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NPORQ+SUT$V"WYX[Z\S�]R^`_bacZ\dfegT+a!dfh[aiZjSUZjkc_bacZ\dfe
l T�knm[knaiQ+SUT:kPo+dpSUhR^jT�q[TGk
rtsidvuwT+ack�xyZ\h(dph

z�_vhRh(dfsna l T$siT:ocORTGsco&ORT�e({%|p}p~pV�WY��db�pT+S��9siT��v�f�vV�W*|R��h9_p�pTGk

�����G�+�b�R�p�p��� e�acORZ`k$h9_ph(T+s$�yT�kwac] l mIaiORT	ais&_po&�2Z\eR��o�dfefaiscdp^tdv�!��_v�fsc_peR�pZj_ve�kim2knaiTGS	k$ki]R�[uwTGo�a�aid
��scZjo�aiZjdpeR^jTGkck�]9eRZ\^`_bacT+s&_v^Jo+dpe9knais&_vZjefa&k+�UNPORT	kwa&_v�RZj^jZ�awmI_pe9_v^jm[knZ`k�Z\e9o+dpsch(dps&_baiTGk�acORTUO2m2�RsiZ l _ve l eRdfe[�
kiSUd2dvacO l m2e9_pSUZjoG_v^t��TG_vai]RscT�dp�PaiORT�db�pT+s&_v^j^�kim2knacT+S�� NPORT l Z�¡DT+scT+e9o+T��(T+a¢�£TGT+e�ais&_po&�2Z\e9� o�dfefaiscdp^
��dfs�]Re9o�dfe9kwacsc_pZjeRT l kim[kwacT+S	k�_ve l ]ReRZj^j_vaiT+s&_v^j^jm"o+dpe9knais&_vZjeRT l dpeRTGkG¤fZ`ktT+q2h9^j_pZ\eRT l Z\e	aiTGsiS	ktdp�¥o�^jdfkiT l �
^jd2dph l T:knZjscT l acsc_buwT:o�aidfsiZjTGk�_ve l o�dfefacsidf^%knZj�pe9_p^jkG��NPORZ`k��£dfsi��hRsidb�2Z l TGk l T�a&_vZj^jk�dfe acORTUo+dpe l Z\acZ\dfe9k
dp��T+q2Z`knaiT+e4o�T�dv�yo�dfefaiscdp^j^jT+s&k��!ORZ`ocO��f]9_vs&_ve@aiTGT"knac_v�9Z\^jZ�awmf� � a$Zjk$knORdb�!e acO9_ba¦aiORT l T:knZj�pe�dv�y_
ki]RZ\an�
_p�R^\T"ais&_ve9kiZ\aiZjdpeIhRO9_pkiT l T:knZjsiT l ais&_buwTGo�acdpscmp¤DZjk¦_go�si]4o�Z`_v^%knaiT+h���X[dpSUT�kiZjS�]R^j_vaiZjdpeIscTGki]R^\ack§h9sidb�2Z l T
Zje[��dpscS	_bacZ\dfe	dpe	aiORT�o�dfe@�pTGsi�fT+e9o+T!dv��kn]4ocO�o+dpefacscdp^j^\TGsG��¨�Z\e4_v^j^\m�aiORT§T�q2acT+e9kiZ\dfeUacd<�y_ps l k%acORT�o+_fknT�dp�
S�]R^\aiZjhR^jT$ZjSUh9_po�ackG¤[Z`k!o+dpe9kiZ l T+scT l �
©�ª@«D¬i­"® �<¯��f� ° eRZj^j_vaiTGsc_p^§±£dpe9knais&_vZjefa:¤y��dfe9knSUd2dpaiO³²�TGo&O9_ve9ZjoGk+¤P´�m2�RscZ l X2m[kwacT+S�¤P��mf_vhR]Re9d<�
X@a&_v�RZj^jZ�awm
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��� ���	� � ��� _pe9k�o+T
h9_phRZ\TGs�eRdp]9k��+ai] l Z\dfe9k"^`_Ih(dp]9scki]RZ\aiT l T�acsc_buwT:o�acdpZjsiT:k�h(df]Rs l TGkUkim2knaiQGSUTGk
S��GoG_veRZ��@]RTGk$��_p�ps&_veR�pZjT+e9k�kidp]RSUZ`k�� l T:k$o�dfefacsc_pZ\e@aiTGk¦]ReRZj^j_va��+s&_v^jTGk¦kc_ve4k§��scdvanacT+SUT+e@ackG�	��� _ve4_v^jm2kiT
l T�^`_�kwa&_v�RZj^\Z\a � l T!aiTG^jk£knm[knaiQ+SUT:k l dpZ\a�hRscT+e l siT!TGe�o�dfS�hRaiT�^\T�oG_vs&_po�aiQ+scTPO@m2�RscZ l T"!�df]	eRdpe	s��G�p]R^jZjT+s$#
l T�^`_ l m@e4_vSUZ%�@]RT l ]�kim[kwacQ+SUT�o+dpSUhR^jT�aG�J��TGk l Z�¡&�+scT+e9o+TGk�T+e@aiscT�^`_�h(dp]Rs&kn]RZ\acT l T�ais&_buwTGo�aidpZjscTGkJh(df]Rs
]Regkim[kwacQ+SUT§eRdfe
o�dfefais&_vZjefayT+aP]Regknm[knaiQGS�T¦kndf]RSUZjk'�"]ReRT¦o�dfefacsc_pZ\e@aiT§]ReRZj^j_va��+s&_v^jT�kndfefayT+q[hR^\Z��@](�+T:k
TGe�aiTGsiSUTGk l T�acsc_buwT:o�aidfZ\scTGk l �:knZjs �+TGk�T�a l TgknZj�pe4_v][q l T
o+dpSUS	_ve l Tf� ±£TGk�ais&_:�v_v][q l dfeReRTGefa l TGk
l �+ac_pZ\^`kPki]Rs!^\T:kPo+dpe l Z\aiZjdpe4k l � T�q[Z`kwacT+e9o+T l T¦^jdpZ`k l T$o�dpSUS	_ve l T¦_pkim2SUh[aidpaiZ��f]9T+SUT+e@a!knac_v�9^\T:k+� � ^.T:kwa
SUdpe@ais ���@]RT¦^`_Uo�dfe9o�TGh[aiZjdpe l TGkyacsc_buwT:o�aidfZ\scTGk l T$s����)�GsiTGe9o�T¦^\dfsck l � ]ReRT$hRO9_fknT l T¦ais&_ve9kiZ�acZ\dfe
TGkna!]Re
h(dfZ\e@a$o+si]9o+Zj_p^>� � TGk¦s �Gki]R^\ac_ba&k�e@]RS��+scZ%�@]RT:k l dfeReRT+e@a��@]RT+^��@]RTGk�Zje[��dpscS	_bacZ\dfe9k�ki]Rs¦^`_go�dfe@�pT+sc�pTGe9o�T
l T:kUacT+^`k�o�dfefais *p^jT+]9sckG�B¨�Zje9_v^jT+SUT+e@a�eRdp]4k l dfeReRdpe9k+�f]9T+^��f]9TGk	T+q2aiT+e4knZjdpe9k	h(d@kikiZj�R^\T:k	_p] o+_fk l TGk
ZjSUh9_po�ackPS�]9^�acZ\hR^jTGkG�
, ® �G� ¬ �.- � ��� ±£dfefacsc_pZ\e@aiT ° eRZj^`_ba��Gsc_p^\Tf¤v²/�:o+_ve9Z%�@]RTP��dpe[�¢z0�+�f]R^jZ\QGsiTf¤vX[m2knaiQGSUTP´�m@�9siZ l Tp¤fX2ac_v�9Z\^jZ�a �
l T��¥mf_phR]ReRdb�
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NPORT���dRo�]9k¦dp��acORZjk$h9_ph(T+s¦Z`k�aiO9T�acsc_foc�2ZjeR�go+dpe@aiscdp^%dv�P_�o�^`_pkck�dv�yeRdpe4knSUd2dpaiOI��]R^j^\m�_fo�ai]4_baiT l �#_b�
�fsc_peR�pZ`_ve
kim2knaiTGS	k!kn]R�[uwTGo�a!aidU��siZ`o�acZ\dfeR^jTGkcky]9eRZ\^`_bacT+s&_v^¥o�dfe9kwacsc_pZjefackPdpe
aiO9T¦h(d@knZ\aiZjdfe¥�J�¥T+a

X ∈ IRn

l TGeRdvacT�aiO9T"�fTGo�acdps�dv���pTGeRT+s&_v^jZ65+T l o�d2dfs l Z\e9_vaiT:k+�¦z!dp]R�fOR^jm�knh(T:_v�2Z\e9�9¤7�'���$8" 9�1�$���%&:���������
	���
�SUTG_ve4k
acO9_ba��!ORT+e hRscdph(T+sc^jm�Z\e9Z�acZj_p^\Z65+T l ¤t_v^j^�acsc_buwTGo�aidfsiZjTGk

X(·) O9_:�pT�acd�o�dfe@�pT+sc�pTf¤�dps"siTGSU_pZ\e o�^jdfkiT	acd9¤kidpSUT l T:knZjscT l ais&_buwTGo�aidpscm
Xd(·)

�!ORZjo&O	Z`k l TGkiZj�peRT l dv¡(�M^jZjeRTp�%NPORT���mf_vhR]9eRd<��kwa&_v�RZj^\Z\awm"dv�DaiO9T<;Rq[T l
h(dfZ\e@a�dv�DaiORT�ais&_ve4kw��dfsiSUT l  1�%���
��/%&0/9�$ "�B�!Z\aiO�knac_vaiT��pTGo�aidfsJaiORT�ais&_po&�2Z\eR�$T+scscdps

(X −Xd, Ẋ − Ẋd)Z`k£dp�æaiTGe�scT �@]RZjscT l acd"�pT+aP_�scdp�R]4kwaP_ve l ZjS�hR^jT+SUTGefac_p�R^jT¦kio&ORTGS�Tf�JNPORT2/9�$�,="	��>	?/"���'	-�
�UhRscdp�9^\TGS»o�dfe[�
kiZjknack¦dv�yo&ORd2d@knZjeR�

Xd
o+dpe9knac_pefaG��¨Rdfs¦eRdpe9^\ZjeRTG_ps�SUTGo&O9_peRZjoG_v^Jkim[kwacT+S	kG¤Dais&_po&�2Z\e9�
Zjk¦�2eRdb�!e acdg�(T

kiZ\�feRZ!;4o+_pefai^jm�SUdpscT l Z!@�o�]R^\a£acO9_ve
kwa&_v�RZj^jZjkc_bacZ\dfe¥¤fT+�pTGe	��dps£]Re9o+dpe9knais&_vZjeRT l knm[knaiTGSUkBA �¥d�5G_ve9dC "�D���6Ej¤
�p�p�p�
FM��NPORT�knac_p�RZj^\Z`ki_vaiZjdpe hRscdp�9^\TGSÐ��dps"_ o�^`_fkik�dv�!eRdpe4knSUd2dpaiO�kim[kwacT+S	kG¤#Zje9o+^\] l Z\eR����_p�ps&_veR�pZ`_ve
kim[kwacT+S	kJ�!Z\aiO	]ReRZj^`_bacT+s&_v^9o�dfe9kwacsc_pZ\e@ackG¤vO4_pkJ�(TGT+e�_ve9_p^\m[kiT l ZjeGA xyscdp�f^\Z`_baid4¤v�p�p�p}f_�FHAJI�d2TG^\TG�pT+eK "�L���6Ej¤
�p�p�p}
FM��M�hRhR^jZ`o+_vaiZjdpe9k%S	_:m��(Ty��df]Re l Zje�S	_veRZjhR]R^`_bacdps&k#h(TGsn��dfsiSUZjeR��a&_pki�[k%kn]9o&OU_pk%�pscZ\e l Z\eR�4¤ l TG�R]Rsi�
scZ\e9�:A N�dfS	_ve l ]9siZM¤D�PO,Of}�FLA z�_vS	_po&O9_ve l sc_peQ 1�R�
�!Ej¤#�+O,OpV
F ¤�;9^`_vSUT+e@ac_vscm��Rsc]9kiORZ\e9��aid2df^jky��dfs�ki]Rsi�¿_po�T
;9eRZ`kiORZjeR�SA¹X2ORZ`_T "�U���!Ej¤!�PO,Of~�F ¤%�!ORZjo&O O9_:�pTgo+dpe9kiZ l T+s&_v�R^jT�ZjSUh(dpsiac_pe9o�T
Z\e S	_po&ORZ\eRZjeR�4¤ l Zjkc_pkcknTGS��
�R^jm�scdp�(dvacZjo	kim[knaiT+S	kVA¹X@ai] l e@mW 1�X���!Ej¤P�+O,O�O�F ¤�T+acov¤J_pe l SUdpscT	�fT+eRTGsc_p^\^jm�_v^j^�SUT:ocO9_peRZjoG_v^£kim[kwacT+S	k
h(T+si��dpscSUZ\e9�"ac_fkn�[kPZ\e2�pdp^j�2Z\eR�	o�dpe@ac_fo�a%YbZjS�h9_fo�a!hRORT+e9dpSUT+e9_9�
NPORTPeRdfe9knSUd2dpaiO�o+dpSUhR^jT+SUT+e@ac_vscZ\a¢m�kim[kwacT+S	k%�£T l T:_v^[�!Z\aiOUZje"aiO9ZjkJh9_ph(T+s:¤vSU_<mZ�R�[�%	-�
�%	2T+�pdf^\�fT

Zje
acORscT+T l Z\¡DT+scT+efa�hRO4_pkiTGkPdv��SUdvacZjdpe]\
^`_ba M ��siTGT�SUdvacZ\dfe	h9O9_pkiTp¤@�!ORT+scT�aiO9T�SUT:ocO9_peRZ`o+_v^(kim[kwacT+S Zjk£eRdvaPkn]9�2uwT:o�a£acd"_ve2mUo+dpe9knais&_vZjefa&k

!¿Z>� Tp�
F (X) > 0

¤��!O9T+scT
F (·) Z`k�kndfSUT !

m
�M�pT:o�aidfs #§��]Re4o�aiZjdpe siTGhRsiT:knTGefacZ\eR��aiORT)c l Zjknac_pe9o�T%d

�(T+a¢�£TGT+egaiORT�kim[kwacT+S _ve l acORT�o�dfe9kwacsc_pZ\e@a #��

^`_�_'a M h(T+scS	_veRTGefac^\m�o+dpe9knais&_vZjefa�hRO9_pkiT��!ORT+scTUacORT l m2e9_vSUZ`o+_v^£kim[kwacT+S Z`k�ki]R�[uwTGo�a�acd ORdp^jdv�
eRdfSUZjo	o�dfe9knais&_vZjefack !

Fi(X) = 0
l ]RsiZjeR� _geRdfe[�b5+T+scd
acZ\SUT�Z\e@aiT+sc�b_p^t_pe l ��dfs�kidpSUT	Z\e l T�q[TGk

i ∈ {1, · · · ,m} #��

^`_�_-_'a M ais&_ve9kiZ�acZjdpe�hRO9_fknT��!ORdfkiT��fdf_v^�Z`k�aid�knac_p�RZj^\Z65+T�aiORTgkim2knaiTGS dpe kidpSUT�ki]Rsi�¿_po�T ΣI =
∩i∈IΣi

¤��!ORT+scT I Z`k�kidpSUTgki]R�9kiT�aUdv� {1, · · · ,m} _ve l Σi = {X|Fi(x) = 0} � � e dvacORT+s�£dfs l k!_�acsc_pe9knZ\acZ\dfe�o�dfefacsidf^.O9_fkPaid�_pkckn]9siT�acO9_ba
Fi(X(t)) = 0

_ve l ∇Fi(t))Ẋ(t+) = 0
��dfs

_p^\^
i ∈ I !be #�¤R�!O9T+scT

t
Zjk�_gf���	��b £acZ\SUT¦��dfs!dp�@�2Zjdp]4kyhRs&_po�aiZ`o+_v^.siT:_pkidpe9kG�

� e³aiO9TG;4sckna�hRO9_fknT�aiO9TIkim[kwacT+S�Zjk l TGkco�scZ\�(T l �2m _ kiT�a
dv�$dps l Zje9_vscm l Z�¡DT+scT+e@aiZ`_v^§T �@]9_vaiZjdpe9k
!bh �Bi #��[NPORT�acsc_foc�2ZjeR��o+dpefacsidf^4hRsidf�R^jT+S O9_pk£�4TGT+e
kidp^j�pT l �@m	kiT+�pTGsc_p^R��T+T l �9_foc�	o�dfefacsidf^\^jT+s&k�_pkckn]9sn�
ZjeR�"aiORT¦�p^jdp�4_v^D_pkim2SUh[aidpaiZ`o§knac_v�9Z\^jZ\a¢m !æ��T+T l �9_po&��^\ZjeRTG_psiZ65G_vaiZjdpe¥¤[_ l _vhRaiZj�pT�o�dfefacsidf^>¤2sidf�R]9knaPo�dfefacsidf^>¤
h9_fkikiZj�@Z\awmf� �9_fknT l o�dfefacsidf^>¤@T�acoUA �¥d�5G_peRdZ 1�j���6E\¤9�v�f�p�
F #���NPORT�knT:o�dpe l hRO9_pkiT§o�dfe9o�TGsie4kJacORT�o�dfefacsidf^9dp�
_ l Z\¡(T+scT+e@aiZ`_v^\� _p^j�pT+�Rs&_vZ`oyT��@]9_bacZ\dfe ! � M i #��@m	kidv�¢o+_v^j^jT l ��dps&o�T�Y<h(d@knZ\aiZjdpe	o�dfefaiscdp^j^jT+s&k+¤f_ve l O4_pk��(T+T+e
kidp^j�pT l ZjekA ² o:±£^`_vSUscd[ocO)lWm _veR�4¤[�+Of~p~�FR_ve l A ntdfkiORZ\�v_:�P_R¤2�+Op~poPF � � atsiT l ]9o+TGk#acd$_�S�dpaiZjdpeUo�dfefaiscdp^
hRscdp�R^jT+S hR^\]4k§_pe _p^\�fT+�Rs&_vZ`o¦T �@]9_p^\Z\awm
��dps�o�dfefa&_po�a���dfsco+T�T �@]RZj^jZ\�RscZj]RS �!ORT+eIki]RZ\ac_p�R^\T�o�d2dps l Zje9_bacTGk
_psiT¦ocORd@knTGe¥� � ]9siZjeR�"acORT�acsc_pe9knZ\aiZjdfe�hRO9_fknT§acORT$kim[kwacT+S Zjk!ki]R�[uwTGo�a!aidU]ReRZj^j_vaiTGsc_p^Do+dpe9knais&_vZjefa&k+¤[_pe l
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o+dp^j^\Z`knZjdpe4k�d[oGo�]Rs:�%NPORT:knT¦o�df^\^jZ`knZjdpe9k£�!Zj^\^.�pT+e9T+s&_baiT§scT+�(dp]Re l k+¤2�!ORZ`ocO�_vscT��fT+eRTGsc_p^\^jmUkiT+TGe
_fk l Z`kwac]Rsi�
�9_pe9o�T:k+�Xh§e aiORTUo�dfefais&_vscmp¤(Z\e acORT�o+dpe@aiscdp^���s&_vSUT+�£dfsi�
aiO4_ba�Z`k�knai] l ZjT l Z\eIaiORZ`k§h9_ph(T+s�!æ��dp^j^jd<�!ZjeR�
A xysidf�p^jZj_bacd  "� ���!Ej¤y�+O�O�o0F�_ve l A xyscdp�f^\Z`_baid` 1� �
�!Ej¤J�v�p�f��F)#§Z\SUh9_fo�a&k�_vscTUhRscdb�pdp�pT l ZjefacT+e@aiZjdpe9_p^\^jmIaid
l Z`kcknZjh9_bacT¦T+eRTGsi�fm�_pe l o�dfefaiscZj�R][aiT¦aidb�y_vs l kPknac_p�RZj^\Z65+ZjeR��aiORT�kim[kwacT+S��
NPORT�_pZ\S dp�(aiORZ`kth9_ph(T+stZ`k%acd�knai] l mU_$o�dfefaiscdp^9kcocORTGS�T��!ORZ`ocO	�p]4_vs&_vefacT+T:k%kidpSUT�knac_v�9Z\^jZ�awm"hRscdph[�

TGsnacZ\T:k$dp�yacORT
o�^jdfkiT l � ^\d[dph kim2knaiTGS l ]RscZjeR���fT+eRTGsc_p^tS�dpaiZjdpe9k�Zje@�pdf^\�2ZjeR��aiORT�acORsiTGT�_v�(db�pT	hRO9_pkiTGkG�
� a§hRscdb�@Z l T:k�_ve Z\e@aiT+schRscT�a&_baiZjdpe�dv�%acORT"kih(TGo�Z!;4o$��TG_bac]RscT�dv�Jais&_po&�@ZjeR��o+dpefacscdp^¥��dps�]ReRZj^`_bacT+sc_p^j^\mgo�dfe[�
knais&_vZjeRT l kim[knaiT+S	k�Z\e�aiT+scS	k�dv�9kidpSUTtZje@�v_vscZj_pefa#o�^jdfkiT l � ^jd2dph�ais&_buwTGo�aidpscZjTGk�_ve l kidpSUT�kiZ\�fe9_v^`k¥T+e@aiTGsiZjeR�
acORT"o�dfefaiscdp^�ZjeRhR][a�!�]9ki]9_p^\^jmg�@e9d<�!e _fk!aiORT l TGkiZ\scT l ais&_buwTGo�acdpscm(#��Rm Z\aiOIsiT:knh(T:o�a�aid�aiO9T�siT:kn]R^\ack�Z\e
A xysidf�p^jZj_bacdk "� �
�!Ej¤��+O�O�oPF A xysidf�p^jZj_vaid: 1�R���!Ej¤(�v�f�p��F.�£T¦�pZj�pT¦_poGo�]Rs&_bacT�o�dfe l Z\aiZjdpe9kP]Re l T+s!�!ORZ`ocO��b_vsi�
Zjdp]9kPa¢m2h(T:k!dv�%knac_p�RZj^\Z\awm
_vscT¦_fkiki]RscT l ¤[�!ORZ`ocO��yT+scT¦S�Z`kcknZjeR�UZjegaiORT:knT$scT���TGsiTGe9o�T:k+�t¨Rdfs!Zje9kwa&_ve9o+T�acORT
n
� l T+�pscT+T+�Mdv�æ�M��siTGT l dpS oG_pkiT��!Z�acO

n > 2
Zjk£kidp^j�pT l ZjeKA xyscdp�p^jZ`_baidC 1�D���!Ej¤D�PO,O�o0F9dpeR^jm�Z���_�o�T+siac_pZ\e	S	_v�

acsiZ\qUZ`ky_��f_fo�dp�9Zj_pe¥¤p�!O9Zjo&O�Z`k'�f]9Z�acT�scTGknaiscZ`o�acZ\�pT�_fk£knZjSUhR^jT�T+qR_vSUhR^jTGk£knORdb� A xyscdp�p^jZ`_baid9¤9�+O�O,O9¤	�c~R� 

FM�
� e A xysidf�p^jZ`_baidK "�<�
�!Ej¤.�v�f�p��F¥aiORT�T�q[Z`kwacT+e9o+T�dv�t_�knh(T:o�Z!;4o¦ais&_ve9kiZ\aiZjdpe�hRO4_pkiT�o+^\d@knT l �M^jd2dfh�acsc_buwT:o�aidfsim
Z`k�_pkcki]RSUT l ¤t�!Z�acORdp][aUhRscd2dv�w��NPORTGkiT�a¢�£d�h4dfZjefackU_vscT
_ lRl siT:kikiT l Z\e aiORZ`k�h9_vh(TGsG¤t_fk��yT+^j^P_fk�acORT
acsc_pe9knZ\aiZjdpe��(T+a¢�£TGT+e
h(TGsiS	_ve9T+efa!o�dfe9knais&_vZjefayhRO9_fknT:ky_ve l ��scT+T�� SUdvacZ\dfe�h9O9_pkiTGkG�7m�T¦_v^`kid"knai] l mUacORT
scdp�R]9knaceRTGkckydv�#acORZ`k�o�dpe@aiscdp^¥kio&ORT+SUT$�!Z�acOgscTGkih(TGo�aPaid:\%acORT$�2eRd<�!^jT l �pT�dp�%o�dpe4kwacsc_pZ\e@ackyh(d@knZ\aiZjdpe��
¨#Zje9_p^\^jm �£TUT�q2aiTGe l aiORZ`k¦�£dfsi��acd
acORT	oG_pkiT"dp�£eRdfe9kioG_v^`_vs§��siZ`o�acZ\dfeR^jTGkck�]ReRZj^j_vaiTGsc_p^Jo�dpe9knais&_vZjefa&kG¤

�!ORZ`o&OgS	_<m��pTGeRT+s&_bacT¦kndp� oG_v^j^\T l �����>��	 ���! U	����#�,�"�-/��

I�^\d@kikc_vscm[\
��
�� \Rh§s l Zje9_vscm � Z�¡DT+scT+e@aiZ`_v^ i �@]9_bacZ\dfe¥¤ 
���� \ � Z\¡(TGsiTGefaiZ`_v^ M�^j�pTG�Rs&_vZ`o i �@]9_vaiZjdpe¥¤�������\

��Z\eRT:_vs§±£dpSUhR^jT+SUT+e@ac_vscZ\a¢m�r�sidf�R^\TGS�¤ 
���� \ � Z`kco�scT�aiT i �pT+e@a§X2m[knaiT+S��
¨Rdps§_	S"� �pTGo�aidps

X
¤
X > 0

S�T:_ve9k!aiO4_ba
Xi > 0

��dps§_p^\^#o�dfSUh(dpeRTGefack�dv�
X
¤
1 6 i 6 m

�!NPORT
S	_bq[ZjS�]Re _ve l SUZjeRZ\S�]9S TGZ\�fT+e@�v_v^j]RTGk!dv�t_	SU_vaiscZ�q

M
_psiT l T+eRdvacT l _fk

λmax(M)
_ve l

λmin(M)scTGkih(TGo�acZ\�fT+^jmp� � ��_U��]Re9o�acZjdpe
F (.)
O9_pk�_�kiZ\SUhR^jT l Zjkco�dfefacZ\e2]RZ�awm�_va

t
¤9aiO9T�scZj�pOfa§_pe l ^jT��æan� ^jZ\SUZ\ack§_psiT

l TGeRdvacT l _pk
F (t+)

_pe l
F (t−)

siT:knh(T:o�aiZj�pT+^jmf�£NPO9T!u¢]9S�h Z`k l T+e9dvaiT l _fk
σF (t) = F (t+) − F (t−)

�
NPORT��¥TG�(TGki�p]RT¦S�T:_pki]RscT�dv�%_pegZ\e@aiT+sc�b_p^

[a, b]
Zjk l T+e9dvaiT l _pk

λ[a, b]
�

����� ���! #"�$&%�')(

NPORTyknm[knaiT+S	k��£T£knai] l m¦Z\e$acORZ`k�h4_vh(T+s#�(T+^jdpeR��aid�acORTyo�dpSUhR^jT+SUT+e@ac_psiZ\awm§O2m2�RsiZ l�l m2e9_vSUZ`o+_p^fkim[kwacT+S	k
A *t_ve l T+stX[ocO4_b�æaLlBX[o&O@]RS	_po&ORT+s:¤b�p�p�f��F ¤<_§o�^`_pkck#dv�4kim[kwacT+S	k#�!ORZ`ocO"�pTGeRT+s&_v^jZ65+TGk¥aiO4_ba%dv�9e9dpe9kiSUd2dvacO
SUTGo&O9_ve9ZjoG_v^tkim[kwacT+S	k�A ²�dfsiT:_v]¥¤J�+Of~p}
FM�	NPORTGm�_vscT	o�dfS�hR^jT+SUTGefac_psiZ\awmI�#_v�ps&_ve9�vZ`_ve�knm[knaiT+S	kG¤��!Z\aiO
�#_v�ps&_veR�pZ`_ve ��]Re9o�aiZjdpe L = 1

2ẊT M(X)Ẋ − U(X)
¤��!ORT+scT

T (X, Ẋ) = 1
2ẊT M(X)Ẋ

Z`k	acORT
�2ZjeRT�acZjo�T+e9T+sc�pmf¤

U(X)
Zjk�acORT l Z\¡(TGsiTGefaiZ`_p�R^\TUh(dpaiT+e@aiZ`_v^JT+e9T+sc�pmp��NPORT l m2e9_vSUZ`o+k¦SU_<m �(TU�!siZ\anacT+e

_fk"\






M(X)Ẍ + C(X, Ẋ)Ẋ + G(X) = u + ∇F (X)λX

F (X) > 0, F (X)T λX = 0, λX > 0
±£dp^j^jZjkiZjdpe
sc]R^\T

!n��#
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�!ORT+scT
X ∈ IRn Z`k _³�pTGo�aidfs�dv�U�pTGeRT+s&_v^jZ!5GT l o+d2dps l Zje9_bacTGkG¤ M(X) = MT (X) ∈ IRn×n

Z`kgaiORT�h4d@knZ\acZ\�pT l T1;9eRZ\aiT�Z\e9T+siaiZ`_ S	_baiscZ\q.¤
F (X) ∈ IRm siTGhRsiT:knTGefagaiO9T l Z`kwa&_ve9o+T�aid acORT�o�dfe[�

knais&_vZjefa&k+¤
λX ∈ IRm _vscTUacORT
��_v�fsc_peR�pZj_ve�S�]9^�acZ\hR^jZjT+s&k"_pkcknd[o+Zj_vaiT l aid�acORT
o�dfe9kwacsc_pZ\e@ackG¤ u ∈ IRn

Z`k�acORT �pTGo�acdps dv�U�pTGeRT+s&_v^jZ65+T l aidfs �@]RT�Z\eRh9][ackG¤
C(X, Ẋ)

Z`k�acORT S	_baiscZ\q�dv��±£dpscZjdp^jZjk�_ve l o�T+e[�
acsiZjh(T�a&_v^t��dps&o�TGkG¤

G(X)
o�dfefa&_vZje9k�o�dfe9knTGsi�v_baiZj�pT���dps&o�TGkG� ∇ l T+eRdpaiT:k¦acORT i ]9o+^\Z l T:_ve��ps&_ l ZjT+e@aG¤#ZM� Tf�

∇Fi(X) =
(

∂Fi

∂x1
, · · · , ∂Fi

∂xn

)T

∈ IRn _pe l ∇F (X) = (∇F1(X), · · · ,∇Fm(X)) ∈ IRn×m ��NPORT
ZjSUh9_po�a#acZ\SUT:k��!Z\^j^2�(T l T+e9dvaiT l �fT+eRTGsiZ`o+_p^\^jm¦_pk

tk
Z\e�acORT£��dp^j^jd<�!ZjeR�9��m�TP_fkiki]RSUT�aiO9_va�aiORT£��]9e9o�acZ\dfe9k

Fi(·)
_vscT¦o�dfefaiZje@]9dp]9ki^\m l Z�¡DT+scT+e@aiZ`_v�R^jT�_ve l acO9_ba ∇Fi(X(tk)) 6= 0

��dfs�_v^j^
tk
�

� ��� 8"�����
	?/1�"�� b�#�����1&T� �K�9���B�[�! "�  1���b�
�%	���& /9&0/%�$ 1�2/G�9���B� �
�� �� �b�Q/9&0/%�$ 1�2/��L	����T/��L	��b�	�p	��p
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�Xf  1���0/	��	?/G�
�#���)�
�# 1	��G/%�b�
�b ���
& =9 ���	?/"���
�#�'	�� �#� �p/	�V�����`�
�#���)�
�# 1&`���
& �>	 
  Q��� �!���D "���
�
	��� "� /%	-��������/'� ���� 1/���NPO9Zjk�o+siT:_baiT:k¥knTGsiZjdp]9k l Z!@	o+]R^\aiZjTGk�Z\e¦acORT+Zjs#knai] l m)A x£scdp�f^\Z`_bacd9¤+�v�p�f}v��F#A ´�T+T+SUT+^`k
l xysidf�p^jZj_bacd9¤R�v�p�f}�F �
NPORTg�#_v�ps&_veR�pZ`_ve kim[kwacT+S Zje !w��#�Z`k � ����� &Q���1� �#���$ ��v¤�Z>� Tp� l ZjS

(u) =
l ZjS

(X)
� NPORZ`k"T+q[o+^\] l TGk

��dfs"Zje9knac_ve4o�T
^\]RSUh(T l uwdpZjefa��9T+q2Zj�RZj^\Z\aiZjTGkG� � e o+_fknT l ZjS
(u) <
l Z\S

(X)
aiO9Tgkim[kwacT+S Z`k�ki_pZ l aid��(T

�����, "���,�"� �#�
�b 	�U_ve l acORT�o+dpe@aiscdp^JhRscdp�9^\TGSÐZjk$S�]9o&O O4_vs l T+s¦acd kndf^\�pTf��NPORT ;9sckna�Zje9kwa&_ve9o+TUZje�acORT
±£dfefaiscdp^%_ve l z!df�(dvaiZ`o+k§^jZ\aiT+s&_bac]RscT��!O9T+scT�kn]9o&O�_
o�dfS�h9^\TGS�TGefa&_vscZ�awm�SUd l TG^�O4_pk§�(TGT+e�]9kiT l ¤.Z`k�Z\e
A ´�]9_peR� lB²Io:±£^`_vSUsidRocO¥¤[�+Op~f~�F �7h§e9TP�pT+scm�kih(TGo+Z ;4oy��TG_bac]RscTPdv�Dkim2knaiTGS	k%_fk%Z\e/!w� ##Z`k�acORT+ZjsJZjefacsiZje9kiZ`o
eRdfe9knSUd2dpaiORe9TGkck+¤¥�!ORZ`ocO O4_vSUh(T+s&k¦dpeRT�acdga&_veR�fT+efacZj_p^j^\m ^jZjeRTG_psiZ65+T�aiORTGSÐZje�aiORT�eRT+Zj�pO2�(dpscORd2d l dp�
acsc_buwTGo�aidfsiZjTGkG�J±£dpe4knT �@]RTGefac^\mU^\ZjeRTG_psyo�dfefaiscdp^j^jT+s&kJ�fT+eRT+s&_v^j^jm��¿_vZj^4aid�kwa&_v�RZj^jZjkiT§kn]4ocO
o�dpSUhR^jT+SUTGefac_psiZ\awm
kim[kwacT+S	k+¤R_pe l eRdfeR^\ZjeRT:_vsy��TGT l �4_po&��o+dpefacsidf^\^jT+s&k£O4_:�pT�acdU�(T l TGkiZ\�feRT l �

����� ���#$ % ( ( %�������� � $ "�%� 

NPORT	_ l SUZjkckiZ\�R^jT l dpS	_vZje
Φ
Zjk$_�o�^jdfkiT l�l dfSU_pZ\e�Z\e�acORT	o+dpe�;9�f]Rs&_baiZjdfeIkih9_po+T��!ORT+scT"acORT	kim[kwacT+S

oG_vegT+�pdf^\�pTf¤2ZM� Tf�

Φ = {X|F (X) > 0} =
⋂

16i6m

Φi, Φi = {X|Fi(X) > 0}

¨Rdps�dp�@�2Zjdp]9k�scTG_pkidpe4k!Z\a�Z`k§_fkiki]RSUT l acO9_ba
Φ 6= ∅ ¤._pe l TG�pT+e SUdfsiT�\PZ\a¦o�dpe@ac_pZ\e9k�_�o�^jdfkiT l �9_v^j^dp�th(dfkiZ\aiZj�pT�sc_ l Zj]9k+��NPO9Zjk�_p^\^jdb��k�]9k�acd
�pT�a�scZ l dv�tSUT:_veRZjeR�p^jTGkck�SUd l T+^`kG� M�SUdpaiZjdpe ^jZj�pT�acORT"dfeRT

ZjegZ\aiTGS	k _ba ¤ _-_ba ¤ _-_�_'a _v�(db�pT¦oG_ve
aiORTGe��(T l T";9eRT l �tNPORT$�(dp]Re l _vscm	dp� Φ Zjk l T+e9dvaiT l _fk ∂Φ
�


 ª"!$# _ � _ ®%#�& M kiZ\eR�f]R^`_vscZ�awm dp�
∂Φ
Z`kÕacORTÈZ\e@aiTGsckiTGo�acZjdpe�dv� aw�£d !¿dpsÐSUdpscT�#Õkn]9sn�¿_fo�TGk

Σi = {X|Fi(X) = 0} �
M�k�_p^\^j] l T l acd�_p�(d<�pTf¤+aiORT��pd@_v^vdv�@acORT�o+dpe@aiscdp^vhRscdp�R^jT+S l ]RscZjeR�Pacsc_pe9knZ\aiZjdpe¦hRO4_pkiTGk.Z`k.aid�kwa&_v�RZj^jZjkiT

acORT�kim2knaiTGS dpe	acORT§�(dp]Re l _vscm
∂Φ
� m ORT+e

m > 2
acORZjkySU_<mU�(T§_"knZjeR�p]9^j_psiZ\awm !¿Z>� Tp�t_�o�d l Z\SUT+e4knZjdpe

α > 2
kn]Rsi�¿_po+T�#Pdp�%acORT��(df]Re l _psimf� � e�aiORZ`k§knai] l mg�yT�scTGknaiscZ`o�a�dp]9sckiT+^j�pTGkPacd l dpS	_vZje9k��!ORZjo&O O9_<�pT

eRdfe[� l Z�¡DT+scT+e@aiZ`_v�R^jT
�(dp]Re l _psiZjTGk"�R][aU�!ORZ`o&O _vscT
o+dpe@�fT�q _vscdp]Re l ki]9o&O eRdfe[� l Z\¡DT+scT+efacZj_p�R^jT�h(dfZ\e@ack
!¿^\Zj�pT�dpe
¨�Z\�4�D�p� _.#��JNPORT�]ReRZj^j_vaiT+s&_v^Do+dpe9knais&_vZjefa&k£_vscT�T+q[hRsiT:kikiT l �2mUaiORT�scT+^`_bacZjdpe

F (X) > 0
¤[�!ORZjo&O

oG_ve �(Tgacsc_pe9ki^j_vaiT l ^jd[o+_p^\^jm�Zjefacd \
CX + D > 0

��dfs	kidpSUTgS	_vaiscZjo+TGk
C
_pe l

D
� ±£^jTG_psi^jm aiORT

eRdfe[� o+dpe2�pT�q�T+q[_pSUhR^\T�dp��¨#Zj�9�(�p��!�� #toG_veReRdpa£�(T�T+q[hRsiT:kikiT l _pktacORT§Z\e@aiTGsckiTGo�aiZjdpe�dv��o�dfe@�pT+q l dpS	_vZje9k

s�s Ñ
t#v�Þ%x9u
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F 2
(X

) =
0

F
1 (X

)=0

F
2 (X

)=0

F 1
(X

) =
0

TΦ(Xd)

Xd����������	�

��� ����������	�����	�
����

TΦ(Xd)

Φ = Φ1 ∩ Φ2

Xd
Φ = Φ1 ∪ Φ2

¨�Z\�f]RscT���\J��dfe[� l Z�¡DT+scT+e@aiZ`_v�R^jT¦h(dpZjefa&k+�

Φi
�tNPORZjkPo+_fknT§Z`k£e9_pSUT l _�scT+Zjefacsc_pefaPo�dfsieRTGs£Zje�acORT�^\Z\aiTGsc_vai]RscTp¤[_ve l SUd l TG^\^jZjeR�"Z`kiki]RTGky_psiT§eRdvaPmpT�a

;Rq[T l ��dfstscT+Zjefacsc_pefa�o+dpsceRT+s&kRAJI�^jd[oc�pTGsG¤f�p�p�R�"F A ¨Rs �+SUdpe l ¤@�v�p�@�0F �#NPORZ`ktsiT:kwacsiZ`o�acZ\dfe�dfe	kiZjeR�p]R^`_vsteRdpeR�
o+dpe@�pT+q"h(dpZjefa&k l d[TGkJeRdpatSUT:_ve�acO9_batacORT��!ORdp^jT�kih9_po+T!S�]9kwa��(T�o+dpe@�pT+q.��¨RdfstT�qR_vSUhR^jTPaiO9T l dpS	_vZje
dp��acORT	¨�Zj�9�#��Z`k¦eRdfe[� o+dpe@�pT+q �R][a�o+_pe��(T l TGkco�scZ\�(T l _pk

Φ
_v�(db�pTp�	X2]9o&O kiT�ack$_psiTUoG_v^j^\T l �� b
����!�
�

AÅ±£^j_psi�pTf¤#�+O,Of��F �§¨9dps§scT+�f]R^`_vs§kiT�ack�o+dpe@�fT�q[Z�awm�ORdp^ l k§^\dRo+_v^j^jm�_ve l o+_pe �(T"scTGo�db�pT+scT l �2m�_
kn]RZ\ac_p�R^jT
�fT+eRT+s&_v^jZ65+T l o�d[dps l Z\e4_baiT:kyo&O9_ve9�pT ! l Z\¡(TGdpSUdpschRORZ`o�ORTGe9o�T$hRsiT:knTGsi�2ZjeR�"aiORT���_p�ps&_veR�pZ`_ve
kwacsi]4o�ai]9siT #��

�������! �"�#%$'&)(!����*

NΦ(X2)

TΦ(X1)

X1

NΦ(X1)

TΦ(X2)

X2

TΦ(X3)
NΦ(X3)

X3

¨�Z\�f]RsiT���\ i qR_vSUhR^jT¦dp�%_�siTG�p]R^`_vsPeRdpeR� o+dpe@�pT+q l dfSU_pZje

