA
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Proof. Clearly A(I') ¢ L(T"). Fix an axis G of a hyperbolic transformation of T',
a point z in S(co) and assume that there exists a neighborhood J of z which does
not contain any endpoint of complete geodesics of the type v(G), v € I'. Let H
be a half-plane of X such that z € H(co) C J, whose existence is guaranteed by
Lemma 5.2. Then, the entire I'-orbit of G is contained in X \ H. Therefore, z is not
a density point of the I'-orbit of any point of G, i.e., z ¢ L(T). ]

The following lemma concerns the existence of half-planes in nonpositively curved
Riemannian surfaces. Its role will be crucial while proving the non-controllability
results contained in Section 5.3.

Lemma 5.4 Let M be a complete, connected Riemannian surface with nonpositive
curvature and let X be its universal covering. Assume that M is of the second kind
and that X contains a heavy sector S. Then the canonical projection 11 : X — M
embeds in M a half-plane of X, contained in S.

Proof. We start the proof by noticing that, if there exists an open, nonempty, con-
nected subset U of S(00)\ L(T") such that v(U)NU = () for every v € I'\ {Id}, then ev-
ery half-plane H bounded by U and a geodesic with endpoints in U is embedded by I1
in M. Indeed, HN~y(H) # () implies that H (co)N(v(H))(oo) = H(co)Ny(H (0)) # 0
and vy must therefore be the identity. The existence of a geodesic with endpoints in
U follows from Lemma 5.2.

We distinguish two cases, depending on whether I' contains a hyperbolic isometry
or not.

Assume first that I' \ {Id} is made of parabolic isometries only. In particular, I’
is cyclic, since M contains no closed geodesic. Denote by v a generator of I'. The
set of fixed points of v on X (0c0) is closed and nonempty. If it does not contain
S(00), then there exists an open, nonempty, connected subset U of S(oo) such that
Y(U)NU = B, for every j € Z\ {0}. Then the lemma follows from the above
remark. We are left to deal with the case in which every point of S(o0) is fixed by
~. Consider a parameterized geodesic ¢ : R — X such that ¢(4+00) and ¢(—o0) are
both in S(c0). Since 7 fixes the endpoints of ¢, then P, the set spanned by all the
geodesics parallel to ¢, is invariant under the action of . The set P, is isometric to
R x ¥, where ¥ is a closed geodesic line in X (see [2, Lemma 2.4]). By hypothesis,
¢ bounds no flat half-plane, therefore ¥ is bounded. Since 7 induces a continuous
transformation of X, there must exist at least one complete geodesic of X fixed by
~. Thus ~, which is a non-hyperbolic isometry of P., is the identity transformation,
and the statement of the lemma is trivially true. (Notice that the argument, which
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16 Chitour & Sigalotti

Figure 2.

follows the proof of Lemma 6.8 in [2], shows that v has at most one fixed point in
the interior of S(c0), unless I' = {Id}.)

Assume now that I' contains at least one hyperbolic isometry. According to
Lemma 5.3, then, £(I") N S(c0) = A(T") N S(c0). Notice that, by definition of heavy
sector, for every complete geodesic G with at least one endpoint in the interior
of S(00), the half-planes bounded by G are not flat. Therefore, £(I') N S(co) has
nonempty interior, since otherwise (6) would imply that M is of the first kind. In
particular, S(co) is not contained in £(I'). Fix z € S(c0) \ £(I'). According to the
remark at the beginning of the proof, it is enough to prove that z is an isolated point
of the I'-orbit of z in X (c0). To this extent, let us show that the I'-orbit of z in
X (00) has no density point in the interior of S(o0)\ £(T'). Assume, by contradiction,
that there exist z; in the interior of S(oc) \ £L(I') and a sequence -, of isometries
in T" such that 7,(z) tends to z; as n goes to infinity. Let ¢:[0,00) — X be a ray
with ¢(+00) = z. Passing possibly to a subsequence, 7, (c(0)) converges to a point
zg of L(I'). According to Lemma 5.2, there exist two geodesics G; and G, each of
them having one endpoint in z1, such that the region of X bounded by G; and G-
contains 7, (c(0)) for every n. Thus, there exists a compact subset C' of X which
intersects each ray c,(-) = vn(c(:)), n € N (see Figure 2). Therefore, we can fix a
sequence t,, of positive real numbers such that, for every =z € X, ¢,(t,) has distance
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from z uniformly bounded with respect to n. Fix # € X and notice that

tn = d(cn(0), cn(tn)) = d(cn(0),2) — d(x, cn(tn)) ,

which implies that ¢, tends to infinity with n. Thus, c(¢,) tends to z as n goes to
infinity. On the other hand, 7;,*(z) has distance from c(t,) uniformly bounded with
respect to n. It follows that, as n goes to infinity, v, !(z) converges to z, which
contradicts the fact that z does not belong to £(T"). ]

5.2 Controllability results

Let us begin the section with the following, elementary remark. Consider a complete
Riemannian surface M, with no restriction on the sign of its curvature K. Setting t =
1 and T = 2 in (5), we have that, for every ¢ € N and £ > 0, e/ (¢) € Int(A2(M,¢)).
Fix ¢ and let ¢’ vary in By(q,2), which is a relatively compact neighborhood of q.
The continuous dependence of AZ, (M,e) on ¢’ implies that there exists p(g, q) € (0,1)
such that, for every ¢’ € By(q,2),

dt

BN(e q/);P(5,Q)) C Aq’<M76) :

Therefore,
q € Int(Ay(M,e)) if ef(q') € B(q,ple,q)). (17)

Indeed, for every ¢’ € N such that ef(¢) € B(q, p(e, q)), we have

dn(q,d) < dn(q,e’(d)) +dn(d, el (¢)) < 2.

