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Abstract: We consider the problem of finding a singularity of a vector field X on a complete
Riemannian manifold. In this regard we prove a unified result for local convergence of
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Un résultat unificateur sur la convergence locale de la
méthode de Newton dans les variétés riemanniennes

Résumé : Etant donné un champ de vecteurs X sur une variété riemannienne, le probléme
central de ce papier est de mettre en évidence un procédé algorithmique permettant d’en
détecter une singularité. Dans cette optique, un résultat unificateur concernant la conver-
gence locale de 'algorithme de Newton est proposé. Inspiré par les travaux de Zabrejko
et Nguen sur la méthode des majorants de Kantorovich, 'approche développée repose sur
Iintroduction d’une méthode de Newton en dimension un - cette derniére étant obtenue via
une paramétrisation radiale d’un module de Lipschitz adéquat de la dérivée covariante de X.
Le résultat principal qui en découle offre une vue synthétique de quelques résultats célébres,
a savoir les théorémes de Kantorovich, Smale et Nesterov-Nemirovskii. Des résultats récents
concernant les champs de vecteurs analytiques sont améliorés.

Mots-clés : champ de vecteurs, méthode de Newton, convergence quadratique, existence
d’une singularité



Local convergence of Riemannian Newton’s method 3

1 Introduction

In this paper we investigate the existence, local uniqueness and iterative approximation of
solutions to the problem of finding a singularity of a continuously differentiable vector field
X defined on a connected and finite-dimensional manifold M. In fact, we assume that M
is endowed with a Riemannian metric g with (M, g) being complete, and we consider the
iterates generated by a Riemannian version of Newton’s method applied to X. The choice
of this method is based on the following prominent feature: under mild nondegeneracy
conditions, there exists a non-trivial set of initial points sufficiently close to the solution so
that Newton’s method converges with quadratic rate.

A rather unsatisfying aspect of this qualitative property is that “sufficiently close” may
depend explicitly on the solution which one does not know a priori. However, in many
interesting cases, some implicit quantitative criteria have been provided to verify the prox-
imity of the starting point to a solution and thus ensure quadratic convergence of Newton’s
method.

The celebrated Kantorovich theorem [12] on Newton’s method in Banach spaces gives
the first set of quantitative assumptions ensuring existence and uniqueness of a solution
in a prescribed ball around the starting point together with quadratic convergence of the
method. Kantorovich’s result requires the knowledge of a local Lipschitz constant for the
first derivative of X. In a similar spirit, a local analysis of Newton’s method applied to
analytic mappings led Smale to introduce in [18] the so called a-test, a fundamental prox-
imity criterion in point estimation theory which uses information about all the derivatives
of the data only at the initial point. In the specific case of minimization problems, Nes-
terov and Nemirovskii developed in [14] a proximity test for Newton’s method under the
so called self-concordancy condition on the objective function. This local convergence re-
sult is a key piece of their breakthrough in the study of the computational complexity of
central path algorithms in mathematical programming. Together with other facts, these
results of Kantorovich, Smale and Nesterov-Nemirovskii explain the uncontested success of
Newton’s method in the construction of efficient algorithms for the iterative resolution of
several classes of nonlinear equations, and particularly in the designing of polynomial-time
algorithms for optimization problems.

Generalizations of Kantorovich’s result and Smale’s a-theorem to Riemannian manifolds
were recently established by Ferreira and Svaiter in [9] and by Dedieu, Priouret and Mala-
jovich in [5], respectively. To our best knowledge, the theory of self-concordancy has not
been extended to a Riemannian setting yet. The main motivation for enlarging the usual
Euclidean setting to Riemannian manifolds stems essentially from the necessity to be able
to deal with (equality) nonlinear constraints, especially in minimization problems; see, for
instance, the works by Adler et al. [1], da Cruz Neto et al. [6], Edelman et al. [8], Smith
[19] and Udriste [20].

The goal of this paper is to establish a general local convergence theorem based on a
unifying principle which permits to recover, sometimes with certain improvements, all the
above mentioned results. The hypotheses and the proof of our central result (cf. Theorem
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4 Alvarez, Bolte €& Munier

3.1) rely on two important features appearing either explicitly or implicitly in most of the
local analysis of Newton’s method.

First, since the singularity-finding problem is indeed a metric-free problem, the choice of
a particular Riemannian structure for implementing Newton’s method is a strategy among
others. The choice of an adequate distance measure is of primary importance, not only
because of its dramatic consequences for obtaining good basic estimations, but also for the
well-posedness of the method. Let us also observe that the sequence generated by Newton’s
method in Riemannian manifold may strongly depend on the metric. This contrasts with
the case of R™ viewed as an Euclidean space, a case for which Newton’s iterates never depend
on the choice of an inner product.

The second and possibly most crucial aspect in setting up a unified theorem for the
local convergence of Newton’s method consists in a radial parametrization of Kantorovich’s
majorant method. This technique was originally developed by Zabrejko and Nguen in [25]
(see also [2, 24]) in order to obtain refinements of the Kantorovich theorem in Banach
spaces. In fact, this approach is based on the construction of a real-valued function, namely
the majorant function, using an adequate local Lipschitz-type radial estimate for the first
derivative of X. The majorant method reduces the problems of the existence and the local
uniqueness of a singularity as well as the quadratic convergence of Newton’s method to the
same issues but within a scalar setting. Independently, similar ideas were used by Cominetti
in [4] and by Wang and Han in [22] for Newton’s method in Banach spaces (see also [21, 23]),
both improving as a special case the Smale a-theorem. Cominetti also showed in [4] how to
recover, at least partially, a basic result of the Nesterov-Nemirovskii self-concordancy theory
but without isolating the role of the majorant function.

The paper is organized as follows. In §2 some basic definitions and results of the theory
of Riemannian manifolds are recalled. In §3 the central result of the paper is stated, and
its proof is given in §4. In §5 it is shown how the classical results of Kantorovich, Nesterov-
Nemirovskii and Smale, as well as some Riemannian counterparts excepting for Nesterov-
Nemirovskii, can be recovered by specialization of our central result.

2 Notation and basic notions of Riemannian geometry

Let us recall some basic definitions and properties of Riemannian geometry. Some general
references on this subject are [7, 13, 15]. Readers who are not familiar with Riemannian
geometry are referred to [8] for a pleasant introduction to some of its main concepts and
their use in optimization.

Let (M, g) be a connected and finite-dimensional Riemannian manifold. The space of C'*
vector fields on M is denoted by x(M). Classically, we denote by T, M the tangent space to
M at p and by | - |, the norm on T,M which is given by |v|, = v/g(p)(v,v).

Norms and distances. The Riemannian distance d : M x M — [0,+00) is defined by
d(p,q) = inf{fab |e(t)|erydt | ¢ = [a,b] — M is piecewise smooth, c(a) = p and ¢(b) = q}. Here,

INRIA



Local convergence of Riemannian Newton’s method 5

f; |¢(t)|eydt is called the length of ¢, and we will write it simply f; |¢| when no confusion
can arise. We shall often identify the curves ¢ : [0,a] — M on M with their graphs, so that
(t,p) € ¢ simply means that t € [0,a] with ¢(t) = p. Let B(pg,r) = {p € M | d(p,po) < r}
and B(po,r) = {p € M | d(p, po) < 7} be respectively the open and closed balls of center pg
and radius 7.