ÖæÙ7s¥Ö,+



���������
	���
������������
���������
�����! "�� "�#�$���%	��'&)(*�+

���
��
,	-����.�&0/%�$ 1�2/ o

����� � $��#"�'�� $ � � � �

MBo+dp^j^\Z`kiZ\dfeUsc]R^jT�Z`k�eRT+T l T l acd�Z\e@aiT+�fsc_vaiT!acORT§kim[kwacT+S�Zje !w��#�_ve l aid�siTGe l TGstaiORT�knT+a
Φ
Zje@�v_vscZj_pefaG� M

o+dp^j^\Z`knZjdpegsc]R^jT¦Z`k�_UscT+^`_baiZjdpeg�(T�aw�£TGT+egacORT�h(dfknan� Z\SUh9_fo�a!�fT+^jd[o�Z\aiZjTGk�_ve l aiO9T$hRscT�� ZjS�h4_po�a��pT+^jd[o�Z\aiZjTGkG�
� egaiORZ`k!�£dpsc�D¤2Z\a�Zjk�o&ORdfkiT+e�_pkPZje]A ²�dpscTG_p]¥¤D�POp~f~�F'\

Ẋ(t+k ) = −enẊ(t−k )

+(1 + en) arg minz∈TΦ(X(tk))
1
2 [z − Ẋ(t−k )]T M(X(tk))[z − Ẋ(t−k )]

!M� #

�!ORT+scT
Ẋ(t+k )

Z`k£aiORT�h(d@kwaPZ\SUh9_fo�aP�pT+^jd[o�Z\awmp¤
Ẋ(t−k )

Z`k£aiORT�h9siT+�MZjSUh9_po�ay�pT+^jd[o�Z\a¢mf¤
TΦ(X(t))

aiO9T
a&_veR�fT+efaUo�dfeRT�acd acORTgkiT�a

Φ
_va

X(t)
!¿kiT+Tg¨�Z\�@k+�y���w���!ORTGsiT�acORTgkiT�a&k

X
¤
TΦ(X)

_vscT l T+hRZ`o�acT l #
_pe l

en
Z`k	acORTIsiT:kwacZ\ai][acZ\dfe o�d2T"@�o�ZjT+efa:¤

en ∈ [0, 1]
����dpaiZ`o�T aiO9_va
Z��$aiO9T�_veR�f^\T ̂(Σ1,Σ2) 6 πacORT+e Z\e³aiO9T�eRTGZ\�fO@�(dfsiORd[d l dv�

X
dfeRT�O9_pk

Φ ≈ TΦ(X)
�!ORTGe

X ∈ Σ1 ∩ Σ2
�7NPORT�a&_veR�fT+e@a

o+dpeRT�Z`k l T1;9eRT l _pk!aiORT"o+dpeRT��!O9Zjo&O Zjk�h(dp^`_vs!acd	acORT�eRdfsiS	_v^#o�dfeRT
NΦ(X(t))

¤(kiT+TVAÅ±£^`_vsc�pTp¤¥�PO,Of��F
A ´�ZjsiZ`_vsiai� ° sisc][a¢m�l �¥TGSU_ps��:ocO4_v^M¤t�+O,O 
�FBA ²�dfsiT:_v]¥¤��+Op~f~�F �gxydpaiO _vscT�_v^j�y_<m[k�o�dfe@�pT�q kiT�a&k+� NPORT+m
�fT+eRT+s&_v^jZ65+T�acORT�ac_peR�pTGefa§_pe l eRdpscS	_v^�ki]R�9kih9_fo�TGk!aid	acORT"o�dpe ;9�p]Rs&_bacZ\dfe�kih9_po+T¦aid��!ORZjo&O��pTG^\dRo�Z\aiZjTGk
_pe l o+dpe@ac_po�a%��dfsco+TGkJ�4TG^\dfeR�9¤pZjeU�RZj^j_vaiTGsc_p^\^jm�o�dfe9knais&_vZjeRT l knm[knaiTGSUkG��m ORTGe

m = 1
¤pacORT!sc]R^jTPZje/!M� #%Zjk

acORT§��T+�Pacdpe � k�^`_:�
Ẋn(t+k ) = −enẊn(t−k )

¤@�!O9T+scT
Ẋn
Zjk�aiORT§eRdpscS	_v^4o+dpSUh(dpeRTGefa£dp�DacORT��fT+^jd[o�Z\a¢mf�

NPORT$scTGkwacZ\ai][acZ\dfegSU_phRhRZjeR�UZje !M� #Po+_pe
�(T$T �@]RZj�b_p^\TGefai^jm�scT+�!scZ\anaiTGeg_fkgA ²I_v�Rscdp]R�D¤D�PO,Of~�Fb\

Ẋ(t+k ) = Ẋ(t−k ) − (1 + en)
h9sid<q

M(X(tk))[M
−1(X(tk))NΦ(X(tk)); Ẋ(t−k )]

!>}.#
�!ORTGsiT$acORT�hRscd:q

M(X(tk))
SUTG_ve4k!aiO9T�hRscd:q[ZjSU_vaiZjdpe�Zje�aiORT�SUT+aiscZjo l T1;4eRT l �@mgaiORT��2ZjeRT�acZjo�TGeRT+sc�pm

_va£acZ\SUT
tk
¤[_pe l

NΦ(X(tk))
Z`k£aiO9T�eRdpscS	_v^Do+dpeRT§aid

Φ
_va

X(tk)
�tNPORT§��dpscS»Zje !¿} #��!Z\^j^D�(T�]9kiT���]9^

��dfs�kidpSUT$oG_v^`o�]R^`_bacZ\dfe9kPZ\e kwa&_v�RZj^\Z\awm�hRscd2dv�¿kG� � a§o+_pe�_p^jkid��(T��!siZ\anacT+e�]9kiZjeR�	_	ki]RZ�a&_v�R^jT$�pTGeRT+s&_v^jZ!5GT l
SUdpSUTGefai]9SÃais&_ve4kw��dfsiS	_bacZ\dfe�A xyscdp�f^\Z`_baid4¤D�+O�O,O9¤9±£O9_ph[aiTGs#
�F �yX2T+T�_v^`knd:AJI�^jd[o&�pT+s:¤9�v�f�f�0F.��dps�_UeRZ`o�T
�fT+dpSUT�acscZjoG_v^fZjefaiTGsih9siT+ac_bacZ\dfe�dv�RacORZ`k�sc]R^\Tf��NPORTysiT:kwacZ�ac][acZ\dfe�S	_vhRh9Z\eR��Zje !>� #�m2ZjT+^ l k%_��2ZjeRT�acZjo£TGeRT+sc�pm
^jdfkckP_vaPacORT$Z\SUh9_fo�a!aiZjSUTGk!�pZj�pT+eg�@m A ² _v�9sidf]R�D¤D�+O�Op~�Fb\

TL(tk) = −1

2

1 − en

1 + en

[

Ẋ(t+k ) − Ẋ(t−k )
]T

M(q(tk))
[

Ẋ(t+k ) − Ẋ(t−k )
]

6 0
!¿V #

±£^\T:_vsc^\m"aiORZ`k£h9_vsiaiZ`o�]9^j_ps£ocORdfZjo+T�Zjky_vsc�RZ�acs&_vsimf¤f_ve l dpaiORTGs£SUd l T+^`k�T�q[Z`kwayZ\e�aiORT§^jZ\aiT+s&_bac]RscTp�%´�db�P�
TG�pT+s�²�dfsiT:_v] � k!o+dp^j^\Z`kiZ\dfegsc]R^\T�Z`k�ocORd@knTGe�ORT+scT$�(T:o+_v]4knT$Z\a�Z`k�S	_bacORT+S	_bacZjoG_v^j^jm
kidp]Re l ¤9e@]RSUTGsiZ`o+_p^\^jm
acsc_fo�ac_p�R^jT§�(TGo+_p]9kiT§Z�a!scT+^jZ\T:k£dfekI¦_p]9kik �2hRsiZje9o+Z\hR^jT�dv��²�T:ocO9_peRZ`o+k A xyscdp�f^\Z`_baidk "� ���!Ej¤4�v�f�f�0F ¤2_ve l Z`kP_
l ZjscTGo�a!T+q2aiT+e4knZjdpegdv�%��TG�Paidpe�� kP^`_<� !��!O9Zjo&O�Zjk0�@]RZ\aiT$�b_p^\Z l _fky^jdfeR�U_pky��scZjo�aiZjdpegZ`kPeRdva�o�dpe4knZ l T+scT l #��
²�dfsiTGd<�pTGs%Z\a�^jT+e l ktZ\a&knTG^��.�pT+scm��£TG^\^Racd$h(d@kikiZj�R^\T!T+q2aiT+e4knZjdpe9k%acdb�y_vs l k%SUdfsiT�o�dfSUhR^\T+q�o+dp^j^\Z`kiZ\dfe�sc]R^\T:k
_fk�acORT�dfeRTGk l TG�pT+^jdph(T l Zje�A ¨Rs �+SUdpe l ¤R�v�p�@�0F ¤f�!O9Zjo&Og_psiT§�9_fknT l dfe�acORT¦]9knT�dp��kn]Rh(TGsn� h(dvacT+efacZj_p^jk£dp�
l Z`kcknZjh9_bacZ\dfe�A ²�dpscTG_p]¥¤D�PO 
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NPORT£SUdfkna#�pT+e9T+s&_v^psiT:kn]9^�a#dfe�T�q[ZjknaiTGe9o�T£_pe l ]ReRZ��@]RT+eRT:kik#dv�9kndf^j][aiZjdpe9k¥��dps#SUTGo&O9_peRZjoG_v^@kim2knaiTGS	k�_fk�Z\e
!n��#�o+_pe��(T���dp]Re l ZjeCA xy_p^\^`_vs l ¤<�v�p�f��F�A xy_p^\^`_ps l ¤<�v�p�9�1F � ° e l TGs#aiORTPo�dpe l Z�acZ\dfe$aiO4_ba%_p^\^ l _ba&_�T+e@aiTGsiZjeR�
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!n��#y_vscT§hRZjTGo�TG�!ZjkiT�scTG_v^._ve9_p^\m@acZjop¤@aiORTGegT�q[ZjknacT+e9o�T¦_pe l ]ReRZ��@]RT+e9TGkckydv��_�kidp^j][acZ\dfe�acd !w� #��!Z\aiO
X(·)_p�9kndf^\]RaiT+^jm¦o�dfefacZ\e2]Rdp]9k�_ve l

Ẋ(·) siZj�fOfan�¢o�dfefaiZje@]9dp]9k�dv�R^jd[oG_v^f�(dp]9e l T l �b_psiZ`_bacZ\dfe¥¤:Zjk�_fkiki]RscT l �#NPORT+eacORT�_poGo�T+^jT+s&_bacZjdpe�Z`k�_�SUTG_fkn]9siT$_ve l kndUZ`kPaiORT�S�]R^�acZ\h9^\ZjT+s
λX
�Lm�T�kiO9_p^\^�_v^j�y_:m[k!_pkckn]RSUT�acO9_ba!acORT

scT �@]RZjsiT l o+dpe l Z�acZ\dfe9k"_vscTU��]9^ ;9^j^jT l Zje�aiO9Zjk"h9_vh(TGsG�I²�]9^�acZ\hR^jT
ZjSUh9_po�a&k�!>knT+T l T1;9eRZ\aiZjdpe4k��
_ve l | #
�fT+eRT+s&_v^j^jm�siTGe l TGs�kidp^j][acZ\dfe9k l Zjkco�dfefacZ\e2]Rdp]9k��!Z�acO"siT:knh(TGo�a#aid§aiORTyZjeRZ\aiZ`_v^[o+dpe l Z\aiZjdpe4k

(X(0), Ẋ(0+))
¤

T+q[o+T+h[a£Zje�h4_vsiaiZ`o�]R^`_vs£o+_fknT:k !�hR^`_pknaiZ`o�ZjS�h4_po�a&k£_ve l �2ZjeRT�acZjo§_veR�f^\T��(T+a¢�yT+T+e�aiORT�o�dfe9kwacsc_pZ\e@a£ki]Rsn�¿_fo�TGk
^jTGkck�dfs§T �@]9_v^#aid π

2

A rJ_vdp^jZM¤D�p�p�@�0FM¤4dfs§�@ZjeRT+aiZ`o"_veR�f^\T�T��f]4_v^�acd π
2

A xy_p^\^`_ps l ¤D�v�f�p��F)#��Bm O9T+e
m = 1acORT+e�o�dfefacZ\e2]RZ�awm�ORdf^ l kP�!O9_vaiT+�pTGs

en
A¹X[ocO4_ba�5GS	_ve¥¤¥�+O�Op~�F �

� ]RT�aid$aiORT!�¿_fo�ataiO4_ba��pT+^jd[o+Z�acZ\T:kJSU_<m"�(TPacZ\SUT l Zjkco�dfefaiZje@]9dp]9kG¤p�R][a�aiO4_bataiORTGZ\s�scZj�pOfai�M^jZjS�Z\a !>_ve l
^jT��æai�M^jZ\SUZ\a�_pk��£T+^j^ #�T�q[Z`kwaUTG�pT+scm@�!O9T+scTp¤JSUd l T+^`kU_pk�Z\e !n��#�S	_<m��(Tge9_vSUT l ������/'�  ��"�'	 
  +¤y�(T:o+_v]4knT
l ]RscZjeR��aiORT$ZjefacT+�fsc_vaiZjdpe
dpe9T¦^\d2df�[k£��dps

Ẋ(t+)
A ²�dpscTG_p]¥¤R�p�p�p}
FM�

����� � �!' ��% ' � "�(��
� e�aiORZ`k�h9_ph(T+s��£T�siT:kwacsiZ`o�a�dp]Rs&kiT+^j�pTGkyaid�_	knh(T:o�Z!;4o�a&_pki�(¤9dps!ais&_buwTGo�aidpscm�\t_	ki]9o+o+TGkcknZjdpegdp����siTGT�_pe l
o+dpe9knais&_vZjeRT l hRO9_pkiTGk

Ωk
� � ]RscZ\eR��acORT�acsc_pe9knZ\acZ\dfe��(T+a¢�yT+T+e�_���scT+T�_ve l _�o+dpe9knais&_vZjeRT l hRO9_fknTf¤4acORT

l m2e9_pSUZjo�kim2knacT+SÈh9_fkikiTGkUZjefacd _�ais&_ve9kiZ\aiZjdpe hRO9_fknT
Ik
� M�k��£T kiO9_p^\^�kiT+Tp¤yais&_ve9kiZ�acZjdpe9kU�(T+a¢�£TGT+e

o+dpe9knais&_vZjeRT l _ve l ��siTGT�SUdvaiZjdpeg_psiT§SUdfeRZ�acdpscT l �2m�_��¥ZjeRTG_ps�±£dpSUhR^jT+SUTGefac_psiZ\awm	rtscdp�R^jT+S !¿kiT+TgM�h[�
h(T+e l Z�q ±³��dps�_ l T";9eRZ\aiZjdpe #��

Ω2k −−−−−−−−→
Ik

Ω2k+1 −−−−−−−−→���	�
(λ)

Ω2k+2

� egaiORT¦acZ\SUT l dfSU_pZ\egdfeRT¦�pT+ack!_�scT+hRscTGkiT+e@ac_bacZ\dfe
_fkg\

IR+ = Ω0 ∪ I0 ∪ Ω1
︸ ︷︷ ︸


��

�� ���

∪Ω2 ∪ I1 ∪ ... ∪ Ω2k−1 ∪ Ω2k ∪ Ik ∪ Ω2k+1
︸ ︷︷ ︸


���
�� ���

∪...
!M| #

�!ORTGsiT
Ω2k
l TGeRdvacTGk!aiORT�aiZjSUT�ZjefacT+sc�b_v^`k�_pkckndRo�Z`_baiT l aid	��siTGT�� S�dpaiZjdpe�hRO9_fknT:k�_ve l

Ω2k+1
acORdfkiT¦��dfs

o+dpe9knais&_vZjeRT l � SUdvacZ\dfe¦hRO9_fknT:k+��NPORT�ais&_ve9kiZ�acZjdpe
Ω2k+1 −→ Ω2k+2

¤ l d2TGk#eRdva l T";9eRTy_§knh(T:o�Z!;4o�hRO9_pkiT
!¿dps � i X�S�d l T�#t�(T:o+_v]4knT�Z\a l d2TGk£eRdpay�pZj�pT�scZjkiT�acd"_�eRTG�³awm2h(T§dp� l m2e9_pSUZjoG_v^Dknm[knaiT+S�¤[_pk£�£T�kiO9_v^j^
kiT+T$Z\e X2T:ov��}R� }R�tNPORT$dfs l TGsPdp�#aiO9T$hRO9_fknT:kPZjk!ZjSUh(dpsiac_ve@a!�R][a�aiO9T$ZjeRZ�acZj_p^¥hRO9_fknT$SU_<m��(T

Ω0
dps

I0dfs
Ω1
¤RknTGT§scT+S	_vsc���[�JxyT���dpscT§h9_pkckiZ\eR��aid"acORT l T:kio+siZjh[aiZjdpe�dp�¥acORT¦knac_p�RZ\^jZ\a¢m	��sc_pS�TG�£dpsc���!ORZ`o&O
�!Z\^j^

TGe9_v�R^jT	]9k¦acd l T:knZj�pe�_g�æTGT l �4_po&��o�dfefacsidf^\^jT+s¦��dps$ais&_po&�2ZjeR�9¤�^jT�a�]9k$Zje@�pT:kwacZ\�@_baiT	SUdpscT l T+TGhR^jmIORdb�
!M| #�S	_<m	�(T¦knTGT+eg_pky_�o�dfe9kiT �@]RT+e9o+T§dv��aiORT¦�9_pkiZ`o§o�dfefacsidf^(dp�[uwTGo�acZ\�pT:k _'a ¤ _-_ba _ve l _-_�_'a ^\Z`knaiT l Z\e�acORT
Zjefacsid l ]9o�acZ\dfe¥�
¨#Zjs&kwaUdp�§_p^\^M¤�^jT�a	]9k�eRdpaiZ`o�T
acO9_ba l TGkihRZ\aiTgaiORT�hRscdp�R^jT+SÀZje@�fdp^j�pTGk�o+dpefa&_po�aU_pe l o�dfe9kiT �@]RT+e@ai^jm

�fT+eRT+s&_v^jZ65+T l ��dfsco+TGk¦Zje�acORT�o+dpefacsidf^Jdp�[uwTGo�acZ\�pT:k ! l ]RscZjeR��hRO4_pkiTGk
Ω2k+1

acORT�o�dfefa&_po�a$��dps&o�T	knO9dp]R^ l
O9_<�pT¦kndfSUT l TGkiZ\scT l �b_p^\]RT #�¤2aiORT$o+dpe@aiscdp^(h9sidf�R^\TGS»scT+S	_vZje9kyhRscZ\S	_vscZj^\m�_"SUdvacZ\dfe
o+dpe@aiscdp^DhRsidf�R^jT+S��
� e l TGT l acORT�o�dfefa&_po�a!��dps&o�Tp¤RZM� Tf�%acORT��#_v�ps&_veR�pT�S�]R^\aiZjhR^jZ\TGs

λX
Zje !w� #�¤9Zjk!eRdpa!h4_vsia!dv��aiORT�knm[knaiT+S � k

knac_vaiT
(X, Ẋ)

� � a&kU�b_p^\]RTgZ`kUdpe9^\m _�o+dpe9kiT �@]RT+e4o�Tgdv��acORT�SUdpaiZjdpe !¿Z\e ��_fo�a	Z\ack	�b_v^j]RTgO9_fk"acd��(T
oG_v^`o�]R^`_bacT l �!Z\acO"_§�%±£r%¤<�!ORZ`ocO"Zjk%_pkcki]RsiT l aid�_p^\�P_:m[k�h(dfkckiTGkck#_ba�^jTG_fkwa�dfeRTykidp^j][aiZjdpe���dps#��scZjo�aiZjdpeR^jTGkck
o+dpe9knais&_vZjefa&k+¤�kiT+T]A xysidf�p^jZ`_baid9¤y�+O�O,OR¤JaiORTGdpscT+SÈ|R� V,F #�� ¨9dpsUZje9kwa&_ve9o+TgZje _�dfeRT l T+�fsiTGT�� dv�æ�M��siTGT l dpS
kim[kwacT+S acORT	o�dfefac_fo�a���dps&o�TUo�dfefacsidf^%kiZ\SUhR^jm siT l ]9o�T:k§aid�_pe�_p^j�pT+�Rs&_vZ`o�T��f]4_baiZjdpe

λ = λd
��dps$kidpSUT
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Φ

Xi,nc(t)