Lemma 5.5 Let M be a complete, connected Riemannian surface. If ¢ € N and € >
0 ezist such that Ay(M,e) has finite volume, then M has finite area and Ay(M,e) =
N.

Proof. Fix ¢ € N and € > 0 such that A; = A,(M, ¢) has finite volume. We want to
prove that A, is empty. Let, by contradiction, g € 0A,, and define p = p(e, q) > 0,
where the function p satisfies (17). A well-known theorem by Krener ([11]) states
that any attainable set of a bracket generating system is contained in the closure of
its interior. Therefore, V = A, N Bn(q, p) has nonempty interior and, in particular,
positive volume. Since e/ is a volume preserving diffeomorphism of N (see, for
instance, [20]) and A, has finite volume, then the sets e"/(V), for n € N, cannot
be pairwise disjoint, being ™/ (V) C A, for every n € N. Therefore, there exist
ny < ng such that €™/ (V)N em2/ (V) is nonempty. Equivalently, there exists a point
¢’ in e™~m1=Df (V) whose image by e/ lies in V. Due to (17), the contradiction is
reached. ]
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18 Chitour & Sigalotti

Corollary 5.6 Let M be a complete, connected Riemannian surface with finite area.
Then the Dubins’ problem on M has the UCC property.

Notice that, in the nonpositive curvature case, if M has finite area then it is of the
first kind (see, for instance, [1]). The converse, clearly, is not true in general. It
is, however, when M is a finitely connected hyperbolic surface (see, for instance,
[18]). In particular, we proved that the Dubins’ problem on a finitely connected
hyperbolic surface of the first kind is UCC. Actually, first kind implies UCC in
complete generality, as it will be shown in Proposition 5.9.

Let us now prove the second part of Proposition 4.1. Recall that the geodesic
flow on M is said to be topologically transitive if there exists ¢ € N such that the
orbit of ¢ for the geodesic flow, is dense in V.

Proposition 5.7 Let M be a complete, connected Riemannian surface such that the
geodesic flow on M 1is topologically transitive. Then the Dubins’ problem on M has
the UCC property.

Proof. Fix gy € N such that
Oy = {e"(q0) | t € R}

is dense in N. The property formulated in (17) implies that, for every € > 0,

N =4, (M.e)U (4, (M),

9

where (A 0@ (M,e))” denotes the image of A qO—(M ,€) through the involutive diffeo-

morphism g — ¢~ . Hence, there exists a decreasing sequence ¢, converging to zero
as n tends to infinity, such that

gy € Agy(M,e,) for every n >1, (18)

or
q € Aqo_(M, en) for everyn>1. (19)

Without loss of generality, we can assume that (18) holds, since
Oqo_ = (OQO)i

is dense in IV, which means that the roles of gy and ¢, are symmetric.
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Since € — Ay, (M, ¢) is monotone with respect to the inclusion, then ¢p belongs
to the set
W={qeN|q € Ay(M,e) for every ¢ > 0}.

The UCC property for the Dubins’ problem on M is equivalent to the equality
N =W (see Remark 2.2). It is enough to show that Oy, C W, due to the density of
Oy in N.

This is trivial for what concerns the negative orbit of gg. Fix now &,¢ > 0 and no-
tice that A.is(4,)(M, ) contains a neighborhood V' of ¢’ = et Df (qo). Let, for every
e >0,q(-,e"):[0,T2] — N be a '-admissible trajectory such that ¢(0,¢’) = g and
q(Twr,€') = qo - Then, as €’ goes to zero, we have that T,/ goes to infinity, while, for
every L > 0, the restriction of ¢(-,¢’) on [0, L] (respectively, [T. — L,T./]) converges
uniformly to [0,L] > s — e/ (qy) (respectively, [T — L, To] 3 s v =T (g7)).
In particular, for ¢’ small enough, ¢(t + 1,&') and ¢(7T. —t — 1,&’)~ belong to V.
Provided that ¢/ < ¢, an e-admissible trajectory steering e/ (go) to (e*/(go))~ can
be obtained by gluing three e-admissible sub-trajectories, the first one going from
et (qo) to q(t + 1,€'), the second one coinciding with the restriction of ¢(-,&’) on
[t +1,T. —t — 1], and the last one connecting q(7.s —t — 1,¢') and (e*/(g0))~. =

Before stating sufficient conditions for UCC on nonpositively curved Riemannian
surfaces, we prove the following technical result.

Lemma 5.8 There ezist two functions 6, R : (0,00) — (0,00) such that, for every
e > 0, for every Riemannian surface M, for every p € M such that R(e) < i,(M),
K < 0 on By(p, R(g)), and fBM(nR(E))(—K)dA < é(¢g), for every q € UyM, there

exists an e-admissible trajectory going from q to q— and contained in U By (p, R(¢)).