Take p € M and some integer k > 1. If T": TpM}C — T, M is a linear mapping its norm is
defined by

1Tl = sup{|T'(u1, - ., ur)lp [ wi € TpM, fuil, <1}

Covariant derivatives and parallel transport. Denote by V the Riemannian (or Levi-
Civita) connection on (M, g). For each pair of continuously differentiable vector fields X,Y,
the vector field Vy X stands for the covariant derivative of X with respect to Y. Given a
vector field X on M and p € M, define

X/(p)”l) = VUX(p) - (VYX)(p)a v e T;DM' (1)

where Y is any vector field on M satisfying v = Y(p). The map X'(p) : T,M — T, M is
well defined and linear, and we will call it the covariant derivative of X at p.

Let ¢ : [a,b] — M be a smooth curve and V' a vector field along ¢, that is, a differentiable
mapping such that V(t) € T,)M for all ¢ € [a,b]. The covariant derivative of V' along c
is denoted by V.:V and defines a vector field along ¢. The vector field V is called parallel
along ¢ when V.V = 0; in particular, as V is Riemannian, [V'(¢)|c) is constant. Given
v € Tyq)M, there exists a unique vector field V' parallel along ¢ such that V(a) = v, and
the parallel transport of v along ¢ from c(a) to ¢(b) is defined by P.,pv = V(b). The
linear map Peap @ TeqyM — Tep)M is an isometry. The extension of this definition to
a piecewise smooth curve c is straightforward. It is direct to verify that P;;)b = Pe.pa
and P.,p = Petp o P.ot. Recall that a (1,g)-tensor can be viewed as a linear! mapping
from x(M)? in x(M). Likewise the tensors can be covariantly derivated (e.g. [15]), if T is
(1, q)-tensor its derivative is a (1,q + 1)-tensor denoted T” which is given by the following
formula

T'(X1,.... X X) = [T(X1, ..., X)](X) — iT(Xl, L XUXD, LX),

%
i=1

where the X;’s and X are vector fields on M. As usual higher order derivatives are defined
recursively by T*++1D = [T}k € N. The parallel transport of vectors can be extended to
tensors as follows. The curve ¢ being chosen as above, take a (1, g)-tensor T' on T,y M, the
parallel transport of T" along ¢ from ¢(b) to ¢(a) is defined by

[]P)c,b,aT](ula ce auq) = c,b,a[T(Pc,a,buly ceey Pc,a,buq)]a

IThe linearity refers here to the structure of C'*(M)-module of space of C'! vector fields x(M).

RR n° 5381



6 Alvarez, Bolte €& Munier

where wuy,...,uy € Ty M. Parallel transportation provides tensors with a fundamental
theorem of calculus, namely,

Pet0T(c(t)) = T(c(0)) +/0 [Pe,s,0T" (c(s)) ¢(s)]ds, (2)
which reduces to
PoroX(c(t) = X(c(0)) + /0 Py oo X' (c(s)) é(s)ds,

if ¢ =0 (see, for instance, [9]).
Geodesic curves and the exponential map. Recall that a C? curve 7 is a geodesic if ¥
is parallel along ~ so that its speed |§(t)|, ) is constant. A curve c: [0,a] — M is said to be
piecewise geodesic if there exists a partition 0 =ty < t;... < ty = a of [0, a] such that the
restriction of ¢ to each interval of the form [t;,t;41], 7 € {0,..., N — 1} is a geodesic curve.

From now on, (M,d) is assumed to be a complete metric space. By the Hopf-Rinow
theorem, the latter is equivalent to the geodesic completeness of (M, g), i.e., for any p € M
and v € T,M there exists a unique geodesic v with «(0) = p and 4(0) = v such that (t)
is defined for all ¢ € R. In addition, we have that for any p,q € M there exists a geodesic
~ joining p and ¢ whose length is equal to d(p,q). Such a curve in M is referred to as a
minimizing geodesic, joining p and q.

The exponential map at p, exp,, : T,M — M is defined by setting exp,,[v] = (1), where
v : R — M is the geodesic with v(0) = p and §(0) = v, and exp,,[tv] = y(t) for all t € R due
to the uniqueness of geodesics under initial conditions. We always have d(p, exp,,[v]) < |v],,
and the equality holds if the geodesic v restricted to [0, 1] is minimizing,.

3 Riemannian Newton’s method and local convergence

Let X be a C! vector field defined on a connected, complete and finite-dimensional Rie-
mannian manifold (M, g). Consider the following problem:

find p* € M satisfying X (p*) =0 € Tp- M. (3)

Such a point p* is referred to as a singularity of X.
First, assume that there exists pg € M such that the covariant derivative X'(pg) of X
at pg (see (1)) is invertible, i.e.,

X'(po) € GL(Tp,M). (4)
Starting at pg, the Riemannian-Newton (or R-Newton) method associated with (3) writes

N)  prg1 =exp, [ X' (pe) "' X (p1)],

INRIA



Local convergence of Riemannian Newton’s method 7

where exp,, : T, M — M is the exponential map at p and X'(p) : T,M — T, M is defined by
(1). This natural Riemannian version of Newton’s method for solving systems of nonlinear
equations has been considered by several authors [1, 5, 6, 8, 19, 20].

In order to state a general local convergence result for R-Newton’s method, we will
assume a Lipschitz-type continuity of X’ on a neighborhood of pg, based on the following
definition.

Definition 3.1 Let Go(po, ) be the class of all the piecewise geodesic curves ¢ : [0,T] — M
which satisfy the following conditions:

(a) ¢(0) = po and the length of c is no greater than r.

(b) There ezists 7 € (0,T] such that c|,  is a minimizing geodesic and c|_, is a
geodesic.

We suppose that for some R > 0 there exists a continuous and nondecreasing function
£:]0, R] — [0, +00) satisfying the following property: for every r € [0, R] and ¢ € Ga(po, 1),

b
X" (p0) ™ [Pe,p,0X " (e(b)) — Pe,a,0 X (c(a))][lpg < f(r)/ e, 0<a<b, (5)

a

We call £ a Lipschitz-type radial function for X' around pg. Without loss of generality we
may assume that £(r) > 0 for all r € (0, R].

Remark 3.1 It is important to observe that ¢ can often be estimated in practice. For
instance, assume that X is C? and consider £(r) > max{||X'(po) *[Pet,0X" (c(t)]llpo }
where the maximum is taken over all piecewise geodesic curves belonging to Go(po,r). It is
straightforward to see that (2) implies that ¢ complies with (5).

Condition (5) is a scaled Riemannian analogue of the property used by Zabrejko and Nguen
in [25] (see also [2, 24]) to prove a local convergence result for Newton’s method in Banach
spaces, based on a radial parametrization of the original “majorant method" developed by
Kantorovich [12]. Here, scaling means that the inverse of X’(pg) is incorporated in the
distance between covariant derivatives of X, an idea that has been already used in the
Banach space context (see [4, 23]).

The striking feature of the majorant method is that the analysis of (3) and (N) reduces
to the analysis of an appropriate scalar equation together with the corresponding scalar
Newton iteration. Following the idea of [25], we set

B = X" (o) " X (10)lpo»
and introduce the real function ¢ : [0, R] — R defined by
¢ (r)=1L(r), ¥r € (0, R),

¢'(0) = -1,
¢(0) = .

