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Abstract: In this paper we study the tracking control of Lagrangian systems subject to
frictionless unilateral constraints. The stability analysis incorporates the hybrid and non-
smooth dynamical feature of the overall system. The difference between tracking control
for unconstrained systems and unilaterally constrained ones, is explained in terms of closed-
loop desired trajectories and control signals. This work provides details on the conditions
of existence of controllers which guarantee stability. It is shown that the design of a suit-
able transition phase desired trajectory, is a crucial step. Some simulation results provide
information on the convergence of such controller. Finally the extension towards the case of
multiple impacts, is considered.
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Poursuite de trajectoires pour systémes lagrangiens de
complémentarité

Résumé : Dans ce papier nous étudions la poursuite de trajectoires pour des systémes
mécaniques Lagrangiens soumis & des contraintes unilatérales sans frottements. L’analyse
de la stabilité de tels systémes doit prendre en compte le caractére hybride (ou non régulier)
de la dynamique du systéme complet. Les différences entre la poursuite de trajectoires pour
un systéme non contraint et un systéme soumis & une contrainte unilatérale sont expliquées
en termes de trajectoires désirées et de signaux de commande. Ces travaux donnent des
détails sur les conditions d’existence de lois de commande asymptotiquement stables. II est
montré que la conception des trajectoires de référence lors d’une phase de transition est un
point crucial. Des résultats numériques donnent quelques informations sur la convergence
des tels controleurs. Finalement nous donnons quelques extensions possibles au cas des
impacts multiples.

Mots-clés : Contrainte Unilatérale, Mécanique Non-Réguliére, Systéme Hybride, Stabilité
de Lyapunov
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1 Introduction

The focus of this paper is the tracking control of a class of nonsmooth fully actuated La-
grangian systems subject to frictionless unilateral constraints on the position. Let X € IR"
denote the vector of generalized coordinates. Roughly speaking, trajectory tracking means
that when properly initialized, all trajectories X (-) have to converge, or remain close to,
some desired trajectory X4(-) which is designed off-line. The Lyapunov stability of the fixed
point of the transformed error system with state vector the tracking error (X — X4, X — Xg)
is often required to get a robust and implementable scheme. The stabilisation problem con-
sists of choosing X, constant. For nonlinear mechanical systems, tracking is known to be
significantly more difficult than stabilisation, even for unconstrained systems [Lozano et al.,
2000]. The stabilisation problem for a class of nonsmooth systems, including Lagrangian
systems with unilateral constraints, has been analysed in [Brogliato, 2003a] [Goeleven et al.,
2003]. Applications may be found in manipulators performing tasks such as grinding, debur-
ring [Komanduri, 1993] [Ramachandran et al., 1994], filamentary brushing tools for surface
finishing [Shia et al., 1998], which have considerable importance in machining, disassem-
bly robotic systems [Studny et al., 1999], etc, and more generally all mechanical systems
performing tasks involving contact /impact phenomena.

The nonsmooth complementarity systems we deal with in this paper, may a priori evolve
in three different phases of motion :

e i) A free motion phase, where the mechanical system is not subject to any constraints
(i.e. F(X) > 0, where F(-) is some (m-vector) function representing the “distance”
between the system and the constraint).

e ii) A permanently constraint phase where the dynamical system is subject to holo-
nomic constraints (F;(X) = 0 during a non-zero time interval and for some indexes
ie{l,---,m}).

e iii) A transition phase whose goal is to stabilize the system on some surface X7 =
NiezX;, where 7 is some subset of {1,--- ,m} and ¥; = {X|F;(z) = 0}. In other
words a transition control has to assure that F;(X(t)) = 0 and VF;(t))X(t7) = 0 for
all i € Z (1), where t is a finite time for obvious practical reasons.

In the first phase the system is described by a set of ordinary differential equations
(ODE). The tracking control problem has been solved by several feedback controllers assur-
ing the global asymptotic stability (feedback linearization, adaptive control, robust control,
passivity-based control, etc [Lozano et al., 2000]). The second phase concerns the control of
a differential-algebraic equation (DAE) by so-called force/position controllers, and has been
solved in [McClamroch & Wang, 1988] and [Yoshikawa, 1987]. It reduces to a motion control
problem plus an algebraic equality for contact force equilibrium when suitable coordinates
are chosen. During the transition phase the system is subject to unilateral constraints, and

1The reason why the right limit of the velocity is indicated will be made clear later when solutions are
given a precise meaning.
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4 Bourgeot & Brogliato

collisions occur. These collisions will generate rebounds, which are generally seen as distur-
bances. On the contrary, in the control framework that is studied in this paper (following
[Brogliato et al., 1997] and [Brogliato et al., 2000]) impacts are provoked intentionally to
dissipate energy and contribute towards stabilizing the system.

The aim of this paper is to study a control scheme which guarantees some stability prop-
erties of the closed-loop system during general motions involving the three above phases.
It provides an interpretation of the specific feature of tracking control for unilaterally con-
strained systems in terms of some invariant closed-loop trajectories and some signals entering
the control input (usually known as the desired trajectory). With respect to the results in
[Brogliato et al., 1997] [Brogliato et al., 2000] we give accurate conditions under which var-
ious types of stability are assured, which were missing in these references. For instance the
n-degree-of-freedom case with n > 2 is solved in [Brogliato et al., 1997] only if a certain ma-
trix is a Jacobian, which is quite restrictive as simple examples show [Brogliato, 1999, §8.6].
In [Brogliato et al., 2000] the existence of a specific transition phase closed-loop trajectory
is assumed, without proof. These two points are addressed in this paper, as well as the
transition between permanent constraint phases and free-motion phases. We also study the
robustness of this control scheme with respect to : the knowledge of constraints position.

Finally we extend this work to the case of nonscalar frictionless unilateral constraints,
which may generate so-called multiple impacts.

Glossary:

ODE: Ordinary Differential Equation, DAE: Differential Algebraic Equation, LCP:
Linear Complementarity Problem, DES: Discrete Event System.

For a m-vector X, X > 0 means that X; > 0 for all components of X, 1 < i < m. The
maximun and minimum eigenvalues of a matrix M are denoted as A (M) and Ay (M)
respectively. If a function F'(.) has a simple discontinuity at ¢, the right and left-limits are
denoted as F'(t7) and F(t™) respectively. The jump is denoted as op(t) = F(tT) — F(t7).
The Lebesgue measure of an interval [a, b] is denoted as A[a, b].

1.1 Dynamics

The systems we study in this paper belong to the complementarity hybrid dynamical systems
[Van der Schaft & Schumacher, 2000], a class of systems which generalizes that of nonsmooth
mechanical systems [Moreau, 1983]. They are complementarity Lagrangian systems, with
Lagrangian function £ = JXTM (X)X — U(X), where T(X,X) = LX"M(X)X is the
kinetic energy, U(X) is the differentiable potential energy. The dynamics may be written
as:

M(X)X +C(X, X)X + G(X) =u+ VF(X)\x
F(X)>0, F(X)TAx =0, Ax >0 (1)

Collision rule

INRIA



Tracking Control of Complementarity Lagrangian Systems 5

where X € IR" is a vector of generalized coordinates, M(X) = M?(X) € R™™"
is the positive definite inertia matrix, F(X) € IR™ represent the distance to the con-
straints, A\x € IR™ are the Lagrangian multipliers associated to the constraints, u € IR"
is the vector of generalized torque inputs, C(X X ) is the matrix of Coriolis and cen-
tripetal forces, G(X) contains conservative forces. V denotes the Euclidean gradient, i.e.

T
VE(X) = (35;,-~ gF) € R" and VF(X) = (VF(X), - ,VEFn(X)) € R™™. The
impact times will be denoted generically as ¢ in the following. We assume that the functions
F;(-) are continuously differentiable and that VF;(X (tx)) # 0 for all t.

A major discrepancy of complementarity systems compared to systems with switching
vector fields, is that their state may be discontinuous, and that they may live on lower-
dimensional spaces. This creates serious difficulties in their study [Brogliato, 2003b] [Heemels
& Brogliato, 2003].

The Lagrangian system in (1) is fully actuated, i.e. dim(u) =dim(X). This excludes
for instance lumped joint flexibilities. In case dim(u) <dim(X) the system is said to be
underactuated and the control problem is much harder to solve. The first instance in the
Control and Robotics literature where such a complementarity model has been used, is in
[Huang & McClamroch, 1988]. One very specific feature of systems as in (1) is their intrinsic
nonsmoothness, which hampers one to tangentially linearize them in the neighborhood of
trajectories. Consequently linear controllers generally fail to stabilise such complementarity
systems, and nonlinear feedback controllers have to be designed.

1.2 Admissible domain

The admissible domain & is a closed domain in the configuration space where the system
can evolve, i.e.

O={X|F(X)>0}= () @, & ={X|F(X)=>0}

1<i<m

For obvious reasons it is assumed that ® # (), and even more: it contains a closed ball
of positive radius. This allows us to get rid of meaningless models. A motion like the one
in items i), ii), iii) above can then be defined. The boundary of ® is denoted as 09.

Definition 1 A singularity of O0® is the intersection of two (or more) surfaces
Y, = {X|F;(X) = 0}.

As alluded to above, the goal of the control problem during transition phases is to stabilise
the system on the boundary 0®. When m > 2 this may be a singularity (i.e. a codimension
a > 2 surface) of the boundary. In this study we restrict ourselves to domains which have
non-differentiable boundaries but which are convex around such non-differentiable points
(like on Fig. 1.a). The unilateral constraints are expressed by the relation F(X) > 0, which
can be translated locally into : CX + D > 0 for some matrices C and D. Clearly the
non-convex example of Fig. 1.(b) cannot be expressed as the intersection of convex domains

RR n° 5384



6 Bourgeot & Brogliato

(a) Convex (b) Non Convex

Figure 1: Non-differentiable points.

®,. This case is named a reintrant corner in the literature, and modelling issues are not yet
fixed for reintrant corners [Glocker, 2001] [Frémond, 2002]. This restriction on singular non-
convex points does not mean that the whole space must be convex. For example the domain
of the Fig. 2 is non-convex but can be described as ® above. Such sets are called regular
[Clarke, 1990]. For regular sets convexity holds locally and can be recovered by a suitable
generalized coordinates change (diffeomorphic hence preserving the Lagrangian structure).