Proof. Notice that it is enough to prove the existence of §(1) and R(1) as in the
above statement. Indeed, fix ¢ > 0 arbitrary. Given a complete Riemannian surface
M = (M,m), denote by M*® the Riemannian surface (M,em). Let, moreover, K¢
and dA® be, respectively, the curvature and the surface form on M¢. Then K¢ = ¢K,
dA = ed A%, and, for every p € M and r > 0, Bys(p,er) = Bye(p,r). Thus,

/ (—K)dA = (—K°)dA.
By (pser) Buye(pr)

The reduction to the case ¢ = 1 is proved (with eR(¢) = R(1) and d(¢) = (1)),
since an e-admissible trajectory in M is a 1-admissible trajectory in M¢ and i,(M) =
i, (MF®).

Let ¢ = (p,v) and R be, respectively, a point of N and a positive constant such
that R < i,(M) and K < 0 on By(p, R). Denote by @ the square [-R/2, R/2] x
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20 Chitour & Sigalotti

[-R/2, R/2] C R?, endowed with the metric ¢ym. Recall that the Dubins’ problem
on @ is described by the equations (13-15).

Let u:[0,T] — [—1, 1] be a 1-admissible control function, and denote by (x(-), y(-),0(+))
the coordinates of the corresponding trajectory starting from a given (zg,yo,60) €
UQ.

Assume that (z(t),y(t),0(t)) € UQ and z(t) > 0 for every ¢t € (0,7). We can
define a map 7 : [xg,2(T")] — [0,7] by means of the relation x(7(§)) = £. Notice
that 7 is continuous, as well as the function 7 : [z, z(T)] — R which maps ¢ to
n(&) = y(7(€)). Let 2 be the open region of () defined by

Q = Uee(zo,ar)1(1(8)),

where, for every | € R, I(l) denotes the open interval with 0 and [ as boundary
points.
Let (X,Y,0) be the solution of

X =cosO,
Y =sin©,
O = u,

with initial condition (X (0),Y(0),0(0)) = (x0,yo,6o)- For every t € [0,T],

' By(z(s),y(s)) ;
/Ocos(e(s)) B(m(s),y(s)) / By( £n(§))d§|

/:t) % </f(77(§)) Bu(&,0 ) / N / P& v ds,

where the last equality follows from (8). Since the surface element dA of @ is equal
to B(&,v)dv d§, we have

0(t) —O@) =

IN

0() — O(1)] < /Q (—K)dA. (20)

Integrating the equations satisfied by y(-) and Y'(-), we get, for every ¢ € [0, T,

Iy \</ 10(s) yds<t/Q( K)dA. 21)
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Similarly, we obtain

w(t) — X (1) = /Ot (lm—cos(@(t))) dt’
< /Ot (cos(&(t))—cos(@(t)))dt‘+ /:t) (1—B(£,n(£)))d£|
< / dA+/ (/ e y(g,v)dv> dé
_ / dA+/xt (/ oo (/( )( K(g,l)B(g,l))dl) dv) de
= ¢ (KA / " ( / o)) (&)—ll(—K(ﬁ,l)B(&l))dl) ¢
< <t+(m(t)—a:0)2> /Q( K)dA
< t(l—i—];) /Q(—K)dA. (22)

Let

5= /Q (—K)dA. (23)

Our aim is to show that, under suitable assumptions on R and ¢, there exists
a l-admissible trajectory contained in U() which steers (0,0,0) to (0,0, —m). As a
model we consider the teardrop in the plane of size one, whose projection is contained
in a square of center (0,0) and edge six.

Let a € (0,7/2) and consider the trajectory (z7(-,),y"(-,a),07(-,a)) in UQ
with initial condition (z(0,«),y*(0,a),8%(0,a)) = (0,0,0) corresponding to the

control
1 if 0<s<a
+ _ — — )
v (S’a)_{—l if s> .

Let t*(a) be the first time ¢ at which 6% (t,«) = —n/2. The fact that a finite
t*(a) with such property exists, for § and 1/R small enough, depends on the following
considerations. First, notice that the trajectory is defined as long as its projection on
the plane (z,y) stays in Q; thus, for a time Ty,ax larger than R/2. If % (s,a) > 0 for
every s € [0,t], then |0 (t,a) — [{ uT(s,a)ds| < 4, as it follows from (20). Assume
that

d<m/2—q. (24)
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§ tT(a)

st o I 420+

Figure 3: The graph of 61 (-, ).

In particular, 27 (¢,) > 0 until 67 (-, o) assumes the value —7/2 or up to time Tax-
If, moreover,
R > 21+ 2a (25)

then Thax > R/2 > /2 + 20+ 6 and, since [;/*"ut(s,a)ds = —r/2, t+(a) is
well defined and satisfies

t+(a)—72r—2a‘ <. (26)

(See Figure 3.) Let u (r,a) = —u™(-,a), define (z7(-,a),y (-, a),0 (-, a)) as
the trajectory in UQ corresponding to the control u™ (-, «) with initial condition
(z7(0,),y(0,x), 07 (0,x)) = (0,0,0). As above, if 6 and R satisfy (24) and (25),
then ¢t~ (), the first time ¢ for which 67 (¢, a) = /2, is well defined and the estimate
‘t(a) — g — 204‘ <4 (27)
holds true.
Fix R = 37 and notice that, as a consequence, (25) is always satisfied. Let U be
a neighborhood of (7/3,7/3) compactly contained in (0,7/2) x (0,7/2). Then there
exists dg > 0 such that, if § < g, then

Flao, ar) = (& (1" (ap), a0), y™ (17 (ap), a0)) = (7 (™ (1), a1), 5~ (t (1), 1)),

(28)
is well defined for every (ag, 1) in U, and

tT(ap), t (a1) <

| W

.
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Figure 4.