RR n°® 5381



8 Alvarez, Bolte €& Munier

A straightforward integration yields

o(r)=p0—1r+ /OT(T —8)l(s)ds, r € [0, R]. (6)

The following scalar Newton sequence is at the heart of the Zabrejko-Nguen refinement of
Kantorovich’s majorant method (our central result, namely Theorem 3.1, shows indeed that
under mild conditions Newton’s iteration (N) inherits of most of its properties):

To = 07
_ 7
{ Trp1 =16 — @' (ri) L (rp). @
Let us consider the following assumption:
the function ¢ given by (6) has a unique zero r* in [0, R] with ¢(R) < 0. ()

Since r* > (3, we may suppose that 7* > 0, otherwise pg is a singularity of X and there is
nothing to do. Under (8) it is elementary to establish the following result (see, for instance,
[25, Proposition 3] or Lemma 4.1(i)-(ii) below).

Lemma 3.1 Under (8), the scalar sequence {ry} generated by (7) is well defined with
@'(rr) <0 for all k € N, hence monotonically increasing and convergent towards r*.

The central result of this paper may be now stated as follows:

Theorem 3.1 Under (4)-(8) we have the following results. -

(i) The vector field X admits a unique singularity p* in B(po, R) which belongs to B(pg,r*).
If ¢/ (r*) < 0 then X'(p*) € GL(T,-M).

(i) The sequence {py} defined by (N') is well defined, that is, X'(pr) € GL(T,, M) for every
k e N.

(iii) For every k € N, py belongs to B(po,i) and the following estimate holds

d(pri1, k) < X (k) T X (1) py < Thyr — T 9)
As a consequence, py converges to p* as k — 400, and for every k € N,
d(p*,pr) <17 = 1. (10)
(iv) For every k € N,

X r) X re)lpas (|X'<pk>-1x<pk>pk)?
Th42 — Tkl -

Tk+1 — Tk
Consequently, for all k > ko > 0,

ok—ko

(12)

|X/(pko)_1X(pko)|Pko )
Tko+1 — Tk

d(o*,pr) < (r* — m(

INRIA



Local convergence of Riemannian Newton’s method 9

(v) Setting

q= ;7 % € (0,1] (13)
for
) = 2 ) )
A= 2[T*¢”(T*) _ (;5'(7‘*)]2 € (07 5]7 (14)

then for allk € N, rp, > r*(1 — q2k71)(1 — q2k)71 ifq<1, and rp > r*(1 —27F) if g = 1.
In particular, if X\ < 1/2 then for every k € N,

r—rp <r* 1= qk q2k_1. (15)
1—¢q2
Remark 3.2 By (10) together with Lemma 4.1(iii) below, we have in particular that
d(p*,po) < r* < 2B. Since rg = 0 and r; = (3, then the second estimation in (9) is an
equality for k = 0, and we have d(p*,p;) < r* — 8 < (. If the second inequality in (9) is
strict for some ko > 1, then (12) gives an a posteriori correction improving, for all k > ko,
the a priori estimate (10).

Remark 3.3 In (v), when r* = R then ¢”(r*) stands the left derivative of ¢’ at R. On
the other hand, notice that by Lemma 3.1, ¢'(r*) < 0. It is easy to see that A = 1/2 iff
@' (r*) = 0, which gives the linear rate of convergence d(p*,pr) < r*27%, Vk > 0. Otherwise,
we obtain the quadratic rate of convergence given by (15). As we will see in the proof, these
are worst-case estimates based on a quadratic approximation of the majorant function ¢ (see
(23)). Sharper estimates may be obtained by a direct analysis of Newton’s method applied

to ¢.
Remark 3.4 The continuity of the Lipschitz-type radial function ¢ is not necessary for
Theorem 3.1(i)-(iv). However, this is a simplifying assumption that holds in interesting

special cases (see, for instance, Section 5).

Remark 3.5 Theorem 3.1 remains valid for a C*! vector field X : Q € M — TM which is
defined only on an open subset Q of M provided that B(pg, R) C .

The next section is devoted to the proof of Theorem 3.1.

4 Proof of Theorem 3.1

The proof of Theorem 3.1 is divided into three parts, namely the existence and the conver-
gence of Newton’s sequence, the local uniqueness of the singularity, and the estimates.

RR n°® 5381
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4.1 Existence and convergence
4.1.1 Preliminary results

From now on, we assume that the hypothesis of Theorem 3.1 hold, with ¢(r) > 0 for all
€ (0, R]. We first need to establish a few properties of the function ¢ to enlighten its links
with Newton’s method in X. This is precisely the purpose of the following lemmas.

Lemma 4.1 Let ¢ be the function given by (6). Then:

(i) @ is strictly convex hence ¢’ is increasing on [0, R], and ¢'(r) < 0 for all v € [0, 7).

(ii) If r € [0,7*) and r+ =7 — ¢'(r)"Lo(r) then r+ € (r,r*).

(iii) For everyr € [0,R], B—r < ¢(r) < B+ r(¢'(r) — 1)/2. Consequently, 5 < r* < 2.
(iv) For each a € (0,R), the function pu(r) = ¢'(r + a) — ¢'(r) = f:ﬂl £(s)ds > 0 is

nondecreasing on [0, R — a].

Proof. (i) The strict convexity of ¢ on [0, R] follows directly from ¢”(r) = ¢(r) > 0 for
€ (0, R). Next, assume that ¢’(7) = 0 for some 7 € [0,7*). By convexity, 7 is a minimum

for ¢ on [0, R], hence 0 < ¢(7) < ¢(R) < 0. Therefore, 7 is a zero of ¢, which contradicts

the uniqueness of r*. Since ¢’(0) = —1, this proves ¢’ < 0 on [0, 7).

(ii) By (i), ™ > r. On the other hand, s1nce ¢ is strictly convex, we have that ¢(r) +

¢ (r)(r* —r) < ¢(r*) = 0, which amounts to r+ < r*

(iii) Of course, ¢(r) > B — r. On the other hand, as qb (r)y=-1+ fo ds we have that

20(r) = 26+r(¢' (r)—1)+w(r) for w(r) = [; (r—2s)¢(s)ds. But w’(r) = [; [¢( )]ds <0,

hence w(r) < w(0 ) = 0 and thus 2¢(r) < 28 4+ r(¢/'(r) — 1). Slnce &' (r*) S O by (i), we

deduce that § —r* <0< 8 —r*/2.

(iv) This follows directly from ¢/ (r) = ¢(r + a) — ¢(r) > 0. O

The first estimate of the next result is an infinitesimal version of (5) which extends [25,
Proposition 1] to the Riemannian setting.

Lemma 4.2 Let ¢ € Go(pg, R). Then for any a < b, we have
X (p0) " [Pep,0 X (c(b)) = Pe.a0 X" (c(a))]llpy < & (fy 1é) = &' (fy [¢])- (16)

As a consequence, if (b’(fg |¢[) <0 then X'(c(t)) € GL(T,4)M) and moreover

X0 X ol <~ 161" (")

PT’OOf. Set Ag = ||X/(p())71[]P>Cb0X( (b)) _Pca()X ( ( ))H|PO' Given N € N with N > 1,
define t; = a + (b — a) and y; = c(t;) for all i € {0,..., N}. By (5), we have

N-1

N-— tit1 tit1
80 3 1000 Patir X )~ FeacoX Gl = [ 1) [ 1
i=0 ti

=0

INRIA



Local convergence of Riemannian Newton’s method 11

Letting N — oo, we obtain Ay < f; 0y lehleldr = f:((b) ((s)ds with r(t fo ¢, which
proves (16).

