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�P¦ � ±
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�^¦�� �c��~^~S`�£wk}kuq^s£��¡_=rL�L��p^twvDq^`#�l`Lk��\�yH�Lk�^��pJk�£�`Qk}k�yP£�tw�l`Qk
sot��{tw�l`Lk�¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ ¼

�^¦��P¦�� �°pPmor�so`�m}�l`#£w�¡_¡rQ���{p^t�vDq^`#�l`Qk�t�_=~��P��m�k ¦8¦#¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ ¼
�^¦��P¦ � ±
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) ¦�� d0yH�^]�£�`Lk�so\^r�yP£�yP�{twvPq�`Lk q^p^tw�lt�_¡`Lp�kut�yPp^p^`�£wk�¦8¦#¦#¦8¦#¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ � )

) ¦��P¦�� �ckok�`L_9�^£w���P`eso`Lkok�yPs�m�£�t�p^rQ��t�su`8`�m�{_=y{sumutwkuku`�q^s�£�t�p�rL��t�so`�¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ �L�
) ¦��P¦ � �ckok�`L_9�^£w���P`eso`Lkok�yPs�m�£�t�p^rQ��t�su`8`�m�{_=y{sumutwkuku`�q^s�p^yPp�£�t�p^rL�{t�so` ¦8¦#¦8¦#¦#¦�¦#¦ ��2
) ¦��P¦ ) �ckok�`L_9�^£w���P`eso`Lkok�yPs�m�p^yPpl¤A£�t�p^rL�{t�so`e`�mc��_=y{sumutwkok�`Lq^s ¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ �{�
) ¦��P¦ � �ckok�`L_9�^£w���P`eso`Lkok�yPs�m�p^yPpl¤A£�t�p^rL�{t�so`e`�m}~���mot�p ¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ �^�
) ¦��P¦ � ±
y{_=_=`�pDmo�{t�so`Lk �{rLp^r�s���q^�'k�q^s£�`Lk�_=yl�l]L£�`Qk}�ltwku��su`�mokL¦©¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ �P�
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�J¦�� x-sut�p���t�~��{£�`Qk�\DjH~Sy�mo\^]Lku`Lk�Pkukuyl��t�r�`Lk��{q3��y{pDmo�P��m}�l`�É}`Ls�moÊ ¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ ���
�J¦��P¦�� �c`Qku��sut�~lmut�y{p,�l`Qkk�q^suªÇ�{��`Lk�`Lp3��y{pDmo�P��m0¦#¦8¦#¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ �P�
�J¦��P¦ � �cr�ª®y{so_=��mut�y{p3`�mc�lrL~^£w�{��`L_=`�pDm}�l`Lkkuq^suªÇ�{��`Qkk�yPq�k���\���so�{`L_=`�pDm�¦#¦8¦#¦#¦�¦#¦ �{¼
�J¦��P¦ ) ¾-knmot�_���mut�y{p !E%F��	�����	 �l`8£��=~^so`Lkokut�yPp��l`���y{pDmo�P��m1¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ ��G
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ku~^\^]Lsu`#kuy{pDm£�`Qkk�q�t�¢���pDmo`Lk5�











Mẍ = R

R = K(ġ, g)

ẋ(t = 0) = v0

»n�Q½

y �
R
`Lk�m�£w��sorL�P��mot�yPp0�l`¡��y{pDmo�P��m8k�q^~�~JyDk�rL`9¿�mosu`�q^p^`�ª®y{p���mut�y{p �^`

g
`�m#�l`

ġ
²Jso`Lku~S`L��mot�¢P`�_=`�pDm�£��

�^t�k�mo�{p���`e`�m£��9¢Htmo`Lkok�`�su`L£���mut�¢{`}`LpDmuso`e£w��ku~^\^]Lsu`e`�m�£�`�~^£w��p6¦�±
`�m�mu`�so`�£w��mut�y{p�vPq�tS£�t�`e£w���^t�k�mo�{p���`
g
¥

£w��sorL�P��mut�y{pÈ�l`¡��yPpPm��{��me�lr�~S`�pJ�0�l`�£w���lr�ª®y{so_=��mut�y{p0�{q0��y{q�soke�lq0��yPpPm��{��me�l`Lke��yPsu~�kL²�`�m��lyPp����l`
£�`�q�s��Pr�yP_¡r�musot�` `�mO�l`�£�`�q^sR�L��s��{��mor�sot�k�mutwvDq^`-_���mur�sot�`�£�£�`P¦�´ep¡�ly{p�p^`k�q^s�£w�e¯��{q^so`�}£A« �{£�£�q^so` ��£��PkukutwvPq�`
vDq^`8~S`�qlme~^su`Lp��lso`e£w�=sorL�{��mut�y{p�~J`Lp��^��pDm}£�`�mu`�_=~�kc�l`���yPpPm��{��mL¦

±
yPp�k�tw�lrLsuyPp�k-vDq^`���`Lk ��yPsu~Jk-kuy{pDm
sot��Pt��^`LkL²{y���k�tS£Y« y{p'~^sur�ª®]�so`evDq^`e£����lr�ª®yPsu_���mot�yPp��l`e��`Lk ��yPsu~�k
`Qknm�p^r��P£�t��{`Q���^£�`{¦µ§¨�cso�{t��^`�q^s�rLvDq^t�¢µ�{£�`LpDmu` su`L£�tw��pDm¨£w�csorL�P��mot�yPp�¥}£w�e�ltwk�mo��pJ��`-so`�£w��mot�¢P`O¢��e�^y{p��Omu`�pJ�lsu`
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¢P`�s�k-£A« t�pl¯Jp^tY¦^§¨`e_����Ht�_9q�_ �^`�sorL�P��mot�yPp'�l`8��y{pDm��{��m
mu`Lp����{£�yPsok-¢{`Lsok
£Y« t�pl¯�p^t�`Lp'_=¿�_=`�mu`L_¡~Jk vDq^`
£�`�mu`L_¡~Jk�mu`Lp��,�l`���yPpPm��{��m mo`�p��3¢P`�s�k

0
¦

[�so�P�lt�mut�y{p^p^`L£�£�`�_=`LpPmQ²{yPp'��yPp�k�tw�l]Lsu`}�{£�yPsokRp�y{p�~^£�q�k
£���surQ�{��mot�yPp��l`e��y{pDmo�P��m-_���twk-kuy{p�t�pDmurL�{s���£�`
kuq^s#£�`¡mu`�_=~�kL²¨�{« `Qknm9¥,�lt�su`=£w�,~J`Lso��q�kok�t�y{p6¦W¾Op�kuq^~^~SyPko��pDm�vDq^`���`�m�mu`�t�pDmurL�{s���£�`�so`Lk�mu`��lr�¯�p^t�`{²6yPp
rQ��sotm}�{£�yPsok £A« rQvPqJ��mut�y{p,�lq,_=y{q^¢P`�_=`�pDm}kuy{q�k�£w��ª®y{so_¡`#kuq^t�¢µ�{pDmu`��

lim
∆t→0

[

∫ t0+∆t

t0

Mẍdt =

∫ t0+∆t

t0

Rdt

]

⇒ M(v(t+) − v(t−)) = I
»A�{½

����p�k�£w�{vDq^`L£�£�`8£��¡~S`�s���q�kok�t�y{p3`Lk�m}�lr�¯Jp^t�`#~J��s��

I = lim
∆t→0

∫ t0+∆t

t0

Rdt = lim
∆t→0

∫ t0+∆t

t0

K(g, ġ) dt
» ) ½

±
`�m�mu`e_=yH�^r�£�t�ko��mot�yPp��lq'��yPpDmo�{��m-`�pDmosu`ckuy{£�tw�l`Lk-sut��{tw�l`Lk-p^y{qJk-��_=]Lp^`c�lyPp��}¥#moso�{tmo`�s-�^`Lk
~^\��{ku`Lk
�^`-¢{yP£�k¨£�t��^so`Lk���yP_¡_=`
q^p^`
�^jDpJ��_=t�vDq^` ��yPpPmot�pHq^`
`�m�¥c��yPp�kut��lrLsu`Ls��l`Qk��^t�ko��yPpPmot�pHq^t�murQk��{ql�8_¡yP_=`�pDmok
�^`Lk6t�_=~��{��mok�su`L£�tw��pDm¨£w�¢���sotw��mut�y{p��^`-vDq���pDmut�mur �l`-_=yPq^¢{`L_¡`LpDm�¥£w�~J`Lso��q�kok�t�y{p6¦�±
`�mumu`
�^r�_���s���\^`-�l`
_=yl�lrL£�twku��mut�y{p�su`Qknmo`e¢���£�tw�l`�mo��pDm}vDq^`�£�`Qkk�yP£�tw�l`Lk ~S`�q^¢P`�pDm¿�mosu`8��yPp�k�tw�lrLsurQk ��y{_=_=`esot��{tw�l`LkL¦H¾O£�£�`#k�`
�Pr�p^rLso�{£�twku`}ªÇ�{��t�£�`�_=`LpPm}�{ql�'k�jlk�mu]L_¡`Qk _9q^£�mut�¤Z��y{so~�k `�p3surLrL��sut�¢���pDm £�`Lk rQvPqJ��mut�y{pJk �^`8ac`���moy{pl¤Z¾Oq^£�`�s
`Lp�mu`Lsu_=`Qk
�l`e~J`Lso��q�kok�t�y{p�k-`�m��l`c¢���sotw��mut�y{pJkOt�p�knm���pDmo�{p^r�`Qk-�l`e¢Htmo`Lkok�`¡»�����¸��
	�²W��GP� )����������� ¸��R²
�{�{�P�P½�¦

±
`�m�mu`8_=yl�lr�£�twku��mut�y{p�~^sorLku`�pDmo`cq^p3t�pDmor�so¿�m�~���sumutw��q^£�t�`�s��lq'~Sy{t�pDm��l`8£w��sorLkuy{£�qlmut�y{p��lq�~�suyP�^£�]L_=`
vDq6« `�£�£�`'k�yPtm9�{p���£�jDmutwvDq^`�y{q³pHq^_=r�sotwvPq�`{¦6¾O£�£�`�~J`Lsu_=`�m���« `�pH¢Ht�ko���P`�s#q^p�kujlknmo]�_=`'�ljHp��{_¡twvDq^`�p^yPp
sor��Pq^£�t�`Ls9��q³£�t�`Lq���« q^p^`�kujlknmo]�_=`�sor��{q�£�t�`�s#mosu]Qk�s���tw�l`�`�m=�ly{pJ���lt�¬���t�£�`'¥Èt�pDmurL�{so`�sQ¦¨�c`�~^£�q�k�²�`�£�£�`
~S`�so_=`�m
�^`}p^r��P£�t��{`LsR£�`Qk-�lr�ª®y{so_���mut�y{pJkO�l`ckuy{£�t��^`LkOvDq^t{zny{q^`LpPm
`�p��{rLp^r�s���£A²�q^p�s��{£�`}k�`Q��yPp��^��t�so`�����p�k
£�`Lk9k�jlk�mu]�_=`Qk��l`'kuy{£�t��^`Lk#_��{kokutªÇkL¦�±
`�m�mu`'\DjH~Sy�mo\^]Lku`��l`'kuy{£�t��^`Lk#sot��Pt��^`Lk�kuy{q^_=twk���q^�©t�_¡~J�{��m�k�p^`
ku`�s���~��{k�so`�_=twk�`8`�pÈ�L��q�ku`��^`���`#s���~^~Sy{sumL¦
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§¨`Lk�rLvDq���mut�y{p�k��lq9_=yPq^¢{`L_¡`LpDm�vDq^tHsor��{twkok�`LpPm�£����ljHp���_=twvDq^`
�l`Qk���y{so~�k�k�yPq^_=t�k��{ql�#t�_=~��P��mok�p^`

kuql¬�ku`�pDm~��{k�¥�surQk�yPq��lso`e£�`8~^suyP�^£�]�_=`{¦ �°£WªÇ��q^m�{~^~Sy{sumu`�s�q^p�`�t�plª®yPsu_���mot�yPp�kuq^~^~^£�r�_=`LpPm���t�su`#kuq^s�£�`
��y{_=~Sy{sumu`�_=`LpPmO�l`Qk-��y{so~�k�~J`Lp��^�{pPmO£A« t�_=~��P��mL¦D§¨����£�yPt���« t�_=~��P��m��`Lk�m-q^p�`£�yPt���yPp�knmotmoqlmut�¢{`}vDq^t�~J`Ls�¤
_=`�m �l`�~^sorL��twku`�s-£�`e��y{_=~Sy{sumu`�_=`LpPm �l`Lk k�yP£�tw�l`Qk
kuy{q^_=twk-�{ql��t�_=~��P��mokL¦Hb}p^`8�lr�¯Jp^tmot�yPp��{rLp^r�s���£�`c�l`
��`vPq�` ~S`�q^mO¿�muso`�q^p^`�£�y{t^��« t�_=~��P��mR`Lk�mO�ly{p�p^r�`�^�{p�k»  � � � � ¸��R²����P�{�P½�¦�a}y{qJk�p^y{q�kR��y{pDmu`LpDmu`�soy{pJk
����p�ke��`9s���~�~JyPs�me�6« q^p�`��lr�¯�p^t�mut�y{p ~�£�q�keso`Lk�musot���mut�¢{`�vDq^t�ªÇ��t�m���~�~J`L£�¥'£��'p^y�mot�yPp0�l`���yD`�¬���t�`�pDm��l`
so`Lk�mut�muq^mut�y{p6¦J±
`#��yH`�¬���t�`LpDm�^`#su`Qknmotmoqlmut�y{p3~J`Lsu_=`�m�^`8mu`�p�t�s}��y{_=~lmu`#�l`Qk�~^\^rLp^y{_=]�p�`Lk�ltwkukut�~���motªÇk
vDq^t6ku`#~^soyl�lq^twk�`LpPm}�{ql�'t�_¡~J�{��m�k�²l�Ps��P��`8¥¡£����lr�¯�p^t�mut�y{pÈ��« q^p,~���s���_=]�muso`eq^p�t�vDq^`P¦

4 @�� / ÂS�J7 / *D� 0 0Ç�Q�A0�6��lÃ�0	�Z� �^�:O 0Y�N6 �^Å�ÃQ� �}¯�p��l`���\^yPt�kut�s�q�p^`��lr�¯Jp^tmot�yPp³�lq³��yH`�¬���t�`�pDm9�l`
so`Lk�mut�muq^mut�y{p vDq^tcp^yPq�k'ku`�_��^£�`0�{�^�{~lmurL`0��ql� ~^soy{�^£�]�_=`Lk=so`�pJ��y{pDmosurQk�²Rp^yPq�k'�{£�£�y{pJk=muyPqlm���« ���Sy{s��
s���~�~J`L£�`Ls£�`Qk~^sot�p���t�~J��ql�'~�\^r�p^yP_=]�p^`Qk~^\Hjlk�twvDq^`Lk�ltwkok�t�~���motªÇkcvPq�t�kuy{pDmsu`Lp���yPpPmosurQk��q,��yPq^sok�6« q^p
��\�yH�{¦

hl�{p�k�ªÇ�{t�so`�q^p^`£�t�k�mu``��H\J��q�k�mut�¢{`�l`Qk�~^\^r�p�y{_=]�p^`QkR~^\Hjlk�twvDq^`LkRvDq^tJk�`�lrLsuyPq^£�`LpDm�£�y{s�kR��« q^p���\^yl��²
yPp�~S`�q^m}so�{~^~J`L£�`LsL²Hmoy{qlmc�^`#_¡¿L_=`{²l£�`Lk~^sot�p���t�~���£�`Lk�kuy{q^s���`Qk��l`��ltwkukut�~J��mut�y{p3r�p�`�so�{r�mot�vDq^`��
• ��yP_=~JyPs�mo`�_=`�pDmok�t�p^rL£��Pknmot�vDq^`Qk�l`Lk�_���mor�sot��{ql� �l~^£��Pknmot���tmor{²^¢Htwku��yPkutmor{²l`Lp��ly{_=_����P`�_=`�pDm�`�m}soq^~l¤

muq^so` �
• ��yP_=~JyPs�mo`�_=`�pDmok t�p^r�£w�{k�mutwvDq^`Lk�^`Lkt�pDmu`�suªÇ�{��`Lk��Pª®soy�mumu`L_¡`LpDmc¥�£A« t�pDmu`Ls�ªÇ�P��`P²lq�k�q�su` �
• r�p�`�so�{t�`��L��~lmor�`#~��{s £�`Lk}y{p��l`Qk�r�£w�{k�mutwvDq^`Lk `�m}rL_=t�kok�t�y{p,�{��y{q�k�mutwvDq^`{¦

±
`Qk~^\^rLp^y{_=]�p�`Lk�~^\Hjlk�twvDq^`Lk ~S`�q^¢P`�pDm}¿�mosu`8s���p^�PrLk��^�{p�k�l`�q^�3����murL�{y{sot�`Lk �lt�k�mut�p���mu`Lk��
��
 % � �R� $ '
�R��� 	 ���W!���"�+����$ %D� �� �
$ �
�'�� 	�� � 	 ! ���		���'���&$ !� � ��	�� 	R�
:	��� �
��)�!��
	�!�	 ¦D§¨`LkR�l`Lql��~^so`�¤
_=t�]Lsu`Qk ��£��Pkuku`Lk �l`8~^\^rLp^y{_=]Lp^`Lk�ku`��ltwk�mut�p^�{q^`LpDm��l`8£w���^`�sop^t�]Lsu`e~���s�£�`cªÇ�{tm}vDq6« `�£�£�`Qk ~J`Lq^¢{`LpPm
k�q�~^~JyDk�`Ls
£�yl���{£�`Qk-��q���y{pDm��{��mQ¦{¾O£�£�`Lk�k�yPpDm
�ly{pJ�}`�p'~^sut�y{sot�mur}ª®yPp���mot�yPp'�l`e£��9�{r�yP_=r�musot�`}£�yl�L��£�`
��q ��yPpDmo�{��mL²R�l`Qk���yPp��lt�mut�y{p�k��{ql� £�t�_=t�mu`Lk'vPq�tck�yPpDm��{~^~^£�t�vDq^rL`LkL²O��t�p�kut}vPq�`,�^q ��y{_=~Sy{sumu`�¤
_=`�pDm}�l`Lk�_���mor�sot��{ql��¦�´ep3kuq^~^~SyPku`�s��^²D`�p3`��W`�mQ²�vDq^`e£�`Lk�~�\^r�p^yP_=]�p^`Qk�t�p^rL£��Pknmot�vDq^`Qk��^��p�k £�`Lk
_���murLsutw��q^�'su`Qknmo`�pDm}��yPpl¯�p^rQk�^��p�k�£w�¡Ê�yPp^`#�l`���yPpPm��{��m�`LpDmuso`�£�`Lk��y{so~�kL¦
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 % � �R� $ '
�R��� �
	 ���W!���"���%F��� %'! � !��	����J�$# ���R�=��� ¦S¾Op0��`�vDq^t���y{pJ��`�sop^`8£w���lt�kokut�~���mut�y{pÈ�lq^`��{ql�
y{p��^`Lk�r�£w�{k�mutwvDq^`Lk�sorLkut��lq�`�£�£�`Qk�vDq^tl~S`�q�¢{`�pDmOku`
~^soyl�lq^t�su`��^�{p�k�£�`QkR��y{so~�kL²Lt�£^kL« �{�{t�m���« q^p¡~^\^rLp^y�¤
_=]�p^` ~^£�q�k¨�P£�yP����£DvDq^tD�^r�~S`�p����^`
£w�}k�musoq���moq^su` �l`Lk�kuy{£�t��l`Qk�¦µhHtH�l`Lk���yH`�¬���t�`LpPm�k��^`-so`Lk�mut�muqlmot�yPp
~J`Lq^¢{`LpDm�¿�muso`��lr�¯�p^twkc~Sy{q^s�mo`�p^t�s���y{_=~lmo`��l`=��`Qkc~^\�r�p^yP_¡]Lp^`LkL²St�£wke�^`�¢Ht�`Lp^p^`LpPm8p^rQ��`Lkoko��t�su`�¤
_=`�pDmc�lr�~S`�pJ�^��pDmc�l`#£w�¡�{r�yP_=r�musot�`e`LpPmot�]Lsu`#�l`Qk}��yPsu~Jk
`LpÈ��y{pDm��{��mQ¦

����p�k-£��9k�q^t�mu`P²{p^yPq�kO��y{p���`�pDmuso`�soy{p�k�p�yPkO`��SyPs�m�kOkuq^sO£�`LkO~�\^r�p^yP_=]�p^`QkO£�yH�L��ql�=��q���y{pDmo�P��mOp6« t�_¡¤
~�£�twvDq���pDm9~��Pk9£w�Èsoq^t�p^`'�l`3��y{so~�k9`�p ��y{pDmo�P��mL¦�§6`Qk9�{ku~S`L��m�k9��« `�pJ�ly{_=_����P`�_=`�pDmL²��l`�ª®s��{��muq^so`�yPq
�6« q�kuq^so`cp^`�k�`LsuyPpDm
~��Pk-`LpD¢Htwku�{�{rQk�¦{�e`�_¡¿L_=`{²H£�`Qk-~�\^r�p^yP_=]�p^`Qk
�ltwkok�t�~���motªÇk
�{£�y{�J��ql��p^`�k�`LsuyPpPm ~��{k
~�sutwk�`�p©��y{_=~lmo`{¦��e�{p�k�£�`��L�{k��l`���y{so~�ke_��{kok�t�ªÇk�²���`�m�mo`�\HjH~Sy�mu\�]Lku`�`Qknm8£�`=~^£�q�k8kuy{q^¢P`�pDm-znq�k�mut�¯�rL`{¦
x�yPq^s¡�^`Lk=��yPsu~�k¡_=t�p���`Qk�²�y{q�~JyPq^s��l`Lk¡t�_=~��{��mok�mus���p�ku¢{`Lsoku`Lk9k�q^s��l`Qk=��y{so~�k�~JyDkukurL����pDm¡q�p^`3�^t¤
_=`Lp�k�t�y{p3���{so�P��murLsutwk�mutwvPq�`}�{s���p��^`��l`L¢���pDm
moy{qlmo`e£�`Lk�{qlmuso`Lk �lt�_=`�p�kut�yPp�kL²D£A« `��W`�mc�l`�£���~^soy{~��{�P��mut�y{p
�6« yPp��l`Lk-�ly{t�mO¿�mosu`~^sotwk�`�p���yP_=~lmu`P¦{�c`Qk�mus��µ¢���ql��y{pDmO~JyPs�mor}k�q�sR£Y« t�pDmor��{s���mot�yPp¡�^`~^\^r�p�y{_=]�p^`QkRp^yPp
£�yl���{ql�'�^��pJk�£Y« `Lk�mut�_���mut�y{p,�lqÈ��yH`�¬���t�`LpDm�^`�so`Lk�mut�muq^mut�y{p6¦J´ep3~J`Lqlmc��t�mu`Ls}¥=��`8~^soy{~SyPk £�`Qk mus��µ¢���ql�
�^`8�6« ¶��6¸�����º � � »��AG�GP¼P½-`�mc�l`��=·^¸ ����� �����^· � ��� 	=»n��G�G=GP½�¦
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��@�Â�0�O 0 K�� / ÅPÂ * ��Å�0 * / Ã 0�* ��*H�LÃA0®ÃQ�¨Ã�0ÇÂ / �¯�pÀ�l`¡ª®y{q�sup^t�s8�l`Lk8`Qknmot�_���mot�yPp�k���p��{£�jDmutwvDq^`Lk8�l`
��yH`�¬���t�`�pDm �^`�so`Lk�mut�muq^mut�y{p6²Dp^y{qJk¨znqJknmot¯�yPp�k �^sot�]L¢{`�_=`LpPm��^��pJk ��`c~��{so�{�{s���~^\�`}£�`8��\^yPt��vDq^tW`Lk�m
ªÇ�{tm
�^`�so`�mo`�p^t�sq^p^`��^r�¯�p^t�mut�y{p,rLp^`�so�{r�mutwvPq�`8�^q,��yH`�¬���t�`�pDm}�l`#so`Lk�mut�muqlmot�yPp6¦

±
`�m�mu`��^r�¯�p^t�mut�y{p0�¡r�mur8ª®y{so_���£�t�kur�`�~��{s � ¹�¸����$��·©»A���P�{�P½�¦l�c`#£w�=_=¿�_=`#_���p^t�]�so`#vPq�`#~JyPq^s£�`
��yH`�¬���t�`�pDm
�l`cx�yPt�kokuy{p6²�yPp�k�q�~^~JyDk�`}vDq^`c£�`���\^yl�k�`c�^rL��yP_=~JyDk�``Lp'�l`�q^�¡~Sr�sot�yl�l`QkO�ltwknmot�pJ��mu`Qk �Dq^p^`
~Sr�sot�yH�^`e�l`���y{_=~^so`Lkokut�yPp

[0, tc]
`�m q^p�`c~Sr�sot�yl�l`��l`cso`Lk�mut�muqlmot�yPp

[tc, tf ]
¦l§6`�����sosor}�lq���yD`�¬���t�`�pDm �l`

so`Lk�mut�muq^mut�y{p'`Qknm}�{£�yPsok
�lr�¯�p�t6��y{_=_=`�£�`8s���~^~Sy{sum �lq�mus��µ¢���t�£S�^`�£A« `��Wy{sum p^yPsu_��{£Y²
Fn

��q,��yPq^sok �l`�£��
so`Lk�mut�muq^mut�y{p,k�q^s}��`�£�q^t¨�l`#£w�=��yP_¡~�su`Qkukut�yPp6²lk�yPtm

e2
∗

=
W r

n

W c
n

=

∫ tf

tc

Fn vn dt

∫ tc

0

Fn vn dt

»®�D½

y �
vn
`Lk�m}£w��¢Ht�mu`Qkuku`8su`L£���mut�¢{`�p^y{so_���£�`8�^q3~Sy{t�pDm}�lqÈ��y{pDm��{��mQ¦

±
`�m�mu`��^r�¯�p^t�mut�y{pÈ��y{_=~JyPs�mo`8~^£�qJk�t�`�q^s�k�µ¢���pDmo�{�{`Qk�²HvDq^t¨kuy{pDm£�`Qkk�q^t�¢���pDmok��
,�� b}p^`0�lr�¯�p^t�mut�y{p r�p�`�so�{r�mot�vDq^`,ku`�_9��£�`3muyPqlm'��« ���Sy{s�� pJ��muq�su`L£�£�`Èk�t£A« yPp k�yPq^\���t�mu`ÈvDq��{£�t�¯�`�s=£�`Lk

~J`Ls�mo`LkrLp^`�so�{r�mutwvDq^`Lk £�y{s�k��« q�p,��\�yH�{¦
3�� ¾Op9���Pk¨�l` ��\^yl��k��lt�so`L��mokL²L�l` ��\^yl��k�ku�{p�k�ª®soy�mumu`�_=`LpPm�y{q�`Lp���yPsu`O�^�{p�k6£�`
�L�{k¨y��#£�`-�{£�twkuku`�_=`�pDm¨`Qknm

q^p^tw�lt�su`Q��mut�y{p�p^`�£A²S��`�mumu`9�lr�¯�p^t�mut�y{p0rLp^`�so�{r�mutwvDq^`9��y	�YpJ��tw�l`��µ¢{`Q�8£�`Qkc�lr�¯�p^t�mut�y{p�ke~^£�q�k}q�kuq^`L£�£�`Lk
�l`Lkc��yH`�¬���t�`�pDm�k�l`#a}`���moy{p,`�mc�^`#x�yPt�kokuy{p6¦

9
� ±
`�m�mo`��lr�¯�p^t�mut�y{pÈ`Qknme��y{\^rLsu`LpDmu`���« q^p0~Sy{t�pDme�l`�¢Hq^`�rLp^`�so�{r�mutwvDq^`�k�t¨mo�{p^�{`LpPmot�`L£�£�`�_=`LpPmQ²�£w���ltwkn¤
k�t�~���mut�y{pÀ`Lk�m9k�`Lq^£�`�_=`�pDm9�lq^`��{q ª®soy�mumu`L_¡`LpDmL¦�´epÀ`�pDmo`�p��"~��{s#£��ÈvDq^`�£w�È��yP_¡~SyPko��pDmo`9m���pl¤
�{`LpPmot�`L£�£�`��^`9£w��¢Htmo`Lkok�`9su`L£���mut�¢{`�p6« `�p��{`�pJ�lsu`9~��{k��l`��^t�kok�t�~���mut�y{pÈt�p^r�£w�{k�mutwvDq^`�»Ç~^£��Pknmot���tmor9yPq
¢Ht�ko��yDk�t�murµ½O�^�{p�k-£�`�_=��murLsutw��q6¦l±
`�mumu`�\DjH~Sy�mo\^]Lku`c`Qknm�¢{rLsut�¯�r�`ek�tW£w�9kuy{q^~^£�`Lkoku`mo�{p^�{`LpPmot�`L£�£�`c`Qknm
p^r��P£�t��{rL`8y{q,k�t6£�`Lk�^r�ª®y{so_���mot�yPp�k
mo��p��{`�pDmot�`L£�£�`Lk�l`Qk}kuy{£�t��l`Qk su`Qknmo`�pDmr�£w�{k�mutwvPq�`LkL¦
hHy{qJk
��`�m�mo`e\HjH~Sy�mu\�]Lku`{²{£�`8��yH`�¬���t�`�pDm��l`cso`Lk�mut�muqlmot�yPp�so`�~^sorLku`�pDmu`e��£�y{s�kR£Y« `�pJk�`L_9�^£�`e�l`e£����ltwkn¤
k�t�~���mut�y{p��^q^`3�{ql��~^\^rLp^y{_=]Lp^`Lk�t�p�r�£w�{k�mutwvPq�`Lk=�^��pJk9£�`Lk¡_���mor�sot��{ql��¦�¾O£�£�`3~S`�so_=`�m��ly{pJ���l`
�ly{p�p^`�s}�l`Qk�`Lk�mut�_���mut�y{pJk�lqÈ��yH`�¬���t�`�pDm}�l`8so`Lk�mut�muqlmot�yPp3vDq^t¨kuy{pDm�q^p^twvDq^`�_=`�pDmc�lrL~J`Lp��^�{pPmo`Lk
�l`Lk'����s��{��murLsutwknmot�vDq^`Qk=�l`Lk=_���mor�sot��{ql� `�m'�l`È£��À�Pr�yP_¡r�musot�`,�l`È£w�ÀÊ�yPp^`È�l`0��yPpPm��{��mL¦ ±
`�m�mu`
�lr�¯Jp^tmot�yPp,`Lk�mc�ly{p��8t�p��lrL~J`Lp��^�{pPmo`��lq3ª®suy{m�mo`�_=`�pDm}`�mc�^`#£��=��yPpl¯��Pq^so��mut�y{p3��t�p^r�_���mot�vDq^`��^q
k�jlk�mu]L_¡`P¦

±
`�m�mu`e�lr�¯�p�tmot�yPp6²P�Pkukuyl��t�r�`¥8£Y« \HjH~Jy{mu\^]Qk�`}�l`p�y{p��ltwkukut�~J��mut�¢Htmor�mo�{p^�{`LpPmo``�p��l`L\^y{s�kO�lq¡ª®soy�m�mo`�¤
_=`LpPmQ²P~S`�so_=`�m��l`��^y{p^p^`Ls
�l`Qk-`Qknmot�_���mut�y{p�k
�l`e��yD`�¬���t�`�pDm �l`esu`Qknmotmoqlmut�y{p�vPq�tSkuy{pDm
t�p��lrL~J`Lp��^�{pPmo`Lk
�^q�ª®soy�m�mo`�_=`�pDm�`�mR�l` £��e��t�p^r�_���mot�vDq^`��lq¡��\^yl��¦�±
y{_=_=`
p^yPq�k�£�` ¢{`Lsusoy{p�k��^��pJk¨£w�ekuq^t�mu`P²Q`L£�£�` ~J`Lsu_=`�m
�^y{p�����« `Lk�mut�_=`�s�£�`'��yD`�¬���t�`�pDm9�l`�so`Lk�mut�muqlmot�yPpÀ`�m9£�`Lk#`��SyPs�m�k��{kokuyH��t�rQk#��q���\^yl��kuq^s�q^p³~�suyP�^£�]L_=`
�6« t�p��l`LpPm���mot�yPp©�lt�su`Q��mo`=�^`=�^`�ql� ��y{so~�k�¦�����p�k8£�`Lk�~��{s�mot�`Qk8k�q^t�¢���pDmu`Qk�²Wp^yPq�k8��£�£�yPp�k8�ly{pJ��~�suyP~JyDk�`Ls
�^`Lk�_¡yl�l]L£�`Qk9q�p^t��^t�so`L��mut�y{p^p^`L£�k,»Yk�q^t�¢���pDm�£w� �^t�so`L��mut�y{p�p^yPsu_��{£�`µ½��l`,��yPpPm��{��mL²�vDq^t�~Sy{q^sosoy{pDm9¿�mosu`
`��l~^£�yPtmo`�s}�^�{p�k�l`Qk��t�p^r�_���mot�vDq^`Qk�~^£�q�k¢���sot�rL`Lk�kut6£Y« \HjH~Jy{mu\^]Qk�`�ª®y{pJ�^��_=`�pDm���£�`�`Qknm¢Pr�sot¯�rL`{¦
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§¨`�~�su`L_¡t�`�s~�suyP�^£�]L_=`�vDq^t6p�y{q�k t�pPmor�so`Lkok�`8`Qknm£A« `Qknmot�_���mot�yPp3�{p���£�jDmutwvDq^`��^q,��yH`�¬���t�`�pDm}�l`8su`Qkn¤

motmoqlmut�y{p r�p�`�so�{r�mot�vDq^`,¥©~���sumut�s��l`Lk=���{so�P��mor�sot�k�mutwvDq^`Lk�_���murLsut�`�£�£�`Lk¡`�m=�{rLy{_=r�mosutwvDq^`Lk=�l`,��yPsu~�k¡`Lp
��y{pDmo�P��mQ¦¨hHtR£Y« y{pÀ��yPp�kut��l]Lsu`=q^p�`=�^r�¯�p^t�mut�y{pÀrLp^`�so�{r�mutwvPq�`=�^q"��yD`�¬���t�`�pDm��l`�su`Qknmotmoqlmut�y{p¨²6k�yPp©`Qknmot¤
_���mut�y{pÈ��p��{£�jDmot�vDq^`�kL« �{~^~^q^t�`9kuq^s}£A« `Qknmot�_���mut�y{p,~^sorL��£w����£�`��l`Qk�mus��µ¢���ql�3surQ��£�t�kurLk�~J��s}£�`Lkc`��Wy{sumok}�l`
��y{pDmo�P��mQ¦H±
`Lk
�l`�q^�=~�suyP�^£�]L_=`Lk-kuy{pDm
�^y{p��t�pDmut�_=`�_=`�pDm�£�t�rLkL¦P§-« `Qknmot�_���mot�yPp'�l`QkO`��Wy{sumok-`Lk�m �lyPp��}q�p
~Sy{t�pDmt�p��^t�ku~J`Lp�ko���^£�`�¥¡q^p^`#�Sy{p^p^`#`Qknmot�_���mut�y{p,�lqÈ��yH`�¬���t�`�pDm}�l`#so`Lk�mut�muqlmot�yPp6¦

�e` ~^£�q�kL²
�^�{p�k�q^p�` _=yl�lr�£�t�ko��mot�yPp �lq ��yPpPm��{��m�`�pDmuso` kuy{£�t��l`Qk�sot��Pt��l`Qk�²-£�`Qk�~S`�s���q�kok�t�y{pJk�k�yPpDm
qJk�q^`L£�£�`�_=`LpPme£�`Qk¢���sot��{�^£�`Qk}k�mu\^rLp^t�vDq^`Qk~^sot�pJ��t�~���£�`LkL¦JhHt�`�£�£�`Qkckuy{pDmck�q^¬�ko��pDmo`Lk~Sy{q^se�lr�mo`�so_¡t�p^`Ls}£��
¢��{sutw��mot�yPp �l`�vDq���pDmut�mur=�l`=_=y{q^¢P`�_=`�pDm#��q"��y{q�sok8�lqÀ��\^yl�9`�m8�^y{p��=�lrQ�lq^t�su`¡£Y« r�m���m��l`Qke¢��{sutw���^£�`Lk
��t�p�r�_���mot�vDq^`Qke�{~^su]Qk}£A« t�p�k�mo�{pPm#�lq"��\^yl��²S`�£�£�`�p^`¡�^y{p^p^`LpDme~��{s���y{pDmuso`��{q���q^p�`9`Lk�mut�_���mot�yPp k�q�se£�`Lk
`��SyPs�m�kc~S`�pJ�^��pDm8£�`¡��y{pDm��{��mQ¦J¾-p©yPqlmuso`{²W��`�m�mu`¡`Lk�mut�_���mot�yPp �l`Lke`��Wy{sumok�ku`�sor�¢P]�£�`�¿�mosu`�~^sut�_=y{s��ltw��£�`
����p�k�£�`,�lt�_=`�p�kut�yPp^p^`L_¡`LpDm¡_=rL�L��p^twvDq^`��^`Lk¡knmosuq���muq^so`Lk¡��q�su`L�P�{so�³�l`Qk���\�yH�Lk�¦O±
`3~^suyP�^£�]�_=`��l`
£A« `Lk�mut�_=��mut�y{p �l`Lk=`��SyPs�m�k���q ��yPpPm��{��m=`Qknm��lyPp��3q^p ~^soy{�^£�]�_=`È��£�r,£�yPsokovDq^`�£A« y{p ¢{`Lqlm�`Lk�mut�_¡`Ls�£�`
��yH`�¬���t�`�pDm}�l`#so`Lk�mut�muqlmot�yPp�`�mc�lt�_=`Lp�k�t�y{p�p^`�s£�`Lkk�musoq���moq^so`Lk¥¡£Y« t�_¡~J�{��mQ¦

§¨`}k�`Q��y{pJ�9~^soy{��£�]L_¡`vDq^t^`QknmO~SyPkur�^��pJkO��`�m�mu`r�muq��^``Lk�m-�ly{p���q�p¡~�suyP�^£�]L_=` t�pH¢{`Lsoku`{¦{±
y{p�p���twkn¤
ko��pDmO£w�#~S`�s���q�kok�t�y{p¡£�y{s�kO��« q^p�t�_¡~J�{��mO`LpDmuso`c�l`�q^�=kuy{£�t��^`LkRsot��Pt��^`LkL²{��t�p�kut�vDq^`}£w�#��t�p^r�_���mot�vDq^`e�µ¢µ�{pDm
`�m���~^so]Lk���\^yl��²�vDq^`�£R~S`�q^m8¿�muso`=£Y« `��Wy{sum8�^r�¢{`L£�yP~^~Sr¡�{q"��y{q^sum8�6« q^p©mu`L_=~�k#�l`���yPpPm��{��me¯�p�tOk�t�£A« yPp
mot�`LpDme��yP_¡~^mu`��^`�£��'�lr�ª®yPsu_�����t�£�tmor9�l`Qkc��yPsu~Jk��¡´ep0��y{_=~^so`�p��È�{t�kur�_=`LpPmcvDq^`�£���surQk�yP£�qlmot�yPpÈ�l`9��`
~�suyP�^£�]L_=`�p^`�~S`�qlm�ku`�ªÇ�{t�so`�ku�{p�k#\HjH~Jy{mu\^]Qk�`Qk�kuq^~^~^£�r�_=`�pDm���t�su`Qk#k�q^s9£��ÈpJ��muq�su`��lq���y{pDmo�P��m�`�m9£�`
~�suyl��`Qkukuq�k}�^`��lr�ª®y{so_=��mut�y{pÈ�l`Qke��y{so~�k�¦J�c`�~^£�qJk�²S£�`9su`�muy{q�sekuq^sc£�`Lkc`��Wy{sumok}p�rL��`Qkukut�mu`�q^p�`9t�pPmor��Pso��¤
mot�yPp���yP_¡~�£�]�mu`}�l`}£w���ljHp��{_=t�vDq^`~S`�p�����pDm-£�`c��yPpPm��{��mO`�pDmuso`c�l`Lql�=��y{so~�kR�lr�ª®y{so_=�{�^£�`LkR£�t�rQkO~��{sOq^p^`
��y{p��^tmot�yPp3�l`���y{pDmo�P��mq^p^t�£w��murLso�{£Y¦
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����p�k8��`�m�mo`=~���sumut�`{²Wy{p"�ly{p�p^`�q�p©��~S`�s ��q"�l`Lk8�lt��Wr�so`�pDmok�_=yl�l]�£�`Lk8�l`=��yPpPm��{��m8vDq^`¡£Y« y{p"�'~�q

so`L��`�p�ku`�sR�^�{p�kR£w�8£�t�m�mor�s���moq^su`P¦��°£JkL« �{�{t�mO�^��p�k-��`}���PkR�l`~^sorL��t�ku`�sR£w�8~^\Hjlk�twvDq^`�lq���yPpPm��{��m�`Lp¡mu`�so_=`Lk
�6« `��SyPs�m�k�²S��« t�pDmurL�{so`�s}£�`LkcrLvDq���mot�yPp�k}�lqÈ_=yPq^¢{`L_¡`LpDmc~JyPq^scyP�lmu`Lp^t�scq^p^`9`Lk�mut�_=��mut�y{p0�l`Qk}`��SyPs�m�k}`�m
�^q,��yH`�¬���t�`�pDm}�l`#so`Lk�mut�muqlmot�yPp6¦

´epÀk�`¡�Sy{sop^`¡����p�k�q^p"~^so`�_=t�`Ls�mu`�_=~�k8�{q©_=yl�l]�£�`=vPq�tR`Lk�mut�_¡`¡q^pÀ��yH`�¬���t�`LpPm#�l`=so`Lk�mut�muqlmot�yPp
��y{_=_=`Ot�£P£A« �}r�mur �lr�¯Jp^tD����p�k¨£��c~���sumut�`O~^sorL��rL�l`LpPmo`{¦!�°£DkL« �{�{t�m¨�ly{pJ�O`Lkoku`�pDmut�`�£�£�`L_=`�pDm��l` k�`Os���_=`Lp^`�s¨¥
q�p^`su`L£���mut�y{p¡q^p^tw�lt�_¡`Lp�kut�yPp^p^`�£�£�``�pDmuso`�£��eª®y{s���`�p^yPsu_��{£�`�`�mO£w�8¢Htmo`Lkok�`�yPq¡£�`�lr�~�£��P��`�_=`LpPmOp�y{so_=�{£Y¦

´ep�~J`Lqlm�muy{q^mu`�ª®yPt�k kut��Pp���£�`�s�vDq^`e�l`�p^yP_9�^so`�q�ku`Lk
r�moq��l`Qk�»�� ��� �
 ! 	 ¦�²���G 2��^²���G 2=2H²���G{¼��Q½�yPpPm
r�mur}sorL�{£�twkur�`LkRkuq^sO£�`c��y{_=~JyPs�mo`�_=`�pDmOm���p^�P`�pDmO`�p�`��l~^£�yPtm���pDmO£�`}_=yH�^]�£�`c�l`c��y{pDmo�P��m-�l`�� � ¹W¹ � �6· �	�
� � � � � � � »
� � ¹W¹ � �¨· �R²��AG ) ¼ � � � � � � � �R²6�AG{�=G � � � � � � � � ��� ·^¸�·
	 �Ï· � ��WºH²��AGP� ) ½�¦ �°£�kL« �{�{t�m
����p�k���`Qk��l`�sop^t�`�s�k-moso�µ¢��{ql���l`8_¡yl�lrL£�twku`�s�£Y« t�pPmo`�s��{��mut�y{p'`LpDmuso`e£�`#��y{_=~Sy{sumu`L_¡`LpDm
m���p^�P`�pDmut�`�£R»®rL£��Pkn¤
mot�vDq^`È`�m't�p^r�£w�{k�mutwvDq^`Q½¡`�m�£�`,ª®soy�mumu`�_=`LpPmQ¦-a}yPq�k��µ¢Py{p�k=��\^yPt�kutc�^�{p�k���`�m�mu` ~���sumut�`È�l`0p^rL�{£�t��P`�s=£��
�^t�kok�t�~���mut�y{p0m���p^�P`�pDmut�`�£�£�`=�^q©_���mor�sot��{q6²�`�p"£�`=kuq^~^~SyPko��pDm#sot��Pt��l`¡y{q"r�£w�{k�mutwvDq^`=`�m#`�p³��y{pl¯J�{pDm8�{q
ª®soy�mumu`L_¡`LpDm�£A« `�p�ku`�_��^£�`��^`�£w���ltwkukut�~���mot�yPp'm���p^�P`�pDmut�`�£�£�`P¦

¾OpÀ��`=vDq^t���y{pJ��`�sop^`�£�`Qkcmoso�µ¢��{ql�,kuq^s8£A« `Qknmot�_���mot�yPp �lq"��yH`�¬���t�`�pDm8r�p^`Lsu�Pr�mot�vDq^`¡��t�p�k�t�vDq^`=�l`Lk
`��SyPs�m�k�²^�^`�ql���{~^~^soyl��\^`Lk��ltwknmot�pJ��mu`Qk~S`�q^¢P`�pDm}¿�mosu`#kut��Pp���£�r�`Qk5�
• 	 ��� $ �A� ' 	 ��� � % � ��	 � � 		�
�'��� ���'	�� 	�$ �
�D��	�� �'�R� 	 �
( �°£Wk�« ���Ptm �l`}_=yl�l]�£�`Lk-_¡rQ���{p^t�vDq^`QkOq^p�t��lt�_=`�p�kut�y{pl¤

p^`�£wkO��y{_=~JyDk�rQkR��« �{kok�`L_9�^£w���P` ��« r�£�r�_=`LpPm�kRso\^r�yP£�yP�{twvPq�`Lk�r�£�r�_=`�pDm���t�su`Qk»®so`Lkok�yPs�mQ²���_=y{sumutwkuku`�q�s
`�m8~���mot�pS½�¦6±
`Lke_¡yl�l]L£�`Qke��y{p�k�mut�muq�`�pDmeq^p�`9r�m���~S`�t�pDmu`Lsu_=rL�^t��{t�so`9¥�£w��_=yl�lr�£�twku��mut�y{p0~^soy{~�su`�¤
_=`�pDm3�lt�mu`"�lq ��y{pDmo�P��mL¦ �°£�k�t�pPmosuyl�lq�t�ku`�pDm'`Lp ªÇ��t�m�q^p _¡yl�l]L£�`"k�t�_=~^£�t¯�rP²
£�`0~^£�q�k3k�yPq^¢{`LpDm
q^p^tw�lt�su`Q��mut�y{p�p^`�£A²���y{_=~JyPs�m���pDm#q^p³p^yP_9�^so`¡ªÇ��t��^£�`��l`�~���s���_=]�muso`LkL²6k�q^s9£�`QvPq�`�£OyPpÀ�{~^~^£�t�vDq^`
£�`Qk}��yPp��lt�mut�y{p�k�t�p^t�mutw��£�`Lk�lqÈ��\^yl���µ¦J´ep,`�p,�lyPp^p^`�s��¡q^pÈ��~S`�s ��q,��q3~���s����Pso�{~^\^` ) ¦��{¦

• 	 ��� $ ��� ' 	 ��� �W���'�	��'�>�
( ±
`��l`�q^�Ht�]�_=`�mnjH~S`'�l`�_=yl�l]�£�`Lk�k�« ��mumo�P��\^`�¥È�lrL��sut�su`=¯Jp^`�_=`�pDm9£w�,_=r�¤
���{p^t�vDq^`=�lq"��y{pDm��{��m�`�pDmuso`=�l`�ql� ��y{so~�kc�^`��Pr�y{_=r�musot�`¡�ly{p^p�r�`{¦ �°£RkL« �{�{t�m��^�{p�k8��`Lke_=yl�l]�£�`Lk
�l`=surQk�yPq��lso`9£�`Lk�rLvDq���mut�y{p�k��l`=£w�'_=rL�L��p^twvDq^`=�l`Lk�_=t�£�t�`�ql�©��y{pDmut�pHq�kL²Wkuy{qJke�l`Qk8\HjD~Sy�mo\^]Lku`Lk
k�q^¬�ko��_=_=`�pDm}so`Lk�musot���mut�¢{`Qk kuq^s£�`Lk�Pr�yP_¡r�musot�`Qk `�m}£�`Lk��yP_=~JyPs�mo`�_=`�pDmok�^`Lk_���mor�sot��{ql��~Sy{q^s
~J`Lsu_=`�m�muso`}q^p�`surQk�yP£�qlmot�yPp¡�{p���£�jDmutwvDq^`{¦{acy{q�kOt�pDmusoyl�lq^t�suyPp�kR��`QkR_=yl�l]�£�`LkO�{q=~���s����Pso�{~^\^` ) ¦×�
vDq^t�ª®`�soy{pDm£A« yP�lzn`�mc�l`8~^£�q�k}�{_=~^£�`Qk�lr�¢P`�£�y{~^~S`�_=`LpPm�k�^��pJk�£�`Qk�~���sumut�`Lkkuq^t�¢µ�{pDmu`LkL¦
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�� % #�� %���
 '�
 � #����$
����/� #$� �
´ep��lyPp^p^`c����p�k
��`�mumu`}~J��sumut�`}q^p���~S`�s ��q�p�y{p�`��l\��{q�k�mut�ª��^`LkO_=yl�l]L£�`QkOso\^r�yP£�yP�{twvPq�`Lk�q^p^tw�lt�_=`�pl¤

kut�y{p^p^`L£�kvDq^t�~S`�q�¢{`�pDm}¿�muso`emosuyPq^¢{rQk��^��p�k�£w�=£�tmumur�s���moq^so`{¦
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�e`�ql�3_=yH�^]�£�`Lk��« �{kok�`L_9�^£w���P`��^`�so`Lkokuy{sum £�t�p�rL��t�so`e`�mc��« �{_=y{sumutwkuku`�q^s�µ¢P`L����_=y{sumutwkuku`�q�s kuy{pDm£�`