Notice that dy depends only on the choice of U. The quantity |F(ao, «1)| measures
how far the two trajectories corresponding to the controls u™ (-, o) and u™ (-, 1) are
from matching their ends (see Figure 4). The lemma is proved if we show that the
minimum of |F| on U is equal to zero.

Let, for every a € (0,7/2), (X*(-,a),Y*(-,a),0%(-,a)) be the trajectories in
UR? = R? x S' corresponding to the controls u® (-, o) and to the initial conditions
(XE(0,0),Y*(0,a),0%(0,a)) = (0,0,0). For every (ag, 1) in U, let

g(ao,al) = (X+(7r/2+2a0,a0),Y+(7r/2+2a0,040))—(X_(7r/2+2a1,a1),Y_(7r/2+2a1,a1))
= 2(sinap — sinay, —cos oy — cosaq)

which is the flat counterpart of F. Remark that, by construction, G(w/3,7/3) =
(0,0). Moreover,

det DG(/3,7/3) = det ( cosy —cosy ) _ V3

M s : T )
sin g sin 5 2

and so if S! 3 s — (ag(s),a1(s)) € U is a simple closed loop encircling (7/3,7/3)
and being close enough to (7/3,7/3), then s — G(ao(s),a1(s)) encircles (0,0). Fix
a loop (ap(+),a1(-)) of such kind and let

r= ?61‘191} dr2((0,0),G(ap(s),a1(s))) > 0.

We stress that r, by construction, is independent of the specific point p and of the
manifold M. In fact, it depends only on the dynamics of the flat Dubins’ problem.
According to (21) and (22), we get, for every (ag, 1) € U and for j =0, 1,
R 3 3
o ay). ) = X o) ap)| < () (145 )8 < (14 57) 8,
(), ) = YE(t5 (), 05)] < ()6 < S
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On the other hand, for for every (ag, 1) € U and j =0, 1,

I XE(tF(a)), ) = X (/2 + 20, 05)] < 6,

Yt (), 05) = YE (/24 205, 05)] < 0,

as it follows from (26) and (27). Therefore, by triangular inequality,
| F(ap, 01) — G(ap,01)] < oo,

for every (ap,a1) € U, where ¢ is a universal positive constant. If

5gmm{%,r}, (29)
Co

then it follows from standard degree theory considerations that there exists (ag, 1)
in U such that F(ag,a1) = (0,0). The lemma is proved, with R(1) = 37 and (1)
equal to the right-hand side of (29). ]

From now on, let, for every complete Riemannian surface M, for every p € M and
r >0,

@(p,r):/B( )KdA.
MA\D,T

Proposition 5.9 Let M be of the first kind. Then the Dubins’ problem on M is
UcCce.

Proof. Fix ¢ € N and ¢ > 0. Motivated by Remark 2.2, we are going to prove
the so-called weak controllability from q, i.e., that there exists § € A(q,¢) such that
g~ € A(g;e).

Let § € UX be such that IT,(§) = ¢ and define §; = e/(§). Recall that, due to
(5), 1 belongs to the interior of A;(X,e). Therefore, there exists p > 0 such that,
for every 6 € [—p, p], the ray [0,00) > s — exp(s,e?(G;)) is projected by II in the
interior of 7(A,). Denote by S the sector of X spanned by all rays exp(-,e’(q;)),
AS [_pv P]

Consider the case in which there exists p € S such that ®(p, R(¢)) > —d(e), where
R(-) and 4(+) are the functions whose existence was established by Lemma 5.8. Notice
that i,(X) = oco. Then, for every ¢ € U,X, we would have ¢~ € A4(X,¢e). Since
UpX N Az(X,e) # 0, then the weak controllability from ¢ would follow. Thus, we
can assume that S is heavy.
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Figure 5.

Recall that M contains at least one closed geodesic G (see Remark 3.3). The set
II"'(G) is the union of infinitely many complete geodesics. Let G be one of these
lifts of G. Fix one endpoint of G and denote it by z.

Lemma 5.3 implies that, without loss of generality, z € S(cc0) and G is not the
boundary of a flat half-plane. Since G is the axis of a hyperbolic isometry contained
in T, it follows from (6) that there exist components of II~!(G) which are entirely
contained in S. Thus, we can assume that G C S (see Figure 5).

Choose a parameterization c: R — X of G. A standard application of Topogonov
theorem to the triangle (7 (1), c(t),¢(0)) shows that the angle between G and the
segment from m(g;) to c(t) goes to zero as ¢ goes to plus or minus infinity (see [2],
p.34).

Fix p € G and let 0 > 0 be such that, for every ¢ € U,M, By(¢',0) C
Ag_f(q,)(M ,€). There exists a ray from 7(§), contained in S, which intersects G
at a point which projects to p, with an angle smaller than o, and at a distance from
7(q) larger than one.

