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on the dynamics of prices. We give a characterization theorem for the optimal
logarithmic portfolio of an investor with a different information flow from that
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tion case which we extend in order to incorporate the enlargement of filtration
techniques for markets with insiders. Finally, we consider a market with an
insider which influences the drift of the asset process. This last example, which
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the insider in the market.
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Maximisation d’utilité dans un marché financier
influencé par un initié

Résumé : On étudie un systéme stochastique controllé dont I'état est dé-
crit par une équation différentielle stochastique a coefficients anticipatifs. Ce
cadre est utilisé pour modéliser des marchés financiers en présence d’initiés qui
influencent les prix des actifs. On donne un théoréme de caractérisation de
la stratégie d’investissement optimale d’un investisseur qui veut optimiser une
fonction d’utilité logarithmique et qui dispose d’une information différente de
celle de I'initié. On obtient des résultats explicites dans le cas de I'information
partielle que I'on étend pour couvrir également les techniques de grossissement,
de filtration des marchés avec initiés. Finalement, on considére un exemple
qui sort du cadre des techniques de grossissement de filtration et qui concerne
un investisseur qui observe des prix dont la dérive est influencée par un initié.
Cet exemple permet de mettre en évidence le fait que la prise en compte de la
présence de l'initié modifie la stratégie et 1'utilité optimale de I'investisseur.

Mots-clés : calcul stochastique anticipatif, controle en observation partielle,
intégrales forward, calcul de Malliavin, marchés financiers avec initiés.
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1 Introduction

In most of the research of modelling of insiders problems (see Karatzas-Pikovsky
[KP], Imkeller [Im], Grorud-Pontier [GP], ...) one postulates the asset price
dynamics as the one determined by the small investor. The insider has an
additional information in the form of a random variable which depends on fu-
ture events. The financial problem is to evaluate the advantage of the insider
in the form of additional utility and optimal portfolio. Mathematically, the
problem is to determine the semimartingale decomposition of the Wiener pro-
cess in the filtration enlarged with the additional information of the insider.
Then one can express the dynamics of the prices for the informed agent and
compute the optimal investment strategy for this informed agent.

In this article we study this problem from a different point of view. That is,
we assume there exists an insider who is also a large trader and therefore can
influence the prices of the underlying assets with his/her financial behavior.
The small investor is a price taker and the dynamics he assigns to these prices
are not necessarily the same as the one observed by the insider due to the
information difference. We are interested in analyzing the question of the
optimal investment strategy of the small investor in front of such a situation.
This point of view was already partly studied in @ksendal-Sulem [@S] although
the financial consequences and modelling possibilities for models of markets
with insiders were not exploited there.

Mathematically, the asset price is generated by an anticipating stochastic
differential equation, since asset prices have coefficients which are not neces-
sarily adapted to the filtration generated by the Brownian motion. We study
a logarithmic utility maximization problem of final wealth in this anticipating
market. We suppose that the investor’s portfolio is adapted to a filtration
which is not necessarily the same as the filtration of the insider or the one
generated by the Brownian motion, for example the filtration generated by
the underlying asset price.

We give a characterization theorem (Theorem 3.1) of optimal portfolios for
the investor which is later applied to various examples to prove optimality of
the proposed policies. The optimal portfolios can be interpreted as projection
formulas of Merton type solutions plus an extra term (denoted by a(t), see
Corollary 3.2) which is interpreted through the examples.

RR n° 5379



4 Arturo Kohatsu-Higa, Agnés Sulem

In Section 5 we consider and extend the important example of partial in-
formation. We first consider the typical situation of a small investor who does
not have the information of the random drift driving the price process (see
Example 5.1). That is, the stochastic differential equation is adapted to the
filtration generated by the Brownian motion and the filtration of the small
investor is smaller than this filtration. This partial observation case is well
documented in the filtering theory literature.

In our general set-up, we extend this situation to the case when the random
drift can be anticipating (Proposition 5.2). This includes all known models of
insiders built with an initial enlargement of filtration technique. In this case,
the optimal portfolio of the insider coincides with the optimal portfolio of an
investor when the coefficients of the price dynamics are adapted to the enlarged
filtration (see Example 5.3).

In this generalized set-up one can also consider the optimal portfolio of
the small investor (see Example 5.4). In fact, we will see that in a market
where the price dynamics are driven by an insider, using the enlargement
of filtrations approach, the small investor with a filtration smaller than the
enlarged filtration becomes only a partially informed agent in an anticipating
world.

In conclusion the initial enlargement of filtrations approach for insiders
modelling becomes a particular case of our generalization of partial information
with a(t) = 0.

On the other hand, it remains to be seen if the general result given in
Theorem 3.1 always corresponds to a initial enlargement of filtration setup. A
partial negative answer to this question is given in Section 6. It seems that
the fact a(t) # 0 is related to the relationship between three filtrations: (i) the
natural filtration of the Brownian motion (F), (ii) the filtration to which the
coefficients of the SDE are adapted (G), (iii) the information of the investor

We thus address the issue: Is there a situation where a(t) # 0 and what is
the interpretation of a(t)? To answer this question we consider stock dynamics
where the drift is influenced by the insider through a smooth (in the sense of
stochastic derivatives) random variable and the noise is given by the original
Brownian motion (see Section 6). We suppose that a small investor observes
the price of the underlying asset and computes his/her optimal portfolio using

INRIA
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a logarithmic utility. The results lead to the following conclusion: If the small
agent decides that there is no insider in the market, he/she estimates the
drift of the underlying with the best estimator (the conditional expectation)
with respect to his information, builds a geometric Brownian motion as his/her
model to maximize the logarithmic utility. This calculation gives a suboptimal
portfolio.