Taking a = 0 and b = ¢t, (16) yields || X" (po) ' Pet,0 X (c(t)) = I|lpy < (b'(fot |¢]) + 1, where
I:T, M — T, M is the identity mapping. If ¢'( f(f |¢]) < O then this estimate is strictly
lower than 1 and so X'(pg) 'Pe,0X’(c(t)) is invertible. Therefore X'(c(t)) € GL(T ;) M)

and moreover [|[[X(po) 'Pe0X (c(t))] " lp, < 1/(— fo |¢])) which amounts to (17). O

The following result about several fundamental properties of Newton’s iteration is a
generalization of [9, Lemma 3.7].

Lemma 4.3 Given r 6 [0,7*) and p € B(po,r) such that | X'(p) 1 X (p)|, < —¢'(r)"1o(r),
set 7(0) =1 —0¢'(r)"*¢(r) and v(0) = exp,[-0X'(p) "' X (p)] for 0 € [0,1]. Then for every
6 e (0,1

]
(i) 7(0) € (r,r*) and ¥(0) € B(po,7(0)),
(i) X'(7(0)) € GL(T(9) M),
(i) X' (+(6)) " X ((6 Nl < =¢'(7(0)) " ¢((6)).

Proof. (i) Fix 6§ € (0,1]. By Lemma 4.1()-(ii), » = 7(0) < 7(0) < 7(1) = r* <

*

r*. On the other hand, as « is the geodesic with v(0) = p and (0
we have d(1(0),p) < 0X'(p) X (p)], and d(+(0),po) < 0
—0¢'(r)"1p(r) +r = 7(#), which proves v(0) € B(po,7(0)).

In order to prove (ii), let us denote by ¢ : [0,2] — M the curve obtained by concatenation
of a minimizing geodesic joining pg and p, defined on [0, 1], and . This is a piecewise geodesic
curve with ¢(0) = po, ¢(1 + 6) = v(0) for all € [0, 1], whose length is lower than r* by (i).
To establish the invertibility of X'(y(6)), let us estimate the following norm

| X" (p) Py 0,0X " (v(0)) — Ity nllp
= | X"(p) 7" Peoa X' (p0) X' (p0) " Pe.1,0[Py.0.0X' (7(8)) — X' ()]l
<[Pe,1,0X" (0) 11X (P0) llpo | X7 (P0) ™ [Pe,146,0 X (c(1 4 0)) = Pe1,0X" ()]l po -

By Lemma 4.2 and the monotonicity of ¢’, it ensues that
IPe,1,0X" (9) 11X (0)llpo < —¢'(d(po,p) ™" < —¢'(r) 7",

and
1X" (p0) [Pe,146,0X " (c(1+6)) = Pe,1,0X ' (9)][lpy < ¢ (7(6)) — ¢/ (1)

Consequently, || X' (p) "' Py.0,0X'(v(0)) — I, nmllp <1 —¢'(r)"'¢/(7(0)) < 1. It follows that
X'(v(8)) is invertible with in addition

[P+,0.0X" (4(0)) "X D)l < ¢'(7(6) 7"/ (r). (18)
Let us deal with (iii). Recalling (2), we notice that

X7 (Y(O) 7 X (VO)) |0y = 1X"(1(0) " Py 0.0l X (9) + fiy Pos0 X" (1(5))3(5)ds] | a).

RR n°® 5381
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Since % is parallel along 7, ¥(s) = —P5,0,s X’ (p) "' X (p). Setting © = | X' (v(8)) ' X (v(6))|- (0,
it follows

0 =I[X'(v(0)) ' PyolX fo szX( (s ))X( )~ X (p)ds]| (o)
= X' (7(0)) 7" Py 0,0[(1 *9) +f0 [(X'(p) — Py 60X (7(5)] X" ()~ X (p)ds]| (o)
Therefore
| X' (7(0)) T X (7(0)) ) < (1= )X (7(6)) " Py0,0X ()](0) + R(0)
with

R(0)

I
—~
)
=

<
=
N~—
|

0
P o / X (p) — By 0 X (1(8)]X () X (p)ds o).
By (18), this proves that

X (7)) X (V(0)) o) < —(1 = )& (7(6)) " o) + R(O). (19)

Let us estimate R(6). Since, by Lemma 4.2 and recalling that ¢’ is increasing, we have
ITPe,14+0,0X (7(0)) 11X (po)lpo < —¢/(7(6)) 7", it follows that

0
R(#) < *¢'(T(9))’1\X'(po)*ch,Lo/0 [X'(p) = Py 0 X" (7())] X () T X (p)dsl,

IA

[4
- /0 1X" (p0) "' Pe,1,0X" (p) = Pes,0X (c(1+ 8))][lpods| X" (0) 7 X (0)

IN

0
& (r(0)) " ¢ () 6(r) / 1 (50) " [P0 X' (8) — Pesa0 X (c(1 + 5)]llpods.
Again, Lemma 4.2 yields
6 1+s 1
R(6) < ¢/ (r(0) 16/ (1) (r) / [qﬁ ( / &) — & / |c|>} ds,
hence with lemma 4.1(iv)

RO) < &(r( ) Lg(r) V¢ >>ds—e¢<>]

= =9 (1(0) 7 [(7(0)) — (1 = O)o(r)]-

It follows from (19) that | X'(v(0)) ' X (v(0))|e) < —¢'(7(0)) "' ¢(7(6)), which achieves the
proof. O
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Local convergence of Riemannian Newton’s method 13

4.1.2 Proof of (i)-(iii): existence and convergence

Let us first prove by induction that, for all k¥ > 0, pr € B(po, ) and X'(py) is invertible
with | X' (pr) "' X (pk)|p, < rkt1 — k. The case where k = 0 follows from the assumptions of
Theorem 3.1. Let k£ > 1 and assume that the result holds for all i € {0,...,k —1}. We have

S
—
e
—

d(pr,po) < Y d(pit1,pi) < 1X(p:) ' X (ps)

i

Di < Tk,

I
=)
I
=)

%

and since | X' (pr—1) "' X (pr—1)lpy_, < rk—7k—1, Lemma 4.3 (for = 1) yields the conclusion.
The estimate (9) follows immediately. Since {ry} converges to r* by Lemma 3.1, we deduce
that {px} is a Cauchy sequence in the complete manifold (M, d), hence it has a limit p*,
which is a singularity of X. Indeed, we have that | X (pr)|p, < | X' (0k)llps ("e+1 — 7x) and
letting k — oo we obtain X (p*) = 0. The estimate (10) and the fact that p* € B(pg,r*) are
elementary consequences of (9). If ¢'(r*) < 0 then, by Lemma 4.2, we deduce that X' (p*)
is invertible.

4.2 Uniqueness

We have proved that {py} is well defined and convergent towards a singularity p* of X.
Next, we extend to our more general setting the proof of the local uniqueness of p* that is
given in [9, §3.2] for the special case of the Riemannian Kantorovich theorem. It is worth
pointing out that this extension is only technical; the key arguments are the same of [9].

4.2.1 Auxiliary results

The following two results extend [9, Lemma 3.8] and [9, Corollary 3.9] to our framework.