~�£�q�k¡kuy{q^¢P`�pDm9so`�p���y{pDmusorLkL¦ �°£�k�« ���Ptm=�lq�_=yl�l]�£�`��l`��8`�£�¢Ht�pl¤ SRy{t���m3»Ç�{koku`�_9��£��{�{`�~��{so�{£�£�]�£�`Q½8`�m=�^q
_=yl�l]L£�`#�l`�d0��� �
`L£�£O»Y�{kok�`L_9�^£w���P`ekur�sot�`µ½�¦
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k

c
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k c

��� ��� Ü����nÕ×Ó8�µÓ ��� 2���ÓnÕ×Õ

������ ) � � �W�
��$ � 	 ! � � ��	�$ % 	 �������W�
���� 	 	�� � !�	�� ��! $ � ���	 �W�
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hHtl£A« y{p�kuq^~^~SyPku`�vPq�` £�` su`Qkukuy{sum�`QknmR£�t�p^rQ��t�su` �l`�so�{t��^`�q^s
k
`�m�£A« �{_=y{sumutwkuku`�q^s�`Lk�m�£�q^t^�{q�kok�tH£�t�p^rQ��t�su`

�^`�¢Htwku��yPkutmor
c
²^£A« `��SyPs�m}�^�{p�k�£Y« �{koku`�_9��£��{�{`�`Lk�m�£�`�kuq^t�¢��{pPm��

F = cξ̇ + kξ
~JyPq^s£�`#_=yl�l]L£�`#�l`��8`L£�¢Ht�p SRyPt��{m »A�{½

ξ̇ =
Ḟ

k
+
F

c

~Sy{q^s£�`#_=yH�^]�£�`8�^`�d0��� � `�£�£ »Ç�P½
y �

ξ
`Lk�m£����^r�ª®y{so_���mot�yPp��l`#£A« �Pkuku`�_��^£w���{`�~��{s s���~�~JyPs�m}¥¡q^p^`#~SyPkutmot�yPp3�^`#sur�ª®r�so`�p���`{¦

Á�Â 0:7HÆ * 0�* )�*HÆ � 0 / Ä��#ÂR0 JÃ §¨`È_=yH�^]�£�`,�^`��8`�£�¢Dt�pl¤ SRy{t���m��Àr�morÈqlmut�£�t�kur0�^��pJk��l`Èp^y{_��^so`�ql�
moso�µ¢��{ql� ~Sy{q^s�_=yl�lrL£�twk�`Ls�£�`Lk�`��SyPs�m�k���q³��y{pDmo�P��m'»  ¸ � ���²O��G�G{� ��� ���$�w¹ �� !�	 ¦�² �AG=G{�P½��lqÀªÇ�{tm
�^`8ko�=k�t�_=~^£�t���tmor{¦^x�`�pJ�^��pDm}£�`���y{pDm��{��mQ²l£Y« rLvDq���mut�y{p,�lq,_=y{q^¢P`�_=`�pDm}�l`#k�yP£�tw�l`8t�_¡~J�{��mc�^`#_=�{p^t�]�so`
��y{£�t�p�rL��t�so`e`Qknm}�lyPp^p^r#~��{sq^p^`8rLvDq���mut�y{p3£�t�p^rL�{t�so`#�lqÈk�`Q��yPp��'yPso�^su`��

mξ̈ + cξ + kξ = 0
»�2{½

�^y{pDm-£w�9kuy{£�qlmut�y{p�~S`�qlm�¿�mosu`e�ly{p^p�r�`e�{p���£�jDmutwvDq^`�_=`�pDm-~Sy{q�s
£�`Lk
��y{pJ�ltmot�yPp�k ��ql�=£�t�_=tmo`Lk
ξ(t = 0) =

0, ξ̇(t = 0) = v0
~���s��

ξ(t) =
v0
ω0

exp(−αω0t) sin(ω0

√

1 − α2t)
»Ç¼P½

y �
ω0 =

√

k

m

£w�}~^q^£wko��mut�y{p9~^suyP~^so`-�lq9kujlknmo]�_=`{²
α =

c

cc

£�`
~���s���_=]�mosu`
�l`-¢Htwku��yPkutmor-`�m
cc = 2

√
km£A« ��_=y{sumutwkuku`�_=`LpPm���sut�mutwvDq^`{¦±
`�m�mo` kuy{£�qlmut�y{p `Lk�m�p���muq^so`�£�£�`L_=`�pDm'¢���£w���^£�`È~Sy{q^s�q�p ~���s���_=]�mosu`È�l`

¢Htwku��yPkutmor
α
��y{_=~^sotwk�`�pDmuso`

0
`�m

1
²^��`�vDq^t���y{soso`Lku~JyPp���¥=£w��_���zny{sotmor��l`Qk}kutmoq���mot�yPp�k�~^\Hjlk�twvDq^`LkL¦
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§¨`���yH`�¬���t�`�pDm}�l`#so`Lk�mut�muqlmot�yPp3ku`��lrQ�lq^t�mc��£�y{s�k
pJ��muq�su`L£�£�`�_=`�pDm��

en = exp

(

− απ
√

1 − α2

)

»�GP½

±
`#��yD`�¬���t�`�pDmc�¡r�mur#r�mo�{�^£�t6�^`#_=�{p^t�]�so`�sot��{y{q�su`Lq�k�`e~���s�» � � � � � � �  � � ¹6º�� � ��²��{�{���Q½�¦
����p�k�£�`���Pk�y �

α ≥ 1
²�£�`�_¡yl�l]L£�`�p^` so`�~^soyl�lq^t�m�~�£�q�k�so`��Sy{pJ��²µy{p¡~J`LqlmO�ly{p�� `Qknmot�_=`�sRvDq^`�£�`���y�¤

`�¬���t�`�pDm��^` so`Lk�mut�muq^mut�y{p¡`Lk�m�rL�P��£�`�¥
0
`�mOvDq^`�p^y{qJk�kuy{_=_=`Lk��^�{p�k�£�`�L�{k���« q^p�t�_=~��{��mR~���suªÇ��t�mu`L_¡`LpDm

~�£��Pknmot�vDq^`P¦

Á�Â 0:7HÆ * 0�* Á ��O%-
*HÆÇÆ ±
yP_=_¡`À£�`Àsu`L_=�{sovDq^`À¶ � ��¹ � �e¸
� 	 	 � · � »n��G 2{�{½�²�£�`À_¡yl�l]L£�`³�l`
�8`L£�¢Ht�pl¤ SRy{t���m�~SyPkoku]L�l`"vPq�`�£wvPq�`Lk3t�pJ��y{\�r�so`�p���`Lk�~^\HjHkutwvPq�`LkL¦
¾Op ~��{s�mot���q^£�t�`�sQ² £���~^sorLku`�p���`"��« q^p^`
�^t�ko��yPpPmot�pHq^t�mur��l`'£w�Èª®yPso��`'�l`���y{pDmo�P��m�¥ £Y« t�p�knm���pDm�t�p^t�mutw��£��l`���y{pDmo�P��m��^q^`��{q�_���p�vDq^`3��« rL£��Pknmot¤
��tmoret�p�k�mo�{pPm���p^rL`e�lq�_=yH�^]�£�`{¦Hx�y{q^s�k�q�su_=y{pDmo`�s���`�mumu`8�lt�¬���q^£�mur{²H£�`e_=yl�l]L£�`8�l`8d0��� � `�£�£J~S`�qlm�¿�mosu`
q^mut�£�twk�rP¦S±
`8_=yH�^]�£�`���y{pJ�lq^t�mc¥�q�p3rQvDq���mot�yPp��lt��SrLsu`LpDmut�`�£�£�`���« y{s��lso`

3
kuy{qJk
£w�¡ª®y{so_=`#k�q^t�¢���pDmu`��

¦�¦�¦
ξ +

k

c
ξ̈ +

k

m
ξ̇ = 0

»n�Q�P½

��¢{`Q�,£�`Qk���yPp��lt�mut�y{p�k�t�p^t�mutw��£�`LkL²
ξ̈(t = 0) = 0, ξ̇(t = 0) = v0, ξ(t = 0) = 0

²-£w�³kuy{£�qlmut�y{p
kL« y{�lmot�`LpPm}kuy{q�k�£w��ª®y{so_=`8kuq^t�¢���pDmu`��

ξ(t) = exp(−νω0t)

(

v0

ω
√

1 − ν2
sin(ω0

√

1 − ν2t) − 2νv0
ω0

cos(ω0t)

)

+
2νv0
ω0

»��{�Q½

y �
ν =

√
km

2c
=

1

4α

¦
±
`#_=yl�l]�£�`8r�¢Ht�mu`��lyPp���£��=�ltwku��y{pDmut�pHq^t�mur#�l`Lk�`��SyPs�m�k¥¡£Y« t�pJknm���pDm}t�p�tmot��{£6�lqÈ��y{pDm��{��mQ¦ �°£�`Lk�m}~���s

��y{pDmuso`=�{kok�`LÊ¡�lt�¬���t�£�`�¥�znq�k�mut�¯�`�s#~�\Djlkut�vDq^`L_=`�pDm�����s8t�£Rp^`���yPsuso`Lku~JyPp��0~J�{k8¥3q^p³��y{_=~Sy{sumu`L_¡`LpDm
kuy{£�tw�l`Èq�kuq^`�£A¦-¾Op `��S`�mL² �^��p�k�£�`0_=yl�l]L£�`0�l`©d0��� � `�£�£Y²Ot�£cp¨« `Qknm�~��Pk���« r�m���m���« rLvDq^t�£�t��^so` ¥"ª®yPso��`
��y{p�k�mo�{pDmu`{¦^´ep'`Qknm���£�y{s�k-~�£�q�k��^�{p�k
q^p3��y{_=~Sy{sumu`�_=`LpPm��l`emnjD~S` ��q^tw�l`{¦ �°£W`Lk�m��^`e~^£�q�k t�pPmor�so`Lkoku�{pDm
�^`9p^y{mu`�s8vDq^`¡£��'¢Dtwko��yPkut�mur��^`9£A« �{_¡yPs�mot�koku`�q^s

c
²���~^~��{so� ��m��l`9ªÇ� ��yPp �lt��SrLsu`LpPmo`��^�{p�k�£�`¡��yH`�¬���t�`LpPm

�^`}¢Ht�ko��yDk�t�mur
ν
¦l´ep�~J`Lqlm
�{£�yPsokOku`~SyPku`�sO£w��vDq^`Lk�mut�y{p��l`ek�t��{p^t�¯J�L��mut�y{p=~^\Hjlkut�vDq^`c�^`c��`�m�mu`c¢Dtwko��yPkut�mur{¦

±
`©_¡yl�l]L£�`"��yPp��lq^t�m3¥³£w�³_=¿�_=`©r�p^`Lsu�Pt�` �^t�kok�t�~Sr�` ~S`�pJ�^��pDm�£A« t�_=~��P��m�`�m3�lyPp��0¥³£w��_=¿L_¡`
`Qknmot�_���mut�y{p,�lqÈ��yH`�¬���t�`�pDm}�l`#so`Lk�mut�muqlmot�yPp6¦

��ÂS��� * / Ã!�'0 ��*H�'�Q��� Å *H�È��Â 0 7DÆ *H� ±
`Qk8_¡yl�l]L£�`Qk#k�yPpDm8�Pkuku`�Ê=~��{q^¢Hsu`Qke~�q^t�kovDq^`=£�`¡mo`�_=~�k��l`
��y{pDmo�P��m-�{t�p�kut�vDq^`}£�`c��yD`�¬���t�`�pDm-�l`}so`Lk�mut�muqlmot�yPp�k�yPpDmOt�p��^r�~S`�p��^�{pDmok-�^`}£��8¢Ht�mu`Qkuku`}t�p^tmot��{£�`e�l`}��\^yl��²
��`#vPq�t6`Lk�m}so�{su`L_=`�pDm`�pÈ�{�L��y{s��'�µ¢P`L�e£�`Qk`��l~Sr�sot�`Lp���`Qk�¦lx�yPq^s

α → 1
tA¦ `P¦

c → cc
²�y{p,y{�lmot�`LpDm����p�k

£�`Lk�^`�ql�,���{k
en → 0

��« `Lk�m¥=�lt�so`#q^p^`#��yPpPm��{��m�~J��suªÇ��t�mu`�_=`LpPm~^£w�{k�mutwvDq^`{¦
�e`=~^£�qJk�²�t�£R~���s���t�met�pDmurLsu`Qkuko��pDm��^`¡so`�_��{sovDq^`Ls�vDq^`¡£��3��yPp��lt�mut�y{pÀ�l`=��y{pDm��{��m8q^p^t�£w��murLso�{£�p6« `Qknm

~J�{kso`Lku~J`Q��mor�`#�^��pJk£Y« t�pPmor��Pso��mut�y{p,�lqÈ_=y{q^¢P`�_=`�pDmL¦�¾OpÈ`��W`�mQ²�£�`#_¡yPq^¢{`L_=`�pDm}`Lk�mct�pPmor��Psur#kuq^s}q^p^`
~Sr�sot�yH�^`e�l`�£Y« yPko��t�£�£���mu`�q�s
~Sy{q^s�yP�lmu`Lp^t�s q^p^`�`Lk�mut�_���mot�yPp��lq3��yH`�¬���t�`�pDm��l`eso`Lk�mut�muq^mut�y{p6¦ �°£���~^~J��s����wm
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�^y{p���vDq^`e£w�9ª®y{s���`�~J`Lqlm}�l`�¢P`�p^t�s
p�r��P��mut�¢{`8�^��pJk-£A« �Pkuku`�_��^£w���{`esu`Qkukuy{sum�����_=y{sumutwkok�`Lq^sL¦�§¨`cmo`�_=~�k�l`
��y{pDmo�P��m}sor�`L£¨`Lk�me�{£�yPsok�t�plª®r�sot�`�q^s�¥=q^p^`9~Sr�sot�yH�^`9��« yPko��t�£�£w��mot�yPp3~�q^t�kovDq^`�£�y{s�kuvDq^`8£w�=ª®y{s���`�k�« ��p^pHq^£�`{²
£�`���yPpDmo�{��m}��`Lkoku`{¦�§-« `Qknmot�_���mot�yPp3�^q0��yH`�¬���t�`�pDm}�l`�so`Lk�mut�muq^mut�y{pÈ�l`�¢Hs���t�m}�ly{p���mo`�p^t�sc��y{_=~lmu`��^`���`�m
�Pk�~S`L��mL¦

 ��¹	��6·^¸ � � ·&� � � � � � »A���P�{�P½e~^soy{~SyPku`�pDm9�l`3��yPsusot��P`�s8£�`'_=yl�l]�£�`'�l` �8`L£�¢Ht�pl¤ SRy{t���m�~Sy{q^s
rL¢Htmo`�s��l`È~^so`�pJ�lsu`,`Lp ��y{_=~lmo`È£��"ª®yPso��`,�^`,mus��{��mot�yPp vDq^tc~J`Lqlm'¿�mosu`,~^sorLku`�pDmo`,����p�k�£�`È_=yl�l]�£�`{¦
�°£wk��L��£w��q^£�`�pDm�~Sy{q^s���`�£w�À£�`,mo`�_=~�k�sor�`L£c�l`,¯�p �l`0��y{pDmo�P��mQ²

tf
£�y{s�kuvDq^`,£w� ª®yPso��`0k�« ��p�pDq�£�`,~Sy{q^s

0 ≤ α < 1
�

tf =
1

ω0

√

1 − α2
arctan

(

2α
√

1 − α2

2α2 − 1

)

»��Q�{½

´ep3y{�^mut�`�pDmc��£�y{s�k q^p^`8`Lk�mut�_���mut�y{pÈ�lqÈ��yD`�¬���t�`�pDm}�l`#su`Qknmotmoqlmut�y{p,kuy{q�k�£w��ª®y{so_¡`#kuq^t�¢µ�{pDmu`��

en = exp

(

− α√
1 − α2

arctan

(

2α
√

1 − α2

2α2 − 1

))

»�� ) ½

Á�Â 0:7HÆ * 0�*�� * / * � x�y{q^s�rL¢Htmo`�s#£�`�ku�{qlm9�l`�ª®yPso��`=¥,£A« t�p�k�mo�{pDm�t�p^t�mutw��£A²�moy{qlm�`Lp���y{pJk�`Lsu¢���pDm8£��
£�t�p^rL�{sut�mur9�^qÈ_¡yl�l]L£�`P²�q^p�`���£�mu`LsupJ��mut�¢{`���y{p�kutwknmo`9¥=t�pDmosuyl�lq^t�so`�q^p^`�rL£��Pknmot���tmor9t�p�k�mo��pDm���p^rL`��^��p�kc£�`
_=yl�l]L£�`P¦J±
`�£w�=`Lk�m ªÇ�{tm}`LpÈ��y{_=~^£�r�m���pDm£�`#_=yl�l]L£�`#�l`��8`L£�¢Ht�pl¤�SRyPt��{m ~J��sq^p,so`Lkok�yPs�m�`�pÈkur�sot�`P¦^±
`L£��
��y{p��^q^tmc�{q3��r�£�]��^so`8_=yH�^]�£�`8�^`��S`�p^`Lssu`L~^sorLku`�pDmur8¥¡£���¯��Pq^su`8�J¦

����

������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
k1

k2

c

������ S� �
	 �A� ' 	M�P�=��� ���F���

§��9ª®yPso��`#�^��p�k�£A« �{kok�`L_9�^£w���P`e`Qknm}��£�y{s�k su`L£�t�r�`#�{q,�^r�~^£w�{��`�_=`�pDm
ξ
~J��s£w��so`�£w��mot�yPp�kuq^t�¢µ�{pDmu`��

(k1 + k2)F + cḞ = k2k1ξ + k2cξ̇
»����D½

��`#vPq�t¨��yPp��lq^t�mc¥¡£Y« rLvDq���mut�y{p,�lq,_¡yPq^¢{`L_=`�pDm¢µ�{£��{�^£�`�~S`�pJ�^��pDm£�`���y{pDmo�P��m��

2αη

ω0

¦�¦�¦
ξ + ξ̈ + 2αω0ξ̇ + ω2

0ξ = 0
»n�µ�{½
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y ��£w�9~^q�£�ko��mot�yPp
ω0

`Lk�m £w��~^q^£wku��mut�y{p�p���muq^so`�£�£�`��lq3k�jlk�mu]L_¡`P²
α
£�`�~���s���_=]�mosu`e�l`e¢Htwku��yPkutmorc`�m

η
q^p

s���~�~JyPs�m�l`#s���tw�l`�q^s�lr�¯�p^twk~��{s��

ω0 =

√

k1k2

(k1 + k2)m

»��L�P½

α =
k2c

2(k1 + k2)mω0

»�� 2�½

η =
k1

k1 + k2

»��L¼P½

�°£�`Lk�m�¥�p^y�mo`�sevDq^`�£�yPsokovDq^`
k2 → ∞ ²Sy{pÈso`�musoy{q�¢{`�£�`�_=yl�l]�£�`�k�mo�{p��^��s��È�l` �8`�£�¢Dt�pl¤ SRy{t���m�»

ω0 →
√

k1/m
²
α → c/2mω0

²
η → 0

½�¦
§��,surQk�yP£�qlmot�yPp³�l`'��`�m�mo`�rLvDq���mut�y{pÀ�lt�Wr�so`�pDmot�`L£�£�`�p6« `Lk�m9�{rLp^r�s���£�`�_=`LpPm#~��Pk#~SyPkok�t��^£�`{¦6¾Op�k�« ��~l¤

~�q^jP�{pPm�k�q^se£��'su`L_���s�vPq�`#~^surQ��rQ�l`�pDmu`P²�t�£�`Qknm�~���s���yPpPmosu`9~JyDkukut���£�`9�^`��lyPp^p^`�seq^p^`¡k�yP£�qlmot�yPp0�{s �{��`
¥,q�p^`�mu`Q��\^p^twvDq^`��l`�~S`�sumuq^so����mut�y{pÀ~JyPq^s

η ≪ 1
¦�±
`�mumu`�mo`L��\^p^twvDq^`=ª®y{q�sup^t�m9q^p�`�`Lk�mut�_=��mut�y{p��lq

��yH`�¬���t�`�pDm}�l`#so`Lk�mut�muqlmot�yPp�¢���£w����£�`#¥¡£Y« y{s��lso`
1
`Lp

η
�

en = exp

[(

− α
√

1 − α2
+ ηf1(α)

)(

arctan

(

2α
√

1 − α2

2α2 − 1

)

+ ηf2(α)

)]

»��AGP½

�µ¢P`L�
f1(α) = α− α3/2 + O(α5)

`�m
f2(α) = 2α− 3α3 + O(α5)§¨`c~��{so�{_¡]�muso`c�{�^t�_=`�pJk�t�y{p^p�`�£

η
~S`�so_=`�m�~^\Hjlk�twvDq^`�_=`�pDm��l`e��y{pDmus��{£�`�s
£��#sor��Pq^£w��sot�ko��mot�yPp=kuq^s £�`

ko��q^m�^`eª®yPso��`#¥�£A« t�p�k�mo�{pDm�t�p^t�mutw��£¨�^`�£A« t�_=~��P��mL¦ShHt
η = 0

²ly{p3so`�musoy{q�¢{`�£�`8_=yl�l]�£�`��l` �8`�£�¢Ht�pl¤ SRy{t���m
�µ¢P`L�eq^p^`��ltwko��y{pDmot�pHq^t�mur#��q,�lrL~���sumL¦

� 0Ç�"��Æ �lÃ�0ÇÂ / � / �����,� 0�;���*H� ´ep�~^sorLku`�pDmo`ck�q�s-£w�#¯��Pq^su`��#£�`}surQk�q�£m���m �6« t�pDmur��Pso��mut�y{p�pHq^_=r�sotwvPq�`
`��S`Q��moq^r¡kuy{qJkehl��t�£w���"��y{pJ��`�sop��{pPme£��'su`L£���mut�y{pÈ`�pDmosu`�£Y« t�pJ�l`�pDmo��mut�y{p0`�m�£w��ª®yPso��`��^�{p�ke£Y« �{kok�`L_9�^£w���P`
so`Lkokuy{sum�¤°��_=y{sumutwkuku`�q�sL¦�´ep©so`�_���s�vDq^`�vDq^`�£Y« `�pJk�`L_9�^£�`��l`Lk#_=yl�l]L£�`Qk���yPp��lq^twk�`LpDm#¥È�^`Lk#`��SyPs�m�k8p^r�¤
�D��motªÇk�`Lp,¯�pÈ�l`���yPpPm��{��mL¦J´ep,su`L_���s�vPq�`8�^`#~^£�qJk}vDq^`#£�`#_=yl�l]L£�`��l` �S`�p^`LsL²^��y{_=_=`#£�`#_=yl�l]L£�`��l`
d ��� �
`L£�£A²l~S`�so_¡`�m}��« rL¢Htmo`�s}£�`#ku�{qlmc�l`�ª®y{s���`#¥¡£Y« t�p�knm���pDm}t�p^tmot��{£¨�lq,��yPpPm��{��mL¦

hHq�s
£w�8¯��Pq^su`}��²{yPp�su`L~JyPs�mo`£�`����{£���q^£J�lq���yH`�¬���t�`�pDm �^`}su`Qknmotmoqlmut�y{p'`�p=ª®y{pJ��mut�y{p��^q'��yH`�¬���t�`LpPm
�^`c¢Ht�ko��yDk�t�murP¦H´ep�so`�_��{sovDq^`ckut�_¡~�£�`L_¡`LpDm vDq^`c£�`�_¡yl�l]L£�`��l` �W`�p^`Ls-~S`�qlm��yPp��lq^t�su`�¥�q^p�`e��q��{_=`�pl¤
m���mot�yPp0�lq ��yH`�¬���t�`LpDme�l`�so`Lk�mut�muqlmot�yPp0�µ¢{`Q�8£���¢Htwku��yPkutmor{¦�±
`�m�mo`9��p�y{_���£�t�`#r�mo�{pPm�`�pÈ~��{s�mot�`��lq^`9�{q
�L��£w��q^£l`Lsusoy{p�r �lq���yD`�¬���t�`�pDmO�l`su`Qknmotmoqlmut�y{p¡\��{�^tmoq^`�£�£�`�_=`�pDmO_=`�p^rP¦PhHq^sR£�`�{s���~�\^`{²µy{p�ªÇ��t�m-�l`~^£�q�k
�{~^~��{so� ��mosu`=q^p �L��£w��q^£
�l`���yD`�¬���t�`�pDm��l`�so`Lk�mut�muq^mut�y{pÀmu`Lp���pDm���y{_=~lmo`��lqÀmo`�_=~�k�surL`�£-�l`3��yPpPm��{��m
��y{_=_=`8t�£6£A« `Lk�m}`��l~^sot�_=r#�^��pJk�£Y« rLvDq���mut�y{pÀ»n�Q�P½�¦

9$��,�� 3 � �Q�!*H� � Æ �� * ��*H�L�QÂ �QÃ=Æ�0 / � �D0 ��*�*PÃ �^��Â �µÃA0Y�L� *H��� / Â / Æ�0 / �,�'0 ��*
hHt £A« yPp�k�yPq^\���t�mu`'r�¢Htmo`�s�£�`3ku�{qlm��l`'ª®y{s���`'¥È£A« t�p�k�mo�{pDm9t�p�tmot��{£-moy{qlm¡`�p���yPp�ku`�so¢µ�{pDm�£�`�_¡yl�l]L£�`

�^`��8`L£�¢Ht�pl¤�SRyPt��{mL²�q^p^`,k�yP£�qlmot�yPp ��£�mu`LsupJ��mut�¢{`3��yPp�k�twk�mu`�¥ qlmut�£�t�ku`�s¡q^p _=yl�l]L£�`,��« ��_=y{sumutwkuku`�q�s9p^yPp
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F

ξ

�8`�£�¢Ht�p^¤�SRyPt��{m
d0��� � `�£�£
�S`�p�`�s

η = 0.05
�S`�p�`�s

η = 0.2
�S`�p�`�s

η = 0.4

�����  ¨� � ����$ %D! ��!�	 �
��� ��� 	 ! ��� 	 ! �	�� � )�� ���W���R	��R�=���� ! �	�� � %D� ��� 	 ���P� 	 � � � �������$ ��� ' 	 �����
ω0 = 1

�
α = 0.1

�
ν = 0.1
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en

±
yH`�¬���t�`�pDm}�l`#¢Ht�ko��yDk�t�mur
α
y{q

ν

�8`L£�¢Ht�pl¤ SRy{t���m`�mcd0��� �
`L£�£

�8`L£�¢Ht�pl¤ SRy{t���m_=yH�^t¯�r

�S`Lp^`�s
η = 0.05

�S`Lp^`�s
η = 0.2

�S`Lp^`�s
η = 0.4
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£�t�p^rL�{t�so`c�lrL~J`Lp��^��pDm��lt�so`L��mu`L_¡`LpDm
�l`
ξ
¦D¾Op��P��s��^�{pPmO`Lp�_=r�_=y{t�so`cvDq^`}£A« yPp'k�yPq^\��{tmo`c�l`Lk kuy{£�qlmut�y{p�k

�{p���£�jDmutwvDq^`LkL²Hq^pÈ��\^y{t���kut�_=~^£�`��l`8_=yH�^]�£�`���« �{_=y{sumutwkuku`�q^s�`Qknm£�`�k�q^t�¢���pDm��

F = −c|ξ|ξ̇ − kξ
»Y�{�P½

� ¹ ��� � � ��� �� � � ¶ �¨¸����¨º � � »n��G�GP�P½
_=y{pDmuso`�pDmevDq^`9��`�_=yl�l]�£�`�t�p��lq^t�mcq^p^`¡�lrL��suyPt�koko��p���`8�^q
��yH`�¬���t�`�pDm
�l`�so`Lk�mut�muqlmot�yPp��µ¢{`L�}£��#¢Ht�mu`Qkuku`ct�p^t�mutw��£�`e��« t�_=~��P��mQ¦PxO£�q�k ~^sorL��t�kur�_=`�pDmQ²{~Sy{q^s �l`c�Pso�{p��l`Lk
¢��{£�`Lq^sok#�^`�¢Dt�mu`Qkuku`���« t�p���t��^`�p���`{²¨£�`���yH`�¬���t�`LpDm#�^`�su`Qknmotmoqlmut�y{pÀ`Lk�m�t�pD¢P`�s�k�`L_=`�pDm#~^suyP~JyPs�mot�yPp^p^`L£�¥
��`�mumu`#¢Htmo`Lkok�`��

(1 − en) ∝ v−1
n

»A�l�Q½

9$��,��M9 � �Q�!*H� � Æ �� * ��*H�L�QÂ �QÃ / Â / ÄoÆ�0 / �,�'0 ��* *PÃ$�^� Â/�µÃA0Y�L� *H���
§-« qlmot�£�twku��mut�y{pÈ��« q^pÈsu`Qkukuy{sum�p^y{pl¤Z£�t�p^rQ��t�su`8~S`�so_=`�mc�l`#so`�p��^su`#�lrL~J`Lp��^��pDm�k£�`8mo`�_=~�ke�l`���yPpPm��{��m

�{t�pJk�tRvDq^`¡£�`=��yH`�¬���t�`LpPm#�l`¡su`Qknmotmoqlmut�y{p"�l`=£��'¢Htmo`Lkok�`¡t�p�tmot��{£�`=��« t�_=~��P��mL¦6§���ª®yPsu_=`�£���~^£�q�k#��yP_�¤
_�q^p^rL_¡`LpDm��\�y{twk�t�`�kL« t�p�ku~^t�su`8�lq3_=yH�^]�£�`8�^`8��y{pDmo�P��m�l`8É}`�sumuÊP¦^§¨��ª®y{s���`�p^yPsu_���£�`e�^q^`#��q3su`Qkukuy{sum
kL« `��l~^sot�_=`#��£�y{s�k��l`8£��=_���p�t�]Lsu`8k�q�t�¢���pDmo`��

Fn = −k̆nξ
3
2

»A�{�{½
y �

k̆n
`Lk�m�q�p^`so�{t��^`�q^s�so`�£�t�rL`��{ql���L��s��{��mor�sot�k�mutwvDq^`Lk�r�£w�{k�mutwvDq^`Lk��lq=_=t�£�t�`�q=`�mO�{q�s��µj{yPp��l`��yPq^so�^q^so`

�{q�~Sy{t�pDmc�l`#��yPpPm��{��mL¦
§-« �Pkukuyl��tw��mut�y{p=��« q^p���_=yPs�mot�kok�`Lq^sR£�t�p^rQ��t�su`�µ¢P`L� q^p^`}s���tw�l`Lq^sO�l`mnjH~S`cÉ}`Ls�moÊ`Lk�mO~���suª®y{twkRqlmot�£�t�kur�`

����p�k£�`Lkek�t�_9q�£���mut�y{p�k}�^`�_���murLsutw��q^�'�{s���pHq^£w��t�su`Qk8»
� � � � ����� � � ¹�¸ � ��O²¨�AG 2 GP½�¦l¾O£�£�`9��y{p��lq�tme¥
q�p^`�`Lk�mut�_���mot�yPp,�^q ��yH`�¬���t�`LpPmc�^`�su`Qknmotmoqlmut�y{p0vDq^t���soy �wmc�µ¢{`Q�e£w��¢Ht�mu`Lkoku`#t�p^t�mutw��£�`9��« t�_¡~J�{��mQ¦Jacy{q�k
£w�¡£��{t�koku`�soy{p�k��lyPp��8�l`#��y�mor#~^q^twkuvDq^`#��`�£w�¡��y{pDmuso`L�^tm£�`Lk}��y{p�k�mo��mut�y{p�k `��l~Sr�sot�_=`LpPm���£�`Lk q�kuq^`�£�£�`Lk

x�y{q�s'��`0vDq^t}`Qknm3�lq ��\^y{t�� ��« q^p ��_=yPs�mot�kok�`Lq^s�p^yPp £�t�p^rL�{t�so`È��y{\�r�so`�pDm��µ¢{`L�3£�`Lk���y{p�k�mo��mut�y{p�k
`��l~JrLsut�_=`�pDmo�{£�`Qk�²�£�`Qk=`��l`�_=~^£�`Lk=�^�{p�k¡£��©£�tmumur�s���moq^so`3kuy{pDm¡muso]Lk¡p^y{_��^so`�ql�³`�m���`3kuq�zn`�m���y{p�k�mut�muq^`
`Lp���yPsu`eq^p�mo\^]�_=`#�l`�su`Q��\^`�s���\^`c�P��motªn¦l§6`Qk _¡yl�l]L£�`Qk�k�yPpPm `�p3�{rLp^r�s���£S��\^y{twk�twk
~JyPq^s�£�`Lq^s ªÇ�{��t�£�tmor��l`
sorLkuy{£�qlmot�yPp���p��{£�jDmutwvDq^`{¦l´ep�~S`�qlm��t�mu`Ls
£w�9��£��Pkuku`c�l`e_¡yl�l]L£�`��lr�¢P`�£�y{~^~Sr�`e~���s�¶ � ��¹ � �e¸
� 	 	 � · �

»��AG>2��{½�²Dª®y{p��lrL`�k�q�sq^p,`��Wy{sum�p�y{so_=�{£�k�yPq�k�£���ª®yPsu_=`#k�q�t�¢���pDmo`��

Fn = −c|ξ|nξ̇ − kξn »A� ) ½
x�yPq^s
��`Lk
_¡yl�l]L£�`Qk�²Dt�£J`��Htwk�mu`cq�p^`ekuy{£�qlmut�y{p��{p���£�jDmutwvDq^`e¥#£A« rLvDq���mot�yPp'�l`e£����ljHp���_=twvPq�`{¦��°£W`Qknm���£�y{s�k
~SyPkokut��^£�`9�l`¡��\^y{twkut�s

n = 3
2

~Sy{q�sc`��W`L��muq^`Lse��`�m�mo`9sorLkuy{£�qlmut�y{p0�µ¢P`L�8q^pÈso`Lkokuy{sumc�l`�mnjH~S`�É}`Ls�moÊ{¦�´ep
~S`�q^m�{q�kok�tWso`�_���s�vDq^`�s vPq�`�£�`�_¡yl�l]L£�`8~^sorLku`�pDmor�»��
vPqJ��mut�y{pÈ���D½-�{q'~��{so�{�{s���~^\�`}~^sorL��rQ�l`�pDm�su`LpDmuso`
����p�k��`�m�mo`���£w�{kok�`8�l`#~^soy{��£�]L_¡`P¦
��¢{`Q�È~JyPq^s�yP�lzn`L��mut�ª#�^` ��yPp�knmosuq�t�so`Èq^p _=yl�l]�£�` �ltwku��su`�m�kuq^s'�l`Qk'��yPp�kut��lrLso��mut�y{p�k=~�\Djlkut�vDq^`Qk�²

� � � ���
� ¸ � � � � � � »n�AGP¼ 2{½-~�q^t�ke¶�·^¸P¹6º 	��� �
&!�	 ¦�»n��G�GP�P½
`�m  ¸ � � � � � �6¹ ��� �
 ! 	 ¦�»n�AG=G{�P�^² �J½
~�suyP~JyDk�`LpPm��l`
so`�ª®yPsu_�q^£�`�s¨£�` ~^suyP�^£�]�_=`
�l`�É}`Ls�moÊ-~Sy{q^s�q^p�_���murLsutw��q9¢Dtwko��yHr�£w�{k�mutwvDq^`{¦Qa}y{qJk�kuy{_=_=`Lk
tw��t�¥9£��9mus���p�kut�mut�y{p�¢P`�s�k-£�`Lk
_=yH�^]�£�`Lk���yPpPmot�pHq�k
`�m�q^p^`8~^sorLku`�pDm���mut�y{p��^r�mo�{t�£�£�r�`8�l`���`Lk
mus��µ¢���ql��ku`�s��
ªÇ�{tm���q 6 2H¦��{¦D§¨�#ª®yPsu_=`c�^rL�lq^t�mu`8�l`���`�mumu`���p��{£�jlku`}~JyPq^s £Y« �{kok�`L_9�^£w���P`su`Qkukuy{sum�¤°��_=yPs�mot�kok�`Lq^s�`Lk�m �l`
£w��ª®y{so_=`8kuq^t�¢���pDmu` �

Fn = c|ξ|1/2ξ̇ − kξ3/2 »A���D½
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±
`�mnjH~S`c��« �{kok�`L_9�^£w���P`
~S`�so_=`�m
��« y{�^mu`�p�t�sOq�p^`r�¢Py{£�qlmut�y{p=�lq���yH`�¬���t�`LpDm-�l`su`Qknmotmoqlmut�y{p��µ¢P`L� £��
¢Ht�mu`Qkuku`��« t�_=~��{��mO`�p��{�L��yPso���µ¢{`L�
£�`LkR��yPp�k�mo��mot�yPp�k�`��l~Sr�sot�_=`LpPm���£�`Lk»�� � � ��	 � �w¹ ��²l��G{�P� � � ��·^¸ 	 �
¹�·^¸ �
�!�	 ¦�²���G�G�� ��� � �$� �$� ���!�	 ¦�²J�AG�G{�D½�²�y���£�`}��yH`�¬���t�`�pDm
�^`su`Qknmotmoqlmut�y{p��lrQ��soy �wm-�µ¢{`Q�
£w�8¢Htmo`Lkok�`
t�p^t�mutw��£�`#�l`#£��¡_���p�t�]Lsu`#kuq^t�¢��{pPmo`��

(1 − en) ∝ v
−

1
5

n
»A�{�{½

9$��,�� ? � �Q�!*H� � Æ �� * ��*H�L�QÂ �QÃ / Â / ÄoÆ�0 / �,�'0 ��* *PÃ 6 �lÃA0 /
§-« rL£�rL_¡`LpDm
so\^r�yP£�yP�{twvPq�`�vDq^`ep^y{qJk-��~�~J`L£�£�y{p�k-~���mot�p'`Lk�m-£Y« r�£�r�_=`LpPm�vDq^t�~S`�q^¢P`�pDm ku`c�lr�¯�p^t�s �^`}£��

_��{p^t�]Lsu`#kuq^t�¢µ�{pDmu`��
{

|F | ≤ Fmax,
kut
ξ̇ = 0

|F | = Fmax,
k�t��{p

(F ) =
kut��Pp

(ξ̇),
kut
ξ̇ 6= 0,

»A���P½

hHt�¥�p^y{muso`���y{p�p���twkuko��pJ��`{²lt�£¨p¨« `��Htwk�mu`�~��Pkc¥=~^soy{~�su`L_¡`LpDm}~���so£�`Ls}�l`�_=yl�l]�£�`�so`Lkok�yPs�mu¤A~J��mut�p6²lyPp
~S`�q^m�moy{qlmO�l`�_=¿�_=`��t�mu`LsO�l`�q^��`��l`�_=~^£�`LkR�l`�_=yl�l]�£�`Lk�vDq^tl~Sy{q^sos���t�`�pDm�¿�muso` so`�~�surQk�`LpPmorLk�k�yPq�k���`�m�mu`
ª®yPsu_=`P¦

§¨`¡~�su`L_¡t�`�s�_=yl�l]�£�`=`Lk�m8��`�£�q^tO�l`�� � � ¹ ��� �  ¸ � � � »n�AGP¼{�D½�¦ �°£R`Lk�m8kut�_=~^£�`�_=`LpPm���y{p�k�mut�muq^r
�6« q^p so`Lkokuy{sum¡p^yPp £�t�p^rL�{t�so`0vDq^tc�ltwk�mut�p^�{q^`È£�`Lk�~^\��{ku`Lk'�l`0��yP_¡~�su`Qkukut�yPp�`�m'�l`0so`Lk�mut�muqlmot�yPp �l`È£��
_��{p^t�]Lsu`#kuq^t�¢µ�{pDmu`��

Fn =

{

k1ξ
`�p,��yP_¡~�su`Qkukut�yPp

ξ̇ ≥ 0,

k2(ξ − ξ0)
`�p3su`Qknmotmoqlmut�y{p

, ξ̇ < 0.

»A�=2�½

y �
ξ0
`Lk�m}£��=�lr�ª®y{so_=��mut�y{p3~^£w�{k�mutwvPq�`�sorLkutw�lq^`�£�£�`{¦J±
`8_=yH�^]�£�`#`Lk�m}t�£�£�qJknmosur#¥¡£���¯��Pq^so` 2l¦

§¨`���yH`�¬���t�`�pDm}�l`#so`Lk�mut�muqlmot�yPp�`Qknmc�{£�yPsok rL¢µ�{£�q�r8�^`#_=�{p^t�]�so`8kut�_¡~�£�`#��yP_=_¡`��

en =

√

k1

k2

»A��¼P½

x�yPq^s3��y{_=~^£�r�mo`�s,£�`"_=yl�l]�£�`{²��À��£�muy{p � | so�{q^p ~^sorL��t�ku`�pDmÈ�l`©~�£�q�k,��y{_=_=`�pDm3£w��sot��{tw�ltmor"¥ £��
so`Lk�mut�muq^mut�y{p"r�¢{yP£�q�`¡`Lp ª®yPp���mot�yPp³�l`=£���ª®y{s���`=p^yPsu_��{£�`=_����lt�_9q^_ `��l`�s���r�`=��yP_=_¡`=~��{s#`��l`�_=~^£�`��
k2 = k1 + sFmax

n

¦ §6`8��yH`�¬���t�`�pDm
s
`Lk�m rL¢���£�q^r�kuy{t�m�`��l~JrLsut�_=`�pDmo�{£�`L_=`�pDm kuy{t�m pHq^_=rLsutwvDq^`�_=`�pDm�~���s

rL£�rL_=`�pDmok ¯�p�t�k`Lp,`��W`L��moq���pDmq^p,`Lkoko��t6��« t�pJ�l`�pDmo��mut�y{p,�µ¢{`Q�cso`�moy{q^srL£��Pknmot�vDq^`P¦
´epÀy{�^mut�`�pDm���£�y{s�k8q^p³��yH`�¬���t�`LpDm��l`�so`Lk�mut�muqlmot�yPpÀvDq^t
r�¢Py{£�q^`��µ¢{`L�¡£w�,¢Htmo`Lkok�`���« t�_¡~J�{��m¡�l`�£��

_��{p^t�]Lsu`#kuq^t�¢µ�{pDmu`��
(1 − en) ∝ sv

−
1
2

n
»A� GP½

�°£^`QknmO¥ep^y�mo`�sOvDq^`��`�_=yl�l]�£�`k�t�_=~^£�` `QknmRqlmot�£�twk�r~��{s � ¹�¸����$��·'»A���{�P�P½¨~JyPq^s�surQk�yPq��lso` ��`�sumo�{t�p�k
~�suyP�^£�]L_=`Lk���« t�_¡~J�{��mQ¦�±
`�_=yl�l]L£�`�`Qknm�`Lp³`��W`�m�muso]Lk���y{_=_=yH�^`'¥,surQk�yPq��lso`���p��{£�jDmutwvDq^`�_=`LpPmQ¦¨§¨�
ª®yPsu_=`�£�t�p^rL�{t�so`�~��{sc_=y{s���`Q��ql�,�l`9£w��s���tw�l`�q�sc��q ��y{pDmo�P��mc~S`�so_=`�m8�l`���y{p�kut��^r�so`�sc�l`QkcyDku��t�£�£w��mu`Lq^s�k
\J��so_¡yPp^twvPq�`Lk £�t�p^rQ��t�su`Qk�²l�ltwknmot�pJ��mok}`�pÈ��yP_¡~�su`Qkukut�yPp'`�m}`�p3su`Qknmotmoqlmut�y{p6¦

bcp©ku`L��yPp��,_=yl�l]�£�`��lq _¡¿L_=`�mnjH~J`�~J`Lqlm8¿�muso`�rL¢{ylvDq^r9��yP_=_¡`�q^p �Pkuku`�_��^£��{�{`#~���mut�pl¤Zsu`Qkukuy{sum
vDq^tJ`Lk�m ��`�£�q^tJ�lrL¢{`L£�yP~^~Jrc~���s���� �	� � �  �
 ! 	 ¦�»Y�{�{�{�D½ � �����
� � �  � � � � �$�³»��AG�G=GP½�¦PhHtW�^��p�k-£�`
_=yl�l]L£�`#�l`�� ��� ¹ � � �  ¸ � � � »��AG{¼P�P½O£�`Qk�so�{t��l`Lq^s�k �{q'so`Lkok�yPs�m�k�yPpDm�£�t�p^rL�{t�so`LkL²���� �	� � �  �
�! 	 ¦
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k1

k2

ξ0 ξ

F

� ���  20�
	 ��� ' 	 � ��� � � � ¹ � � �  ¸ � � ���������	��
 (

q^mut�£�twk�`LpDmOq^p^`}s���tw�l`�q�sO�l`mnjH~J`}Éc`�sumuÊP¦��¯�p��6« t�pDmusoyH�^q^t�so`q^p^`}�^t�kok�t�~���mut�y{p=~^£w�{k�mutwvPq�`{²�t�£�kO`��W`L��moq^`�pDm
q�p^`3��y{sosu`Q��mot�yPp �l`3£��"k�q�s�ªÇ�P��`��^`3��y{pDmo�P��m=q^p^`�ª®y{twk�£�`,k�`Lq^t�£�l`,~^£w�{k�mutw��t�mur,�lrL~��{kok�rP¦�§��©kuq^suªÇ�{��`
�^`'��yPpPm��{��m9�^��p�k9£�`'_¡yl�l]L£�`��l`'É}`Ls�moÊ�`Lk�m���q��{_=`�pDmurL`'��« q^p^`�~J��sumut�`��lq^`'¥È£w�È~^£w�{k�mutw��t�murP¦�±
`�m�mu`
��y{sosu`Q��mot�yPp'`Lk�m�^t�£�t�p^rL�{t�so`8~��{k�_=yPso��`L��q^�W²l�L��£�t��^sor�`#kuq^sq^pÈ���{£���q^£�r�£�r�_=`LpPm�k ¯�p^twk�¦

9$��,�� H �9ÂS��� * / Ã �D0 ��*H� S� / �,���^�:O��Q���'Æ *H�¡� Â 0:7HÆ *D�
0:0Y�LÅ��(*DÃQ� �
hHt���`Qk_=yH�^]�£�`Lk}�ltwko��so`�mok�yPpDmc�l`Lk}vDq��{£�t�murQkt�p��lr�p�t��{�^£�`Qk}��« q^pÈ~Sy{t�pPmc�^`�¢Hq^`#_���mu\�r�_���mot�vDq^`��l`

~J��sum�£�`Lq^s9kut�_=~^£�t���tmor��l`�sorLkuy{£�qlmot�yPp6²6£w�¡znq�knmot¯S����mot�yPp³~^\Hjlk�twvDq^`��l`�£�`�q^s¡��yPp�knmosuqJ��mut�y{p"`�m¡�l`�£�`�q^s
�L��£�t���so�{�{`'`Qknm�kuy{q^¢P`�pDm��ly{qlmo`�q�ku`{¦R¾-p `��S`�mL²R£�`Lk��lt��Wr�so`�pDmok=~��{so�{_=]�muso`Lk¡�l`Qk��lt�¢P`�s�k=��y{_=~SyPko��pDmok
rL£�rL_=`�pDmo�{t�so`Lk��lyPt�¢P`�pDm¿�muso`#���{£�t��^sorLk�k�yPtm~��{s£Y« `��l~Sr�sot�`Lp���`P²^k�yPtm~��{s}�l`Lk�r�muq��^`Lk�~^£�q�k�¯�p�`Lk�pHq^_=r�¤
sotwvPq�`Lk y{q,`��l~Sr�sot�_=`LpPm���£�`LkL¦�±
`Lk�~��{so�{_¡]�muso`LkL²l��`�pJk�rQk
so`�~�surQk�`LpPmo`�s�l`Qk��y{_=~Sy{sumu`L_¡`LpDmok�~^\Hjlk�twvDq^`Lk
»Çr�£w�{k�mutw��t�murP²J~^£w�{k�mutw��t�murP²J¢Htwku��yPkutmorQ½kuy{pDmc£�`9~�£�q�k�kuy{q^¢P`�pDme��\^yPt�kut�kc¥�~��{s�mot�s��l`�_=`Lkuq^so`Lk}`��l~JrLsut�_=`�pl¤
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`�m�mo`��lt�k�mo�{p���`8~S`�qlm}¿�muso`#`��l~^sot�_=rL`�`Lp3kL« t�p�ku~^t�so�{pDm�^`#£Y« rLvDq���mut�y{pÀ» ) �D½ k�yPq�k�£���ª®yPsu_=`#k�q�t�¢���pDmo`��

h = Ax2 +By2 + Cxy + · · · . » ) �D½
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(
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]
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+
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R′

1 = R1, R
′′

1 = ∞ `�m
R′

2 = R2, R
′′
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£�`Qk�twk�y�¢��{£�`Lq^sok'�l`
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t�p�tmot��{£�`L_¡`LpDm}~JyPp���moq^`�£A¦
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�^`�£w�=k�q�s�ªÇ�P��`{²^�^`Lk�~^so`�_=t�`�s�k
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_=r�musot�vDq^`Qk�¦
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h
`�pDmuso`
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S(x, y, z1)
`�m
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O
�l`���`�mumu`�`��l~^so`Lkok�t�y{p6²�£���kuq^suªÇ�{��`

kL« r�mu`Lp��,�l`8£��¡_=¿�_=`��ltwk�mo��pJ��`#�lq,~JyPt�pDm
0
~Sy{q^s}�l`Qk~Sy{t�pPm�k�ltw��_=r�moso�{£�`L_¡`LpDm�yP~^~SyPkurLkL¦
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δ1
`�m

δ2
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ūz1
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ūz2
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hHt
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ūz1 + ūz2 + h = δ1 + δ2.
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δ = δ1 +δ2
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ūz1 + ūz2 = δ −Ax2 −By2 »Ç�P�P½
y �

x
`�m
y
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ūz1 + ūz2 < δ −Ax2 −By2 »Ç���Q½

?���,��M9 � �LÃA0Y� �lÃA0YÂ /��������
	���� 0�*ÈÆ ��6���*H�L��0ÇÂ / 0�*ÈÅPÂ / Ã �^Å�Ã
��¢���pDm-�l`sorLkuy{q��lso` £�`~^soy{��£�]L_¡`�l`}Éc`�sumuÊ~^soy{~�su`L_¡`LpDm��lt�m
�{q 6 �J¦ �^²�y{p�k�`�~^soy{~SyPku`�l`}�lyPp^p^`�s

vDq^`L£�vDq^`Qk�y{s��lsu`Qk��^` �Pso�{p��l`Lq^s���y{p���`�sop���pDm�£��e~^so`Lkok�t�y{p¡��q¡��y{pDm��{��mR��t�p�kut^vDq^`
£w�emo�{t�£�£�`�l` £w��kuq^suªÇ�{��`
�^`9��yPpPm��{��mL¦^xR��sek�t�_=~^£�tw��t�murP²�yPp0k�`#£�t�_=t�mu`¡��qÈ���Pk�»Ç�D½�l`9�l`Lql�Èk�yP£�tw�l`Lkc�l`�sor�¢{yP£�q^mut�y{p,�µjP��pDm~Sy{q^s
kuq^suªÇ�{��`8�^`���y{pDm��{��mq^pÈ��`�s���£�`8�^`�so�µjPy{p

a
`�m9»®�S½��qÈ���Pk�l`��l`Lql�3��jD£�t�p��lso`Lk�µjP�{pDm�~Sy{q�s}k�q^suªÇ�{��`Lk

�^`8��y{pDmo�P��mq^p^`#�J��p��l`#�l`#£w��so�{`Lq^s
2a
¦

¾Op"so`�_���s�vDq���pDmevDq^`
δ1 = ūz1(0)

`�m
δ2 = ūz2(0)

²S£A« rLvDq���mot�yPp »®�D�P½c~J`Lqlm�k�`¡sor�rL��sut�so`9k�yPq�ke£��
ª®yPsu_=`#�{�^t�_=`�pJk�t�y{p^p�`�£�£�`#kuq^t�¢��{pPmo`��

(

ūz1(0)

a
− ūz1(x)

a

)

+

(

ūz2(0)

a
− ūz2(x)

a

)

=
1

2

(

1

R1
+

1

R2

)

x2

a
.