The difference between this suboptimal portfolio and the optimal one as-
suming an anticipating model for the market with insiders is proportional to
a(t). Furthermore the difference in utilities is given by a quantity depending
on a(t) which appears due to the anticipating nature of the modelling (see
Remark 6.5.4.

In particular, the case considered in Section 6 does not seem to be related
with any enlargement of filtration. Nevertheless, this model is still a reasonable
one to study markets where the insider has an influence on the drift of the
underlying. Therefore this gives a new approach to insider modelling where
instead of modelling the information itself one models the effect of the insider
on the drift of the underlying.

2 Formulation of the problem

Let B(t) be a Brownian motion on a filtered probability space (€2, F, {F }>0, P)-
Let {G;}+>0 be a filtration such that

ftggtgf foralltZO (1)

Consider a financial market with one risky investment possibility, whose price
Si1(t) at time ¢ is described by a stochastic differential equation of the form

dS(t) = St [ut)dt + o (t)d"B(t)|, S(0) >0 2)

where u(t) = p(t,w) and o(t) = o(t,w) > 0 are Gi-adapted. Moreover we
assume that o is forward integrable and caglad. Since B(t) need not be a
semimartingale with respect to {G; }+>¢, the last integral in (2) is an anticipating
stochastic integral that we choose to interpret as a forward integral denoted
by d~B(t). We assume that p(t) and o(t) are such that Equation (2) has a

RR n° 5379



6 Arturo Kohatsu-Higa, Agnés Sulem

unique solution. Suppose the market also has a risk free investment possibility,
where the price Sy(t) at time ¢ is described by

dSo(t) = p(t)So(t)dt;  So(0) = 1

where p(t) = p(t,w) is a G-adapted process which satisfies E f(f lp(s)|ds < 400
for all .

Moreover we consider another filtration {H;};>o for modelling the infor-
mation of the investor but no assumption is made on the relation between
{Fi}20,1Gt }e=0 and {H;}iso-

Let us first address the arbitrage issue. We define the set of admissible
strategies defined as H;-adapted processes p(t) = (po(t), p1(t)) giving the num-
bers of shares hold in each asset, such that p; is forward integrable w.r.t. S
and caglad. Let p = (po, p1) be an admissible strategy. The associated wealth
process is given by

W®(t) = po(t)So(t) + pa(1)S(2).
The portfolio p is said to be self-financing if
AW P () = po(t)dSo(t) + pi(t)d~S(t).

Note that this definition of “self-financing strategy" with forward integrals
corresponds to the usual one: this comes from the definition of the forward
integral as the limit of Riemann sums.
Let U be a utility function such that lim, ., U(xz) = +00. Assume that
for some = > 0
max E(U(XP(T))) < oo
pEA(T)
where X®)(t) = exp(— fot p(s)ds)W®)(t) is the discounted wealth process,
A(z) = {p;p is H-adapted, p is self-financing and W®(0) = z}. Suppose
that p* = (pg,p!) is an arbitrage, that is, W®)(0) = 0 and W )(T) > 0
with P(W®)(T) > 0) > 0. If one considers the strategy np* then W ") (t) =
nW®)(t) for all t € [0,T]. The strategy p'(t) = (np}(t) + z,np:(t)) is also
self-financing, W®)(0) = 2, W)W (T) > 2Sy(T) and WP)N(T) = zS,(T) +
nW®)(T) and on the set {W®)(T) > 0} we have that
lim U(X®)(T)) = +oc.

n—-+o0o

INRIA



Utility mazximization in an insider influenced market 7

Therefore
lim EU(X®)(T)) = +o0

n—-+00

which contradicts the hypothesis of finite utility. Consequently there is no
arbitrage in this model as long as the utility is finite which will be the case in
all the examples we consider. Furthermore we restrict our portfolios to tame
portfolios. That is, we say that a portfolio p is tame if W®) (t) > 0 for all
t € [0, T]. With this restriction we can now parametrize our problem using the
fraction of wealth invested in the risky asset 7 () = 7(t,w) = p1(¢)S(t)/W®)(¢)
for all ¢t € [0,7]. We define an admissible portfolio as an H;-adapted process
7 giving the fraction of the total wealth W () of an agent invested in the risky
asset at time ¢, and satisfying some additional conditions that will be precised
later (see the definition of A3). The case when H; C F; C G, C F is studied
in [DS].

The dynamics of the discounted wealth process

X(0) = X0 = expl [ plo)is )
corresponding to the portfolio 7 is then:
dX () = X (1) [(u(t) — p(t))m(t)dt + w(t)a(t)d—B(t)} X(0)=2>0. (3)

This equation is justified by using as before the definition of forward integrals
as limit of Riemann sums. Using the It6 formula for forward integrals [DS],
we obtain the solution of (3)

XOT) = wexp { [ (u(t) ~ ple)a(t

— 122102 (t))dt + / ﬂ(t)a(t)d_B(t)}.

RR n° 5379



8 Arturo Kohatsu-Higa, Agnés Sulem

We restrict to logarithmic utility functions and consider the following perfor-
mance criterion:

J(m) =E[In X™(T)] —lnz =

= B[ [((ult) = pt)(t) - im0 @)t + [ m(vyotaBo)].