’

:<’J/N<I>(Xl) e Singular point

Figure 2: Example of a regular non-convex domain

INRIA



Tracking Control of Complementarity Lagrangian Systems 7

1.3 Impact model

A collision rule is needed to integrate the system in (1) and to render the set ® invariant. A
collision rule is a relation between the post-impact velocities and the pre-impact velocities.
In this work, it is chosen as in [Moreau, 1988|:

X(tH) = —e.X(t;) o
2
(1 + eq) arg minery (x (1)) 32 — X (6)]"M(X (t) [z = X ()]

where X (t7) is the post impact velocity, X (¢, ) is the pre-impact velocity, T (X (t)) the
tangent cone to the set ® at X (¢) (see Figs. 1-2 where the sets X, To(X) are depicted)
and e, is the restitution coefficient, e, € [0,1]. Notice that if the angle (ﬁ) <
then in the neighborhood of X one has ® ~ T4 (X) when X € ¥; N Xs. The tangent
cone is defined as the cone which is polar to the normal cone Ng(X (¢)), see [Clarke, 1990]
[Hiriart-Urruty & Lemaréchal, 1996] [Moreau, 1988|. Both are always convex sets. They
generalize the tangent and normal subspaces to the configuration space to which velocities
and contact forces belong, in bilaterally constrained systems. When m = 1, the rule in (2) is
the Newton’s law Xn(tﬁ) = —ean(t,;), where X, is the normal component of the velocity.
The restitution mapping in (2) can be equivalently rewritten as [Mabrouk, 1998|:

X(t) = X(ty) = (1 + en)proxys(x (e, [M (X (8)) Na (X (11)); X ()] (3)
where the prox,;(x(;,)) means the proximation in the metric defined by the kinetic energy
at time t;, and Ng(X (¢;)) is the normal cone to ® at X (t;). The form in (3) will be useful
for some calculations in stability proofs. It can also be written using a suitable generalized
momentum transformation [Brogliato, 1999, Chapter 6]. See also [Glocker, 2002] for a nice
geometrical interpretation of this rule. The restitution mapping in (2) yields a kinetic energy
loss at the impact times given by [Mabrouk, 1998]:

_ ) ) T . .
s [Xeh - X60)] M) [0 - X@)] <0 @
en

Clearly this particular choice is arbitrary, and other models exist in the literature. How-
ever Moreau’s collision rule is chosen here because it is mathematically sound, numerically
tractable because it relies on Gauss’ principle of Mechanics [Brogliato et al., 2002], and is a
direct extension of Newton’s law (which is quite valid as long as friction is not considered).
Moreover it lends itself very well to possible extensions towards more complex collision rules
as the ones developed in [Frémond, 2002], which are based on the use of super-potentials of
dissipation [Moreau, 1968].

Ty (ty) = —

1.4 Model well-posedness

The most general result on existence and uniqueness of solutions for mechanical systems as in
(1) can be found in [Ballard, 2000] [Ballard, 2001]. Under the condition that all data entering
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8 Bourgeot & Brogliato

(1) are piecewise real analytic, then existence and uniqueness of a solution to (1) with X (-)
absolutely continuous and X (-) right-continuous of local bounded variation, is assured. Then
the acceleration is a measure and so is the multiplier A x. We shall always assume that the
required conditions are fulfilled in this paper. Multiple impacts (see definitions 1 and 5)
generally render solutions discontinuous with respect to the initial conditions (X (0), X (01)),
except in particular cases (plastic impacts and kinetic angle between the constraint surfaces
less or equal to 7 [Paoli, 2002], or kinetic angle equal to 5 [Ballard, 2000]). When m = 1
then continuity holds whatever e,, [Schatzman, 1998]|.

Due to the fact that velocities may be time discontinuous, but that their right-limit (and
left-limit as well) exist everywhere, models as in (1) may be named prospective, because
during the integration one looks for X (t*) [Moreau, 2003].

1.5 Cyeclic task

In this paper we restrict ourselves to a specific task, or trajectory: a succession of free and
constrained phases ;. During the transition between a free and a constrained phase, the
dynamic system passes into a transition phase I;. As we shall see, transitions between
constrained and free motion are monitored by a Linear Complementarity Problem (see Ap-
pendix C for a definition).

Qo Qogt1 Qop4o
In LCP())

In the time domain one gets a representation as :

RY=QoUI,UQUQUI; U...UQop_1 Uy U T UQgpyq U (5)
—_—— —_———
cycle 0 cycle k

where Qo5 denotes the time intervals associated to free-motion phases and 551 those for
constrained-motion phases. The transition Qog 11 — Qo1 2, does not define a specific phase
(or DES mode) because it does not give rise to a new type of dynamical system, as we shall
see in Sec. 3.3. The order of the phases is important but the initial phase may be ¢ or I
or €1y, see remark 2. Before passing to the description of the stability framework which will
enable us to design a feedback controller for tracking, let us investigate more deeply how
(5) may be seen as a consequence of the basic control objectives i), ii) and iii) listed in the
introduction.

First of all, let us notice that despite the problem involves contact and consequently
generalized forces in the control objectives (during phases Q2511 the contact force should
have some desired value), the control problem remains primarily a motion control problem.
Indeed the contact force, i.e. the Lagrange multiplier Ax in (1), is not part of the system’s
state (X, X). Its value is only a consequence of the motion (in fact its value has to be
calculated with a LCP, which is assured to always possess at least one solution for frictionless
constraints, see [Brogliato, 1999, theorem 5.4]). For instance in a one degree-of-freedom
system the contact force control simply reduces to an algebraic equation A = \; for some

INRIA



Tracking Control of Complementarity Lagrangian Systems 9

Figure 3: Unconstrained trajectory.

signal A4 (possibly time-varying). However this is not a stabilisation problem, this is a
static equilibrium. Therefore the force/position control problem should rather be called a
motion-control/force-equilibrium problem in such a case. During such a static equilibrium
phase, motion tracking drastically simplifies to triviality. This is going to be the same in
higher dimensions, in the normal direction to 0®.

More precisely, the items i) and ii) in the introduction imply that the trajectory of the
unconstrained system that has to be tracked, denoted as X*"¢() possesses the generic form
shown in Fig. 3. More exactly the orbit of this trajectory in the configuration space is
depicted on Fig. 3. It is clear that in particular item ii) implies that F(X*"¢(¢)) < 0 for
some t(€ Qap41), otherwise there would be a zero contact force when the system perfectly
tracks the desired motion. Roughly speaking, the system has to have the tendancy to
violate the constraints in order to assure a non-zero contact force. In the same spirit item i)
implies that F'(X*"(t)) > 0 for some t(€ Q2;). Consequently there exists a point A in the
configuration space, at which contact is made with 9®. This gives rise to a transition phase
whose role is as in item iii). In the same way there is a point B at which F(X*"¢(t)) =0
and detachment is monitored by a LCP. The central issue in the present control problem, is
the design of such transition phases. A first idea is to impose a tangential contact, i.e. with
VF(X ;)TX 3 =0, where X () is a signal entering the control input and playing the role of
the desired trajectory during some parts of the motion (the difference between Xj(-), and
X#ne(.) will be made clear below). However

e a) Due to non-zero initial tracking errors X (0) — X3(0) # 0, X(0) — X(0) # 0,
impacts may occur.

e [3) This is not a robust strategy since a bad estimation of the constraint position, may
result to no stabilisation at all on 90®. Consequently it is a much better strategy to
impose collisions for stabilisation on 0®.

RR n° 5384



10 Bourgeot & Brogliato

¢ ) In any case, collisions have to be incorporated into the stability analysis.

¢ §) The best strategy for stabilisation on 9@ is to impose closed-loop dynamics which
mimics the bouncing-ball dynamics X = —g, X > 0:

— 41) This is very robust with respect to the constraint position uncertainties.

— J2) As we will see it lends itself very well to Lyapunov stability of some closed-loop
Poincaré map.

Secondly, we will see in the next section that the type of stability we desire is based on
a single Lyapunov-like function V' (X, X, t). Then difficulties arise due to the following;:

¢ a) There are non-zero couplings between “tangential” and “normal” coordinates in the
inertia matrix M (X) (this will be formulated more rigorously later).

e b) This unique function V (X, X,t) has to work for all phases, i.e. for Qg (ODE),
Qo411 (DAE), and I}, (the dynamics may then be seen as a Measure Differential Equa-
tion [Brogliato, 1999]).

e ¢) If V = 0 then any velocity jump ¢(¢]) # ¢(t; ) implies a positive jump V (¢) —
V(t;;) > 0 in the Lyapunov function. This means that impacts will generally preclude
asymptotic stability (?), except in very particular cases of no inertia couplings, in
which case things greatly simplify.

e d) The function V has to satisfy V' = 0 when the desired trajectory of the closed-loop
system is perfectly tracked, according to the definition of a Lyapunov function. This
implies that the desired set of the complete (constrained) system must be used in the
definition of V.

One therefore realises that the control problem is itself subject to many constraints. The
proposed strategy has to cope with these various and sometime antagonist facts (like 5) and
c)). Item ¢) hampers the use as time goes to infinity of any controller that would switch
at time t, between a free-motion feedback input with F'(X;(¢;)) > 0 to a transition phase
controller with a “bouncing-ball” dynamics (i.e. such that F(X%"¢(t})) < 0). However such
a discontinuous input can be used during the transient period. The idea of using a desired
motion that would mimic the impacts so that V(¢}) — V(¢,) = 0 even when V(0) = 0 is
not a good one. First of all items ) and ¢) are in force, and such a strategy requires also a
perfect knowledge of e,, in (2). Secondly, proving the stability of such a trajectory is a hard
task. We therefore disregard this sort of signals X () for transition phases Ij. In order to
clarify these various notions let us consider a one degree-of-freedom system:

(X = X7) +9(X = Xj) + (X - X5) = A
0<XLA>0 (6)
X(t)) = —en X (ty)

2This is mainly due to the fact that the controllers used on phases (), assure asymptotic convergence of
the tracking errors towards zero, but do not possess any finite-time convergence properties.