»Ç�D�{½

¾-p r�¢��{£�q��{pDm¡��`�m�mo`�`��H~�su`Qkukut�yPp³~JyPq^s
x = a

`�m¡`Lp t�pPmosuyl�lq�t�ko��pDm9q^p�`�p^yPq^¢{`L£�£�`'¢��{sutw���^£�`'��`�p�kur�`
_=`Qk�q^so`�s�£w�=�lr�ª®yPsu_���mot�yPp6²

d = ūz(0) − ūz(a)
²^£A« rQvDq���mot�yPp"»Ç�D�{½��l`�¢Ht�`�pDm��

d1

a
+
d2

a
=
a

2

(

1

R1
+

1

R2

) »Ç� ) ½

¾OpÀkuq^~^~SyPko��pDm�vDq^`�£�`Qk��^r�ª®y{so_���mot�yPp�k}so`Lk�mu`LpPmeªÇ��t��^£�`LkL²S£A« r�mo��m8�^`Lk��lr�ª®yPsu_���mot�yPp�k��^��p�k���\��PvPq�`
��y{so~�k8`Lk�m9so`�£�t�r�¥,£w�,¢���sot��{�^£�`

d/a
¦�����pJk���`��L�{kL²6£Y« ��_=~^£�t�muq��l`��l`Lk��^r�ª®y{so_���mot�yPp�k#`Lk�m�so`�£�t�rL`�¥,£��

~�su`Qkukut�yPp��l`#��y{pDmo�P��m�lt�¢Htwk�rL`8~���s�£�`�_=yl�lq^£�`���« Oy{q^p���¦l¾Op3t�pDmosuyl�lq^twko��pDm£���~^so`Lkok�t�y{p�_¡y�jP`�p^p�`��{q
��y{pDmo�P��m

pm
²^£w��so`�£w��mot�yPp"»Ç� ) ½
�^`�¢Ht�`LpDm��

pm

E1
+
pm

E2
∝ a

2

(

1

R1
+

1

R2

)

.
»Ç�{�D½

kuy{t�m

pm ∝

a

2

(

1

R1
+

1

R2

)

1

E1
+

1

E2

»Ç�D�{½
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P
²^t�£�`Lk�m}p^rQ��`Lkoko��t�su`��l`���yPp�k�tw�lrLsu`Ls

£w��ª®y{so_=`8�^`#£��=kuq^s�ªÇ�P��`#�l`#��yPpDmo�{��mL¦l¾R�^�{_¡t�p^yPp�k�so�{~^tw�l`�_=`�pDm£�`Lk}�l`Lql���L�{k5�
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£��=~�su`Qkukut�yPp'_=y�j{`Lp^p^`�~���s��
P = πa2pm
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��\���so�{`L_=`�pDme��~�~^£�twvDq^r{¦�´ep0~S`�qlm#�l`9~�£�q�ke`��l~^sot�_¡`Lscq^p�`9`Lk�mut�_���mot�yPpÈ~JyPq^se£A« t�p��^`�pDmo��mut�y{p

δ
¦

¾OpÀ`��W`�mQ²�£Y« t�pJ�l`�pDmo��mut�y{p"�l`���\��{vDq^`=k�yP£�tw�l`
δ1
`�m
δ2
`Qknm8~^soy{~Sy{sumut�y{p^p�`�£�£�`¡¥�£w�3�lr�ª®yPsu_���mot�yPp

£�yl�L��£�`
d1
`�m
d2
¦J´ep�mosuyPq^¢{`8��£�y{s�k�vDq^`

δ = δ1 + δ2 ∝ d1 + d2
»Ç�=GP½

∝
[

P 2
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1
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+

1

E2

)2(
1

R1
+

1

R2

)

]
1
3

.
»A���P½

´ep�~S`�qlm��lrL�^q^t�so`��^`���`�m�mo`'`Lk�mut�_���mot�yPp vDq^`'£A« t�p��l`LpDmo��mot�yPp³muy{mo�{£�`�`Lk�m�~^soy{~Sy{sumut�y{p^p�`�£�£�`��{q
��\���so�{`L_=`�pDm�¥¡£w�=~^q^twkuko��pJ��`
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�'��� §¨`È��\���so�{`L_¡`LpDm
P
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P = 2apm

»A�l�Q½
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)
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£w�=�ltwknmosut��^qlmot�yPp3�l`8~^so`Lkokut�yPp��l`#��yPpDmo�{��m}k�q^s�q^p�`�`L£�£�t�~�k�`�vDq^t6ko��mot�k�ªÇ��twko��t�m8»Ç�P�P½
`�m#»Ç���µ½
����p�k�£�`#���{k
�6« q^pÈ�l`L_=t¤Z~^£w��p3r�£w�{k�mutwvPq�`{¦

§-« \HjH~Jy{mu\^]Qk�`�kut�_=~^£�t�¯J����musot���`¡�l`���\^yPt�kut�s��l`=sorLkuy{q��^su`�£�`=~^soy{�^£�]�_=`=��« r�£w�{k�mutw��t�mur�k�q�s�q�p"�l`L_=t¤
`Qk�~J�{��`RrL£��Pknmot�vDq^`-~J`Lsu_=`�m��l`
kL« ���Wso�{p���\^t�s¨�l`O£w�}�Pr�y{_=r�musot�`R�P£�yP����£�`O�l`Lk���yPsu~Jk�`�p9��y{pDmo�P��mQ¦QhH`Lq^£�`Qk6£�`Lk
�Pr�yP_¡r�musot�`Qk6£�yl����£�`Lk »Ç¥cmus��µ¢{`Lsok6£�`Qk�s��µj{yPp�k6�l`���yPq^so�^q^so`Q½�`LpDmuso`�pDm�`Lp}zn`�q¨¦Qx�yPq^sRvPq�`
��`�m�mo`
\HjH~Jy{mu\^]Qk�`
kuy{t�m�ko��mot�k�ªÇ��twku�{pDmu`R�l`�q^�8��y{p��lt�mut�y{pJk¨�lyPt�¢P`�pDm6¿�mosu`Oso`�_=~^£�t�`���£�`Lk��lt�_=`Lp�k�t�y{pJk6�l`-£w�kuq^s�ªÇ�P��`-�^`-��yPpPm��{��m
�^y{t�¢{`�pDm¿�mosu`�ªÇ�{t��^£�`Lk�^`�¢���pDm
• £�`Lk�lt�_=`�p�kut�yPp�k�l`���\��PvDq^`#��y{so~�kL²
• £�`Lk��yPq^so�^q^so`Lk su`L£���mut�¢{`Qk �^`Lk}kuq^suªÇ�{��`Qk `�pÈ��yPpPm��{��mL¦
§��=~^so`�_=t�]Lsu`���y{p��^tmot�yPpÈ`Lk�mcr�¢Htw�l`�_=_=`�pDmcp^rQ��`Qkuko��t�su`#~Sy{q�scvDq^`�£�`9��\���_=~0�l`���y{pDmoso�{t�pDmu`Qk���{£���q^£�r
~Sy{q�scq^p"�l`�_=t�¤A`Qk�~��P��`#t�pl¯�p^t�p^`¡k�yPtme~��{ke~J`Ls�moq^so�Jr�~���se£�`Qke��y{p��lt�mut�y{pJkc��q^�3£�t�_=t�mu`Qk�kuq^se£�`Qk}ª®soy{pl¤
mot�]Lsu`Qk}�lqÈkuy{£�t��l`P¦�§¨��ku`L��y{p��^`8��y{p��^tmot�yPp3`Qknmep^rL��`Lkoku�{t�so`e~Sy{q�scvDq^`#£�`Qk}kuq^s�ªÇ�P��`Qk`�pÈ��yPpDmo�{��mck�yPt�`LpDm
�{~^~^soyµ�lt�_���mot�¢P`�_=`�pDmR�l`LkO~^£��{p�kR`�m
vDq^`£�`Qk-�lr�ª®y{so_���mut�y{pJkR�^��p�kO£��8ÊLy{p^`}�l`}��y{pDmo�P��mOso`Lk�mu`LpPmRªÇ�{t���£�`Qk�¦

§¨`#~^suyP�^£�]�_=`8�{r�p�r�s���£W`�p3r�£w�{k�mutw��t�mur#~S`�qlmc�^y{p���¿�mosu`#~SyPkur#�l`#£w��_��{p^t�]Lsu`#kuq^t�¢µ�{pDmu`��
� q^`L£�£�`3`Lk�m�£w� ~^so`Lkokut�yPp��l`3��y{pDmo�P��m

p(x, y)
vDq^t�{�{t�m¡kuq^s�£w� kuq^suªÇ�{��`��l`,��yPpPm��{��m

S
�l`,�l`�q^�

�^`�_=t¤Z`Lku~��P��`Lk9r�£w�{k�mutwvDq^`Lk=vDq^t�~^soyH�^q^tm=£�`Lk¡�lr�~^£w�{��`�_=`�pDm�k
ūz1

`�m
ūz2

so`Lku~S`L��m���pDm3»Ç�P�D½9kuq^s
S
`�m

»Ç���µ½-`LpÈ�l`�\^yPsok��l`
S
�

����p�ke£�`Lk}~�suyl��\��{t�p�k}~���s����Pso�{~^\^`LkL²lp^yPq�kc�{£�£�y{p�k}m��P��\^`�s��l`9sor�~Sy{p��^su`�¥���`9~^soy{��£�]L_¡`9~JyPq^sc£�`Lk
�^t�Wr�so`�pDmu`Qk��{rLy{_=r�mosut�`Lk����Sy{s��lrL`LkL¦
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�� ��#�� #��"�
.0�"��) ��% #$�

?��M9$��, �'�H�LÂSÆÇ��ÃA0YÂ / 0���6���Â � Æ�7D� * ��O 0Y��+6� �PÃ!��0�;���* 6-ÂJ��� 0�*D�:O��QÂSÆ�0 0�*H� 0�*���� �JÂSÆÇ��ÃA0YÂ / �
x�y{q�s'�l`�q^� kuy{£�t��l`Qk��l`Èsor�¢{yP£�q^mut�y{p6²�£�`Lk���y{q^so�^q^so`Lk=~S`�q^¢P`�pDm�¿�mosu`Èkut�_=~^£�t�¯�r�`Qk��l`È£w�À_=�{p^t�]�so`

kuq^t�¢���pDmu`��

R′

1 = R′′

1 = R1, R′

2 = R′′

2 = R2
»A���D½

A = B =
1

2

(

1

R1
+

1

R2

)

.
»A�{�{½

§��¡��y{p��^tmot�yPpÀ»Ç�P�D½
�^`�¢Ht�`LpDm�{£�yPsok

ūz1 + ūz2 = δ − 1

2R
r2

»A���P½
�µ¢P`L�e£�`#s��µj{yPp�rLvDq^t�¢���£�`�pDm}��qÈ��yPpDmo�{��m��

1

R
=

1

R1
+

1

R2

»A�=2�½

Éc`�sumuÊ#�¡~^soy{~SyPkur�£w�¡~^so`Lkok�t�y{p3k�q^t�¢���pDmu`��

p = p0

(

1 −
(r

a

)2
)

1
2

,
»A��¼P½

vDq^t��ly{p^p�`#`�p,surQk�yP£�¢��{pPm£�`�~^soy{�^£�]�_=`#�l`  � � 	 	 � �6·
	��"`�m �e·^¸�¸ ��¹ �-»Y��ª �}p^p�`��l`
�e½�²^£�`9�lr�~�£��P��`�¤
_=`LpPm}p�y{so_=�{£�k�q^t�¢���pDm��

ūz =
1 − ν2

E

πp0

4a
(2a2 − r2), r ≤ a

»Y��GP½
§��9~^so`Lkokut�yPp�r�mo�{pDm yP~^~JyDk�rL`ekuq^s�£�`Qk
�^`�ql�'��y{so~�k-`Lp���y{pDmo�P��mL²Dy{p�~J`LqlmsurLrL��sut�su`c£Y« rLvDq���mut�y{p »A���P½

kuy{qJk�£���ª®y{so_=`#k�q^t�¢���pDmu`��
πp0

4aE∗
(2a2 − r2) = δ − 1

2R
r2,

»Y�{�P½
�µ¢P`L�

1

E∗
=

1 − ν2
1

E1
+

1 − ν2
2

E2
.

»Y�^�Q½
¾Op�rL¢���£�q���pDmO£A« `��H~�su`Qkukut�yPp3»Y�^�µ½�`�p

r = 0
`�m
r = a

²�y{p��lrQ�lq^t�m-£�`}so�µjPy{p¡�l`}£w�8Ê�y{p�`��^`c��yPpPm��{��m��

a =
πp0R

2E∗
,

»Y�P�{½
`�m}£Y« t�p��l`�pDm���mut�y{p3`�pDmosu`8£�`Lk�l`Lql�3��y{so~�k5�

δ =
πp0a

2E∗
.

»Y� ) ½
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§¨`���\���so�{`L_¡`LpDm `Qknmso`�£�t�r#¥¡£��=~�su`Qkukut�yPp��l`���y{pDmo�P��m�l`#£w��_��{p^t�]Lsu`#kuq^t�¢µ�{pDmu`��

P =

∫ a

0

p(r)2πr dr =
2

3
p0πa

2 »Y���D½
� s �{��`�¥���`�mumu`#so`�£w��mut�y{p3y{p3~S`�qlm}`��H~�sut�_=`�s£�`Lk}�lt��Wr�so`�pDmu`Qk��{s���p��l`Lq^s�k �{q3��y{pDmo�P��m`�p3ª®yPp���mot�yPp,�^q
��\J��so�{`�_=`LpPm

P
�

a =

(

3PR

4E∗

)
1
3 »Y�P�{½

δ =
a2

R
=

(

9P 2

16RE∗2

)

1
3 »Y�{�P½

p0 =
3P

2πa2 =

(

6PE∗2

π2R2

)
1
3 »Y� 2�½

´ep©~J`Lqlm�su`L_���s�vPq�`�sevDq^`=��`�m�mo`=kuy{£�qlmot�yPp ¢{rLsut�¯�`�£��3��yPp��lt�mut�y{p�»Ç���µ½}`Lp©�l`L\^y{s�k8�l`�£w��Ê�y{p�`¡�l`
��y{pDmo�P��mQ¦ �°£�`Lk�m8~JyDkukut���£�`¡�l`�~�£�q�k8�l`=�lrL_¡yPpDmuso`�s8vPq�`�£w�'�ltwk�musot��^q^mut�y{p©�^`�~^so`Lkokut�yPp »Y�{¼P½}kuq^~^~SyPkur�`
~J��s}É}`Ls�moÊ8`Lk�m}£Y« q^p^twvDq^`8~^su`Qkukut�y{p,vPq�t6�ly{p^p�`#q^pÈ�lr�~^£w�{��`�_=`�pDm}¥¡£��=kuq^suªÇ�{��`#kuy{q�k�£w��ª®y{so_=`=»A� GD½�¦

§¨`Lk-��y{pDmus���t�pDmu`Qk�²{vDq^tJsu]L�{p^`LpDm
�^��pJkR£�`Qk-��y{so~�k�²P~J`Lq^¢{`LpDm-¿�mosu`c�^rL�lq^t�mu`Qk-�lq'~^suyP�^£�]�_=`c�l`  � � 	 �
	 � �6·
	��0`�m �e·^¸�¸ �6¹ �A¦H§¨���lr�_��{so��\^`c~JyPq^s
£�`Lk yP�lmu`Lp^t�s ��t�p�kutSvDq^`e£�`Qk
~�sut�p���t�~��{ql�¡sorLkuq^£�mo��mok
qlmut�£�`Qk
¥
£w�=k�q�tmo`�k�yPpPms���~^~S`�£�rLk����p�k�£A« �{p^p^`��H` �9¦

��� � � 	�� ��� % ��
��"� '/% ./,���� ����� #*.0��% , ' #�%�� � ��� 
�'�#�� ' #-.�,3��� � � � 	�� 	5,��	%��
����p�k�£�`#���Pk �^`�~�suy{¯�£�k �Pr�p^rLso�{ql��²P£A« t�pDmu`Lsok�mutw��`8`Lk�m�muyPq�zny{q^s�k��ly{p�p^re~J��s�£Y« rLvDq���mut�y{pÀ» ) �{½�¦^acy{q�k

p�`���yPp^p��{t�kok�yPp�k}~J�{ke~���s8��yPpPmosu`¡��~^sot�y{sot¨£w��ª®yPsu_=`��^`9£w��kuq^suªÇ�{��`��l`¡��y{pDmo�P��mQ¦�´ep kuq^~^~SyPku`=��£�y{s�k
~J��s�~���s8��p��{£�yP�{t�`��µ¢P`L�#£�`����{k��l`=�l`�q^� k�yP£�tw�l`Lk��l`=sor�¢{yP£�q^mut�y{p0vDq^`¡£��3k�q�s�ªÇ�P��`��^`¡��y{pDmo�P��m8`Lk�m8�l`
ª®yPsu_=`}`L£�£�t�~lmutwvDq^`{²H�l`e�^`�_=t¤°���l`

a
`�m
b
¦H�c`e_¡¿L_=`{²l¶�·^¸P¹6º=»n�Q¼{¼D�{½Rkuq^~^~SyPku`cvDq^`c£w�#~^so`Lkokut�yPp�`Lk�m �l`

£w��ª®y{so_=`8kuq^t�¢���pDmu`��

p(x, y) = p0

(

1 −
(x

a

)2

−
(y

b

)2
)

1
2 »Y�{¼P½

hHt-£Y« y{pÀ��yPp�k�tw�l]Lsu`=¥3p^y{q^¢P`L�{q £�`¡~�suyP�^£�]L_=`=�^`  � � 	 	 � �6· 	 ��`�m �e·^¸�¸ �6¹ �O~JyPq^s#q^p^`�kuq^suªÇ�{��`
�^`���\��{su�P`�_=`�pDm}`�£�£�t�~lmot�vDq^`�`�m8q^p^`�~^su`Qkukut�y{pÈ�l`¡¶¡·^¸P¹6ºH²Sy{pÈy{�^mut�`�pDme£�`��lrL~^£w�{��`L_=`�pDm�¥�£w�'kuq^suªÇ�{��`
kuq^t�¢���pDm��

ūz =
1 − ν2

πE
(L−Mx2 −Ny2)

»Y��GP½
kuy{t�m~JyPq^s£�`Lk}�l`Lql����y{so~�k5�

ūz1 + ūz2 =
1

πE∗
(L−Mx2 −Ny2)

» 2��P½
§���so`�£w��mot�yPp��Pr�yP_¡r�musot�vDq^`8��q,��yPpDmo�{��m}�l`�É}`Ls�moÊ��

ūz1 + ūz2 = δ −Ax2 −By2 » 2H�Q½
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~S`�so_=`�mc�{£�yPsok�l`#so`�£�t�`�s£�`Lk}��y{p�k�mo�{pPmo`Lk�lq,~^soy{��£�]L_¡`#�l`  � � 	 	 � �¨·
	 �©`�m �e·^¸�¸ ��¹ �-»Y��ªn¦�»Ç�^� ) ½n½�¥
��`�£�£�`Qk�lq,~^soy{�^£�]�_=`#�l`�¶�·�¸{¹6ºH¦J´ep,yP�lmut�`�pDm}��£�y{s�k �

A =
M

πE∗
=

p0

E∗

b

e2a2 (K(e) − E(e))
»�2��P½

B =
N

πE∗
=

p0

E∗

b

e2a2

(

a2

b2
E(e) − K(e)

) » 2 ) ½

δ =
L

πE∗
=

p0

E∗
bK(e)

»�2��D½
y � £�`Lk9ª®y{p���mut�y{p�k=�l`3£A« `��l��`�pDmusotw��t�mur

e
k�yPpPm¡£�`Qk¡t�pDmurL�{s���£�`Lk9`�£�£�t�~lmutwvDq^`Lk=��y{_=~^£�]�mu`Qk=�lq ~^so`�_=t�`�s=`�m

ku`L��y{p���y{s��lso`��

K(e) =

∫ π/2

0

dφ
√

1 − e2 sin2 φ

» 2��{½

E(e) =

∫ π/2

0

√

1 − e2 sin2 φ dφ
»�2��P½

§����^t�k�musot���qlmut�y{pÀ�l`=~^so`Lkok�t�y{p0`Qknm�ku`�_=t�¤A`L£�£�t�~Jk�yPt��^�{£�`¡`�m#~S`�qlm#¿�muso`¡t�pDmurL�{sor�`¡~JyPq^s#�ly{p^p�`�s8£���ª®yPso��`
sorLkuq^£�mo�{pPmo`

P
kuq^s£��=kuq^suªÇ�{��`��

P =
2

3
p0πab

»�2=2�½
§¨`8~^su`Qkukut�y{p3_¡y�jP`�p^p�`

pm
~J`Lqlmc��£�y{s�k ¿�mosu`#�lrQ�lq^t�mu`��

pm =
2

3
p0

» 2�¼P½
x�y{q�sRmusoy{q^¢P`�s�£w�cm���t�£�£�``�mO£w��ª®y{so_=`�l`£Y« `�£�£�t�~�ku`{²{t�£���y{pH¢Ht�`LpDmRkut�_¡~�£�`L_¡`LpDm-��« rQ��sot�so`�£�`QkRrLvDq���mut�y{p�k

kuq^t�¢���pDmu`Qk5�

B

A
=

R′

R′′
=

(a

b

)2

E(e) − K(e)

K(e) − E(e)

» 2�GP½

(AB)−
1
2 =

1

2

(

1

R′R′′

)

−
1
2

=
1

2
Re

»Y¼{�P½

=
p0

E∗

[(

(a

b

)2

E(e) − K(e)

)

(K(e) − E(e))

]
1
2 »Y¼^�Q½

§¨`Lk�¢���£�`�q�sok�l`Qk�t�pDmor��{s���£�`Lk `L£�£�t�~^mutwvPq�`Lk
K(e)

`�m
E(e)

t�pDmusoyH�^q^tmo`Lk�{q 6 �9¦ ��kuy{pDm�mo����q^£�rL`LkL¦^¾O£�£�`Qk
~S`�q�¢{`�pDm}¿�muso`8musoy{q^¢Pr�`Lk����p�k�»�� ��� �^·^¸�²��AGP��GP½�¦l[¨yPqlmu`�ª®y{twk�²^q�p^`9��~�~^suyµ�lt�_���mut�y{p�~JyPq^s}£�`#so�{~^~Sy{sum
b/a

~JyPq^sc�l`Qk�¢���£�`�q^s�k��yP_¡~�sutwk�`Qk `�pDmuso`
1
`�m

5
~S`�q^mc¿�mosu`#�lyPp^p^r�`8~��{s

b

a
≈ (

B

A
)−

2
3 = (

R′

R′′
)−

2
3 ,

b

a
∈ [1, 5]

»Ç¼D�{½
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±
`�m�mo`���~^~^soyµ�lt�_���mut�y{p�rL¢Dt�mu`��{£�yPsok���« `Lk�mut�_=`�s£�`Lkt�pDmurL�{s���£�`Lk
`�£�£�t�~lmutwvDq^`LkL²
K(e)

`�m
E(e)

¦
¾OpÈt�pDmusoyl�lq^twku�{pPm_���t�pDmu`Lp���pDmq^p^`#p^yPq^¢{`L£�£�`8¢���sot��{�^£�`P²

c = (ab)
1
2
`�m}`Lp3kuq^��k�mut�muqJ��pDm

p0
~��{s£�`

��\J��so�{`�_=`LpPm muy{mo�{£Y²lyPp�~S`�qlmerL��sot�su`��

c3 = (ab)
3
2 =

(

3PRe

4E∗

4

πe2

)

(

b

a

1
2

)
3
2 [(

(a

b

)2

E(e) − K(e)

)

(K(e) − E(e))

]
1
2 »Y¼ ) ½

kuy{t�m

c = (ab)
1
2 =

(

3PRe

4E∗

)
1
3

F1(e)
»Ç¼{�D½

±
`�m�mu`#rQ��sotmoq^so`�~S`�so_=`�mc��« r�¢��{£�q^`Ls£Y« t�p��l`�pDm���mut�y{p3`�p3ª®yPp���mot�yPp3�lqÈ��\��{su�P`�_=`�pDm muy{mo��£ �

δ =
3P

2πabE∗
bK(e)

»Ç¼D�{½

=

(

9p2

16E∗Re

)
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»Ç¼P�P½

=

(

9p2

16E∗Re

)

1
3

F2(e)
»Ç¼>2�½

¾Op^¯�p6²�£�`8_����lt�_�q^_1�^`�~�su`Qkukut�yPp�`Qknm}�lyPp^p^r#~��{s��
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=
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kuq^suªÇ�{��`LkOp�y{p'��y{plª®yPsu_=`Lk-_���twk
kL« yP~J]Lsu`�k�q�t�¢���pDm q^p^`�£�t��{p^`e~���s���£�£�]�£�`c��ql�����H`Qk-�l`Qk���jH£�t�p��lso`LkL¦Dhly{q�k
��\J��so�{`�_=`LpPmQ²H£��=kuq^s�ªÇ�P��`#�l`#��yPpDmo�{��m`Lk�mc�ly{p���q^p�`#����p��^`8�^`#£�yPp^�{q^`Lq^s�t�p^¯�p^t�`#`�mc�l`#£w��so�{`Lq^s

2a
¦

¶¡·^¸P¹�º#»n�L¼P¼P�P½W�}��yPp�k�tw�lrLsurO��`O~^soy{�^£�]�_=`-��y{_=_=`Oq^p9�L�{k�£�t�_=t�mu` �l`-��yPpDmo�{��m¨`�pDmosu`-�^`�ql�#k�q�s�ªÇ�P��`Lk
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R 2

)
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P
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´ep,y{�^mut�`�pDm}�ly{p��8£A« `��l~^so`Lkok�t�y{p3�l`8£��=~^so`Lkokut�yPp��l`���y{pDmo�P��mk�q^t�¢���pDmu`��

p(x) =
2P

πa2 (a2 − x2)
1
2

»n�Q���H½

§¨`#~^su`Qkukut�y{p'_����Ht�_9q�_4`Lk�mc�ly{p�p^r�`8~��{s��

p0 =
2P

πa
=

4

π
pm =

(

PE∗

πR

)
1
2 »n�Q�P�P½

y �
pm

`Lk�m£��¡~^so`Lkokut�yPp�_=y�j{`Lp^p^`P¦
§¨`Lk#��yPpDmus���t�pPmo`Lk��^��pJke£�`Lk8kuy{£�t��^`Lk�~J`Lq^¢{`LpDm8¿�muso`¡�L��£w��q^£�r�`Qk��{s �{��`¡��ql�0`��l~^su`Qkukut�y{p�k¡»Ç�>2��{½�¦�´ep

yP�lmut�`�pDm~Sy{q^sc��`#���{k�~J��sumutw��q^£�t�`Ls�l`#~^so`Lkok�t�y{p�`�m}£�`#£�yPp^���l`8£Y« ���l`
z(x = 0)

�

σx = −p0

a

(

(a2 + 2z2)(a2 + z2)−
1
2 − 2z

) »n�Q�{�D½

σz = −p0a(a
2 + z2)−

1
2

»n�Q� 2{½
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� �� �  �� � �� �� � 	 � � �� � �� � 	 �  �� � � �� �  �� � �� 	 �� � �	 � �� �� �� �	 � �

� �� � �� � � � �� �� � �  ��	 � � �� � � � � �	� � z p0 =
3P

2πa2 =

(

6PE∗2

π2R2

)
1
3

δ =
a2

R
=

(

9P 2

16RE∗2

)

1
3

a =

(

3PR

4E∗

)
1
3

� �� � �� � �� � � �  �� ��

� �	� � y p0 =
2P

πa
=

4

π
pm =

(

PE∗

πR

)
1
2 � a2 =

4PR

πE∗

� �� � �� � � � � �� � �

� �� �� 	 � � p0 =
3P

2πab
=

(

6PE∗

π3R2
e

)
1
3

(F1(e))
−

2
3 δ =

(

9p2

16E∗Re

)

1
3

F2(e) c = (ab)
1
2 =

(

3PRe

4E∗

)
1
3

F1(e)

� �� �  �  �� ��

1

E∗
=

1 − ν2
1

E1
+

1 − ν2
2

E2

1

R
=

1

R1
+

1

R2
Re = (R′R′′)1/2

F1(e) =

(

4

πe2

)
1
3
(

1 − e2
)

1
6

[((

1

1 − e2

)

E(e) − K(e)

)

(K(e) − E(e))

]
1
2

F2(e) = (F1(e))
1
3 K(e)

K(e) =

∫ π/2

0

dφ
√

1 − e2 sin2 φ

E(e) =

∫ π/2

0

√

1 − e2 sin2 φ dφ
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§¨`���qlmc�l`���`�m�mo`�~J��sumut�`�`Qknm}�l`#_=yPpPmosu`Ls��y{_=_=`�pDm£w�9mo\^r�yPsut�`8�lqÈ��y{pDm��{��m}�l`#Éc`�sumuÊ8~J`Lqlm}¿�mosu`
�{~^~^£�t�vDq^rL`��{q0~^soy{�^£�]�_=`��6« t�_=~��{��mL²W`�m8`�p©~���sumutw��q^£�t�`�sQ²J��yP_=_¡`LpDm�£�`Lke`��Wy{sumok���q ��y{pDmo�P��m�~J`Lq^¢{`LpPm
¿�muso`O`Lk�mut�_=rLk¨~J`Lp��^��pDm�£Y« t�_=~��P��m¨`Lp9kuq^~^~SyPko��pDm¨q^p^`-su`L£���mut�y{p#`�pDmosu`R£w�ª®yPso��`R`�m�£A« t�p��^`�pDmo��mut�y{p�kuq^t�¢��{pPm
£w�¡£�yPt6�l`�É}`Ls�moÊ�»Ç�{�D½�¦
�}¯�p �l`,_¡yPpDmuso`�s=£�`,s���~^~Sy{sum�`LpDmuso`3£�`3mu\^rLy{sot�`,�lq ��yPpPm��{��m��^`,Éc`�sumuÊ,`�m�£�`Lk=t�_=~��{��mokL²�p�y{q�k

�{£�£�y{pJk
`Qkuko�µj{`Ls
�l`�moso�{tmo`�s q^p�`��l`�_=~^£�`8kut�_¡~�£�`#��q 6 �l¦����µ¢���pDm��l`#�lt�ko��q^mu`�s�£�`#���{�^su`�~^sorL��twk��l`#k�yPp
q^mut�£�twku��mut�y{p,��ql� 6 k�q^t�¢���pDmokL¦

� ��� � � .��	) �2)+��� 
�� 	���
�,�# '�#-'�#�%�� � ./4"��,�#��

±
yPp�k�tw�lrLsuyPp�k#�^��pJk9��`�m�mo`�~���sumut�`�£A« t�_=~��{��m��l`'�l`Lql�"ku~^\^]Lsu`Qk#r�£w�{k�mutwvDq^`Lk9�l`�_��{kok�`
m1

`�m
m2ku` s���~�~^suyl��\��{pDm�¥ �l`Qk3¢Dt�mu`Qkuku`Lk�so`Lku~J`Q��mut�¢{`Qk

vz1
`�m

vz2
»Y��ª'¦ ��t��Pq^su` GP½�¦��eq^s���pDm�£A« t�_=~��P��mL²�yPp

G1,m1
R1

E1, ν1
vz1

G2,m2

R2

E2, ν2

vz2

P

�����  FG � ! $&%'!��
 � � 	 	�� � ! 	���� ���P���
��" ��%&%('
�����

��y{p�kutw�l]�so`9vDq^`�£�`Lk���`LpPmosu`Qkc�l`��{s��µ¢Htmor9�l`���\J�{��q�p^`9�l`Qkeku~^\^]Lsu`Qkcku`9s���~^~^soyl��\^`�pDmc��« q^p^`�¢���£�`�q^s
δzvDq^t���y{sosu`Qk�~Sy{p���¥�£w���lr�ª®y{so_���mut�y{p'r�£w�{k�mutwvPq�`e�l`Qk ��y{so~�kL¦D§��9¢���sotw��mut�y{p��^`8��`�mumu`8�lr�ª®yPsu_���mot�yPp�~S`�qlm

Ë®Ì�Í6ËÏÎ



���������
	�������������������	�����	������
���� �������!���"#	�$&%'!��
���( �J�

¿�muso`#�{kok�yl��t�r�`8¥¡£��=¢Ht�mu`Qkuku`8su`L£���mut�¢{`�`�pDmuso`8£�`Qkk�~^\�]�so`Lk�l`#£w�¡_=�{p^t�]�so`8kuq^t�¢���pDmu`��

vz2 − vz1 =
d δz
d t

»n�Q�{¼D½
±
yPp�k�tw�lrLsuyPp�k=_���t�pPmo`�p��{pDm=£w�ÀsorLkuq^£m���pDmu`È�l`Qk��{��mut�y{p�k��^`0��y{pDm��{��m�`LpPmosu`È£�`Lk���y{so~�k

P
¦-acy{q�k

~Sy{q�¢{y{pJk
rQ��sot�so`#k�t�_=~^£�`�_=`�pDmcvDq^`��

P = m1
d vz1

d t
= −m2

d vz2

d t

»n�Q��GD½
kuy{t�mL²l`LpÈ��`#vDq^t¨��yPp���`Lsup�`e£A« t�p��l`LpDmo��mot�yPp0�

−m1 +m2

m1m2
P =

d (vz2 − vz1)

d t
=
d2 δz
d t2

»n�P�L�D½

§���so`�£w��mot�yPp�so`�£�tw��pDm £w�¡surQk�q�£m���pDmu`#�l`8£w��sorL�P��mot�yPp3�l`#��y{pDmo�P��m}¥¡£Y« t�pJ�l`�pDmo��mut�y{p3`Lk�m_=�{t�pDmo`�p��{pPm
�^y{p^p^rL`8~���s£w��mu\^rLy{sot�`#�l`�Éc`�sumuÊ�»Ç��ªn¦ �-vDq���mot�yPp³»Ç�{�D½n½�kuy{t�m��

P =
4

3
R

1
2E∗δ

3
2
z = Kδ

3
2
z

»n�P�{�µ½
y �

1

R
=

1

R1
+

1

R2

»n�P�Q�P½

1

E∗
=

1 − ν2
1

E1
+

1 − ν2
2

E2

»n�P� ) ½

hHt¨£Y« y{p,~SyPku`8�^`�~�£�q�k}q^p^`#_��{kok�`8�Pr�p^rLso�{£�twk�rL`e�lqÈkujlknmo]�_=`#�l`#£���ªÇ� ��y{p,kuq^t�¢��{pPmo`��

1

m
=

1

m1
+

1

m2

»n�P���H½

£A« rLvDq���mot�yPp"»��{�Q�P½
~J`Lqlm}¿�mosu`8sor�rQ��sotmo`8�^`�£w�¡ªÇ� ��y{p,k�q�t�¢���pDmo`��

m
d2 δz
d t2

= −Kδ
3
2
z

»n�P�Q�P½
hHt¨£Y« y{p,t�pPmo]��Psu`8��`�m�mu`#rQvDq���mot�yPp3�lt��Wr�so`�pDmut�`�£�£�`#~J��s�so�{~^~Sy{sum

δz
²�y{p3y{�lmot�`LpPm��

1

2

[

V 2
z −

(

d δz
d t

)2
]

=
2

5

K

m
δ

5
2
z

»n�P�L�D½

y �
Vz = (vz2 − vz1)|t=0

»n�P� 2{½
�^r�¯�p^t�m}£w��¢Ht�mu`Qkuku`8t�p^t�mutw��£�`���« ��~^~�suyl��\^`P¦
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� ~���sumut�s��l`c£A« rQvDq���mot�yPp »n�P�L�P½�²Pt�£W`Lk�m ~SyPkokut��^£�`e�^`e�lrQ�lq^t�su`�£�`e_����lt�_�q^_4��« t�pJ�l`�pDmo��mut�y{p
δm
z

vDq^t
ku`8~^soyH�^q^tm}~Sy{q�s d δz

d t
= 0

²^kuy{t�m

δm
z =

(

5mV 2
z

4K

)

2
5

=

(

15mV 2
z

16R
1
2E∗

)

2
5 »n�P�L¼D½

±
`�m�mo`�¢���£�`�q^s�~S`�q^m�¿�mosu`��µ¢��{pPm����P`�q�ku`�_=`�pDm#sor�rL��sut�mu`�`Lp"ª®y{p���mut�y{p��l`�£A« r�p^`Lsu�Pt�`���t�p^r�mutwvDq^`�t�p^tmot��{£�`
�^q3_=yPq^¢{`L_¡`LpDm�so`�£w��motª

T0 =
1

2
mV 2

z

�

δm
z =

(

15T0

8R
1
2E∗

)
2
5 »n�P�AGD½

§-« `Qknmot�_���mut�y{pÈ�l`
δm
z

²�~S`�so_¡`�mc��« y{�lmo`�p^t�s}£�`#so�µjPy{p'_����Ht�_9q�_1�l`�£w�=Ê�yPp^`#�l`9��y{pDmo�P��m}��t�p�kut¨vDq^`#£��
~�su`Qkukut�yPp'sor�~��{s�mot�`#�L��£w��q^£�r�`��{s �{��`��{ql��`��H~�su`Qkukut�yPp�k�»Ç�P��¤Z�>2�½�²Hkuy{t�m

am = Rδm
z = R

(

15T0

8R
1
2E∗

)
2
5 »n�µ���D½

Pm =
4

3
R

1
2E∗(δm

z )
3
2

»n�µ�l�µ½

=
4

3
R2E∗

(

15T0

8R3E∗

)
3
5 »n�µ�{�P½

�°£�`Lk�mc_���£�\^`�q�su`Lq�k�`L_=`�pDm}t�_=~SyPkok�t��^£�`9��« y{�lmo`�p^t�se�6« �{qlmuso`Lk¢��{£�`Lq^sok}`��l~^£�t���tmo`Lk}~Sy{q�sc��« ��qlmosu`Qk}�{s���p^¤
�^`�q^s�k���q,��y{pDm��{��m��yP_=_¡`8£�`�mu`�_=~�kc��« t�_=~��{��my��3q^p^`#��yPq^su�S`�ª®y{s���`�¤At�p��l`LpPm���mot�yPp�muy{mo�{£�`8��q,��yPq^sok
�^`�£A« t�_=~��P��mL¦
�°£
`Lk�m���`L~J`Lp��^��pDm�~SyPkok�t��^£�`���« r�¢���£�q^`�s9pDq�_¡rLsutwvDq^`�_=`LpPm�£�`=mo`�_=~�k9�^`'��yP_¡~�su`Qkukut�yPp � ·^¸�· 	 �Ï· �

� ��Wº³»��AGP�{¼P½�¦�´ep�ku`�~^soy{~SyPku`��l`��lyPp^p^`Ls9£�`Lk�sorLkuq^£�mo��mok9�6« t�pDmur��Pso��mut�y{pÀpHq^_=r�sot�vDq^`'surQ��£�t�kur�`�kuy{q�k
h^��t�£��{�6¦��r�rQ��sot�¢Py{p�ke~JyPq^s���`L£���£A« rQvPqJ��mut�y{p"�lt��SrLsu`LpPmot�`L£�£�`È»n�P�L�P½ekuy{q�k�£w��ª®yPsu_=`���« q^p©~�suyP�^£�]L_=`¡�l`
± �{q���\Hj�~JyPq^s£w�=~JrLsut�yl�l`#�l`���yP_¡~�su`Qkukut�yPp©» d δz

d t
≥ 0

½��

d δz
d t

= δ′z = Vz

√

1 −
(

δz
δm
z

)
5
2

,
d δz
d t

≥ 0
»n�µ� ) ½

§¨`Omu`L_=~�k�~JyPq^s¨£�`LvDq^`L£P£A« t�p��l`LpDmo��mot�yPp�`Lk�m�_=���lt�_�q^_ ~S`�q^m�¿�muso`-y{�^mu`�pHq9�^`-£w�}_���p^t�]�so`-kuq^t�¢µ�{pDmu`��

t =

∫ t

0

δz
δ′z
dt =

∫ δz

0

d δz
δ′z

=

∫ δz

0

d δz

Vz

√

1 −
(

δz
δm
z

)
5
2

»n�µ���H½

kuy{t�mL²l~Sy{q�s£�`8mo`�_=~�k}�l`#��y{_=~^so`Lkok�t�y{p�_=���lt�_�q^_ �

tm =
δm
z

Vz

∫ δm
z

0

1
(

1 − (δz/δ
m
z )

5
2

)
1
2

d(δz/δ
m
z )

»n�µ�{�P½
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§-« rQvPqJ��mut�y{p »��Q���H½eª®y{q^sop^t�m9q^p^`'su`L£���mut�y{p"`�pDmuso`�£�`�mu`�_=~�k��l`'��y{pDmo�P��m�`�m�£Y« t�pJ�l`�pDmo��mut�y{p6¦�hHt-yPp
t�pDmu]L�{so` pHq^_=rLsutwvDq^`�_=`�pDmO��`�m�mo`}rLvDq���mut�y{p¡y{p=~J`Lqlm
�lyPp^p^`LsR£��8so`�£w��mot�yPp�`LpPmosu`

δz
`�mO£�`�mu`L_=~�k�¦D§O« r�¢���¤

£�q���mut�y{p3pDq�_¡rLsutwvDq^`#�l`#£A« t�pDmur��Pso�{£�`=»n�µ�{�P½
��y{p��^q^tm}¥

tm = 1.4716376
δm
z

Vz

»n�µ���D½
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t/tm

δz/δ
m
z

P/Pm

hHy{£�qlmot�yPp3pHq^_=rLsutwvDq^`
�^yPp���mot�yPp

sin(πt/2tm)

������ ��Q�0��� � ��	 ���	�� � ��� 	�# 	��F���
�' !��	����
δz
�� ��� 	 ! � � ����	  !��� ����� )������W�

P
!�� �W�����W� ��� 	�# 	�$ %D!=�� (

hHq�s�£���¯��Pq^so`��Q�^²�y{p"t�£�£�q�k�muso`�£Y« r�¢Py{£�qlmut�y{p"�l`�£Y« t�p��l`�pDm���mut�y{p
δz
`�m9�l`=£w�'ª®yPso��`

P
`�p"ª®yPp���mot�yPp

�^q�mo`�_=~�kL¦-�e`È_=�{p^t�]�so`3\�`�q^sot�k�mutwvDq^`{²RyPp�~S`�q^m'su`L_���s�vPq�`�s�vDq^`È��`�mumu`ÈrL¢{y{£�qlmot�yPp�~S`�qlm�¿�muso`0��~l¤
~�suyµ�lt�_¡rL`9~��{seq�p^`9ª®yPp���mot�yPp"kut�pDqJke�lyPpDm�£w�'~Sr�sot�yH�^`�`Qknm8���{kur�`=kuq^se£�`�mu`�_=~�k

tm
¦¨±
`�mumu`=p^y{q�¢{`�£�£�`

�{~^~^soyµ�lt�_���mot�yPp'��yPp��lq^t�mc¥¡q^p^`#`Lsuso`�q^s�_����lt�_���£�`8�^`9�l¦×���'¦
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�°£`Qknm���£w��t�s�vDq^`�£A« `��l`�_=~^£�`ÈvPq�t��"r�mur3mus���t�mur3~^sorL��rQ�l`�_=_=`�pDm=~JyPq^s��l`�q^��k�~�\^]�so`Lk¡~S`�qlm�¿�mosu`

�Pr�p^rLso�{£�twkureko��p�k��lt�¬���q^£�mur#~Sy{q^s}�^`�ql��kuy{£�tw�l`Lk��lyPpPm£�`Lkkuq^suªÇ�{��`Qk
�^`���y{pDm��{��mkuy{pDm p�y{p,��y{p^ª®y{so_¡`Qk�¦