Lemma 4.4 Let 0 <r < r* and q € B(po,r) be such that |X'(q)"' X (q)]q < —¢'(r) " o(r).
Suppose that q* € B(po,r*) satisfies X(¢*) = 0 and r + d(q,q¢*) = r*. Then d(po,q) = r.
Furthermore, defining r* =r —¢/'(r)"'¢(r) and ¢+ = exp,[-X"(q) "' X (q)], we have

rT+d(gt, ") ="
Proof. Let v : [0,1] — M be a minimizing geodesic joining ¢ and ¢*. We denote v = %(0),
which satisfies [v], = d(q,¢*). Thus d(q,q*) < |X'(q)7'X(q) + v|g + [X'(9) " X (9)|q <

|X'(¢)' X (q) +v|q — ¢'(r)"té(r). On the other hand, since X(¢*) = 0, by (2) we have
X(q) = — fol P, s,0X'(7v(s))vds. Therefore

X ()" X (g) + vly = X' (@) ! / [P, 00X (7(5)) — X' (q)]vds,.
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Let denote by ¢ : [0,2] — M the concatenation of 4, a minimizing geodesic joining po and
q, with v. We have

| X"(q) 7" X (q) +vlq )
< ||[Pa,l,oX’(Q)*l}X’(po)IIpOIPil"(po)’lpa,l,o Jo [Py 50X (7(5)) — X' (q)]vds|p,
<Pe1,0X" (@)X (P0)llpo Jo 1X(00) ™ Pe145,0X " (c(5)) = P10 X (@)]llpo [0]4ds.

It follows from Lemma 4.2 that
X' ()" X (q) +vlg < =6/ (d(po, @) ™" [ [¢' (d(po, @) + slvlg) — &' (d(po, ))]|v]gds.
As d(po, q) < r, Lemma 4.1 yields ¢'(d(po,q)) < ¢'(r) < 0 and ¢q_(d(po, q)) < ¢a,(r) for

as = s|v|q, hence

1
X" (0)™" X (q) + vl < —czﬁ’(r)*l/(J (@ (r + slvlq) = &' (r)vlgds = [v]g + ¢'(r) "6 (r),

where we have used that r + |v|, = r* which implies ¢(r + |v|;) = 0. But we have seen
that [v|, < |X'(q)"'X(q) +v|g — ¢'(r)"'¢(r). This proves that all these inequalities are
equalities. In particular, as |v|q # 0, it follows that

¢'(d(po,q)) = ¢'(r), (20)
X' (q) ' X (q) +vlg = [vlg — X' (9) "' X(q)]g, (21)
X ()" X (q)|q = —¢'(r) " o(r). (22)

By the injectivity of ¢’ on [0,7*) (cf. Lemma 4.1), it follows from (20) that d(pg,q) = r.
From (21), we deduce that X'(¢q)~'X(¢) = —Xv for some 0 < A < 1. Thus ¢* = exp,[\v] =
7(A), therefore d(q,q*) = |X'(¢)"'X(q)l, and d(¢*,¢") = d(q,¢*) — d(g,q") = 1" — 7 —
|X'(q)"'X(q)|, =" — r*, where we have used (22). O

Lemma 4.5 Let ¢* € B(po,r*) with X(q*) = 0. If there exist ¥, such that 0 < 7 < r*,
g € B(po,7), |X"(Q)7'X(9)lg < —¢'(F) ' ¢(7), 7+ d(,q%) = r*, then d(po,q*) = r*.

Proof. Let {73} and {qx} be defined by 79 = 7, Tx11 = 7% — ¢'(7%) *o(7%) and qo = ¢,
Qi1 = exp,, [~ X'(qr) ' X (qx)] respectively. As for {ry} and {pi}, it is possible to prove
that 7, is increasing and tends to r*, gz converges to some ¢* € B(pg,7*), and for all k,
| X (k) ' X (q)| g, < —¢' (1) 1 ¢(7k). Moreover, by Lemma 4.4, we know that for all k,
Tr + d(qr, q¢*) = r* and d(po, qr) = 7. Combining all these informations leads to ¢* = ¢*
and so d(po, ¢*) = r*. a

4.2.2 Proof of the uniqueness of the singularity

Let us now prove the uniqueness of p* in the ball E(l?o, R). We begin by establishing the
uniqueness of the singularity in B(pg,r*). Let ¢* € B(po,*) be such that X (¢*) = 0. In
order to prove that necessarily ¢* = p* we consider two cases.

INRIA



Local convergence of Riemannian Newton’s method 15

Case 1 If d(pg, ¢*) < r*, we show by induction that for all k, d(pk,q*) + rr < r*. Indeed,
the initialization just needs ro = 0. If the property is true for a fixed k, we set y(f) =
exp,, [—0X' (pr) "' X (pr)] and ¢(0) = d(v(0), ¢*)+7+0(rip1—7r). Weknow that ¢(0) < r
If there exists 0 such that () = 7*, then Lemma 4.3 ensures that Lemma 4.5 applies with
F=rp —0¢ (ri) '¢(ry) and § = v(A). But its conclusion contradicts d(pg, ¢*) < r*. Thus,
by continuity of ¢, one has (1) < r*, that is d(pr+1,q") + re+1 < r*.

Case 2 If d(po, ¢*) = r*, then, arguing by induction, Lemmas 4.3 and 4.4 show that for all
k, d(pk,q*) + rp = r*.

Therefore in any case, the following inequality holds
d(pr, q") + e <17, Vk > 0.

Since 7 — r* and py — p*, we have ¢* = p*. In other words, p* is the unique singularity
of X on B(pg, r*).

The proof is complete if R = r*. Otherwise, ¢(R) < 0 and we take ¢* € B(po, R),
a singularity of X, i.e. X(¢*) = 0. Denote by v : [0,1] — M a minimizing geodesic
joining po to ¢*, and v = %(0). Since P, ;10X (¢*) = 0, we have | X'(po) ' X (po) + v|p, =
| X' (po) " [Py,1,0X (q%) — X (po) — X' (po)v]|p, - The left hand side term is greater than |v|,, —
¢(0), and the right one is smaller than ¢(|v|p,) — @(0) +|v|p,. So ¢(|v|p,) > 0. As |v]p, < R,
necessarily |v|,, < r*. This means ¢* € B(po,r*) and then ¢* = p*.

4.3 Estimates

4.3.1 Proof of (iv)

The estimates in Theorem 3.1(iv) can be obtained by a simple adaptation of some arguments
of [23]. First, given k& > 0, notice that similar computations to those in the proof of Lemma
4.3 yield

1
X" (0) ™ Pe2,0X (Pr1) o < \X'(Pk)*lX(pk)lpk/O [/ (fy T 1el) = @' (Jy leD)d

where ¢ : [0,2] — M is the concatenation of a minimizing geodesic curve joining pg to px
with (t) = exp,, [—tX'(pr) ' X (pi)], t € [0,1]. Therefore fo |¢] = d(pk, po) and th
d(pr, po) + By for By = | X' (pr) ' X (pr)lp, . Hence

X' (o) PosoX (0l < / (6 (d(Pr. po) + t6x) — & (d(pi—1,p0))] dt

tBr
/ / f(d(pk,po) + 7“) dr (dt
0 0

Bk

; Ud(pr,po) +1)(Be — 1) dr.

IN
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Next, following the proof of [23, Proposition 3.2|, let us consider the auxiliary function
Ya(s) = & [ L(a+r)(s—r)dr for s € [0, R—a]. It is direct to verify that 1, is nondecreasing.
Since B < rgy1 — ri and d(pg,po) < ri by (9), we deduce that

1 X" (p0) ™ P20 X (i) lpo < Bk Va(ppo) Tt — 7)) < B> Yry (M1 — Tx)-
But

d(rer1) = B—7rrm +/0 o 0(s)(rp+1 — s)ds = / o 0(8)(rg+1 — 8)ds

Tk
Tk4+1—Tk 5
= / Lreg +7)(rpsr — 1 —r)dr = (ree1 — 75) “Up, (Tht1 — 7).
0

Thus
1X"(p0) ™" Pei2,0X (Prt1)lpo < S(ris1) (Be/ (rigr — 1))

Finally, by Lemma 4.2 we obtain

1X! (Pr1) ™" X (Prt1) i 1Pe,2,0X" (Prt1) ' 1X " (0) 1o | X (00) ™" Pe,2,0X (Drg1) |po
—¢'(d(pr, po) + Br) " d(ri41) (Br/ (resr — 11))?