INRIA



Tracking Control of Complementarity Lagrangian Systems 11

where Xj(-) is some twice differentiable function, v, > 0, v; > 0. The ” L” means that X
and ) are orthogonal, i.e. X\ = 0. It is clear that X*"¢ = X . If X(¢) < 0 on some interval
of time I, then the desired trajectory of the constrained system cannot be X(-). Rather,
this is going to be simply 0 on I. Item d) means that the function V used for stability
purpose (e.g. a quadratic function of the tracking error) is zero on Qo1 (constrained-
motion phases). Therefore the Lyapunov function will be defined such that on I and on
Qap41 one has V(X, X, t) = 0. Since this is a tracking control problem and since the desired
trajectory is equal to 0 on such phases (even the rebound phase), we conclude that the
tracking error X(-) entering V(-) has to satisfy X(-) = 0, so that V(X = 0,X = 0) = 0.
Thus X (-) cannot be defined from Xj(-) neither from X*"¢ but from a third signal which
we shall denote as X4(-). Let us again clarify the difference between Xj(-) and Xg4(-). Let
us take a constant X5 < 0 in (6). Then X" = X} but since the fixed point of the
complementarity system is (X, X) = (0,0), we must have V(X = 0,X = 0) = 0 so that the
restriction of V to the Poincaré section ¥ = {X|X = 0, X > 0} is a Lyapunov function
for the corresponding Poincaré impact mapping Ps. Consequently we shall define X; = 0
during these periods of time. In the following we shall denote X = X — Xy and X = X — X R
Finally in general X""¢ # X because X may be chosen to evolve from one transition phase
I, to the next one I;, 1 whereas X*"¢(.)does not depend on the cycle index k.

Such conditions appear quite stringent. Actually we are looking for the most direct
extension of Lyapunov’s second method for complementarity systems as in (1) evolving
as in (5). If the task is less complex than (5) and/or the dynamics possess some strong
properties (see [Brogliato, 1999, chapter 8]) then the stability analysis may simplify.

The control strategy which is developed in the sequel, takes all these features into account
and especially imposes an desired trajectory X*"¢ as depicted in Fig. 4. The orbits of the
trajectories are depicted. Tangential contact is made at A” when force control starts so
that X*"¢ jumps at B. In addition item £3) is taken into account by imposing a “bouncing-
ball” dynamics only during the transient period, i.e. on I with & < 4+o00. In other words
the trajectory X“"¢(t) makes a tangential contact with d® because if initial data satisfy
X(0) — X5(0) = 0 and X(0) — X3(0) = 0 on Qu, then X(t) = X»"¢(t) for t € Qu,
but during the transient period the controller assures the existence of collisions on phases
Ii,. Therefore between points A and B on figure 4, one may have X(-) which violates
the constraint during the transient period, and converges towards a tangential approach
trajectory after a finite or infinite number of transition phases (or cycles Qo U I U Qog41).
Between B and C' the phase Q9541 occurs during which objective ii) is fulfilled. The dashed
orbit AA’B’ on Fig. 4 represents X;(-) during a transition phase with impacts. The system
stabilizes on 0® between A and B’ when the controller is switched to a force control so
that X*"¢(-) and X}(-) may jump to B. In the control scheme described later, the point
B’ will converge (in a finite or infinite number of cycles) towards A”. We finally define the
closed-loop desired trajectory of the complementarity system as X*¢(-). On Fig. 4, X“¢(-)
is the curve (CAA”C) and X*¢(-) € 9% on (A”C). It is an impactless trajectory. Let us
assume that a periodic motion is desired. Then on Fig. 4 only the orbits of X*"¢(-) (i.e.
AA"BCA) and X%¢(-) (i.e. AA”CA) are fixed. The other two orbits may vary with the
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12 Bourgeot & Brogliato

Xhre(t) = X

(L) = X5 ()

Figure 4: The closed-loop desired trajectories and control signals.

cycle index k. But on a single phase I the fixed point of the closed-loop error system
may indeed be a signal X; € 09 (A’A”) which differs from X ¢ ® (A’B’). The orbits
(AA’B’) and the point A" generally vary from one cycle Qo U I, U Qo541 to the next cycle
Qogt2 U Ipr1 U Qopts. One can also interpret this as defining a desired trajectory X;(.) on
each cycle Qo) U I, U911, which is iterated from cycke k to cycle k+1 so that it converges
towards X*¢(-). The mixture between the DES and continuous dynamics clearly appears.

In summary the control strategy and stability analysis are led with four different tra-
jectories: X;(-) in the control input, X4(-) in the Lyapunov function, X*¢(-) and X*"(-).
Still referring to Fig. 4: when the system is initialised on X*¢(-) between C and A (i.e. on
Qo), then X4(t) = X%¢(t) on (CA”) and X4(t) € 9P on (A”C). If initially X (0) # X*(0)
and/or X (0) # X%¢(0), then X,(-) differs and is set to zero in the Lyapunov function at a
time corresponding to the first impact. This is the major discrepancy compared to uncon-
strained motion control in which all four trajectories are the same, usually denoted as X4(-)
(see remark 3).

2 Stability Framework

The stability criterion used in this paper is an extension of the Lyapunov second method
adapted to closed loop mechanical system with unilateral constraints and has been proposed
in [Brogliato et al., 1997] and [Brogliato et al., 2000]. Let x(-) denote the state of the closed-
loop system in (1) with some feedback controller u(X, X, ).

Definition 2 (Q2-weakly stable system) The closed-loop system is Q-weakly stable if for
each € > 0, there exists 6(¢) > 0 such that ||x(0)|| < 0(e) = ||z(t)|| < € for all t > 0,
t € Q= Up>oQ. Asymptotic weak stability holds if in addition xz(t) — 0 as t — +oo,
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t € Q. Practical Q-weak stability holds if there is a ball centered at x = 0, with radius R > 0,
and such that x(t) € B(0O,R) for allt > T; T < 400, t €, R < 40o0. [ |

Let us define the closed-loop impact Poincaré map that corresponds to the section ¥7 =
{z|Fi(X) =0, XTVF;(X) <0,i € T}, which is a hypersurface of codimension o = card(Z).
The pre-impact velocities are chosen to define Py for a reason given after claim 3. We

define:
Py, : ¥7 = %7

(7)
s, (k) — w5, (k+1).

where zy, is the state of Ps,. Let us introduce the positive function V(-) that will serve in
the subsequent analysis. Let Vx, denote the restriction of V to ¥1.

Definition 3 (Strongly stable system) The system is said strongly stable if: (i) it is
Q-weakly stable, (ii) on phases I, Ps, is Lyapunov stable with Lyapunov function Vs_, and
(i) the sequence {t}ren has a finite accumulation point to, < +oo. [ |

Clearly Ps, has a fixed point x5, € 0®. Let V(-) satisfy g(|[z[|) > V(x,t) > a(]|z]]),
a(0) =0, 5(0) = 0, a(-) and () strictly increasing. Let Iy = [7§, %],

Claim 1 (2-Weak Stability [Brogliato et al., 1997]) Assume that the task is as in (5),
and that

(a) - )‘[Q} = 00,

(b) - for each k € N, \[I}] < +oo,

(c) - V(x(th),th) < V(x(rh),75),

(d) - V(z(.),.) uniformly bounded on each Ij.

If on Q, V(:z:(t),@) < 0 and oy (tx) < 0 for all k > 0, then the closed-loop system is -
weakly stable. If V(x(t),t) < —v(|| X)), 7(0) = 0, ~(-) strictly increasing, then the system is
asymptotically Q-weakly stable. ]

This accomodates for other types of motions than the one as in (5), see [Brogliato et al.,
1997]. Let us assume that to < +00. It is noteworthy that from [Ballard, 2001, proposition
4.11] this implies e, < 1 (because if e, = 1 impact times satisfy t;11 — tx > B > 0 with
Z@o Br unbounded, so that t., = +00).

Claim 2 (2-Weak Stability) Let us assume that (a) and (b) in claim (1) hold, and that
(a) - outside phases I), one has V(t) < —yV (t) for some ~ > 0,

(b) - inside phases 1), one has V(¢ ) — V() <0, for all k >0,
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14 Bourgeot & Brogliato

(c) - the system is initialized on Qo with V(1) < 1,
(d) - >opso0v(te) < KV*(1E) + € for some k>0, K >0 and € > 0.

Then there exists a constant N < +oo such that /\[t';o,t’}] = N, for all k > 0 (the cycle
index), and such that:

() - Ifr =21, e=0and N = 2 In(*45) for some 0 < < 1, then V (gt <oV (7). The
system is asymptotically weakly stable.

(ii) - If k < 1, then V(7§) < 8(7), where 5(7) is a function which can be made arbitrarily
small by increasing . The system is practically Q-weakly stable with R = a~(5(7)).

Let us notice that the upperbound in (d) is the key point of the analysis. It characterizes
the uncertainty that is allowed in the variation of function V(.)
Proof
From assumption (a) of claim 2, one has
V(th) < V(too)e 707 ") 8)

From assumptions (b) and (d) of claim 2, one has

V(too) < V(Téc) + ZZO:O UV(tk) + ZI?;O V(tl:+1) - V(t;)

(9)
SV(IE) + KVE(rE) + e
Inequalities (9) and (8) give
V(tF) < e TV () + KVH(r) + (10)
Let us now analyse two cases:
(i) If k > 1, then V(1) = VE(). If € = 0, Eq. (10) becomes
V(th) < et (14 K)V () (11)
If we want to have V(%) < 6V (7§), we must choose A[th — too] such that:
e ) (1 + K) < 6 (12)
This is assured by choosing /\[t’} — teo] = N with
1 1+ K
N=-1 13
S In(-5) (13)

Clearly if § > 0, then N < 400, which proves the first item.
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(ii) If x < 1 then V(7§) < V*(7¥) < 1. Inequality (10) becomes

V(th) < e ) (14 K +€) = 8(7) (14)

The term 6(7) can be made as small as desired by increasing + (or increasing )\[t’; —too))-
The proof is complete since a(||z||) < V(x,t) for all x and ¢.
|

Claim 3 (Strong Stability) The system is strongly stable if in addition to the conditions
in claim 1 one has:

- V) S V(s
- V is uniformly bounded and time continuous on I, — Up{ty}.

Then the system is strongly stable in the sense of definition 3. ]

Sufficient conditions for strong stability are that oy (tx) < 0 and V (¢, ;) < V(t}), but
this framework permits oy () > 0 provided V(t;,,) < V(t) — 4 for some large enough

& > 0. Notice also that V(t) needs not to be < 0 along the system’s trajectories on the
whole of (tx,t;+1). The reason why we have chosen X7 and not X in (7) is that it allows
us to take into account the value V (¢, ) in the stability analysis. Notice that ¢(t%) = ¢(t5).