Í�Í Ò�T'UWV�X�Y



�P� � �W!�������� � ���
	 	�!� �

�°£Okuql¬=m#~JyPq^s���`L£��3�l`=so`�_=~^£w�{��`Ls8£Y« rLvDq���mut�y{p©�^`¡sot��{tw�ltmorÈ»n�{�P�Q½c~���s8q^p�`�rLvDq���mot�yPp©�lq©mnjH~J`È»Y¼P�{½
mo`�p��{pDm��y{_=~lmo`��l`Lk ªÇ�P��mu`Lq^s�k��y{soso`L��motªÇk��lrL~J`Lp��^�{pPmc�^`#£Y« `��^��`LpDmusot���tmor8�^`#£Y« `�£�£�t�~�ku`#�l`���yPpPm��{��mL¦
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 ��'�,�#��
§¨`=�L�{k8�l`Qk#k�yP£�tw�l`Lk8��jD£�t�p��lsot�vDq^`Qk�²Wy{qÀ�l`¡£Y« t�_¡~J�{��m�t�p^t�mutw��£�`�_=`�pDm#£�t�p^rLt�vDq^`=`Qknm8~^£�q�k8~^soy{�^£�r�_���¤

mot�vDq^`P¦D±
y{_=_=`�y{p=p^`}�ltwku~JyDk�`�~��PkR�l`su`L£���mut�y{p�ª®y{s���`��µt�p��l`�pDm���mut�y{p�`��l~^£�t���tmo`{²�t�£��l`L¢Ht�`LpPmOt�_=~JyDkukut��^£�`
�6« t�pDmur��Psu`Lsk�t�_=~^£�`L_=`�pDm}£��=�ljHp��{_=t�vDq^`#�lqÈkujHk�mu]L_=`{¦^a}yPq�kso`�¢Ht�`�p��lsoy{pJk kuq^s}��`Lk�{ku~S`L��m�k��q 6 �^¦
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Écy{so_¡twk £�`Qk�\HjD~Sy�mo\^]Lku`Lk�kuq^s�£����{rLy{_=r�mosut�`�`�m£�`#��y{_=~JyPs�mo`�_=`�pDm�r�£w�{k�mutwvDq^`��^`Lk _���murLsutw��q^����²l£��

~�sut�p���t�~��{£�`�\HjD~Sy�mo\^]Lku`8vPq�tS~S`�q^m�so`�_=`�m�muso`�`�p,�ly{qlmo`e£A« ��~^~^£�tw����mot�yPp��lt�so`L��mo`��^`�£w�9mu\^rLy{sot�`8�l`8É}`�sumuÊ
�{ql�0t�_¡~J�{��m�k�`Lk�m�£A« \HjH~Sy�mu\�]Lku`¡�l`¡~^soyl��`Lkokuq�ke�^`=�^r�ª®y{so_���mot�yPp vDq��{kut¤°k�mo��mot�vDq^`P¦�´ep©`�pDmu`Lp��©~���s�£�¥
q�p^`��^r�ª®y{so_���mot�yPp�£�yl�L��£�t�kur�`��^��p�k
£w�9ÊLy{p^`8�l`8��y{pDm��{��m�vDq^tWp^`cmot�`LpDm ~��Pk���y{_=~lmo`��^`e£A« t�p^`Ls�mot�`�£�yl�L��£�`
�^q'_���mor�sot��{q6¦D����pJk ��`�mumu`�~���sumut�`{²Hp^yPq�k-`Qkuko�µj{yPp�k-�^`��lyPp^p^`Ls vDq^`L£�vDq^`Qk
�{su�Pq^_=`�pDmok
\^`�q�sutwknmot�vDq^`Qk
¥
£A« ��~^~^£�tw����mot�yPp3�^`�£w�¡mu\�r�y{sot�`8vDq��Pk�t�¤°knm���mutwvDq^`8�l`#É}`�sumuÊ��{ql�'t�_=~��{��mokL¦

H�� ?���, � ��J��� * / ÃL� @�*H����0Ç�LÃA0�;���*H�
hHt-£Y« y{p©su`Qknmo`=����p�k8£�`����{�^su`=��« q^p"��y{_=~Sy{sumu`�_=`LpPm#rL£��Pknmot�vDq^`P²S£A« `��W`�m9�l`=£w�3�^jDpJ��_=t�vDq^`=kuq^s#£�`

��y{_=~Sy{sumu`�_=`LpPm��l`Lk�kuy{£�t��l`Qk��{ql�#t�_=~��P��m�k�p�`-~S`�qlmR¿�mosu` �lq�vDq6« ¥}£w�}~�suyP~����D��mut�y{p��6« yPp��l`Lk�r�£w�{k�mutwvDq^`Lk
`�m�p^yPp9¥}q�p���\��{p^�{`L_¡`LpDm��l`���y{_=~Sy{sumu`L_¡`LpDmL¦��°£H`Qknm���£w��t�s�vDq^` £Y« t�_=~��P��m��l`
�l`Lql�9kuy{£�t��l`Qk6~^soyl�lq^t�m�q�p
kujlknmo]�_=`c��« y{pJ�l`Lk
r�£w�{k�mutwvDq^`Lk
�l`e��y{_=~^so`Lkok�t�y{p��^�{p�k-£�`ekuy{£�tw�l`9»��e· ��·^¸ � 	�²W��GP�{�P½�`�m��l`e��t�ko��t�£�£�`�_=`LpPm
¥c£��ek�q�s�ªÇ�P��`-�lq¡k�yP£�tw�l`�»	� 	 ��
 ²H�AG{�P¼P½�¦��°£Dsu`Qknmo`
¥cko�µ¢{yPt�s�vPq¨« `L£�£�`-~S`�qlm�¿�mosu`
£Y« t�p���q^`Lp���`��l`
��` kujlknmo]�_=`Lk
�6« yPp��l`Lkkuq^s£�`8mu`L_¡~Jk�l`���yPpPm��{��m�`�mck�q�s£�`8�^t�£��{pÈ��« rLp^`�so�{t�`#�lq,k�jlk�mu]�_=`P¦

[�so�P�lt�mut�y{p^p^`L£�£�`�_=`LpPmQ²{yPp���y{pJk�tw�l]�so`}vDq^`e��`ckujHk�mu]L_=`c��« y{p��l`QkOp6« �#~��Pk-��« t�p���q^`Lp���`�k�q^s
£Y« t�_¡~J�{��m
kutH`�£�£�`Qk�~J`Lq^¢{`LpPm�¿�mosu` so` ��r�mur�`Qk��l`
p�y{_9��su`Lq�k�`Qk6ª®yPt�k��^�{p�k�£�`Qk�k�yP£�tw�l`Lk�~S`�p��^�{pDm�£�` mu`�_=~�k��l`��y{pDmo�P��mL¦
¾-p���£w��t�sQ²DkutJ£�`emu`�_=~�k��l`���yPpPm��{��m
`Lk�m�~^£�qJk-£�y{p^�¡vDq^`e£w��~Sr�sot�yH�^`c~^soy{~^so`}ª®yPp��^�{_¡`LpDmo��£�`c�l`Qk�k�yP£�tw�l`Lk
`Lp���yPpPm��{��mL²{£A« \DjH~Sy�mo\^]Lku`}�l`e�^r�ª®y{so_���mot�yPp=vDq��Pk�t�¤°knm���mutwvDq^`~S`�qlm ¿�muso`c��y{p�ku`�so¢{rL`{¦P´ep���yPp�kut��lrLsu`}vDq^`
£�`8surL�{t�_=`emoso�{p�kutmoy{t�su`8�¡~J`Lq,�6« t�p���q^`Lp���`�kuq^s£�`#~^soyH��`Lkok�qJk �^`��lr�ª®yP_¡s���mot�yPp3�{q3��y{pDmo�P��mQ¦

����p�k�£�`'�L�{k#�l`Qk�ku~^\^]�so`LkL² � ����·�»n�AGD�{�P½e�,~�suyP~JyDk�r=q^p���sut�mu]Lsu`�kuq^s�£w�,¢Dt�mu`Qkuku`���« t�_=~��P��m�vDq^t
�D��s���pDmut�mc£A« q^mut�£�twku��mut�y{p"��« q�p"�L�{�lso`�vDq��Pk�t�¤Zk�mo��mutwvDq^`{¦ �°£R��y{pJk�tw�l]�so`9£A« t�_=~��P��m8`�pDmuso`¡�^`�ql� ku~^\^]Lsu`Qke�l`
s��µj{yPp

R
¦�§6`'mu`�_=~�k¡�l`'mus��µ¢{`�s�kur�`{²

Tw
�l`Lk�y{pJ�l`Lk��l`���y{_=~^so`Lkok�t�y{p³¥Èmoso�µ¢P`�s�k8£�`Qk��^`�ql��ku~^\^]�so`Lk

~S`�q^m}¿�muso`#��~^~�suyl��\^rL`�~J��s��

Tw ≈ 4R/co
»n�µ�=2{½

y �
co
`Lk�m�£w�¡¢Htmo`Lkok�`#�l`Qky{p��^`Lk�r�£w�{k�mutwvDq^`Lk����p�k�£�`8_=��murLsutw��q,�ly{p�p^r�`#��£w�{kutwvPq�`�_=`�pDm~���s��

co =

√

E

ρ
.
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§¨`mu`L_=~�k-�l`���yPpPm��{��m
Tc
²D��y{_=_=`}t�£J�#r�mure`Lk�mut�_¡re�^��p�k-£�`c~���s����Pso�{~^\^`�~^sorL��rQ�l`�pDmQ²{`Lk�m
�lyPp^p^r}~J��s��

Tc ≈ 5.6(R5/(c40 ∗ Vz)
1/5).

»n�µ� GD½
§¨`,so�{~^~JyPs�m=`�pDmosu`3£�`3mo`�_=~�k��l`3mus��µ¢{`Lsokur�`3�l`Lk=yPp��l`Qk�`�m�£�`3mu`L_=~�k��l`È��yPpDmo�{��m¡~S`�q^m'�ly{p���¿�mosu`
`Qknmot�_=r#�l`#£w�¡_=�{p^t�]�so`8kuq^t�¢���pDmu`��

Tw

Tc
≈
(

Vz

co

)1/5 »n� ) �D½

��`�vDq^t
�lyPp^p^`�q�p³so�{~^~JyPs�m�`LpDmuso`�£�`�mo`�_=~�k��l`'��yPpDmo�{��m�`�m9£�`�mo`�_=~�k9�^`�mus��µ¢{`Lsokur�`=�l`Lk9y{p��^`Lk��l`
£A« y{s��lsu`8�l`

(Vz/c0)
1/5 ¦§¨`'��sotmo]�so`��l` � ����·©so`LvDq^t�`�sum9vPq�`'��`�s���~�~JyPs�m9�lyPtm�¿�muso`��^t�`�p³t�plª®rLsut�`�q^s¡¥È£A« q^p�tmor�~JyPq^s�vDq^`

£A« \DjH~Sy�mo\^]Lku`#��« rL¢{yP£�qlmot�yPp3vDq��Pk�t�¤°knm���mutwvDq^`8k�yPtm¢���£�t��^r�`{²Jk�yPtm��
(

Vz

co

)1/5
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»n� ) �Q½

����p�k�£�`9_=¿�_=`¡`Lku~^sotmQ² � ·^¸�� � »n��G{¼P�P½�~^soy{~SyPku`9q^p�`���~�~^suyl��\^`¡vDq���£�tm���mot�¢P`�`�p"��y{_=~��{so�{pDmc£�`
s���~�~JyPs�m�`�pDmosu`0£A« r�p^`Lsu�Pt�`È�l` �^r�ª®y{so_���mot�yPp `�m'£A« rLp^`�so�{t�`0��t�p^r�mot�vDq^` �nso`�£w��mot�¢P` ��`LpPmosu` £�`Qk���yPsu~�kL¦ �°£
yP�lmut�`�pDm}£�`#_=¿�_=`8mnjH~J`���« ��~�~^suyµ�lt�_���mut�y{p3vDq^` � ����·�vDq^t¨su`QvPq�t�`Ls�m}vDq^`#£w�=¢Dt�mu`Qkuku`#k�yPtm}~�£�q�kªÇ��t��^£�`
vDq^`�£��'¢Htmo`Lkok�`¡�lq©kuy{p ����p�ke£�`Qk�_=��murLsutw��ql�È��yPp�kut��lrLsurQk�¦WhHt�£Y« y{p"��yPp�k�tw�l]Lsu`9vDq^`�~���s�`��l`L_¡~�£�`P²Sq�p
_���mur�sotw��q0��yP_=_¡`�£Y« �{��t�`LsL²S£w��¢Htmo`Lkok�`

c0
`Qknm8�l`9£A« y{s��lsu`��l`

5200m/s
¦S´ep ¢{y{t�mevDq^`¡��`=��sotmo]�so`�`Lk�m

mosu`Qk�~J`LqÈk�`L¢{`�so`8k�q^s£�`Lk�¢Ht�mu`Qkuku`Lk��« t�_¡~J�{��mQ¦
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¶�� ��¹�·^¸ »n�AGD�=2l²J��G{�{�D½�`�m`Lp�k�q�tmo`549·^· � »n��G{¼P�P½R~^soy{~SyPku`�pDm�q^p��{qlmuso`8��sotmo]�so`e`Lp���yPp�kut��lrLso�{pDm
q�p�_=yH�^]�£�`e�l`
�8`L£�¢Ht�pl¤ SRy{t���m-~Sy{q^s so`�~^sorLku`�pDmu`LsR£�`��l`�_=t�¤A`Qk�~J�{��`cr�£w�{k�mutwvPq�`{¦D¶�� ��¹�·^¸3yP�lmut�`�pDm���£�y{s�k
q�p ��sut�mu]Lsu`3���Pk�rÈkuq^s�£��À~J��sum��6« rLp^`�so�{t�`3vDq^tc`Lk�m'����kuy{so�JrL`�~J��s�£�`Lk=y{pJ�l`Lk=¢Htwku��yDrL£��Pknmot�vDq^`Qk�¦ � q^`
��`�£w��kuy{t�m'~JyPq^s3q^p ��sot�mu]�so`Èy{q £Y« ��qlmosu`P²-yPp ~J`Lqlm3��y{p�k�mo��mu`Ls�vDq^`0~Sy{q^s,�l`Qk'kuy{£�t��l`Qk�_��{kokutªÇkL²-£�`Lk
��sut�mu]Lsu`Qk�musoy{q^¢PrLk�k�yPpDm�£�`�~^£�qJkOk�yPq^¢{`LpDm�so`�_=~^£�t�k��{q�so`��D��s��9��« ��qlmosu`Qk�\DjH~Sy�mo\^]Lku`LkR��y{_=_=`
£�`Lk�~S`�motmo`Lk
�^r�ª®y{so_���mot�yPp�k r�£w�{k�mutwvPq�`LkL¦

�e`Lk#�{~^~^soyH��\�`Lke~^£�qJkesot��{y{q�su`Lq�k�`Qkc�lq"~^soy{�^£�]�_=`=�l`=É}`�sumuÊ¡`�pÀ�ljHp��{_¡twvDq^`¡y{pDm�r�mur=~^soy{~SyPkur�`Qk
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����p�k¡��`�m�mo`�~��{s�mot�`P²¨yPp �ly{p�p^`�vDq^`L£�vDq^`Qk9sorLkuq^£�mo��m�k9��y{p���`�sop���pDm9£A« `��S`�m=�^q³ª®suy{m�mo`�_=`�pDm¡kuq^s¡£�`
~�suyP�^£�]L_=` �l`Éc`�sumuÊk�yPq�k�£Y« \HjH~Jy{mu\^]Qk�`��l`�_���murLsutw��q^��r�£w�{k�mutwvPq�`Lk�t�kuy�mosuyP~J`Qk�¦(�°£^kL« �{�{t�m�tw��t^�^`��^t�ko��qlmo`�s
£A« t�p��Jq^`�p���`��lq3ª®suy{m�mo`�_=`�pDm}k�q�s£Y« t�pJ�l`�pDmo��mut�y{p,p^yPsu_���£�`8�l`��l`�q^����yPsu~�kL¦

§-« �{p���£�jlk�`'�^q���yPpDmo�{��m¡�l`,É}`Ls�moÊ'~S`�qlm�¿�muso`'_=`�p^rL`'`Lp ~^sorLku`�p���`��l`'ª®suy{m�mo`�_=`�pDm=`�pDmuso`��l`Lql�
��y{so~�k}rL£��Pknmot�vDq^`Qk9»Ç¢{y{t�s�» � � � · ������&!�	 ¦�²��AG=G ) ½�½�¦�´ep0so`�_���s�vDq^`�vDq^`9£�`Lke~^soy{�^£�]�_=`Lkcp^y{so_���ql�,`�m
m���p^�P`�pDmut�`�£wk k�yPpPm���yPq^~^£�rLk
~���s £Y« t�pPmo`�so_=rL�ltw��t�su`���« q^p^`8��y{pJknm���pDmu`���~^~S`�£�r�`8��yPp�knm���pDmu`��l` � � � � �6¸ 	
»��AGP��GP½�¦
�}¯�p ��« t�pDmosuyl�lq^t�so`��^sot�]L¢{`�_=`LpPm���`�mumu`9��y{p�k�mo�{pDmu`{²Jy{p0��y{p�kut��^]�so`#£�`9�L�{ke�lq ��yPpDmo�{��m}`�pDmuso`9�l`Lql�

��jH£�t�p��lso`Lk ��« ���l`Lk
~���s���£�£�]�£�`Lk k�q^t�¢���pDm�q^p^`�����p��^`��l`�£w��so�{`�q�s
2a
¦H¾Op'q^mut�£�twku�{pDm�£A« rLvDq���mot�yPp »Ç�>2 ) ½�²H£��

��y{pDmus���t�pDmu`¡�{rLy{_=r�mosutwvDq^`��lq³��y{pDm��{��m�»�G 2�½e`�m9k�`=s���~^~S`�£w��pDm�vDq^`�£�`Qk8~^so`Lkok�t�y{p�k#kuy{pDm#y{~�~JyDk�rQk�kuq^s
£�`Lk��l`Lql� k�yP£�tw�l`Qkc`Lp©��yPpDmo�{��mL²Sy{p©y{�lmot�`LpPm8£w��so`�£w��mut�y{p©k�q^t�¢���pDmu`¡£�t��{pPm�£���~^so`Lkok�t�y{pÈp�y{so_=�{£�`

p
¥'£��

~�su`Qkukut�yPp�m���p^�P`�pDmut�`�£�£�`
q
�
∫ a

−a

p(s)

x− s
ds− πβq(x) = π

E∗x

2R
,−a ≥ x ≥ a

»n� ) �{½
y �

β
`Qknm}£w�=��y{pJknm���pDmu`#�l`#�eq^p��lq^s�k5�

β =
1

2

[

(1 − 2ν1)/G1 − (1 − 2ν2)/G2

(1 − ν1)/G1 + (1 − ν2)/G2

] »n� )�) ½
´epÈ¢Py{t�mevDq^`9kut¨£w����yPp�knm���pDmu`��l`9�eq^p��lq^s�k}`Qknm�pHq^£�£�`{²J£�`Qk}~^soy{��£�]L_¡`Qkp^yPsu_���q^��`�memo�{p^�{`LpPmot�`L£�k

��y{p���`�sop���pDm�£Y« t�pJ�l`�pDmo��mut�y{p"k�yPpPm#�lrQ��y{q�~^£�rQk�¦ �°£OkL« `Lp�kuq^tm�vDq^`¡£�`=~^soy{��£�]L_¡`=��« t�pJ�l`�pDmo��mut�y{p©p^y{so_���£�`
`QknmOt�p��lrL~J`Lp��^�{pPm �lq=ª®suy{m�mo`�_=`�pDmL¦D§6`~^so`�_=t�`�s-�L�{kRy ����`�mumu`c��y{p�k�mo�{pDmu``Lk�mOpHq^£�£�`}`Qknm-����p�kR£�`c�L�{kO�l`
�^`�ql� _���mur�sotw��ql�0tw�l`�pDmot�vDq^`Qk�¦¨��« ��qlmosu`���yP_9�^t�p��{t�kuy{p�k�_=y{t�p�k#kut�_=~^£�`Lk#�^`¡~J��s���_=]�mosu`QkerL£��Pknmot�vDq^`Qk�²
vDq^t���p^pHq^£�`�pDm}£w����y{pJknm���pDmu`#�l`9�eq^p��^q^sokL²^~S`�q^¢P`�pDm}¿�mosu`8mosuyPq^¢{rL`LkL¦J´ep,~J`Lqlme��t�mu`Ls}£A« `��H`L_=~^£�`��6« q^p
_���mur�sotw��q,k�yPq^~^£�`�`�m}t�pJ��y{_=~^so`Lkokut��^£�`#��yP_¡_=`#q^pÈ�L��y{q^mo��\^yPq��ekuq^sq^pÈ_=r�mo��£A¦S´ep,����£�y{s�k

ν1 = 0.5`�m
G1 ≪ G2

²���`�vPq�t�`�pDmus����Ïp^`#vDq^`
β ≈ 0

¦
§¨y{s�kuvDq^`�£w�0��yPp�k�mo��pDmo`'�l`'�eq^p��lq�sok�`Lk�m9p^yPp³pDq�£�£�`{²�t�£
j³�Èq^p���yPq^~^£w���P`�`�pDmuso`�£A« t�p��l`LpPm���mot�yPp

p�y{so_=�{£�`c`�m
£�`Lk
~^\^rLp^y{_=]Lp^`Lk
�l`}ª®soy�mumu`�_=`LpPm
mo�{p^�{`LpPmot�`L£�kL¦^±
`LkO~�suyP�^£�]L_=`Lk ��y{q�~^£�rQkOyPpPm r�morcr�moq��lt�rLk
`LpDmuso`3�{qlmuso`�~J��s�¶ � � � 	 � � �  ��� �Ï· � ��»��AG{¼D�{½ � � � ���� �Ï· � � � ¶ � ��� 	©»n��G{¼{¼D½�¦��°£�k=_=yPpPmosu`LpDm
vDq^`'£�`Qk�¢���sot��{�^£�`Lk��l`�k�q^suªÇ�{��`���yP_¡_=`�£�`Lk9~^so`Lkok�t�y{p�k�`�m�£�`Lk��lr�~�£��P��`�_=`LpPm�k8mo�{p^�{`LpDmut�`�£wk9kuy{pDm#muso]Lk
~S`�q ���W`L��mor�`Qk'~��{s'£�`0ª®soy�mumu`�_=`LpPm,�l`À±
yPq^£�y{_9� ~Sy{q�s��l`Qk'¢���£�`�q�sok��lq ��yH`�¬���t�`LpDm�s���twk�yPp^p�����£�`P²
t�plª®rLsut�`�q^so`Lk�¥

0.6
¦�x��{s¡��y{pDmuso`{²¨~JyPq^s�£�`Lk���\���_=~�k¡�l`3��y{pDmoso�{t�pDmu`Qk#`�m=�l`��^r�ª®y{so_���mot�yPp�k�²�y{p³p^y{mu`

��`�sumo�{t�p^`Qk�lt��SrLsu`Lp���`Qk�`�pDmuso`#£�`#~�suyP�^£�]L_=`�p�y{p3ª®suy{m�m���pDm`�mc£�`#~^soy{�^£�]�_=`�ª®suy{m�m���pDmL¦^x�yPq^s}��`�vDq^t6`Qknm
�^`£Y« `��Wy{sum-��ql�¡t�_=~��P��mO`�m-£�`}��yH`�¬���t�`�pDm-�l`so`Lk�mut�muqlmot�yPp6²�yPp¡~S`�q^m-`Lk�mut�_=`�s-vDq^`£�`�ª®suy{m�mo`�_=`�pDm-t�p���q^`
~S`�qÈkuq^s£�`�q^s�k�`Lk�mut�_���mut�y{pJk�¦

 · ���$� �$� � �
� ��� � 	�»n��G 2 ) ½¨mut�su`LpPm
£�`QkR_=¿�_=`LkO��y{p���£�qJk�t�y{p�kRkuq^sO£A« t�p��Jq^`�p���`c�l`�ª®soy�mumu`�_=`LpPm-kuq^s
£�`~^soy{�^£�]�_=`}��« t�p��l`�pDm���mut�y{p=p^yPsu_��{£�`�moso�{tmor}�^��p�k�q�p^`c���P�lso`��^jDpJ��_=t�vDq^`P¦��°£wkRp^y{mu`�pDm-vDq^`}£w�8¢���£�`�q^s
�^`�£w�=~^so`Lkok�t�y{p�p^y{so_���£�`e`Qknmmosu]Qk�~J`Lq,t�p��Jq^`�p���r�`#~��{s£�`�ª®soy�mumu`�_=`LpPmQ¦
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§-« yP�lzn`L��mut�ªJ�l`���`�mumu`
~���sumut�`-`QknmR�l` su`Q��`�pJk�`Ls¨£�`Lk¨mus��µ¢µ�{ql�8r�mu`Lp��^�{pPm�£w�mu\�r�y{sot�`
k�mo��pJ�^��s��#�l`�É}`�sumuÊ
¥��^`Lkc�6« �{qlmuso`Lkc�{r�yP_=r�musot�`Lk�l`9kuq^suªÇ�{��`Lk}�l`���y{pDm��{��m}`Lp ku`#£�t�_=tm���pDm��{ql�3kuq^suªÇ�{��`Qksor��{q�£�t�]�so`LkL¦J±
`Lk
sorLkuq^£�mo��mok�k�q�~^~^£�r�_=`�pDmo�{t�so`Lk�kuy{pDm�y{�lmo`�pHq�k�k�yPtmO�{q9~^sot�¡��« \HjH~Sy�mu\�]Lku`Lk�k�q�~^~^£�r�_=`�pDmo�{t�so`Lk�»Ç�{r�yP_=r�musot�`
�P£�yP����£�`#�l`Lkc��y{so~�k 6 ��¦��P²6¦�¦L¦o½kuy{t�m}`�p,so`�£w���^��pDm}��`Ls�m���t�p^`Lk}\DjH~Sy�mo\^]Lku`Lk�»Z±
y{pDmo�P��mc��y{plª®yPsu_=` 6 �^¦ ) ²
~�sutwk�`8`Lp3��y{_=~lmu`��^`Lk�`��W`�m�k}�l`#�Sy{s�� 6 ��¦ �P½
`�m`�p,qlmot�£�t�ko��pDmc�l`Qk�_=r�mu\�yH�^`LkpHq^_=r�sotwvPq�`Lk#» 6 ��¦ �H½�¦
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����p�k=£�`0���Pk=��« q�p ��y{pDmo�P��m=t�p�tmot��{£�`L_¡`LpDm�~JyPp���moq^`�£A²Op^yPq�k=�µ¢{y{pJk�¢Hq vDq6« t�£}r�mo��t�m�~JyDkukut��^£�`È�l`
�^y{p^p^`Lse�l`Qk}`��H~�su`Qkukut�yPp�k}�{p���£�jDmutwvPq�`Lk}�l`9muyPqlmu`Qkc£�`Lkc�{s���p��l`Lq^s�k_=rL���{p^twvPq�`Lk9»Y��yPpPmoso�{t�pDmo`LkL²��lr�ª®yPs�¤
_���mut�y{p�kL²¨t�p��l`LpPm���mot�yPp6²¨~^so`Lkokut�yPp��l`'��yPpDmo�{��mL²¨mo��t�£�£�`�`�m��Pr�y{_=r�musot�`'�^`�£�� k�q^suªÇ�{��`'�l`3��y{pDm��{��m�½8`�m
��`L��t�`�p,p^`8ªÇ��twko��pDm��{~^~S`�£¨vDq6« ¥=�l`Lk\HjH~Sy�mu\�]Lku`Lk su`L£���mut�¢{`Qk¥�£w�¡Ê�yPp^`#�l`���yPpPm��{��mL¦

x�y{q�s�q^p ��yPpPm��{��m�t�p^tmot��{£�`L_=`�pDm¡£�t�p^r�twvDq^`{²�t�£ `Lp `Qknm�muy{q^m=�{qlmuso`�_=`�pDmQ¦Rhlt £�`Lk¡��yPpDmus���t�pPmo`LkL²¨£�`Lk
�^r�ª®y{so_���mot�yPp�k�²{£��8~^so`Lkokut�yPp=�^`c��yPpPm��{��m
��t�p�kut�vDq^`}£w�#£��{su�P`�q^sO�^`}£�������p��^`c�l`c��y{pDmo�P��mO~S`�q^¢P`�pDm-¿�mosu`
�^r�mu`Lsu_=t�p^r�`Qke�{p���£�jDmutwvDq^`�_=`�pDm�`�p0ª®yPp���mot�yPp �l`¡£��'surQk�q�£m���pDmu`¡�l`Lke`��Wy{sumok���~^~�£�twvDq^rLkL²Jt�£�p6« `Lk�m�~^£�q�k
~SyPkokut��^£�`#�l`#so`�£�t�`Ls��^t�so`L��mu`�_=`LpPm}£A« t�p��^`�pDmo��mut�y{p,¥¡��`�mumu`#sorLkuq^£m���pDmu`P¦

d0��mu\^rL_���mutwvDq^`�_=`LpPmQ²^£�`Lks���twk�yPp�kkuq^t�¢��{pPmo`Lk~S`�q�¢{`�pDm}¿�muso`��µ¢µ�{p���rL`LkL¦l�e�{p�k£�`9���Pk�lq0��yPpPm��{��m
t�p^t�mutw��£�`�_=`�pDm ~JyPp���moq^`�£A²P£�`Lk �lr�ª®y{so_=��mut�y{p�k-r�¢Py{£�q^`�pDm-`Lp

r−2 ²Py � r `Lk�m
£w���ltwknm���p���`e��« q^p�~JyPt�pDm ��y{ql¤s���pDm-¥#q�p�~JyPt�pDm
�l`e£��8ÊLy{p^`e�l`c��yPpDmo�{��mL¦{§¨`Lk
�lr�~^£w�{��`�_=`�pDm�k�²DvPq�tJkuy{pDmOy{�lmo`�pHq�k-~���sOt�pDmurL�{s���mut�y{p��l`
��`Lk8�lr�ª®y{so_=��mut�y{p�kL²Wr�¢Py{£�q^`�pDm#�ly{p��

r−1 ¦6§6`Qk#��y{pJknm���pDmu`Qk�²�vDq^tRt�pPmo`�so¢Ht�`Lp^p^`�pDm#�^��pJk���`�mumu`�t�pPmor��Pso��¤mot�yPp6²�~S`�q�¢{`�pDme�^y{p��#¿�muso`8ªÇ�{��t�£�`�_=`�pDmcrL£�t�_=t�p�r�`Lkc`�p0��\^yPt�kutwkuko��pDmc�l`Qk~JyPt�pDm8�l`�sor�ª®r�so`�pJ��`�¥=£A« t�pl¯�p^tA¦
x�yPq^s}q^p0��y{pDmo�P��m}t�p^tmot��{£�`L_=`�pDm}£�t�p^rLt�vDq^`P²�£�`Lkc�^r�ª®y{so_���mot�yPp�k�r�¢Py{£�q^`�pDm}`�p

r−1 ¦ �c~^so]Lkt�pDmur��Pso��mut�y{p6²£�`Lk��lrL~^£w�{��`L_=`�pDmok�r�¢Py{£�q^`�pDmR�ly{pJ�-`Lp
ln(r)

¦��°£^�l`�¢Ht�`�pDmO�l]Lk�£�y{s�k��S`L�{q���yPq^~9~�£�q�kR�^t¬���t�£�`��^`
p^rL�{£�t��P`�s
~Sy{q�sq^p^`#~^sorL��t�kut�yPp��lyPp^p^rL`#£�`Qk��y{pJ�ltmot�yPp�k��q^�'£�t�_=tmo`LkL¦

xO\Hjlkut�vDq^`L_¡`LpDmL²�q^p^`�l`Qk�so�{t�kuy{p�k�vDq^tl~S`�qlmR¿�mosu`�t�pH¢{ylvDq^r�`
`Lk�m�£�`
ªÇ��t�mRvDq^`�£w�ekuq^suªÇ�{��` �l`��y{pDmo�P��mL²
vDq^t�`Qknm}q�p^`#����pJ�l`8t�pl¯Jp^t�`P²^`Lk�mc��\��{su�Pr�`c~J��sq^pÈ��\��{su�P`�_=`�pDm�l`#surQk�q�£m���pDmu`�`�£�£�`��{q�kok�t�t�pl¯�p^t�`{¦
�}¯�p3�^`��lyPp^p^`Ls q�p^`��{qlmuso`ct�pDmu`Lsu~^sor�m���mot�yPp'�l`8��`Lk sorLkuq^£�mo��m�k�²Dt�£6k�`L_9�^£�`c~^£�q�k�s���twk�yPp^p��{�^£�`e��« t�pl¤

¢PylvPq�`�sc£�`�ªÇ��t�m8vDq^`�£�`=��yPpPm��{��me~Sy{p���muq^`L£�t�p^t�mutw��£�`�_=`�pDm8~JyPp���moq^`�£�`Qknm8q^p©�L�{kcmuso]Lk�k�~SrL��t��{£��^`�~^soy�¤
��£�]L_¡`c_¡rQ���{p^t�vDq^`cy���£�`Lk-��y{p��^tmot�yPp�kO��q^�¡£�t�_=t�mu`QkO~S`�q^¢P`�pDm-¿�mosu`cp^r��P£�t��{rL`LkL¦{§6`}~�suyP�^£�]L_=`}`Lk�m
��q^muy�¤
��y{p�kutwknm���pDm�`�m#~J`Lqlm�¿�mosu`=sorLkuy{£�q©ko��p�keªÇ��t�so`=�{~^~S`�£O¥,�l`Lk�t�p^�{sorL�^t�`LpPm�k8`��HmurLsut�`�q�sokL¦�§¨�3k�yP£�qlmot�yPp"�^q
~�suyP�^£�]L_=`8�^`8��y{pDmo�P��mt�p^tmot��{£�`L_=`�pDm}£�t�p^rLt�vDq^`#p^`8~SyPkok�]Q�l`8~��{kku`Lk�~�suyP~^sut�r�morLk�Pkuku`�Ê�so�{su`Qk�¦

±
yP_¡_=`�p^y{qJk-£A« �µ¢Py{p�k
k�yPq^£�t��Pp^re�{q^~���s��µ¢���pDmL²Pt�£W`Qknm�t�_=~SyPkok�t��^£�`e�l`8�lyPp^p^`�s q^p^`�so`�£w��mut�y{p'`��l~^£�t¤
��tmo`
`LpDmuso`-£A« t�p��l`LpPm���mot�yPp

δ
`�m�£w�c��\J��so�{`Omoy�m���£�`

P
ko��p�k¨mu`Lp^t�sR��y{_=~lmu`��l` £��cª®y{so_=`
�P£�yP����£�`-�l`Qk���y{so~�k

`LpÈ��y{pDm��{��m`�m�^`Lk}��y{p��lt�mut�y{pJk��ql�'£�t�_¡t�mu`Qk}�lq,~^soy{�^£�]�_=`P¦ �°£�`Lk�m}`�p,`��W`�m}p�rL��`Qkuko��t�so`��l`���y{p^pJ���wmuso`
£�`,�lr�~^£w�{��`�_=`�pDm=��« q�p ~Sy{t�pPm��l`3sur�ª®r�so`�p���`�kuq^s¡q^p��l`Qk=��y{so~�k9`�p���y{pDmo�P��mQ¦��e`�~�£�q�kL²�£Y« y{�^mu`�pDmot�yPp
�6« q^p��lr�~^£w�{��`�_=`�pDm-t�pl¯�p�tS¥#£A« t�pl¯Jp^tJso`�_=`�m
`�p��L��q�ku`}£w�#¢���£�t��^tmore�l`Qk-\HjH~Jy{mu\^]Qk�`QkO�l`�É}`�sumuÊc~JyPq^s
q�p
��y{pDmo�P��m}t�p^t�mutw��£�`�_=`�pDm}£�t�p^rLt�vDq^`P¦/�°£�k�`L_9�^£�`��ly{pJ�#vPq�`9��`#~Sy{t�pDme�l`#sor�ª®r�so`�pJ��`#p^`9�^y{t�m}~��{k¿�muso`#~^sot�k
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mosuyP~�£�y{t�pÈ�l`�£w��k�q�s�ªÇ�P��`#�l`���yPpDmo�{��mL¦�����pJk£�`��L�{k��y{pDmus���t�su`P²lq^p^`���y{sosu`Q��mut�y{p3p^rQ��`Lkoko��t�su`8�ly{t�m}¿�mosu`
t�pDmusoyl�lq^t�mu`#��yP_¡_=`#p^yPq�k�£�`�¢P`�sosuyPp�k��^��pJk�£��=kuq^tmo`{¦

1$��,�� 3 � / * O *H�N6�Æ * 0�*0Ã���Â�0Y�=Å�+6Æ�0 / 0���*H� * / ÅPÂ / Ã �^Å�Ã
´ep �ly{p^p�`,����p�k¡��`�m�mu`,~��{s�mot�`3q^p `��l`�_=~^£�`,�lt����{��mot�vDq^`,�l`�musoy{twk=��jH£�t�p��lso`Lk¡`Lp���yPpDmo�{��mL¦-±
`�m

`��l`�_=~^£�` t�p^tmot��{£�`L_=`�pDm�moso�{tmor ~��{s,¶¡·^¸P¹6º »n�Q¼{¼P�P½=`Lk�m,su`�ª®y{so_9q^£�r �^�{p�k©» � � � � 	 � �R²e��G{¼P�P½�¦´ep
£A« t�£�£�qJknmosu`#kuq^s£��¡¯J�{q^so`��P�{¦

´ep �^y{p^p^`Lso�'��« �{�JyPso�,£w��kuy{£�qlmut�y{p t�p^t�mutw��£�`9~�suyP~JyDk�rL`#~���s8É}`Ls�moÊ9��q 6 �^¦��{¦×�l²^~�q^t�k�yPp0�ly{p^p�`�s��
vDq^`L£�vDq^`Qk��yP_¡_=`LpPm���t�su`Qk���q 6 �^¦��{¦×�9kuq^s£A« �{~^~^soyH��\�`erL£��Pknmot�vDq^`8so`�£w��mut�¢{`�mosuyPq^¢{rL`{¦

� 6:6���Â6Å @�*��HÆ �^��Ã�0�;���* §6` ª®yPso��` �l`}��y{_=~^so`Lkok�t�y{p
P
�lyPp^p^`�£�t�`�q=¥8�l`LkR�^t�k�musot���qlmut�y{p�kR�^` ~�su`Qkukut�yPp

sor�~J��sumut�`Lk��ly{p�p^r�`Qk�~JyPq^s£�`���y{pDmo�P��m}kuq^~JrLsut�`�q�s��

p =
2P

πa1

(

1 − x2

a2
1

)

1
2 »n� ) �H½

y ��£w�=�l`�_=t�¤A£w��so�{`Lq^s�l`���yPpDmo�{��m ~S`�q^mc¿�mosu`8`Lk�mut�_=r�`��l`8£w��ªÇ� ��yPp3kuq^t�¢���pDmu` �

a2
1 =

4PR

πE∗

1

»n� ) �P½

§��#��y{pDmoso�{t�pDmu`�`Lp^�{`Lp��lsor�`�~���sO�^`�ql��ª®y{s���`Lk�yP~^~SyPkur�`LkRkuq^sOq�p=��jH£�t�p��lso`r�£w�{k�mutwvDq^``Lk�m-�ly{p�p^r~���s
����� ��	 �6·�� � � � � � ���$�Ï·^¸ »n�AGD�l�µ½-kuy{q�k�£w��ª®y{so_=`8�6« q^p�`���y{pDmoso�{t�pDmu`��^t�¤Z���lt��{£�`8q^p^t�ª®y{so_=`��

σx = σz =
P

πR

»n� ) �D½
´ep�ªÇ�{tm�_���t�pDmu`�pJ��pDm-£A« \HjH~Jy{mu\^]Qk�`�vDq^`c£A« r�mo��m��l`Qk
��y{pDmus���t�pDmu`QkR`�p�q�p'~Sy{t�pPm

A
kut�muq^re`�pDmuso`c£A« ���l`

C
�lq=��jH£�t�p��lso` `�mR£�` ~Sy{t�pPmRt�p^t�mutw��£^�lq=��yPpPm��{��m

01
`Qknm�£��8��y{_9��t�p��{t�kuy{p��l`-mosuyPt�kJzn`Lql���l`��yPpDmus���t�pPmo`Lk��

�{¦�q^p^`���y{pDmus���t�pDmu`8�lq^`�¥¡£��¡sor�~��{s�motmot�yPp3�^`#~^su`Qkukut�y{p'\�`�sumuÊ�t�`�p�p^`#�ly{p^p�r�`#~��{s8»�� ) �D½�²
�l¦�q^p^`}��y{pDmus���t�pDmu`-~J��sR£w�cª®yPso��` �^`���y{pDmo�P��m�`�p

O2
vDq^t�~J`LqlmO¿�mosu`���yPp�k�tw�lrLsur���yP_¡_=`��yPp���`LpDmusor�`{²

) ¦�q^p,r�m���mc�l`���y{pDmus���t�pDmu`��^t¤°���ltw��£��lyPp^p^r#~��{s8»�� ) �P½�¦
¾Op³��zny{qlm���pDm8��`Lk#�lt��Wr�so`�pDmu`Qk#��y{_=~SyPko��pDmu`Qke�^`���y{pDmoso�{t�pDmu`Qk�²Sy{p"y{�^mut�`�pDm#£Y« r�m���m��l`���yPpPmoso�{t�pDmo`

�{q�~Sy{t�pDm
A
k�yPq�k £��¡ª®yPsu_=`#kuq^t�¢��{pPmo`��

σx =
P

π

[

1

R
− 2(a2

1 + 2z2)

a2
1(a

2
1 + z2)

1
2

+
4z

a2
1

]

»n� ) 2{½

σz =
P

π

[

1

R
− 2

(a2
1 + z2)

1
2

+
2

2R− z

]

»n� ) ¼D½

¾-p,�^r�ª®y{so_���mot�yPp�k ~^£��{p^`LkL²^£w�=�lr�ª®yPsu_���mot�yPp�kuq^t�¢µ�{pDm
z
k�« rL��sut�m}��£�y{s�k

εz =
1 − ν2

πE
(σz − ν

1 − ν
σx)

»n� ) GD½
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C

O1

02

A

P

P

z

x

R

R1

R − z

z

z

R2

2a1

2a2

E, ν

E1, ν1

E2, ν2
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¾OpÈt�pDmurL�{s���pDm`�pDmuso`
z = 0

`�m
z = R

²�y{p,y{�lmot�`LpDm}£�`��lrL~^£w�{��`L_=`�pDmc���0¥=£w����y{_=~^so`Lkokut�yPp��l`#£w�
_=yPtmot�r#kuq^~JrLsut�`�q�su`#�lqÈ��jH£�t�pJ�lsu`P²^k�yPtm��

δ1 = P
1− ν2

πE

(

2 ln

(

4R

a1

)

− 1

) »n�L�P�D½

bcp^`©`��l~^su`Qkukut�y{p k�t�_=t�£w��t�so`0~J`Lqlm,¿�muso` yP�lmu`LpHq^` ~Sy{q^s3£w�³_=y{t�mut�r t�plª®r�sot�`Lq^so`©�lq ��jH£�t�p��lso`©vDq^t
��y{p��^q^tmc¥¡£A« `��l~^su`Qkukut�y{p�kuq^t�¢���pDmu`#�l`#£w�=��y{_=~^so`Lkokut�yPp�muy{mo�{£�`#kuy{t�m��

δ = 2P
1 − ν2

πE

(

ln

(

4R

a1

)

+ ln

(

4R

a2

)

− 1

) »n�L���µ½

��ÂS��� * / Ã!�'0 ��*H�5§6`8~^so`�_=t�`�s���yP_¡_=`LpPm���t�su`8��yPp���`Lsup�`c£w��vDq��{£�t�mur8�lq3surQk�q^£�mo��m ~�surQ��rL�^`�pDm8»����J�Q½�¦
x�yPq^sO��`L£���²�t�pDmusoyl�lq^twk�yPp�k�£��8��y{_=~^so`Lkok�t�y{p¡��« q�p=�^`�_=t^~^£w��p¡r�£w�{k�mutwvDq^`{²�y ��£A« yPp���\^y{twk�t�mO��yP_¡_=`�~Sy{t�pPm
�^`�sor�ª®rLsu`Lp���`8q^p,~Sy{t�pDmc¥�q�p^`#~^soy�ª®y{pJ�l`�q^s

d
�

δ = P
1 − ν2

πE

[

2 ln
2d

a
− ν

1 − ν

] »n�L�D�P½

¾Op,��\^yPt�kut�koko��pDm
£�`8~^suy{ª®y{p��^`�q^s
d
r��D��£�`e¥

R
²H£w����y{_=~^so`Lkok�t�y{p'�^q3�l`L_=t¤Z~^£w��p��^y{p^p^rL`e~J��s#»n�L�D�{½

kuy{qJk
`Qknmot�_=`��l`��Q� � £w�=��yP_¡~�su`Qkukut�yPp'sor�`L£�£�`#�lq3��jH£�t�p��lso`#�ly{p^p�r�`#~��{s8»����D�P½ �^��pJk�q^p^`#�P�{_=_¡`#�l`
~�su`Qkukut�yPp ��~�~^£�twvDq^r�`

P
²���y{soso`Lku~JyPp��^��pDme�{q sor��Pt�_=`9rL£��Pknmot�vDq^`D» � � � ��	 ����²��AGP¼P�{½�¦/�°£�`Lk�m8�^t�`Lp"��£��{t�s

vDq^`È�^�{p�k=�l`Lk=�D��_=_=`Lk¡�l`È��\���so�{`L_=`�pDmok�~^£�q�k=t�_=~Sy{sumo�{pPm�k=�^��p�k=q�p�sor��Pt�_=`3~^£��Pknmot�vDq^`3£A« `Lsuso`�q^s
sotwkuvDq^`#��« ¿�mosu`8�^t�`�pÈkuq^~JrLsut�`�q�su`P¦

´ep�`Lkoku�µjP`e�l`8�ly{p�p^`�s��^��pJk
£w��~���sumut�`�kuq^t�¢���pDmu`eq^p'ª®yPp��l`L_¡`LpDm _���mo\^r�_���mutwvPq�`�¥�£��¡�lrL_=�{so��\�`
�P�ly{~^mur�`©~���sÈÉc`�sumuÊ{¦§¨`©�^q^mÈ�^`"��`�m�mo`©~�surQk�`LpPm���mot�yPp `Lk�m,�6« `Qkuko�µj{`Ls��l`À�ly{p�p^`�s,q^p^`À�lrL_=�{so��\�`
�Pr�p^rLso�{£�`�~Sy{q^s�mosuyPq^¢{`Ls £A« ��~^~^soyl��\^`�su`L£���mut�¢{`8r�£w�{k�mutwvDq^`8`�p,��y{pDm��{��mt�p^t�mutw��£�`�_=`�pDm}£�t�p^rLt�vDq^`P¦

1$��,��M9 � / �^Æ +6� * 6�� �0Æ � � �PÃ�@�Â�0�* 0�*H� 0�� � *HÆYÂ'6 6 *H� * / ÃL� ����+6�N6�ÃLÂJÃA0�;���*H� *PÃ,Æ *H�'Ã!*HÅ @6Ä
/ 0�;���*H�$0�* 6 *,�QÃQ��� � �lÃA0YÂ / ����+6�N6�ÃLÂJÃA0�;���* �

´ep��lyPp^p^`��^��p�k
��`}~J��s����{s���~�\^` vDq^`L£�vDq^`er�£�r�_=`�pDm�k-kuq^~^~^£�r�_=`�pDm���t�su`QkOvDq���pDm
¥#£A« t�pDmu`Lsu~�sur�mo��mot�yPp
�^`Lk�sorLkuq^£m���m�k�y{�lmo`�pHq�k�~Sy{q^s£�`���yPpPm��{��m�^`8Éc`�sumuÊ#t�p^t�mutw��£�`�_=`�pDm}£�t�p^rLt�vDq^`P¦

±
`�m�mu` p^yPq^¢{`L£�£�`-t�pDmu`�so~^sor�m���mut�y{p9~^suyP~JyDk�rL`O~��{s � �� � � ¸P¹6º � ¶ � ¸��^·�¸,»n�AG>2H�µ½6kL« �{~^~^q^t�`
kuq^s��l`Lk
�^r�¢{`L£�yP~^~S`�_=`�pDmok-�{kujD_=~lmoy�mot�vDq^`}�l`c£���kuy{£�qlmot�yPp¡~J��s-s���~�~JyPs�mO¥#q^p�~J��s���_=]�mosu`so`�p�����pDm-��yP_¡~^mu`c�l`
£w�=�ltwknm���p���`���« q�p3~Sy{t�pDmc��yPq^so�{pDm�¥=£w�=k�q^suªÇ�{��`#�l`���yPpPm��{��mL¦^a}yPq�k}�{£�£�y{p�k�`Lp�~�surQk�`LpPmo`�s£�`Lk��Pso�{p��l`Lk
£�t��{p^`Qkk�q^s£A« `��l`�_=~^£�`#�l`Lk�mosuyPt�k��jH£�t�p��lso`Lk `�pÈ��y{pDmo�P��mL¦