Therefore, there exists an admissible curve for (D) which starts from the point-
with-direction ¢ and arrives tangentially on G. Moreover, the same procedure can
be applied in order to arrive tangentially on G with the opposite orientation. Gluing
pieces of admissible trajectories, one obtains an admissible strategy which connects
q with ¢~. [ ]
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In the above proof we additionally gave an argument for the following proposition.

Proposition 5.10 Let M be a connected complete nonpositively curved Riemannian
surface and denote by X its universal covering. If, for every r > 0 and every sector
S of X, sup,es ®(p,r) = 0, then the Dubins’ problem on M is UCC.

Remark 5.11 Iflim,_ ., perr K (p) = 0, then, for everyr > 0, limy, o0 pex ®(p,7) =
0 and so the Dubins’ problem on M is UCC. This does not come unexpected. Indeed,
it is a special case of [4, Theorem 5.14], where unrestricted complete controllability
was proved for all complete, connected Riemannian surfaces whose curvature tends
to zero at infinity.

Corollary 5.12 If K <0 and [,; KdA is finite, then the Dubins’ problem on M is
vcc.

Proof. Assume that the UCC property does not hold. In particular, M is of the
second kind and, according to Proposition 5.10, there exist » > 0 and a sector S in
X such that
sup®(p,r) <0, (30)
pES
where X denotes the universal covering of M. Then S is heavy and Lemma 5.4
guarantees the existence of a half-plane H C S embedded by II in M. Finally,
Jy KdA = [ KdA = —o0. ]

Remark 5.13 Let M be a complete, connected unbounded Riemannian surface and
assume that K < 0 outside a compact subset C of M. Then, for every p € M \ C,
for every q € U,M, the square [—d(p,C)/2,d(p,C)/2] x [—d(p,C)/2,d(p,C)/2] can
be endowed with the metric ¢;m. Therefore, for every r > 0, on a complement of a
compact subset of M, which depends on r, it is possible to define

<A15(p,r) :/ KdA,

B(p,r)

where B(p,r) is the ball of center (0,0) and radius v contained in a sufficiently large
square of the type [—p,p] X [—p,p] endowed with ¢;m, for some q € UyM. The
definition makes sense, since the value of fB(p,r) KdA does not depend on the choice
of q. Clearly, if i,(M) > r, then ®(p,r) = ®(p, 7).

If limy oo 5(}9, r) = 0, then the Dubins’ problem on M is UCC. Indeed, it is a
general fact that on an unbounded surface M every attainable set is unbounded (see
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Lemma 5.5). Then, for every ¢ > 0 and every q € N, there exists ¢ € Ay(M,¢e) such
that ®(m(q), R(¢)) is well defined and it is larger than —0(c). Applying Lemma 5.8
to (—R(e), R(e)) x (—R(e), R(e)), endowed with ¢7m, we obtain the desired weak
controllability from q.

5.3 Non-controllability results

Lemma 5.14 Let M be a complete Riemannian surface. If a half-plane H in M
exists, such that supy K < 0, then the Dubins’ problem on M 1is not UCC.

Proof. Let a = |supy K| > 0. Fix a system of geodesic coordinates (x,y) on H such
that H is parameterized by {(z,y)| x € R, y > 0}. Let us compare F(z,y), defined

as in (12), with
G(y) = Vatanh (Vay) ,

the solution of (16) corresponding to K = —a. If (z,y) € H and F(z,y) = G(y),
then Fy(z,y) — Gy(y) = —K(x,y) — a > 0. Therefore

F(z,y) > vatanh (Vay) . (31)

Let ¢ = (0,1,7/2) € UH. We claim that, for £ small enough, the attainable set
Aq4(M,¢) is contained in the interior of UH. Indeed, let ¢ € (0, /atanh(y/a)) and
consider any admissible control u : [0,00) — [—¢,¢]. Denote by (z(:),y(-),0(-))
its corresponding trajectory such that (x(0),y(0),0(0)) = ¢. Define 6y € (0,7/2)
through the relation

Vatanh (y/a) cosfy = ¢ (32)
and let

T=sup{Tt >0|m—6y<6(r) <b}.

Notice that y(t) > 1 for every ¢t € [0,T). It follows from (31) that F'(x(t),y(t)) >
Vatanh(y/a) for every t € [0,T). Therefore, if T' were finite, then

F(z(T),y(T))cosBg > e,
F(z(T),y(T))cos(m —6y) < —¢.

This would not be compatible with (15), the equation satisfied by 6(-), and the
definition of T ]

Corollary 5.15 If K is uniformly negative and M is of the second kind, then the
Dubins’ problem is not UCC. More precisely, if 0 < € < |sup,, K| then (DM) is not
completely controllable.
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Proof. The first part of the statement follows from Lemma 5.4, which ensures that
IT embeds a half-plane of X in M. The quantitative assertion is easily derived from
the proof proposed for Lemma 5.14, where the point ¢; = (0,1, 7/2) can be replaced
by (0,y,7/2), with y arbitrarily large. [ ]

Lemma 5.16 Let M be a complete Riemannian surface. Let H C M be a half-plane
such that K is nonpositive and bounded on H. Assume that there exists r > 0 such
that sup,cpy ®(p,7) < 0. Then the Dubins’ problem on M is not UCC.