In order to summarize the consequences of what is stated in Secs. 1-2, let us propose the
following:

Proposition 1 Let the Lagrangian complementarity system as in (1) perform a motion as
in (5), with the closed-loop requirements as in i), ii), iii). Let us assume that asymptotic
tracking controllers are used on phases Q. Then the asymptotic stability in the sense of
definitions 2 and 8 implies that:

e The asymptotically stable closed-loop desired trajectory X"<(-) is impactless.

e During the transient period the feedback controller has to guarantee the existence of
collisions with 0O and a finite-time stabilisation on 0P.

e Contrary to the unscontrained motion case (¢ = JR” ), the signals X4(-) entering the
Lyapunov function, X;(-) in the controller, and X"(-), are not equal to a single so-
called desired trajectory. ]

This proposition is a consequence of items i), ii), iii), a) through §), a) through d), as
well as of definitions 2 and 3.
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16 Bourgeot & Brogliato

3 Tracking Controller Framework

3.1 Controller structure

To make the controller design easier the dynamical equations (1) are considered in the
generalized coordinates introduced in [McClamroch & Wang, 1988]. After transformation
a
in the new coordinates ¢ = [ Z; } , Q1 = © |, g=Q(X) € IR", the dynamic system is

m

a1
as follows :

Mi1(q)dy + Mi2(q)ga + Ci(q, 4)q + g1(q) = Ti(qg)u + A

M>1(q)d1 + Ma2(q)d2 + Ca(q, 4)4 + g2(q) = T2(q)u
(15)

Collision rule
where the set of complementarity relations can be written more compactly as 0 < A L

Dq > 0 with D = [,,:0] € R™*", I, is the identity matrix. Clearly My (¢) = M}5(q) €
RM=™>X™ £ (q) € R™™, Mys(q) € R™™™*(=™) 1 the new coordinates ¢ one
therefore has ® = {¢q|Dq > 0}. The tangent cone To(q; = 0) = {v|Dv > 0} is the space
of admissible velocities on the boundary of ®. The polar cone to Tg(-) is the normal cone
Ns(q) = {v|Vz € Tp,2Tv < 0}. In case ¢ € 9P, one gets No(q) = {vjv = DT X <
0}[Hiriart-Urruty & Lemaréchal, 1996]. Obviously from (15) the generalized contact force
P, = DX € —Ng(q). The controller developed in this paper uses three different low-level
control laws for each phase Qor, Qoxy1 and I, (3):

U,. for te& Qg
T(Qu=< Uy for tel
U, for te QQk+1

where T'(q) = Ti(a) € IR™ ™. A supervisor switches between this three control
T(q)

laws, and is described below (see Fig. 8). The stability of this controller is analyzed by using
the criteria proposed in Sec. 2. The asymptotic stability of this scheme makes the system
land on the constraint surfaces tangentially after enough cycles of constraints/free motions
(one cycle = Qo U I, U Qa41). Asymptotically the transitions between free motion phases
and permanently constraint phases are done without any collision.

3With some abuse of notations we assimilate the time domains to the modes that correspond to the three
phases in (5).
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Remark 1 (Dynamic coupling effects) From (15) it follows that o, (tx) = My Majog, (tr).
Apply for instance a feedback linearizing input u in (15) so as to get the dynamics

{ Gr=v1+ A (16)
qz2 = U2

where v; and v, are the new inputs. One is then tempted to mimick the one degree-of-
freedom case, see [Brogliato et al., 1997]. However except if V' (t) = T'(t) (the kinetic energy)
at time ¢ = t, then there is few chance to get oy (tx) < 0 (because the controller does
not decouple the dynamics at impact times!). This precludes the use of any controller with
Lyapunov function not resembling the system’s mechanical energy. In the sequel we will use
a Lyapunov function which is very close to the nonsmooth global energy of the system. This
will help us a lot in the stability analysis.

|

Let us choose:

~ A 1 -~ P 1 - ~
V(t,4,q) = §QTM(Q)Q + §vquq (17)

with ¢(-) = ¢(-) — qa(-) . The control law used in this scheme is based on the controller
presented in [Paden & Panja, 1988], originally designed for free-motion position and velocity
global asymptotic tracking. Let us propose:

Une = M(q)gq + Clg, )iz +9(q) — 7 (q — q3) — 72(¢ — d3)

U =U,.  before the first impact

U =g9gq) —n(g—q}) —v2¢ after the first impact

U. :Unc—Pd—i-Kf(Pq—Pd)

where 1 > 0, 72 > 0, K; > 0, P; = DT\, is the desired force we want for the
permanently constraint motion. The signals ¢} and gq will be defined later, as well as the
switching conditions between the controllers in (18). The overall structure of the controller
is depicted in Fig. 5. One sees that the controller structure is constant. Discontinuities are
a consequence of the feedforward part only. The switchings may be event-based, or open-
loop, see Fig. 8 which depicts how the supervisor is designed. The interest for choosing this
controller is that the function V (¢, §, §) in (17) is very close to the total energy of the system.
Notice that v in (18) is independent of the restitution coefficient e,,. From (18) the third
condition in claim 1 can be replaced by V (t}) < V(ty) since V(t5) < V(7§).

Remark 2 It is noteworthy that in order for the system to track a sequence of modes as in
(5), some conditions on the initial state and the selected input are required. This is called
synchronicity of the high-level controller and the system’s modes defined in (5) in [Brogliato
et al., 2000].
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18 Bourgeot & Brogliato

Py ,Jr

Supervisor

| Desired trajectories
| Benerator

Qop U Iy

Free motion trajectory

Pq

- . Non linear )
Transition trajectory troll Lagrangian System
controller

Constraint trajectory

(g, 4)

Figure 5: Structure of the controller

As observed in the introduction, a control strategy which consists of attaining the surface
09 tangentially and without incorporating impacts in the stability analysis, cannot work in
pratice due to its lack of robustness. In view of this, the control law for the transition phase
is defined in order :

e To make the system hit the constraint surface (and then dissipate energy during im-
pacts) if the tracking error is not zero.

e To make the system approach the constraint surface tangentially (without rebound) if
the tracking is perfect.

This two situations are conflicting. On the other hand the coupling between ¢; and go
in (15), and the stability framework in claims 1 and 3, make the asymptotic stability quite
difficult to obtain if velocities are subject to discontinuities. Indeed as indicated in item c)
in Sec. 1.5, any velocity jump at t; implies oy (t5) > 0 when V = 0. Hence if the transition
phase is constructed with impacts, one has to find a manner to get V(t’;) = 0 in order to
force the system to remain on the desired trajectory X,(-) (here g4(-)). This is not obvious
in general (see remark 1) and defining ¢’5(-) as done below is a way to get the result.

Remark 3 If the system is unconstrained (i.e. ® = IR") then motion control is assured
by setting T'(¢)u = U,. and the trajectory ¢;(-) is the unique closed-loop invariant. It is
globally uniformly asymptotically stable in this case, see [Paden & Panja, 1988]. As we
indicated in the introduction, many other controllers can be used in this case which all
guarantee the same tracking properties.
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3.2 Design of the desired trajectory on phases [;.

During the transition phase ¢};(¢) is defined as follows (see figure 6 for ¢;,(-), where A, A’, B, B
and C correspond to Fig. 4):

A A B B c
Figure 6: Trajectory qj,(¢)
Let us note that the indices k& for the phases €, and I and for the impact times ¢, are

not related. They are dummy variables. To avoid possible confusion, all superscripts (.)*
will refer to cycle k in (5). Let us define:

- 7¥ is the chosen by the designer as the start of the transition phase Iy,
- t& is the time corresponding to ¢ ,(t§)=0,

- to is the first impact,
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20 Bourgeot & Brogliato

- too is the finite accumulation point of the sequence {tx}i>0,

- t% is the end of the transition phase I},
- 7F is such that ¢}, (7F) = —aV (rf) and ¢7,(F) =0 (*).

- Qopy1 = [th, t5], th will be defined in Sec. 3.3 (see Fig. 7).

One has I, = [r§,t}], Qap1 = [t} t§]. On [7§,t9), we impose that ¢j(t) is twice
differentiable, and ¢} ,(t) decreases towards —a'V (1) on 7§, 7F]. In order to cope with the
coupling between ¢; and g2, the signal ¢, (t) € C?(IR") is frozen during the transition phase,

ie.:
o G5y(t) = g5 G34(t) = 0 on [75 )]
e ¢;,(t) is defined on [7¥, k] such that ¢3,(tk) = 0.

On (to, t§], we define g4 and ¢ as follows :

=8 )= ()

On [th th] we set qq = ( ¢ O(t) ) and ¢f; = 0. Therefore on (¢},%) one has g4(t) =
2d

g5(t). The purpose of ¢} is to create a “virtual” potential force which stabilizes the system on
0P even if the position of the constraint is uncertain. Consequently the fixed point(qq, ¢4) of
the complementarity system is used in the expression of the Lyapunov fonction (§ = ¢ — qq),
whereas the unreachable fixed point ¢ is used in the control law (¢ = ¢ — ¢ with ¢ as
in (19)). In U,. in (18) we have ¢;(-) = qa(-) since ¢%(t) = qa(t) for t € Qo U [7F,t0]. In
summary, after the first impact at to, qi4(-) is set to zero while in case 7§ > to, ¢},(*) is
set to —aV (7§) (in other words U; switches as indicated in(18)) . Since ¢14(t, ) # 0 and
q14(ty ) # 0 in general, the trajectory g14(-) behaves like in a sort of plastic collision (e,, = 0).
With respect to Fig. 4, one has 7 at A, to at B', t at A', t}; at C, and B at t%; (the term

—P; — K¢P, defines the signal X(-) between B and C on Fig. 4). If V(7§) = 0 then A”
corresponds to the time 7F.

The piece of curve AA’ on Fig. 4 is normal to d® (which in coordinates ¢ is the
codimension-m plane ¢; = 0). The closed-loop desired trajectory X"¢(-) is defined as
q"°(t) = qy(t) on Qap, ¢"°(t) = qj(t) with o = 0 on Iy, and ¢;°(t) = 0 on Qopy1,

45 (t) = ¢3,(t) on IRT. Tt is impactless.

The choice for q;(.) is done essentially to get oy (tr) < 0 on I.

4In [Brogliato, 1999] [Brogliato et al., 2000] it is implicitly assumed in the stability proofs that 7F < ¢,
which is a shortcoming that we avoid in this paper.