Definition 2.1 The space Ay consists of all processes m(t) satisfying the fol-
lounng conditions:

7(t) s caglad and H;- adapted

7(t) s forward integrable w.r.t. Y(t) := [) o( (5)
T T

El| [ (0d ()] + EL (1(2) = o)1) + 0%(2)*(1))dr] < o0

0

The goal is to find the optimal portfolio 7* € Ay, for the logarithmic utility
portfolio problem:

sup E*[In(X™(T))] = E*[In(X"(T))]. (6)

TEAN

3 Characterisation of the optimal portfolio

In this section we give a theorem that characterizes optimal portfolios. This
theorem will be used in all examples to determine that the proposed portfolio
is optimal.

Theorem 3.1 The following assertions are equivalent:
(i) There exists an optimal portfolio ™ € Ay for Problem (6).
(ii) There exists T € Ay such that the process

t t

Mo-(t) = E| / (u(s) — p(s) — o*(s)7" (s))ds + / o(s)d B(s)|H,]  (7)

0 0

INRIA
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is an Hi-martingale (w.r.t. P)
(iii) There exists ™ € Ay such that for a.a. t,w, the function

S E[/OS o(u)d™B(u)|H] ;8 >t

1s absolutely continuous and

%E[/Os o(u)d” B(u)|Hs = —E [,u(s) —p(s) — o*(s)m*(8)|He] ; a.a. s>t (8)

PROOF. (i) = (ii): Suppose (i) holds. Since 7* € Ay, is optimal, we have
J(m*) > J(7* +rp)
for all # € Ay and r € R. Therefore

= 0.

r=0

%J(ﬂ'* +r3)

This gives
T

E[/{u(t) —p(t) - 02(t)ﬂ*(t)}5(t)dt+/ﬂ(t)(a(t)d_B(t)) =0 (9)

0

for all # € Ay. In particular, applying this to
Bu) = Bo(t)1js,q(u)
for 0 <t <s<T,uc€[t,s], where (y(t) is H;-measurable, bounded, smooth
and satisfies Dy+3(t) = Dsf5(t) a.a. s € [0,T], we obtain
E[( [ {n(w) = pla) = o* )" ()}du+ | olw)d Bu)m®] =0.  (10)
t
t

Since this holds for all such /3y(t) we conclude that

E[(/{,u(u) — p(u) — o (u)7*(u) }du + /ts a(u)d_B(u))\Ht} = 0. (11)

RR n° 5379



10 Arturo Kohatsu-Higa, Agnés Sulem

This is equivalent to saying that the process

Koo (t) = / (1) — plu) — o (u)* () s + / o(u)d~ B(u)

satisfies
E[K(s)|Hi| = E[K«(t)|H;] for all s > t. (12)

From this we get, for s > ¢
E[Mz-(s)[Hi] = E[E[Kre ()| Hs][He] = E[K7(5)[Hi] = E[Kq- ()| He] = Mq- (),

which is (ii).
(ii) = (iii): Suppose (ii) holds. Then, for s > ¢,

B[Ko (8)[Hi] = BIE[Kr (5)[Ho][Hi) = E[Mze(s)[Hi] = Moo (8) = E[Kq (£)[Hy]-

Hence (12) - and then also (11) - holds. And (11) clearly implies (iii).

(iii) = (i): Suppose (iii) holds.

Then integrating (8), we get (11), which again implies (10). By taking
linear combination of (10), we obtain that (9) holds for all 5 € Ay of the
form

Bu) = zij\ilﬁi(ti)]‘(thtﬂrl](u)
where 0 = g < t1 < ... < tNy1 = T, Az = tz’—i—l — 14, and ﬁz(tz> 1s Hti‘
measurable, bounded, smooth and satisfies Dy+(;(t) = D,3;(t) a.a. s € [0,T].
By (5), we have for all 5 € Ay

tit1

[ siot0a B@) = [ sod v = Jin =X,50) [ o(s)aBs)

t;

and hence (9) holds for all 5 € Ay.
This means that the directional derivative of J at n* with respect to the
direction 3, denoted by DgJ(7*) is 0, i.e.

Dy () 1= timm LT 75 = J()

r—0 T

=0 ;ﬁ € AH. (13)

INRIA
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Note that J : A3y, — R is concave, in the sense that
JAa+(1=XNB) > A(a)+(1=XN)J(B); Ae€|0,1],a,8 € Ay.

Therefore, for all a, 3 € Ay, and € € (0, 1), we have
a

Ja+e)=J(@) =J(1-e)7=—+28) - J()
> (1= 2)J(77=) +J(8) - J(a) (14)
= (=) = J(@) +£(J(8) = T(;—)).
Now, with b =147 we have
1—¢
li (%) = J(@) = limy = (J(a +70) = J(a)) = DoJ(a).

Combining this with (14) we get

D) = lim éu(a +28) = J(a) > DaJ(a) + J(8) — J().

We conclude that
J(B) — J(a) < DgJ(a) — DoJ () s, 3 € Ay

In particular, applying this to a = 7* and using that DgJ(7*) = 0 by (13), we
get
J(B)— J(r*) <0 forall 5 € Ay,

which proves that 7* is optimal. O

Using this characterization theorem in (iii) one can also give a closed for-
mula for the optimal strategy 7*.