∂Φ

A

B

¨#Zj�p]9siT$} \ ° e9o+dpe9knais&_vZjeRT l ais&_buwTGo�acdpscmp�

kiZ\�fe9_v^
λd

!�h(d@kikiZ\�9^\m acZ\SUT�� �b_psim2ZjeR� #�� ´�db�£T+�pTGsUaiORZ`k�Zjk	e9dva�_�kwa&_v�RZj^\Z`kc_baiZjdfe hRscdp�R^jT+S�¤£acORZjk�Z`k�_
knac_vaiZ`o"T �@]RZj^\Zj�RscZ\]9Sg��NPORT+scT���dfsiT�acORT���dps&o�T0Ybh(dfkiZ�acZ\dfeIo�dpe@aiscdp^%hRsidf�R^jT+S kiORdp]9^ l s&_baiO9T+s��(T	o+_p^\^jT l _
� ���'	-��� �������������
� �P�1�
���� �� �� ��	�� 	-="�%	 ��� hRscdp�R^jT+S Z\e kn]9o&O�_goG_pkiTp� � ]RscZjeR��ki]9ocO _gkwa&_baiZ`o"T �@]RZj^jZ\�RscZj]RS
hRO9_fknTf¤�SUdvaiZjdpe�ais&_po&�@ZjeR� l sc_fkwacZjoG_v^j^\mIknZjSUhR^jZ ;9T:k¦aid�aiscZ\�2Z`_v^jZ�awmf�	NPO9Zjk$Z`k¦�fdpZjeR�
acd��(TUaiO9T�ki_pSUTUZ\e
ORZj�pO9T+s l ZjS�TGe9knZjdpe4k+¤RZ\egaiORT$eRdfsiS	_p^ l ZjscTGo�acZ\dfe�acd

∂Φ
�

²�dpscT¦hRscTGo�Z`kiT+^jmp¤[aiORT�Z�acT+S	k _'a _ve l _�_'a ZjegacORT$Zjefacsid l ]9o�acZ\dfegZjSUhR^\m�acO9_ba�aiORT$acsc_buwTGo�aidfsim�dp�#acORT
]Re9o+dpe9knais&_vZjeRT l knm[knaiT+S�aiO9_va£O4_pktaid��(T�ais&_po&�pT l ¤ l TGeRdvacT l _fk

Xi,nc(·) h4d@kikiTGkckiTGk%acORT§�pT+e9T+scZjoP��dfsiSkiORdb�!e Z\e ¨�Zj�9��}9� ² dpscTgT+qR_po�ac^\m aiORT dpsc�RZ\a	dp�§aiO9Zjk	ais&_buwTGo�acdpscm�Zje acORT o+dpe�;9�f]Rsc_vaiZjdpe kih9_po+T�Zjk
l TGhRZjo�aiT l dpe ¨�Z\�4�¥}R� � a$Z`k¦o+^\T:_vs�acO9_ba$Zje�h9_psnacZjo+]R^j_ps�Z\aiTGS _-_'a ZjSUhR^jZ\T:k�aiO9_va F (Xi,nc(t)) < 0

��dps
kidpSUT

t(∈ Ω2k+1)
¤(dpaiORTGsi�!Z`kiT¦acORT+scT��£dp]9^ l �(T"_ 5GT+scd�o+dpe@ac_po�a���dfsco+T��!ORT+e�acORT"kim[kwacT+S h(TGsn��TGo�ai^jm

acsc_foc�[k�aiORT l TGkiZ\scT l SUdvacZ\dfe¥��z�dp]R�fOR^\m knh(T:_v�2Z\e9�9¤!aiORT�kim[kwacT+S O9_fk�aid O9_<�pT aiO9TIaiTGe l _ve4o�m aid
�2Zjdp^`_baiT!aiORT§o+dpe9knais&_vZjefa&kJZje	dfs l TGsJaid"_pkckn]RscT�_$eRdpeR�'5GT+scd$o�dfefa&_po�at��dfsco+Tp� � eUacORT§ki_pSUT�knhRZjscZ�a�Z\aiTGS _ba
ZjSUhR^\ZjTGkPacO9_ba

F (Xi,nc(t)) > 0
��dfs�kidpSUT

t(∈ Ω2k)
�y±£dpe9kiT �@]RTGefai^jm	acORT+scT¦T+q[Zjknack�_�h(dpZjefa

A
Z\egacORT

o+dpe�;9�f]Rsc_vaiZjdpe�knh9_fo�Tf¤@_va£�!ORZ`o&O�o+dpe@ac_po�a£Zjk£S	_ l T��!Z\aiO
∂Φ
�JNPORZ`k£�pZj�pTGk�scZjkiT�aid�_$ais&_ve9kiZ\aiZjdpe�hRO9_pkiT

�!ORd@knT�scdp^jT$Z`k§_pk�Z\e Z\aiT+S _�_-_'a � � e�aiORT�ki_pS�T��P_:m
aiORTGsiT�Z`k�_�h(dpZjefa B _ba§�!ORZ`ocO F (Xi,nc(t)) = 0_pe l�l T�a&_po&ORSUT+e@aPZ`k£SUdpe9Z�acdpscT l �2m�_"�%±£r%�D���  2�� "�#�'�����H	?/�/ �# 	��G���  �[�� 1/" 1���j�9���������
�������,="�! 1� ��	?/
���  �, 1/%	 

����� / �#�	�Z�'�����#/9	��'	-����� �#�0/" %/��DM ;9s&kwaPZ l T:_�Zjk£aid�Z\SUh(d@knT�_�a&_veR�pTGefacZj_p^Do�dpe@ac_fo�aG¤2ZM� Tf�%�!Z\aiO
∇F (X∗

d )T Ẋ∗
d = 0
¤[�!ORT+scT

X∗
d (·) Z`kP_"kiZ\�fe9_v^(TGefaiTGsiZjeR��acORT¦o+dpe@aiscdp^(ZjeRhR][a�_ve l hR^`_:m2ZjeR��aiO9T�sidf^jT�dp�acORT l T:knZjscT l acsc_buwTGo�aidfsim l ]RscZjeR�
kidpSUT�h9_psna&k�dp�JacORT"SUdpaiZjdpe !�aiORT l Z\¡DT+scT+e9o�T"�(T+a¢�yT+T+e

X∗
d (·) ¤._ve l

Xi,nc(·) �!Zj^j^¥�(T¦S	_ l T�o�^jTG_vs!�(T+^jdb� #��t´�db�£T+�pTGs

^ α a � ]9T�acd�eRdpeR�'5GT+scd�Z\e9Z�acZj_p^!acsc_foc�2ZjeR� T+scsidfsck
X(0) − X∗

d (0) 6= 0
¤

Ẋ(0) − Ẋ∗
d (0) 6= 0

¤
ZjSUh9_po�ack!SU_<m�d[oGo�]Rs:�

^ β a NPORZ`k�Zjk�eRdvay_�sidf�R]9kwaykwacsc_vaiT+�fm"kiZ\e4o�T§_$�9_ l TGknaiZjS	_baiZjdpe	dp�DacORT§o�dfe9knais&_vZjefa�h(dfkiZ�acZ\dfe¥¤fS	_:mscTGki]R^\a�aidge9d�kwa&_v�RZj^jZjkc_bacZ\dfe�_ba�_v^j^%dpe
∂Φ
�	±£dfe9kiT �@]RT+e@ai^jm�Z�a�Zjk$_
S�]9ocO��(T+anaiTGs�kwacsc_vaiT+�fmgaid

ZjSUh(dfkiT$o�dp^j^jZjkiZ\dfe9k£��dfs�kwa&_v�RZj^\Z`kc_bacZ\dfe
dpe
∂Φ
�

s�s Ñ
t#v�Þ%x9u
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^ γ a � e�_ve@m
o+_pkiTp¤Ro�df^j^\Z`knZjdpe4kyO9_<�pT§acdU�(T$Z\e4o�dpsch(dps&_baiT l ZjefaidUaiO9T�kwa&_v�RZj^\Z\awm�_pe9_v^jm[knZ`kG�
^ δ a NPORT��(TGkna�knais&_bacT+�fm	��dps�knac_p�RZj^\Z`kc_baiZjdpegdfe ∂Φ

Z`k!aid	ZjSUh(dfkiT�o�^jdfkiT l � ^\d[dph l m2e9_pSUZjoGk!�!ORZ`ocO
SUZjS�Z`o+kPacORT$�(dp]Re4o�ZjeR�v� �9_v^j^ l m2e9_pSUZjoGk

Ẍ = −g
¤
X > 0

\
� δ1

a NPORZ`k!Zjk!�pT+scm	scdp�9]9kwa!�!Z\aiO�scTGkih(TGo�aPacd�aiO9T$o+dpe9knais&_vZjefa!h(dfkiZ\aiZjdpe
]9e9o�TGsna&_vZjefaiZjTGkG�
� δ2

a M�k#�£T��!Zj^\^2kiT+T�Z�a�^jT+e l k�Z\ackiT+^\�R�pT+scm��£T+^j^pacd§�¥mf_phR]ReRdb��knac_p�RZj^\Z\a¢m¦dv�9kidpSUT�o+^\d@knT l � ^\d2dfh
r%dpZje9o+_ps��¦S	_vh¥�

X2TGo�dfe l ^jmp¤9�£T��!Z\^j^#knTGT$Z\e�aiORT�e9T�q2a�kiTGo�aiZjdpegaiO9_va�aiORT$awm2h(T$dp�Jkwa&_v�RZj^jZ�awm
�£T l T:knZjscT¦Z`k!�9_fknT l dfe
_UkiZ\e9�p^jT¦��mf_vhR]Re9d<�@� ^\Zj�pT§��]Re9o�acZ\dfe

V (X, Ẋ, t)
�tNPORT+e l Z!@�o�]R^\aiZjTGk�_psiZ`kiT l ]RT¦aidUaiORT¦��dp^j^jd<�!ZjeR��\

^ � a NPORTGsiT�_vscT�eRdpe[�b5+TGsid�o+dp]RhR^jZjeR�fk£�4T+a¢�yT+T+e�c¢a&_veR�fT+efacZj_p^>d�_pe l cweRdfsiS	_p^>d�o�d2dfs l Zje9_vaiTGk�Z\e�acORT
ZjeRT+siaiZ`_�S	_bacsiZ\q

M(X)
!�aiORZ`k!�!Zj^\^¥�(T¦��dpscS�]R^`_bacT l SUdpscT�scZ\�fdpscdv]4kn^jmU^`_bacT+s$#��

^ � a NPORZ`k�]Re9Z%�@]RT��æ]9e9o�acZ\dfe V (X, Ẋ, t)
O4_pk$aid �£dfsi� ��dfs�_p^\^�hRO4_pkiTGkG¤#ZM� Tf�
��dfs

Ω2k
!bh �Bi #�¤

Ω2k+1
! � M i #�¤2_ve l

Ik
!æaiO9T l m2e9_vSUZ`o+kJS	_:m�acORT+e	�(T�kiT+TGeU_fkJ_$²�T:_pki]RsiT � Z�¡DT+scT+e@aiZ`_v^ i �@]9_v�

acZ\dfe]A x£scdp�f^\Z`_bacd9¤(�PO,O�O�F #��
^ � a � � V ≡ 0

aiORTGe�_ve2mI�pT+^jd[o�Z\awm	uw]RSUh
q̇(t+k ) 6= q̇(t−k )

Z\SUhR^jZjTGk�_�h(dfkiZ�acZj�pT�uw]RSUh
V (t+k ) −

V (t−k ) > 0
Z\e�aiO9T§��mf_vhR]9eRd<�"��]Re9o�aiZjdpe¥�tNPORZ`k�SUT:_ve9ktacO9_bayZjS�h4_po�a&k��!Zj^j^4�fT+eRTGsc_p^\^jm"hRscTGo�^j] l T

_fknm2SUh[aidpaiZ`o�kwa&_v�RZj^\Z\awm ! � #�¤!T�qRo�TGh[a�Zje �pT+scm h9_vsiaiZ`o�]R^`_vs�oG_pkiTGk	dv�¦eRd�ZjeRT+siaiZ`_�o�df]RhR^jZ\eR�@k+¤PZ\e
�!ORZ`o&O�o+_fknT�aiO9Z\eR�@kP�fsiT:_bac^\m�kiZjS�h9^\Z\��mp�

^ ¯ a NPORT���]Re9o�aiZjdpe V
O4_pk�aid�ki_vaiZ`kw��m

V = 0
�!O9T+e�aiORT l TGkiZjsiT l ais&_buwTGo�acdpscm"dp�.acORT�o+^\d@knT l �M^jd2dph

kim[kwacT+S Zjk�h(TGsn��T:o�ai^jm
ais&_po&�pT l ¤4_fo+o�dfs l Z\eR�Uaid�aiO9T l T1;4eRZ�acZ\dfe dv��_��¥mf_phR]ReRdb����]Re9o�acZ\dfe¥��NPO9Zjk
ZjSUhR^\ZjTGkPaiO9_vaPaiORT l TGkiZ\scT l kiT�a!dv�#aiORT�o�dpSUhR^jT�acT !¿o�dfe9kwacs&_vZjeRT l #£kim[kwacT+S S�]9kna!�(T¦]9kiT l Z\e
acORT
l T";9eRZ\aiZjdpe�dv�

V
�

h§eRTPaiORTGsiT+��dpscTPscTG_v^jZ`knT:k#acO9_batacORT�o�dpe@aiscdp^RhRsidf�R^jT+S�Z`kJZ\ackiT+^\�.ki]R�[uwTGo�a�aid$S	_ve2m"o+dpe9knais&_vZjefa&k+��NPORT
hRscdph(d@knT l knais&_bacT+�pm�O4_pk%aid�o�dph(T!�!Z\aiOUaiORT:knT��b_psiZjdp]9kJ_ve l kidpSUT+aiZjS�T�_pefa&_v�fdpeRZ`kwa%�¿_po�ack !�^jZ\�pT

β a _ve l� a #�� � acT+S � a O9_vSUh(T+s&k§aiORTU]9kiTU_fk§aiZjSUTU�pd2T:k�aid�Z\e ;9eRZ\a¢mIdv�y_pe@mIo�dpe@aiscdp^j^\TGs§aiO9_va$�£dp]R^ l ki�!Z�a&ocO
_va!acZ\SUT

ts
�(T+a¢�yT+T+e _U��siT+T+�MSUdpaiZjdpeg��T+T l �4_po&�
Z\eRh9][a��!Z\acO

F (X∗
d (t−s )) > 0

acd�_Uais&_ve9kiZ�acZ\dfegh9O9_pkiT
o+dpefacsidf^\^jT+s��!Z�acO�_ cn�(dp]Re9o+Z\eR�p�M�4_v^j^>d l m2e9_vSUZ`o+k�!�ZM� Tp�Jki]9ocO	acO9_ba

F (Xi,nc(t+s )) < 0
#��J´�db�£T+�pTGs£ki]9ocO

_ l Zjkco�dfefaiZje@]9dp]9k!ZjeRhR]Ra§oG_ve��(T�]9kiT l�l ]RscZ\e9�UaiORT�ais&_ve9kiZ\TGefa�h(TGsiZjd l �yNPORT�Z l TG_	dv�%]9kiZjeR��_ l TGkiZ\scT l
SUdvacZ\dfeIacO9_ba$�ydp]R^ l SUZjSUZjo�aiORT	Z\SUh9_fo�ack$kid
acO9_ba

V (t+k ) − V (t−k ) = 0
T+�pT+e��!ORT+e

V (0) = 0
Z`k

eRdpaP_��fd2d l dpeRTf�%¨�Zjscknaydp�#_v^j^(Z\aiT+S	k
β a _ve l δ a _vscT�Zje���dps&o�Tp¤[_ve l ki]9o&O
_"knais&_baiTG�pm�scT �@]RZjscTGk£_v^`kid"_h(T+si��TGo�ay�2eRdb�!^\T l �pT�dp�

en
Zje !M� #���X2TGo+dpe l ^jmp¤2hRscd<�2ZjeR��aiORT¦knac_p�RZ\^jZ\a¢m	dv�#ki]9ocO
_�acsc_buwT:o�aidfsim�Z`ky_�O9_ps l

a&_pki�(� m�T�aiORTGsiT+��dpscT l ZjkisiTG�f_ps l aiORZ`k�kidpsia�dv�tknZj�pe4_v^`k
X∗

d (·) ��dps�ais&_ve4knZ\aiZjdpe�hRO9_fknT:k Ik
� � e�dps l TGsPaid

o+^j_psiZ\��m	aiORT:knT$�b_psiZjdp]9kyeRdpaiZjdpe9kP^jT�a�]9k�o�dfe9knZ l T+s�_�dpe9T l T+�fsiTGT��Mdp�æ�>��scT+T l dpS knm[knaiT+S:\






(Ẍ − Ẍ∗
d ) + γ2(Ẋ − Ẋ∗

d ) + γ1(X − X∗
d ) = λ

0 6 X ⊥ λ > 0

Ẋ(t+k ) = −enẊ(t−k )

! 
.#

� µ¥¶<·¹¸¥·¹¸¥ã�Á&·¹Ñ<Æ Ç!Ë:É<Ê%ÄM¼yÄ>¶<Ê%ç`Á&Ó¢Ä¥ÄM¶bÁcÄ�Ä>¶<ÊJÓn¼�Ñ�Ä>½>¼�Æ¹Æ¹Êw½>¸#É<¸MÊwË�¼�Ñ§Â<¶bÁ&¸>Ên¸
Ωk

Á&¸M¸>É<½¿Ê�Á&¸>ÇGã!Â:Ä>¼&ÄM·¹Ó%Ón¼�Ñ�å�Êw½�r�ÊnÑ<ÓwÊ�¼&ç
ÄM¶:ÊJÄ>½MÁ&Ó ¾+·¹Ñ0r!Êw½>½¿¼�½>¸#Ä>¼iº¥Á&½¿Ë<¸��nÊw½¿¼��vÌ<ÉGÄ#Ë<¼PÑ:¼&Ä#Âv¼�¸M¸>Ên¸>¸#Á&Ñ+Ç��bÑ<· Ä>Ê¢Ý`ÄM·¹ã!Ê�Ón¼�Ñ�å�Êw½�r�ÊnÑ<ÓwÊ�Â<½>¼�ÂvÊw½�ÄM·¹Ên¸nä
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�!ORTGsiT
X∗

d (·) Zjk�kidpSUT¦aw�!Z`o�T l Z\¡DT+scT+efacZj_p�R^jT$��]Re9o�acZ\dfe¥¤ γ2 > 0
¤
γ1 > 0

�!NPORT ′′ ⊥′′ SUT:_ve9k!aiO4_ba X_pe l
λ
_vscT�dfsnacORdp�fdpe9_v^M¤:ZM� Tf�

Xλ = 0
� � aJZjk%o+^\T:_vs#aiO9_va

Xi,nc ≡ X∗
d

� � �
X∗

d (t) < 0
dpe�kndfSUT£Z\e@aiT+sc�b_p^

dp�JacZ\SUT
I
¤(acORT+eIacORT l TGkiZ\scT l ais&_buwTGo�acdpscmgdv�tacORTUo�dpe4kwacsc_pZ\eRT l knm[knaiT+S o+_peReRdva��(T

X∗
d (·) �$z�_baiO9T+sG¤acORZjk"Z`k"�pdpZjeR��acdI�(TgknZjSUhR^\m

0
dfe

I
� � acT+S ¯ a SUTG_ve4k�aiO9_va"aiORT���]Re4o�aiZjdpe V

]9kiT l ��dfs�kwa&_v�RZj^jZ�awm
hR]Rsch(dfkiT !�Tf� �4�³_ �@]9_ l s&_baiZ`o���]Re9o�acZ\dfe dp��acORTgacsc_foc�2ZjeR��TGsiscdps$#�Z`k�5+T+scd�dpe

Ω2k+1
!¿o+dpe9knais&_vZjeRT l �

SUdvacZ\dfe�hRO9_pkiTGk #��	NPORT+scT���dfsiT"acORT	��mf_vhR]9eRd<����]Re9o�aiZjdpe �!Z\^j^t�(T l T";9eRT l ki]9ocO�acO9_ba�dfe
Ik
_ve l dfe

Ω2k+1
dfeRT!O4_pk

V (X, Ẋ, t) = 0
�tX2Z\e4o�T!acORZjk�Z`kt_¦ais&_po&�2Z\e9�$o�dfefacsidf^[h9sidf�R^\TGS�_ve l knZje9o�T!acORT l T:knZjscT l

acsc_buwTGo�aidfsim�Z`k�T��@]9_v^Paid
0
dfe ki]9ocO hRO4_pkiTGk !¿T+�pT+e acORT�scT+�(df]Re l hRO9_fknT #�¤£�£T�o�dfe9o�^j] l TgaiO4_baUacORT

acsc_foc�2ZjeR�gTGsiscdps
X̃(·) T+e@aiT+scZjeR� V (·) O9_fk�acd�kc_bacZjkn��m X̃(·) = 0

¤#kidgacO9_ba
V (X̃ = 0, ˙̃

X = 0) = 0
�

NPO2]9k
X̃(·) o+_veRe9dva§�(T l T";9eRT l ��scdpS X∗

d (·) eRTGZ�acORT+s§��scdpS Xi,nc �9][a§��scdpSÕ_	acORZ\s l knZj�pe4_v^#�!ORZ`ocO�£T"kiO9_v^j^ l TGeRdvacT�_fk
Xd(·)
����T�a§]9k§_v�@_vZje�o�^`_vscZ���m
aiORT l Z\¡DT+scT+e9o+T��(T+a¢�£TGT+e

X∗
d (·) _ve l Xd(·)