INRIA



Tracking Control of Complementarity Lagrangian Systems 21

Remark 4 It is noteworthy that the proposed strategy implies that U, is switched only after
stabilisation on 09 is achieved. This implies that the period at which a cycle Qqr, U UQ0os 11
is performed, is lower-bounded by |t., — to|. If impacts are plastic (e, = 0) then the speed
of a cycle can be increased while if e, is close to 1 the programmed speed must be smaller.
This is logical from an intuitive point of view since this is a consequence on how much kinetic
energy impacts dissipate.

Remark 5 Due to the fact that we want Vs, to act as a Lyapunov function for Py, in (7)
and since the Poincaré mapping fixed point satisfies ¢5_; = 0, we have to set giq to zero
and go4 constant on the transition phase. However the approach trajectory (AA’) on Fig. 4
is not so easy to design. This is what claim 5 below solves.

3.3 Conditions for take-off

In the previous subsection we designed the trajectory ¢(.) to stabilize the system on 0®.
We now deal with the conditions on the control signal U.(q4, qa, Ga, Pa) for take-off at the
end of Qo11. On [th,t}), the dynamics of the system is defined by:

M(q)§+ F(q,4) = Ue+ D" A (20a)

0<q LA>0 (20b)

with F(q,q) = C(q,4)d + G(¢g). On [t;ﬁ,t’j), the system is permanently constrained, i.e.
¢1(.) =0 and ¢;(.) = 0. Then (20b) implies [Glocker, 2001]:

0<d LA>0 (22)

There is take-off at % if §; (t%*) > 0. From (22) a necessary condition to have g (t5) > 0
is that A(t5™) = 0.

Claim 4 Consider the closed-loop system (20) (18), during the permanently constraint
phase [tl},t’;]. Detachment is assured if

b(q7 (j? Unm >‘d) >0
with b(q, ¢, Une, \a) = DM~ (q)[—F(q,q) + Unc — DT(1 + K¢) A ]

Proof.
Let us detail the expression of the Linear Complementarity Problem (LCP) in (22). With
the notation of Sec. 3.1, (22) can be rewritten as

0<DGLA>0 (23)
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From (20a) and (18), one has:
§ = M7Yq)[-F(g,9) + U+ D"
= MY (@)[~F(q,9) + Unc + (1 + K;)(D"A = Py)]
By inserting (24) in (23), one obtains the following LCP:

0< DM (q)[~F(q,q) + Upe — (1 + K;)DTNg] + (1 + Kf)DM Y (¢)DT X LA >0 (25)

b(q,4,U,Xa) Aq)

which we rewrite more compactly as
Let us study the LCP in (26). Since A(q) > 0 there is a unique solution:

e If b(.) > 0, then b(.) + A(g¢)A > 0 and the orthogonality condition b(.) + A(g)A L A
implies A = 0.

e If b(.) < 0 then the condition 0 < b(.) + A(g)A1 and the orthogonality imply A =
—A71(q)b(.) > 0.

e If b(.) = 0 then (26) becomes 0 < A(¢g)A L A >0 and A = 0.
In conclusion, A = 0 if and only if b(q, ¢, Une, Ag) = 0. From (24) and (25)

G1(t) = b(q, 4, Une, Aa) + A(@)A
If A =0, then §1(t) = b(q, 4, Une, Aa), and a sufficient condition for detachment is:

b(Qv Q» Unm >\d) >0

3.4 Control strategy to assure detachment

The only parameter we can tune to force take-off without influancing the variation of the
Lyapunov function V(.) is A¢(¢). By inserting (18) in the expression of b(q, ¢, Upc, Aa), One
gets:

(¢, 4, Unes Aa) = DM~ (q)[M(q)da — C(q,4)d — 711G — v2¢ — DT (1 + Ky)Ad] (27)
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After some computation, (27) and the result of claim 4 provide a sufficient condition for
take-off (time argument is dropped in (28)):

it = (M1 Cr(a.d) + M 1126 (0, ) ) dra + 120 Tnndra + Mg na
- ([M(;)l]mcu(q, q) + [M(;)l]mcm(qy Q)> & — 72[M(;)1]21§2 -m [M(;;]qu} (28)

— M3+ Kp)Aa+Ga >0
(9)

with the decomposition of matrix M ~!(q) and C(q,q) as:

1 1 ) .
M—l( ) [M(q)}u [M(q)]12 4 C( ) Cll(q7q) Clg(q, q)

U= an a.4) =
[M(;)l}Ql [M(?I)l}gg 021 (qa q) C?Q(Qa Q)

Depending of the sign of ¢, and g, b(.) is not necessarily positive with Ay = 0. Therefore
we have to choose a profile for \;(¢) which is continuously decreasing until b(g, ¢, Upc, Aa) > 0,
even if a negative desired force is meaningless because it is not reachable (see Fig. 7). The
time ¢ is defined as the first instant such that ¢; (%) > 0. Since all signals are bounded,
from (28) t* is garanteed to be bounded as well.

Now we have to assure that the system does not make contact again with 0® when the
control law switches from U.(t57) to Unc(ti") at the take-off. Then U,.(t%") has to be
chosen to garantee ¢y (t5*) > 0.

At t5~, the control law is U, and q14(t57) = 0, ¢14(t5™) = 0 and G14(t5 ™) = 0. Therefore
(28) is simplified to:

(.jl (tl;i) - b(qa (jv Unm )\d)
= - ([M(;)l]m(]u(q, q)+ [M(;)l]22021(q7 d)) @2 — ’Y2[M(;)1]2151:2 (29)
—mn[Mylo1dz — (M1 (1 + Kp)Aa(th ) > 0
At t§+, the control law is U,. so that )\d(t5+) = 0 in b(q, ¢, Une, A\a) evaluated at t%.
Since the desired trajectory has to be twice differentiable, let us choose qld(tlf) = 0 and
q1a(t5T) = 0. We obtain:
q'l <t§+) = b(qa q'7 UnC7 0)

= - ([M(;)l]mcu(q, q) + [My]22C21(a, Q)) Go — 72[M)]2102 (30)

-7 [M(;)l]21q~2 + Gra(thh)
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Finally the condition to guarantee ¢;(t) > 0 on (tk, % + €), for some ¢ > 0, is that the
term G14(th") in (30) compensates the loss of the term —[M(;)l]u(l + Kf)Aq in (29) due to
the switching from U, to U,,.. The condition on the desired trajectories at the begining of
the free-motion phase (g2 is:

dua(th®) > max (0, ~[M, e I (1 + Kp)Aa(th ) (31)
h A(t)
a(t) s ,
. A Y L/
\ & : i PS4
\“O tf ] td
' to 3 T;C "_ t
Y 1
Q._ - -* -------- i
iq(t) : v
I Qokt1 A Qo2
B c

Figure 7: Trajectory \4(t)

Remark 6 It is interesting to notice that the two transitions Qo — Qo141 and Qo1 —
Qop42, are monitored by desired signals qi,; and \g which violate the complementarity con-
ditions, as shown in Fig. 7.

3.5 Closed-loop stability analysis

The closed-loop dynamical system is now completely defined. It consists of a somewhat
complex dynamical system, with complementarity conditions, impact law, and switching
torque input.

Qopy ——— Iy ——— Qo1 —— Qopgo
time-based state-based state-based
() (tlfc > too) (tk = detachment)

The aim is now to prove that this dynamical system, seen as an error system with state
the vector (g, q), is stable in the sense of definitions 2 and 3. As we saw this means that
asymptotically the trajectory ¢“¢(-) is attained. The closed-loop state can be chosen as
z = (4, §), according to definition 2 which concerns only phases €.
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Figure 8: Supervisor evolution.

Definition 4 {CI} is the subspace of initial conditions x(0) which assure to > 71 uniformly
along a motion as in (5).

The foregoing developments hold independently of m. Let us assume that m = 1 now.
We will come back to the case m > 2 later on. {CT} contains the initial data guaranteeing
that no impact occurs before the signal ¢(-) is frozen. This is very useful because it can
then be proved that the conditions for asymptotic strong stability are fullfilled. However in
general z(0) ¢ {CI}, so that an impact occurs before ¢jj(-) is frozen (i.e. ¢j(t;) # 0, see
figure 6). A specific analysis (completing the one in [Brogliato et al., 2000]) has to be done.

Assumption 1 The controller U, in (18) assures that a sequence {ti}r>0 of impact times
exists, with limg_, oo tp = teo < +00.

One difficulty in the stability analysis along a cycle like in (5), is to assure that initial
tracking errors do not increase from one cycle Qo U I, U Q241 to the next, due to the
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impacts. As we shall see next, one key point in the stability is the value of the first jump in
V(.), i.e. ov(to). Let us calculate the value of the jumps in V(.) at t:

ov (1) = T () — gonand® (1) — 5ialt)" Ma(ts))iury) + ()" M(at))dalt) - (32)
where T7(t1,) is the loss of kinetic energy at impact ¢, and we used the fact that ¢,(t;) = 0,
Gaa(ty, ) = 0, qaa(ty) = qua(ty, ) = ¢34 and qua(ty) = 0.

For k > 1, one has ¢14(t;) = 0 and ¢q(t;,) = 0. From the above definition of q4(-) it is
assumed that t§ < to, so that ¢o24(to) = 0. If this is not the case then go4(-) can be frozen
earlier in the process to assure that at the first impact g24(to) = 0. Then one has:

oy(ty) = Tp(ty) <0
ov(te) = Ti(to) — smqa®(ty) — 5dalto )" M(q(to))dalty) (33)
+Mi1(q(to))dr (tg )dralty ) + do(ty ) Mai(q(to))dralty)

It is noteworthy that the equalities in (33) hold independently of the chosen impact rule.
The only assumption is that impacts dissipate kinetic energy. The above choice for ¢j(.)
and switching strategy, is done in order to possibly obtain oy (tg) < 0 and oy () < 0 for
k > 1. Let us now state the following;:

Claim 5 Let assumption (1) hold. The system defined by (1) in closed-loop with the con-
troller in (18) and qq(-), ¢jj(-) as defined above, is :

(i) - Asymptotically strongly stable if x(0) € {CI}.

(ii) - Asymptotically strongly stable if ¢(.) is designed such that at the first impact time of
each phase I, we have [Mi1(q(to))d1(ty) + G2(tg )T M21(q(to))]dra(ty) < O.

(iii) - Asymptotically strongly stable if M5 =0 and e,, = 0.

(iv) - Asymptotically weakly stable if M2 =0 and 0 < e, < 1.

Proof. (i) The proof of the first item can be found in [Brogliato et al., 2000]. Instances
for which {CI} # 0 can be calculated in simple cases like one degree-of-freedom systems.
They occur under somewhat stringent conditions.