Corollary 3.2 Suppose that an optimal portfolio ©* € Ay for Problem (6)
exists. Then it must satisfy

7 () E[o?(t)|Hy] = E[(u(t) — p(t))|He] + alt). (15)
where
alt) = Jim, g /t o(s)d" B(s)|H,]. (16)

RR n° 5379



12 Arturo Kohatsu-Higa, Agnés Sulem

Note that the optimal portfolio has a similar form as the solution of the
Merton problem. Here the rate of appreciation and volatility are replaced by
their best estimators, the conditional expectations. There is an extra term
a(t) which appears due to the anticipative nature of the original equation. An
interpretation of this term is given in Section 6.

Remark 3.3 If G,.s C Hy, 0 > 0, then in most cases a(t) does not ezist,
because in such a case

1

FEL e Beml =5 [ o) Bl forh<s

Similarly, if Hy = Fiys, a(t) does not exist. This is also related to the fact that
such insiders obtain an infinite amount of wealth and that the market admits
arbitrage by the insider.

4 Optimal utility

In this section we compute the value function when the optimal portfolio exists.
We start by a lemma (see (Corollary 2.10) in [DS]) resulting from the relation
between forward and Skorohod integrals. From now on, J denotes the Skorohod
integral and D denotes the stochastic derivative operator.

Lemma 4.1 Suppose [ : [0,T] x Q — R is Skorohod integrable and caglad.
Moreover, assume that

Dyt f(t) := lim Dgf(t)

s—tt

ezists for a.a. t € [0,T] and

T
/\Dt+f(t)|dt < 0.
0

Then
E| / Fd-B@)] = | / Dp- (1)d].

provided that the expectations exist.

INRIA



Utility mazximization in an insider influenced market 13

Theorem 4.2 Suppose that o(t) # 0 for a.a. (t,w). Suppose there erists
an optimal portfolio m* € Ay for Problem (6). Suppose that the function
f s m(s)o(s) satisfies the conditions of Lemma 4.1. The optimal utility
18 then given by

J(x) =E] / ! {les) — RS 1 a(s)?

2 E[o%(s)[H,]  2E[02(s)|H,]
E[u(s) — p(s)[H,] + a(s)
+ Dg+ (U(s) Eio?(s)[ ] ) }ds]. (17)
PROOF. From (15) we have
(1) = E[v(t)|H,] + a(t) (18)

E[o?(t)|H.]
where we have set v(s) = u(s) — p(s). Plugging (18) into (4) we obtain

s8] [ {V(S) EOIPLL tat), 10 [EWOEL i) } s

Elo?(3)[] 2> | Elol()H
T E[v(s)|Hs] +a(s)] -
v/ ”(8>[ Elo?()[ 7] }d B(s)]

Now we use that
E [v(s)E[v(s)|HJ]] = E[E[v(s)|H.]?],
and a(s) is Hs-measurable 0 < s < T, so that
E[v(s)a(s)] = E[v(s)E[a(s)[H,]] = E [E[v(s)[Hs]a(s)] -

Moreover

and by Lemma 4.1

e [ o=ty e o] == [ oo (0 i) ]

The conclusion follows. O

RR n° 5379



14 Arturo Kohatsu-Higa, Agnés Sulem

5 An extension of the partial information frame-
work

In this section we consider a generalization of the partial observation con-
trol problem which will include most known cases of utility maximization for
markets with insiders where enlargement of filtration techniques are used.

Example 5.1 [Partial observation case.] Suppose H; C F; and F; = G;.
Then, we have

%E[/OS o(u)d-Bu)[H] =0, s>t

That is, a(t) = 0 and the optimal portfolio ™ is thus given by

Elu(t) — p(t)[Hi

T = TR

if the right hand side is well defined as an element in Ay. Furthermore the
optimal utility is

1= )

This result follows directly from Theorem 3.1 (iii). One set of condi-
tions that assures that 7* € Ay is that p and p are uniformly bounded and
lo(t)] > ¢ > 0 for all (¢,w). Similar existence conditions can also be found for
the following examples.

We consider now a more general situation:

Proposition 5.2 [Partial observation in an anticipative market|. Suppose
H; C F; C G;. Moreover suppose that o is Skorohod integrable. Then

Elp(t) — p(t) + Dy o(t)[Hi

() = SEOIEA

provided that the right hand side is a well defined element of Ay, Di+o(t)
ezists and belongs to L'(P). Furthermore if the conditions of Theorem 4.2 are

INRIA
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satisfied then

* g S)_ 3) o)
() = %E[/O {E[MI(E[U%S(\HT] _%E[02(3)|H8]}d8]

where a(s) = E[Dg+o(s)|Hs].

PROOF. Let M be a smooth H;-measurable random variable. Then

E[M. /t t+ha(s)d_B(s)] - E: /t o Ma(s)d—B(s)]

- E' DS+(M0(3))ds}

t

:IE/ MD,:o(s d}

=E M/ Dgvo(s

This proves that

5[ [ ot Bim] =E[ [ Daotsiasi)

Hence

a(t) = lim %E[ /t o(s)d"B(s)H:] = E[Dpso(t)[H)]. O

h—0t

We conclude by using Theorems 3.1 and 4.2.

The difference between the optimal utilities of Proposition 5.2 and Exam-
ple 5.1 can be explained as in Remark 6.5 below.