� *H�LÅ���0 6�ÃA0ÇÂ / 0�*H�=Å�*,��Å{Æ *H�$*PÃ 0 / Ã���Â 0���Å{ÃA0ÇÂ / 0 K�� / 6 *PÃ�0®ÃP6�� �(���J7DÃ���*
ε

bcp3~Sy{t�pDmc��yPq^so�{pDm
�^q3~�£��{p3�L��sumurLkut�`�p

(x∗, y∗)
`Lk�mc�lrLkut��{p^r8~��{s£��¡¢���sot��{�^£�`���y{_=~^£�`��l`#k�q^t�¢���pDmu`��

z∗ = x∗ + i y∗
»n�L� ) ½

´ep"��yPp�k�tw�lrLsu`Lso����£�mu`�sop���mut�¢{`�_=`LpPm8q^pÀ�ltwkuvDq^`¡¯�p"r�£w�{k�mutwvDq^`È»Ç��yPpDmus���t�pPmo`Lke~^£w��p^`Qko½e`�m#q^pÀ��jH£�t�pJ�lsu`
�^`¡£�y{p��{q^`Lq^set�pl¯�p�t}»Ç�lr�ª®y{so_=��mut�y{p�k�~^£w��p�`Lk�½�²Wr�£w�{k�mutwvDq^`Lk�twk�y{musoy{~S`Lk¡¦�§6`���`LpPmosu`=�lqÀ��`Lso��£�`¡t�pJ�l`�pDmur
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F∗

F∗

R

R′

R′′

x∗

y∗

z∗l

λ∗

� ���  ��Q� � � 	 � �
�'� � 	 !��W�		�
�'� 	��F���
�' � %'!����=����" � ��	 	��R� ������	 � 	��=���
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`Qknm#~SyPkutmot�yPp^p^r�¥
z∗ = i R

¦W�e`�q^�"��`Lso��£�`Qk�sut��{tw�l`Lk#�^`¡s��µj{yPp�k
R′

`�m
R′′

¢Ht�`Lp^p^`�pDm�t�p��l`LpPmo`�s�ko��p�k
ª®soy�mumu`L_¡`LpDme£�`9��`Lso��£�`9��`�pDmus���£A¦J§���sorLkuq^£�mo��pDmo`9�l`Lke�{��mut�y{p�ke�l`���y{pDmo�P��mc~��{scq^p�tmor��l`�£�yPp^�{q^`Lq^sc`Qknm
p�y�murL`

F ∗
¦

´epÈ�lrQk�t��{p^`#~J��s
u∗
`�m
v∗
£�`Lk}��y{_=~SyPko��pDmu`Qk�l`��lr�~�£��P��`�_=`LpPm�kr�£w�{k�mutwvDq^`Lkkuq^t�¢���pDm}£�`Qk}���l`Qk

x∗`�m
y∗
¦S´epÈ�lr�¯�p^t�mc�l`8_¡¿L_=`

w∗ = u∗ + i v∗
»n�L�{�H½

´ep�p^y�mo`e~��{s
λ∗
£A« t�p��l`LpDmo��mot�yPp'so`�£w��mot�¢P`e�lq3��`�s���£�`�sut��{tw�l`e�^`�s��µj{yPp

R′
����p�k £�`���`�s���£�`et�p��l`LpPmor{¦

§¨`8��y{pDmo�P��m}ku`�~�suyl�lq^t�m}k�q�sq^p^`8����pJ�l`#�l`8£��{su�P`�q^s
l
vPq�t6`Lk�mq^p^`�ª®y{p���mut�y{p,�l`

F ∗
¦^§¨�¡¢���£�t��lt�mur

�^`'£w� kuy{£�qlmut�y{p �^`'£w�0_=r�mo\^yl�l`3�^`�É}`Ls�moÊ�kuq^~^~SyPku`�vDq^`3��`�mumu`3£�yPp^�{q�`�q^s�su`Qknmo`�ªÇ��t��^£�`��l`L¢���pDm�£�`Lk
�^t�_=`�pJk�t�y{p�k��L��s��{��mor�sot�k�mutwvDq^`Lk��l`Qk�kuy{£�tw�l`Lk�`�p=��yPpDmo�{��m�`Lp�~J��sumutw��q^£�t�`LsR�l`�¢���pDmR£w�e��y{q^so�^q^so`
�l`QkR��yPsu~�k
`Lp���y{pDmo�P��mL¦^±
`L��t{znqJknmot¯�`8£A« t�pDmusoyl�lq���mot�yPp'��« q^p'~S`�motm~��{so�{_=]�muso`

ε
�lr�¯�p^t��l`�£��9_���p^t�]�so`ekuq^t�¢µ�{pDmu`��

ε =
l

R

»n�L�D�P½
acy{q�k-��y{_=_=`�pDmo`�soy{p�kR£w�8~S`�sumut�p^`�p���`}~^\Hjlk�twvDq^`}�l`c��`�mumu`c�lr�¯�p^t�mut�y{p��^�{p�kR£w�#~^soyl��\���t�p^`�~���sumut�`{¦Db}p^`
so`�£w��mot�yPp'tw�l`�pDmot�vDq^`#~S`�qlm}¿�muso`#rL��sut�mu`8~Sy{q^s£�`���`Lso��£�`�sut��{tw�l`��

ε′ =
l

R′

»n�L�P�D½
§-« rQvPqJ��mut�y{p,�l`#£w�=k�q^suªÇ�{��`8t�plª®rLsut�`�q�su`8p^yPp3�lr�ª®y{so_=r�`#�lqÈ��`Lso��£�`8r�£w�{k�mutwvDq^`8`Lk�m}�ly{p^p�r�`#~��{s

y∗(x∗) = R −
√

R2 − x∗2,
»n�L�>2{½

vDq^t�~S`�q^mc¿�mosu`#�lrL¢{`�£�y{~�~JrL`8¥¡£A« yPso�^su` O(ε)
�^��p�k�£A« t�pDmu`Lsu¢��{£�£�` |x∗| ≤ l/2

²lkuy{q�k�£w��ª®y{so_¡`�kuq^t�¢���pDmu`��

y∗(x∗) ≈ x∗2

2R
, |x∗| ≤ l/2

»n�L�P¼P½
�e`8_=¿�_=`{²H£A« rQvPqJ��mut�y{p3�l`8£��¡kuq^s�ªÇ�P��`�k�q^~Sr�sot�`�q^so`��^q3��`�s���£�`esot��Pt��^`ct�plª®r�sot�`Lq^s�~J`Lqlm¿�mosu`#�lrL¢{`�£�y{~�~JrL`
~J��s��

y∗(x∗) ≈ −x∗2

2R′
, |x∗| ≤ l/2

»n�L�=GP½
hHq�tmo`�¥ £A« t�p��l`LpDmo��mot�yPp6²�£�� kuq^suªÇ�{��`À��« rLvDq���mut�y{p »����D¼P½�k�`À�lr�ª®yPsu_=`"`�p q^p^`³kuq^s�ªÇ�P��`À��« rLvDq���¤

mot�yPp »n��� GP½�¦ ´ep su`�musoy{q^¢P`Èk�yPq�k�q^p^`0ª®y{so_¡`0kut�_¡~�£�`0£w�³��yPpDmus���t�pPmo`,�{r�yP_=r�musotwvPq�`0¥À£Y« y{s��lso` O(ε)vDq^t�~�suyl�lq^t�m}£�`��lr�~^£w�{��`�_=`�pDm}kuq^t�¢��{pPm��

v∗(x∗) = −1

2

(

1

R
+

1

R′

)

x∗2 + const., |x∗| ≤ l/2
»n�µ���P½
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� *H�:O 0�* � � ��0 � � Æ *H��� 0 / / * ��� *DÃ��µÂS�¨Ã *,��� �e`�q^�³zn`�ql� �l`"¢���sot��{�^£�`Lk3k�yPpPm3t�pDmosuyl�lq^t�mok�~Sy{q^s
�^rL��sot�su`È£A« r�mo��m'_=rL���{p^twvPq�`0�lq kujHk�mu]L_=`{¦-§¨`0~^so`�_=t�`Ls�`Lk�m'£�`�zn`�q �l`0¢���sot��{�^£�`Lk���~�~J`L£�r0¢��{sutw���^£�`Lk
��t�p^p^`�s �OvPq�tDku`�sum�¥}�lrQ��sot�so`Oq^p��^r�¢{`L£�yP~^~S`�_=`�pDm�¥}£Y« y{s��lso` O(ε)

�^��p�k¨£��csurL�{t�y{p8`�pDmoy{q^s���pDm6£�`
��yPpDmo�{��mL¦
�°£�`Qknmc�^r�¯�p^t��l`#£��¡_���p�t�]Lsu`#kuq^t�¢��{pPmo`��

Z =
z∗

l
, W =

w∗

l
, Λ =

λ∗

l
, F =

F ∗

µl
, P =

p∗

l
,

»n�µ�l�µ½

y �
µ
`Lk�m£�`#_=yl�lq^£�`��l`#��twko��t�£�£�`�_=`�pDm}�lq,_���mor�sot��{q�rL£��Pknmot�vDq^`8`�m

p∗
£��=~�su`Qkukut�yPp��l`���y{pDmo�P��mQ¦

´ep©su`L_=�{sovDq^`¡vDq^`�£w��£�t�_=tmo`{²
ε → 0

~Sy{q�s
Z
¯^�lr¡_���t�pPmot�`LpDm8£w��£�y{p��{q^`Lq^s

l
¯^�l`=��y{_=_=`¡q^p^`

£�y{p��{q^`Lq^s����{so�P��murLsutwk�mutwvPq�`,�^q ��y{pDm��{��mQ¦-§6`0�^r�¢{`L£�yP~^~S`�_=`�pDm��Pk�jH_=~lmuy{mutwvDq^`0��yPsuso`Lku~JyPp��^�{pPm�ku`�s��
�^y{p���¢���£�t��^`��^��p�k�q�p^`8Ê�y{p�`#`�pDmuyPq^so�{pDm £�`#��y{pDm��{��m}vDq^`#p^yPq�k�lrLp^y{_=_=`�soy{p�k sor��Pt�yPp���t�p^p�`�s ��¦

bcp©ku`L��yPp��=zn`Lq©�l`�¢µ�{sutw����£�`Qk}`Lk�met�pDmusoyl�lq^t�m8vDq^`¡k�`Lso���^r�p^yP_¡_=rczn`�q©�^`�¢���sotw���^£�`Lk�nyPqlmu`Ls���²J�l`
£w�¡_���p^t�]�so`#k�q^t�¢���pDmu`��

z =
z∗

R
, w =

w∗

R
, λ =

λ∗

R
, f =

F ∗

µR
, p =

p∗

R
,

»n�µ�{�P½

´ep su`L_=�{sovDq^`¡��£�y{s�kcvDq^`¡£��'£�t�_=tmo`{²
ε → 0

~Sy{q^s
z
¯��Hr¡_���t�pDmut�`�pDm�£w�'�^t�_=`�pJk�t�y{p"����s��{��murLsutwknmot�vDq^`

�^q�kuy{£�t��l`
R
¯^�lr�`P¦H§¨`e�lrL¢{`L£�yP~^~J`L_=`�pDm��Pk�jH_=~lmoy�mutwvDq^`e��y{sosu`Qk�~Sy{pJ�^��pDm
ku`�s����lyPp��c¢��{£�tw�l`e����p�k q^p^`

ÊLy{p^`8£�y{t�p3�^`#£��¡Ê�yPp^`#�l`���yPpDmo�{��mL¦
±
`Qk}�l`�q^��zn`�ql�,�l`#¢���sot��{�^£�`Lk ~J`Lq^¢{`LpDm�¿�muso`#su`L£�t�rLk��l`#£w�¡_���p^t�]�so`#k�q^t�¢���pDmu`��

z = εZ, w = εW, λ = εΛ, f = εF, p = P
»n�Q� ) ½

� � � *HÆÇÂ�6 6 *H� * / Ã 0�*�Æ � �LÂSÆÇ��ÃA0YÂ / * / � � � 0 � � Æ *�� 0 /:/ *,��� acy{q�k#ª®`�soy{p�k#£A« \DjH~Sy�mo\^]Lku`�vDq^`�£��
kuy{£�qlmot�yPp0�lq0~^soy{�^£�]�_=`9�6« t�p��l`LpPm���mot�yPp �^��pJk}£w��surL�{t�y{p ��t�p�p^`�s �#��y{sosu`Qk�~Sy{pJ�3¥'£��'k�yP£�qlmot�yPp0�lq0~^soy�¤
��£�]L_¡`=�l`¡|
yPq�kok�t�p^`LkovS²JtA¦ `{¦�²Sq�p ~^£w��p ku`�_=t�¤At�pl¯�p�t�rL£��Pknmot�vDq^`¡k�yPq^_=t�k�¥�£�����y{pDmoso�{t�pDmu`9�{r�yP_=r�musotwvPq�`
»��Q�{�P½�¦/� £A« rQ��\^`�£�£�`��l`8£��=sor��Pt�yPp't�p^p^`�sQ²l£A« t�p��l`LpPm���mot�yPpÀ»��Q�{�P½
�l`�¢Ht�`�pDm��

Vi(X) =
1

2
(ε+ ε′)X2 + const.

»n�Q���D½
§��3kuy{£�qlmot�yPp"�lqÀ~^soy{��£�]L_¡`��l`�| yPq�kukut�p^`LkovÈk�yPq^_=t�k#¥3£w�,��y{pDmoso�{t�pDmu`¡�{rLy{_=r�mosutwvDq^`=~^sorL��rQ�l`�pDmo`

~S`�q^m�kL« rQ��sot�so`#`�p,mo`�so_¡`Qkc�l`9¢µ�{sutw����£�`Qk �nt�p^p^`Ls��9kuy{q�k}£��=ª®yPsu_=`9kuq^t�¢���pDmu`'»Ç¢{yPt�s9»�� � 	 � �6· � � 	���� � � �A²
��G{� ) ½�½ �

4πWi(Z) = C − i F
[

κ [2ZQ(Z)− ln(Q(Z))] + 2Z̄Q(Z̄) − ln(Q(Z̄)) + 4(Z − Z̄)Q(Z̄)
]

»n�µ�{�P½
y �

C
`Qknm�£w�³��yPp�knm���pDmu`,t�p���yPp^pHq^`È�lq ~^soy{�^£�]�_=`0�l`0| y{qJkukut�p�`LkovÀ�^t��^t�_=`�pJk�t�y{p^p�`�£c`�m

κ
`Lk�m�q^p^`

��y{p�k�mo�{pDmu`�_¡rQ���{p^t�vDq^`�vDq^t6�^r�~S`�p��,�lqÈ��yH`�¬���t�`LpDmc�l`8x�yPt�kokuy{p
ν
�^`�£w�=_���p^t�]�so`8k�q^t�¢���pDmu`��

κ = 3 − 4ν
`�pÈ�lr�ª®y{so_=��mut�y{p�k ~^£w��p�`LkL² »n�Q�{�P½

κ =
3 − ν

1 + ν

`Lp,��y{pDmus���t�pDmu`Qk
~�£��{p^`LkL¦ »n�µ�=2{½
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�°£l`QknmR~SyPkok�t��^£�`�l`�lr�_=y{pDmosu`Ls�vDq^`��`�m�mo`}k�yP£�q^mut�y{p���y{sosu`Qk�~Sy{pJ�9¥eq^p��lr�¢P`�£�y{~^~S`�_=`�pDmO�{kujH_=~lmuy{mutwvPq�`
`Lp'mo`�so_=`Lk}�l`8¢���sotw���^£�`Lk ��t�p^p�`�s �8�lq,~^soy{�^£�]�_=`#��« r�£w�{k�mutw��t�mur#¥=£A« yPso�lso` O(1)§��9ª®yPp���mot�yPp

Q
`Qknmc�lr�¯�p^t�`#~���s �

Q(Z) = 2Z − i
√

1 − 4Z2
»n�µ��¼D½

y � √
1 − 4Z2

`Lk�m\^y{£�y{_=y{so~^\^`#�^�{p�k�£�`#~^£��{p
Z
��y{q�~Jr#~��{s£Y« t�pPmo`�so¢���£�£�`

[−1

2
,
1

2
]
�l`#£Y« ���l`8sor�`�£A¦^§¨�

��so�{p���\^`#��\^y{twkut�`#`Qknmc£w�=�^s���p���\�`#~JyDk�t�mut�¢{`9kuq^s}£A« t�pDmu`Lsu¢��{£�£�`{¦��ey{p�p^y{p�k}£�`Qkc��yP_=~JyPs�mo`�_=`�pDmokc�{kujD_=~l¤
moy�mot�vDq^`Qk�l`���`�m�mu`8ª®yPp���mot�yPp0�

√

1 − 4Z2 = −2i Z

(

1 − 1

4Z2

)

1

2 ≈ −2i Z

(

1 − 1

8Z2

)

,
~JyPq^s |Z| → ∞ »n�µ� GP½

§¨`�k�jH_9�Sy{£�`
ln
�lrLp^y�mo`8£��¡�^s���p���\�`�~�sut�p���t�~��{£�`#�lq,£�y{�P�{sut�mu\�_¡`8kuq^t�¢��{pPmo`��

lnQ = ln |Q| + i argQ
»��L�{�D½

§�� kuy{£�qlmut�y{p »��Q�{�P½#ko��mutwk�ªÇ��t�m�£w� ��yPpDmus���t�pPmo`��{rLy{_=r�mosutwvDq^`'�µ¢{`Q��£w�Èsu`L£���mut�y{p�kuq^t�¢µ�{pDmu`'`LpDmuso`�£��
sorLkuq^£�mo�{pPmo`#�l`Lk�`��SyPs�m�k�`�m}£w��£w��so�{`Lq^s�l`8£��=�J��p��l`#�l`���y{pDmo�P��m��

F = π
ε+ ε′

2(κ+ 1)

»n�Q�^�µ½

� � � *HÆÇÂ�6 6 *H� * / Ã�0�*ÈÆ � �QÂJÆY�¨Ã�0ÇÂ / * / � � � 0 � � Æ * �µÂJ��Ã!*,��� ¾Op,k�q�t�¢���pDm£w�9_=r�mo\^yl�l`8`�_=~^£�y�j{rL`
~J��s�É}`Ls�moÊ{²OyPp k�q^~�~JyDk�`0vDq^`È£w�Àk�yP£�qlmot�yPp �lq ~^suyP�^£�]�_=`È`�p �l`L\^y{s�k��l`È£w�ÀÊ�y{p�`,�^` ��yPpPm��{��m=`Qknm
�^y{p^p^rL`9~��{se£w�'kuy{£�qlmot�yPp �lq ~�suyP�^£�]L_=`���« q^p©��`�s���£�`�r�£w�{k�mutwvDq^`�kuy{q�_¡twk�¥'�l`Lql�Èª®y{s���`Qkc��yPp���`LpDmusor�`Lk
`Lp

z = 0
`�m
z = i

¦ �°£R`Lk�m8~SyPkokut��^£�`=�l`¡�^r�_=y{pDmuso`�s8vDq^`=£��3kuy{£�qlmut�y{p"�l`���`¡~^suyP�^£�]�_=`¡��y{sosu`Qk�~Sy{pJ�
�{q��lr�¢P`�£�y{~^~S`�_=`LpPm�¥#£A« yPso�lso` O(1)

�lq'~�suyP�^£�]L_=`c��« r�£w�{k�mutw��t�mure�6« q^p���`�s���£�`ckuy{q^_=twk-¥��l`Lk-~^su`Qkukut�y{p�k
sor�~J��sumut�`Lk��ltw��_=r�moso�{£�`L_¡`LpDm�yP~^~SyPkur�`LkL¦

±
`�m�mu`�kuy{£�qlmot�yPp�~^so`�pJ��£w��ª®y{so_=`8kuq^t�¢���pDmu`8`�p,¢���sotw���^£�`���y{q^mu`�s �	�

4πwo(z) = −i f
[

κ ln (
2z

2 + i z
) + ln (

2z̄

2 + i z̄
) +

z

z̄
+

2 + i z

2 − i z̄
+ (κ− 1)(1 + iz) − κ

]

+ C ′

»n�Q�P�P½
y �

C ′
`Lk�m}£w����y{pJknm���pDmu`�¥��lr�mu`Lsu_=t�p^`�s}`LpÈ��\^y{twk�twkoku�{pPmq^pÈ~Sy{t�pDm}~���sumutw��q�£�t�`�sc�^`#£��=sor��Pt�yPp���y{qlmo`�s ��²

��y{_=_=`8~���s`��H`L_=~^£�`8£�`���`LpPmosu`#�lqÈ��`�s���£�`8kut�£�`Lk�`��Wy{sumokkuy{pDmrLvDq^t�£�t��^sorLk

� �^Å{ÅPÂ/��0�*H� * / Ã"0�*H�"0�� � *HÆÇÂ�6:6 *D� * / ÃQ��§¨`Lk��l`�q^�#kuy{£�qlmot�yPp�k¨~�surQk�`LpPmor�`Qk-»n�µ�{�P½R»n�Q�P�{½¨�lt��SrLsu`LpPm
�L��sR`L£�£�`Lk�yPpPm-�^`�ql�9t�pDmu`Lsu~^sor�m���mot�yPp�k�~^\Hjlk�twvDq^`LkR�ltwk�mut�p���mo`LkL¦{�e�{p�k�£w�8£�t�_=tmo`}�lq=~^suyP�^£�]�_=` �nt�p^p^`Ls���²�£��
£�y{p��{q^`Lq^s

l
`Qknm-_��{t�pDmu`LpHq=¯^�l`e��£�y{s�kRvDq^`

R
mu`Lp���¢{`LsokO£Y« t�p^¯�p^tA¦l´ep�so`�mosuyPq^¢{`}�{£�yPsok�q^p'~^suyP�^£�]�_=`c�l`

mnjH~S` | yPq�kukut�p^`Lkove�6« q^p=�l`L_¡t�¤Z~^£��{p���\��{su�PrO~��{s�q^p�`
~^so`Lkokut�yPp�surL~���sumut�`{¦Q�e�{p�k�£��e£�t�_=t�mu`��lq�~�suyP�^£�]L_=`
��y{q^mu`�s ��²S£w�3£�yPp^�{q�`�q^s#�l`�sor�ª®rLsu`Lp���`=�lqÀ~^soy{�^£�]�_=`

R
`Lk�m���yPp�k�`Lsu¢Pr�`=��£�y{s�k8vPq�`

l
mu`Lp��"¢{`Lsok

0
¦�´ep

so`�mosuyPq^¢{`8��£�y{s�k £�`8~^soy{��£�]L_¡`#��« q^pÈkuy{£�t��l`#kuy{q^_=twk¥¡q^p^`8ª®y{s���`#��y{p���`�pDmusor�`P¦
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´epÈ~S`�qlm���`�~S`�pJ�^��pDmc`Qk�~Sr�so`�scvDq^`9£�`Qk}�l`�q^�,�lrL¢{`L£�yP~^~J`L_=`�pDmok}�6« q^pÈ_=¿L_¡`9~���s���_=]�mosu`��^`#~J`Ls�¤
moq^so����mot�yPp y{pDm=`�p ��yP_¡_�q^p q�p^`,Ê�y{p�`3�l`3¢���£�t��^tmor,����p�k¡£w�{vDq^`�£�£�`�t�£�k=~S`�q�¢{`�pDm=¿�mosu`,so`�£�t�rQk�¦ �¯�p
�^`9£�`Lkesu`L£�t�`�sQ²JyPp0qlmot�£�t�ku`9q�p^`�so]��P£�`��l`9s��{�L��y{s��l`L_¡`LpDme�l`Lk��lrL¢{`�£�y{~�~J`L_¡`LpDmok}twkok�q^`¡�l`Lkcmu`Q��\^p^twvDq^`Lk
�^`�~S`�sumuq^so����mut�y{p�k¡» � � � � � ��·W²��AG>2��P½}vDq^t�~J`Lqlm�k�« r�p^yPp���`Ls��{t�pJk�t � ��£�`¡�lr�¢P`�£�y{~^~S`�_=`LpPm ��t�p^p�`�s ��¥
£A« y{s��lsu` O(∆)

�lq'�lrL¢{`�£�y{~�~J`L_¡`LpDm �nyPqlmu`Ls��}¥#£A« yPso�^su` O(δ)
�ly{t�m-¿�mosu`et��^`�pDmutwvDq^`c��q��^r�¢{`L£�yP~^~S`�_=`�pDm

��y{q^mu`�s �¡¥,£A« yPso�^su` O(δ)
�lq³�lrL¢{`�£�y{~�~J`L_¡`LpDm �nt�p^p^`Ls���¥,£Y« y{s��lso` O(∆)

��¦�acy{q�k#`��l~^sut�_=`�soy{p�k#��`�mumu`
so]��P£�`8kuy{q�k�£w��ª®y{so_¡`#kuq^t�¢µ�{pDmu`��

wi]o = wo]i
»n�Q� ) ½

acy{q�k}�{£�£�y{pJk
¢Py{t�s��y{_=_=`�pDmc��`�m�mo`8su]L�{£�`�~S`�so_=`�mc�l`#�lr�mu`Lsu_=t�p^`�s£�`Lk��y{p�k�mo�{pPmo`Lk�t�p���yPp^pHq^`Lk�^q
~�suyP�^£�]L_=`�`�mc�l`�ª®y{q^sop^t�sq^pÈ��\���_=~,�l`��lrL~^£��P��`L_¡`LpDm¥¡£A« yPso�^su` O(1)

kuq^s£�`8kuy{£�tw�l`8`�pDmut�`�sQ¦
�}¯�p��l`8��yPp�k�musoq^t�so`

wi]o
²P£�`Lk
¢���sot��{�^£�`Qk ��t�p�p^`�s �e�^��pJkc»n�µ�{�P½Okuy{pDm
so`�_=~^£w�{��r�`Lk-~���s
£�`Qk-¢��{sutw���^£�`Lk

��y{q^mu`�s �c�{s �{��`e¥3»n�µ� ) ½�¦^§6`�surQk�q^£�mo��m `Qknm}�lrL¢{`L£�yP~^~Jr�`�p�ª®y{pJ��mut�y{p3�l`
ε
¥9£A« y{s��lsu` O(1)

¦^§¨`��^r�¢{`L£�yP~l¤
~S`�_=`LpPm ��y{q^mu`�s ��¥¡£A« yPso�lso` O(1)

�lqÈ�lrL¢{`�£�y{~�~J`L_¡`LpDm ��t�p^p^`�s ��¥=£A« yPso�^su` O(1)
¢���qlmc�lyPp��	�

4πwi]o = εC + i f(κ+ 1) ln ε− i f

[

κ ln z + ln z̄ +
z

z̄
+ 2(κ+ 1) ln 2 +

1

2
(κ− 1)

]

, ε→ 0
»n�Q���H½

±
`�m�mo`Osu`L£���mut�y{p8~S`�qlm�muy{q^m���qJkukut��^t�`�p#¿�muso`OsurL`��l~^sot�_=rR`Lp8mu`�so_=`-�l`Qk6¢���sot��{�^£�`Lk���t�p�p^`�s �R�^`O£��}_=�{p^t�]�so`
kuq^t�¢���pDmu`��

4πWi]o = C − i F

[

κ lnZ + ln Z̄ +
Z

Z̄
+ 2(κ+ 1) ln 2 +

1

2
(κ− 1)

]

, |Z| → ∞ »n�Q�P�{½

¾-£�£�`=`��l~^sot�_=`=��£�y{s�kc£�`¡��y{_=~Sy{sumu`�_=`LpPm#�{kujH_=~lmuy{mutwvPq�`¡�lqÀ�lrL~^£��P��`L_¡`LpDm8�^�{p�k�£�`��l`L_=t¤Z~^£w��p rL£��Pkn¤
mot�vDq^`�¥¡£A« t�pl¯�p�tY¦

�e`,£��©_=¿�_=`�_��{p^t�]Lsu`
wo]i

~J`Lqlm�¿�muso`�ª®y{so_¡r3`�p�su`L_=~^£�� ���{pPm¡£�`Qk¡¢µ�{sutw����£�`Qk ��t�p�p^`�s ��~��{s�£�`Lk
¢��{sutw���^£�`Lk ��y{qlmo`�s ���^�{p�k#»n�Q�P�{½�¦S´ep�yP�lmut�`�pDmc�{£�yPsok�¥¡£Y« y{s��lso` O(1)

£Y« `��l~^so`Lkokut�yPp�kuq^t�¢��{pPmo`��

4πWo]i =
C ′

ε
− i F

[

(κ+ 1) ln ε+ κ lnZ + ln Z̄ +
Z

Z̄

]

, ε→ 0
»n�Q�{�P½

��`#vPq�t6~J`Lqlm}¿�mosu`#¥=p^yPq^¢{`Q��q�`��l~^sot�_=r�`8`Lp�mo`�so_=`Lk�l`8¢���sot��{�^£�`Lk ��y{qlmo`�s ���

4πwo]i = C ′ − i f
[

κ ln z + ln z̄ +
z

z̄

]

, |z| → ∞ »n�Q� 2�½
±
`�m�mo`¡�l`Lsup�t�]Lsu`�su`L£���mut�y{pÈ`��l~^sot�_¡`¡£�`���yP_=~JyPs�mo`�_=`�pDm��Pk�jH_=~lmoy�mutwvDq^`��^q©�lrL~^£��P��`L_¡`LpDm�~^soyl��\^`��^q
~Sy{t�pDm}�l`�k�t�p^�Pq^£��{sut�mur8y �3kuy{pDm}��~^~�£�twvDq^r�`Qk�£�`Qk ª®y{s���`Lk��y{p���`�pDmusor�`Qk�¦

§¨`Lk��lr�¢P`�£�y{~^~S`�_=`�pDm�k9»n�Q���H½�`�m�»n�Q� 2�½~J`Lq^¢{`LpPm�¿�mosu`�so�P����yPso�^`�s�{s �{��`�¥�£w��so]��P£�`'»��L� ) ½�`�me£A« yPp
yP�lmut�`�pDm}��£�y{s�k5�

εC − C ′ = i f

[

(κ+ 1)(2 ln 2 − ln ε) +
1

2
(κ− 1)

] »n�Q�{¼D½
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� 6:6���Â6Å @�*���*DÆ �lÃA0�� * §O« ��~^~^soyl��\^`so`�£w��mut�¢{`�`QknmOmosuyPq^¢{rL``�p��L��£w��q^£w��pDmO£�`c�lr�~�£��P��`�_=`LpPm
su`L£���mut�ª��^q
�^`�_=t¤Z~^£w��p=r�£w�{k�mutwvDq^`~��{sOso�{~^~Sy{sumR�{q���`�pDmosu`}�lq���`�s���£�`{¦P±
`Qk-�l`Lql�¡�lrL~^£w�{��`L_=`�pDmokOkuy{pDm-�lyPp^p^rQkR~���s
£w��~���sumut�`et�_����Pt�p��{t�so`c`Lp

Z = 0
�l`Lk rLvDq���mut�y{p�k8»��Q�{�P½O`�m�»n�L�D�{½�¦l¾-p�qlmot�£�twku�{pPm�»��L�{¼D½O~Sy{q�s rL£�t�_=t�p�`�s

£�`Lk��y{p�k�mo�{pDmu`LkL²ly{p3y{�^mut�`�pDm~JyPq^s}£A« �{~^~^soyH��\�`eso`�£w��mot�¢P`e£w��k�yP£�q^mut�y{p,k�q^t�¢���pDmu`��

4πλ = −κ+ 1

2
f ln

(

eε2

64

) »n�Q��GD½

y �
e
`Qknm3£������{ku` �lq £�y{�D��sotmo\^_=`Èp���moq^so`�£A¦�±
`�mumu`©`��l~^so`Lkok�t�y{p ~S`�qlm,¿�mosu`0sor�rQ��sotmo`0`�p ¢��{sutw���^£�`Lk

�P�lt�_¡`Lp�kut�yPp^p^r�`Qk��l`#£��¡_���p�t�]Lsu`#kuq^t�¢��{pPmo`��

λ̃ = −f̃ ln(f̃)
»n��2��P½

λ̃ =
eλ∗

4R (1 +R/R′)

»n��2H�µ½

f̃ = e(κ+ 1)
F ∗

32πµR (1 +R/R′)

»n��2��P½

dÈy�jP`�p^pJ��pDm�vDq^`�£wvDq^`Lk�_���p^t�~^q^£w��mot�yPp�k�_=��mu\^rL_���mutwvDq^`Lk¡kut�_=~^£�`LkL²�yPp�~S`�qlm=_=y{pDmuso`�s¡vPq�`'£A« yPp
so`�mosuyPq^¢{`��^t�`�p3£Y« t�p��l`�pDm���mut�y{p,rL£��Pknmot�vDq^`#�lyPp^p^r�`8~��{s}É}`Ls�moÊ�»®¢{yPt�s�rQvPqJ��mut�y{pÀ»n�L���µ½n½�¦

±
`8sorLkuq^£m���m~S`�qlm}¿�muso`�r�mu`Lp��lqÈku�{p�k��lt�¬���q^£�mur�¥¡£Y« t�p��l`�pDm���mut�y{p,��« q^pÈ��`Lso��£�`�r�£w�{k�mutwvDq^`#�^��p�k�q�p
�{qlmuso`8��`�s���£�`�r�£w�{k�mutwvPq�`��l`8~^soy{~�sut�r�morLk
_¡rQ���{p^t�vDq^`Qk��lt�Wr�so`�pDmo`LkL¦J´ep'y{�^mut�`�pDm£Y« `��l~^so`Lkok�t�y{p�k�q^t�¢���pDmu`
~Sy{q�s£��¡so`�£w��mut�y{p�ª®y{s���`��µt�p��l`LpPm���mot�yPp0�

λ̃ =
η1

η1 + η2
f̃ ln

(

R2

R1
f̃

)

− η2
η1 + η2

f̃ ln

(

R1

R2
f̃

) »n��2 ) ½

λ̃ =
e(λ∗1 + λ∗2)

4(R1 +R2)

»n��2µ�H½

f̃ =
eF ∗(η1 + η2)

32π(R1 +R2)

»n��2��P½

ηi =
κi + 1

µi

»n��2��D½

� � � *HÆÇÂ�6 6 *H� * / Ã'Å{ÂS�N6-ÂS�A0ÇÃ!* � �^Æ � � Æ *À�Q���0Æ *ÀÅ�*,��Å{Æ * Å{ÂS�N6�Æ *DÃ » � �� � � ¸{¹6º � ¶ � ¸��^·^¸�²
��G 2l�Q½¨~^suyP~JyDk�`�`Lpl¯�p��l`}��y{p�k�musoq^t�su`�q^p^`ek�yP£�qlmot�yPp�`Lp=mu`Lsu_=`}�lrL¢{`�£�y{~�~J`L_¡`LpDmR¥8£A« y{s��lsu` O(1)

¢µ�{£�tw�l`
kuq^s,£�`"��`�s���£�`"��y{_=~^£�`�mL¦	�°£�kL« �{�{t�m,�^y{p��"�l`À��y{pJknmosuq^t�so` q^p^`³�lrL¢{`L£�yP~^~J`L_=`�pDm,��y{_=~SyPkutmo` mo`�p��{pPm
��y{_=~lmo` �l`�l`Lql���lrL¢{`L£�yP~^~J`L_=`�pDmok��^�{p�k�£�`Qk�sor��Pt�yPp�k �nt�p^p^`Ls��
`�m �nyPqlmu`Ls���¦!�°£wk�qlmot�£�t�ku`�pDm�~JyPq^sO��`L£��eq^p^`
p�y{q^¢P`�£�£�`8so]��{£�`8�l`���yPp�knmosuqJ��mut�y{p3��« q^pÈ�lr�¢P`�£�y{~^~S`�_=`�pDm}��yP_=~JyDk�t�mu`��lyPp^p^r8~��{s�»®¢{yPt�s#» � � � � � ��·W²
��G 2{�{½�½ �

wc = wi + wo − wi]o
»n��2�2{½
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¾Op,��\^yPt�kut�koko��pDm
C ′
~Sy{q^s�lyPp^p^`�s q^p3�lr�~^£w�{��`�_=`�pDm�pHq^£���q���`�pDmuso`e�^q���`Lso��£�`�`�m

C
vDq^tWso`Lku~J`Q��mu`

£w�=��yPp��lt�mut�y{p,�l`#so�P����y{s��l`�_=`�pDm#»n�Q�{¼P½�²ly{p,y{�lmot�`LpDm�£�`��lrL~^£��P��`L_¡`LpDm��y{_=~SyPkutmo`8kuq^t�¢���pDm��

4πwc = −i fκ
[

2
z

ε
Q
(z

ε

)

− ln

(

1

ε
Q
(z

ε

)

)

− ln(2 + i z)

]

−i f
[

2
z̄

ε
Q
( z̄

ε

)

− ln

(

1

ε
Q
( z̄

ε

)

)

− ln(2 − i z̄)

]

−i f
[

+4

(

z − z̄

ε

)

+
2 + i z

2 − i z
+ i (κ− 1)z +

1

2
(κ− 1)(1 − i π) − 2(κ+ 1) ln 2

]

»n��2�¼D½

´ep��lyPp^p^`'kuq^s�£��,¯J�{q^so`È� ) £w�0��yP_=~���s���twk�yPp©`LpDmuso`�£�`Qk9�lrL¢{`�£�y{~�~J`L_¡`LpDmok ��t�p^p^`�s ��² �nyPqlmu`Ls���`�m
��y{_=~SyPkutmo`{¦-´ep�¢Py{t�m=vDq^`,£�`3�^r�¢{`L£�yP~^~S`�_=`�pDm �nt�p^p^`Ls��,�{����q^_9q�£�`3q^p^`,`�soso`�q^s=¥ £A« y{s��lsu` O(1)

��q
��`�pDmuso`
�^q¡��`�s���£�`
�{koku`�Ê-t�_=~JyPs�m���pDmu`���£�y{s�k¨vDq^`�£�` �^r�¢{`L£�yP~^~S`�_=`�pDm ��y{q^mu`�s �-~^sorLku`�pDmu` q^p^`�kut�p^�Pq^£w��sotmor
£�y{�D��sotmo\^_=t�vDq^`8��q3~Sy{t�pPmc�6« �{~^~^£�t��L��mut�y{p,�l`#£w��ª®y{s���`#��yPp���`LpPmosurL`{¦

±
`�m�mu`=��yP_=~���s���twk�yPp3�^`Lk��lr�¢P`�£�y{~^~S`�_=`�pDm�kc~S`�so_=`�m��^`9so`�¢{`Lp^t�sekuq^sc£w��¢���£�tw�ltmor��lq surQk�q^£�mo��m��l`
Éc`�sumuÊ�`LpÀ�^r�~^£w�{��`�_=`�pDm�~Sy{q^s�q�pÀ��y{pDmo�P��m#t�p^tmot��{£�`L_=`�pDm9£�t�p^rLt�vDq^`�vDq^`�£A« y{p³�,�lrnz�¥È��y{_=_=`�pDmur��{q
6 �^¦��{¦×�l¦P´ep���yPp�k�mo��mo`}vDq^`ckut^£�`c~JyPt�pDm
�l`csur�ª®r�so`�p���`{²�y ��£Y« y{p�kuq^~^~SyPku`}£�`e�lr�~^£w�{��`�_=`�pDm-��y{p^pHq6²Pp6« `Qknm
~J�{k�~^soyl��\^`0�l`0£w��kuq^suªÇ�{��`0�^` ��yPpPm��{��mL²O£A« �{~^~^soyµ�lt�_���mot�yPp �^` É}`Ls�moÊ �l`�¢Ht�`�pDm��Pkuku`�ÊÈs���~^tw�l`L_¡`LpDm
_��{q^¢���twk�`P¦��°£�`Qknm �ly{p��cp^rL��`Lkoku�{t�so`{²���y{_=_=`c��`L£���`Lk�m-ªÇ��t�m-tw��tW�l`c��y{sosut��{`LsR~���s
£Y« r�m���m
�l`Qk
��y{pDmus���t�pDmu`Qk
����p�k�£�`Lk��y{so~�k�`�pÈ��yPpDmo�{��m ~J��sq^p,r�m���mc�l`#��y{pDmo�P��m�mu`Lp���pDmc��yP_=~lmu`#�l`#£w�¡�{r�yP_=r�musot�`��P£�yP����£�`8�l`Lk
��y{so~�kL¦H§��=k�yP£�qlmot�yPp3�^q3~�suyP�^£�]L_=`8kuy{qJk�q^p^`���\��{su�P`e��yPp���`LpDmusor�`8~J`Lsu_=`�mc�l`8su`L_¡rQ�lt�`�s}¥=��`L£���¦

1$��,�� ? � 6 6�Æ�0ÇÅ��^ÃA0ÇÂ / � I 0 K �^��Ã���*H�=Å��^� 6 � �µÃA0YÅ{��Æ�0 * ���
����p�k���`�m�mo`e~J��sumut�`{²Dy{p��^y{p^p^`�vDq^`�£wvDq^`Lk sorLkuq^£m���m�k
vDq^tSy{pDm�~^q'¿�muso`cso`�£�`�¢{rQk
����p�k
£���£�tmumur�s���moq^so`

��y{p���`�sop���pDm�l`Lk�{~^~^soyl��\^`Lk so`�£w��mut�¢{`Qk r�£w�{k�mutwvPq�`Lk�`�pÈ�l`Lql���lt�_=`�p�kut�y{p�kL¦

� 6:6���Â6Å @�* ��*HÆ �lÃ�0 � * 0 K�� / Å{Â � 6�� �L��� � / 6�Æ � / 0 K�� 6��D0Y�L� *H��� � / 0 * ��« ��~^so]Lk � � � ��	 ���
»��AGP¼P�{½�²-£A« �{~^~^soyl��\^`0so`�£w��mut�¢{`"��« q^p ��y{so~�k�so`�£w��mot�¢P` k�q�s�q^p ~^£w��p ��« r�~J��twkuku`�q^s�¯�p^t�`{²

t
~S`�qlm,¿�mosu`

�{~^~^soyl��\^r�`8��yPsuso`L��mu`�_=`LpPm�~��{s£��¡so`�£w��mut�y{pÀ»n�L�D�P½O`Lp,��\�y{twk�twkuko��pDm
d = t

²^kuy{t�m

δ = P
1 − ν2

πE

[

2 ln
2t

a
− ν

1 − ν

] »n��2�GD½

±
`�sorLkuq^£�mo��mevDq^`�£A« yPp0���lrnz�¥'�ly{p^p�r9¥¡mut�muso`��l`���y{_=~��{so�{t�kuy{p,��q 6 ��¦��P¦ �¡`Qknme¢µ�{£��{�^£�`�~JyPq^scq�p
~�£��{p���« rL~���twkok�`Lq^sW¯�p^t�`O`�pJ���{k�musorOkuq^s6q^p�_��PkukutªHsot��Pt��l`P¦�§6`
�lr�~^£w�{��`�_=`�pDm¨�lq9~JyPt�pDm�¥�q^p�`O~^soy�ª®y{pJ�l`�q^s
t
`Lk�mc�ly{pJ��kuq^~^~SyPkur8pHq^£Y¦
±
`�surQk�q^£�mo��mcso`Lk�mu`�¢���£�tw�l`��^�{p�k}£�`��L�{�lso`9�l`Qk}\HjH~Jy{mu\^]Qk�`Qkc�l`¡É}`Ls�moÊ9y��È£�`Lk��lt�_=`�p�kut�yPp�kc�L��s��{��¤

mor�sot�k�mutwvDq^`Lk��l`���yPsu~Jkc`Lp©��yPpDmo�{��m8kuy{pDm��{s���p��^k��l`L¢µ�{pDm�£w��m���t�£�£�`=�l`=£��'Ê�y{p�`¡�l`=��yPpDmo�{��mL¦�����p�k8��`
�L�{k9~^surQ��twk�²���`�£w�0ku`�moso�P�lq^t�m9~���s

t ≫ a
¦�¾Op�yPqlmuso`{²�k�q^t�mu`3¥È£w�Èsu`L_���s�vPq�`�vPq�t �Èr�mur'ªÇ��t�mu`'�^�{p�k

£�`�~��{so�{�{s���~^\�`�~�surQ��rL�^`�pDmL²J£Y« r�~��{t�koku`�q^sep^`9�lyPtm�~��{kc¿�muso`#mosuyP~È�{s���p��l`��L��se£���¢��{£�tw�lt�mur��^q ��yPpPm��{��m
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���� �������!���"#	�$&%'!��
���( ��G

�^`=Éc`�sumuÊ¡~JyPq^s#q^pÀ��yPpPm��{��m�t�p^t�mutw��£�`�_=`�pDm#£�t�p^rLt�vDq^`=~S`�qlm�¿�muso`�_=twk�`=`�pÀ�lr�ªÇ��qlm#~Sy{q^s#q^p"~Sy{t�pPm��l`
sor�ª®rLsu`Lp���`emusoy{~3r�£�y{t��{p�r8�^`#£��=kuq^s�ªÇ�P��`#�l`#��yPpDmo�{��mL¦

� ·(����·^¸ 	È»��AGP�{¼P½�²W~^q^twk�»�� � � ��� 	 � � ������·^¸ 	�²
�AG>2��P½}ª®y{q�sup^twkok�`LpPm#£A« �{~^~^soyl��\^`�so`�£w��mot�¢P`¡�6« q^p
��jH£�t�p��lso`}k�q�sOq^p^`¯Jp^`c��yPq���\^`rL£��Pknmot�vDq^`}��y{£�£�rL`}k�q^s-q^p�~^£w��p�sot��Pt��l`yPq=`�p���yPpDmo�{��m-ku�{p�k�ª®soy�mumu`�_=`LpPm
kuq^s}q�p3~�£��{pÈsut��{tw�l`{¦^§���k�yP£�q^mut�y{pÈ�lqÈ~^soy{�^£�]�_=`��l`�| yPq�kukut�p^`Lkov�`Lk�me�lyPp��8rL�L��sumurL`8�{qÈ~^soy�¯^mc��« q^p^`
kuy{£�qlmot�yPp�k�q^s¡q^p^`3��yPq���\^`'rL£��Pknmot�vDq^`'_¡t�p���`{¦R§6`Qk9�lrL¢{`�£�y{~�~J`L_¡`LpDmok¡��p��{£�jDmutwvDq^`Lk�k�yPpDm�~��{s���yPpDmuso`
�S`L�{q���yPq^~�~^£�q�k���yP_¡~�£�twvDq^rLk�`�m����{kurLk�k�q�s�q^p�`
so`L��\^`Lso��\�`-�l`Lk�kuy{£�qlmut�y{p�k��l`Qk¨rQvPqJ��mut�y{pJk¨��q^�#�^r�sot�¢Pr�`Lk
~J��sumut�`�£�£�`Qk�l`8£Y« r�£w�{k�mutw��t�mur#£�t�p�rL��t�so`�kuy{q�k ª®yPsu_=`#�l`�kur�sot�`Qk��l`��^yPq^sut�`�sQ¦

bcp"~�suyP�^£�]L_=`¡�lrLsut�¢{r=�3��q�kok�t�r�mur¡mus���t�mur=~��{s�� �$��· � � � ��� � � � »n��G{�=G^²��AG 2l�Q½ � � ��� � � �

� � �$�¨· � »��AG{�=GP½�vDq^`�`Lk�m���`L£�q�t��l`�£Y« t�p��l`�pDm���mut�y{p©��« q�p ��yPq���\^`�rL£��Pknmot�vDq^`�y{qÈ¢Ht�ko��yP~^£w�{k�mutwvPq�`�~���s
�^`�ql����jH£�t�pJ�lsu`Qk-sot��{tw�l`LkL¦P����p�k ��`����Pk�²D£Y« ��~�~^£�tw����mut�y{p�~�sut�p���t�~��{£�`}¢Htwk�rL`cr�mo��pDm �^t�`Lp�k��^s £�`e£��{_¡t�p��{�{`{¦
����pJk£�`#_=¿L_¡`#`Qk�~�sut�mL² � � � �
�! 	 ¦�»��AG 2l�Q½
y{pDmc��\^`Lso��\�r8¥=�lr�mu`Lsu_=t�p^`�s}£�`Lkc��y{pDmoso�{t�pDmu`Qk _=���lt�_���£�`Lk
����p�k�q^p�`���y{qJ��\^`erL£��Pknmoy{~^£w�{k�mutwvDq^`8t�pJ�l`�pDmurL`8~���sq^pÈ��jD£�t�p��lso`{¦