Proof. Parameterize H over {(z,y)| z € R, y > 0} with a system of geodesic coor-
dinates. By contradiction, let us assume that the Dubins’ problem on M is UCC.
Therefore, for every € > 0, there exists a curve leaving from (0,0) in the direction
(0,0,7/2) and coming back to H in finite time, having geodesic curvature bounded
by . In particular, there exists an e-admissible trajectory ¢ = (z,y,0):[0,7] — N
such that ¢(0) = (0,0,7/2) and ¢(T') = (z(T),y(T), kr), with z(T) € R, y(T) > 0,
and k£ € {0,1}.

Without loss of generality, 6(t) € (0,7) for every ¢t € [0,T). Hence, t — y(t) is
nonnegative and strictly increasing on [0, T']. Notice that 7" tends to infinity as € goes
to zero, since otherwise Ascoli theorem would immediately lead to a contradiction.

The following claim will be repeatedly applied.

Claim 5.17 For every p,7 > 0, there exists €(p, ) > 0 with the following property:
Let~:]0,7] — H be a curve with geodesic curvature bounded by £(p, T), parameterized
by arc-length and such that ¢s)([0, 7] X [—=p, p]) is contained in H; then, for every

t €10, 7], dist(y(¢), exp(t,7(0))) < p.

To prove the claim, it is enough to reason in geodesic coordinates, which are globally
defined in UH. Then, as ¢ approaches zero, a standard perturbation argument
applied to the system (13-15) yields the result. Notice that ¢ can be chosen only
depending on 7 and p, because K is uniformly bounded from below.

Up to a global rescaling of M, as performed in the proof of Lemma 5.8, we can
assume that r = 1/4. Assume from now on that ¢ < £(1/4,1) and T > 2.

Let T1 be the largest number between 7' — 2 and the maximal time ¢ € [0,7))
such that 0(t) = 7/2. Let, moreover,

Q= Ute(ThT){ﬂf(t)} X (O,y(t)) )

and D be the disk of center p = exp(1/2,Rq(T — 1)) and radius 1/4. Assume that
O(T) = 0 (symmetric arguments hold when 0(T) = m). Gauss-Bonnet theorem,
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exp(T—T+1, ¢(T—1))

Figure 6.

applied to €2, implies that

T
9(T1)+/(—K)dA: —/ u(t)dt
Q T
Since both 6(T1) and [,(—K)dA are nonnegative, then

/ byt

VA

0(T)), /Q (—K)dA < <%, (33)

A contradiction is reached if we show that, for £ small enough, D is contained
in Q. It follows from (33) and the definition of T} that, for e < 7/4, Ty =T — 2.
Claim 5.17 implies that y(1) > 3/4. Thus, the y-component of p is larger than
y(I' —1) —1/2 > y(1) — 1/2 > 1/4. Therefore, D does not intersect the line
{(z,0)| z € R}. If D contained a point of the type 7(q(7)), for 7 € [T — 2, T}, then
the distance from p to the geodesic s — exp(s,¢(T — 1)) would be smaller than

d(p. 7(a(r)) + d(x{a(r), exp(r T+ 1,q(T ~1) < ..
(See Figure 6.) Therefore, drawing the minimizing segment from p to the consid-
ered geodesic, we would construct a triangle (having p and 7(¢(7 — 1)) as two of
its vertices) with two orthogonal angles. This is impossible, due to Gauss-Bonnet
theorem.

Assume now that y € [0, y(T")] exists such that (z(T'),y) belongs to D. Then the
distance from exp(—1,¢(T)) to the geodesic s — (z(T), s) is strictly smaller than
one. Again, this leads to a contradiction.

The same argument shows that D does not intersect 3 = {exp(s, Rq(T' —2))| s €
J}, where J is the maximal interval containing zero such that exp(s, R¢(T'—2)) € H
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for every s € J. Since §(T — 2) is contained in (0,7/2), and ¥ cannot intersect
{(x(T —2,y)| y > 0} twice, then the stated inclusion of D in 2 follows. ]

From Lemma 5.4, one easily obtains:

Corollary 5.18 Let M be a complete, connected Riemannian surface. Assume that
K is nonpositive and bounded on M and that M is of the second kind. Let X be the
universal covering of M. Assume that sup,cg ®(p,r) < 0 for some sector S of X
and some r > 0. Then the Dubins’ problem on M is not UCC.

5.4 Riemannian surfaces with nonpositive curvature outside a com-
pact set

In this section, let us focus on Riemannian surfaces with sign-varying curvature,
allowing K to be positive on a bounded set. Recall that a subset U of a finitely
connected complete Riemannian surface M is called a Riemannian half-cylinder if it
is diffeomorphic to S* x [0, c0). With a Riemannian half-cylinder U, we can associate
its curvature at infinity Koo(U) = — [; KdA — k(0U), where k(OU) denotes the
integral of the geodesic curvature of OU. Cohn-Vossen theorem guarantees that
K (U) > 0. When K (U) is strictly positive, U is called a strict Riemannian half-
cylinder. Notice that the quantity K. (U), together with the property of U being
strict, only depends on the end of M associated with U.
We can prove the following.

Proposition 5.19 Let M be a finitely connected complete Riemannian surface such
that K is bounded and monpositive outside a compact set. Assume, moreover, that
every Riemannian half-cylinder in M 1is strict. Then the Dubins’ problem on M
is UCC if and only if, for every half-plane H contained in M and every r >
0, sup,cg ®(p,7) = 0. In particular, the Dubins’ problem on M is (i) UCC if
Jyy KdA > —oo; (i) not UCC if there erists a strict Riemannian half-cylinder
U C M such that sup,c;; ®(p,r) < 0 for some r > 0.