(i) It follows immediately from (33) that if
[Mi1(q(to))dr(ty ) + da(ty )T Ma1(q(to))] dra(ty ) < O then oy (to) < 0. And then we can use
the proof done in [Brogliato et al., 2000].

(iii) The proof of the third item follows the same line but in this case oy (¢o) has to be
shown to be negative because it is not equal to the kinetic energy loss. Let us consider
Moreau’s collision rule as written in (3). Notice that since m =1

ProX (g0 M~ (a(t0))Na (q(t0)); 4(ty )] = d(tg )" M(q(to))ngng (34)
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M~ (q(to)) D"

where n, =
/DM (q(to))DT
1999, chapter 6] and D = [10...0] € IR"*'. One gets from (34) and using for instance the

Schur complement to calculate M ~1(q(ty)) [Horn & Johnson, 1999, p.472]

€ IR"™*! is the normal vector in the kinetic metric [Brogliato,

Broxas oy 000D Nolatto)): 06 = 60) ( yyosiannrieoyy ) B9

Therefore from (3) one gets

o4, (tr) = —(1+en)qu(ty)

(36)
o4 (tk) = (1 + en) Moy (q(tx)) Mi5 (q(tr))da (¢,)
From (36) and (33), after some manipulations we arrive at the following:
2 — J— . p—
ov(to) = S5 [Mii(g(to)) — Mia(g(to)) My, (q(t)) M5 (g(t))d3 (ty)
—5Mi1(q(t0))diq(ty ) + Mii(q(to))dr (g )dra(ty) (37)
+a2(ty )T Ma1(q(to))dralty ) — 371aia(to)
It follows immediately from (37) that if e,, = 0 and Ms; = 0 then
1 o, 1 _
ov(to) = —§M11((J(t0))<ﬁ(to ) — 57161%1(150) <0 (38)
Hence strong stability is assured and the third item is proved.
(iv) If M2 =0and 0 < e, < 1, one has
V() =Vit)+Valt) = LMu(qto)@(t) + 2@(6)TMaa(q(to))da(t)
+ smdi(t) + nGt) () (39)
—_——— —_
1%} (t) VQ(t)

From (39), V5(t) and V;(t) are decoupled, then V5 (t) is a smooth function and V5(t) < 0
for all t. Therefore Va(to,) < Va(75). Since Vi (ts) = 0 < Vi (7F) one has:

V(teo) < V(15) (40)

Then item (iv) of claim 5 is proved.
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4 A Weakly-Stable Scheme

It is of some interest to design a feedback control strategy whose closed-loop stability can
be analyzed with claim 2. The control law used in this section has the same global structure
than in Figs. 5-8. However the nonlinear controller block is based on the scheme presented
in [Slotine & Li, 1988]. Let us propose the following:

Unc = M(Q)Qr + C(qa q)qr + g(Q) — 7S
Us =U,. before the first impact
T(q)u = U =M(q)g-+Clq,q)dr+ g(qg) —11§  after the first impact (41)

U. =U,.— P;+ Kf(Pq — Pd)

where s = G + 2G4, 5 = G+ 72G, ¢r = G4 — V24, 72 > 0 and ~; > 0 are two scalar gains,
K; >0, P; = DT )\, is the desired contact force during permanently constraint motion.

Assumption 2 The controller U, in (41) assures that a sequence {ty}r>0 of impact times
exists, with limy_, o ) = too < +00.

Let us consider the following positive functions:

Vit,s) = 3s(t)"M(q)s(t)
(42)
Va(t,s) = 5s()"M(q)s(t) + 72na(t)"q(t)

In case ® = IR", any of the two functions V;(.) and V2(.) can be used in order to prove
the stability of the closed-loop system (15) (41) [Lozano et al., 2000, §6.2.5] [Spong et al.,
1990]. In the case of interest here ® C IR", things complicate and as we shall see, both
functions are needed for the stability analysis. In particular one has V() < 0 and Va(t) < 0
along the closed-loop system as long as T'(q)u = U, in (41), see [Lozano et al., 2000] [Slotine
& Li, 1988]. It is noteworthy that claim 6 is proved with V5(.), while claim 7 is based on
Vi(.) and the choice of the closed-loop state vector x(t) = s(t).

Claim 6 (upper-bounds) Consider the closed-loop system (15) (41) on the time interval
(7§, to], and with the particular choice of q},(.) given in (55) (56) (57) in appendiz A. One
has:

- Va(7h)
7 t < —
(i) laia(to)] o
(i) |dta(to)] < KoVy'*(78)
where Ky > 0. [ |
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Proof
The proof of claim 6 is provided in appendix A.

Claim 7 Let assumption 2 hold, e, € (0,1) and ¢}, be defined as in (55)-(57). Consider
the system defined by (15) in closed-loop with the controller in (41).

(i) - If the controller T(q)u in (41) assures that |G(7¥)| < €, € > 0 for all k over the cycles,
then the system initialized on Qo with Va(70) < 1 satisfies the requirements of claim 2
and 1is therefore pratically Q-weakly stable with closed-loop state x(.) = s(.).

(ii) - If the controller T'(q)u in (41) assures that ||G2(tg+1) || < ||G2(tx)]l, for all i on [to, teo),
then the system initialized on Qo with Va(70) < 1 satisfies the requirements of claim 2
and 1is therefore pratically Q-weakly stable with closed-loop state x(.) = [s(.),q(.)].

Notice that € in (i) need not be small, it is however important that it does not depend on
the cycle index in (5). Note also that Vi (t) < Va(¢) for all ¢ > 0 so that V; (7)) < Va(1)) < 1

in (i).

Proof
The proof of claim 7 is provided in appendix B.

Claim 8 Consider the closed-loop system (15) (41). The tracking errors satisfy ||G(t)|| <
2R and ||[q(t)]| < (1 +29)R for all t € Q, and ||s(t)| < R for all t € Q, with R =

2 —y(th—too 2
(Amm(M(q))e "0 )(HK“'))

| ]
Proof

From the definition of s(¢) one has ¢ = s where p € C is the Laplace variable. Then

p+1
on [tk t) with t € Q, G(¢) is the response of a linear filter with input s(.). One obtains:

q(t) = e_(t_t’;)s(t]}) +/ e~ Tg(r)dr (43)
(tht)

Equality (43) implies the following inequality:

gl < sl + et = th)lIslloe (44)
where ||z|lc = SUP; >t |z(t)| is the Lo norm. From claim 7, one has ||s|| < R so (44)
becomes: 1ol [ . )
)l < [L+et(t—thHR
< 9R (45)
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From the definition of s(t) one has §(t) = s(t) — 724(t) then

a1 < lls@)ll +2lla@)ll (46)
By inserting (45) in (46), and using the fact that ||s|| < R, one obtains

g < [14272) R (47)

Claim 9 (plastic impact) Let assumption 2 hold, e, = 0 and ¢}, be defined as in (55)-
(57). The system defined by (15) in closed-loop with the controller in (41) initialized on Qg
with Va(70) < 1 satisfies the requirements of claim 2 and is therefore pratically Q-weakly
stable with closed-loop state x(.) = [s(.),q(.)].

|
Proof
As e, = 0, there is only one impact per phase Ij, and then the item (b) of claim 2 is
useless. Items (a) and (d) are proved in the proof of claim 7(ii).
Then the system (15) with the controller (41) satisfies all the requirements of claim 2
with e # 0. Consequently it is pratically Q-weakly stable with z(.) = [s(.), ¢(.)].

5 Simulation Examples

The control scheme in (18) is tested in simulation on a 2-link planar manipulator for the
simplest case of a scalar constraint. The constraint surface corresponds to the ground
(y = 0). The natural generalized coordinates so that the dynamics fits with (15), with
m = 1, are the work-space coordinates (x,y). We take:

5.1 Asymptotic convergence

Figure 10 shows the evolution of ¢;(t) and ¢2(¢) during cyclic tasks as in (5) . On the
graph of q;, the asymptotic convergence of the controller is exhibited as the value of oV (7F)
decreases exponentially. The graph of ¢o shows the coupling between ¢; and ¢o. At each
impact time a jump in ¢o occurs. The periodic step on ¢o4 corresponds to the transition
phase during which go4 needs to be frozen.
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Figure 9: 2-link planar manipulator

5.2 Robustness

In this subsection, we study the robustness of the controller with respect to the uncertainty
on the constraint position. The robustness of closed-loop systems is a crucial step towards
their implementation. The work that is performed here is essentially numerical, but may
provide useful informations on the controller robustness and its performance in practice.
The location of the constraint surface is not known accurately. As seen on Fig. 11, two
situations may be considered.

o If ¢ < 0, the estimated position of the constraint is lower than the real position. In
this case the desired trajectories decrease toward qi4(7f) = —aV(7) — |c| instead
of q1a(tf) = —aV (7). The error ¢ can be incorporated in the term —aV (7)) and
the stability of the transition phase is not changed. During the constraint phase the
controller is :

U, = Uflfl:wl —(Pi+m [ |8| :|) +Kf(Pq — Pd)

The error term ~;|c| is added to the desired force P; and contributes to keep the
contact with the surface during the constrained phase.

The system remains stable but it loses its asymptotic stability : If the tracking is
perfect V(7P) = 0 and ¢, = —|c|, so that the system does not approach the surface
tangentially and rebounds occur. Due to item c¢) in Sec. 1.5, asymptotic stability is
not preserved. An example is depicted on Fig. 12.

e If ¢ > 0, the estimated position of the constraint is above the real position. If the
tracking is perfect V() = 0, the desired trajectory decreases toward ¢i4 = c and the
system never reaches the constraint. There is no convergence (see Fig. 13).
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Figure 10: Asymptotic Convergence

This problem can be solved by monitoring the time of stabilization. If there is no
stabilization after an estimated time #.., the estimated position of the constraint is
refreshed as g% = §'¢ — e. After a finite number of iterations, one gets ;. < 0.
The system is in the previous situation ¢ < 0 and the stability is preserved. Figure 14

shows an example of self-adjustment of the estimated position of the constraint.
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Gic=c>0 -----g---aoao
Je
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Figure 11: estimated position ¢
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163 3e3 5e3 7e3 9e3

time

Figure 12: Stability if ¢ < 0

When tracking is not perfect and aV () > ¢, the transition phase is able to stabilize
the system on the surface 0®. But during the constraint phase, the control law is:

c

Uc:UTiﬁlzeal—(Pd—% [ 0

]>+Kf<Pq R

P,; must be chosen large enough compared to ;¢ to be sure that the system keeps the
contact with the surface during the whole constraint phase.