��Â / Ã!�^Å{Ã 0 K�� / Å�+6Æ�0 / 0���* �Q���N6-ÂJ��Ã���* ÅPÂ / �LÂSÆ * b}p ��qlmosu`3��~^~^£�tw����mot�yPp �l`,��`�mnjH~J`,�l`,�lr�¤
_��{so��\^`9`Lk�m�£�`���y{pDmo�P��m��6« q^p"��jH£�t�p��^su`¡k�q^s�q^p©~JyPqlmuso`���y{p�kuy{£�`{¦6±
`9~^soy{��£�]L_¡`9musoy{q^¢P`9kuy{p0t�pDmur�so¿�m
����p�k�£�`Qk¡~^suyP�^£�]�_=`Lk¡�l`���y{pDmo�P��m=`�pDmuso`'£�`Lk¡�l`LpPm�k=��« q�p `�p��{so`�p��{�{`�yPq £�`Lk�~^suyP�^£�]�_=`Lk¡��« ��p��{£�jlku`
¢Ht��^s���muyPt�so`8��q3_=�{s�mo`L�{q3¥=��\^yl��kkuq^s}�l`Qkknmosuq^muq^so`Lk�_=t�p���`Qk�¦

§¨` ~^sot�pJ��t�~J`"�l`©�L��£w��q^£8�l` £A« t�p��^`�pDmo��mut�y{p `Qknm3su`L£���mut�¢{`�_=`LpPm3k�t�_=~^£�`P¦ §¨` ~Sy{t�pDm3�l`©sur�ª®r�so`�p���`
`Qknm���\^yPt�kutRk�q�s�£w��£�t��{p^`=_=y�j{`Lp^p^`=�l`¡£��3~Sy{qlmosu`P¦6§O« t�p��^`�pDmo��mut�y{p `LpDmuso`�£w�,k�q^suªÇ�{��`¡�^`=��y{pDmo�P��m8~���s
s���~�~JyPs�m8¥�£w��£�t��Pp^`�_=y�jP`�p^p^`�`Lk�m��lyPp^p^r¡~���s�£w��kuy{£�qlmut�y{p©�l`¡Éc`�sumuÊ¡k�q^s8q^p"�l`�_=t�¤A~�£��{p0r�£w�{k�mutwvDq^`{¦
§¨`e�lrL~^£w�{��`L_=`�pDm��^`c£w��£�t��Pp^`e_=y�jP`�p^p^`c`Lk�m `Lp�k�q�tmo`��lyPp^p^re~���s £���mu\^rLy{sot�`��l`Lk ~Sy{qlmosu`Qk
kuy{q�_¡twku`Lk-¥
q�p^`���\���so�{`���yPp���`LpPmosurL`{¦

±
`�m�mu`�_=r�mu\^yl�l`�kut�_=~^£�`��l`=sorLkuy{£�qlmut�y{pÀ�3r�mur�r�mu`Lp��lq^`�~��{s#�l`�p^y{_��^so`�ql� �{qlmu`Lq^sok#�{q"�L�{k8y �
£w�,Ê�yPp^`'�l`���y{pDm��{��m9�^`�¢Ht�`LpDm9�{s���p��^`��l`�¢���pDm9£A« r�~��{t�kok�`Lq^s9�l`'£��È~Sy{q^muso` » ��·^·�¸ � � �� ��� � ·^¸ �R²
��G{¼P�{�^² �J½J`�m�`�p8mo`�p��{pPm���yP_¡~^mu`-�l`Qk6`��S`�mok��ljHp���_=twvPq�`LkO» ��·^·^¸ � � ·�·W²P��G{¼D� � �  ��� � � ·^¸ � �
 !�	 ¦�²
��G{¼>2 � � � � � � � �� ��� � ·^¸��O²6��G�G��J²����P�^�{²S���{�D�{½�¦^§O« `��Hmu`Lp�k�t�y{pÈ�{ql�3�Pso�{p��l`Qk�Ê�y{p�`Lkc�^`9��yPpPm��{��m
�^`�¢���pDm�£A« rL~���twkuku`�q�s9�l`�£w�È~JyPqlmuso`�`Lk�m�ªÇ�{tmo`�`�p³kuq^��k�mut�muq��{pPm�£�`�~�suyP�^£�]L_=`��l`'| y{q�kokut�p^`Qkuv0~���s�q�p
~�suyP�^£�]L_=`���« t�p��l`LpDmo��mot�yPp0��« q^p^`9��y{q���\^`#rL£��Pknmot�vDq^`#_=t�p���`P¦J§��=~^sutwku`#`�p0��yP_=~lmu`9�^`�£����^jDpJ��_=t�vDq^`
ku`�ªÇ�{tm=vPqJ��pDm¡¥È`L£�£�`'~J��s9q�p^`�moso�{p�knª®yPsu_=rL`��l`�§���~^£w�{��`�`�m=�lrL��y{_=~JyDk�t�mut�y{p³`Lp�_=yl�l`Lk9p^y{so_���ql�
»��¡¸ � � �J²6�AG>2��P½�¦

��ÂS�N6��(*H�Q�A0YÂ / 0 K�� / Å�+6Æ�0 / 0��(* * / Ã���* 0�*H�:O 6�Æ � / � ´ep ~S`�qlm©p^y�mo`�s0��qJkukut�vDq^`��l`Àp^y{_¡¤
��su`Lql� moso�µ¢���q^� y{pDm ��yPp�kut�k�mur�¥ �lr�mu`Lsu_=t�p^`�s �^`³_=�{p^t�]�so`³~^£�qJk0_=y{t�p�kÈ\^`Lq^sot�k�mutwvDq^`³£�� so`�£w��mot�yPp
ª®yPso��`���t�p��^`�pDmo��mut�y{p³~Sy{q^s=q^p ��jH£�t�p��^su`3��y{_=~^sotwk�`LpDmuso`��l`Lql��~^£w��p�k¡sot��Pt��l`Qk�¦O±
`3~^suyP�^£�]�_=`3�"kuq�kn¤
��tmor#q^p3¢Dt�ª�t�pDmurLsu¿�mc�l`8~���sum}k�yPp3�{~^~^£�t��L��mot�yPp3�{ql�'soy{q^£�`�_=`�pDm�k¥¡�{t��Pq^t�£�£�`LkL¦

bcp^`-so`�¢Hq^`O�l` ��`Qk¨�lt��SrLsu`LpDmok6sorLkuq^£�mo��mok6�r�murRªÇ�{tmo`-~��{s � � � � �¨¸ � � � � � ¸3»��AG 2{�{½S`�m���yP_¡~�£�r�mur�`
~J��sc¶ �¨· ��¸ �� � � ��� ��¹ � � � � ��	�»n��G{¼��Q½ k�q�s£��=�lr�ª®y{so_=��mut�y{p,��« q^p,suyPq^£�`L_=`�pDm}¥¡�{t��Pq^t�£�£�`#k�yPq�k�£��
~�su`Qkukut�yPp��l`,�l`�ql��~�£��{p�k�²�sot��Pt��l`Qk9yPq��lr�ª®y{so_����^£�`Lk���y{pJk�tw�lr�s�kur�kuy{t�m¡��yP_=_¡`,�l`Qk9~^£w�{vDq^`Qk9~�£��{p^`Lk
kuy{t�m���y{_=_=`'�l`Lk¡�l`L_¡t�¤Z`Lku~��{��`Lk#rL£��Pknmot�vDq^`Qk�¦�hl��p�k9su`L¢{`Lp^t�s�k�q^s�£Y« `�pJk�`L_9�^£�`��l`Qk�sor�ª®rLsu`Lp���`Qk#`�m=�l`Lk
ª®yPsu_�q^£w��mut�y{pJk}�ly{p�p^r�`Qkc�^�{p�kc��`Lkmoso�µ¢��{ql��²^£�`Qkc~�sut�p���t�~��{ql�3sorLkuq^£�mo��mok}vDq^`�£Y« y{pÈ~S`�qlmemusoy{q^¢P`�sc����p�k
£w�}£�t�m�murLso��muq^so`
kuy{pDm���y{pJk�t��{p^rQk¨�^�{p�k�£�`
mo�{�^£�`Q��q9��¦��P¦ �J¦L§¨`Lk�p^y�m���mot�yPp�k6`L_¡~�£�y�jPr�`Lk�k�yPpDm�£�`Lk�k�q�t�¢���pDmo`Lk5�
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2∆
so`�~^sorLku`�pDmu` £w�#�lr�ª®yPsu_���mot�yPp¡�^`LkO�l`Lql��~�£��{p�kR~^so`Lkok�rQk�£Y« q^p���yPpDmuso` £A« ��qlmosu`��q���`�pDmuso`}�l`}��yPpDmo�{��mL²

δr
£w���lr�ª®yPsu_���mot�yPp�moy�mo�{£�`��lq=��jH£�t�p��^su`�`�m

δ
£w���lr�ª®yPsu_���mot�yPp�moy�mo�{£�`��l`�l`Lql����jH£�t�pJ�lsu`Qk���y{_=~^so`Lkoko��pDm

q�p,��jH£�t�p��lso`{¦
�°£¨��y{pH¢Ht�`LpDm���« ¿�mosu`�mosu]Qk�~^suqJ�l`�pDm}�µ¢{`Q�c£A« q^mut�£�twku��mut�y{p,�l`���`Qk�surQk�q�£m���mokL¦ �°£�kkuy{pDm}kuy{q^¢P`�pDm £�`8ª®soq^tm

�6« q^p�`'���{£�t��^s���mut�y{pÀ�PsuyDkukut�]Lsu`=kuq^s9�l`Qk�`��l~Sr�sot�`Lp���`Qk��l`�£w���Sy{s���moy{t�su`�muso]Lk9~���sumutw��q�£�t�]�so`LkL¦6b}p^`3���{_�¤
~J���{p�`8�^`8�L��£w��q^£�pHq^_=rLsutwvDq^`#�l`#¢���£�t��^��mut�y{p,k�`Lso�{tm}k��^so`�_=`�pDm�muso]Lk�t�p�k�musoq���mot�¢P`{¦

� ��� »��AGP�{¼P½cy{�lmot�`LpDm8q�pÀ�{qlmuso`¡mnjH~J`��l`�sorLkuq^£�mo��m8`�p³��y{p�kut��^r�s���pDm�£A« `��W`�m9�l`=£w�3��y{q^so�^q^so`=�l`Lk
kuq^suªÇ�{��`Lk#`Lp���y{pDm��{��m9�{~^~��{s�mo`�p��{pPm9�{q��l`�q^�À��jD£�t�p��lso`LkL¦¨§6`'�^r�¢{`L£�yP~^~S`�_=`�pDm9`Lp�vPqJ�{�lsot�vDq^`��^`�£��
mo\^r�yPsut�`8�l`#É}`�sumuÊ8`Qknmso`�_=~^£w�{��r�~��{s £w��¢{r�sot�mo����£�`�rLvDq���mut�y{p,�lq3��`�s���£�`{¦�±
`8surQk�q�£m���m�p6« �{~^~Sy{sumu`8~��{k
�^`8��\J��p^�P`�_=`�pDmokkut��{p^t�¯J����mut�ªÇk�~��{k�s���~�~JyPs�m��ql��~^surQ�ltw��mut�y{pJk�lq 6 �^¦��{¦×�l¦
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��� ��� � � � �� �� � �� � � � � �� � � � �� 	 � � � � � � � �� � 	 � ��

" �� 	� 
� � � "  " � � 2∆ =
4P (1 − ν2)

πE

[

1

2
− ln(

a

2
)

]

� � � � �� � � �� 	 � �  �� � � � � �� � � � � � � � 	 � � �� 	 � �

�  �� �� � � �� � �� � �� � � �� �� � � �	 � �� �� �  �� � � � �  �

� � � �� �	 � � � � � 	 � � �� � 2a 	 � �� � � � � �� 	 � �  �  ��

�� � � �  �� �� � � � �� �  �� �

� � �� �  � �� � " �  � 2∆ =
4P (1 − ν2)

πE

[

1

2
− ln(

a

2l
)

]

�� � � � 	 � �  �� �� �� �� � 	 � � � �  �� � � �� �� �� � l�

� �� � �� � " � � � δ =
4P (1 − ν2)

πE

(

1

3
+ ln

2D

a

)

� � � ��  �� � !" " 	 � " � � � � � � �� �  � �� � " #  ��

� � � � � �� �  �� �� �� � � �� � � � 	 � � �  � � �� � �� � � � �� � � � � �� 	 � �  �� �� � � � 	 � � � � � � � 	 � � $ �% &� '

() � � � � * + � � �% � � � "  � " � �� �� , � � "� � ��

# � � �- % &� . (� / � "  �� � δ =
2P (1 − ν2)

πE

(

2

3
+ ln

2D1

a
+ ln

2D2

a

)

� � � � �� � � �� 	 � �  �� � � � � �� � � �� � � � �� � � � 	 �

� 0 �� � D1 � � D2� � �� � �� � �� � � �� �� �� �	 � �� �� � � �

�� � �	 ��  � �� 	 � � � �� � �� 1 " � � ��

� 2 � � " �% 3 ) * 4� � 5� " � 	� ( � " 6 " � 2∆ =
4P (1 − ν2)

πE

[

1

2
+ ln 2 + ln

(

Q

a

)]

� � � � �� � � � � � �� � � � 	 � � �� 	 � �  �� �� �� � � �

� �� �	 � � � �� �	 � �� � 	 � � � � � 	 � � �� � 2a � � � � � �� �

�� �� � 2c� 7 � � � � � (xr, zr) �� � � � � �  � � � � � �

� � � �� � � � � �� �� � � $ � �� � 	 � � � �� � � � � �

Q =

√

2(x2
r + z2

r)

1 +
√

1 + (xr/c)2 + (zr/c)2
exp

(

−z2
r

2(1 − ν)(x2
r + z2

r)
√

1 + (xr/c)2 + (zr/c)2

)
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1$��,�� H � ��Ã���*H�$0�� � *HÆYÂ'6 6 *H� * / ÃL� �^��+6�J6�ÃQÂ�Ã�0�;���*D�P6���Â'6-ÂS�Q�,*H� �
� �H� � ��Å @�*�J� / �,�(��Æ * � � � ��·�¸©»��AG>2H�L��²^�AG>2�2��6² �D½�~^soy{~SyPku`q^p^`e�{qlmuso`}_=r�mo\^yl�l`c~Sy{q�s-`Lk�mut�_=`�s
£A« ��~^~^soyl��\^`Rr�£w�{k�mutwvDq^`O`LpPmosu`
�l`�ql��kuy{£�t��^`Lk�~Sy{q^s���yPpPm��{��m¨t�p�tmot��{£�`L_¡`LpDm�£�t�p^rLt�vDq^`P¦Qacy{q�k���£�£�yPp�k�`Qkuko�µj{`Ls
�^`}~^sorLku`�pDmu`LsO�^sot�]L¢{`�_=`LpPm
£�`QkO�{s���pJ�l`LkRr�mo�{~J`Qk-�l`c��`�mumu`c_=r�mu\^yl�l`P¦,��¢���pDm
��`L£���so�{~^~J`L£�yPp�kR£�`Lk-rLvDq���¤
mot�yPp�k8vDq^t�£�t�`�pDm#£�`=�lrL~^£��P��`L_¡`LpDm#¥�£w��kuq^suªÇ�{��`¡��« q^p"�^`�_=tR~^£w��p rL£��Pknmot�vDq^`

u(x, y), v(x, y), w(x, y)�{ql�'~^so`Lkokut�yPp�k���~^~^£�twvPq�r�`Lkkuq^sq^p�`�k�q^suªÇ�{��`
S
�

u(x(, y) =
1

2πE

∫

S

X(ξ, η)

[

1 − ν

r
+
ν(x− ξ)2

r3

]

dξdη
»n�L¼P�P½

+
1

2πE

∫

S

Y (ξ, η)

[

ν(x − ξ)(yη)

r3

]

dξdη

− 1 − 2ν

4πE

∫

S

Z(ξ, η)
x− ν

r2
dξdη

v(x(, y) =
1

2πE

∫

S

X(ξ, η)

[

ν(x− ξ)(yη)

r3

]

dξdη
»n�L¼��Q½

+
1

2πE

∫

S

Y (ξ, η)

[

1 − ν

r
+
ν(x− ξ)2

r3

]

dξdη

− 1 − 2ν

4πE

∫

S

Z(ξ, η)
x− ν

r2
dξdη

w(x(, y) =
1 − 2ν

4πE

∫

S

X(ξ, η)
x− ν

r2
dξdη

»n�L¼D�{½

+
1 − 2ν

4πE

∫

S

Y (ξ, η)
x− ν

r2
dξdη

− 1 − ν

2πE

∫

S

Z(ξ, η)
Z(ξ, η)

r
dξdη

y ��£�`Lk ª®yPp���mot�yPp�k
X,Y, Z

k�yPpPm}�lr�¯�p^t�`Lk}¥¡~��{s�mot�s}�^`Lk��yPpDmus���t�pPmo`Lk��l`#£w�¡_=�{p^t�]�so`8kuq^t�¢���pDmu`��

X(x, y) = −τxz(x, y)
»n�Q¼ ) ½

Y (x, y) = −τyz(x, y)
»n�Q¼��D½

Z(x, y) = −σz(x, y)
»n�Q¼P�{½

§����{s���pJ�l`�q^s
r
su`L~^surQk�`LpDmu`#£w�'�ltwknm���p���`9��« q^p ~Sy{t�pDm��l`���\���so�{`L_¡`LpDme��qÈ~Sy{t�pDmey�� £Y« y{p0��\^`Lso��\�`�£�`

�^r�~^£w�{��`�_=`�pDm��
r =

√

(x− ξ)2 + (y − η)2
»n�Q¼{�D½
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§¨`8kujlknmo]�_=`8¥�sorLkuy{qJ�lsu`�vDq^t6��yPsuso`Lku~JyPp����{q'~^soy{�^£�]�_=`8�l`#| y{q�kok�t�p^`Qkuv¡so`�¢Ht�`LpDm�¥¡r�¢��{£�q^`Ls�£�`Qk
6t�pDmurL�{s���£�`Lk�k�q�t�¢���pDmo`Lk�~Sy{q^sq^p�`8ª®y{p���mut�y{p,�l`���\���so�{`L_=`�pDm

f(ξ, η)
�ly{p^p�r�`��

I1(f, x, y) =

∫

S

f(ξ, η)

r
dξdη

»n�L¼>2�½

I2(f, x, y) =

∫

S

f(ξ, η)
(y − η)2

r3
dξdη

»n�L¼P¼P½

I3(f, x, y) =

∫

S

f(ξ, η)
(x− ξ)2

r3
dξdη = I1 − I2

»n�Q¼�GD½

I4(f, x, y) =

∫

S

f(ξ, η)
(x− ξ)(yη)

r3
dξdη

»n�AGP�P½

I5(f, x, y) =

∫

S

f(ξ, η)
(x− ξ)

r2
dξdη

»n�AG��Q½

I6(f, x, y) =

∫

S

f(ξ, η)
(y − η)

r2
dξdη

»n�AGD�{½

§-« `Lp�ku`�_9��£�`#�l`Qk�t�pDmurL�{s���£�`Lk�¥¡`Lk�mut�_=`�s}~S`�qlm}¿�muso`8_¡twk}kuy{q�k�£w��ª®y{so_=`��

I =

∫

S

K(x, y, ξ, η)f(ξ, η) dξdη
»n��G ) ½

� *H� 0�* � � ��0 � � Æ *D� 6
ÂJ��� Æ * 0�� � *HÆYÂ'6 6 *H� * / Ã ����+6�N6�ÃLÂJÃA0�;���* §��,�lr�_���s���\^`��{�^y{~lmor�`=~���s
� ��� ��·^¸ »��AG 2l�L�D½#`Lk�m��l`È��y{pJk�tw�lr�so`�s¡q^p^`Èkuq^suªÇ�{��`,�l`,��\���so�{`L_=`�pDm

S
y���£��©£��{su�P`�q^s

l
`Lk�m=��t�`Lp

t�plª®rLsut�`�q^so`}¥#ko�#£�yPp^�{q�`�q^s
L
²{£�`muyPqlm-r�m���pDmOt�plª®r�sot�`Lq^s
¥8£w���lt�_=`�p�kut�y{p����{so�P��murLsutwk�mutwvPq�`

R
�l`LkOy{�lzn`�mok

`Lp3��y{pDmo�P��mQ²^k�yPtm
l ≪ L ≪ R

»n�AG{�D½
� ~��{s�mot�sR�l`}��`�mumu`�\HjD~Sy�mo\^]Lku`{²�t�£l`��W`L��muq^`q�p=�^r�¢{`L£�yP~^~S`�_=`�pDmR�{kujD_=~lmoy�mot�vDq^`�l`��`QkR�lt��SrLsu`LpPmo`Lk

t�pDmurL�{s���£�`Lk
~���s�s���~^~Sy{sum��{ql�'s���~^~Sy{sumok `LpPmosu`�£�y{p^�Pq^`�q^s�`�m�£w��so�{`Lq^s��l`#£��¡kuq^s�ªÇ�P��`P¦Dx�yPq^ssurQ��£�t�ku`�s���`
�^r�¢{`L£�yP~^~S`�_=`�pDmL²l£�`Lk��\J��p^�P`�_=`�pDmok�^`�¢��{sutw���^£�`Lkkuq^t�¢���pDmokkuy{pDmt�pDmosuyl�lq^t�mok��

ξ = na(m) + b(m), |n| ≥ 1
»��AGP�P½

m =
η

L
,

»n��G{�D½

ŷ =
y

L

»n��G 2{½
��`#vPq�t¨�ly{p�p^`8~JyPq^s£��=_=`Qk�q^so`#�l`8£Y« t�pPmor��Pso�{£�`��

dξdη = La(m) dndm
»n��G{¼D½

����pJk��`#��\���p��{`�_=`LpPm}�l`8¢���sotw���^£�`LkL²
a(m)

so`�~^sorLku`�pDmo`e£w�=�l`�_=t�¤A£w��so�{`Lq^s �^`#£��=kuq^s�ªÇ�P��`8�l`���yPpDmo�{��mL²
ξ = b(m)

so`�~^sorLku`�pDmo`�£Y« rLvDq���mut�y{p³�l`'£w�È£�t��Pp^`�_=y�j{`Lp^p^`��l`3��yPpPm��{��m�`�m
L
£��0�^`�_=t-£�y{p^�Pq^`�q�s��lq

��y{pDmo�P��mQ¦J´ep3kuq^~^~SyPku`#vPq�`
a(m)

`�m
b(m)

kuy{pDm}��yPpDmut�p ��_¡`LpDmc�lt�Wr�so`�pDmot��{�^£�`Qk ~JyPq^s |m| > 1
¦
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§-« t�pDmur��Pso�{£�`=»n��G ) ½-~S`�q^mc�ly{p��8¿�muso`8surLrL��sot�mu`#k�yPq�k £��¡ª®yPsu_=`#kuq^t�¢��{pPmo`��

I =

∫ 1

−1

∫ 1

−1

LK(x, Lŷ, ξ(n,m), Lm)f(ξ(n,m), Lm)a(m) dmdn
»��AG=GP½

´ep,kuq^~^~SyPku`8�^`#~^£�qJk}vDq^`8£���ª®y{pJ��mut�y{p
f(ξ(n,m), Lm)a(m)

~S`�q^m}¿�muso`8_=t�ku`�k�yPq�k�£w�9ª®yPsu_=`��

f(ξ(n,m), Lm)a(m) = s(n)g(n,m)
»Y�{�{�P½

�µ¢P`L�e£�`Qk��yPp��lt�mut�y{p�kkuq^t�¢µ�{pDmu`Lkkuq^s
g
`�m
s
�

g(n,m) ∈ C2, |n| ≥ 1, |m| < 1
»Y�����Q½

|g(n,m)| < G(m), G(m) ∈ L1, |m| < 1
»Y�{�P�{½

∫ 1

−1

|s(n)| dn < +∞ »A��� ) ½
∫ 1

−1

|s(n) ln |x− n|| dn < +∞, ∀x ∈ IR
»A�����H½

bcp3`��l`�_=~^£�`��l`�ª®y{p���mut�y{pÈ�l`#£w�¡kuy{sumu`�~S`�qlmc¿�muso`#�ly{p^p�r�`LpÈ��y{pJk�tw�lr�s���pDm����

f(ξ, η) =

(

1 −
(

ξ

l

)2

−
( η

L

)2
)

1
2 »Y�{�P�P½

´ep,�=��£�y{s�k

a(m) = l
√

1 −m2
»Y�{�{�D½

a(m)f(n,m) = l(1− n2)−
1
2

»Y�{� 2{½
s(n) = (1 − n2)−

1
2

»Y�{�{¼D½
g(n,m) = l

»Y���=GP½
§-« t�pDmurL�{s���£�`¡»��AG�GD½ �l`�¢Ht�`�pDm}��£�y{s�k5�

I =

∫ 1

−1

s(n) dn

∫ 1

−1

LK(x, Lŷ, ξ(n,m), Lm)g(n,m) dndm
»Y�^�L�P½

±
`�m�mo`Rt�pDmurL�{s���£�`�¢µ�}¿�muso`O�lrL¢{`�£�y{~�~JrL`��Pk�jH_=~lmoy�mutwvDq^`�_=`LpPm6~Sy{q�s
L→ +∞ `�p8_���t�pDmu`�pJ��pDm¨��yPp�knm���pDmu`Qk

£�`Lk
��qlmosu`QkO¢���sotw���^£�`LkL¦D±
`e�^r�¢{`L£�yP~^~S`�_=`�pDm
kL« �µ¢P]�so`}�ly{pJ�t�pDmor�so`Lkoku�{pPm
~JyPq^s
�l`Qk-kuq^suªÇ�{��`Qk-�l`���yPpPm��{��m
rL£��{p���rL`LkL¦l§6`Lkc�lr�¯�p�tmot�yPp�kk�q�t�¢���pDmo`Lkkuy{pDmt�pDmusoyl�lq^t�mu`Qk5�

ξ = ξ(n,m), ξ̂ = (n, ŷ)
»Y�l�P�Q½

ξ = ξ̂ + (m− ŷ)ξ̂′ + O((m− ŷ)2)
»Y�^�Q�P½

9.�oËÏÕHØ)5 � 3�# Þ	� 5 �µÒµÓRÛ1&nÖ � Û®Þ'# Þ$#×Ü�Ò��µÓRÖµÛÇÓnØAØ'#×Ü�ÒeÓnÕ×Õ%#×ÖµØAÜ��6� � Õ×Ó8�µÓ���ÓnÛ®Þ��
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	�������������������	�����	������
���� �������!���"#	�$&%'!��
���( �D�

y ��£�`�kujD_��JyP£�`
′
�^rLkut��Pp^`8£��=�lrLsut�¢{rL`e~��{s�mot�`L£�£�`8~���ss���~�~JyPs�m}¥

m
¦

bcp3~S`�motme~���s���_=]�mosu`8�l`��lrL¢{`L£�yP~^~J`L_=`�pDm
ε
²l`Qknm}t�pDmusoyl�lq^t�m�^`#£��¡_���p^t�]�so`#k�q�t�¢���pDmo`��

ε =
ξ̂′(ξ̂ − x)

L2

»Y�^� ) ½

vDq^t6��y{p��^q^tmcvDq^t��lr�¢P`�£�y{~^~S`�_=`�pDm}kuq^t�¢��{pPm}¥¡£A« yPso�lso`
1
�

(ξ − x)2 + (η − y)2 = (ξ̂ − x)2 + 2(ξ − ξ̂)(ξ̂ − x) + (ξ − ξ̂)2 + L2(m− ŷ)2
»Y�^���H½

= (ξ̂ − x)2 + L2(m− ŷ + ε)2
»Y�^�Q�P½

� � � *HÆÇÂ�6 6 *H� * / Ã 0�*H� 0 / ÃQ�  ���^Æ *H�$0 K 0 /�� ��* / Å�* � ´ep,p^`9�lyPp^p^`�s��=tw��t�vDq^`9£�`9�^r�mo�{t�£��lq0�lrL¢{`�¤
£�y{~�~J`L_¡`LpDmc�l`8£Y« t�pDmor��{s���£�`

I1
�

I1(f, x, y) =

∫

S

f(ξ, η)
√

(x− ξ)2 + (y − η)2
dξdη

»Y�l�Q�P½

= J1(sg, x, y)
»Y�l��2�½

=

∫ 1

−1

s(n) dn

∫ 1

−1

Lg(n,m) dm
√

(x − ξ)2 + L2(ŷ −m)2

»Y�^�L¼D½

±
yPp�kut��lrLsuyPp�k ~JyPq^s}��`L£��¡£A« t�pDmurL�{s���£�`�kuq^t�¢µ�{pDmu`��

A1 =

∫ 1

−1

s(n) dn

∫ 1

−1

Lg(n, ŷ) dm
√

(x− ξ̂)2 + L2(ŷ −m− ε)2

»Y�^�AGD½

=

∫ 1

−1

s(n)g(n, ŷ)

[

arcsh
L(ŷ −m− ε)

|x− ξ̂|

]1

m=−1

dn
»Y�P���P½

§¨`#�lr�¢P`�£�y{~^~S`�_=`�pDm}�{kujH_=~lmuy{mutwvPq�`8�^`#£���ª®y{pJ��mut�y{p
arcsh

¢��{qlm}~JyPq^s}�l`#�Pso�{p��l`Lk ¢���£�`�q�sok��l`
z
�

arcsh z =
k�t��{p

(z)
[

ln(2z) + O(1/z2)
] »Y�P�l�µ½

´ep,�=�ly{pJ�8~JyPq^s |y| < 1
`�m
ε = O(1/L2)

£�`��^r�¢{`L£�yP~^~S`�_=`�pDm}k�q�t�¢���pDm~Sy{q^s
A1

�

A1 =

∫ 1

−1

s(n)g(n, ŷ)
[

ln
(

4L2(1 − ŷ2)
)

− 2 ln |x− ξ̂|
]

dn
»Y�P�{�{½

�er�¯�p�t�kok�yPp�k�_���t�pDmu`�pJ��pDm
A2

�l`8£w�=_���p^t�]�so`�kuq^t�¢���pDm��

A2 =

∫ 1

−1

s(n) dn

∫ 1

−1

g(n,m) − g(n, ŷ)

|m− y| dm
»Y�P� ) ½
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`�m}£Y« y{p,��yPp�kut��l]Lsu`�£�`#su`Qknmo`8�^`#£Y« t�pDmor��{s���£�`8k�q^t�¢���pDmu`

J1−A1−A2 =

∫ 1

−1

s(n) dn

∫ 1

−1

L(g(n,m)−g(n, ŷ))





1
√

(x− ξ̂)2 + L2(ŷ −m− ε)2
− 1

L|m− ŷ|



 dm

»Y�P���H½
hl�{p�k6`LpDmuso`�s¨�^�{p�k6~�£�q�k��lr�mo��t�£wk¨���{£���q^£w��muyPt�so`LkL² � � � ��·�¸�»��AG>2H�L�D½J_¡yPpDmuso`-vDq^`O£�`-�lr�¢P`�£�y{~^~S`�_=`LpPm

�^`8��`#su`Qknmo`#�ly{p^p�`��
J1 −A1 −A2 = O

(

lnL

L2

)

, L→ ∞ »Y�P�{�{½
kuy{t�m

I1 = Ff (y) ln(4(L2 − y2) − 2

∫

C(y)

f(ξ, y) ln |x− ξ| dξ »A�{�{�P½

+

∫ L

L

Ff (η) − Ff (y)

|η − y| dη + O
(

lnL

L2

) »Y�P�=2{½

�µ¢P`L�e£�`Qk�p^y�m���mot�yPp�kk�q�t�¢���pDmo`Lk5�

Ff (y) =

∫

C(y)

f(ξ, y) dξ
»Y�{�{¼P½

C(y) = {x, b(ŷ) − a(ŷ) ≥ x ≥ b(ŷ) + a(ŷ)} »Y�P� GP½
§¨`¡_=¿L_¡`=mnjH~S`��l`��lr�¢P`�£�y{~^~S`�_=`�pDm��3r�mor¡sorL�{£�twkur�~Sy{q^s#£�`Lk#�{qlmuso`Lk�t�pDmur��Pso�{£�`Qk8�^��p�k � � � ��·^¸

»��AG>2H���S½�¦�´ep,p^`8su`L~JyPs�mo`�tw��t�vPq�`�£�`Lk�~�sut�p���t�~��{ql�'sorLkuq^£m���m�k5�

I2(f, x, y) = −2Ff (y) + I1(f, x, y) + O
(

lnL

L2

) »Y� ) �D½

I3(f, x, y) = I1(f, x, y) − I2(f, x, y) = 2Ff (y) + O
(

lnL

L2

) »Y� ) �µ½

I4(f, x, y) = O
(

lnL

L2

) »Y� ) �P½

I5(f, x, y) = π

∫

C(y)

f(ξ, η)
k�t��{p

(x− ξ) dξ + O
(

1

L

) »Y� )�) ½

I6(f, x, y) = −
∫ L

−L

Ff (η)
dη

y − η
+ O

(

1

L2

) »Y� ) �H½

y ��£�`�kujD_��JyP£�`
−

∫ so`�~�surQk�`LpPmo`e£w�¡¢���£�`�q^s~^sot�p���t�~���£�`#�l`#£A« t�pDmur��Pso�{£�`8�l`�± �{q���\Hj{¦

Ë®Ì�Í6ËÏÎ



���������
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� ;����lÃA0YÂ / � 0�� Å{Â / Ã!��Å�Ã�Æ�0 / �>0�;���* §¨`Lk rLvDq���mut�y{p�k8»n�Q¼{�D½-kuq^s£�`8�^r�~^£w�{��`�_=`�pDm�`�p�ª®y{p���mut�y{p,�l`Lk
t�pDmurL�{s���£�`Lk���« t�p��Jq^`�p���`#~J`Lq^¢{`LpDm�{£�yPsok ¿�muso`�sor�rQ��sotmo`Lkkuy{q�k�£w��ª®y{so_=`8kuq^t�¢���pDmu`��

2πEu(x, y) = FX(y)
(

(1 − ν) ln(4(L2 − y2)) + 2ν
) »Y� ) �P½

− 2(1− ν)

∫

C(y)

X(ξ, y) ln |ξ − x| dξ

+ (1 − ν)

∫ L

−L

FX(η) − FX(y)

|η − y| dη

+
1

2
(1 − 2ν)π

∫

C(y)

Z(ξ, y)
kut��Pp

(ξ − x) dξ

+ O
(

|X | lnL
L2

)

+ O
(

ν|Y | lnL
L

)

+ O
(

(1 − 2ν)
|Z|
L

)

2πEv(x, y) = FY (y)
(

(1 − ν) ln(4(L2 − y2)) − 2ν
) »Y� ) �D½

− 2(1 − ν)

∫

C(y)

Y (ξ, y) ln |ξ − x| dξ

+

∫ L

−L

FY (η) − FY (y)

|η − y| dη

+
1

2
(1 − 2ν)π−

∫ L

−L

FZ(η)
dη

η − y

+ O
(

|Y | lnL
L2

)

+ O
(

ν|X | lnL
L

)

+ O
(

(1 − 2ν)
|Z|
L

)

2πEw(x, y) = FZ(y)
(

(1 − ν) ln(4(L2 − y2))
) »Y� ) 2{½

− 2(1 − ν)

∫

C(y)

Z(ξ, y) ln |ξ − x| dξ

+ (1 − ν)

∫ L

−L

FZ(η) − FZ(y)

|η − y| dη

− 1

2
(1 − 2ν)π

∫

C(y)

X(ξ, y)
kut��Pp

(ξ − x) dξ

− 1

2
(1 − 2ν)−

∫ L

−L

FY (η)
dη

η − y

+ O
(

(1 − 2ν)
|X |
L

)

+ O
(

(1 − 2ν)
|Y |
L

)
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� *HÆ �lÃ�0ÇÂ / � � � *HÅ Æ * ÅPÂ / Ã �^Å�Ã�0 / 0®Ã�0 �^Æ *H� * / Ã"Æ�0 / � 0�;���* �¯�p �l`Èso`�£�t�`�s�£�`Lk��^r�¢{`L£�yP~^~S`�_=`�pDmok
�Pk�jH_=~lmoy�mutwvDq^`Lk ~^sorL��rL�l`LpDmokL²ly{pÈ��yPp�k�tw�l]Lsu`8�^��pJk�q^p,~^su`L_=t�`Ls�mu`�_=~�k}£Y« t�pDmor��{s���£�`8k�q^t�¢���pDmu`��

f(x) =

∫ b

a

ϕ(ξ) ln |ξ − x|, dξ »A� ) ¼P½

hlt
£A« yPp��lt��Wr�so`�p���t�`3��`�mumu`�rLvDq���mot�yPp6²�£Y« t�pDmor��{s���£�`�sorLkuq^£�mo��pDmo`�kL« `��H~�sut�_=`�`�p ª®y{p���mut�y{p �l`3£w�0¢���£�`�q^s
~�sut�p���t�~��{£�`#�l`9± ��qJ��\Dj��l`8£��=_���p�t�]Lsu`#kuq^t�¢��{pPmo`��

f ′(x) = −−
∫ b

a

ϕ(ξ)

ξ − x
dξ

»Y� ) GP½

±
`�m�mo`#rLvDq���mot�yPp�~S`�q^m}¿�muso`8t�pH¢P`�s�k�rL`e`�m}_¡twku`�k�yPq�k £��¡ª®yPsu_=`8rLvDq^t�¢���£�`�pDmu`#kuq^t�¢��{pPmo`��

ϕ(x) =
1

π2

∫ b

a

√

(ξ − a)(b− ξ)

(x− a)(b− x)

f ′(ξ)

ξ − x
dξ +

C
√

(x − a)(b− x)

»Y���P�D½

y �
C
`Lk�m}q^p^`#��y{p�k�mo�{pPmo`#vPq�t6~J`Lqlm}¿�mosu`#�lr�mu`Lsu_=t�p^r�`#`Lp'mo`�p��{pPmc��y{_=~lmo`8�^`#£Y« rLvDq���mut�y{pÀ»Y� ) ¼P½ �

C =

(

π2 ln

(

b− a

4

))

−1 ∫ b

a

f(x)

(x − a)(b− x)
dx =

1

π

∫ b

a

ϕ(x) dx
»Y�����Q½

±
`�sorLkuq^£m���mR`Lk�mO¥�so�{~^~^soyH��\�`�s��^q¡sorLkuq^£�mo��m�p^y{mur�`�p��{p^p^`��l`�|³y��
ϕ
znyPq^`�£�`s��{£�` �6« q^p�` ~�su`Qkukut�yPp

`�m
f
��« q^p'�lrL~^£w�{��`L_=`�pDmL¦H�e�{p�kO£�`e�L�{k
�lq'��yPpDmo�{��mO£�t�p^rLt�vDq^`P²P£�`Lk
`��l~^so`Lkok�t�y{pJkOk�q�t�¢���pDmo`Lk-kuy{pDm-q^mut�£�`Qk �

ϕ(x) =
√

a2 − x2
»Y���D�P½

Fϕ =

∫ a

−a

ϕ(x) dx =
1

2
πa2 »Y��� ) ½

f(x) =

∫ a

−a

√

a2 − ξ2 ln |ξ − x| dξ »Y���P�D½

=
1

2
π ln

(

a2

4

) »Y���D�P½

����p�k
£�`��L�{k-�^q���yPpDmo�{��m
��« q^p���jH£�t�p��lso`}sot��Pt��l`�k�q�s
q^p'~^£��{p�r�£w�{k�mutwvDq^`{²D£�`e�lrL~^£��P��`L_¡`LpDm
p^yPsu_���£
¥¡£w�=k�q^suªÇ�{��`#k�« `��l~^sot�_=`8~��{s£��=��yPp��lt�mut�y{p,�l`#p^yPp�~Sr�p^r�mus���mot�yPp0�

w(x, y) = −Ax2 + δ, A
��yPp�knm���pDm »Y���P�P½

±
yP_=_¡`cy{p�£A« �#¢Hq��^�{p�kO£A« ��p^p^`��l`c|�²{£�`c�lr�~�£��P��`�_=`LpPmQ²PvDq��P�lso��mutwvDq^``�p
x
²P��y{p��lq�tm�¥#q^p^`}~�su`Qkukut�yPp

Z
�l`}£w�8ª®y{so_=`�»Y���D�{½�¦P¾Op'qlmut�£�twko��pDm-£�`LkOrQvDq���mot�yPp�kO�l`}£w�#£�t��Pp^`c�l`e��y{pDm��{��mc»A� ) �{½�²Dy{p�yP�lmut�`�pDm
�{£�yPsok��

Z(x, y) =
2AE

(1 − ν)

√

a2(y) − x2
»Y���>2{½

FZ =
πAEa2

1 − ν

»Y���P¼D½
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`�m}£�`#�lrL~^£w�{��`L_=`�pDm`Lk�mc�lrL�lq�tm��

w(x, y) = −Ax2 +
1

2
Aa2

[

ln

(

16(L2 − y2)

a2

)

+ 1

]

+
1

2

∫ L

−L

Aa2(η) −Aa2(y)

|η − y| dη
»Y���=GP½

§-« t�p��l`LpPm���mot�yPp,�^q,��jH£�t�p��lso`8`Lk�m�^y{p��8�lyPp^p^r�`#~J��s��

δ = w(0, y) =
1

2
Aa2

[

ln

(

16(L2 − y2)

a2

)

+ 1

]

+
1

2

∫ L

−L

Aa2(η) −Aa2(y)

|η − y| dη
»Y�P���P½

�}¯�p0�l`��lyPp^p^`�scq^p^`#`Lk�mut�_���mot�yPp,�^`#£Y« t�pDmor��{s���£�`#�^��pJk}��`�m�mu`#rQvDq���mot�yPp6² � � � ��·�¸ »��AG 2l�L�D½O~^soy�¤
~SyPku`9��« `��W`L��muq^`Lseq�p p^yPq^¢{`Q��qÈ�lr�¢P`�£�y{~^~S`�_=`LpPm8�l`9£w�'�^`�_=t¤Z£w��so�{`�q�sc�l`���y{pDmo�P��me�{qlmuyPq^se�^`

y = 0kuy{qJk�£���ª®y{so_=`#k�q^t�¢���pDmu`��

a2(y) = B2a0(y)

(

1 +
1

Λ
a1(y) + . . .

)

, a0(0) = 1
»Y�{�^�Q½

�µ¢P`L�
Λ
£�`#~J��s���_=]�mosu`8k�q�t�¢���pDm��

Λ = ln

(

16
L2

B2

)

+ 1
»Y�P�{�{½

§-« t�pDmur��Pso�{£�`=»Y�P���D½-`Qknmc�{£�yPsok `Qknmot�_=r�`8`Lp�ª®yPp���mot�yPp3�^q,�^r�¢{`L£�yP~^~S`�_=`�pDm��

δ =
1

2
AB2a0(y)

(

1 +
1

Λ
a1(y) + . . .

) »Y�P� ) ½

×
[

Λ + ln

(

1 − y2

L2

)

− ln

(

1 +
1

Λ
a1(y) + . . .

)]

+
1

2
AB2

∫ L

−L

[

a0(η)

(

1 +
1

Λ
a1(η) + . . .

)

− a0(η)

(

1 +
1

Λ
a1(η) + . . .