We do not provide a complete argument, since Proposition 5.19 basically follows
from what precedes and from the results of Shioya (|21]). Let us just sketch the
main points of the proof.

Shioya proved that, if U is a strict Riemannian half-cylinder, then, through every
point of U far enough from OU, passes a complete geodesic ¢: R — M, contained in
U and which has a finite number n(U) of self-intersections (only depending on U).
In addition, n(U) = 0 if [; KdA = —oo, which means that U contains a half-plane
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of M. When n(U) > 1, the self-intersections of ¢ are regular in the sense defined in
Chapter 1 of [21]. Such notion of regularity guarantees that, up to reorientation of
¢, the restriction of ¢ to R X [0, +00) takes values in U and each of its pre-images
is finite, with cardinality bounded by n(U) + 1. Therefore, ¢y (R x [0, +00)) lifts
to a nonpositively curved half-plane.

If there exist > 0 and a half-plane H contained in M such that sup,cy ®(p,r) <
0, then the Dubins’ problem on M is not UCC (Proposition 5.16).

Fix ¢ € N and ¢ > 0, and assume that, for every half-plane H contained in
M and every r > 0, sup,cy ®(p,7) = 0. Recall that A4(M,e) is unbounded.
If [, KdA > —oo for some Riemannian half-cylinder U, then, for every r > 0,
limper, pooo @(p,7) = 0 (for the definition of ®, see Remark 5.13). If A,(M,e)
contains a point ¢ such that ®(7(§), R(¢)) = 0, then the weak controllability from
q is proved. Otherwise, there must exist a Riemannian half-cylinder U such that
Jy KdA = —oo and w(Aq(M,e))NU is unbounded. Thus, there exist a parameterized
complete geodesic c(-) of the type described above and ¢ € 7=1(c(0)) N A(g, ) point-
ing inside the half-plane @) (R x [0, +00)). From the usual reasoning based on (5),
Pe(0) (R x [0, +00)) N7 (Ay(M,€)) contains a sector S. If limpes, p—0o P(p, R(€)) = 0,
then the weak controllability from ¢ follows. Otherwise, [¢ KdA = —oo. From a
visibility property analogous to Lemma 5.2, it follows that S contains a half-plane
of M. The weak controllability from ¢ follows.

Remark 5.20 The argument above shows that, when sup,cy ®(p,r) = 0 for every
half-plane H contained in M and every r > 0, UCC holds even in the case in which
K is unbounded. Analogously, Lemma 5.1/ implies that, if K is uniformly negative
(possibly unbounded) on a strict Riemannian half-cylinder, then the Dubins’ problem
on M is not UCC.

6 Remarks on optimal control

Let M be a complete connected Riemannian surface with nonpositive curvature. Fix
@1 = (p1,v1), g2 = (p2,v2) € N and assume that g € Ay, (M, ). Then, there exists
an e-admissible curve ¢ : [0,7] — N such that ¢(0) = q1, ¢(T) = g2, and which
minimizes 7.

The Pontryagin maximum principle, applied to ¢(-), implies that there exist A :
[0,7] — T*N and ¢ > 0 such that, for almost every ¢ € [0,T], A(t) € T, N \ {0}
and the function

Hy(\) =\ f(@) +uNg(q), A€T;N, qeN, uc[—¢¢]
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verifies
HyyA@) = (A f(@) +el(A®), 9(a))] (34)
At) = Hyp(A1), (35)

where, for every u € [—¢,¢], E: denotes the Hamiltonian vector field associated with
H, :T*N — R. Moreover, for almost every t € [0, 7],

Hy)(A(t) = c. (36)

We can associate with ¢(-) and A(-) the following three functions, defined on the
interval [0, 7],

pr(t) = (A®), fla())),

pa(t) = (A1), 9(a(®)))

pa(t) = (M) [/ 9l(q

Remark that

u(t) = sign(pa(t)) (37)
for almost every t such that o(t) # 0 and that
o1 ()] + lp2(t)] + s(t)] # 0 (38)

for every t, since A(t) # 0 and f, g, and [f, g] are everywhere linearly independent.
A singular arc (respectively, bang arc) is the restriction of ¢(-) on a subinterval of
[0,T] where w2 = 0 (respectively, @2 # 0).

The functions @1, (2, 3 are solutions of the system of differential equations

¢i(t) = —u(t)es(t), (39)
Pa(t) = s(t), (40)
¢3(t) = u(t)pi(t) — K(q(t))pa(t) - (41)
From (36) we immediately get that uy; = uc — €22 and so, from (41), we deduce
P2 = —(K(q(t) + %) + u(t)c. (42)

Proposition 6.1 If K is uniformly negative and ¢ is small enough, then q(-) is the
concatenation of a bang, a singular, and a bang arc (some of which possibly having
zero length). Moreover, every singular arc is projected by m on a geodesic segment of
M. In particular q(-) follows the Dubins’ pattern.
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Proof. Assume that
K < —¢2. (43)

Then, (37) implies that ¢o(t)p2(t) > 0 for almost every ¢t € [0,T]. Let 7 € [0,T) be a
such that p2(7) = 0 and @2 > 0 on a left neighborhood of 7. Then ¢3 > 0 on (7, T].
Symmetric arguments show that the set {¢t € [0,7]| 2(t) # 0} has at most two
connected components and that ¢(-) is the concatenation of a bang, a singular, and
a bang arc. Let now I C [0, 7] be a singular arc. We want to show that u(t) = 0 for
almost every ¢ € I. From (40), we have that 3 = 0 on I. Plugging the information
in (39) and (41), we get that ¢; is constant and that ¢;(¢)u(t) = 0 for almost every
t € I. Due to (38), anyhow, ¢ # 0, and thus 7 (¢|;) is actually a geodesic arc. m

Remark 6.2 Notice that the proof that a singular arc is projected by m on a geodesic
segment on M does not require any assumption on K.