&' (Th+1) " O(r1es1) B/ (Ths1 — 7x))3,

which proves (11). This implies for all & > kg > 0 and n > 0, d(Prtn+t1,Phtn) <

k—k
|X (D) " X Pran) s < Prgntr = Than) Bro/ (Prot1 — Tho))* -
n > 0, we obtain (12).

IN A CIA

Summing for all

4.4 Proof of (v)

Let us proceed with the proof of the last part of Theorem 3.1. Define @ : [0, R] — R as the
following quadratic polynomial function

Q(r) = ¢/ (r")(r — ") + 5" (") (r —17)?, (23)

whose smallest root is r* (recall that ¢”(r*) = £(r*) > 0 and ¢'(r*) < 0). Newton’s method
for solving the equation Q(r) = 0, starting at pg := 0, generates the sequence

pre+1 = pr — Q (pr) " Qpr)- (24)

It is easy to verify that {py} is well defined, monotonically increasing and convergent to r*.
Furthermore, it is well known that in this case the solution of (24) has the closed form

- - i g e (0,1),
Pr (1 —27%) it g=1,

where ¢ is given by (13); see, for instance, [10, 16, 23, 25]. Therefore, Theorem 3.1(vi) is a
direct consequence of the following result.

INRIA



Local convergence of Riemannian Newton’s method 17

Lemma 4.6 Let {ry} and {pr} be respectively defined by (7) and (24). Then for every
k>0, rp > pg.

Proof. We argue by induction. The property is immediate for £ = 0 because ry = pg = 0.
Now, assume that ry > py for some k > 0. By using (24) one has
Th+1 — Pk+1 = Thk+1 — Tk T Pk — Pk+1 T Tk — Pk
= —¢'(re) " o(re) + Q' (k) ' Qok) + 71 — pr
= Q' (pr) M Qpk) + Q' (pr) (ri — pi)] — &' (1) " (7).

By convexity, Q(px) + Q' (pr)(rr — pr) < Q(rk), and Q' (px) < Q'(r) because pr, < 1 <717
Since @' is negative on [0, r*], we deduce that

i1 — pr1 > Q' () ' Q(r) — ¢ (k) " (k).

As ¢ = ¢ is nondecreasing on [0, R], the function ¢’ is convex and thus

o) = [ iz LTI oy,

It ensues that 1
—¢'(re) "' p(r1) > S =me)[L+ ¢ (ri) "¢ ()]

On the other hand, a straightforward computation gives Q'(r)"'Q(ry) = 3(r* — ri)[—1 —
Q' (rx) "¢’ (r*).] By convexity of ¢/, we have Q' (1) = &' (r*) + ¢ (r*)(ri, —r*) < ¢'(rx) < 0.
As ¢'(r*) <0, we get

Q' (rr) ' Q(ry) > *%(T* =)L+ (rk) e (1) ]
Therefore, we obtain

i1 — prg1 = Q' (ri) ' Q(re) — ¢ (re) T p(re) > 0,

which proves the result. O

5 Special cases

5.1 Riemannian Kantorovich’s theorem

The well known Kantorovich’s theorem for Newton’s method in Banach spaces [12] gives a
criterion for (quadratic) convergence which is verifiable at the starting point provided a local
Lipschitz constant is known. An extension of Kantorovich’s theorem to finite-dimensional
and complete Riemannian manifolds has been obtained by Ferreira and Svaiter in [9]. We
will see that the latter can be viewed as a special case of Theorem 3.1. To this end, let us
introduce the following definition of Lipschitz continuity for tensors (for a related notion see
[9, Definition 2.2]).
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Definition 5.1 A (1,k)-tensor T' on M is said to be L-Lipschitz continuous on a subset S
of M, if for all geodesic curve «y : [0,1] — M with endpoints in S, we have

1By 1 0T(7(1)) = T (O]l < L / 5(t)dt.

Theorem 5.1 (R-Kantorovich’s theorem) Givenpy € M such that X'(py) € GL(T,, M),
set a = || X' (po) " Hlp, and B = |X"(po) "' X (po)lp,. Assume that 2afL <1 for a constant L
such that X' is L-Lipschitz continuous on the closed ball B(po, Ro) for some Ry > r* where

. 1-yT=245L

"= alL

Then the sequence {pr} generated by Newton’s method starting at po is well defined and
convergent to a singularity p* of X.

If 2aBL = 1, i.e. r* = 203, then p* is the unique singularity of X in B(po,23).

If 2a3L < 1 then X'(p*) € GL(Tp- M) and p* is the unique singularity of X in B(po, R)
for any R € [r*, Ry] such that R < H1=2a8L Vla_LQGﬂL

In any case d(p*,po) < r* < 28, and for all k € N, one has d(p*,pr) < r* —r, =

*;_;llg‘qu’“—l
Newton’s method, starting at ro = 0, applied to the scalar function

r , where q is given by (13) for A = aBL, and {ry} is the sequence generated by

L
o) = B -1+ . (25)
Proof. Assume without loss of generality that 8 > 0. Take ¢ € Ga(po,r). Take (¢,y) and
(t',y') in ¢ with t <t'. We have

X" (20) " [Pe.tr 0 X' (4) = Peao X' W)lllpo - < 1 X7 (20) ™ o [IPe.er.e X' () = X' (W)l

t,
< aLf
t

where we have used the isometry property of the parallel transport and Definition 5.1. Define
L(r) = aL, if r € [0, R], and let us verify that ¢ := ¢, complies with the requirements of
Theorem 3.1. Indeed, in this case ¢ is given by (25) and we have that ¢(R) < 0. The roots
of ¢ are r* = 1EV1-2¢0L Vla_LzaﬁL We have r~— <20 < ﬁ < r* with equality iff 2¢3L = 1. In any
case, r* = r~ is the unique root of ¢ on [0, R], with ¢'(r*) = —1 4+ aLr*, which is negative
when 2a8L < 1. Finally, straightforward computations in (14) yield A = aBL. The result
follows thus by a direct application of Theorem 3.1. |

5.2 An Euclidean case: Nesterov-Nemirovskii self-concordancy

In their pioneering work [14], Nesterov and Nemirovskii developed a general theory of the
computational complexity of interior-point methods for convex optimization, based on the
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Local convergence of Riemannian Newton’s method 19

notion of self-concordant functions. See [17] for a simplified yet comprehensive presentation
of this theory. Inspired by the analysis in [4], we next show that Theorem 3.1 yields a local
convergence result of Newton’s method for the minimization of self-concordant functions
which is a slight variant of a key result in [14].

Suppose that M = R™ with the usual identification T,IR" = R". Let us denote by (,-)
the Euclidean product in R™. Recall that a convex function f € C3(2;R) defined on an
nonempty, open and convex set 2 C R" is said to be a-self-concordant for a > 0 if

Vo e Q, Vh e R", |f"(x)[h, h,h]| < 2a~Y2(f" (x)[h, h])*/?. (26)

From now on, following [14], we assume that f : Q@ — R is a strong, non-degenerate and
a-self-concordant function, i.e.,

1. f(yx) — oo whenever {y;} converges to a point in the boundary 952.
2. H, := f"(x) is positive definite for all z € Q.
3. f satisfies (26).