)]

dη

|η − y|

§¨`cmo`�so_¡`8¥�£Y« y{s��lso`
1
��y{pDmot�`LpPm�q^p�mu`Lsu_=`�`�p

ln

(

1 − y2

L2

) ¦�±
`emo`�so_=`cmo`�p��'¢{`�s�k −∞ £�y{s�kuvDq^`
y → L

¦^±
`�£w�9kut��Pp^t�¯�`�vDq^`e£�`8�lrL¢{`�£�y{~�~J`L_¡`LpDm p6« `Lk�m�~��{k
¢���£�t��l`�~^sorLk �l`Lk
�Sy{s��^k
�^q3��jD£�t�p��lso`{¦^±e« `Qknm
~Sy{q�sovDq^yPt � � � ��·^¸ »n�AG>2H�Q�P½csu`Qknmosu`Lt�pDm#£�`��^r�¢{`L£�yP~^~S`�_=`�pDm#~JyPq^s |y| ≥ 0.9L

¦¨±
`���`Q��tOso`�¢Ht�`�pDm#`�p
vDq^`L£�vDq^`,kuy{sumu`�¥À��y{q^~S`�s¡£�`Èkuq^suªÇ�{��`,��\��{su�Pr�`�`Lp ��`Lk¡`��Hmusor�_=t�murQk�¦�¾Op t��^`�pDmut�¯J��pDm�£�`Lk�mu`Lsu_=`Lk=�l`
_=¿L_¡`#~�q^t�koko��p���`{²Hy{p,~S`�qlm}rQ��sot�so`�vDq^`��

δ =
1

2
AB2a0(y)Λ ⇒ a0(y) = 1

»Y�{���D½

a1(y) = − ln

(

1 − y2

L2

) »Y�P�{�P½

´ep,�=�ly{pJ�

a(y) = B

√

1 − 1

Λ
ln

(

1 − y2

L2

) »Y�P���D½
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§��9ª®yPso��`8p^y{so_���£�`emoy�m���£�`�`Qknm}�lyPp��#�lyPp^p^r�`8~��{s
∫ L

−L

FZ dy =
πAEB2

1 − ν

∫ L

−L

1 − 1

Λ
ln

(

1 − y2

L2

)

dy
»Y�P�=2�½

=
πAEB2L

1 − ν

[

2 +
0.614

Λ

] »Y�P��¼D½

`�m}£��¡~Sr�p^r�mus���mot�yPp�`Qknmc�lyPp���r��D��£�`�¥
δ =

1

2
AB2Λ

»Y�P� GD½
�������
	�������  ��
§��=��y{pJknm���pDmu`�pHq^_=r�sot�vDq^`

0.614
��~�~���s����wm}k�q^t�mu`#¥¡£A« t�pDmur��Pso��mut�y{p,�l`��

∫ L

−L

ln

(

1 − y2

L2

)

dy = L

∫ +1

−1

ln
(

1 − x2
)

dx
»Y�{�{�P½

�c~^so]Lk�vPq�`�£wvPq�`Lke_=�{p^t�~^q^£w��mut�y{pJk�²Wt�£�ku`�_��^£�`�vDq^`¡£��'~^sut�_=tmot�¢P`¡�^`
ln(1 − x2)

~�q^t�koku`�kL« rQ��sot�so`�kuy{q�k
£w��ª®y{so_=`��

∫

ln
(

1 − x2
)

dx = x ln(1 − x2) − 2x+ 2 argth(x), −1 < x < 1
»Y�{�^�Q½

§¨`Lk#¢��{£�`Lq^sok9�l`'��`�m�mo`'~^sot�_=t�mut�¢{`��{ql�"�Sy{sop^`Qk���« t�pDmurL�{s���mot�yPp"p�`'k�yPpDm�~��{k��lr�¯�p�t�`Qk�`��l~^£�tw��t�mu`�_=`LpPm
_��{t�k ~��{s ~J�{koku�{�{`e¥¡£w�9£�t�_¡t�mu`P¦�§¨��£�t�_=t�mu`8`�p −1

~S`�qlm}¿�muso`8y{�lmo`�pHq^`�`�p3surQ��sot�¢���pDm�£���~^sot�_=t�mut�¢{`#�l`
£w�¡_���p^t�]�so`#k�q^t�¢���pDmu`��

lim
x→−1

x ln(1−x2)−2x+2 argth(x) = lim
x→−1

(1+x) ln(1+x)+(x−1) ln(1−x)−2x = −2 ln(2)+2»Y�{�P�P½
�e`#_=¿�_=`#`�p

1
²lyPp,y{�lmot�`LpPm��

lim
x→1

x ln(1−x2)−2x+2 argth(x) = lim
x→1

(1+x) ln(1+x)+(x−1) ln(1−x)−2x = 2 ln(2)−2»Y�{� ) ½
h^�{��\��{pPmvDq^`

2 ln(2) − 2 = −0.6137056
»Y���{�D½

acy�mosu``Qknmot�_���mot�yPp���yPp��lq^t�so�{tm ¥8q^p^`e��y{p�k�mo�{pDmu`pHq^_=r�sot�vDq^`}�^y{q^�^£�`e�^`c��`L£�£�`c�l` � ��� ��·^¸"»n��G 2H�Q�P½�¦
❏

1$��,��M1 � 6 6�Æ�0ÇÅ��^ÃA0ÇÂ / �^�:O 0Y�N6���Å�ÃL� 0�*H�P0 / 0�* / Ã!�lÃ�0ÇÂ / �¡Ã!�µÂS� �J� *H� �
Écy{so_¡twkL²�£�`QkWmus��µ¢���ql��vPq�t�mut�`�p�p^`�pDm���y{_=~lmu`O�^`R£Y« �{ku~J`Q��m6¯Jp^tY²Lk�yPtm¨�l`-£��kuq^suªÇ�{��`R�l`
��y{pDm��{��mµ» � � � ��·^¸�²

��G 2l�L� � ¶ ��· �^¸ ���� � ��� ��¹ � � � � ��	�²��AGP¼^�µ½�²�kuy{t�mc�l`Lke��yPsu~�k}`�pDmus���pDm}`�p0��y{pDmo�P��m9» � � �R²��AGP�{¼P½�²
£�`LkOsurQk�q^£�mo��mokRkuq^sO£�`LkO�{~^~^soyl��\^`Lk�so`�£w��mot�¢P`Lk�~Sy{q^sOq�p=��y{pDmo�P��mOt�p^t�mutw��£�`�_=`�pDm-£�t�p�r�twvPq�`}k�« ��~^~�q^t�`}kuq^sOq�p
~Sy{t�pDm8�^`¡sor�ª®rLsu`Lp���`¡�ly{pDm8£�`��lrL~^£w�{��`L_=`�pDm8�^y{t�m�¿�muso` !�%F��	�����	 ��y{p^pHq6¦¨±
`=~Sy{t�pPm#�l`=sor�ª®r�so`�pJ��`9`Qknm
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yP�lmu`LpHq3�Ps��P��`�¥=£A« rQvDq^t�£�t��^su`��l`Lk�ª®yPso��`Lk}�^`9��yPpPm��{��mc��~^~^£�twvPq�r�`Lk}`�p0vDq��{kut�¤Zk�mo��mutwvPq�`�k�q^sc£�`Qkckuy{£�t��l`Qk�¦
����pJk�£�`'���Pk��l`Lk9t�_=~��P��m�k#`�pDmuso`�pDm��^`�ql�³k�yP£�tw�l`Qk�²6t�£-p¨« jÀ�È~��Pk�² ! %F��	�����	 ²���« rQvDq^t�£�t��^su`��l`Lk�ª®y{s���`Lk
�^`¡��y{pDmo�P��mL¦6±
`Lkeª®yPso��`Lk�k�yPpPm8rLvDq^t�£�t��^sor�`Qkc~J��s�£�`Qkcmo`�so_=`Lk8��« t�p^`Ls�mot�`Qk8�lq©kuy{£�t��^`{¦�§O« ��~^~�£�tw����mut�y{p �l`
��`Lk�lt��Wr�so`�pDmu`Qk��~^~^soyl��\^`Lk�ku`8surL¢{]�£�`8��£�y{s�k
so`Lk�muso`�t�pDm}¥¡�^`Lk���Pk�y��3£�`Qk��yPp��lt�mut�y{p�k�{ql�'£�t�_=t�mu`Lkc�l`Lk
kuy{£�tw�l`Lkeª®y{q�sup^twkok�`LpPm8q^p"~JyPt�pDm��l`=sor�ª®r�so`�pJ��`{¦6hHt�p^yPp6²�t�£�ªÇ�{qlm#su`L¢{`Lp^t�s8¥3q^p^`=t�pPmor��Pso��mut�y{p ��y{_=~^£�]�mu`
�^`�£w���ljHp��{_¡twvDq^`{¦

§-« r�muq��l`#�lq,��yPpDmo�{��m ��« q^p,k�yP£�tw�l`8�lr�ª®yPsu_��{�^£�`�q^p3�l`�_=t�¤A`Qk�~��P��`�r�£w�{k�mutwvDq^`�����p�k q^p3���{�^su`8��yP_�¤
~�£�r�mu`�_=`LpPm8�ljHp���_=twvDq^`���r�mur�_¡`Lp^r�`�~���s  · � ��� �$� � �
� ��� � 	�»��AG>2 ) ½ � � � � � � 	�»n��G 2 ) ½�`�m�~���s
 ¸
� ��È»��AG>2��^²{�AG 2=2H²���G 2�¼D½�¦��e`-p�y{_9��su`Lql���{qlmuso`LkWmoso�µ¢��{ql�eyPpPm�r�mur
��q�kok�tP_=r�p^rQk¨�^�{p�k¨�l`Qk¨�L�{k�~��{s�¤
mot���q^£�t�`Lsok}�^`���yP_=~JyPs�mo`�_=`�pDmok}_=��murLsut�`�£�£�`Qk�»Ç�{p^twk�y{musoy{~^t�`Q½8»  ��¸
� ���� �R²6�AG=G ) ²��{�{�P�P½
`�m8�l`Lke��y{pJ�lt¤
mot�yPp�k�l`#��yPpDmo�{��m ~J��sumutw��q^£�t�rLsu`Qk8»Ç�{�^\^rLkut�yPp6²Dª®suy{m�mo`�_=`�pDmL² �
 � ¦L¦�¦o½�»  ¸
� �� � �¡· �¨¸ �$� � �$� 	�²��AG�G{�D½�¦
�cql�0¢Hq^`Lk8�l`=£A« `Lp�ku`�_9��£�`=�l`=��`Lkemoso�µ¢���q^�W²St�£O��~^~��{so� ��m8��`L~J`Lp��^��pDm#�lt�¬���t�£�`��l`¡ªÇ��t�su`�su`Qk�yPs�mot�s�q^p^`
kuy{£�qlmot�yPp3�{p���£�jDmutwvPq�`�~Sy{q�s£�`Qk�`��Wy{sumok�l`���y{pDmo�P��mL¦

�e`�~^£�q�kL²¨y{p³kL« �{~J`Ls���y{t�m9vDq^`�£��,~�£�q^~J��sum��l`Lk9�lr�¢P`�£�y{~^~S`�_=`�pDm�k�k�yPpDm�_¡y{mut�¢{rQk#~���s9£�`=ªÇ�{tm�vDq^`
£w��kuy{£�qlmut�y{pÈ�l`9Éc`�sumuÊ#~Sy{q^se£�`���y{pDmo�P��m}£�t�p�r�twvPq�`�`�p0�lrL~^£w�{��`L_=`�pDm}`Lk�mck�`Lq^£�`�_=`�pDmc¢���£�tw�l`9�^�{p�kq^p^`
ÊLy{p^`e~^soyH��\�`e�l`8��yPpPm��{��mL¦l�crQk�vPq�`e£A« yPp'kL« rL£�yPt��Pp^`e�lq3��yPpPm��{��m t�£�k�`L_9�^£�`cp^rQ��`Qkuko��t�su`��l`�~^su`Lp��lso`c`Lp
��y{_=~lmo`�£w�=�{rLy{_=r�mosut�`��{£�y{���{£�`8�l`���yPsu~Jk
`�m}£�`Lq^s�k��y{pJ�ltmot�yPp�k��q^�'£�t�_=tmo`LkL¦

x�y{q�s-��`}vDq^t��^`LkOkuy{£�qlmut�y{pJkRvPq�tlmut�`�p^p�`�pDm
��yP_=~lmu`}�l`£A« �{ku~J`Q��mR¯�p^tJ�lq���yPpPm��{��mL²�t�£^`Lk�m-�lt�¬���t�£�`c�l`
ku`8~^soy{p^yPp���`Ls ko��p�k��y{plª®soy{pDmo`�s��`Qk�surQk�q^£�mo��mok�¥=�l`Lkmu`Lk�mok�pHq^_=rLsutwvDq^`Lk�l`�mnjH~S`#r�£�r�_=`�pDmok ¯Jp^t�kL¦^§¨�
kuy{£�qlmot�yPp ~^soy{~SyPkur�`¡~���s � ��� ��·^¸ »��AG>2H�L�D½}ku`�_��^£�`�kurL�lq�t�ko��pDmu`P²W_=�{t�k#�{q���q�p"��y{plª®soy{pDmo��mut�y{p©p6« `Qknm
�^y{p^p^rL`#�µ¢{`L�e£A« `��H~Sr�sot�`�p���`�pHq^_=rLsutwvDq^`8y{qÈ�l`8£��{�JyPso��muyPt�so`{¦

� ��� � 	 .0�	��4"��� #�� '�#�� ' 	 � ��, � � �1
������ . ���	� #�� #5� 
���� % #��/)+# '�# ��� '/
 � #�� �
�$
���� � ��
�#*'�#�� � ��� 
�'�#��

§-« \HjH~Jy{mu\^]Qk�`��l`Lk
�lr�ª®yPsu_���mut�y{p�k-~^£��{p^`Lk-`Lk�m
q^p�`c\HjH~Jy{mu\^]Qk�`�k�q^~�~^£�rL_=`�pDmo�{t�so`cvDq6« t�£W��yPpD¢Ht�`�pDm
�l`
~�su`Lp��lso`e`Lp3��y{_=~lmu`8~Sy{q^s£�`Lk�~�suyP�^£�]L_=`Lk �^tw�lt�_=`Lp�k�t�y{p�p^`�£wk�l`#��yPpPm��{��mL¦�hHt6ko�eznq�knmot¯S����mot�yPp�~J��s���t�m
pJ��muq�su`L£�£�`�~Sy{q�s8�^`Lk8~^soy{�^£�]�_=`Qkey � £�`Lk#��y{so~�kc`Lp"��y{pDmo�P��m#k�yPpDm#�^`�£�y{p^�Pq^`�q�s�t�pl¯�p�t�`��^�{p�k8£�`=ku`�p�k
moso�{p�ku¢{`�s�ku`{²D`�£�£�`#`Qknm~S`�qlmc¿�muso`8~^£�qJk}��yPpPmosuy�¢P`�s�k�rL`c�^�{p�k�£�`��L�{k��l`��lt�_=`�p�kut�y{p�k ¯�p�t�`Qk�¦

§¨`LkR��sot�mu]�so`Lk���« ��~^~�£�tw����mut�y{p�k�k�mo��pJ�^��s��^k��l` £Y« \HjD~Sy�mo\^]Lku`�l`�lr�ª®yPsu_���mut�y{p�k�~^£w��p^`Qk�t�_=~JyDk�`LpDmRvDq^`
£w�¡�lt�_=`Lp�k�t�y{p'mus���p�ku¢{`Lsoku`ckuy{t�m��{q�_=y{t�p�k���« q^p�yPso�^su`�k�q^~Sr�sot�`�q^s���ql�'�^t�_=`�pJk�t�y{p�k��^�{p�k £�`�~^£w��p3�l`Lk
��y{so~�k}��y{p�kut��^r�sor{¦Shlt��{q0��y{pDmoso�{t�so`{²^£A« r�~��{t�kok�`Lq^sc�l`Qkc��y{so~�k}`QknmeªÇ��t��^£�`��l`�¢���pDm�£�`Qkc�lt�_=`�p�kut�yPp�kc����p�k
£�`#~^£w��p,`�mcvDq^`#£�`Lkc��\���so�{`L_¡`LpDmok�k�yPpDm}`�ql�3_¡¿L_=`Lk~^£w��pJk�²^yPp,~^sur�ª®]�so`#��y{pJk�tw�lr�so`�s�£A« \HjH~Sy�mu\�]Lku`��l`Lk
��y{pDmus���t�pDmu`Qk
~�£��{p^`LkL¦

§¨`��L�{kR�lq¡~^soy{�^£�]�_=`�l`��yPpDmo�{��mR`�pDmuso`�l`�ql��~^t�]Q��`QkR�l` ªÇ��t��^£�`�rL~���twkuku`�q�s�`QknmOq�p�~S`�q=~��{s�mot���q^£�t�`�s
�^`���`
~Sy{t�pDmO�l`�¢Dq�`{¦��°£^��yPpH¢Dt�`�pDmR�l`��yPp�k�tw�lrLsu`Ls�£�`LkR�lt�_=`�p�kut�y{p�k��l`�£w�eÊLy{p^`��l`��yPpDmo�{��m�����p�k�£�` ~�£��{p
`�m9p^yPp6²¨£�`Lk��lt�_=`Lp�k�t�y{pJk����{so�P��murLsutwk�mutwvPq�`Lk#�l`Qk9��yPsu~Jk#`�pDmut�`�s�kL¦6¾Op ��£��{t�sQ²¨kut-£A« rL~���twkuku`�q�s9�l`Lk���yPsu~�k
so`Lk�mu`=�Pso�{p��l`��l`�¢��{pPm�£w�,£w��so�{`�q�s��l`�£��,ÊLy{p^`��^`���y{pDm��{��mQ²�£Y« \HjH~Jy{mu\^]Qk�`��l`Qk��lr�ª®y{so_=��mut�y{p�k8~�£��{p^`Lk
so`Lk�mu` znq�k�mut�¯�rL`{¦

hHt¨£Y« y{p,��yPp�k�tw�l]Lsu`�_���t�pPmo`�p��{pDm £A« r�mo��mc�l`#��y{pDmoso�{t�pDmu`Qk
�{ql�'`��DmosurL_=tmorLk�l`Qk��y{so~�k�kuq^t�¢��{pPm£A« ���l`
y
²�t�£ `Lk�m���£w��t�s�vDq^`'£Y« \HjD~Sy�mo\^]Lku`'�l`Qk9�lr�ª®y{so_���mut�y{pJk�~^£w��p^`Qk#p6« `Lk�m�~^£�q�k�su`Qk�~S`L��murL`{¦¨¾-p�`��W`�mQ²�kuy{q�k
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��`�mumu`#\HjH~Jy{mu\^]Qk�`P²l£��=��yPpDmus���t�pPmo`cmoso�{p�ku¢{`�s�ku`�kL« rQ��sotm��

σy = ν(σx + σy)
»Y�{�P�P½

±
`�m�mo`c��yPpPmoso�{t�pDmo` ~S`�so_=`�m
�6« �Pkukuq^so`�sRvDq^`
εy = 0

¦��cql�¡`��Hmusor�_=tmorLkO�^`Lk-��jH£�t�p��lso`LkL²���`�m�mu`e��y{pDmoso�{t�pDmu`
�^`¡��y{_=~^so`Lkok�t�y{pÈ`Qknm#so`�£w���lr�`P¦W±
`�mumu`=y{�Jk�`Lsu¢���mot�yPp0~S`�qlm���_=`Lp^`�s8¥'~�£�q�kut�`�q^s�ke��y{p���£�qJk�t�y{p�k�kuq^t�¢��{pPm
£�`Lk�L�{k�`LpD¢Htwku�{�{rQk�¦

�e`�ql� �L�{k9~^sut�p���t�~��{ql��k�yPpDm�`�pH¢Htwku�{�{rLk9k�q^s¡£w�È¯��Pq^su` ��� vDq^`3p^y{qJk9��£�£�y{p�k¡�lr�m���t�£�£�`�s¡�^��pJk9£�`Lk
~J��s����{s���~�\^`Lk
k�q^t�¢���pDmok��

�
+6Æ�0 / 0���*H� 0�*0ÆYÂ / S��*H�����  �^Æ * §6`#~^so`�_=t�`�s���Pk��yPsuso`Lku~JyPp��'¥��^`�ql�,��jH£�t�p��lso`Lk��l`#£�y{p��{q^`Lq^sok
rL�P�{£�`QkL»Y��ªn¦���t��{q^so`0���S»Ç�Q½�½�¦��e�{p�k9��`'���Pk�²�y{p³~S`�qlm=��yPp�k�tw�lrLsu`Ls�vPq�`'£�`Lk9��y{pDmus���t�pDmu`Qk#¥È£Y« `��HmosurL_¡t�mur
kuy{pDm}kuy{q�k�£A« \HjH~Sy�mu\�]Lku`8�^`Lk��yPpDmus���t�pPmo`Lk ~^£w��p^`Qk

σy = 0
¦

�}¯�p0�l`�~^sorL��t�ku`�s£�`Lk}t��lrL`LkL²^p^yPq�k~Sy{q^¢Py{p�k��\^yPt�kut�s£Y« `��l`�_=~^£�`9��« q^p0��jD£�t�p��lso`���y{_=~^so`Lkokure`LpPmosu`
�^`�ql���l`�_=t�¤A`Qk�~J�{��`Qk�¦{hltJ£A« yPp�����£w��q�£�`}£A« t�p��^`�pDmo��mut�y{p�kuy{q�kO��`�mumu`}\HjH~Jy{mu\^]Qk�`P²{yPp¡so`�mosuyPq^¢{`�q^p�`c¢���£�`�q^s
¢��{£��{�^£�`#¥¡£w�9ª®yPt�k�`LpÈ�lr�ª®yPsu_���mot�yPp�k�~^£w��p^`Qk�`�m`�pÈ��y{pDmus���t�pDmu`Lk ~^£w��p�`Lk �

δ =
a2

2R
2 ln

(

4R

a

)

− 1
»Y�{�{�P½

hHt8£�`©��jD£�t�p��lso` p^`©~J`Lqlm3~J�{k'muy{q�sup^`LsL² y{p ~J`Lqlm,�^t�so`©vDq^`©£Y« t�pJ�l`�pDmo��mut�y{p `Qknm,��yPp�knm���pDmu`©~���s
s���~�~JyPs�m'¥

y
¦�§¨���^`�_=t¤Z£w��so�{`�q�s��l` ���{p��l`

a
`Lk�m3�lyPp��0ku`�p�kut��^£�`L_=`�pDm���yPp�k�mo��pDmo`{¦
acy{q�k�ku�µ¢Py{p�k

vDq6« `�pÀ�lr�ª®y{so_=��mut�y{p�ke~^£w��p^`Qk
a
k�« `��l~^sot�_=`=`�p ª®y{p���mut�y{pÀ�l`=£��3~^so`Lkokut�yPp0_����lt�_��{£�`

p0
�l`=£w��ªÇ� ��yPp

kuq^t�¢���pDmu`��
a = 2p0R

1− ν2

E

»Y�{� 2{½
�{£�yPsok�vDq6« `�p,��yPpPmoso�{t�pDmo`�~�£��{p^`8p^y{q�k�µ¢Py{p�k��

a = 2p′0
R

E

»Y�{�{¼D½
�e`���`�m�mu`#`Qknmot�_���mut�y{p6²lp^yPq�k ~JyPq^¢{yPp�k�lrQ�lq^t�su`8£�`�s���~�~JyPs�m�`�pDmuso`8£�`Qk�~^so`Lkok�t�y{p�k _����lt�_���£�`Lk�k�q�t¤

¢��{pPm��
p′0 ≈ (1 − ν2)p0

»Y�{��GD½
����pJkc��`�~^so`�_=t�`Lsc���Pk�²Jp^y{qJk}~Sy{q^¢Py{p�ke��y{pJknm���mu`LscvDq^`9£A« \DjH~Sy�mo\^]Lku`9�l`Qkc�lr�ª®y{so_=��mut�y{p�kc~^£w��p^`Qkckuq^s�¤
`Qknmot�_=`=£w��~�su`Qkukut�yPp©_����Ht�_���£�`¡�{ql� `��DmosurL_=tmorLk#�lq³��jH£�t�pJ�lsu`P¦�±
`�£w�3¢µ�,`Lp"vDq^`L£�vDq^`�kuy{sumu`��^�{p�k8£�`
ku`�pJk�l`#£��=kurL��q^sut�murP¦

�
+6Æ�0 / 0���*H� 0�*�ÆYÂ / S��*H��� 0:0�<-�,��* / Ã * ����p�k3£�`"ku`L��y{p�� ���{k�t�£�£�q�k�musor"¥ £�� ¯��{q�su`����J»Y��½�²�yPp
��y{p�kutw�l]�so`¡vDq6« q^p³�l`Qk#��jH£�t�p��lso`Lk8`Qknm#~^£�q�k���y{q^sum�vDq^`=£Y« ��qlmosu`P¦�±
`�mumu`���yPpl¯��Pq^so��mut�y{p"��y{pJ�lq^t�m9��£�y{s�k
¥0q^p^`�ª®yPs�mo`���y{p���`�pDmus���mot�yPpÀ�^`���yPpDmus���t�pPmo`Lk�¥È£Y« `��HmosurL_¡t�mur3�lq ��jD£�t�p��lso`{¦O±
`�m�mo`�kut�p��{q^£w��sotmor�~S`�qlm
¿�muso`����{£���q^£�rL`#`�pÈkL« t�p�ku~^t�s���pDmc�l`QksorLkuq^£m���m�ky{�lmo`�pHq�k~Sy{q�s}£�`#~�suyP�^£�]L_=`���« t�p��l`LpDmo��mot�yPp0��« q^p0�l`�_=t
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`Qk�~J�{��`e~���s�q^p�~JyPt�p ��y{p3���{susor{¦ � mut�muso`et�p��ltw����mut�ªn²l~JyPq^s�l`�ql��_¡t�£�t�`Lql��t��^`�pDmutwvDq^`LkL²Hy{p'yP�lmut�`�pDmq^p^`
rL¢{yP£�qlmot�yPp��l`#£w��ª®y{so_=`8kuq^t�¢���pDmu`��{ql�'`��HmosurL_¡t�murQk5�

p0(y) ∝ y−0.23 »Y� 2��D½
§-« \HjH~Sy�mu\�]Lku`'�l`Lk¡�lr�ª®y{so_=��mut�y{p�k9~^£w��p^`Qk9kuy{q�k�¤A`Qknmot�_=`�£w�0~�su`Qkukut�yPp³_����lt�_��{£�`'�{q ��yPpDmo�{��m�kuq^s9£�`Lk
`��Hmusor�_=tmorLk#`�m9k�yPq�k8`Lk�mut�_=`�£w�È�l`�_=t�¤A£w��so�{`Lq^s#�l`���yPpPm��{��mL¦6¾O£�£�`�p^`�¢��È�ly{pJ��~J�{k��^�{p�k#£�`�k�`Lp�k��l`
£w��kurL��q�sut�murP¦J| t�`Lp0k�q�sL²�kut¨£�`Lkc~^t�]L��`Qk~SyPkok�]Q�l`�pDme�l`Qkc��y{p^�PrLkL²l£���kut�p^�{q^£w��sot�mur��l`�~�su`Qkukut�yPp,~J`Lqlmc¿�mosu`
_=yPt�p�k�^so�{_=��mutwvDq^`8`�m}��yPp��lq^t�su`#¥¡q^p^`��{q^�{_=`LpPm���mot�yPp3�l`8~^so`Lkokut�yPp3vDq^t�so`Lk�mu`8_=yl�lr�sor�`P¦

� ���  !���"�$�	) � #����1,�#-� ����
 ' #�� )+�"� � ��, � #��

§¨`,��y{pDmo�P��m=`�pDmuso`Èk�yP£�tw�l`Qk¡�^y{pDm�£�`Qk¡kuq^suªÇ�{��`Lk=�l`È��yPpPm��{��m=kuy{pDm���yPplª®y{so_=`Lk�`Lk�m=q�p ~�suyP�^£�]L_=`
�^r�£�t��L��mL¦l¾-p�~��{s�mot���q^£�t�`LsL²Ht�£�su`L_¡`�m`�p,����qJk�`�£Y« \HjH~Jy{mu\^]Qk�`#�l`8£w��mo\^r�yPsut�`#�l`#É}`�sumuÊ#ku`�£�y{p�£��PvPq�`�£�£�`�£��
ÊLy{p^`#�l`���y{pDmo�P��m�`Lk�m}~J`�mut�mu`��l`L¢���pDm}£�`Qk�lt�_¡`Lp�kut�yPp�k���{so�P��murLsutwk�mutwvPq�`Lk��l`Lk��y{so~�k `�pÈ��yPpDmo�{��mL¦

xOso`�p�y{p�kL²6~Sy{q^s#`��H`L_=~^£�`P²6£�`����{k#�^qÀ��y{pDmo�P��m#`�pDmosu`�q^p³�{su�^so`¡`�m�q^p��{£�rQku�{�{`=�µ¢{`L�¡�lq3zn`�q¨¦�hHt
£A« y{pÀ��~^~^£�twvPq�`�q^p³��\��{su�P`�_=`�pDm8k�q^s#£A« ���l`{²W£w��ÊLy{p^`=�l`���y{pDmo�P��m8`�pDmuso`�£�`Lk#�^`�ql�©kuy{£�tw�l`Lk�¢��,��soy �wmuso`
s���~�t��l`L_=`�pDm#`�m�yl����q^~J`Ls#q^p^`=ª®s��{��mut�y{p"p^y{p"p^r��P£�t��{`Q���^£�`=�lqÀ~JrLsut�_=]�muso`��l`=£A« �{su�^so`{¦�±
`���y{p�k�mo��m#�
�^`�ql����yPp�kurLvDq^`�pJ��`Lk�~^sut�p���t�~��{£�`Qk�¦��9« q^p^`�~���sumL²�£�`��lrL¢{`�£�y{~�~J`L_¡`LpDm9`�p�~J��s����Sy{£�y �Z�l`��l`Lk�k�q�s�ªÇ�P��`Lk
p¨« `Qknm}~^£�q�k}kuql¬�ko��pDmL¦^��« �{qlmuso`#~��{s�mQ²^p^t6£A« �{su��su`P²lp^t6£�`�k�yP£�tw�l`#��yPpPmo`�p��{pDm�£A« ��£�rLko���{`�p^`#~S`�q^¢P`�pDm}¿�mosu`
��y{p�kutw�lr�sorLk���yP_¡_=`�l`QkR�l`�_=t�¤A`Qk�~��P��`Qk�t�pl¯�p�t�kL¦P´ep�p�` ~S`�q^m-�ly{p��
~^£�q�kO�{~^~^q^jP`�s�£�`}�L��£w��q^£l�l`Qk�ª®y{s���`Lk
�^`8��y{pDmo�P��m}kuq^s£�`#~�suyP�^£�]L_=`8�^`8| yPq�kukut�p^`LkovS¦

±
`L~J`Lp��^��pDmQ² � ¹�· �6·�¸�� � � � »��AG ) GP½=�"mo`�pDmur©�l`Èmusoy{q�¢{`�s�£w���ltwk�musot��^q^mut�y{p �l`0~�su`Qkukut�yPp ����p�k
q�p0�l`�_=t�~^£��{pÈr�£w�{k�mutwvDq^`#~JyPq^se�^`Lkckuq^suªÇ�{��`Lk}vDq^t�~J`Lq^¢{`LpPm�k�`9�^`�¢{`L£�yP~^~S`�sckuy{q�k}£��=ª®yPsu_=`9�^`9k�rLsut�`Lk
`LpDmut�]�so`Lk�`�p

Anx
2n ¦P±
`�£w�e~S`�so_=`�m-�{£�yPsok���« `�pH¢Ht�ko���P`�s��l`k�q�s�ªÇ�P��`LkR�^y{pDmR£Y« rLvDq���mut�y{p=��qlmoy{q^sR�lq=~Sy{t�pPm»Çy{q,�l`#£w��£�t��{p^`µ½ t�p^t�mutw��£��l`#��y{pDm��{��m~S`�qlmcku`��lrL¢{`�£�y{~�~J`Ls�kuy{qJk�£���ª®y{so_=`#k�q^t�¢���pDmu`��

h = z1 + z2 = A1x
2 +A2x

4 + . . .+Anx
2n + . . .

»Y� 2H�Q½
yPq3����p�k�£�`����Pk��« q�p3~�suyP�^£�]L_=`8���lt�kujH_¡r�musot�vDq^`��

h = z1 + z2 = A1r
2 +A2r

4 + . . .+Anr
2n + . . .

»Y� 2��{½
§¨`Lk
~^so`Lkok�t�y{p�k
¥�£w�9kuq^suªÇ�{��`���t�p�kutSvDq^`e£�`Qk
�lt�_=`�p�kut�y{p�k �l`�£Y« ��t�su`��l`e��y{pDmo�P��m ~J`Lq^¢{`LpPm ¿�mosu`cmusoy{q^¢Pr�`Lk
�{p���£�jDmutwvDq^`�_=`�pDm�`Lp�ª®yPp���mot�yPp �l`Lk'��yH`�¬���t�`�pDm�k

An
¦ §¨�Àso`�£w��mot�yPp `LpDmuso`È£�`0��\��{su�P`�_=`�pDm=muy{mo�{£c`�m

£A« t�p��^`�pDmo��mut�y{p3p^`#~J`Lqlm}`�pJ��y{so`8¿�mosu`�musoy{q�¢{r�`8vDq^`#~Sy{q^s}�l`Qk���Pk���lt�kujH_=r�musotwvPq�`LkL¦
±
`}�L�{k�~��{s�mot���q^£�t�`�sR~S`�so_=`�m-�l`QkR�lr�¢P`�£�y{~^~S`�_=`LpPm�kR��p��{£�jDmot�vDq^`QkR�lq¡ªÇ��t�mO_¡¿L_=`}vPq�`£Y« y{p=k�q�~^~JyDk�`

vDq^`=£w�,k�q^suªÇ�{��`¡�^`=��y{pDmo�P��m8`Lk�m#q^p^`�`�£�£�t�~�ku`{¦�x�yPq^s#�l`Lk8~^soy�¯J£�k#�l`�kuq^suªÇ�{��`Qk�~^£�qJk8�{r�p�r�s���ql��²Wt�£R`Qknm
p�rL��`Qkuko��t�so`��6« �µ¢Py{t�s�so`L��y{q^s�kR¥#�l`QkRmu`Q��\^p^twvDq^`LkRrL£�rL_=`�pDmokO¯�p^twk�¦{����pJk-��`�m-`Lku~^sotmQ²�� � � � � ¶ � 	 �6· � �
»��AGP¼^�Q½}~^soy{~SyPku`�pDm8�^`Lk8_=r�mo\^yl�l`Lk8pHq^_=r�sotwvPq�`Lk8���Pk�rL`Lk�k�q^s#£w�,�ltwku��sur�mutwku��mut�y{p �l`Qk#k�q�s�ªÇ�P��`Lk�`�m#kuq^s
�^`Lk�t�pPmor��Pso�{£�`Qk �6« t�p���q^`Lp���`��{~lmu`Qk¥�mu`�p�t�sc��y{_=~lmo`8�^q3~�suy{¯�£�~���sumutw��q�£�t�`�s}�l`Qkk�q�s�ªÇ�P��`LkL¦

1$�M9$��, �9Â / Ã!��Å�Ã � � � �(*��/�^ÆÇ�H� �� *0ÂJ� �A6 @ 7,��*���Å�� � 0®ÃQ�0�A6 @��,� 0�;���*
§¨`���y{pDm��{��m}`LpDmuso`�q�p,�{£�rQku�{�{`8`�m}q�p,�{su��su`P²ly{qÈk�yPp,rLvDq^t�¢µ�{£�`LpDm�~Sy{q�s}q^pÈ��yPpPm��{��m}t�p^t�mutw��£�`�_=`LpPm

~Sy{pJ��muq�`�£A²J£�`9��yPpDmo�{��mc`�pDmosu`�q�p^`�ku~^\^]Lsu`�`�meq^p�`9���µ¢Ht�mur9ku~^\^rLsutwvDq^`{²S��r�mor9£�`�kuq�zn`�m8�l`�p^yP_9�^so`�q�ku`Lk
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���( 2{�

so`L��\�`�s���\^`LkL¦¨����p�k�£�� ~^£�q^~���sum¡�^`���`Qk9so`L��\�`�s���\^`LkL²6t�£�kL« ���{t�m���`�~S`�p��^�{pDm¡�l`,�lr�mo`�so_=t�p^`Ls9£A« r�mo��m=�l`
��y{pDmus���t�pDmu`Qk ����p�k�£�`Lk��y{so~�k�`�p�ª®y{p���mut�y{pÈ�lqÈ��\��{su�P`�_=`�pDm��~^~^£�twvPq�r{¦

§¨`�~^so`�_=t�`Lse¥��µ¢Py{t�s`�pH¢Ht�ko���Pr#��`�~^soy{��£�]L_¡`9`Lk�m �c·^¸ 	 	 � � »��AG{�{�D½�¦�§6`Qk~^sot�p���t�~J��£�`Lk}p�y�mo��mut�y{p�k
q^mut�£�twk�rL`Lk
k�yPpPmOt�pDmusoyl�lq^t�mu`Lk-k�q^s
£���¯J�{q^so`#�Q�^¦{§6`Qk-��yPsu~JkRk�yPpPm-kuq^~^~SyPkurLk-r�£w�{k�mutwvDq^`LkRtwkuy�musoy{~S`Lk�`�m-£�`�q^s

R1

R2

∆R

φ

ψ

Q

(r, φ)(R2, ψ)

���������
	

�����������

������ ��µ� � ��� �' !��
 �W��� )�����$ ���
�'���� ����!�� �
���P�������!�	 � �
! � �

�L��s��{��mur�sotwknmot�vDq^`Qk-_���mor�sot�`L£�£�`Lkkuy{pDm}�lrQ��sotmo`Lk�~��{s

Ẽi =
Ei

1 − ν2
i

, ν̃i =
νi

1 − νi
,

�lr�ª®yPsu_���mot�yPp�k ~^£w��p^`Qk »Y� 2 ) ½

Ẽi = Ei, ν̃i = νi,
��y{pDmus���t�pDmu`Qk
~�£��{p^`Lk »Y� 2µ�H½
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�{ql�^vDq^`�£�£�`Qk y{pÈ��znyPqlmu`#�l`Lql�'~��{so�{_¡]�muso`Lk�kuq^~^~^£�r�_=`�pDm���t�su`Qk5�

η =
Ẽ1

Ẽ2

»Y� 2��P½

λ = (1 − ν̃1) − η(1 − ν̃2)
»Y� 2��D½

§�����y{p��^tmot�yPp=�^` p�y{p=~JrLp^r�moso��mut�y{p=�l`LkR��y{so~�kRkL« rQ��sotmR~Sy{q^s
∆R

��y{p�kut��^r�sor ��y{_=_=` ~S`�motm �l`�¢���pDm
£�`Lk�s��µj{yPp�k

R1
`�m
R2
²�k�yPq�k�£w�9ª®yPsu_=`#kuq^t�¢��{pPmo`��

ū1 − ū2 = δ cosφ− ∆R(1 − cosφ)
»Y� 2�2{½

±
`�m�mo`=��y{p��^tmot�yPp"�l`=p^yPp©~Sr�p�r�mus���mot�yPp©~S`�q^m8¿�muso`=su`L£�t�r�`���q^� �lr�ª®yPsu_���mot�yPp�k8�^��pJke£�`Lk#��y{so~�k8�l`=£��
_��{p^t�]Lsu`#kuq^t�¢µ�{pDmu`��

ū1 − ū2 = −
∫

∞

a

∂u2

∂r
dr −

∫ a

0

∂u1

∂r
dr = −

∫

∞

a

ε2r dr −
∫ a

0

ε1r dr
»Y� 2�¼P½

y �
a ≈ R1 ≈ R2

¦
§¨`Lk'��y{pDmus���t�pDmu`Qk��^��p�k'q^p^`0~�£��PvPq�`Èr�£w�{k�mutwvPq�`0t�p^¯�p^t�` ��\���so�{rL`Èk�q^s'q^p �JyPso� ��t�s���q�£��{t�so`0k�yPpDm

�^y{p^p^rL`Lk�~��{s��c·^¸ 	 	 � ��»n��G{���H½+�
R2

Q
(−σrr + σφφ) =

1

π

∫ ε

−ε

q(ψ) dψ + 2

∫ ε

−ε

q(ψ)L1(ρ, θ) dψ +
3 − ν̃2
2πρ

cosφ
»Y� 2�GP½

R2

Q
(σrr) =

ρ− 1

2πρ

∫ ε

−ε

q(ψ) dψ +

∫ ε

−ε

q(ψ)L2(ρ, θ) dψ +
3 − ν̃2

4π

ρ2 − 1

ρ3 cosφ
»Y�{¼{�P½

R2

Q
(σrφ) = +

∫ ε

−ε

q(ψ)L3(ρ, θ) dψ +
3 − ν̃2

4π

ρ2 − 1

ρ3 sinφ
»Y�{¼^�µ½

y �
ρ = r/R2

²
θ = ψ − φ

²
ε
`Lk�m�£�`0�l`�_=t�¤Z�{p^�{£�`È�lq ��yPpPm��{��m=`�m

q(φ)
so`�~^sorLku`�pDmo`�£w�À~^so`Lkok�t�y{p

�P�lt�_¡`Lp�kut�yPp^p^r�`��
q(φ) = R2

p(y)

Q

»Y�{¼P�P½
�µ¢P`L�

p(y)
£��¡~^so`Lkok�t�y{p'p^y{so_���£�`e¥�£��¡k�q�s�ªÇ�P��`8�l`���y{pDmo�P��mQ¦H§¨`Lk
ª®y{pJ��mut�y{pJk �6« t�p���q^`Lp���`

Li(ρ, θ)
k�yPpPm

�^r�¯�p^t�`Lk�~J��s��

L1(ρ, θ) =
1

2π

(1 − ρ2)

(ρ2 − 2ρ cos θ + 1)

»Y�{¼ ) ½

L2(ρ, θ) =
1

2π

(1 − ρ2)2

ρ

(cos θ − ρ)

(ρ2 − 2ρ cos θ + 1)2
»Y�{¼��H½

L3(ρ, θ) =
1

2π

(1 − ρ2)2

ρ

(sin θ)

(ρ2 − 2ρ cos θ + 1)2
»Y�{¼P�P½

§-« yPsut��{t�p��{£�t�murc�^`e£w�9�lrL_���s���\^`c�l` �c·^¸ 	 	 � �³»��AGP���D½Rmut�`�pDm¥�£A« qlmot�£�twku��mut�y{p��^`}ª®y{pJ��mut�y{pJk �6« t�p���q^`Lp���`
vDq^t�p^`�kuy{pDm8~^£�qJk8£�`Qkcª®yPp���mot�yPp�k#kuq^s8q^p"�^`�_=t¤Z`Lku~��P��`���y{_=_=`��^��p�k�£�`=~^suyP�^£�]�_=`¡�^`¡| y{qJkukut�p�`LkovJ²
_��{t�k�l`Qk ª®y{p���mut�y{p�kc��« t�p���q�`�p���`���« q�p^`8~^£��PvDq^`#t�p^¯�p^t�`���\���so�{rL`ekuq^sq^p^`8ª®soy{pDmut�]�so`#��t�so��q^£w��t�su`P¦
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´ep ~S`�qlm�su`L_=�{sovDq^`Ls�vDq^`0��`Qk�rLvDq���mut�y{p�k��^`�¢Ht�`Lp^p^`LpPm'kut�p^�{q^£�t�]�so`Lk�~Sy{q^s
ρ = 1

²OtA¦ `P¦�² k�q^s'£��
kuq^suªÇ�{��`e��\��{su�Pr�`{¦ �c·�¸ 	 	 � � »n��G{���H½�ª®yPq^sup�tm��£�y{s�k-q�p^`e`��l~^su`Qkukut�y{p�`��H~�£�tw��t�mu`8�l`Lk��y{pDmus���t�pDmu`QkO~Sy{q^s
ρ = 1

�

R2

Q
(σφφ(φ) − σrr(φ)) =

3 − ν̃2
2π

cosψ +
1

π

∫ ε

−ε

q(ψ) dψ
»Y��¼P�P½

σrr(φ) =
R2

Q
q(y) = p(y)

»A��¼>2�½

σrφ(φ) = 0
»Y�{¼{¼P½

§¨`Lk��lr�ª®yPsu_���mot�yPp�k
ε1r

`�m
ε2r

~S`�q�¢{`�pDm�¿�muso`9£�t�r�`Lke��ql�È��yPpDmus���t�pPmo`Lkc�{s �{��`��{ql�,£�yPt�ke�l`���y{_=~JyPs�¤
mo`�_=`�pDmc��« r�£w�{k�mutw��t�mur8£�t�p�rL��t�so`�`LpÈ��y{pDmoso�{t�pDmu`Qk ~^£��{p^`Lk �

ε1r =
1

E1

Q

a

[

−(1 + ν1)

∫ ε

−ε

q(ψ)L2(ρ, θ) dψ + 2ν1

∫ ε

−ε

q(ψ)L1(ρ, θ) dψ

]

+
Q

a
F1(r) cosφ

»Y��¼=GP½

ε2r =
1

E2

Q

a

[

(1 + ν2)

∫ ε

−ε

q(ψ)(
ρ2 − 1

2πρ2 + L2(ρ, θ)) dψ − 2ν1

∫ ε

−ε

q(ψ)(
1

2π
+ L1(ρ, θ)) dψ

]

+
Q

a
F2(r) cosφ

»Y� GP�P½
�µ¢P`L�

F1(r) = −1 + ν1
4πE1

[

1 − ν1 − (1 − 3ν1)ρ
2
] 1

ρ

»Y��G^�µ½

F2(r) =
3 − ν2
4πE2

[

1 − ν2 − (1 + ν2)ρ
2
] 1

ρ

»Y��GP�P½

¾Op k�q���knmotmoq���pDmÈ»Y�{¼�GP½��^��p�k3»Y� 2�¼D½�²�y{p�yP�lmut�`�pDm¡�{~^so]Lk9vDq^`L£�vDq^`Qk9_��{p^t�~�q^£���mut�y{p�k¡�{koku`�Ê�mo`L��\l¤
p�t�vDq^`Qk�£Y« rLvDq���mut�y{p,k�q^t�¢���pDmu`#kuq^s£w�=~^su`Qkukut�y{p��{q3��y{pDmo�P��m��

(1 + η)

∫ ε

−ε

q′(ψ) cot
θ

2
dψ + [2(1 + η) − λ]

∫ ε

−ε

q(ψ) cos θ dψ
»A� G ) ½

= −λπq(φ) − η

∫ ε

−ε

q(ψ) dψ − πE1∆R

Q

»Y��G��H½

¥¡£w�{vDq^`L£�£�`8y{p,��zny{q^mu`8£Y« rLvDq���mut�y{p,��« rLvDq^t�£�t��^so`��
∫ +a

−a

q(ψ) cos(θ) dψ = cosφ
»Y��GP�P½

¾OpÈ~SyPko��pDm�£�`Qkp^yPq^¢{`L£�£�`Lk ¢���sot��{�^£�`Lk��q^�Ht�£�t��{t�so`Lk��

y = tan(φ/2), t = tan(ψ/2), b = tan(ε/2),
»A� G{�D½
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£A« rLvDq���mot�yPp�t�pDmurL�{soy�¤°�lt�Wr�so`�pDmot�`L£�£�`¡»A� G ) ½-~J`Lqlmc¿�mosu`8_=twk}k�yPq�k £��¡ª®yPsu_=`��
∫ b

−b

q′(t)
dt

t− y
+

λπ

1 + η

q(y)

1 + y2 = − 4k

π(1 + y2)2
+

B

1 + y2

»Y��G 2{½

�µ¢P`L�
B =

2k

π
− 2η

1 + η

∫ b

−b

q(t)
dt

1 + t2
− π

1 + η

Ẽi∆R

Q

»Y��G{¼D½

k =
π

2

2(1 + η) − λ

1 + η

»Y��G�GD½

¥¡£w�{vDq^`L£�£�`8y{p,��zny{q^mu`8£Y« rLvDq���mut�y{p,��« rLvDq^t�£�t��^so`��
∫ b

−b

q(t)
1− t2

(1 + t2)2
dt =

1

2

» ) �{�D½

����p�k�£�`8���{k��l`�_���mor�sot��{ql��t��l`LpDmutwvPq�`Lk#»
η = 1, λ = 0

½�²
�e·^¸ 	 	 ����»n��G{�{�D½O�^y{p^p^`�q^p^`#kuy{£�qlmut�y{p
��y{_=~^£�]�mo`{¦^§O« rLvDq���mut�y{pÀ»Y��G 2�½
`Qknm}��£�y{s�k surQ�lq^t�mu`�¥
∫ b

−b

q′(t)
dt

t− y
= − 4

π(1 + y2)2
+

B

1 + y2 , B = 2 −
∫ b

−b

q(t)
dt

1 + t2
− π

1 + η

Ẽi∆R

Q

» ) �^�µ½

§-« t�pH¢{`Lsokut�yPp��{p���£�jDmutwvPq�`��l`���`�mumu`#rLvDq���mut�y{p,��yPp��lq^t�mc¥ �

∆Rp(y)

Q
=

2

π
√

b2 + 1

√

b2 − y2

1 + y2 +
1

2πb2(1 + b2)
ln

(√

b2 + 1 +
√

b2 − y2

√

b2 + 1 −
√

b2 − y2

)

» ) �P�P½
¦

¾Op©t�pDmor��{s���pDm}~��{scs���~^~Sy{sume¥
y
²Sy{pÈyP�lmut�`�pDmeq�p^`9rQvPqJ��mut�y{pÈ£�tw��pDmc£�`���\��{su�P`�_=`�pDmc��~�~^£�twvDq^r�`

Q�{q3�^`�_=t¤°��p��{£�`8�^`8��y{pDmo�P��m
b
�

∆RẼ

Q
=

2

π

1 − b2

b2
− Ib

π2b2(1 + b2)

» ) � ) ½

�µ¢P`L�
Ib
£A« t�pDmurL�{s���£�`8kuq^t�¢���pDmu`��

Ib =

∫ b

−b

ln

(√

b2 + 1 +
√

b2 − y2

√

b2 + 1 −
√

b2 − y2

)

dt

1 + t2
» ) ���H½

vDq^t6�^y{t�m}¿�muso`8r�¢���£�q^rL`�pHq^_=rLsutwvDq^`�_=`�pDmQ¦
x�y{q�s q�p3��\��{su�P`�_=`�pDm
�^y{p^p^rP²

Q
yPp'~S`�qlm}��£�y{s�k-yP�lmu`Lp^t�s
£�`#�l`�_=t�¤Z�{p^�{£�`e�{q���yPpDmo�{��m

b
¦ � s �{��`e¥

£A« rLvDq���mot�yPp©» ) �P�P½�²H£���sor�~��{s�motmot�yPp'�l`8~^so`Lkok�t�y{p�~S`�q^m�{£�yPsok
¿�mosu`8�lrQ�lq^t�mu`#k�q�s £w�¡k�q^suªÇ�{��`e�l`#��y{pDmo�P��mL¦
¾-p,mu\^rLy{sot�`P²^t�£��ly{t�me�{£�yPsok�¿�muso`�~JyDkukut��^£�`��6« yP�lmu`Lp^t�seq^p^`#rL¢µ�{£�qJ��mut�y{p0�^`Lk}�lr�ª®y{so_���mut�y{pJk}¥=~���sumut�sc�l`
»A��¼=GP½�²�~^q�t�k��^`¡sorL�{£�twku`�s8£Y« t�pPmor��Pso��mut�y{p�»A�=2�¼P½�²�~Sy{q^s#yP�lmu`Lp^t�s#£Y« t�pJ�l`�pDmo��mut�y{p

δ
¦6����p�k8£�`����Pkey �"��`Lk

�^t�Wr�so`�pDmok-����£w��q�£�kOku`�s���t�`�pDmR~SyPkok�t��^£�`LkR��pJ��£�jPmot�vDq^`L_=`�pDmL²�_=¿L_¡`ek�t^sot�`�p=p^`£�`}�P�{so�{pPmotmQ²�t�£�su`Qknmo`�s���t�mR¥
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�^r�mu`Lsu_=t�p^`�s�£A« t�p���q�`�p���`8�^`Lk��yPp�k�mo��pDmo`Lk ¥9£A« t�pl¯�p�t6~JyPq^sku�µ¢Py{t�s
kut�`�£�£�`8yPpPm�q^p3s �P£�`8kuq^s�£���su`L£���mut�y{p�k
ª®yPso��`���t�p��^`�pDmo��mut�y{p6¦�±
`�mus��µ¢���t�£�p6« �¡_���£�\^`Lq^su`Lq�ku`�_=`�pDm~��{k�r�mur8mosuyPq^¢{r8�^��pJk�£��¡£�tmumur�s���moq^so`{¦

��« �{qlmuso`Lk moso�µ¢��{ql��y{pDm ~Sy{sumurQk�k�q^s£�`8��y{pDm��{��m��so�^so`�����£�rLko���{`P¦ � � � � · � ¶�� 	 	 � � � »n��G{��GD½RyPpPm
~�suyP~JyDk�r�q^p^`=`��Hmu`Lp�kut�yPp©�l`���`Qkemus��µ¢µ�{ql� ��q"���Pk

r1 = R2
¦ � � � � ����� � ��� »��AG�G>2H²��AG=G{¼P½c�3r�muqJ�lt�r

pHq^_=rLsutwvDq^`�_=`�pDm-£A« t�p��Jq^`�p���`e�lq�ª®suy{m�mu`L_=`�pDm
kuq^s-£�`Lk-¢µ�{sutw����£�`QkO�lq'��y{pDmo�P��m
�^�{p�kOq�p'���P�lsu`�Pr�p^rLso�{£Y¦
¾-pl¯�p6²*� � � � � ¸�· � ��� � � ·  �¨º{º �c»A���P�^�L��² �S½cyPpDm�r�mu`Lp��lq³£�`Lk#sorLkuq^£�mo��mok#�l`��e·^¸ 	 	 ��� »��AGP���D½��{q
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��y{pDmo�P��m
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�l`eÉc`�sumuÊ�k�yPpPm
`�p�~��{s�mot�`csu`Qk�~S`L��mur�`Qk�²
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±e« `Lk�m�~���s
`��l`�_=~^£�`
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x�y{q�s sorLkuy{qJ�lsu`���`Qk
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£�`Lk}mu`Q��\^p^twvPq�`Lk}rL£�rL_=`�pDmok}¯�p^twkc��~�~���s���twkuku`�pDmc��y{_=_=`��^t�`�p,musoy{~0��y
�lmo`�q�ku`9��« `�_=~^£�y{t�~JyPq^sc`Qk�~Sr�so`�s
¿�muso`#��y{_=~��{surQk�¥�q�p,�L��£w��q^£6�{p���£�jDmutwvDq^`{¦