References

[1] BALLMANN W., Axial isometries of manifolds of non-positive curvature, Math.
Ann., 259 (1982), pp. 131-144.

[2] BALLMANN W., GROMOV M., AND SCHROEDER V., Manifolds of nonpositive
curvature, Progress in Mathematics, 61, Birkhduser, Boston, 1985.

[3] BoscAIN U. AND CHITOUR Y., Time optimal synthesis for left-invariant control
systems on SO(3), accepted for publication in SIAM J. Control Optim.

[4] CHITOUR Y., Applied and theoretical aspects of the controllability of nonholo-
nomic control system, PhD Thesis, Rutgers University, 1996.

[5] CHITOUR Y. AND SIGALOTTI M., On the controllability of the Dubins’ problem
for surfaces, prépublication de 'université Paris-Sud, no. 2003-50, 2003.

[6] CoHN-VOsSEN S., Kiirzeste Wege und Totalkriimmung auf Flichen, Compositio
Math., 2 (1935), pp. 69-133.

[7] DuBINs L. E., On curves of minimal length with a constraint on average cur-
vature and with prescribed initial and terminal positions and tangents, Am. J.
Math., 79 (1957), pp. 497-516.

[8] EBERLEIN P. AND O’NEILL B., Visibility manifolds, Pacific J. Math., 46
(1973), pp. 45-110.

RR n° 5378



34

Chitour & Sigalotti

[9]

[10]

[11]

[12]

[13]

[14]

JURDIJEVIC V., Geometric control theory, Cambridge Studies in Adv. Math., 52,
Cambridge Univ. Press, Cambridge, 1997.

KLINGENBERG W., A course in differential geometry, Grad. Texts in Math.,
Vol. 51, Springer-Verlag, New York-Heidelberg, 1978.

KRENER A., A generalization of Chow’s theorem and the Bang-Bang theorem
to non-linear control problems, SIAM J. Control, 12 (1974), pp. 43-51.

LoBry C., Controlabilité des systémes non linéaires, SIAM J. Control, 8 (1970),
pp. 573-605.

LyUSTERNIK L. A. AND FET A. 1., Variational problems on closed manifolds
(russian), Doklady Akad. Nauk SSSR (N.S.), 81 (1951), pp. 17-18.

MITTENHUBER D., Dubins’ problem in the hyperbolic plane using the open disc
model, Geometric control and non-holonomic mechanics (Mexico City, 1996),
115-152, CMS Conf. Proc., 25, Amer. Math. Soc., Providence, 1998.

MITTENHUBER D., Dubins’ problem is intrinsically three-dimensional, ESAIM
Control Optim. Calc. Var., 3 (1998), pp. 1-22.

MONROY-PEREZ F'., Three-dimensional non-Euclidean Dubins’ problem, Geo-
metric control and non-holonomic mechanics (Mexico City, 1996), pp. 153-181,
CMS Conf. Proc., 25, Amer. Math. Soc., Providence, 1998.

MURRAY R. N., L1 Z. X., AND SASTRY S. S., A mathematical introduction
to robotic manipulation, CRC Press, Boca Raton, 1994.

RaArcLirre J. C., Foundations of hyperbolic manifolds, Grad. Tezts in Math.,
149, Springer-Verlag, New York, 1994.

REEDS J. A. AND SHEPP L. A., Optimal paths for a car that goes both forwards
and backwards, Pacific J. Math., 145 (1990), pp. 367-393.

SAkAl T., Riemannian Geometry, Transl. Math. Monogr., 149, Amer. Math.
Soc., Providence, 1996.

SHIOYA T., Behavior of distant maximal geodesics in finitely connected complete
2-dimensional Riemannian manifolds, Mem. Amer. Math. Soc., 108 (1994).

INRIA



Dubins’ problem on surfaces I1 35

[22] SussMANN H. J., Shortest 3-dimensional paths with a prescribed curvature
bound, Proc. IEEE CDC (New Orleans, 1995), pp. 3306-3312, IEEE Publica-
tions, New York, 1995.

[23] SussMANN H. J. AND TANG G., Shortest paths for the Reeds-Shepp car: a
worked out example of the use of geometric techniques in nonlinear optimal
control, Rutgers Center for Systems and Control Technical Report 91-10, Sept
1991.

[24] THORBERGSSON G., Closed geodesics on non-compact Riemannian manifolds,
Math. Z.,159 (1978), pp. 249-258.

RR n° 5378



/<

Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopdle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-1és-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhone-Alpes : 655, avenue de I’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Editeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
http://www.inria.fr

ISSN 0249-6399