In particular, f is strictly convex on Q and x* € ) is the unique minimizer of f on Q iff
f/(z*) = 0. Now, set
(h1, ho)m, = a™" f" (), o]

|l = /(b B,

The Dikin ellipsoid of center = € ) and radius r > 0 is defined by

and

Dy(x) ={y e R" | |y — x|n, <7}.

It corresponds to the closed ball of center x and radius r when R™ is endowed with the
metric structure induced by the scalar product (-, -) g, . By [14, Theorem 1.1.1] (see also [17,
Theorem 2.5.18]), if r < 1 then D,.(x) C 2 and for any y € D, (x) we have

1

Vh e R", |hly, < ﬁ|h|Hl (27)

Lemma 5.1 Fiz zq € Q and let R™ be endowed with the metric structure induced by
(s, - Then for any R € (0,1), X = f’ satisfies (5) with £ : [0,R] — [0,+00) being
given by
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R] and y € B(zg,r) =

Proof. Tt suffices to show that ||f”(xo)’lf”’(y)||Hm0 < {(r) for r € [0,
"(y)[h1, he, hs], by defin-

D,(x0) (see Remark 3.1). Using the notation (f"'(y)hiha, hs) = f’
ition we have

1" (o)~ f" (W) #ray = sup{If” (xo) " " (W) hahalm,, | 1hilm,, <1,i=1,2}
sup{ (f"(zo) " f" (y)h1ha, ha)m,, | |hila,, <1,i=1,2,3}
a~t sup{f’”(y)[hl,hg,hg] | |hi|H1,0 <1l,2= 1,2,3}.

On the other hand, by a general lemma on symmetric trilinear forms [14, Proposition 8.1.1]
(see [11] for an alternative proof of that lemma), it follows from the self-concordance property
(26) that fm(y)[hl, hg, hﬂ S 2a|h1 |Hy |h2|Hy |h3|Hy . Hence,

2
(1—1r)3°

H?/ h2

H, h3

H?/

1" (o) ™" " (W) 1,y < 2sup {[M1 \hilg,, <1,i=1,2,3} <

where in the last inequality we have used (27). This proves our claim. d

Theorem 5.2 (Self-concordant minimization) Letzy € Q and 8 = |f”(x0)_1f'(x0)|Hw0.
If B < (V2 —1)2 =3 —2V2 =~ 0.17157 then f admits a unique minimizer x* which

belongs to D, (xg) for
1
’f’* :1[ﬁ+1_ \/62_6ﬂ+1]7

and in particular |x* — J;0|Hmo < r* < 208. The sequence generated by Newton’s method
Tho1 = 2 — f(xr) " f (1) starting at xq is well defined, contained in D, (o) and con-
vergent to x*.

For all k >0, [v* — xx|n, < r* —ry where {ry} is the sequence generated by Newton’s
method, starting at ro = 0, applied to the scalar function
r

1—r

o(ry=p0—-2r+ (28)

The sequence {ry} converges to r* which is the smallest zero of ¢ in [0,1). Furthermore,

1— I/Zk—l

1z v =1y

DT PR/ s W O B/ ey
T SNy 7 o AR B SN 7o

Proof. Motivated by Lemma 5.1, consider £(r) = 2/(1 —r)3, r € [0, R] for some R < 1. A
direct computation shows that the corresponding function ¢ defined by (6) is given by (28).
Finding a zero of this function amounts to solving 2r? — (8 + 1)r + 8 = 0. This equation
has a real root iff A := 52 —63+1 = (3 — 3+ 2v2)(8 — 3 — 2v/2) > 0, which is the case
because 3 < (v/2 —1)? = 3 — 2y/2. The roots are then r* = [1 + 3 + v/A]/4, and we choose

7L r*, (29)

where
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r* = r~, the smallest one. When § > 0 (otherwise x¢ is the solution), it is clear that r* > 0.
Furthermore, it is direct to verify that »* < 1— 1/\/§ and ¢(1— 1/\/@) < 0 with equalities iff
B = (v/2—1)%. Hence, it is possible to choose R € [r*,1—1/+/2] such that the assumptions
of Theorem 3.1 hold.

Notice that, as ¢'(r) = —(1—4r+2r2)/(r—1)2, we have that ¢/(r*) < 0if r* < 1—1//2,
which amounts to 3 < (v/2—1)? and A > 0, hence v < 1 and we can ensure that quadratic
convergence occurs in that case.

This completes the proof because, in R™ viewed as an Euclidean space, Newton’s iterates
does not depend on the choice of the inner product. O

Remark 5.1 The closed form (29) for ry is given in [23]|, where a majorant function ana-
logue to (28) is used to improve the original a-theorem of Smale. See also Theorem 5.3
below.

Remark 5.2 The convergence test provided by the constant 8 in Theorem 5.2 is not op-
timal: it can be refined by using the fact that V f is not only a vector field but also a
gradient, see for instance [14, 17]. On the other hand it is worthwhile to note that the rate
of convergence (29) slightly improves classical results on this topic.

Remark 5.3 It would be interesting to develop a theory of self-concordancy for real-valued
functions defined on Riemannian manifolds. This is beyond the scope of this paper.

5.3 Riemannian Smale’s a-theorem

Another celebrated local convergence result on Newton’s method is the so called a-theorem
of Smale [18] for analytic functions, which is a very useful tool for the construction and
computation complexity analysis of homotopy algorithms for solving nonlinear equations
[3]. An extension of Smale’s a-theorem to Riemannian manifolds was established by Dedieu,
Priouret and Malajovich [5]. As a special case of Theorem 3.1, we will obtain a Riemannian
version of Smale’s theorem which improves [5, Theorem 1.4] (see Remark 5.4).

From now on, let us assume that both the complete Riemannian manifold (M, g) and
the vector field X under consideration are analytic. Following [18], we set

1 _ k—1
—X'(p)"'X®) (p)

! (30)

v(p) = sup
k>2

p

for each point p € M such that X'(p) € GL(T, M), and v(p) = +oo otherwise. By analyticity
of X, v(p) < 400 whenever X'(p) is invertible and the following Taylor formula holds:

Yu € T,M, |ul, <~v(p)~' = Pc1oX®((( Z X<J+k) Yu), (31)

where ((t) = exp,[tu]. Here, we adopt the convention 07! = +co.
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Lemma 5.2 Let pg € M be such that X'(po) € GL(Tp, M), 7 >0 and p € B(po, ).
(i) If r < v(po)~" then for all k > 2,

kly(po)F—!

1X" (p0) ™ [Pe,1,0X ¥ (0)] ], < = (po)r )T (32)
where ¢ : [0,1] — M is the minimizing geodesic curve joining py and p.
(ii) If r < (1 — 1/v/2)y(po)~* then X'(p) € GL(T,M) and
1
33
R TR DR )

for (@) =1—4a+2a% = (a—14+1/V2)(a —1—1/1/2).

Proof. (i) Let us write ((t) = exp,, [tu], t € [0, 1], with u € T},, M and p = exp,, [u] so that
|ulp, < 7. We obtain from (31) that

—+oo +oo .
_ 1 _ ; 4 (J+k) ke
1X" (o)~ Pe,1,0X ™ (@)l < Z;IIX’@o) X (po) [ Szij, Y(po)” ™l
j=0"" j=0 7

IN

B +oo k) p k! k=1
k(o) ];) (Jj!k!) (v(po)r)? = %'

(ii) Denoting by I : T,, M — T,, M the identity operator on T, M, we get

—+oo

X' (o) Peao X' (0)] = Illpy < Y %IIX’(po)’lX(”j)(po)llporj -1
=0
+oo . ) 1
< ]Z::O(l +7)(v(po)r) — 1= A= Apo)r? L.