����T�a
]9k�ac_p�pT _ o+dpe9knac_pefa

X∗
d < 0

Z\e ! 
 #�� NPORT+e
Xi,nc = X∗

d

�R][agkiZje9o�T�acORTK;Rq[T l h(dpZjefa
dv�¦acORT
o+dpSUhR^jT+SUT+efa&_vscZ\a¢m�kim[kwacT+SÃZjk

(X, Ẋ) = (0, 0)
¤R�£T$S�]9kwa�O4_:�pT

V (X = 0, Ẋ = 0) = 0
knd�acO9_ba!aiO9T

scTGknaiscZjo�aiZjdpe�dv�
V
aidgacORTUr%dpZje9o+_ps��UkiTGo�aiZjdpe

Σ+ = {X|X = 0, Ẋ > 0} Zjk�_g��mf_vhR]Re9d<����]9e9o�acZ\dfe��dfs§aiORT	o�dpscscTGkih(dve l Z\e9��r�dfZ\e4o+_vs �"Z\SUh9_fo�a¦S	_vhRhRZjeR�
PΣ

��±£dpe4knT��f]9T+efac^\m��£TUknO9_p^\^ l T1;4eRT
Xd = 0l ]RscZjeR�§aiO9TGkiTyh(TGsiZjd l k�dv�4aiZjS�Tf� � e"aiORTy��df^\^jdb�!Z\eR���£T!kiO9_v^j^ l TGeRdvacT

X̃ = X−Xd
_ve l

X̄ = X−X∗
d

�
¨�Zje9_v^j^\m$Zje"�pT+e9T+s&_v^

Xi,nc 6= X∗
d

�(TGo+_p]9knT
X∗

d

S	_:m$�(TPocORd@knTGe$acd§TG�pdp^j�pTt��scdpS dpe9T�ais&_ve9kiZ\aiZjdpe�hRO9_pkiT
Ik
acd�aiORT$e9T�q2a!dfeRT

Ik+1
�!ORTGsiTG_fk

Xi,nc(.)
l d2T:kPeRdva l T+h(TGe l dpe
aiO9T�o�m[o�^jT¦Z\e l T�q

k
�

X2]9ocO o+dpe l Z\acZ\dfe9k�_vhRh(T:_vs �@]RZ\acT knaiscZjeR�pTGefaG� M!o�ai]4_v^j^\m �£TI_vscT�^jd2df�@ZjeR����dps�aiORT SUdfkna l ZjscTGo�a
T+q@acT+e9kiZjdpe dp���¥mf_phR]ReRdb�&� k�kiTGo+dpe l SUT�aiO9d l ��dpsgo+dpSUhR^jT+SUT+e@ac_psiZ\a¢m³kim[knaiT+S	k
_pk�Zje !n��#�T+�pdp^j�2ZjeR�
_fk�Zje !>| #�� � ��acORT�a&_pki� Zjk"^jTGkck"o+dpSUhR^jT�q aiO4_ve !>|.#�_ve l Y<dps�aiORT l m2e9_vSUZ`o+k"h(dfkcknT:kik"kndfS�TgkwacsidfeR�
hRscdph(TGsnacZ\T:k�!¿kiT+T A xyscdp�p^jZ`_baid9¤D�+O�O,OR¤[o&O9_vh[acT+s�~
F #£aiORTGe
acORT�knac_v�9Z\^jZ\a¢m
_ve4_v^jm2kiZ`kySU_<m�kiZjS�h9^\Z\��mp�
NPORT£o+dpefacsidf^fknais&_bacT+�fm§�!ORZjo&O�Zjk l T+�pTG^\dfh(T l Z\e�aiORTykiT �@]RTG^>¤:a&_v�pT:k�_p^\^faiORT:knT���TG_bac]RscTGk�Zjefaid�_poGo�dp]9efa

_pe l T:knh(T:o�Z`_v^j^\mgZ\SUh(dfkiTGk§_ve l TGkiZ\scT l acsc_buwT:o�aidfsim
Xi,nc _pk l T+h9Zjo�aiT l Z\eI¨�Zj�9�4V4��NPORT�dpsc�RZ\ack�dp�%acORTacsc_buwTGo�aidfsiZjTGk"_vscT l TGhRZjo�aiT l � N�_veR�fT+efacZj_p^yo�dfefa&_po�a�Z`k"S	_ l Tg_ba

A′′ �!ORTGe ��dps&o�Tgo�dpe@aiscdp^Pkwa&_vsiack�kndacO9_ba
Xi,nc uw]RSUh9k�_ba B � � eg_ l9l Z�acZ\dfe
Z\aiT+S β a Z`k£a&_v�pT+e
ZjefacdU_fo+o�df]RefaP�2m�Z\SUh(dfkiZjeR��_gcn�(dp]9e9o�ZjeR�v��9_p^\^ d l m2e9_vSUZ`o+k§dfeR^jm l ]RsiZjeR��acORT"acsc_pe9knZjT+e@a�h(T+scZjd l ¤DZM� Tp��dpe

Ik
�!Z\aiO

k < +∞ � � e�dpaiORTGs��£dps l kacORT�ais&_buwTGo�aidfsim
Xi,nc(t)

S	_v�pTGk"_�ac_peR�pTGefaiZ`_v^yo�dfefac_fo�a"�!Z�acO
∂Φ
�(TGo+_p]9kiT�Z���ZjeRZ\aiZ`_v^ l _bac_Iki_vaiZ`kw��m

X(0) − X∗
d (0) = 0

_pe l
Ẋ(0) − Ẋ∗

d (0) = 0
dfe

Ω2k
¤!aiORTGe

X(t) ≡ Xi,nc(t)
��dps

t ∈ Ω2k
¤

�R][a l ]RsiZjeR�
aiORT�ais&_ve4knZjT+e@a�h(TGsiZjd l aiO9TUo+dpefacsidf^\^jT+s¦_pkcki]RsiT:k�acORT�T+q2Z`knaiTGe9o�T�dv�yo�df^\^jZ`knZjdpe9k§dfeIhRO4_pkiTGk
Ik
� NPORTGsiT+��dpscTg�(T�aw�£TGT+e³h(dpZjefa&k

A
_pe l

B
dpeS;4�p]RscTgV4¤£dfeRT�S	_<m O9_<�pT

X∗
d (·) �!ORZjo&O³�2Z\df^j_vaiTGkacORT�o�dfe9kwacs&_vZjefa l ]RscZ\eR��aiORTgacsc_pe9kiZ\TGefaUh(TGsiZjd l ¤£_pe l o+dpe@�pTGsi�fTGk�aidb�y_vs l kU_Iac_peR�pTGefaiZ`_v^�_vhRhRscdf_focO

acsc_buwTGo�aidfsim	_v�æaiT+s!_U;9eRZ\aiT¦dfsyZje�;9eRZ\aiT¦e2]RS��(T+s!dv��ais&_ve9kiZ\aiZjdpe�hRO4_pkiTGk !¿dps!o�m[o�^jTGk
Ω2k ∪ Ik ∪Ω2k+1

#��
xyT�aw�£TGT+e

B
_ve l

C
aiO9T�hRO9_fknT

Ω2k+1
d[oGo�]Rs&k l ]RscZ\eR���!ORZ`ocO	df�2uwT:o�acZ\�pT _�_'a Z`kJ��]R^!;9^\^jT l �JNPORT l _fknO9T l

dfsi�RZ\a
AA′B′ dfe�¨�Zj�9�@V"siTGhRsiT:knTGefa&k X∗

d (·) l ]RsiZjeR��_$acsc_pe9kiZ�acZ\dfe�hRO9_pkiT��!Z\aiO
Z\SUh9_fo�a&k+�JNPORT�kim[kwacT+Sknac_p�RZ\^jZ65+TGk"dfe
∂Φ
�(T+a¢�yT+T+e

A
_ve l

B′ �!ORT+e acORT�o�dfefaiscdp^j^jT+s"ZjkUkn�!Z\aco&ORT l aid�_ ��dps&o�Tgo�dpe@aiscdp^PkndacO9_ba
Xi,nc(·) _pe l X∗

d (·) SU_<m	uw]RSUh�aid B
� � e�aiO9T	o�dfefacsidf^Jkio&ORT+SUT l T:kio�scZj�(T l ^`_bacT+s:¤DacORT	h4dfZjefa

B′ �!Zj^j^�o+dpe@�pTGsi�fT�!�Zje�_);9eRZ\aiT�dps�Z\e�;4eRZ�acT�e@]RS��(TGs�dp�%o+m2o+^\T:k #£aidb�y_ps l k
A′′ �Dm�T ;9e9_p^\^jm l T1;4eRT¦acORTo+^\d@knT l �M^jd2dph l T:knZjscT l ais&_<uwT:o�acdpscm�dv�%aiO9T�o+dpSUhR^jT+SUT+e@ac_vscZ\a¢mgkim[kwacT+S _fk

Xi,c(·) � h§e�¨�Zj�9�4V9¤ Xi,c(·)Z`k§acORT	o�]Rsc�pT
(CAA′′C)

_pe l
Xi,c(·) ∈ ∂Φ

dpe
(A′′C)

� � a$Zjk$_ve�ZjSUh9_po�ai^jTGkck§ais&_buwTGo�acdpscmp����T�a$]9k
_fkiki]RSUT�aiO4_ba"_gh(TGsiZjd l Z`o�SUdvacZ\dfe�Z`k l T:knZjscT l ��NPO9T+e dfe ¨�Zj�9�¥V�dpe9^\m acORT�dpsc�RZ�a&k¦dp�

Xi,nc(·) !�ZM� Tf�
AA′′BCA)

_ve l
Xi,c(·) !�ZM� Tp�

AA′′CA)
_vscT);Rq[T l �gNPORT�dvacORT+s$aw�£d�dfsi�9Z�a&k$SU_<mI�v_vscm �!Z\aiO acORT

s�s Ñ
t#v�Þ%x9u
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Xi,nc(t) = X∗

d (t) = Xd(t)

B

C

Xd(t)

Xi,nc(t) = X∗

d (t)

A

B′

A′′

Φ

A′

Xd(t)

= Xi,c(t) Xi,c(t)

¨�Z\�f]RscT�V�\JNPORT�o�^jdfkiT l � ^\d[dph l T:knZjscT l acs&_<uwT:o�acdpscZ\T:kP_ve l o+dpefacsidf^.kiZ\�fe9_v^`kG�

o+m2o+^\T�Zje l T+q
k
� xy][a�dpe³_ knZjeR�f^\T�hRO9_fknT

Ik
acORT:;Rq[T l h(dpZjefa�dv�§acORT o�^jdfkiT l � ^jd2dph TGsiscdps	knm[knaiT+S

S	_<m�Z\e l TGT l �(T
_ kiZj�pe9_p^
Xd ∈ ∂Φ (A′A′′)

�!ORZ`o&O l Z\¡(TGsck���scdpS
X∗

d 6∈ Φ (A′B′)
�INPO9T�dpsc�RZ\ack

(AA′B′)
_ve l aiORT$h(dfZ\e@a

A′ �fT+eRTGsc_p^\^jm	�b_psim	��sidfS dfeRT$o�m[o�^jT Ω2k ∪ Ik ∪ Ω2k+1
aidUaiORT$e9T�q2a�o�m[o�^jT

Ω2k+2 ∪ Ik+1 ∪ Ω2k+3
�jh§eRT¦oG_ve�_v^`knd�ZjefacT+schRsiT+aPaiORZ`k�_pk l T1;9eRZjeR�	_ l T:knZjscT l acsc_buwTGo�aidfsim

X∗
d (.)
dfe

T:_po&O	o�m[o�^jT
Ω2k ∪Ik ∪Ω2k+1

¤f�!ORZ`o&O	ZjktZ\aiTGsc_vaiT l ��sidfS o+m[oc�pT
k
aid�o+m2o+^\T

k+1
kid¦acO9_ba�Z\a£o+dpe@�pTGsi�fTGk

acd<�y_ps l k
Xi,c(·) �tNPO9T¦SUZ\q@ac]RscT¦�(T�aw�£TGT+egaiORT � i Xg_pe l o+dpefacZ\e2]Rdp]9k l m2e9_vSUZ`o+k!o+^\T:_vsc^\m�_vhRh(T:_vs&k+�� e�ki]RSUS	_vscm aiO9T�o�dfefacsidf^tknais&_bacT+�fmI_pe l knac_p�RZ\^jZ\a¢m�_pe9_v^jm[kiZjk$_psiT	^jT l �!Z\aiO ��df]Rs l Z�¡DT+scT+efa�ais&_b�

uwTGo�aidfsiZjTGk+\
X∗

d (·) Zje�acORT"o�dfefacsidf^¥ZjeRhR]RaG¤ Xd(·)
Z\e�acORT"�¥mf_phR]ReRdb����]Re4o�aiZjdpe�¤

Xi,c(·) _ve l Xi,nc(·) �X@acZ\^j^�scT���TGsiscZjeR�"acd�¨�Zj�9�9V#\t�!ORTGegacORT�kim2knaiTGSÃZ`k�Z\eRZ\aiZ`_v^jZ`knT l dpe
Xi,c(·) �(T+a¢�£TGT+e C

_pe l
A

!�ZM� Tp�£dfe
Ω0

#�¤9aiORTGe
Xd(t) = Xi,c(t)

dfe
(CA′′)

_ve l
Xd(t) ∈ ∂Φ

dpe
(A′′C)

� � �JZjeRZ�acZ`_v^j^\m
X(0) 6= Xi,c(0)_pe l Y<dfs

Ẋ(0) 6= Ẋi,c(0)
¤9acORT+e

Xd(·)
l Z\¡(TGsck§_ve l Z`k�knT+a�acdV5+T+scd	Z\e�aiORT"�¥mf_phR]ReRdb����]9e9o�aiZjdfe _va§_

acZ\SUT"o+dpscsiT:knh(dpe l ZjeR�Uaid	acORTX;9s&kna�ZjS�h9_fo�a:��NPORZ`k�Zjk�acORT�S	_<uwdfs l Z`kio+siT+h4_ve9o+m
o+dpSUh9_vscT l acd�]9e9o�dfe[�
knais&_vZjeRT l SUdpaiZjdpe�o+dpe@aiscdp^9Zje��!ORZ`ocO
_v^j^9��dp]Rs�ais&_buwTGo�aidpscZjTGk�_vscT!aiORT�ki_pS�Tf¤f]9ki]9_p^\^jm l T+eRdpaiT l _pk

Xd(·)!>knTGT¦siTGS	_vsc��}.#��

� , ���	�g�+���&�('�
��%��� �
� �$�#�

NPORT�kwa&_v�RZj^jZ�awm�o�scZ�acT+scZ\dfe�]9knT l Zje�acORZ`k$h9_vh(TGs¦Z`k$_pe�T�q2aiTGe9kiZ\dfe�dp�£aiORT���mf_vhR]Re9d<�IknT:o�dfe l SUT+aiORd l
_ l _vh[acT l acd$o�^jdfkiT l ^jd2dph�S�T:ocO4_veRZ`o+_p^Rknm[knaiTGS �!Z\aiOU]Re9Z\^`_bacT+s&_v^Ro�dfe9kwacsc_pZ\e@ackJ_ve l O9_pk%�(TGT+eUhRsidfh(dfkiT l
Zje:A xysidf�p^jZj_vaid  "�L���6E\¤(�+O,OpoPF9_ve l A xysidf�p^jZj_vaid  "�L���!Ej¤[�v�p�f��F �#�¥T+a

x(·) l TGeRdvacTPacORT�kwa&_bacT!dv�(aiO9T�o�^jdfkiT l �^jd2dph�knm[knaiTGS Zje !n��#y�!Z�acO�kndfS�T���TGT l �9_foc�
o�dfefaiscdp^j^jT+s
u(X, Ẋ, t)

�

 ª"!$# _ � _ ®%#���� Ω ¬i­"ª ��� - « �+�:�[�	- ª � « �G� ª � a ���  U�"�!�0/" �� �$�!�+�9��/%&0/%�b "� 	6/

Ω
� �D ��P���>&)/%�b��=1�6 g	 �7�1���

 9�,�	�
ε > 0

�2���  "�� � ���	?/9��/
δ(ε) > 0

/ �#�	�T��� �
� ‖x(0)‖ 6 δ(ε) ⇒ ‖x(t)‖ 6 ε
�1�
�K�
���

t > 0
�

t ∈ Ω = ∪k>0Ωk
E � /%&������b�
��	-� �D ��P�:/%�b��="	?� 	���& �#��� ��/ 	 ��	��S� � ��	���	-�
�

x(t) −→ 0
�0/

t −→ +∞ �
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t ∈ Ω
E��R�����"��	-�9���

Ω
� �D ��P�X/%�b��=1	�� 	���& �#��� ��/B	 ���
�# "�� 	?/ �)=9�����H�� "�#�$ 1�� 	�2�
�

x = 0
�$�L	��
�V��� ��	,�p/

R > 0
�

�
�%� / �#�	�:��� ���
x(t) ∈ B(0, R)

�%�
�2�����
t > T � T < +∞ �

t ∈ Ω
�
R < +∞ E

�¥T�a£]9k l T1;9e9T!acORT§o�^jdfkiT l � ^\d[dph�ZjS�h4_po�a£r�dfZ\e4o+_vs �!S	_vhUacO9_bayo�dfsiscTGkih(dpe l k%aid$acORT§knT:o�acZ\dfe
Σ−

I =

{x|Fi(X) = 0, ẊT∇Fi(X) < 0, i ∈ I} ¤[�!ORZ`o&OgZjk!_�O@m2h(TGscki]Rsi��_fo�T�dv�%o�d l ZjSUT+e9kiZjdpe α =
o+_ps l

(I)
�

NPORT
h9siT�� ZjS�h4_po�a��pT+^jd[o�Z\aiZjTGk�_vscT�o&ORdfkiT+e aid l T1;9e9T
PΣI

��dpsU_ scTG_fkndfe��pZj�pT+e _b�æacT+sUo�^`_vZjSÀ}R�]m�T
l T";9eRT,\

PΣI
: Σ−

I → Σ−
I

xΣI
(k) 7→ xΣI

(k + 1).