Next we want to show that Proposition 5.2 which generalizes the partial
information framework also includes the case of financial markets with insiders
modelled through enlargement of filtrations. To this purpose, let us first recall
the classical set-up for models of markets with insiders through enlargement
of filtrations in a simple case:

RR n° 5379



16 Arturo Kohatsu-Higa, Agnés Sulem

Let G, = F; V o(Br) and H; = G;. Consider an insider who can influence
the asset prices in the following way

Br —B -
dS, = (u+ %)Stdt +0SdB,, tel0,T).T <T
where Bt = B, — Ot B;:ft dt is a Gi-Brownian motion, p and o are constants,

and B, is a F;-Brownian motion.

Note that in this case H; g F: and Bisnot a JFi-Brownian motion and thus
it may seem that Proposition 5.2 can not be applied here. Therefore, instead
of continuing in this way, we now modify the above formulation in order that
the enlargement of filtration approach fits into this proposition. Consider the
following model:

ds, = (u+ L:ft)stdt + 0S,dB,, (19)

T

where B is an F, := FP V o(Br)-Brownian motion and FZ stands for the
filtration generated by the Brownian motion B. Furthermore, let G, = FP Vv
o(Br). We consider two examples:

Example 5.3 [The insider case]. Let H; = FPVo(Br) and consider model (19).
This fits into Example 5.1 with F = G = H. We have

S ~
a(t) = hlilr(r)l+ ﬁaE[BtJrh — By|H,] = 0.

The optimal policy for the insider is

1 Br — By
() = = (u — plt) + ——1).
T (t) = —5(n—p(t) + =)
We have

Consequently the optimal utility is infinite:
: ™ AN
Tl}ElTEln(X WT) = oo.

This is the well-known result of Karatzas-Pikovsky [KP|. The general case H C
G can also be considered similarly.

INRIA
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Example 5.4 [The case of a small investor]. Let H, = FP and consider
model (19). Then

1 ~ ~
a(t) = lim EO—E[Bt+h — Bt‘Ft] =0.

h—0t

Consequently, if p(t) = p,

and the optimal utility is

2
—p)°T
J(m*) = % (Merton problem).
o

One can generalize this example to a general situation as follows.

Corollary 5.5 Let S be described as the unique solution of
dSt = (,U + Xt)Stdt + UStd_Bt,

where (X;,t > 0) is a Fr-measurable process and By is a F;-Brownian motion.
Suppose H; C Fy. Then a(t) =0, and the optimal portfolio is

Elp + Xi — p(t)[H,]

T (t) = 5 :

(20)

o

provided it is an element of Ay.
A further generalization to any enlargement of filtration is the following.
Proposition 5.6 Consider the following model
dS; = u(t)Sidt + 0S;dB(t)

where o is constant, ju(t) is Gi-adapted, B is a F-Brownian motion, F C G
and H is a general filtration. If By = Bt+f0t B(s)ds where By is a H;-Brownian

motion and (3 is an H-adapted cadlag process with fOT |8(s)|ds < oo, then a(t)
t

defined in (16) exists and we have alt) = B(t).
o
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18 Arturo Kohatsu-Higa, Agnés Sulem

This proposition follows using the definition of a(¢) and provides a first
“example" when a(t) # 0. Nevertheless, we are not aware of any explicit case
of initial enlargement of filtration where Proposition 5.6 can be applied and
that can not be framed into Proposition 5.2 as in Example 5.3. (For more
on this, see next section). In this line, we end up this section with a remark
pointing towards a converse statement.

Remark 5.7 One may wonder if in the general case of three filtrations F, G
and H the existence of optimal portfolios imply that the set-up under consid-
eration is an initial enlargement of filtration. This would also imply that the
term a(t) is artificial. These two issues will be answered by the example in the
next section. In fact, one has from Theorem 3.1 that if there exists an optimal
portfolio and if o is constant, then E[B;|H,] is a H-semimartingale and

~ 1 [t
E[Bt|Ht] = Bt + ;/ CL(S)dS
0

where B is a H-Brownian motion. We shall illustrate this point in Remark 6.5.3.

6 An interpretation of a(t)

In this section we consider a first example that does not fit the framework
of Proposition 5.2. That is, here we deal with an example where H; g Fi.
Therefore the results of the previous section can not be applied. We consider
a small investor acting in a market influenced by an insider. The insider
influences the prices using a Brownian motion in the original filtration F.
This will lead to an interesting interpretation of the additional term a(¢) which
appeared in Corollary 3.2.

Suppose that the small investor can observe neither the Brownian motion
B nor the drift 1, but only the stock price process S, that is

H: = 0(Ss,0<s <) (21)

is the filtration generated by the price process S. Then the quadratic variation
process of S is given by

t
<S,S>t:/ 02S%ds, 0<t<T.
0
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It follows that the process (04,0 <t < T) is H;-adapted and thus
E[o?(t)|H,] = o*(t).

The optimal portfolio if it exists, must then satisfy (see Corollary 3.2)

T ()0 (1) = Bl(u(t) — p(t))|He] + lim %E[/t o(s)d” B(s)[Hi].

6.1 The particular case: u(t) = u+ bBr

We consider the case when the dynamics of the prices are given by

dSt = St(,u + bBT>dt + O'Std_Bt

(22)

where p and b are real numbers, o > 0. We suppose moreover that p(t) = p =

constant.