Asy(po)r < 1-1/+/2, we have that 1/(1—v(po)r)?—1 < 1. We deduce that X'(po) "'P¢ +,0X’(p)

is invertible, hence X'(p) € GL(T,M), and

R (1 =(po)r)*  _ (1 =~(po)r)*
”[PCJ,OX (p)1X (pO)”Po < 2(1 — ~v(po)r)? — 1 - V(v (po)r) :

Therefore

1X'(p) P XP ()l X" (p) ™" Pe o1 X (o) X' (o) " Pe1,0X ™ (0)|
IP¢.1.0X ()] X" (90) po 1K (P0) ™ Pe 1,0X *) (D) |
i (po)* !

(1 =y(po)r)s =1 (y(po)r)”

IN

IN
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From the fact that 0 < 1(a) <1 when 0 < a < 1 —1/v/2, it follows that

. ~v(po) _ 7(po)
P < i (1= 5(po)r)w(y(poyr) =t (L= (po)r)e(v(po)r)’

which proves (33). O

Lemma 5.3 Letpg € M be such that X'(po) € GL(Tp,M). For any R < (1—1/v/2)v(po) %,
X satisfies (5) with
27(po)
Ur)= ——————,
N Tk

Proof. To prove that ¢ complies with (5) it suffices, by Remark 3.1, to establish that for
every r € [0, R] and ¢ € Ga(po, ) we have that

r €0, R].

1X (o) " [Pea0 X" (c(a))]l] < £(r),  Va € [0,2]. (34)

By continuity, it suffices to establish this property for r € [0, R).

Fix ¢ € Ga(po,r) with r < R. By definition of Ga(po,r), ¢ is the concatenation of two
geodesics ¢; : [0,1] — M (i = 0,1) with {y being minimizing. Let us write ¢(t) = (o(¢) if
t€0,1] and c(t) = G1(t — 1) if t € [1,2] . Since {o(0) = ¢(0) = po, applying Lemma 5.2(i)
to (o with k = 2, we deduce that (34) holds for all a € [0,1].

In order to prove (34) for a €]1,2], we argue as follows. First, consider a € (1,2]
such that d(c(1),c(a)) < v(e(1))7t. Since ¢ on [1,2] is a geodesic curve, we may write
c(a) = exp[u] for some uy € ToyM with [uq|ery < v(c(1))~. Notice that |ug|p, +
[u1e(1y = d(po, c(1)) +d(c(1),c(a)) < 7. By Taylor’s formula (31), we have P, 1.X"(c(a)) =
S50 XU (e(1)) )7, hence
1

J! [Pe,1,0X 942 (e(1)][(Pe1 0w

+oo
PeaoX"(c(a) =Y
7=0

Since ¢(t) = (o(t) = exp,, [tuo], t € [0,1], for some ug € Tp, M with |ug|y, = d(po,c(1)) <

r < 7(po)~", we have ¢(1) = exp,, [uo] and we can use (31) again to get
= o . .
PeaoX"(c(@) = 3w X0 po)lu’, (Perom)”]
Jo,j1=07"""

RR n°® 5381



24 Alvarez, Bolte €& Munier

Therefore
= 1 o , ,
1X'(p0) " [Peao X" (@] lpy < Y jo,jl,||X’(Po)_1X“°+h+2)(P0)||po\UO\%%|Pc,L0“1%B
Jo,j1=0 """
+oo . .
(jo + j1 +2)! jo+i1 j a
< D ST eo) T ol
Jo,31=0 JosJx:
“+o00 k
(k+2)! ; e el
= 3 (3 e ol 5 )2 (o)
| _ p c(1
o N ik =)t e
+00 k
= Dk +2)0+ 1) (Juolpy + ko)) (p0)*
k=0
- k 27(po)
< E+2)(kE+ 1D)(rv(po))*v(po) = —————.
> (ke 20k D) 2 ) = =

The previous argument shows that (34) holds for every a € (1,2] with d(c¢(1),¢(a)) <
y(e(1))~t If d(c(1),c(a)) > v(c(1))~! then one does not know whether a direct Taylor’s
expansion at ¢(1) is valid or not. Nevertheless, as r < R < (1 — 1/v/2)y(po)~!, by virtue
of (33), there exists a positive constant K depending on r and y(po) such that y(p) < K
for all p € B(po,r). Consequently, there exist a finite subdivision 1 =t; < ... < t,41 = a
of [1,a] and corresponding tangent vectors u; € Tet,) M such that c(ti11) = exp,(,)[u:] and
[uilersy = d(c(tizr),c(ti)) < K= < ~(ce(t;)) ! for i = 1,...,n. In such a case, successive
applications of appropriate parallel transports and Taylor’s formulas yield

+o00 1

]P)c,a,OX/,(c(a)) = Z '7

— X U0ttt (o) [, (Peyey o) -, (et 0t )" ]-
< Jn!

Then, since |to|p, +D iy [tilet;) < 7, we can use similar arguments to show that (34) holds.
We leave the details to the reader. O

Theorem 5.3 (Riemannian a-theorem) Let pg € M be such that X'(po) € GL(Tp, M),
and set a = By for = |X"(po) ™ X (po) | and 5 = 1(po).

Ifa<ag:=(V2-1)? =3-2V2 then the sequence {py} generated by Newton’s method
starting at po is well defined, contained in B(po,r*) where

1
r=—[1l+a—+vVa2-—6a+1],

4y

and convergent to some p*, which is the unique singularity of X on B(pg, (1 —1/3/2)y71).
In particular, d(p*,po) < r* < 20.

For all k > 0, d(p*,pr) < r* — ri where {ry} is the sequence generated by Newton’s
method, starting at ro = 0, applied to the scalar function
r
—B-2 .
or)=p-2r+1—

(35)
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The sequence {ry} converges to r* which is the smallest zero of ¢ in [0,7~1). Furthermore,
ri has the closed form
1 _ 2"t .
for
l—a—+Va2—-6a+1 1+a—+va?2—6a+1

V= , = )
l—a++Va?2—-6a+1 g 1+a++Va?2—-6a+1

Proof. By Lemma 5.3, one can use the same arguments, up to the factor v, of the proof of
Theorem 5.2. We leave the details to the reader. O

Remark 5.4 Theorem 5.3 is a finite-dimensional Riemannian version of some results of
[22, 23] and improves two aspects of the R-a-theorem proved by Dedieu et al. in [5]. First,
the constant ag = 3 — 2v/2 in Theorem 5.3, which is the same of [22, 23], is better than the
analogue constant 0.130716944... in [5, 18] characterized as the unique root of the equation
20 = 9(a)? in [0,1 — 1/4/2). Second, in our approach there is no need of any condition
relying on the injectivity radius ry,, of the exponential map at pg, while in [5, Theorem 1.4]
it is assumed in addition that 3 < sgrp, for a suitable universal constant sg > 0.

Remark 5.5 We focus on the conditions of the original a-theorem in order to illustrate our
approach. However, further improvements of Smale’s result relying directly on the quantities
X" (90) P X® (po)|lpy, & > 2, (and not on the upper bound ~(po)) are given in [21, 23] for
the Euclidean case. Of course, Riemannian versions of those results can be obtained by
specialization of Theorem 3.1; we will not develop this point here.
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