!bo #

�!ORTGsiT
xΣI

Z`k�acORT¦knac_bacT§dp�
PΣI

�J��T�aP]9kyZ\e@aiscd l ]9o+T�aiORT¦h(dfkiZ�acZ\�pT���]Re4o�aiZjdpe
V (·) acO9_baP�!Zj^\^.kiT+sc�pT�ZjeacORT�kn]R�4knT��f]9T+efa�_ve9_p^\m[kiZjkG�%��T�a

VΣI

l TGeRdvacT�acORT$siT:kwacsiZ`o�acZ\dfe
dv�
V
acd

ΣI
�
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,�>&]/%�b��=1�! K	 ���
	'	 �Q	��U	?/
Ω
� �D ��P��� &X/%�$�,="�! ��	'	�	 �)�
�U� � ��/" %/

Ik
�
PΣI

	?/ (L&,��� ����� 
 /%�$�,="�! ��L	����)(L&,��� ����� 
 � �����1�'	-��� VΣI

�L�����
	b	�	�	 �V�
�# /" �� �# "�[�9 {tk}k∈N

�#�0/2��f���	��b 2����� �������6����	-�
� �#��	����
t∞ < +∞ E

±£^\T:_vsc^\m
PΣI

O9_fk�_C;Rq[T l h(dfZ\e@a
x∗

ΣI
∈ ∂Φ
�"�¥T+a

V (·) kc_baiZ`kn��m β(||x||) > V (x, t) > α(||x||) ¤
α(0) = 0

¤
β(0) = 0

¤
α(·) _ve l β(·) kwacsiZ`o�ac^\m�Z\e4o�siT:_pkiZ\e9�9�%�¥T+a Ik = [τk

0 , tkf ]
�

� -¿� _ � & �
Ω
¬�
�ª �����.�:�[� _ - _ � «���� � ®�� - _ �[� ®������������ &�� �"!$# a � /9/ ���� D��� �
���
�# j�b��/��B	?/ �0/D	��%	'&(� �

�
�%�V�
�#���
� � a � λ[Ω] = +∞ �

� � a �B�1�
�U 9�,�	� k ∈ N
�
λ[Ik] < +∞ �

� � a � V (x(tkf ), tkf ) 6 V (x(τk
0 ), τk

0 )
�

� ¯ a � V (x(.), .)
����	 �1���%�)�>&Z=�� �����, 	�Z���] 9�,�	�

Ik
E

)-�k���
Ω
�

V̇ (x(t), t) 6 0
�
�%�

σV (tk) 6 0
�1���G�����

k > 0
� ���  "�T���  G�"�!��/1 	���$�6�+�9� /%&0/%�b "� 	?/

Ω
�

�D 9�+�
�>&2/%�$�,="�! PE�) �
V̇ (x(t), t) 6 −γ(‖X‖) � γ(0) = 0

�
γ(·) /9�'�%	-�"���>&)	?���"�� 9�0/%	��p
��L���  "�:���  /%&0/9�$ "� 	?/
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Ω
� �D ��+�
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NPORZjky_poGo�dfS�d l _bacTGk%��dfs£dvacORT+s�awm2h(TGk£dv�¥SUdvacZjdpe9ktacO9_ve�aiORT§dfeRT§_pk�Zje !>| #�¤2kiT+TUA xyscdp�p^jZ`_baidC "�D���6Ej¤
�PO,O�o0FM���¥T+a£]9k£_pkcki]RSUT!aiO9_va

t∞ < +∞ � � a£Z`k�eRdvacT+�ydpsiaiO@m"aiO9_va���sidfS A xP_p^\^`_vs l ¤@�v�p�9�p¤phRscdph(dfkiZ\aiZjdpe
V4�\�f�1F�aiORZ`k�ZjSUhR^jZ\T:k

en < 1
!¿�(TGo+_p]9kiT"Z\�

en = 1
ZjSUh9_po�a�aiZjSUTGk$ki_vaiZ`kw��m

tk+1 − tk > βk > 0
�!Z�acO

∑

k>0 βk
]9e@�(dp]9e l T l ¤4knd�aiO4_ba

t∞ = +∞ #��

� -¿� _ � ���
Ω
¬�
�ª �����.�:�[� _ - _ � « a (* "� �p/ ��/9/ ���  X��� ���*	 �(�C�����+	 ='��	��]�"�!�
	?�,	'-(� � �
� � �R�
�%�V�
�#���

� � a �Z�����-/%	 �, <� � �0/" 1/ Ik
�
�[ � ��/

V̇ (t) 6 −γV (t)
�1��� /"���  

γ > 0
�

� � a �V	��#/9	 �� <� � ��/1 1/ Ik
�
�[ � ��/

V (t−k+1) − V (t+k ) 6 0
�#�1���2��� �

k > 0
�

s�s Ñ
t#v�Þ%x9u
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� 	-���$�

� � a �V���  X/9&0/%�$ 1� 	?/ 	���	���	-�
�>	��P ��:���
Ω0

�L	��
�
V (τ0

0 ) 6 1
�

� ¯ a � ∑

k>0 σV (tk) 6 KV κ(τk
0 ) + ε

�1��� /"���  
κ > 0

�
K > 0

���%�
ε > 0

E
�%�# 1�Q�
�# 1��  ��	?/%�-/2�k�9���#/9�$�����

N < +∞ / �#�	�G��� �
�
λ[tk∞, tkf ] = N

�[�1�
�)�
���
k > 0

	b���  ��"&,�1�6 
	����, ���� �j�
�%� / �#���G�
� �
� �
� _'a � )-� κ > 1

�
ε = 0

�����
N = 1

γ ln( 1+K
δ )

�1���g/1�
�� 
0 < δ < 1

�L���  "�
V (τk+1

0 ) 6 δV (τk
0 )
E��%�# 

/%&0/%�b "� 	?/U�0/%&��B�[�$���'	-����� �>& �� 9�+�
�>&V/9�$�,="�! PE
� _-_ba � )-� κ < 1

�R���  "�
V (τk

0 ) 6 δ(γ)
� � �# 1�� 

δ(γ)
	?/��g� ���[�"�'	-��� � ��	-���`�9��� =� �� � �� C���"="	��������1	?� &

/%� �����7="& 	��[�"�� ���/9	��p

γ
E ���  X/%&0/%�b "� 	?/ �[�����1�'	-���
��� &

Ω
� �D ��P���>&V/9�$�,="�! �L	��
�

R = α−1(δ(γ))
E

�¥T�aJ]9k%eRdpaiZ`o�TyaiO9_va%aiORTP]9hRh(T+sc�(dp]Re l Zje � ¯ a Z`k�aiORTP�fT+m�h4dfZjefaJdv�9acORT!_pe9_v^jm[knZ`k+� � ato&O9_psc_fo�aiTGsiZ65+T:k
acORT$]Re9o�TGsna&_vZjefawm	acO9_ba�Z`k!_p^\^jdb�£T l ZjegaiORT$�v_vscZj_vaiZjdpe�dp�#��]Re9o�acZ\dfe

V (.)� � ®¥®��
¨RscdpSÃ_fkiki]RSUh[aiZjdpe � � a dv�%o+^j_pZ\S �[¤RdpeRT¦O4_pk

V (tkf ) 6 V (t∞)e−γ(tk
f−t∞) !>~.#

¨RscdpSÃ_fkiki]RSUh[aiZjdpe4k	� � a _pe l � ¯ a dv�%o+^j_pZ\S �[¤RdpeRT¦O9_fk

V (t∞) 6 V (τk
0 ) +

∑∞
k=0 σV (tk) +

∑∞
k=0 V (t−k+1) − V (t+k )

6 V (τk
0 ) + KV κ(τk

0 ) + ε

!�O.#

� eRT �@]9_v^jZ\aiZjTGk !�O.#P_ve l !>~.#y�pZj�pT

V (tkf ) 6 e−γ(tk
f−t∞)[V (τk

0 ) + KV κ(τk
0 ) + ε]

!n�G� #
�¥T�a�]9k!eRdb��_pe9_v^jm[knT§aw�£d	oG_pkiTGk+\
� _'a � � κ > 1

¤[aiO9T+e
V (τk

0 ) > V κ(τk
0 )
� � �

ε = 0
¤ i �(��!n�G�.#£�(T:o�dfS�T:k

V (tkf ) 6 e−γ(tk
f−t∞)(1 + K)V (τk

0 )
!w�p� #

� ���£T$�y_ve@aPacdUO9_<�pT
V (tkf ) 6 δV (τk

0 )
¤R�£T$S�]9kna�ocO9d2dfkiT

λ[tkf − t∞]
ki]9ocOgaiO9_va+\

e−γ(tk
f−t∞)(1 + K) 6 δ

!n�:� #
NPORZjk!Z`k!_fkiki]RscT l �@m
o&ORd2dfkiZjeR�

λ[tkf − t∞] = N
�!Z�acO

N =
1

γ
ln(

1 + K

δ
)

!w�G} #

±£^\T:_vsc^\m�Z��
δ > 0
¤[acORT+e

N < +∞ ¤R�!ORZ`ocO�hRsidb�pT:k£aiORTg;9s&kna!Z�acT+S��
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,	-����.�&0/%�$ 1�2/ �:|

� _-_ba � � κ 6 1
acORT+e

V (τk
0 ) 6 V κ(τk

0 ) 6 1
� � eRT��@]9_v^jZ�awm !w�G� #£�(TGo+dpSUTGk

V (tkf ) 6 e−γ(tk
f−t∞)(1 + K + ε) = δ(γ)

!w�GV #
NPORTPacT+scS

δ(γ)
o+_pe��(T�S	_ l T�_fkJkiS	_v^j^9_pk l T:knZjsiT l �2m�Zje9o+siT:_pkiZ\eR�

γ
!�dfstZ\e4o�scTG_pkiZjeR�

λ[tkf − t∞]
#��

NPORT$hRscd2dv�#Z`k!o+dpSUhR^jT�acT$kiZ\e9o+T
α(‖x‖) 6 V (x, t)

��dfs�_v^j^
x
_pe l

t
�

� -¿� _ � � � �.�G� ®%#�� �.�:�[� _ - _ � « a �%�# g/%&0/%�b "� 	?/ /%�'�����p

�>&)/9�$�,="�! 	 � 	�� � � ��	��'	-�
� �b���
�# X�9������	��'	 �
� /
	��]�"�!�
	?� -Z���� � ��/ �

�
V (t−k+1) 6 V (t−k ) �

�
V

	?/ ���#	 �1�
�%�2� &C=9� �����, 	�Z���%�V�'	?�  2�9������	�� �#� �p/X���
Ik − ∪k{tk}

E
���  "���
�# /%&0/%�b "� 	?/g/%�����
��
,�>&�/%�b��=1�! U	�� ���  X/" 1�#/" 2� � �, �f���	���	-�
����E
X2]�@�o�ZjT+efa¦o�dfe l Z\aiZjdpe9k���dps§knaiscdpeR��knac_p�RZj^\Z\awm�_vscT¦aiO4_ba

σV (tk) 6 0
_pe l

V (t−k+1) 6 V (t+k )
¤4�R]Ra

acORZjk$��s&_vSUT+�£dfsi� h(T+scS�Z\a&k
σV (tk) > 0

hRscdb�@Z l T l
V (t−k+1) < V (t+k ) − δ

��dps�kidpSUTU^`_vsc�pTUT+eRdf]R�pO
δ > 0

�I��dpaiZ`o�T
_v^`knd�aiO9_va
V̇ (t)
eRT+T l k�eRdva�acd �(T

6 0
_v^jdpe9��aiORTgknm[knaiT+S � k$acsc_buwTGo�aidfsiZjTGk$dfe aiO9T

�!ORdf^\T$dp�
(tk, tk+1)

�yNPORT$scTG_fkndfe
�!O@m
�£T�O9_:�pT�o&ORdfkiT+e
Σ−

I

_ve l e9dva
Σ+

I

Z\e !'o #yZ`kPacO9_ba�Z�a§_p^\^jdb��k
]9kJacd$ac_p�pT!Zjefaid"_po+o+dp]Re@aJacORT��b_p^j]RT

V (t−0 )
Z\eUacORT�knac_p�RZj^\Z\awm�_ve9_p^\m[kiZ`k+����dpaiZ`o�T!aiO4_ba

q̇(t+∞) = q̇(t−∞)
�

� e�dps l T+staid"ki]RSUSU_psiZ65+T�aiORT�o�dpe4knT �@]RTGe9o�T:ktdv�¥�!O9_ba£Z`k£knac_bacT l Zje
X2TGoGk+�4�+�¢�R¤p^jT�ay]9k�hRscdph(dfkiTPacORT
��df^\^jd<�!ZjeR��\
� � ®��t® � _ � _ ® #�& (� 1� �
�# (*�+

���
��
,	-��� �9���B�[�! "�� "���b�
�%	���& /%&0/%�b "� ��/ 	�� 	'-(� �# 1� �1�
�%� � � ���'	-���Q�0/
	���	'&(� � �L	����]���  C�"�!�0/" 	���$�!�P��� �� � ��	��� 1�  1���-/ ��/)	�� _'a � _-_ba � _�_-_'a E�(� 1�#�p/���/�/ ���  �
�#��� �0/%&��B�[�$���'	-�
�'���,�9��	��p
Q�9���#�'����� �! 1�9/k�
�� �p/" ��]��� � �#�0/" %/

Ωk
E ���# 1�T���  :��/9&��B�[�$���'	-�Z/%�b��=1	�� 	���&�	��S���  C/" 1�#/" k���

�� -fD�#	��'	-��� /��:�������C	������>	- 1/X�
�#��� �
� ���  ��0/%&��B�[�$���'	-����� �>&V/%�$�,="�! )�"�!�0/" �� �$�!�+�9���, 1/%	��� 	�C�'��� 8" ��"�$���%&

Xi,c(·) 	?/ 	��B� ���1�'�! 1/�/"E
�	� ���%	���
 ���  Z�'�����#/9	- "�#�j�  "�%	-� �]�
�# �1 � 	�,=9�,�9� �9���#�'����� �! 1� � �0/C�$�Z
 �#�
���
�#�$ � Z���  : ���	?/9�$ "�[�9 k���
�9����� 	?/9	-�
�#/ �L	��
�

∂Φ
�
�%�Z��fD�#	��$ �$�'	��� /%�b��=1	��>	?/"���'	-�
� ���

∂Φ
E

� �����������
�%&Z�$�C���  ��� /"���
�#�'����	��[ 	�Z� ���'	-���`�9�0/" 	
Φ = IRn � �R���  2/%	 
,�[���>/ Xd(·)

 "�#�$ 1�1	?�p
k�
�# 
(L&,��� ����� 
 � �����"��	-��� � X∗

d (·) 	��Q���  �9���������
���! "�	���
�%�
Xi,c(·) �<�
�� )�����B � �#��� �b�:�C/%	��p

�! )/"����9�����6 ����� %/%	��� ��C�'���$8" 9�1�$���%&,E

NPORZjk!hRsidfh(dfkiZ�acZjdpe�Z`k!_Uo�dfe9knT��@]RT+e9o+T�dv��Z�acT+S	k _'a ¤ _-_ba ¤ _-_-_ba ¤ α a aiORscdp]9�pO δ a ¤ � a acORscdp]R�fO ¯ a ¤R_fk�£TG^\^�_fkydp� l T1;4eRZ�acZ\dfe9k���_ve l }9�

s�s Ñ
t#v�Þ%x9u
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� ��� ���  ��� � � ����� ( �����#'������ �

N#d S	_v�pT acORT�o�dfefaiscdp^j^jT+s l TGkiZj�pe TG_fknZjT+s�aiORT l m2e9_pSUZjoG_v^§T �@]9_vaiZjdpe9k !w� #�_vscTIo�dfe9kiZ l TGsiT l Zje acORT
�fT+eRT+s&_v^jZ65+T l o�d[dps l Z\e4_baiT:k§Zjefacscd l ]9o�T l Z\e A ² o:±£^`_vSUscd[o&O]l m _ve9�9¤J�POp~f~�FM��M��æaiTGs$ais&_ve9kn��dpscS	_bacZ\dfe

Zje�acORT�e9T+� o�d[dps l Z\e9_vaiT:k
q =

[
q1

q2

] ¤
q1 =






q1
1���

qm
1





¤
q = Q(X) ∈ IRn ¤9acORT l m2e9_vSUZ`o�knm[knaiT+S Zjk

_fk£��df^\^jdb��k \






M11(q)q̈1 + M12(q)q̈2 + C1(q, q̇)q̇ + g1(q) = T1(q)u + λ

M21(q)q̈1 + M22(q)q̈2 + C2(q, q̇)q̇ + g2(q) = T2(q)u

qi
1 > 0, qi

1λi = 0, λi > 0, 1 6 i 6 m

±£df^\^jZ`knZjdpe
sc]R^jT

!w�:|.#

�!ORT+scT�acORT�kiT�a�dp�£o�dpSUhR^jT+SUT+e@ac_psiZ\a¢m�scT+^`_bacZ\dfe9k§o+_veI�(T"�!scZ�aiaiT+e�S�dfsiT"o+dpSUh9_fo�ai^jm�_pk
0 6 λ ⊥

Dq > 0
�!Z\aiO

D = [Im

���
0] ∈ IRm×n ¤ Im

Z`k�acORT�Z l TGefaiZ\awm S	_baiscZ\q.�"±£^\T:_vsc^\m
M21(q) = MT

12(q) ∈
IR(n−m)×m ¤ M11(q) ∈ IRm×m ¤ M22(q) ∈ IR(n−m)×(n−m) � � e³aiORT e9T+� o+d2dps l Zje9_bacTGk q

dfeRT
acORT+scT���dpscTUO9_pk

Φ = {q|Dq > 0} ��NPORTUac_peR�pTGefa�o+dpeRT TΦ(q1 = 0) = {v|Dv > 0} Z`k�acORT�kih9_po+Tdp��_ l SUZ`kikiZ\�9^\T��pTG^\d[o+Z�acZ\T:k�dpe�aiO9T"�(dp]Re l _psimgdp�
Φ
�¦NPORT�h(df^j_ps§o�dfeRT�aid

TΦ(·) Z`k�acORT"eRdfsiS	_v^�o�dfeRT
NΦ(q) = {v|∀z ∈ TΦ, zT v 6 0} � � e o+_pkiT q ∈ ∂Φ

¤ydfeRT��fT�ack
NΦ(q) = {v|v = DT λ̄, λ̄ 6

0} A ´�Z\scZ`_vsian� ° scsi][awmGl �¥T+S	_ps��:ocO9_p^>¤��PO,O 

FM�2h§�@�2Z\df]9ki^\mg��scdpS !n�:|.#!acORT��fT+eRTGsc_p^\Z65+T l o�dfefac_fo�a���dps&o�T
Pq = DT λ ∈ −NΦ(q)

�§NPORT"o+dpefacsidf^j^\TGs l T+�pTG^\dfh(T l Zje�aiO9Zjk§h9_vh(TGs�]9kiTGk�aiO9siTGT l Z�¡DT+scT+efa�^jd<�P� ^\TG�pT+^
o+dpefacsidf^D^`_:��ky��dfs!TG_focOghRO9_fknT

Ω2k
¤
Ω2k+1

_pe l
Ik

!
	�#1\

T (q)u =







Unc
��dps

t ∈ Ω2k

Ut
��dps

t ∈ Ik

Uc
��dps

t ∈ Ω2k+1

�!ORT+scT
T (q) =

(
T1(q)
T2(q)

)

∈ IRn×n � M kn]Rh(TGsi�2Z`kndfs"kn�!Z\aco&ORTGk"�(T+a¢�yT+T+e aiORZ`k�acORscT+Tgo�dfefaiscdp^
^`_:��kG¤f_ve l Zjk l TGkco�scZ\�(T l �(T+^jd<� !>knTGT�¨#Zj�9�p~ #��%NPORT�knac_p�RZj^\Z\a¢m"dv�(aiORZ`kto+dpe@aiscdp^j^\TGs%Z`kt_ve9_p^\mp5+T l �2m�]9kiZjeR�
acORTUo�scZ�acT+scZj_�h9sidfh(dfkiT l Z\e X2TGop�¥�[��NPORT�_fknm2SUh[acdvaiZ`o"kwa&_v�RZj^jZ�awm�dv�tacORZ`k¦kio&ORT+SUT"S	_p�pTGk�aiORT	knm[knaiT+S
^`_ve l dfegaiORT�o�dfe9kwacs&_vZjefa�ki]Rsi�¿_po�T:kyac_peR�pTGefacZj_p^\^jm
_b�æaiTGs�T+e9dp]R�fO�o�m[o�^jTGk!dp�Jo�dpe4kwacsc_pZ\e@ack%Y:��scT+T�SUdvacZ\dfe9k
!¿dpeRT$o�m[o�^jT��

Ω2k ∪ Ik ∪Ω2k+1
#���M§knm2SUh[acdvaiZ`o+_p^j^\m	aiORT�acsc_pe9kiZ�acZ\dfe9k£�(T+a¢�yT+T+e
��scT+T¦S�dpaiZjdpe
hRO4_pkiTGk

_pe l h(T+scS	_veRTGefai^jm�o+dpe9knais&_vZjefa!hRO9_pkiTGk!_psiT l dpeRT¦�!Z\aiO9dp][a�_pe@m�o+dp^j^\Z`kiZ\dfe¥�

�� · Ä>¶!¸M¼�ã!Ê¥Á&Ì<É<¸>Ê�¼&ç@Ñ<¼&ÄMÁcÄ>·¹¼�Ñ<¸DºDÊ#Á&¸M¸>·¹ã!·¹ÆÅÁcÄ>ÊDÄM¶<Ê¥Ä>·¹ã!Ê¥Ë<¼�ã�Á&·¹Ñ:¸9Ä>¼JÄM¶:Ê#ã!¼+Ë<Êw¸9ÄM¶bÁcÄDÓw¼�½¿½>Êw¸>Âp¼�Ñ<Ë!ÄM¼JÄ>¶<Ê¥ÄM¶<½¿ÊwÊ
Â<¶bÁ&¸>Ên¸�·¹Ñ à v�è¢ä
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�
ª � �[� � & � 
 « # � � _ �g� ® � � - _ # � ª��£ª �v�G� a ¨9scdpS !n�:| #(Z\a¥��dp^j^\db��kDaiO9_va
σq̇2

(tk) = M−1
22 M21σq̇1

(tk)
�

M�hRhR^jm���dps!Zje9knac_pe9o�T$_"��TGT l �9_foc��^jZ\eRT:_vscZ!5GZ\e9��Z\eRh9][a
u
Zje !w�:|.#ykidU_fkyaidU�fT�aPacORT l m2e9_vSUZ`o+k

{
q̈1 = v1 + λ

q̈2 = v2

!w� 
 #

�!ORTGsiT
v1
_pe l

v2
_vscT�aiORTgeRT+� Z\e9hR][ackG� h§eRT
Zjk�acORT+e acT+SUh[acT l aid�SUZ\SUZ`oc� aiO9T
dpe9T l TG�pscT+T�� dv�æ�

��scT+T l dpS o+_fknTf¤pkiT+T A xysidf�p^jZj_bacd  1�L�
�!Ej¤4�+O,OpoPF �#´�db�£T+�pTGsJT�qRo�TGh[atZ\�
V (t) = T (t)

!æacORT��2Z\eRT+aiZ`oPTGeRT+sc�pm(#
_va"aiZjSUT

t = tk
¤taiO9T+e aiO9T+scT
Zjk"��T+� o&O9_ve9o+T�aid��pT�a

σV (tk) 6 0
!��(T:o+_v]4knT�acORT�o�dfefaiscdp^j^jT+s l d2T:k

eRdpa l TGo+dp]RhR^jT�aiORT l m2e9_pS�Z`o+k!_ba!ZjSUh9_po�aPaiZjSUTGk�� #��tNPORZ`kPhRscTGo+^\] l TGkyaiORT$]9kiT¦dv�%_ve@m�o+dpefacscdp^j^\TGsy�!Z\aiO
��mf_vhR]ReRdb����]Re9o�acZ\dfe�eRdva�scTGkiT+S��9^\ZjeR�¦acORT§knm[knaiTGS � ktSUTGo&O9_veRZ`o+_p^9T+eRTGsi�fmp� � e	aiORT§knT��@]RT+^9�yT��!Z\^j^4]9kiT
_$�¥mf_phR]ReRdb����]Re9o�acZ\dfe	�!ORZjo&OUZ`kJ�pTGsim"o�^jd@knTyacd¦acORT�eRdpe9kiSUd2dvacO��p^jdp�9_p^[T+eRTGsi�fm�dp�(aiORT�kim2knaiTGS���NPO9Zjk
�!Zj^\^¥ORTG^\h�]9k�_�^\dpa!ZjegaiORT�knac_p�RZ\^jZ\a¢m
_ve9_p^\m[kiZ`k+�
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