Lemma 6.1 Suppose that S; satisfies (22) and H; is given by (21). Then the

quantity a(t) defined in (16) is explicitly given by

1 _ ob(bBrt + 0By)
a(t) = lim —Elo(Ben — Be)[He) = (02T + 2b0 )t + o2

PROOF. Integrating equation (22), we obtain
1
Sy = Sy exp(ut + bt By — 502t + oBy).

Consequently,

Hy =o(us— %023 +bsBr + 0B,,0 < s <t)
=o0(bsBr + 0B, 0 < s <1t).

and
oE[Byyn — Bi|Hi| = 0E[Byyn, — Bi|bsBr + 0Bs,0 < s < t).

Consider the following partition

0=s50<8 <...<8,=t with time interval A = s;,1 — s;.

RR n° 5379
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20 Arturo Kohatsu-Higa, Agnés Sulem

and denote H}" the o-algebra generated by {bs;Br + cBs,,i =0...n}.
Since bs;Br + 0B;, is a Gaussian vector, the conditional expectation can
be expressed as

n—1

OE[Bysh— Bilbs;Br+0B,,,i=0,...n] = Y _ 0i(bBr(sip1—si)+0(Bs,,, —By,))
=0

where the constant coefficients «; have to be determined by using the correla-
tions of each term with bBy(s;41—s;)+0o(B By, ). Doing this calculations,

Sj+1
one gets
n—1
obhA = Y ai(V’TA + 200A°) + o (PTA* + 200 A% + 5°A)
i=0,i#j
that is ,
obh = Y (BT +200)A + o (’TA + 2b0 A + 0°).
i=0,i#j]

In matrix form this gives
bh1,1 = (BT 4 20)b0 1,up + 02 Lysn ),

where 1,., denotes a matrix of order a x b with all entries equal to 1, I .,
denotes the identity matrix of order a x @ and o« = (ay, ..., ,_1)*. By linear
combinations of these equations we get

Qp =01 = "0p_1 =

obh = a(b*T + 2b0)A(n — 1) + a(bB*TA + 2b0 A + o?)

which gives

o obh
(BT + 2bo)An + o2’
We thus get
" obh
OElBewn = BN = G gy An g o7 DA + 0B
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Since nA =t the above expression is independent of n and

obh

oE[Byin — Bi|Hy| = T + 20)i £ 07 (bBrt + 0By). (24)
Consequently
(1) = lim ~0E[Byo — BilH, = ob (bBrt+0B).O  (25)
= e e P = e byt o2 L O

Note that this is an example where a(t) # 0. Furthermore, as H; = o(bsBr +

0B,,0 < s < t), the small investor can not decouple a fix part of the noise
(Br) out of the observed By + 0B,, s < t. But as s — T the “decoupling"
becomes easier. This is in the spirit of a continuous enlargement of filtration
setting introduced in Corcuera et al. [CIKN].

Lemma 6.2

(0T + o)
(02T + 2bo)s + o2

E[Br|H,] = (bBrs + o By). (26)

PrROOF. We proceed as before. Let 0 = sy < 51 < ...s, =tand A = s;,1—s;.

E(Br|H}) = E(Br|bs; By + 0B,,,0 <i < n)

n—1
=Y i(bBrA+0(B,,,, — By,)).
i=0
By computing the correlation with bBrA + o(B,,,, — Bs;) we get
n—1
WTA+0A = ) o(°A°T +200A°) + o (AT + 20bA% + o°A).
i=0,i#j

In matrix form this leads to

(0T +0) L1 = (0T +20)bA Lo + 0% L)
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As before, this gives

Q=01 =+ Qp_] =
bI'+ o

a= .

(62T + 2bo)t + o2

which implies (26).0

Theorem 6.3 Suppose that S; is given by (22) with b > 0 and H; is given by
(21). Then
(i) The optimal portfolio for problem (6) exists and is given by
o? (2T + 2bo)t + 02)
which can be rewritten as

 p—E[p/Hy]  b(bBrt+0oB)(bT +0+0")
B o2 a?((b*T + 2bo)t + o2)

(27)

T (t)

(i) The optimal utility is finite and is given by

sy = LT 4 L1+ 2)) (28)

where we have set

0.2

bT(bT + 20)

ot (29)

Remark 6.4 If p(t) is not constant, then the optimal portfolio and utility are
respectively given by
oy = LB [o(t)|H:] | b(bBrt + o B)(BT + 0+ 07!
N o2 o2((2T + 2bo)t + 02)

202

(2 ()

provided sufficient hypotheses are assumed on p(t) in order that ™ € Ay and
the conditions of Theorem 4.2 are satisfied.

1) = o | [ Bluts) - poras] 2 [ ED s
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PROOF. The expression (27) is obtained using (25) and Corollary 3.2. To
check that the candidate 7* given by (27) is indeed an optimal portfolio, we
have to prove that M,-(t) is a H-martingale (checking that 7* € Ay, is straight-
forward). Plugging (27) into (7), we get
Moet) = E [ [(n(s) — pls) — E(u(s) — pls)[H.))ds [,

—E [fot ob(bBrs + o B,) (0T + 2bo)s + 02)_1ds\Ht} + oE[B|Hy]