6 Mutiple Impacts

This section extends the previous controller framework to the case of multiple impact.
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Figure 13: Non-convergence if ¢ > 0
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Figure 14: Auto-adjustment of §;.

Definition 5 (Multiple impact) A multiple impact is an impact into a singularity as in
definition 1. If the singularity has codimension «, the multiple impact is named an a-impact.
We also denote the singularity as X¢.

The difficulty created by stabilization at singularities of 0®, is that the way the system
attains the singularity, may vary: the system may hit the singularity directly, or hit one
or several surfaces ¥; (through a finite or infinite number of impacts) before attaining the
singularity, as depicted on Fig. 15. Let us define 6}’ as the kinetic angle between two
surfaces ¥; and X;, i.e. the angle in the kinetic metric defined as 27 M(q)y for n-vectors x
and y. In the following we shall restrict ourselves to m = 2 (two constraints) and 6;7, < 3.
The reasons for this choice are the following:
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e Let us further assume that e,, = 0 in (2). As shown in [Paoli, 2002], the conditions
0;2, < 5 and e, = 0 imply that trajectories (i.e. solutions of the closed-loop system)
are continuous with respect to the initial conditions.

e Let ustakee, € [0, 1] and assume that the system performs a constrained motion phase
on ¥ before hitting 0 at g. Then (¢, ) € No(q) so that from (3) ¢(t) = —enq(t;,)-
This means that after the shock the velocity is again tangent to ¥;, and the state at
t is consistent with the constraint ¢} = 0.

The goal is to stabilize the system on the singularity 2 = 3; N3, during the transition
phase. Several cases are examined next, and the controller in (18) is used.

> 2 > 2o b 29

() (b) (c)

Figure 15: Multiple impact (2-impact)

6.1 Stabilisation with a 2-impact

In this case, the two surfaces are reached simultaneously. This means that at each impact
time 1, one has ¢i(tx) = ¢?(tx) = 0, and the closed-loop analysis made in [Brogliato
et al., 2000] for a 1-impact can be adapted immediately to such a 2-impact. If e,, = 0 the
continuity of solutions with respect to initial data allows us to further conclude that this
strategy possesses some robustness properties. Indeed even if the system does not strike
right at the singularity ¥2, but in a neighborhood of it, then stabilisation still occurs with
the same controller as depicted on Fig. 15 (b). If e, > 0 then such a strategy does not
seem amenable in practice due to its lack of robustness (because trajectories impacting in a
neighborhood of ¥? may drastically differ from those impacting on %2).
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6.2 Impact on one surface before a 2-impact

In this case the transition phase is decomposed into two main steps: a first subphase during
which the system is stabilized on ¥; (without impact on X3). And a second subphase during
which the system is stabilized on 2. The property in the second item just above, assures
that the system remains on ¥; during this second subphase. The proof of stability for the

2
first phase is similar to the l-impact case if we take ¢1 = [¢}] and ¢2 = { gl } . During the
2

second phase, the system is in a constraint motion, and the closed-loop dynamics is:
M(q)§=—C(g,4)q —11d — 724+ (1 + Kf1)(Ag, — Aa, ) Vaai (48)

The system is stabilized on %? using the signal ¢}, = [ qg* }, where ¢2% has the same
1d

form as ¢} in the previous phase and decreases towards —a2V (7).
With the same proof as before, we need to show that the inequality:

V(@(tyyy)stipr) = Ve, 6) <0 (49)

holds. One obtains:

V(x(t;&l), t;-s-l) - V(x(t;), ti)

:/ V(t)dt

(trtr+1)

=(/1 qTqu%-qT7;q—%vanth
tr,thy1)

= [ (G = i (k) — M) Vo]
(th trt1)

M . .
+f5ﬂ+%f@ﬁ
/ —72dedt+’Y1/ d1 i qdt
(thstrt1) (trtrs1)

/ T+ K1) gy — Ay ) Voaldt
(th tht1)

- / 2 it < 0
(tr,trt1)

The last but one equality is deduced from the preceeding one using the property that the
matrix 2C(q, ¢) — M(q,q) is skew-symmetric [Lozano et al., 2000], and ¢7¢ — ¢7'q = ¢ ¢},
The last inequality is deduced from the preceding equality since ¢7 (14+kf1)(Ag, —Aay ) V@i =

+
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tht1

0 and [¢f ¢i ;""" = O since ¢i(ty) = 0 during the 2-impact. A proof similar to the 1-
impact case allows one to conclude on asymptotic stability of this 2-impact tracking problem.
However we have supposed that there is no impact on the second surface during the first
transition subphase. This may not always be realizable in practice, and may also be seen as
a lack of robustness for stabilisation in a neighborhood of singularities.

6.3 Case (c) : General case

In this case the system can collide indifferently the two surfaces. There are several 1-impacts
on both surfaces before the 2-impact occurs. In this situation we do not have ¢;(t;) = 0
for all impacst (this true only during the 2-impact). The weak stability of the transition
phase can be obtained by studying the variation of V' (¢(t), ¢(t),t) between two impacts on
the same surface (£; or X5).

Figure 16: General case

Let us choose the following notations: to, is for impacts on 3o, and tox41 is for impacts

iy ] _ [ —a1V (x(m9), 7§)

a . Let us now calculate the
ai; —aaV (x(75), 76)

on ;. Let us also choose ¢}, = [

following variation:

RR n° 5384



38 Bourgeot & Brogliato

V(tygursy) — V()

- / V)t + o (basr) + / V(t)dt
(tor tor+1)

(tar+1,t2(k+1))

= oy (tors1) — 72/ ¢ gdt — ’Yz/ " qdt
(tok,t2r41) (tak+1,t2(k+1)

* * to (k41
gt Tl +matg T2t (50)
= A+ 7a1s D@ (fagesr)) — a1 (tar) (51)
= A+ s Tl (taes) — ai (t2k)) (52)

where A is the sum of all negative terms in (50). Equality (51) is deduced from (50) since
q3(tar,) = 0 for all k. With oy = 0, we have ¢{; = 0 and then :

Vitarny) — V(t,) <0

The strategy is to take ai; = 0 (target A, see Fig. 16) at the beginning of the transition
phase to stabilize the system on Y, and to switch to ag = 0, a; > 0 (target B, see Fig. 16)
when the system is on X (or to switch to the previous case).

7 Conclusion

This paper deals with the tracking control of fully actuated Lagrangian systems subject
to frictionless unilateral constraints. These dynamical systems are named complementarity
systems because they involve complementarity conditions. They are nonsmooth because
the velocity may possess discontinuities (at impact times), so that the acceleration and the
contact force are measures. They may be seen as a complex mixture of ordinary differential
equations, differential-algebraic equations, and measure differential equations. The extension
of the tracking control of unconstrained (or persistently constrained) Lagrangian systems,
towards complementarity Lagrangian systems, is not trivial. The aim of this paper is to
study the design of a feedback controller for these specific nonsmooth systems, supposed
to perform a general cyclic impacting task. First the stability framework dedicated to
study these systems is recalled, and some definitions and claims are given. Then we focus
on the condition of existence of closed-loop trajectories (usually called desired trajectories
in unconstrained motion tracking control) which assure the asymptotic stability in closed-
loop, i.e. the asymptotic convergence of the generalized coordinates towards some closed-
loop invariant trajectory. The second part of this paper is devoted to numerically study
an example : a 2-link planar manipulator subject to a single unilateral constraint. This
example allows us to exhibit some results on the robustness of this control framework in
term of uncertainty of the constraint surface position. The effect of measurement noise is
also studied. It is shown that the proposed scheme possesses some interesting robustness
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properties. The last part of this paper is devoted to the case of so-called multiple impacts (an
accurate definition is provided). Some specific difficulties related to the constraint boundary
geometry, are highlighted, and some possible manners to extend the single constraint case
are indicated.
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A  Proof of Claim 6

i) On [7f, ), one has Va(t) < 0, so that Va(ty) < Va(78). Therefore from (42)

Va(15) = Va(ly) = 7emd(ty) " alty) = vemd®(ty) (53)
so that
V- Tk * - * -
YoU6) 5 144 o) — a2ty = lafalts)] (54)
7271

because ¢i(tg) = 0. The desired trajectory g¢;j,(.) is chosen as a decreasing function, and

Va (1)

from inequation (54) we have t,,in < to < tmaz, where ¢} ;(tmin) = and ¢} ;(tmaz) =

Y271
Va(1F) .
—\/ 25 (see Fig. 17).
Remark 7 From the value of ¢,,4., it follows that if aV;(7§) > ‘22(—;‘?), then ¢ty < 7F on
the cycle k. m

ii) The signal ¢},(¢) is a function decreasing toward —a'Vi(75). Let us use a degree 3
polynomial with limit conditions (t;,; = 7§ and t.nq = 7). After some manipulations we
will exhibit an upper-bound of ¢7,(t) on [tmin, tmaz). Since to € [tmin, tmaz] then:

@, = ast®+ axt® + art +ag

qfd(t) = 3a37f2 + QCLQt + a3 (55)
at tini =70 qig(tini) = Qa(70) and ¢7,(tini) =0
at tena =7F 1 qly(tena) = —aVi(78)  and ¢} (tena) =0

To compute max;es,, ... itma.] 191a(t)], let us make a time scaling transformation ¢’ = #'(t),
k
such that #(r§) = 0 and ¢ (rf') = 1, as ¢'(t) = 2. We obtain:

F_ k*
170

az = 2[qa(13) + aVi(7y)
az = =3[qua(1§) + aVi(75)]

a; = 0 (56)
a0 = qi4(7¢)
and the signal q¢j,(t) is :
Ga(t") = [aia(78) + aVi(7§)] (2t = 3t%) + qiy(7F) (57)
57
d7q(t") = —6[giy(m5) + aVa(r5)] (1 — )t/
From (57), we see that ¢j,(t') is decreasing on ¢’ € [0, 1]. Consequently
* / * / ‘/2(7-(?)
qld(tO) < qld(tmin) < VY (58)
Y271
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5T =~ \QId(tl)
_
2,
—aV(T(]f)
Figure 17: ¢7,(t).
By inserting (57) in (58), one obtains:
* Va(r
[01a(8) + aVa (] 215 — 31 + aia(rd) < | 2 (59)
Y271
Then,
* k VQ(T(I)e)
G1a(15) =\ 2%
t2(3 —2t)) > — (60)
0 U7 aia(rh) + aVa(rh)
For ¢t > 0, one has t(2 — t) > t2(3 — 2t), therefore:
k Va(7f)
a1q(70) — \V e
t/ 2 _ tl Y271 61
B G ) o
The root of (2 —¢) = ais t =1 —+/1 — a, from which it follows that:
b= 45 () Favi (7). )+aV1( 5)
(62)