Unc = M(q)q̈∗d + C(q, q̇)q̇∗d + g(q) − γ1(q − q∗d) − γ2(q̇ − q̇∗d)

Ut = Unc
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Ut = g(q) − γ1(q − q∗d) − γ2q̇
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Uc = Unc − Pd + Kf (Pq − Pd)
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Pq
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• N#d�S	_v�fT$aiORT�knm[knaiTGS ORZ\a�acORT"o+dpe9knais&_vZjefa§ki]Rsn�¿_fo�T+!>_ve l acORT+e l ZjkcknZjh9_vaiT�T+eRT+sc�pm l ]RsiZjeR��Z\S��
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σV (tk) > 0
�!ORT+e

V ≡ 0
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V (tkf ) = 0
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dpe
acORT l TGkiZ\scT l ais&_buwTGo�acdpscm

Xd(·)
!�O9T+scT

qd(·)
#��tNPO9Zjk!Zjk!eRdva!df�@�2Zjdp]9k
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ª � �[� � � � �PaiORT
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T (q)u ≡ Unc
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q∗d(t)
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q∗1d(·)
¤:�!ORTGsiT

A,A′, B′, B_pe l
C
o+dpscsiT:knh(dpe l aid	¨�Zj�9�RV #1\

t0 > τk
1

tk0

t0 < τk
1

t10

q1(t)

q∗1d(t)

−αV (τk
0 )

tt∞ tkf tkd

τk
1

t0
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τk
0
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0

q1(t)

q∗1d(t)

−αV (τk
0 )

ttkf tkd
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[τk
0 , tk0 ]
kn]9o&O
acO9_ba

q̇∗2d(t
k
0) = 0

�
h§e

(t0, t
k
f ]
¤R�yT l T";9eRT

qd
_ve l

q∗d
_pky��dp^j^jd<��kg\

qd =

(
0

q∗2d

) ¤
q∗d =
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τk
1 < t0

�
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�
ª � �[� ��� � a#Zjk�eRdpaiTG�£dpsiaiO2m�aiO9_va�aiORT£hRsidfh(dfkiT l knais&_bacT+�pm§Z\SUhR^jZjTGk¥acO9_ba
Uc
Z`k#ki�!Z�a&ocORT l dfeR^jm�_v�æaiTGs

knac_p�RZ\^jZ`ki_vaiZjdpe�dfe
∂Φ
Z`k�_focO9Z\TG�pT l ��NPORZjk�ZjSUhR^\ZjTGk#acO9_ba�acORTyh(T+scZ\d l _va��!ORZ`ocO�_§o�m[o+^\T

Ω2k∪Ik∪Ω2k+1Z`k!h(TGsn��dfsiSUT l ¤RZjk�^jd<�yT+si�M�(dp]9e l T l �2m |t∞ − t0|
� � �JZjSUh9_po�ack�_vscT¦hR^`_pknaiZ`o !

en = 0
#yaiORTGe�aiORT�kih(T+T l

dp��_Uo+m[o�^jT$o+_veg�(T¦Zje9o+siT:_pkiT l �!ORZj^\T$Z��
en
Zjk�o�^jdfkiT§acd

1
aiORT$hRscdp�fsc_vSUSUT l knh(TGT l S�]9kna��(T$kiS	_v^j^\TGsG�

NPORZ`k�Z`k�^\df�pZ`o+_p^p��scdpS _ve"Zjefai]9Z�acZ\�pTPh(dpZjefaJdv�4�2Z\TG� knZje9o+T�acORZ`k�Z`k%_§o+dpe9kiT �@]RTGe9o�T£dfe�ORdb� S�]9o&O"�2ZjeRT�acZjo
TGeRT+sc�pm�Z\SUh9_fo�ack l Z`kikiZ\h4_baiTf�

�
ª � �[� ��� � ]RT�aid"aiO9T§�¿_po�ayaiO9_vaP�£T��y_pefa
VΣI

aidU_po�aP_fky_"��mf_vhR]9eRd<�U��]Re9o�acZ\dfe���dps
PΣI

Z\e !bo #
_pe l kiZje9o�T�acORTUr%dpZje9o+_ps���S	_vh9hRZ\e9�Z;9q2T l h(dpZjefa�kc_bacZ`k ;9T:k

q∗ΣI ,1 = 0
¤��£TUO4_:�pT�aid�kiT�a

q1d
aid:5GT+scd

_pe l
q2d
o�dfe9kwa&_ve@aydfe�acORT§acsc_pe9kiZ�acZ\dfe�hRO9_pkiTp�J´�d<�£TG�pT+s£acORT¦_phRhRscdf_po&O	acsc_buwTGo�aidfsim

(AA′)
dpeg¨�Z\�4�2V

Z`kPeRdpa�kidUTG_pkim	aid l TGkiZ\�fe¥�JNPORZ`k!Zjk!�!O9_ba�o�^`_vZjS |"�(TG^\db�7kndf^\�pT:k+�

� ��� ���  � %
�	%��  #( �	� � � " � � � ���
� eIacORTUhRsiTG�@Zjdf]9k�kn]R�4knT:o�aiZjdpe��£T l T:knZj�peRT l acORT"acs&_<uwT:o�acdpscm

q∗d(.)
acd�kwa&_v�RZj^jZ!5GT�acORTUkim[kwacT+SÕdfe

∂Φ
�

m�TUeRdb� l TG_v^J�!Z�acO�aiORT�o�dpe l Z�acZ\dfe9k�dpe�aiORT	o+dpefacsidf^%kiZj�pe9_p^
Uc(qd, q̇d, q̈d, Pd)

��dps�a&_v�pT+�Mdp¡�_va�acORT
TGe l dp�

Ω2k+1
�jh§e

[tkf , tkd)
¤[acORT l m2e9_vSUZ`o+kPdp�#aiORT�kim[kwacT+SÃZjk l T1;9e9T l �@m�\

M(q)q̈ + F (q, q̇) = Uc + DT λ
!>�p�p_.#

0 6 q1 ⊥ λ > 0
!>�p�v� #

�!Z\aiO
F (q, q̇) = C(q, q̇)q̇ + G(q)

� h§e
[tkf , tkd)

¤£acORT knm[knaiTGSÎZ`kUh(TGsiS	_veRTGefac^\m o�dpe4kwacsc_pZ\eRT l ¤�ZM� Tp�
q1(.) = 0

_ve l
q̇1(.) = 0

�tNPORT+e !>�p�v� #£ZjSUhR^jZ\T:kgAJI�^jd[oc�pTGsG¤9�v�f�R�1Fb\

0 6 q̈1 ⊥ λ > 0
!M�p�.#

NPORT+scT£Zjk#ac_p�pT�� dv¡	_ba
tkd
Z\�

q̈1(t
k+
d ) > 0

��¨9sidfS !M�p� #�_§eRTGo+TGkcki_psim¦o�dfe l Z\aiZjdpe�acd§O9_<�pT
q̈1(t

k+
d ) > 0Z`kyacO9_ba

λ(tk−d ) = 0
�

� -¿� _ ��� �����#/9	 �� 1� �
�# T�1�!��/" ����$�6�+�9� /9&0/%�$ 1� 	 ���(� 	 -
	 � � � ���%	��p
 �
�  G�  "�%� ���� 1�����>& ���
� /%�����
	��#�
� � �0/" 

[tkf , tkd]
E �  "�b�������� "�#�j	?/U��/�/ ���� 	� 	 �

b(q, q̇, Unc, λd) > 0

�L	����
b(q, q̇, Unc, λd) = DM−1(q)[−F (q, q̇) + Unc − DT (1 + Kf )λd]

E
� � ®¥®����
�¥T�a%]9k l T+ac_pZ\^@aiORTyT�q[hRscTGkcknZjdpe$dp�RaiORTP�¥ZjeRTG_psJ±£dpSUhR^jT+SUT+e@ac_psiZ\awm�r�sidf�R^\TGS !>��±£r #�Zje�!M�p�.#���m³Z\acO

acORT$eRdva&_bacZ\dfe
dv�tX2TGov�9}9�\�f¤ !M�p�.#yo+_veg�(T$siTG�!siZ\anacT+e�_pk

0 6 Dq̈ ⊥ λ > 0
!>�p}.#
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¨RscdpS !M�v�f_.#£_pe l !w�:~.#�¤[dpe9T¦O9_pk+\

q̈ = M−1(q)[−F (q, q̇) + Uc + DT λ]

= M−1(q)[−F (q, q̇) + Unc + (1 + Kf )(DT λ − Pd)]

!>�bV #

x£m�Zje9knTGsnacZ\eR�/!M�bV #£Zje !>�v} #�¤RdpeRT¦df�[ac_pZ\e9kyacORT¦��dp^j^jd<�!ZjeR�U�%±£r�\

0 6 DM−1(q)[−F (q, q̇) + Unc − (1 + Kf )DT λd]
︸ ︷︷ ︸

b(q,q̇,U,λd)

+(1 + Kf )DM−1(q)DT

︸ ︷︷ ︸

A(q)

λ ⊥ λ > 0
!M�p| #

�!ORZ`o&Og�£T$siTG�!siZ\aiT¦SUdpscT¦o+dpSUh9_po�ai^jm�_pk

0 6 b(q, q̇, Unc, λd) + A(q)λ ⊥ λ > 0
!>� 
.#

�¥T�a�]9k�kwac] l m�acORT���±£r³Zje !M��
.#��tX2Zje9o+T
A(q) > 0

acORT+scT¦Z`k!_�]ReRZ��@]RT�kndf^\]RaiZjdpe \
^ � � b(.) > 0

¤¥acORT+e
b(.) + A(q)λ > 0

_pe l aiO9TUdfsnacORdp�fdpe9_v^jZ�awm o�dpe l Z�acZ\dfe
b(.) + A(q)λ ⊥ λZjSUhR^\ZjTGk

λ = 0
�

^ � � b(.) < 0
acORT+e aiORT�o�dfe l Z\aiZjdpe

0 6 b(.) + A(q)λ1
_ve l acORTgdfsnacORdp�fdpe9_v^jZ�awm�ZjSUhR^jm

λ =
−A−1(q)b(.) > 0

�

^ � � b(.) = 0
acORT+e !M��
.#£�(T:o�dfS�T:k

0 6 A(q)λ ⊥ λ > 0
_ve l

λ = 0
�

� e�o�dpe4o�^j]9knZjdpe�¤
λ = 0

Z\�%_pe l dpe9^\m�Z��
b(q, q̇, Unc, λd) > 0

�t¨9sidfS !>�vV #y_ve l !>�f| #

q̈1(t) = b(q, q̇, Unc, λd) + A(q)λ

� �
λ = 0
¤[acORT+e

q̈1(t) = b(q, q̇, Unc, λd)
¤9_pe l _Ukn] @	o+Z\TGefa�o�dfe l Z\aiZjdpe
��dfs l T�a&_po&ORSUT+efa�Z`k+\

b(q, q̇, Unc, λd) > 0

� ��� ���  ��� � ��( ���	" � � ��� � �&"�( ( � � � � � � " ' �#$ �  �
NPORTUdpe9^\m h9_vs&_vSUT�acT+s��£T	o+_peIai]Re9T�aidg��dps&o�T"ac_p�pT�� dv¡��!Z�acORdp]Ra$Z\e �4]9_ve9o+Z\e9�
aiO9TU�b_vscZ`_baiZjdpeIdv��acORT
��mf_vhR]ReRdb����]Re9o�acZ\dfe

V (.)
Z`k

λd(t)
��xym
Zje9knTGsnacZ\e9� !n�G~ #yZje�aiORT�T�q[hRscTGkcknZjdfegdv�

b(q, q̇, Unc, λd)
¤4dfeRT

�fT�ack+\

b(q, q̇, Unc, λd) = DM−1(q)[M(q)q̈d − C(q, q̇) ˙̃q − γ1q̃ − γ2
˙̃q − DT (1 + Kf )λd]

!>��o #
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M��æaiT+sUkidpSUT�o+dpSUhR][a&_baiZjdpe�¤0!>��o #�_ve l aiORT
scTGki]R^�a"dp��o+^j_pZ\S VIhRscd<�2Z l T�_Ikn]�@�o+Z\TGefaUo�dpe l Z�acZ\dfe ��dfs
a&_v�pT�� dv¡ !æacZ\SUT�_vsc�p]RSUT+e@aPZ`k l sidfhRh(T l Z\e !>�p~.#�#%\

q̈1 =
(

[M−1
(q) ]11C11(q, q̇) + [M−1

(q) ]12C21(q, q̇)
)

q̇1d + γ2[M
−1
(q) ]11q̇1d + γ1[M

−1
(q) ]11q1d

−
(

[M−1
(q) ]21C11(q, q̇) + [M−1

(q) ]22C21(q, q̇)
)

˙̃q2 − γ2[M
−1
(q) ]21

˙̃q2 − γ1[M
−1
(q) ]21q̃2

− [M−1
(q) ]11(1 + Kf )λd + q̈1d > 0

!>�v~ #

�!Z�acO
acORT l T:o�dpSUh(dfkiZ\aiZjdpe
dp��SU_vaiscZ\q
M−1(q)

_ve l
C(q, q̇)

_pk+\

M−1(q) =






[M−1
(q) ]11

[M−1
(q) ]12

[M−1
(q) ]21

[M−1
(q) ]22





_ve l

C(q, q̇) =





C11(q, q̇) C12(q, q̇)

C21(q, q̇) C22(q, q̇)





� TGh4TGe l ZjeR�$dp�4acORT�kiZj�pe�dp�
q̃2
_ve l ˙̃q2

¤
b(.)
Z`kJeRdvate9TGo�T:kikc_vscZ\^jm$h(d@knZ\acZ\�pTP�!Z\acO

λd = 0
�%NPORTGsiT+��dpscT

�£TtO9_<�pT%aid�ocO9d2dfkiTJ_PhRscd
;4^\T%��dps
λd(t)
�!ORZ`o&O¦Z`k�o�dpe@aiZje@]Rdf]9ki^\m l TGo+siT:_pkiZ\eR�P]Re@aiZj^

b(q, q̇, Unc, λd) > 0
¤

TG�pT+e�Z\�t_	eRT+�f_vaiZj�pT l TGkiZjsiT l ��dps&o�T$Z`k�S�T:_veRZjeR�p^jTGkck!�(TGoG_v]9kiT$Z�a§Zjk�e9dva�siT:_po&O9_v�9^\T !>kiT+T�¨#Zj�9��o #��PNPORT
acZ\SUT

tkd
Z`k l T1;9e9T l _fk§aiO9T);9s&kwa$Zje9kwa&_ve@a�kn]4ocO�aiO4_ba

q̈1(t
k
d) > 0

��X2Zje9o�T	_p^\^tkiZ\�fe9_v^`k�_psiT��(df]Re l T l ¤
��scdpS !>�v~ #

tkd
Z`kP�@_vs&_vefacT+T l aid	�(T¦�(df]Re l T l _pkP�£TG^\^M�

��db���£T$O9_<�pT�acd�_pkckn]RscT§acO9_ba�aiORT�knm[knaiTGS l d2TGk!eRdva�S	_p�pT$o�dfefa&_po�a�_v�@_vZje
�!Z\aiO
∂Φ
�!ORT+egacORT

o+dpefacsidf^£^`_:�Ãkn�!Z\a&ocORT:k���scdpS
Uc(t

k−
d )
aid

Unc(t
k+
d )
_ba�aiORT
ac_p�pT�� dv¡%� NPO9T+e

Unc(t
k+
d )
O9_fk�aid��(T

o&ORdfkiT+e
aid	�f_vs&_ve@aiTGT
q̈1(t

k+
d ) > 0

�
M£a

tk−d

¤faiORT§o�dfefacsidf^R^j_<� Z`k
Uc
_ve l

q1d(t
k−
d ) = 0

¤
q̇1d(t

k−
d ) = 0

_pe l
q̈1d(t

k−
d ) = 0

�%NPORTGsiT+��dpscT
!M�v~.#£Z`k�knZjSUhR^\Z!;9T l acd#\

q̈1(t
k−
d ) = b(q, q̇, Unc, λd)

= −
(

[M−1
(q) ]21C11(q, q̇) + [M−1

(q) ]22C21(q, q̇)
)

˙̃q2 − γ2[M
−1
(q) ]21

˙̃q2

−γ1[M
−1
(q) ]21q̃2 − [M−1

(q) ]11(1 + Kf )λd(t
k−
d ) > 0

!>�
O #

M£a
tk+
d

¤JaiORT�o�dfefacsidf^£^j_<�»Z`k
Unc
kid aiO4_ba

λd(t
k+
d ) = 0

Zje
b(q, q̇, Unc, λd)

T+�b_p^\]4_baiT l _ba
tkd
�

X2Zje9o�TUaiO9T l TGkiZ\scT l ais&_buwTGo�acdpscm�O9_pk�acd��(T�aw�!Z`o�T l Z�¡DT+scT+e@aiZ`_v�R^jTp¤�^jT�a�]9k�ocO9d2dfkiT
q1d(t

k+
d ) = 0

_ve l
q̇1d(t

k+
d ) = 0

�Lm�T¦df�[ac_pZ\e*\

q̈1(t
k+
d ) = b(q, q̇, Unc, 0)

= −
(

[M−1
(q) ]21C11(q, q̇) + [M−1

(q) ]22C21(q, q̇)
)

˙̃q2 − γ2[M
−1
(q) ]21

˙̃q2

−γ1[M
−1
(q) ]21q̃2 + q̈1d(t

k+
d )

!¿}p� #
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¨#Zje9_p^\^jmgacORTUo�dpe l Z�acZ\dfe aid
�p]4_vs&_vefacT+T
q1(t) > 0

dfe
(tkd, tkd + ε)

¤D��dps¦kidpSUT
ε > 0
¤DZ`k�acO9_ba�aiO9T

acT+scS
q̈1d(t

k+
d )
Zje !>}p�.#yo+dpSUh(T+e9kc_bacTGk£acORT¦^jd@kikydp�#aiORT¦aiTGsiS −[M−1

(q) ]11(1 + Kf )λd
Zje !M�
O.# l ]9T�aid

acORT"ki�!Z�a&ocORZjeR����sidfS
Uc
aid

Unc
��NPORT"o+dpe l Z\aiZjdpe dpe�acORT l T:knZjsiT l ais&_buwTGo�acdpscZ\T:k�_ba�acORT��(T+�fZ\eRZjeR��dp�

acORT¦��siTGT�� S�dpaiZjdpe
h9O9_pkiT
Ω2k+2

Z`k+\

q̈1d(t
k+
d ) > max

(

0,−[M−1
(q(tk

d
))

]11(1 + Kf )λd(t
k−
d )

) !¿}R� #

Ω2k+2

tkf
t0

Ik

B

0
t

C

λd(t)

q∗1d(t)

q1(t)

tkd

Ω2k+1

τk
d

¨�Zj�p]RscTUop\JN#s&_<uwT:o�acdpscm
λd(t)

�
ª � �[� ��� )%��	?/�	����b "�� %/%�'	���
U�$� �����'	-�� ��� ���7���  � �D�X�'�����#/9	��'	-���#/
Ω2k −→ Ω2k+1

���%�
Ω2k+1 −→

Ω2k+2
�R���� 2� ����	��b�
�� 	�:=1&��, 1/9	��� 	�C/%	 
,�[���>/

q∗1d

�����
λd

� ��	-��� 
 	-�
�!���$ )���  ����
�����! "�� "�#�$���%	��'&k�9��� �
�
	���	-���#/	� �0/g/ �#���L��	����D	 
�E��0E

� ��� � ��� ("� � � � � � � ( � " � % ��%
� � "� �" � ��( % (

NPORT�o�^jdfkiT l � ^\d2dfh l m2e9_vSUZ`o+_v^!knm[knaiTGSÀZjkUeRd<� o�dpSUhR^jT�acT+^jm l T";9eRT l � � a	o+dpe9kiZjknack�dv��_�kidpSUTG�!O9_ba
o+dpSUhR^jT�q l m@e4_vSUZjoG_v^!kim[kwacT+S�¤��!Z\aiO³o+dpSUhR^jT+SUT+e@ac_vscZ\a¢m o�dpe l Z�acZ\dfe9kG¤�Z\SUh9_fo�a	^`_:�$¤y_ve l ki�!Z\aco&ORZ\e9�
acdps �f]9T�ZjeRhR][a:�

Ω2k −−−−−−−−→ Ik −−−−−−−−→ Ω2k+1 −−−−−−−−→ Ω2k+2

(Unc) ↑ (Ut) ↑ (Uc) ↑ (Unc)aiZjSUT�� �9_pkiT l kwa&_bacT�� �9_pkiT l knac_vaiT�� �9_fknT l
(τk

0 ) (tkf > t∞) (tkd =
l T�ac_focORSUTGefa

)
NPORT
_pZ\S Z`k�eRdb��aidIhRscd<�pT	aiO9_va�aiO9Zjk l m2e9_vSUZ`o+_v^yknm[knaiT+S�¤JkiT+T+e _pk�_pe�TGsiscdps�knm[knaiTGS �!Z�acO kwa&_bacT
acORT	�pTGo�aidfs

(q̃, ˙̃q)
¤#Zjk�knac_p�R^\T	Z\e�aiO9T�knTGe9kiTUdv� l T1;9eRZ\aiZjdpe4k��g_ve l }R�VM§k$�£T�ki_<� acORZ`k$SUTG_ve9k¦aiO9_va

_fknm2SUh[aidpaiZ`o+_p^\^jm aiO9Tgacsc_buwTGo�aidfsim
qi,c(·) Zjk�_bana&_vZjeRT l �³NPORT o�^jdfkiT l � ^\d[dph kwa&_bacT�oG_ve �(T�o&ORdfkiT+e _fk

x = (q̃, ˙̃q)
¤R_fo+o+dps l Z\e9��aid l T1;9e9Z�acZ\dfe��"�!O9Zjo&O�o+dpe9o+T+sce9kydfeR^\m�hRO9_pkiTGk

Ωk
�
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����� � �!���" ����# � # 
 � ��� ���

$ �&%&� �&')(*� ��+ � 
 � , � ��� ����.- � �
�/10*243!5
64748�2
q∗2d 9
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∫
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=
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∫
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=
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∫

(t2k+1,t2(k+1))

V̇ (t)dt

= σV (t2k+1) − γ2

∫
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∫
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√

V2(τk
0 )

γ2γ1

_pe l
q∗1d(tmax) =
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√
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√
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q∗1d(t) = a3t
3 + a2t

2 + a1t + a0

q̇∗1d(t) = 3a3t
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−

√
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√
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√
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√
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√
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√
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√
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0 ))(1 − t′min)t′min

6 6(q∗1d(τ
k
0 ) + αV1(τ

k
0 ))

√

αV1(τk
0 )+

√
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√

(q∗1d(τ
k
0 ) + αV1(τk

0 ))(αV1(τk
0 ) +

√
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√
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√
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√
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√
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= ˙̃q(t) + γ2q̃(t) − γ2

(
q∗1d

0

)

= s(t) − γ2

(
q∗1d

0

)

!'ob} #

s�s Ñ
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� e@aiscd l ]9o�ZjeR�/!'ov}.#£Zjefacd/!bov� #£dfeRT¦dp�Rac_vZje9k+\

V̇1(t) = −γ1s(t)
T s(t) + γ1γ2s(t)

T

(
q∗1d

0

)

= −γ1s(t)
T s(t) + γ1γ2s1(t)q

∗
1d

= −γ1s(t)
T s(t) + γ1γ2q̇1(t)q

∗
1d + γ1γ

2
2q1(t)q

∗
1d

= −γ1s(t)
T s(t) + γ1γ2q̇1(t)q

∗
1d − γ1γ

2
2q1(t)|q∗1d|

!'o<V #

° knZjeR��acORT"�¿_fo�a�aiO9_va
q1(t) > 0

¤
q1(tk) = 0

_ve l aiO4_ba
q∗1d = −αV (τk

0 ) 6 0
¤.aiORTGe��(T�aw�£T+TGeIa¢�£d

ZjSUh9_po�ackPdfeRT¦O9_fky��dps�_p^\^
k > 0

\

V1(t
−
k+1) − V1(t

+
k ) =

∫

(tk,tk+1)
V̇1(t)dt

= −
∫

(tk,tk+1)
γ1s(t)

T s(t)dt −
∫

(tk,tk+1)
γ1γ

2
2q1(t)|q∗1d|dt

+γ1γ2q
∗
1d[q1(t)]

tk+1

tk

= −
∫

(tk,tk+1)
γ1s(t)

T s(t)dt −
∫

(tk,tk+1)
γ1γ

2
2q1(t)|q∗1d|dt

6 0

!'ov|.#

NPORTGsiT+��dpscT¦o�dpe l Z�acZ\dfe � � a dv�%o+^j_pZ\S �"Zjk�ki_vaiZ`k�;9T l �
� ¯ a ��T�a
]9k�knac_psna��!Z�acO³acORT�o�dfS�h9][ac_vaiZjdpe dv� σV (tk)

� ¨Rdfs
k > 1

¤
qd(t

+
k ) = qd(t

−
k )
_pe l

q̇d(t
+
k ) = q̇d(t

−
k ) = 0

knTGT !w�PO.#��£±£dpe9kiT �@]RTGefac^\m�dfeRT¦O9_fk"\

σV1
(tk) = V1(t

+
k ) − V1(t

−
k )

= 1
2

[
( ˙̃q(t+k ) + γ2q̃(t

+
k ))T Mk( ˙̃q(t+k ) + γ2q̃(t

+
k ))

−( ˙̃q(t−k ) + γ2q̃(t
−
k ))T Mk( ˙̃q(t−k ) + γ2q̃(t

−
k ))

]

= 1
2 q̇(t+k )T Mk q̇(t+k ) − 1

2 q̇(t−k )T Mk q̇(t−k ) + γ2

[
q̇(t+k )T Mkq̃(t+k )

−q̇(t−k )T Mkq̃(t−k )
]

= TL(tk) + γ2

[
q̇(t+k ) − q̇(t−k )

]T
Mkq̃(tk)

!'o 
 #

�!ORTGsiT
Mk , M(q(tk))

� ° kiZ\e9�UacORT$�¿_fo�a�acO9_ba
q1(tk) = 0

_pe l
q1d(t) = 0

_v�æaiT+s�acORT ;4sckna�Z\SUh9_fo�a
kiT+T !n�+O.#�¤[dfeRT¦�pT�a&ky��scdpS !bo 
 #%\

σV1
(tk) = TL(tk) + γ2q̃2(tk)T

[
M21σq̇1

(tk) + M22σq̇2
(tk)

] !'o,o #

ÖæÙ7s¥Ö,+
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� e@aiscd l ]9o�ZjeR�/!¿} 
.#£Zje !bo,o #£dpeRT¦df�[ac_pZ\e9ky��dfs�_v^j^
k > 1

\

σV1
(tk) = TL(tk) 6 0

!'ob~ #

¨9dps
k = 0
¤[aw�£d	oG_pkiTGkyO4_:�pT�aid	�(T¦T+qR_vSUZ\e9T l �

� � �
t0 > τk

1

aiORT+e�dfeRT¦O9_pk!_v^`kid
qd(t

+
0 ) = qd(t

−
0 )
_ve l

q̇d(t
+
0 ) = q̇d(t

−
0 ) = 0

¤R_pe l dpeRT$oG_veg]9knT
acORT$siT:kn]R^\a!dp� i �(��!'ov~.#�aid	dp�[a&_vZje \

σV1
(t0) = TL(t0) 6 0

!'o�O #
� � �

t0 < τk
1

aiORTGe dpeRT O9_pk
q1d(t

−
k ) 6= q1d(t

+
k ) = 0

_ve l
q̇1d(t

−
k ) 6= q̇1d(t

+
k ) = 0

� h§e9T
oG_v^`o�]R^`_bacTGk£acORT$ZjeRZ�acZj_p^[uw]RSUh�_pky��df^\^jdb��k"\

σV1
(t0) = TL(t0) − 1

2 q̇d(t
−
0 )T M(q(t0))q̇d(t

−
0 ) − 1

2γ2
2q1d(t

−
0 )M11(q(t0))q1d(t

−
0 )

+γ2[( ˙̃q1(t
−
0 )M11(q(t0)) + ˙̃q2(t

−
0 )T M21(q(t0)))q1d(t

−
0 )

+q̇1d(t
−
0 )M12(q(t0))q̃2(t

−
0 )] + γ2

2q1d(t
−
0 )M12(q(t0))q̃2(t

−
0 )

!¿~p� #

¨9sidfS !'o
O.#�¤ !¿~f�.#y_ve l !'ov~.#£dpe9T¦O9_pk+\
∑∞

k=0 σV1
(tk) 6 γ2‖ ˙̃q(t−0 )‖ ‖q1d(t

−
0 )‖ ‖M1(q(t0))‖ + γ2‖q̇1d(t

−
0 )‖

‖M12(q(t0))‖ ‖q̃(t−0 )2‖ + γ2
2‖q1d(t

−
0 )‖ ‖M12(q(t0))‖ ‖q̃2(t

−
0 )‖

!¿~R� #

�!ORTGsiT
M1 = [M11

���
M12]

T �t��T�a�]9k!eRd<��hRscd<�fT§aiO9_va+\

∞∑

k=0

σV1
(tk) 6 KV κ

2 (τk
0 )

!¿~f�.#

�!ORTGsiT
K > 0

���¥T�a"]4k"o+_v^`o�]9^j_vaiT�]Rh9h(T+si�M�(dp]9e l k�dfe
q1d(t

−
0 )
¤
q̇1d(t

−
0 )
¤ ˙̃q(t−0 )

_pe l
q̃2(t

−
0 )
�Qh§e

[τk
0 , t0)
¤RdfeRT¦O9_pk

V̇2(t) 6 0
¤9kid"acO9_ba

V2(t0) 6 V2(τ
k
0 )
�tNPORTGsiT+��dpscT§��sidfS !¿V@� #£�yT¦�pT+a+\

V2(τ
k
0 ) > V2(t

−
0 ) > γ2γ1q̃(t

−
0 )T q̃(t−0 ) > γ2γ1‖q̃2(t

−
0 )‖2 !¿~p} #

kid"acO9_ba

‖q̃2(t
−
0 )‖ 6 ‖q̃(t−0 )‖ 6

√

V2(τk
0 )

γ2γ1

!¿~vV #

¨9sidfS !�V2� #£dfeRT¦O9_pk
V2(t) > 1

2s(t)T M(q)s(t)
�£±£dpe9kiT �@]RTGefac^\m�\

‖s(t−0 )‖ 6

√

2V2(τk
0 )

λmin(M)

!¿~f|.#
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t#v�Þ%x9u
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¨9sidfS !¿~pV #�¤ !¿~@| #y_ve l aiORT l T";9eRZ\aiZjdpe�dv�
s(t)
dpeRT$o�dfe9o�^j] l T:kyaiO9_va

‖ ˙̃q(t−0 )‖ 6 ‖s(t−0 )‖ + γ2‖q̃(t−0 )‖ 6

[√

2

λmin(M(q))
+ γ2

√
1

γ2γ1

]

V
1
2

2 (τk
0 )

!¿~ 
 #

¨9sidfS !¿~pV #�¤"!¿~ 
 #�¤!acORT�scTGkn]9^�a
dp��o�^`_vZjS 
 _ve l acORTI�¿_po�a�acO9_ba
V2(τ

k
0 ) 6 1

_pe l aiORTI�¿_fo�a
aiO9_va
qd(t

−
0 ) = q∗d(t−0 )

_pe l
q̇d(t

−
0 ) = q̇∗d(t−0 )

¤RZjeRT �@]9_vaiZjdpe !¿~9��#£�(TGo+dpSUTGk+\

∞∑

k=0

σV1
(tk) 6 KV

3
4

2 (τk
0 )

!¿~�o #

�!Z\aiO

K =

[√

2γ2

γ1λmin(M(q))
+

γ2

γ1

]

‖M11(q(t0))‖ +

[

K0

√
γ2

γ1
+

γ2

γ1

]

‖M12(q(t0))‖
!>~p~ #

x£m�Zje9knTGsnacZ\eR�/!¿V@� #£Zje !¿~�o #�¤RdpeRT¦�fT�ack

∞∑

k=0

σV1
(tk) 6 KV

3
4

1 (τk
0 ) + K(γ2γ1)

3
4 ‖q̃(τk

0 )‖ 3
2

!¿~,O #

NPORTGsiT+��dpscT�dpeRT¦O9_fk"\
∞∑

k=0

σV1
(tk) 6 KV

3
4

1 (τk
0 ) + ε′

!-Op� #

��dfs	kidpSUT
ε′ > 0

�³NPORTGsiT+��dpscTgo+dpe l Z\aiZjdpe � ¯ a dp��o+^j_pZ\S ��Z`k	ki_vaiZ`k ;9T l �³NPORT�kim[kwacT+S !w�<| #"�!Z�acO
acORT	o�dfefacsidf^\^jT+s�!¿V9��#�kc_baiZ`k�;9TGk¦_v^j^%aiORT	siT��f]9Z\scT+SUT+e@ack�dv�Po�^`_vZjS ���!Z\aiO

ε 6= 0
��±£dpe9kiT �@]RTGefai^jm Z�a$Z`k

hRs&_bacZjoG_v^j^\m
Ω
� �£TG_p�@^jm�kwa&_v�R^jT¦�!Z\acO

x(.) = s(.)
¤9_pe l

R =
(

2
λmin(M(q))e

−γ(tk
f−t∞)(1 + K + ε′)

) 1
2 ¤

γ = 2γ1

λmax(M(q))

�

� _-_ba � � ®¥® �y®�� ��� ª � ª � ®%# ¯ � ª ���
-¿� ®�� �.-¿� _ � ! � �¥T�ay]9kykiORd<�³aiO9_vaPo�dpe l Z�acZ\dfe9k � � a _pe l � ¯ a
Zje�o+^j_pZ\S ��_vscT¦kc_bacZjk�;9T l �

� � a h§][ackiZ l T¦hRO9_fknT Ik
Z\a�o+_veg�(T�o�dfS�h9][aiT l acO9_baXA¹X2h(dpeR�K "�R���!Ej¤��PO,Of��F

V̇2(t) = −γ1
˙̃qT ˙̃q − γ1γ

2
2 q̃T q̃

!-OR� #
��T�a�]9kP]9hRh(T+s��(dp]Re l

V2(t)
�t¨RscdpS !�V@�.#£dpeRT¦O4_pk

V2(t) 6
λmax(M(q))

2
‖ ˙̃q‖2 +

λmax(M(q))

2
γ2
2‖q̃‖2 + γ2λmax(M(q))‖ ˙̃q‖‖q̃‖ + γ1γ2‖q̃‖2 !-Of�.#
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X2Zje9o�T ‖ ˙̃q‖‖q̃‖ 6 ‖q̃‖2 + ‖ ˙̃q‖2 ZjeRT �@]9_p^\Z\awm !�Of� #£Z`k!siTG�!siZ\anacT+e \

V2(t) 6 λmax(M(q))
1 + 2γ2

2γ1
γ1‖ ˙̃q‖2 +

λmax(M(q))(γ2 + 2) + 2γ1

2γ1γ2
γ1γ

2
2‖q̃‖2 !-Op} #

m Z\aiO
γ−1 = max

[

λmax(M(q))
1 + 2γ2

2γ1
;

λmax(M(q))(γ2 + 2) + 2γ1

2γ1γ2

]

> 0
!�OvV #

ZjeRT �@]9_p^\Z\awm !�Op}.#£�(T:o�dfS�T:k
V2(t) 6 γ−1

[

γ1‖ ˙̃q‖2 + γ1γ
2
2‖q̃‖2

] !-Of|.#
� e9kiT+siaiZjeR�/!-O9��#£Zje !�Of| #ym@ZjT+^ l k

V2(t) 6 −γ−1V̇2(t)
!�O 
 #

NPORTGe
V̇2(t) 6 −γV2(t)

¤9_ve l o�dpe l Z�acZ\dfe � � a dv�%o+^j_pZ\S �"Zjk�ki_vaiZ`k�;9T l �
� ¯ a M§k V2(t) = V1(t) + γ1γ2q̃

T q̃
acORT+e

σV2
(tk) = σV1

(tk) + γ1γ2σ‖q̃‖2(tk)
!-O�o #

¨9dps
k > 1

¤¥dfeRT�O9_fk
qd(t

+
k ) = qd(t

−
k )
¤¥aiORTUh(d@knZ\aiZjdpe

q(t)
Z`k¦o+dpefacZje@]Rdp]4k+¤�kid
aiO9_va

σ‖q̃‖2(tk) = 0_pe l
σV2

(tk) = σV1
(tk) = TL(tk) 6 0

!�Op~ #
¨9dps

k = 0
¤RdfeRT¦O9_pk

qd(t
+
0 ) 6= qd(t

−
0 )
�J��T�a�]9k!]RhRh(T+s��(dp]9e l

σ‖q̃‖2(t0)
�jh§eRT¦O9_fk

σ‖q̃‖2(t0) = ‖q̃1(t
+
0 )‖2 + ‖q̃2(t

+
0 )‖2 − ‖q̃1(t

−
0 )‖2 − ‖q̃2(t

−
0 )‖2 !-O,O #

M§k
q2d(t

−
0 ) = q2d(t

+
0 )
¤
q1d(t

+
0 ) = 0

_pe l
q1(t0) = 0

dfeRT¦dp�Rac_vZje9k

σ‖q̃‖2(t0) = −‖q1d(t
−
0 )‖2 6 0

!w�G�f�.#

¨9sidfS !-Opo #�¤ !-Of~.#�¤�!w�:�p�.#y_ve l !>~�o #£dpeRT¦O4_pkyaiO4_ba

∞∑

k=0

σV2
(tk) 6

∞∑

k=0

σV1
(tk) 6 KV

3
4

2 (τk
0 )

!w�:�R��#

NPORTGsiT+��dpscT�o�dpe l Z�acZ\dfe � ¯ a dv��o�^`_vZjSÀ��Z`k�ki_vaiZ`k ;9T l ��NPORTgknm[knaiTGS !w�<| #$�!Z\aiO acORTgo�dpe@aiscdp^j^\TGs�!�V9� #
kc_bacZjk�;9TGk�_v^j^JaiORT�siT��f]9Z\scT+SUT+e@ack$dv�!o�^`_vZjS � � _-_'a �
±£dpe4knT��f]9T+efac^\mIZ\a�Z`k$hRs&_bacZjoG_v^j^\m Ω

� �£T:_v�2^\mIkna&_v�R^jT
�!Z\aiO

x(.) = [s(.), q̃(.)]
�

s�s Ñ
t#v�Þ%x9u
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M ��±£r³Z`k!_Ukim[kwacT+SÃdv�#acORT¦��dpscS A ²�]Rsia¢mD¤¥�+O�O�oPFb\






λ > 0
Aλ + b > 0

λT (Aλ + b) = 0

!w�:�f� #

�!ORZ`o&O�o+_pe�_v^`knd��(T$�!scZ�aiaiTGe�_pk
0 6 λ ⊥ Aλ + b > 0

!n�G�p} #
X2]9ocO
_��%±£r h(dfkckiTGkcknT:kt_$]ReRZ��@]RT§kidp^j][acZ\dfeU��dpsy_v^j^

b
¤@Z\��_pe l dfeR^jm"Z\�

A
Zjk£_�rJ� SU_vaiscZ�q/!¿h(dfkiZ�acZ\�pT+�

l T";9eRZ\aiT$S	_vaiscZjo+TGk!_vscT�rJ� SU_vaiscZjo+TGk #��
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�p�¹� M l SUZ`kikiZj�R^\T l dfS	_vZje �¦�$�¦�$�¦�$�¦�$�¦�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦� |
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� �.�:�[� _ - _ � «�� �b�(� ª@­"® � � & �

��� �b�R� � _ # � ��®%# �G� ® - - ª � � �b�(� ª@­"® � � & �
}R�j� ±£dpefacsidf^\^jT+s!knaisc]9o�ac]RscT �$�¦�$�¦�$�¦�$�¦�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦� � 

}R�¹� � T:knZj�pegdp�#aiORT l T:knZjscT l ais&_<uwT:o�acdpscm	dpeghRO4_pkiTGk

Ik
���¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦� �+O

}R� } ±£dpe l Z\aiZjdpe4ky��dpsPa&_v�pT�� dv¡ �¦�$�¦�$�¦�$�¦�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦� �[�
}R� V ±£dpefacsidf^.knais&_bacT+�fmUaid	_fkiki]RscT l T�a&_po&ORSUT+efa �¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦� �p�
}R�¹| ±£^\d@knT l �M^jd2dphgkwa&_v�RZj^jZ�awm
_ve9_p^\m[kiZjk �¦�$�¦�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦� �bV

� � 
 ª � � - «D¬ �¥�G�R�	- ª ��� � ª � ª � �

� � _ � �
-¿�[� _ ® # ���¥� � � - ª � � �
|[�j� M�kim@SUh[acdvacZjo$o�dfe@�pT+sc�pTGe9o�T��$�¦�$�¦�$�¦�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�Õ}p�
|[�¹� z!dp�R]4kwaceRTGkck��¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�$�¦�Õ}R�

� , ��� _ � - ª�� � � �9�v�G� ���
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