= ML (t) + M2.(t) + M2.(¢).
Let u < t. We want to prove

E[Mz-(t) = My (u)[Ho] =

First, we show that M]. satisfies the martingale property. For u < t,

EIML (1) — ML (u)[H) = E[E [ [1(u() — pls) — B(u(s) — pl)[o))dsl) (74,
—E [ [, (1(s) = p(s) = E(u(s) — p(s)|Hs))ds|H.]
= E[E [} (uls) — pls) ~ Bluls) — pls)H.))ds|H] [

| = E[u(s) — p(s)|Hu]) ds
— Jo (Elu(s) — p(s)|Hu] — Elu(s) — p(s)|Hu]) ds

Next we prove that M?2. + M3, is a H martingale. We have using Lemmas
6.1 and 6.2,
“E[M2.(t) — M2 (u)|H,] =E|E [ [ ob(bBrs + 0 B,) (0T + 2bo)s + 02)—1013\74 \Hu}
—E [ [ ob(bBrs + o B)(1PT +200)s + %) ds| .

and

E[M. (£) — M2 (u)[H,] = oF [E(B,[H,) — Bu[H,] = 0E[B, — Bu[H.).
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Let u =1ty < t; < ... < t, =t be a partition of [u,t] with time interval
A =341 — 8;. We have

UE[Bt_Bu|Hu] - [ ( tit1 ) “]
= Zn IE[ tit1 ]
=02 EE(By,, — O H.]
=3, i E[bA(bBrt; + aBt V(BT + 200)t; + )~ | H.]

(30)
by using (26), and this last expression converges to

t
E { / ob(bBrs + o By)((b’T + 2ba)s + o*) 'ds|H,,

when n — oo. Consequently

E[MZ. (t) + M. (t) — M. (u) — Mz (u)[H.] =

™

and M« is a ‘H- martingale.
We compute now the value function.We use (17) together with equalities
(23) and (26). We have

1 T p2 T 1
——FE 2ds = — — E (b>s®>B2 + 0>B? + 2bosB,Br) d
20° /0“(3) ’ 2/0 (BT + 20b)s + o2)? (%5 Br + 0B, + 2bosB.Br) ds

2 (T b2s2T + 025 + 2bos?
2 Jo ((0°T +20b)s + 02)°

v’ / 5
= ds
2 Jo (b*T +2bo)s + o2

Moreover we have

(b1 + o)bs
Do+ E[Br[H,| = (02T + 2bo)s + o2
2
Dgra(s) = obs

(0T + 2bo)s + o2
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so that
D Elu(s) = p[Hs +a(s)] 1 v’s(bT + o) N ob’s
S+ o o \ (BT +20b)s + 02 (B®T + 20b)s + o2
B v?s(bT + 20)
o ((2T + 20b)s + 02)
We thus get
1 T ) bQ T P
Y= —E [ Eus) - _Z
() 202 /0 lals) = plF[ds 2 /0 (0T + 2bo)s + 02d8
v? r s
+ 5 0T +20) /0 (T + 2bo)s 1 o2
1 g ol 3. [T s
——E /| E — p|H,)? H(— 4= / .
202 /0 lls) = plHs[ds + b o * 2) o (B2T + 2bo)s + U2d8

We now use that b > 0 and by integration we have

T s T o? b*T + 2bo
ds= —— (1-— 7+ 2227
/0 (2T + 2bo)s 1 o2~ 2T + 2bo ( W7+ 20T M T2 ))

which can also be written as

T2~ 1
— (1 —=~In(1+ —
L)

which is positive. Similarly, one computes % fOT E[E[Br|H,]?*|ds. We thus get
(28). O

Remark 6.5 1. The coefficient % (see (29)) can be interpreted as the insider
effect on the utility of the H investor. When v — 400 (which is implied by
b — 0, that is the insider effect vanishes) the utility of the H investor is closer
to the optimal utility in the classical Merton problem. A similar interpretation
can be applied for v — 0. From (28), we obtain

ll)l_I}Ié J(m*) = 52 (Merton problem)
lim J(7*) = 400 (Strong drift problem,).

b—oo
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2. The restriction b > 0 has a practical interpretation in our model. In this
situation when u(t) = p + bBr, the insider introduces a higher appreciation
rate in the stock price if By > 0. Therefore given the linearity of the equation
of S this indicates that the higher the final stock price the bigger the value of
the drift of the equation driving S. Some cases of negative values for b can be
studied but the practical character of such an study is dubious.

3. From (24), we get

b(bBrt + 0 B;)

E[Byyn — Br —
[Ben = By (0T + 2bo)t + 0

Consequently, by a similar argument to (30), we have

" b(bBru+ oB,) * b(bBru+ oB,)
E[B, — dulH,] = E[B, — dulH,
B /0 (0T + 2boyu 1 o2 7] = E /0 2T + 2oy + o2 1!

and the process

5 " b(bBru + oBy) 1 [t
B, = E|B,|H;:| — =E[B _ =

1s thus a H;-Brownian motion by Lévy’s characterization theorem of Brownian
motions. Essentially, a stmilar calculation leads to Remark 5.7.

4. Consider an investor who estimates the appreciation rate of the prices
by using the best linear estimate given by E[u(t)|H,] and builds his price model
as

dS, = E[u(t)|H,)Sdt + 0S,dB,, (31)

where B is a H-Brownian motion. If this investor decides to select portfolios
by using this model, the admaissible portfolios are H-adapted processes and the
wnwvestor faces the following logarithmic utility portfolio optimization problem:

Jo(mp) = maux Jo ()

where
Jo(m) = E(In(X (7))
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and

dX (1) = X (t) [(E[,u(t)mt] — p)r(t)dt + ﬂ(t)adé(t)] X(0) =z >0.