. Va(r§)
>1 avl('rf];)+\/ 32“{? — ¢
= aVi(tF)+at,(7) min
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On [tmin; tmas], one has |¢7,(¢")] < [d74(t5)|- Thus:

|dia(t0)] < —6(giq(76) + aVa(r§)) (L — tin ) rin

. aVa (rf)+) 200
< 6(g14(78) + aVi(17)) Wm (63)
< 64/ (@, (7E) + aVi (7)) (VA (k) + /2L
< 64/ (q14(70) + Vi (79)) (Vi (7g) + 1/ =5+)
Now we change back the time variable ¢’ to t.
% * Vo(rk
mgmﬂ<¥%?J@wm®+amv@NMﬂﬂ»+ i) (64)
From (42) one has V5(t) > Vi (t). Thus equation (64) becomes:
" % Va(rk
|%Amn<;?%g¢@moﬁy+a%mﬁ»mwxﬁv+\w§§¥> (65)

Let us define the parameter:

6 1 1
Ko = 1| aqiq(78) + ¢4 (75) | — + o + o | — 66
0 T{CT[/)C\/ a14(70) + 414 (73) 72 o (66)

If the system is initialized with V3(r0) < 1, then V;/* > V;/? > V4 and inequality (65)
becomes:

lia(to)| < KoVa ' (78) (67)

Then item (ii) of claim 6 is proved.
|
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B Proof of Claim 7

(i) Proof of the first result of claim 7: Let us show that conditions (a) (b) and (d) in
claim 2 are satisfied.

(a) Outside phase I, it can be computed that V;(t) = —v;s(t)” s(t) [Slotine & Li, 1988],

then from (42) one has:
2

Amaz (M (q))

where Ain(.) and A\paz(.) denote the minimum and maximum eigenvalues, respectively. It
follows that:

s > Va(t) (68)

27
)‘maw(M (q))
Therefore condition (a) of claim 2 is satisfied with v = %.

(b) After the first impact the closed-loop equation of the system defined by (41) and
(15) is:

Vi(t) < — Va(t) (69)

M(q)s(t) + Cs(t) +715(t) =0 (70)
Let us calculate Vi (t) along trajectories of (70):

Vi(t) = %s(t)TMU)s(t) +s(t)" M(q)5(t) (71)

where M(t) = 4[M(q(t))]. By introducing (70) in (71) and using the fact that M(t) —

2C(q, q) is a skew-symmetric matrix [Lozano et al., 2000, lemma 5.4] one obtains:

Vi(t) = —mas(t)"5(t) (72)
After the first impact ¢ is constant, ¢ and g are defined from (19) as §(t) = ( . (;1)1(15)(]* >
2 — Uaq

and q(t) = a1(t) = 9d ) Then 4(t) = ¢(t) and one has:
qz (t) — qoq

5() = G(t) +v2qt) )
= 4(t) +72d(t) — 72 ( qﬂ)d > (73)

= s (%)
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Introducing (73) into (72) one obtains:

Vi(t)

= —y5(t)7s(t) +’)’1’Y25(t)T< qu )
= —mst)Ts(t) + ny2s1(t)qly,

= —mst)"s(t) + 117261 (t)aig + 11730 (H)aig

= —mst)Ts(t) + 17261 (1)dt s — Nv3at)]gi,l

Using the fact that qi(t) > 0, ¢1(tx) = 0 and that ¢}, = —aV(7§) < 0, then between two

impacts one has for all

Vit ) = Va(ty)

k> 0:
- f(tkﬂfkﬂ) Vl(t)dt

= = f(tkvthrl) ms(t)"s(t)dt — f(tk7tk+1) T30 (t)]aiqldt
(75)

th+1

717247 4la1 ()]s,

= ey WSO st~ [ R0t
< 0

Therefore condition (b) of claim 2 is satisfied.
(d) Let us start with the computation of oy (). For k > 1, qu(t}) = qa(t;) and

da(t)) = da(ty) = 0 see

% (tk) =

where My, = M(q(t1))-
see (19), one gets from

% (tk)

(19). Consequently one has:

Vity) - Valty)

1@t +22a(E0)) " Mi(a(t]) +12d(ty)

—(a(ty,) +2a(t;)) T Mi(q(ty) +2d(t;))]

34T Mid(8) — 3d(t) " Mid(ty) + 2 [d(60) T Mia(ty) o
—q(t;) " My (1))

T (te) + 72 [q(t]) = d(t)] " Mad(te)

Using the fact that ¢;(tx) = 0 and g14(¢) = 0 after the first impact
(76):

= Tp(tr) + v2G2(te)” [Marog, (tr) + Mazog, ()] (77)
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Introducing (36) in (77) one obtains for all k£ > 1:
ov,(tg) = Tr(ty) <0 (78)
For k = 0, two cases have to be examined.
- If to > 7f then one has also q4(t]) = qa(ty) and ¢4(t{) = da(ty) = 0, and one can use
the result of Eq. (78) to obtain:
ov, (to) = TL(to) < 0 (79)

- If to < 7 then one has qia(ty) # qua(t)) = 0 and Gia(ty) # ¢ra(ty) = 0. One
calculates the initial jump as follows:

ov, (to) = Tw(to) — 34aty )" M(q(to))da(ty) — $7v3q1a(ty )Mi1(q(to))qralty)
+92[(G1(tg ) M1 (q(to)) + G2ty )T Mo (q(to)))qralty ) (80)

+q1a(ty ) Mi2(q(to)) G2ty )] + v3q1a(ty ) Mi2(q(to))ga(ty )

From (79), (80) and (78) one has:

Srco ovi (te) < v2llato) Nara(ty)Il 1M1 (a(to))ll + vz lldraty )l

(81)
[ M2 (q(to) Il 1G(t0 )2l + 3 llqra(to)| (M2 (q(to))l llga(ts) |l
where M, = [Muf M;i5]T. Let us now prove that:
> ov(tk) < KVE(75) (82)
k=0

where K > 0. Let us calculate upper-bounds on q14(t ), qia(ty ), q(ty) and Ga(ty). On
[78,t0), one has Va(t) < 0, so that Va(tg) < Va(7F). Therefore from (42) we get:

Va(7§) = Valty) = vemdl(ty ) alty) = vemllde(ty)? (83)
so that
o o Va(rk
et < Nt < ) 27 (84)
Y271

From (42) one has Va(t) > 1s(t)" M (q)s(t). Consequently:

2Va(75)

lls(to)Il <
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From (84), (85) and the definition of s(t) one concludes that

la(ta)I < st +2lla(ty)] [\/ Y24/ vy () (86)
mzn Y271

From (84), (86), the result of claim 6 and the fact that Va(7F) < 1 and the fact that
q4(ty) = q;(ty) and ¢q(ty ) = ¢5(tg ) , inequation (81) becomes:

> ow(t) < KV () (87)

with

_ 272 72 J2 2
K[wmmwm»+mhMﬂWW“{%¢;+%MMMWW” (59)

By inserting (42) in (87), one gets
> % k B~/ _k\p3
D owilte) < KVi* () + K (vom) 1|d(m3) |12 (89)

Therefore one has:

o0
3

Z oy, (tr) < KVi* (75 ) +¢é (90)
for some ¢ > 0. Therefore condition (d) of claim 2 is satisfied. The system (15) with
the controller (41) satisfies all the requirements of claim 2 with ¢ # 0. Consequently it is

1
pratically (2-weakly stable with z(.) = s(.), and R = (meﬂ(t’}*t@(l + K+ e’)) ’
271

V= X (M)
||

(ii) Proof of the second result of claim 7: Let us show that conditions (a) and (d)
in claim 2 are satisfied.

(a) Outside phase I}, it can be computed that [Spong et al., 1990]
Va(t) = -G 4 — 134" q (91)
Let us upper bound Va(¢). From (42) one has

< Amaz (M (q)) Amaz (M (q))

Va(t) < flléll2 + 5 %11 + 72 Amaz (M (@) all|l] + 7172ll]> (92)
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Since ||g]|[|d]l < l1G]1? + ||¢]|* inequality (92) is rewritten:

1+ 2~ B Amaz (M (q +2)+2 -
Vo(t) < A (M (@) 5 22 g2 4 Amae WD O2 D E2I0 o (g
2m 2772
With 142 Amaz(M(q))( 2)+2
_ + Y2 max q Y2 + + Y1
U= maz | Mnax (M ; >0 9
7 [Pmae (M (0)) 5~ ST ] (94)
inequality (93) becomes
Va®) <57 [nlldl® +153lal? (95)
Inserting (91) in (95) yields '
Va(t) < =y 'Va(t) (96)
Then Va(t) < —yVa(t), and condition (a) of claim 2 is satisfied.
(d) As Va(t) = Vi(t) + 711724" G then
ov, (te) = ovi (tk) + 1172042 (k) (97)

For k > 1, one has qq(t) = qa(t;,), the position ¢(t) is continuous, so that og2(tx) = 0
and
ovy(tk) = ovy (te) = TL(te) <O (98)

For k = 0, one has qq(td) # qa(ty ). Let us upper bound a2 (to). One has
g2 (to) = la (E) 1 + 1@t 12 = a2 1 — g (8|12 (99)
As qaa(ty) = qea(td), qra(td) = 0 and ¢ (ty) = 0 one obtains
72 (to) = —llq1a(to)1* < 0 (100)

From (97), (98), (100) and (87) one has that

o0 o0

ov,(tk) <D ov, (tk) < KVy' (75) (101)
0 k

k= =0

Therefore condition (d) of claim 2 is satisfied. The system (15) with the controller (41)
satisfies all the requirements of claim 2(ii). Consequently it is pratically Q-weakly stable

with z(.) = [s(.), 4(.)]-
|
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C Linear Complementarity Problem

A LCP is a system of the form [Murty, 1997]:

A > 0
AN+b > 0 (102)
AT(A/\ +b) =0
which can also be written as
O0<KALANEDL>0 (103)

Such a LCP possesses a unique solution for all b, if and only if A is a P-matrix (positive-
definite matrices are P-matrices).
|
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