The solution of this optimization problem will be similar to the“classical” Mer-
ton case. The optimal portfolio is here

E[u(t) — p|Hi]

o2

mo(t) =

which is different from (27) and the optimal utility for this investor is

hims) = 5oz [ EE{() - ol lds

= L/ Elp—p+ ( boT + o) (bBrs + 0 B,)]?ds (32)

202 J, ) b2T2—i— 2b0)s + o2
_pPT (T o) 1
N 202 2(bT + 20)%(1 yin(1+ 7))
< J(7*) (given by (28) under the model (22)).

The utility generated by the portfolio 7§ in the “real” model (22), J(w),
will be different from Jo(m$) obtained in (32).

In fact, J(my) — Jo(7) = (gT(Iﬂ’;‘;;V(l —yIn(1+ %)) represents the difference
between the actual earnings of the policy ©} under the model (22) and the
projected earning of the small investor using the model (31). Notably this
quantity is positive.

Moreover, J(m*) — J(m bT+2 —vIn(1 + )) represents the dif-
ference between the optzmal earnings i, the small mvestor uses ™ recognizing
an anticipating model (28) and the actual earnings of the small investor that
uses portfolio w§ taking (31) as the model for the underlying. This difference
comes from considering a = 0 or not in Theorem 4.2. The difference in utility
is obviously positive due to the optimal property of the portfolio with a(t) # 0.

6.2 General case: p(t) =pu+bX, X e Fr

We consider the generalization of the previous section to the case when pu(t) =
i+ bX, where X is a general smooth Fr-measurable random variable. The
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dynamics of the prices is
dSt = St(,u + bX)dt + O'Std_Bt

where 1 and b are real numbers, o > 0. In this section rather than using direct
calculation we use the integration by parts formula of Malliavin Calculus in
order to obtain the “explicit" expression of a(t). The goal in this section is just
to show that a(t) can also be computed explicitly in other situations. We shall
not write down here the long and tedious expressions for the optimal portfolio
and optimal utility.

Lemma 6.6 The quantity a(t) defined in (16) is then given by

— i L " D,XD,X
a(t) = ;}E& ﬁE[U(Bt—‘,—h - Bt)|Ht] = O'E[ ) W

v‘ t]7
if the right hand side above is well defined and right continuous in t.
ProOOF. Consider the following partition

0=s9<s1<...<s,=t with time interval A = s;,1 — s;.

and denote H}' the o-algebra generated by {bs; X +0Bs,,i =0...n}. We have
for a smooth bounded function f

E[Byin — Bi|bsiX + 0Bs,,i =0,...n]
- ]E[(Bt-l-h - Bt)f(bX(Sn - 8n—1) + U(Bsn - Bsn71)7 R bXSl + Ule)]'

Denote
Z = (bX(sy — $p_1)+0(Bs, — Bs,_,),...,bXs1 + 0By,).

By duality formula, we can write

Bl(Bun — Bf(2) = BL[ 30 2L(2)bsi— s DX
een (33)
= /t E[Z gi (Z)b(s; — s;_1) D, X]du.
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Now, we have for ap, > a; >t

/ D XD, f(Z)dv = Z &62 - si_l)/:Q(DUX)%.

D, X
Multlplylng both sides by m, we get
D,XD,X "~ 0
D,f(Z)dv =FE E / (Z)b(s; — 8i—1) Dy X (34)

f (D, X)2dr
The duality principle in Malliavin calculus implies that

D,XD,X
faQDdev

D,XD,X

D,f(Z)dv =E —ar v 0By
f(Z)dv fQDX%Zv

(35)

Here § denotes the Skorohod integral. Combining (33), (34), (35), we get

E(Bun — B)F(Z) = J7E [1(2) [ Mw]du

t T72(DyX)2dv

= t+h faz f&lnggggé(dv(sB |H ]:|

t

since f(Z) is H;-measurable.
The process

B, = E[B,|H,] — /

is a H-martingale. We deduce under the continuity hypothesis that for any
<oy <ay <T

D, XD, X

faQ D.X) 2dv5Bv\Hu du

D, XD, X

o1
i, 7B Bern = BilMi] = f” D, X)dv

We can take in the above formulas oy = ¢ and ap =71 .0
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Remark 6.7 If X = By, then we find (27). Indeed in this case, the r.h.s. of

(36) is equal to E[BE=Lt|H,] which can be rewritten as

Br — B, bt

BIZE— 2 H] = (T )7 (1 + )E[BrlH,] - %E[aBt + bt Br|H,)).

Now, using the fact that o B, + bt Br is H-adapted and the expression (26), we
obtain

1
— (T — )1 o _ -
E[ T H =(T—t)" "1+ - ) 0T 1 o)t 1 o (bBrt +;Bt) O_(UBt2+ btBr))
et (0 4+ bt)(bT + o) — (b*T + 2bo)t — o
= (T —t)"Y (0B, + btBr) (T + 2ol 1 o)
_ b(oB,+btBr)
(2T + 2bo)t + 02)

Concluding remarks: In this article we have studied markets where in-
siders are also large traders and therefore have an influence on the drift of the
price dynamics. This leads naturally to the study of optimization problems in
an anticipative framework. We believe that this formalism goes beyond the
classical formulation of markets with insiders using initial enlargement of fil-
tration approach. In future work, we shall consider the case when the drift is
continuously influenced by the insider.
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