����p�k���`R~��{so�{�{s���~^\�`{²�p^y{qJk¨��£�£�y{p�kWp^yPq�k¨��m�m��{��\^`Ls6¥�lrL��sut�su`O�^`LkWmo`L��\^p^twvDq^`Lk¨pHq^_=r�sot�vDq^`QkW£�rL�{]�so`Lk
�P�^��~^mur�`QkO��q=moso�{tmo`�_=`�pDm-�lq���y{pDm��{��mO~�suyl��\^`}�l`e��`�£�q^tS�l`eÉc`�sumuÊ{¦Da}yPq�kR`��l~SyPku`�soy{p�k-�^��p�kO£�` 6 �^¦ ��¦��
£�`~^sot�pJ��t�~J`�Pr�p^rLso�{£Hkuq^sO£�`LvDq^`L£^k�yPpDmO���{kur��`Lk�_=r�mu\^yl�l`QkR~^q^twkRp^yPq�kO�lyPp^p^`�soy{pJk�����p�kR£�`Lk 6 kuq^t�¢���pDmok
vDq^`L£�vDq^`Qk�`��l`�_=~^£�`Lk�6« �{~^~^£�t��L��mut�y{pJk�¦

1$� ?���, 4 � 0 / Å=0 6 * J� / � ���^Æ
§¨`Lk
~^su`L_=t�`LsokOmus��µ¢µ�{ql�=pDq�_¡rLsutwvDq^`LkL²H�^��p�k
£�`e���Pk-��t��lt�_=`�p�kut�y{p^p^`L£Y²Hkuq^s ��`Lk
_=r�mu\�yH�^`Lk k�yPpPm��lq�k

¥  ·���¹ � � ��� � � � ��	 ��� »��AGP� 2H²W��G{�{¼D½
`�mc¥ � � � ��·^¸�»n��G{�>2�½-~JyPq^s}£�`8�L�{k�ª®soy�mumo�{pPmQ¦^§6`#~^sot�p���t�~J`
`Qknm�{koku`�Êekut�_¡~�£�`��H£w��kuq^suªÇ�{��`e�l`#��yPpDmo�{��m
rL¢{`�pDmoq^`�£�£�`�`Lk�m�lt�ko��sor�mot�kur�`�k�yPtm�~��{s q�p'_���t�£�£w���P`e�^�{p�k £�`
�L�{k ��« q^p�kuq^suªÇ�{��`e�^tw�lt�_=`Lp�k�t�y{p�p^`�£�£�`�y{q��^t�`�p'q�p^`�ku`��P_=`�pDmo��mut�y{p'�^�{p�k
£�`8���Pk
�l`�~^soy{�^£�]�_=`Qk-~^£w��pJk�¦
acy{q�k�~^sorLku`�pDmo`�soy{p�kc£�`Qke�Pso�{p��l`Qk}£�t��Pp^`Lk8�l`=��`�m�mu`=_=r�mo\^yl�l`=k�q^s8q^p©~^soy{�^£�]�_=`=k�t�_=~^£�`=�lqÀ��yPpPm��{��m
t�p^t�mutw��£�`�_=`�pDm}£�t�p�r�twvPq�`8ko��pJk ª®suy{m�mu`L_=`�pDmL¦
����\��{vDq^`Rp^yH`Lq����lq#_���t�£�£��{�{`R`Lk�m����S`Q��morOq^p��lrL~^£��P��`L_¡`LpDm¨p^y{so_���£

(ūz)i
��t�p�kutPvDq6« q^p^`O~�su`Qkukut�yPp

p�y{so_=�{£�`
pi
¦bcp^` so`�£w��mot�yPp £�t�p^rQ��t�su`0`QknmÈ��£�y{s�k�rQ��sotmo` `�pDmosu`"��`Lk3�l`Lql� ¢µ�{sutw����£�`Qk'kuy{q�k'£���ª®y{so_¡`

kuq^t�¢���pDmu`��
(ūz)i = − (1 − ν2)c

E

∑

Cijpj
» ) �P�P½
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y �
c
`Lk�m�£w�cmo��t�£�£�`��l`Lk�rL£�rL_¡`LpDmok�k�q�~^~JyDk�rL` ��y{p�k�mo�{pDmu` `�m

Cij
`Lk�m�£w�c¢��{£�`Lq^sR�l`
£A« t�pDmurL�{s���£�` �6« t�p���q^`Lp���`

kuq^s�q^p��l`�_=t�¤A~�£��{p#r�£w�{k�mutwvPq�`O~JyPq^s¨q�p^`Oª®yPsu_=`-�l`-~^su`Qkukut�y{p8p^y{so_���£�`-�ltwku��sur�mutwk�rL`{¦�xR�{s¨`��l`L_¡~�£�`P²�~Sy{q^s
q�p^`�~^so`Lkok�t�y{pÀq^p�tª®yPsu_=`'kuq^s���\J�{vDq^`�r�£�r�_=`LpPm�`�p �lr�ª®y{so_���mut�y{pJk#~^£w��p^`Qk#£�`Qk9��yD`�¬���t�`�pDmok9~J`Lq^¢{`LpPm
¿�muso`#����£w��q�£�rQk¥�~J��sumut�s}�l`8£Y« rLvDq���mut�y{pÀ»Ç� 2l�Q½+�

Cij(k) =
1

π

[

(k + 1) ln(k + 1)2 − (k − 1) ln(k − 12)
]

+ const
» ) �P�P½

�µ¢P`L�
k = i− j

¦
�}¯�p³��« rL£�t�_=t�p�`�s#£w����y{p�k�mo�{pPmo`¡�^q©~^soy{��£�]L_¡`¡�^tw�lt�_¡`Lp�kut�yPp^p^`�£A²�£w�3��y{pDmus���t�pDmu`��{r�yP_=r�musotwvPq�`¡�l`

��y{pDmo�P��m`Lk�mrL��sut�mu`8~��{sso�{~^~JyPs�m}¥¡q^p,~Sy{t�pPm}�l`#sor�ª®rLsu`Lp���`#kuq^s£w��£�t��{p^`8t�p^tmot��{£�`��^`���y{pDm��{��mQ²lk�yPtm��

(ūz1(0) − uz1(x)) − (ūz2(0) − uz2(x)) − h(x)

{

= 0
kuq^s£w�=k�q^suªÇ�{��`#�l`���yPpPm��{��m

> 0
`LpÈ�l`�\^yPsok » ) � 2{½

¾Op0��y{p�kutw�lr�s���pDm�£Y« rLvDq���mut�y{p,�lt�ko��sor�mot�kur�`8kuq^t�¢��{pPmo`{²

(ūz1(0) − uz1(x))i =
(1 − ν2)c

E

∑

(C0j − Cij)pj =
(1 − ν2)c

E

∑

Bijpj
» ) �{¼D½

yPp�yP�lmut�`�pDm}£�`#k�jlk�mu]�_=`8£�t�p^rQ��t�su`#kuq^t�¢µ�{pDmc¥�sorLkuy{qJ�lsu`8kuq^s£��¡ÊLy{p^`#�l`���y{pDmo�P��m �
∑

Bijpj =
E∗

c
hi

» ) ��GD½
y �

hi
`Lk�m
£w�8¢µ�{£�`Lq^s
�^t�ko��sor�mot�kur�`}�l`e£Y« t�pPmo`�s�knmot���`{¦{bcp^`crQvDq���mot�yPp=kuq^~^~�£�rL_¡`LpDmo��t�so`ck�q�sO£�`���\���so�{`L_=`�pDm

moy�m���£�~S`�so_¡`�mc��£�y{s�k��l`8ª®`�so_=`�s£�`�~�suyP�^£�]L_=`{¦
§��Èk�q^suªÇ�{��`��l`���yPpDmo�{��m�p6« r�mo�{pDm9~��{k9��y{p�pDq�`=¥,£A« �µ¢µ�{p���`P²  ·���¹ � ��� � � � � ��	 ��� »n�AGP�{¼D½csor�¤

kuy{£�¢{`LpDm���` kujHk�mu]L_=`È~���s�q�p ��£��{y{sot�mu\^_=`È`Lkoko��t�¤A`Lsuso`�q^sQ¦R| t�`Lp k��^sQ²Oy{p ~S`�q^m'su`Q��yPp^p����wmuso`ÈvDq^` ��`
~�suyP�^£�]L_=`¡`Qknm�q�p"~�suyP�^£�]L_=`��l`���yP_¡~�£�rL_¡`LpDmo��sot�mur=£�t�p^rQ��t�su`=~��{s�mot���q^£�t�`�s�vDq^t-~JyPq^sus���t�m#¿�mosu`�sorLkuy{£�q
�µ¢P`L���l`Lk�_=r�mo\^yl�l`Lk8�S`L�{q���yPq^~ ~^£�q�k8~S`�suª®y{so_���pDmu`P¦S����p�k#��`�m8`Lku~^sotmQ² � � � ��·^¸ � � � ��4 � � �¨· �
»��AG>2��{½ � � � � ��·�¸ »n��G 2�2��L½�sor�rQ��sot�¢P`�pDmc£�`�~�suyP�^£�]L_=`��l`=��yPpPm��{��m�rL£��Pknmot�vDq^`¡��y{_=_=`9q�p^`=_¡t�p^t�_=t¤
ko��mot�yPp ��« q^p^`�ª®y{p���mut�y{p^p�`�£�£�`,vDq��{�ls���mot�vDq^`�k�yPq�k���y{pDmus���t�pDmu`Qk�¦��°£�k=��yP_9�^t�p^`LpPm=��£�y{s�k�£�`Lk¡_=r�mo\^yl�l`Lk
�6« t�pDmur��Pso�{£�`Qk���« t�p���q�`�p���`��µ¢{`L�e£�`Lk��£��{yPsut�mu\�_¡`Qk��l`#~^soy{�{s���_=_���mot�yPp'vDq��{�^so��mutwvPq�`{¦

� � � ��·^¸ � � � � 4 � � �¨·��©»n��G 2��P½6~�suyP~JyDk�`LpPm�£�`Qk�~^so`�_=t�]Lsu`Qk��{~^~^£�t��L��mot�yPp�k�`�p�musoy{twk��lt�_=`�p�kut�y{p�k
~Sy{q�s�q^p ��yPpPm��{��m�p^yPp�ª®soy�m�m���pDm�`�m � � � � �$� �
�!�	 ¦»��AG{¼ ) ½8r�mu`Lp��l`�pDm���`Qk9sorLkuq^£�mo��mok�~JyPq^s�£�`,���{k
ª®soy�mumo�{pPmcmusot��lt�_=`�p�kut�y{p^p^`L£Y¦Wb}p�`9so`�¢Hq^`9�l`Qkc�lt��Wr�so`�pDmu`Qkc_=r�mo\^yl�l`LkepHq^_=r�sot�vDq^`Qkc�lrL¢{`L£�yP~^~JrL`Lk}����p�k
��`�m`Lku~^sotm}~S`�q^m}¿�muso`�musoy{q^¢Pr�`#�^�{p�k � � � ��·^¸ »n��G{¼{¼D½�¦

§-« t�pDmur�so¿�m
~^sut�p���t�~��{£J�l`e��`LkO_¡r�mu\^yl�l`QkO`Qknm-£�`�q�s-£�r��{]Lsu`�murP¦�¾Op�¾R�W`�mQ²Dku`�q�£�`}£w��kuq^suªÇ�{��`}�^`c��yPpPm��{��m
`Qknm=�ltwku��sur�mutwk�rL`{¦�´ep�ku`�ku`�sum9`Lp�k�q�tmo`��l`Qk9t�pDmur��Pso�{£�`Qk���« t�p���q^`�pJ��`�kuq^s�£�`3�l`�_=t�¤A`Qk�~��P��`'�^y{p^p^r�~���s
| yPq�kukut�p^`LkovS¦S±
`�mumu`9_=r�mu\^yl�l`�`�pÈªÇ�{tm�q^p ���Pk}~��{s�mot���q^£�t�`Lsc�l`Lke_=r�mo\^yl�l`Lk���ql�,r�£�r�_=`LpPm�kª®soy{pDmut�]�so`Lk
y ��£�`Lk ª®yPp���mot�yPp�k}�l` � so`�`Lp3kuy{pDmt���t¨�lyPp^p^r�`Qk�`��l~^£�t���tmo`�_=`�pDm}~��{s£�`Qk�t�pDmor��{s���£�`Lk���« t�p���q^`Lp���`P¦

�e`�p^yP_9�^so`�q�ku`Lk��{_¡rL£�t�y{s���mot�yPp�k y{pDm}`�pJk�q^t�mu`#¢Hq,£�`�zny{q^s}��¯�pÈ�l`�k�« r�£�y{t��{p�`�s�lqÈ���P�lsu`8so`Lk�musot���mut�ª
�^`"Éc`�sumuÊ"`�mÈ�lq ~^soy{��£�]L_¡`"�l`À|
yPq�kok�t�p^`LkovS¦ acy{q�k�`�p �ly{p�p^`�soy{p�k3vDq^`�£wvDq^`Lk�`��l`L_¡~�£�`Qk��^�{p�k3£�`
~J��s����{s���~�\^`ekuq^t�¢µ�{pDmL¦
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~Sy{q�s�����£w��q�£�`Ls¡£�`Lk=~�su`Qkukut�yPp�k=�l`0��yPpDmo�{��m�`�pDmuso`�q�p t�p��l`LpDmu`�q�s�k�yPtm'ku~^\^rLsutwvDq^`{²Rkuy{t�m���jH£�t�p��lsot�vDq^`
t�p��l`LpDmo��pDm-q�p^`c��yPq���\^`_=t�p���`}rL£��Pknmot�vDq^`P¦{§6`QkOt�pDmur��Pso�{£�`QkR��« t�p��Jq^`�p���`cr�mo��t�`�pDm-�{£�yPsokR_=yl�lt�¯�r�`QkR~Sy{q^s
mo`�p^t�s8��y{_=~lmo`��l`¡£w��ªÇ��t��^£�`9rL~���twkuku`�q�se�l`¡£�����yPq���\^`�rL£��Pknmot�vDq^`�p^`�ku`���y{_=~JyPs�m���pDme~J�{k���y{_=_=`9q�p
�^`�_=t¤Z`Lku~��P��`=r�£w�{k�mutwvDq^`{¦�´ep"~J`Lqlm��{q�kukutO��t�mu`Ls#£�`Qk8mus��µ¢���ql� �^`�� � � �
 ! 	 ¦-»��AG 2l�Q½��^�{p�k8£�`�_=¿L_¡`
`Qk�~�sut�mL¦

� � � � � ¶ � 	��6·�� ��»n��G{¼��Q½yPpDme_=yl�lt¯Jr�£�`Lk�t�pPmor��Pso�{£�`Qkc��« t�p���q^`�pJ��`=��« q�p^`¡�^`�_=t�`Lku~��{��`9~Sy{q^s
mo`�p^t�s���y{_=~lmo`'�l`'��y{pDmo�P��m9��yPplª®y{so_=`{¦¨§¨`�so`Lk�mu`'�l`'£��ÈsorLkuy{£�qlmot�yPp©`Qknm¡`�p�kuq^t�mu`����Pk�r�kuq^s�£�`�_=¿L_¡`
`Qk�~�sut�mL¦

� ����� � ¶ � ¸P¹
�¨·l¹W¹�»n��G{¼ 2{½RyPpPm mus��µ¢���t�£�£�rekuq^s�£�`8��y{pDmo�P��m�`�pDmuso`8�l`�ql�'��jH£�t�p��lso`Lk `�p,��~�~^q^jP�{pDm
£�`�q�soke����£w��q�£�kepHq^_=r�sot�vDq^`Qk}p^yPp0~^£�q�kekuq^s��l`Lket�pDmor��{s���£�`Lke��« t�p��Jq^`�p���`�kuq^s�q^p �l`L_¡t�~^£w��p r�£w�{k�mutwvPq�`
_��{t�k�kuq^s�l`Lk��lrL¢{`�£�y{~�~J`L_¡`LpDmok `�p,k�rLsut�`Lk��l` �^yPq^sot�`Ls��^`Lk���yPpPmoso�{t�pDmo`Lk �^��p�k q^p,��jH£�t�pJ�lsu`8kuy{q^_=twk ¥
�^`Lk�~^so`Lkok�t�y{p�k��ltw��_=r�moso�{£�`L_=`�pDm�yP~^~SyPkur�`LkL¦�§6`Qkcmoso�µ¢��{ql�0�l`��¨· � � � ��E!�	 ¦O»��AG{¼P�P½ek�yPpDm8�^�{p�k�£�`
_=¿L_¡`#`Qk�~�sut�mL¦

�e`8p^y{_��^su`Lql����qlmosu`QkOmoso�µ¢��{ql�=ku`8k�yPpPm t�pDmor�so`Lkok�rQk
�{q'`��W`�m�k��l`e�Sy{s��'�^q�k�¥�£w���lt�_=`�p�kut�y{p�¯Jp^t�`
�^`Lkc��y{so~�k}`Lp ��yPpDmo�{��mL¦S§6`Lkcmus��µ¢���ql�,�l` ��·�·^¸ �
 !�	 ¦�»n��G{¼��H½ � � � � � ��� ��&! 	 ¦R»n�AGP¼ ) ½�k�q^s�£A« r�mo��m
�^`Lk���yPpPmoso�{t�pDmo`Lk-����p�k q^p3vPqJ��sum�¤Z`Lku~��{��`}y{pDm�~J`Lsu_=twk
`Lp'`��S`�m�6« `Lp^sutw��\^t�s
£�`Lk t�pDmur��Pso�{£�`Qk
�6« t�p���q^`Lp���`
�{ql���L�{k�lqÈ��yPpDmo�{��m��^`�k�yP£�tw�l`Lk��jH£�t�p��lsot�vDq^`Qk�l`8£�yPp^�{q�`�q^s�¯�p�t�`P¦
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����p�k9��`�mumu`�~��{s�mot�`P²6p^y{muso`=��m�mo`�pDmut�y{pÀk�`�~Sy{sumu`Lso�,kuq^s#£�`Lk�mus��µ¢���ql�"vPq�tOr�mo`�p��l`LpDm�£�`Qk#surQk�q�£m���mok
�^`�£��3mo\^r�yPsut�`��l`'É}`Ls�moÊ�¥È��« ��qlmosu`Qk8£�yPt�k��^`���y{_=~Sy{sumu`L_¡`LpDmok8`�p³~J��sumutw��q^£�t�`Ls#£�`Qk���yP_=~JyPs�mo`�_=`�pDmok
�^t�kok�t�~���mut�ªÇk�¦H§O« t�pDmosuyl�lq���mut�y{p���« q^p'��y{_=~Sy{sumu`�_=`LpPm��ltwkukut�~J��mut�ª6_���mor�sot�`L£�¢��9�lyPp��~S`�so_=`�m�mosu`��l`e�^r�¯^¤
p�t�s�q^pÈ��yH`�¬���t�`LpDm��l`8so`Lk�mut�muqlmot�yPp'mo`�p��{pDm��y{_=~lmo`8�^q'm���ql���6« rLp^`�so�{t�`��^t�kok�t�~Sr�`8~J`Lp��^�{pPm£A« t�_=~��{��mL¦
§¨`��L�{k��l`�£w��¢Htwku��yPkutmor�£�t�p^rQ��t�su`¡k�`Lso��mus���t�mur=��q 6 2H¦��{¦S¾Op�kuq^tmo`{²W£�`Lk8��yP_¡~Sy{sumu`L_=`�pDmokc~^£��Pknmot�vDq^`¡`�m
¢Htwku��y�¤Z~^£w�{k�mutwvPq�`�ku`�soy{pDm�`�pH¢Ht�ko���PrLk���q 6 2H¦×�9`�mE2H¦ ) ¦
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����p�kc��`�mumu`#~��{s�mot�`P²^p^yPq�k��yPp�k�tw�lrLsuyPp�k�£Y« `��Hmo`�p�kut�yPp3�^`#£��¡mo\^r�yPsut�`#�l`�É}`Ls�moÊ���q,_���murLsutw��q,�lyPpPm
£�`=��y{_=~Sy{sumu`L_¡`LpDme`Lk�me¢Htwku��yHr�£w�{k�mutwvPq�`9£�t�p^rQ��t�su`P¦�´ep `�pDmu`Lp��0~��{se¢Htwku��yHr�£w�{k�mutw��t�mur9£�t�p^rL�{t�so`9q^p"��yP_�¤
~Sy{sumu`L_=`�pDmeªÇ�{t�ko��pDm8t�pDmo`�so¢{`�p�t�s�£�`Qk�¢Dt�mu`Qkuku`Lk��l`��lr�ª®y{so_=��mut�y{p�kL²

ε̇
`�m#£�`Qk�¢Dt�mu`Qkuku`Lk��l`���yPpDmus���t�pPmo`Lk

σ̇����p�k#q�p^`�su`L£���mut�y{pÀ�l`���yP_=~JyPs�mo`�_=`�pDm�£�t�p^rQ��t�su`P¦�±
`Lk���y{_=~Sy{sumu`�_=`LpPm�k�kuy{pDm�����s��{��murLsutwknmot�vDq^`Qk8�l`Lk
~Sy{£�jH_=]�so`LkL¦^§6`���yP_=~JyPs�mo`�_=`�pDm_=rL���{p^twvPq�`��l`Lk�mo\^`�so_=y{~^£w�{k�mutwvDq^`Lk�`Lp,~J`�mut�mu`Lkc~J`Ls�moq^so����mot�yPp�k�t�kuy�¤
mo\^`�so_=`Lk�`LpPmosu`#�lyPp��8�^��pJk��`8mnjH~J`��^`�_���mur�sotw��q6¦

����p�keq^pÈ~^so`�_=t�`�scmu`�_=~�kL²Sp^y{q�ke��£�£�yPp�ks���~^~S`�£�`�se£�`Qk}���Pk�`Qkc�l`9£��=ª®yPsu_�q^£w��mut�y{p0�^`Lkc��y{_=~Sy{sumu`�¤
_=`LpPm�k#¢Ht�ko��yHrL£��Pknmot�vDq^`Qk8£�t�p^rL�{t�so`Lk#�{q 6 2H¦��{¦��{¦�¾OpJk�q^t�mu`P²¨p^yPq�k#~��Pkuku`�soy{pJke`LpÀsu`L¢Dq�`�£�`Qk��lt��SrLsu`LpPmo`Lk
�{~^~^soyl��\^`LkRvDq^tJ~J`Lsu_=`�mumu`LpPm ��« r�mu`Lp��lso`}£�`}��y{pDmo�P��m-�l`eÉ}`�sumuÊc~^q^so`�_=`�pDmOr�£w�{k�mutwvDq^`}��q��L�{kR¢Htwku��yHr�£w�{k�¤
mot�vDq^`8��q 6 2l¦��P¦ �^¦{¾Opl¯Jp6²Hp^y{q�k sorLkuq^_=`�soy{p�k
��q 6 2H¦��{¦ ) £�`Lk
~^sot�p���t�~J��ql�=mus��µ¢���ql��vDq^tWy{pDm
~S`�so_=t�k��l`
�^y{p^p^`Ls}q^p^`9`Lk�mut�_=��mut�y{p0�lq0��yH`�¬���t�`�pDme�l`9su`Qknmotmoqlmut�y{pÈ��q0��y{q^s�k}�l`9£Y« t�_=~��P��me�^`9�l`�q^�,kuy{£�t��^`Lk`Lp
��y{pDmo�P��mt�p^tmot��{£�`L_=`�pDm~JyPp���moq^`�£6`�mck�`#�lrL¢{`L£�yP~^~���pDm}kuq^t�¢��{pPmq^p�`#`�£�£�t�~�ku`{¦

����,���, ����6 6 *HÆÇ�=�Q���'Æ *ÈÅ{ÂS�N6-Â �µÃ!*H� * / Ã � 0Ç�QÅ{Â¨�DÆ �^�LÃA0�;���*,Æ�0 / � �D0 �(*
�e`�ql�"~^sot�p���t�~J��ql�ÈmnjH~S`Lk#�l`���yP_=~JyPs�mo`�_=`�pDmok�¢Htwku��yDrL£��Pknmot�vDq^`Qkc£�t�p^rL�{t�so`Lk8kuy{pDm�£�`=~^£�q�k#k�yPq^¢{`LpDm

so`�pJ��y{pDmosurQk�¦ �°£¨kL« ���{t�mc�lq0kuy{£�t��^`��l`��8`�£�¢Ht�pl¤ SRy{t���mQ²�vDq^t¨��y{sosu`Qk�~Sy{p��3��« q^pÈ~Sy{t�pPm��l`#¢Hq^`�q^p^tw�lt�_=`�pl¤
kut�y{p^p^`L£�¥8q^p=_=yl�l]�£�`}so\^r�yP£�yP�{twvPq�` ��y{_=~JyDk�r}�6« q^p��{_=y{sumutwkuku`�q^s�`Lp�~���s���£�£�]L£�`�µ¢P`L� q^p=su`Qkukuy{sumR`�m
�^q
kuy{£�tw�l`}�l`ed ��� �
`L£�£A²{vDq^tS��y{soso`Lku~JyPp���¥�q^p��{kok�`L_9�^£w���P`�`�p'kur�sot�`}�6« q^p�so`Lkokuy{sum-�µ¢{`L� q^p���_=y{sumutwkuku`�q�s
» � · � � �w¹�¸�· � � � � � � ��6·W²���G{¼P¼P½�¦H��« q^p�`#_=�{p^t�]�so`e~^£�q�k �{rLp^r�s���£�`{²Hq^p,��yP_=~JyPs�mo`�_=`�pDm�¢DtwkovPq�`�ql�
£�t�p^rL�{t�so`�~J`Lqlm ku`_=`�m�mosu`ek�yPq�k�£��#ª®y{so_¡`}�^`�ª®y{p���mut�y{p�kO�^`���q��{�{``�m �l`su`L£����^��mut�y{p¨¦�a}y{qJkO�ly{p�p^`�soy{p�k
vDq^`L£�vDq^`Qk�{ku~J`Q��m�k�l`���`�m�mu`��^`Lko��sot�~lmot�yPp�¥=£w��¯�pÈ�l`#��`�mumu`#~��{s�mot�`P¦

� *��LÂSÆ�0 0�* 0�*$)�*DÆ�� 0 / Ä��#ÂR0 JÃ � � �L� *H� � Æ �� *�6�� ���^ÆYÆ�7HÆ * � §6`Qk�¢���sot��{�^£�`QkR�lrL��sut�¢���pDmR£�`��y{_=~JyPs�¤
mo`�_=`�pDm8�lqÈ_���murLsutw��q0kuy{pDmcpJ��muq�su`L£�£�`�_=`�pDmc£w���lr�ª®y{so_���mut�y{p

ε
`�m�£��'��y{pDmoso�{t�pDmu`

σ
¦Sx�y{q^s��lr�¯Jp^t�se£��

~�q^t�koko��p���`}surL¢{`Lsokut���£�`9»Ç~���sumut�`crL£��Pknmot�vDq^`µ½R`�m £w��~^q�t�koku�{p���`e�lt�kokut�~Sr�`�~���s
¢Ht�ko��yDk�t�mure_¡twku`c`�p9zn`�q'����p�k
£�`#~^soyl��`Lkokuq�k��l`9�lr�ª®y{so_=��mut�y{p6²lt�£6j3��£�t�`�q0�l`8ªÇ�{t�so`8q^p^`#~��{s�motmot�yPp,�^`#£�����y{pDmus���t�pDmu`�`�p,q^p^`�~J��sumut�`
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��r�£w�{k�mutwvDq^` ��²
σ �

`�m8q^p^`¡~���sumut�`��{p^r�£w�{k�mutwvDq^`{²
σ
�
�
¦W¾Op"��yPp�k�tw�lrLso�{pPm�£����lr�ª®yPsu_���mut�y{p

ε
vDq^`=k�q^��tm8£��

_���mur�sotw��q'yPp,y{�lmot�`LpPm£w���l`Lko��sot�~lmut�y{p3k�q^t�¢���pDmu`��	�

σ = σ � + σ
�
�

» ) �L�D½
ε = ε � = ε

�
�

» ) �{�µ½
§���~�q^t�koko��p���`

σ � ¯̄⊗ ε
`Lk�m#�{£�yPsoke£w�'~^q�t�koku�{p���`¡¢{yP£�q�_¡twvDq^`¡surL¢{`�s�kut��^£�`9`�m

σ
�
� ¯̄⊗ ε

£��,�ltwkukut�~���mot�yPp
t�pDmusot�pJk�]QvPq�`¡¢Py{£�q^_=t�vDq^`P¦¨§¨�3mo\^r�yPsut�`=£�t�p^rQ��t�su`�twk�y{musoy{~S`��l`�¢Ht�ko��yDk�t�mur�kL« yP�lmut�`�pDm�`LpÀ��y{p�kutw�lr�s���pDm#£�`
_=¿L_¡`�~Sy�mo`�pDmut�`�£Omu\^`Lsu_=yl�ljHp���_=twvDq^`{²

Ψ
vPq�`�~JyPq^s#£Y« r�£w�{k�mutw��t�mur�£�t�p^rL�{t�so`{²�`�m�q�p"~Sy�mo`�pDmut�`�£O�^`��lt�k�¤

kut�~���mot�yPp k�`L_9�^£w����£�`
ϕ
²R»YvPqJ�{�ls���mot�vDq^`Qkc`�m8�lr�¯�p^t�¤A~SyPkut�mut�ªÇko½e��¯�p"�l`��^r�¯�p^t�s8q^p^`¡¢Ht�ko��yDk�t�mur�£�t�p^rL�{t�so`{²

kuy{t�m��

Ψ =
1

2ρ
λ [Tr(ε)]

2
+ 2µTr(ε2)

» ) �Q�P½

ϕ =
1

2
λθλ [Tr(ε̇)]

2
+ 2µθµTr(ε̇

2)
» ) � ) ½
» ) ���H½

y �
λ
`�m
µ
kuy{pDme£�`Lke��yH`�¬���t�`LpPm8��« r�£w�{k�mutw��t�mur9�l`¡§¨�{_¡rP²

θλ
`�m
θµ
£�`Lk���yH`�¬���t�`LpPm��l`Lke¢Ht�ko��yDk�t�mur�`�m

ρ£w�¡_��{kok�`8¢{yP£�q�_¡twvDq^`{¦
�e`'£w�,_=¿�_=`'_���p�t�]Lsu`�vDq6« `�p³rL£��Pknmot���tmor'knm���p�����s��"��`Lk���yH`�¬���t�`�pDmok9~J`Lq^¢{`LpDm9¿�mosu`�so`�£�t�rLk�¥Èq�p

_=yl�lq^£�`��« Oy{q^p^��¢Ht�kovDq^`�q^��rLvDq^t�¢µ�{£�`LpDm
E′
`�mO¥cq�p¡��yD`�¬���t�`�pDm��^` ~Sy{twkok�yPp9¢Ht�kovDq^`�q^��rLvDq^t�¢µ�{£�`LpDmL²

ν′yPq���t�`Lp¡�{£�yPsok�q^p=_=yl�lq^£�`��^`���t�ko��t�£�£�`L_¡`LpDm�¢HtwkuvDq^`Lql�9rQvPq�t�¢���£�`�pDm
G′
`�m�q�p¡_=yl�lq^£�`�l`}��yP_=~^su`Qkukut�y{p

\Hjl�lsoyPk�mo��mutwvPq�`erQvPq�t�¢���£�`�pDm
K
�

λθλ = λ′ =
ν′E′

(1 + ν′)(1 − 2ν′)
, µθµ = µ′ =

E′

2(1 + ν′)

» ) �Q�P½

E′ = µ′
3λ′ + 2µ′

λ′ + µ′
, ν′ =

λ′

2(λ′ + µ′)

» ) �L�D½

G′ =
E′

2(1 + ν′)
= µ′, K ′ =

E′

3(1 − 2ν′)
=

3λ′ + 2µ′

3

» ) � 2{½

§¨`Lk6£�y{twk¨�^`
��yP_=~JyPs�mo`�_=`�pDmok¨k�« r�m����^£�t�koku`�pDm�¥~��{s�mot�s��l`-��`Qk¨�l`Lql�#~Jy{mu`LpPmot�`L£�k��l`-_��{p^t�]Lsu`RqJk�q^`L£�£�`��

σ � = ρ
∂

∂ε
(Ψ) = λTr(ε)1l + 2µε

» ) �L¼D½

σ
�
� =

∂

∂ε̇
(ϕ) = λ′Tr(ε̇)1l + 2µ′ε̇

» ) �AGD½
¾Op"k�yP_=_=�{pDm}£�`Qke�l`Lql�È��y{pDmosut��^qlmot�yPpÈ`�p ��y{pDmus���t�pDmu`LkL²ly{p©���Sy{qlmotme¥'£���£�yPt��l`¡��y{_=~Sy{sumu`L_¡`LpDm

£�t�p^rL�{t�so`8~JyPq^s£�`#kuy{£�t��^`8�^`��8`�£�¢Dt�pl¤ SRy{t���m��

σ = λ [Tr(ε) + θλTr(ε̇)] 1l + 2µ [ε+ θµε̇]
» ) ���D½
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*HÆÇÆ � � �Q�!*H� � Æ �� *��Q�,��0 * � §¨��ª®yPsu_�q^£���mut�y{p��lq�k�yP£�tw�l`O£�t�p�rL��t�so`-�l`
d ��� �
`L£�£
��y{p�kutw�l]�so`#vPqJ��pDm}¥=£�q^t�q^p^`#~��{s�motmot�yPp3�^`�£��=�lr�ª®y{so_���mut�y{p3moy�mo�{£�`

ε
`�pÈq^p^`#~J��sumut�`�sor�¢P`�s�k�t��^£�`

ε �
`�m

q�p^`#~���sumut�`8t�sosor�¢{`Lsokut��^£�`
ε
�
�
�Pkukuyl��t�r�`8¥¡q^p^`���yPpDmus���t�pPmo`

σ
²Jk�yPtm ��� �

ε = ε � + ε
�
�

» ) �l�µ½
σ = σ � = σ

�
�

» ) �{�P½
§���£�y{tR��« r�m���m9�lrLsut�¢{`=�lq"~Jy{mu`LpPmot�`L£�mu\^`Lsu_=yl�ljHp��{_¡twvDq^`

Ψ(ε − ε
�
� )
`�m#£���£�yPtO��yP_¡~�£�rL_¡`LpDmo��t�so`

�^q3~Sy�mo`�pDmut�`�£��l`#�lt�kokut�~���mut�y{p,�lq��{£
ϕ?(σ)

²Jkuy{t�m

σ = ρ
∂

∂ε �
(Ψ(ε− ε

�
� ))

» ) � ) ½

ε̇
�
� =

∂

∂σ
(ϕ?(σ))

» ) ���D½
�}¯�p"�^`�ª®yPsu_�q^£�`�s�`��l~^£�t���tmo`�_=`�pDm#£�`¡_=yl�l]�£�`��l`¡��y{_=~Sy{sumu`�_=`LpPmQ²Wy{p©��y{p�kutw�l]�so`9�Pr�p^rLso�{£�`L_¡`LpDm

£�`8~Jy{mu`LpPmot�`L£�mu\�`�so_¡yl�ljHp��{_=t�vDq^`#�lq��{£Y²
Ψ? k�q^t�¢���pDm��

Ψ?(σ) =
1

2ρ

(

1 + ν

E
Tr(σ2) − ν

E
[Tr(σ)]

2

) » ) �{�P½

��`#vPq�t¨��yPp��lq^t�mc¥¡£��¡£�y{t6��« r�m���mckuq^t�¢��{pPmo`��

ε � = ρ
∂

∂σ
(Ψ?(σ)) =

1 + ν

E
σ2 − ν

E
[Tr(σ)1l

» ) ���P½
�e`�_¡¿L_=`{²�£w�c£�y{tl��y{_=~^£�r�_=`�pDmo�{t�so` `Lk�m�`��l~^sut�_=r�` ~���s�q^p¡~Sy�mu`LpDmut�`�£^�l`�ltwkukut�~���mot�yPp�vDq��{�^so��mutwvPq�`

`�mc�lr�¯Jp^t6~SyPkutmotª1�
ϕ? =

1

2

(

1 + ν

Eτ1
Tr(σ2) − ν

Eτ2
[Tr(σ)]2

) » ) �=2{½
y �

τ1
`�m
τ2
kuy{pDm}�l`�q^��p^yPq^¢{`L£�£�`Lk���yPp�k�mo��pDmo`Lk�l`8¢Ht�ko��yDk�t�murP¦

¾Op3k�yP_=_=�{pDm-£�`Qk-��y{pDmusot���qlmut�y{p�k-`�p��lr�ª®y{so_���mut�y{p�yPp�y{�^mut�`�pDm-£w��£�y{tJ�^`e��yP_=~JyPs�mo`�_=`�pDm-£�t�p�rL��t�so`
�^q,kuy{£�tw�l`#�l`#d0��� � `�£�£��

ε̇ =
1 + ν

E

[

σ̇ +
σ

τ1

]

− ν

E

[

Tr(σ̇) +
Tr(σ)

τ2

] » ) ��¼D½

§¨`8��y{_=~Sy{sumu`�_=`LpPm�lq�mnjH~J`#d0��� � `�£�£Wp6« `Lk�m��Pr�p^rLso�{£�`L_=`�pDm
~��Pk qlmut�£�twkur8ku`�q�£�~JyPq^s�_¡yl�lrL£�twku`�s�£�`
��y{_=~Sy{sumu`�_=`LpPm8�l`Lk8kuy{£�t��^`LkL¦6±e« `Lk�m8~^£�q^m ��m#q^p�`�£�y{tR�l`=��yP_¡~Sy{sumu`L_=`�pDm8�^`9mnjH~S` ��q�t��l`=`Lp©��`=ku`�p�k
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q^mut�£�twk�r#`Lp�~J��s���£�£�]L£�`#�µ¢{`Q�cq�p3so`Lkokuy{sum ��¯Jp,�^`eª®yPsu_=`Ls£�`Qk�_¡yl�l]L£�`Qk~^£�q�k��{rLp^r�s���q^�W¦
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\J���^t�£�`=~Sy{q^s8ª®yPsu_�q^£�`�s8£�`Qk���yP_=~JyPs�mo`�_=`�pDmok�¢HtwkuvDq^`Lql��¦%�°£-k�« ���Ptm#�l`�£w��ª®y{so_9q^£w��mot�yPp0ª®y{pJ��mut�y{p�p^`�£�£�`
kuy{qJk ª®y{so_¡`#�l`8~^soyl�lq^t�mc�l`���yPpH¢{y{£�qlmot�yPp��µ¢{`Q�e�^`Lk ª®y{pJ��mut�y{pJk�l` ��q��{�{`8`�mc�l`8so`�£w���^��mot�yPp6¦

±
yPp�k�tw�lrLsuyPp�k¥¡mut�muso`���« `��l`�_=~^£�`�£w�=surL~JyPp�k�`8q^p�t��lt�_=`�p�kut�y{p^p^`L£�£�`9��« q^p0��y{so~�k�¢Ht�kovDq^`�ql�,k�yPq^_=t�k
¥¡q^p,rQ��\^`�£�y{p,�l`#��yPpPmoso�{t�pDmo`Lk��lr�¯Jp^t6~��{s

σ = σ0H(t− τ)
» ) � GP½

y �
H
`Lk�m}£w�9ª®yPp���mot�yPpÈ�l`#É}`L�µ¢Htwk�tw�l`8`�m

τ
`Lk�m}£A« t�p�k�mo��pDm}��« ��~^~�£�tw����mut�y{p,�l`#£Y« rL��\�`�£�y{p6¦

§���sor�~Sy{pJk�`8q^p^tw�lt�_=`�p�kut�yPp^p^`L£�£�`#`�p,�lr�ª®yPsu_���mut�y{p3~J`Lqlm}¿�mosu`#rQ��sotmo`8kuy{qJk�£���ª®y{so_=`#k�q^t�¢���pDmu`��

ε = J(t− τ)σ0
» )=) �D½

xR�{s��lr�¯�p�tmot�yPp6²R£��"ª®yPp���mot�yPp
J
`Lk�m�£��©ª®y{pJ��mut�y{p �l` ��qJ���{`È�L��s��{��mor�sot�k�mutwvDq^`,�l`,£��"¢Ht�ko��yDk�t�mur,q^p�t¤

�^t�_=`�pJk�t�y{p^p�`�£�£�`'�^q���y{so~�kL¦�����p�k9£�`����{k9y��³£A« yPp���yPp�k�tw�l]Lsu`�q^p�`'k�rLsut�`'��« rL��\�`�£�y{p�k�kuy{qJk�£w�3ª®y{so_¡`
kuq^t�¢���pDmu`��

σ =
n
∑

j=1

σjH(t− τj),
» )=) �µ½

£w�¡surL~JyPp�ku`8�^q3_���mur�sotw��q'~S`�q^m}muyPqlm}��q�kok�t���t�`Lp3¿�muso`8_¡twk}kuy{q�k�£w��ª®y{so_=`8kuq^t�¢���pDmu`��

ε =

n
∑

j=1

J(t− τj)σj ,
» )=) �P½

`�m,�6« q^p�`©_���p�t�]Lsu`©�{r�p�r�s���£�`0~JyPq^s,q^p^`Àk�yP£�q^mut�y{p ��y{pDmut�pHq^`
σ(τ)

²}y{p t�pDmosuyl�lq^t�m,£���ª®y{so_9q^£w��mot�yPp
ª®yPp���mot�yPp^p^`L£�£�`#�lqÈ��y{_=~Sy{sumu`L_¡`LpDmkuy{qJk�£���ª®y{so_=`#k�q^t�¢���pDmu` �

ε(t) =

∫ t

0

J(t− τ)
d σ(τ)

d τ
dτ +

n
∑

j=1

J(t− τj)σj
» )=)�) ½

¾Op't�pDmusoyl�lq^twku�{pDm-q^p^`c�^r�sot�¢Pr�``�m q^p�~^soyl�lq^t�m �l`c��y{pH¢{yP£�q^mut�y{p���q�ku`�p�k-�l`Lk �ltwknmosut��^qlmot�yPp�k�²D��`�m�mu`
ª®yPsu_�q^£w��mut�y{p�~J`Lqlmeku`8_¡`�m�mosu`�kuy{q�k £w�¡ª®y{so_=`8��£��PkukutwvPq�`��

ε(t) = J ⊗ Dσ

Dτ

» )=) �H½
¾Op,��yPp�kut��lrLso�{pDmL²H�lrLkuy{so_���twk�²Pq^p^`#k�yP£�£�tw��t�mo��mot�yPp'kuy{q�k-ª®y{so_=`���« rL��\�`�£�y{p�k �l`#�lr�ª®yPsu_���mut�y{p�k ��yP_�¤

��t�p^rL`#�µ¢{`L��q^p�`8kuy{£�£�t���tm���mut�y{p3`�pÈ�lr�ª®y{so_���mut�y{p�surL�{q^£�t�]�so`{²ly{p3~S`�qlm}rQ��sot�so`#�l`8_=�{p^t�]�so`8�^q���£�`��

σ(t) =

∫ t

0

R(t− τ)
d ε(τ)

d τ
dτ +

n
∑

j=1

R(t− τj)εj
» )=) �P½

y ��£w�eª®y{p���mut�y{p
R
`QknmO£w�eª®y{p���mut�y{p=q^p^tw�lt�_¡`Lp�kut�yPp^p^`�£�£�`��^`su`L£����l��mut�y{p¡�lq=_=��murLsutw��q�¢DtwkovPq�`�ql��¦D±
`�m�mu`

so`�£w��mot�yPp'~S`�qlm�k�`8_=`�mumuso`�k�yPq�k £��¡ª®yPsu_=`#��« q^p,~^suyl�lq�tm}�l`���y{pH¢{yP£�qlmot�yPp0�

σ(t) = R⊗ Dε

Dτ

» )=) �D½
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x�y{q�sc¯�p�t�s��µ¢{`L�9��`�mumu`�~^surQk�`LpDmo��mot�yPp3ª®y{p���mut�y{p^p^`L£�£�`��^`9£w��¢Ht�ko��yDk�t�mur#£�t�p^rL�{t�so`{²Jy{p0s���~^~S`�£�£�`�£Y« `��H¤
~�su`Qkukut�yPp��^�{p�k�£�`����{k��Pr�p^rLso�{£Smusot��lt�_=`�p�kut�y{p^p^`L£�t�kuy�mosuyP~J`��

ε = (J +K) ⊗ Dσ

Dτ
−K ⊗ DTr(σ)

Dτ
1l

» )=) 2{½
y �

J
`Lk�m9£w��ª®y{p���mut�y{p��l` ��qJ���{`�tw�l`LpPmot¯Jr�`�`�pÀmoso�P��mot�yPp©`�m

K
£��3ª®yPp���mot�yPp��l` ��q��{�{`�`�p³��t�ko��t�£�£�`�¤

_=`LpPmQ¦J�e`9_���p�t�]Lsu`��lqJ��£�`{²�yPpÈ~J`Lqlme`��l~^sut�_=`�s}£�`���y{_=~Sy{sumu`�_=`LpPmc�^`9£w����y{pDmoso�{t�pDmu`�kuy{qJk}£w�¡ª®y{so_¡`
mosutw�lt�_=`�p�kut�yPp^p^`L£�£�`8t�kuy�mosuyP~J`��

σ = 2M ⊗ Dσ

Dτ
+ L⊗ DTr(ε)

Dτ
1l

» )=) ¼D½
±
`Qk8ª®y{so_9q^£w��mot�yPp�k8`�p³��y{pH¢{yP£�qlmot�yPp�k8k�yPpDm#kuy{q�¢{`�pDm#�S`L��qJ��y{q�~"~�£�q�k#ªÇ�{��t�£�`Lk#¥,_���p^t�~^q^£�`�s��6« q^p

~Sy{t�pDmc�l`8¢Hq^`#~^s���mutwvDq^`#vDq^`8£�`Qk`��l~^so`Lkok�t�y{pJk
�{p���£�jDmutwvPq�`Lk�~^sorLku`�pDmurL`#��q3~���s����Pso�{~^\^`Lk
~^sorL��rL�l`LpPm�k�¦
§¨`�q^s#_��{p^t�~�q^£���mut�y{p"`Lk�m9k�yPq^¢{`LpDm����Pk�rL`�k�q^s#£w��mus���p�k�ª®y{so_=r�`=�l`�§¨�{~^£w�{��`�vDq^tOku`�~^so¿�mu`=�^t�`�p³¥,��`
mnjH~S`��l`#��yP_¡~Sy{sumu`L_=`�pDmL¦
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£�`Lk��y{p�k�mo�{pDmu`Lk�rL£��Pknmot�vDq^`Qk ~���s£�`�q^s�k�rLvDq^t�¢���£�`�pDmok�¢HtwkuvDq^`Lql� � � ¦

� O *H�N6�Æ *
0�*=� �lÃQ� ��0 �^� 0�*¡Ã + 6 *$)�*HÆ � 0 / Ä��#ÂR0 JÃ §-« �{p���£�jlk�` _=`�p^rL`�~���sR| y{q�kokut�p^`Qv8~JyPq^sRq^p^`
¢Ht�mu`Qkuku`��l`��lr�ª®yPsu_���mut�y{pÀ`�m9�lyPp����l`Qk8¢Dt�mu`Qkuku`Lk9��« t�p��l`LpDmo��mot�yPp6²

u̇z1
`�m
u̇z2

so`�£�t�rLk#¥,q^p^`�~�su`Qkukut�yPp
Y�Y��������	� � �
� � Y�� � U � ÒµÜ��,�Ó (nÓnÞÇÞYÓ���&�� � Û1(ZÐµÓRÖµÛ1#×Ò�(�#×Ö�Ó9�µÓ����������
�
�
� � Y�����X � �
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�^q^`���ql�'mu`�so_=`Lk�¢HtwkuvDq^`Lql�
p � �

_=]�p�`���ql�'sorLkuq^£�mo��mok�k�q�t�¢���pDm�k5�

u̇z1 =
1 − ν′1

2

πE′

1

∫

S

pf (s, φ)

r
dsdφ

» )=) GP½

¾Op©�lr�sot�¢��{pPme£�����y{pDmus���t�pDmu`#�Pr�y{_=r�musot�vDq^`�»A���P½~���seso�{~^~JyPs�mc�{q,mu`L_¡~JkcyPpÈy{�lmot�`LpPme£���so`�£w��mot�yPp
kuq^t�¢���pDmu`��

δ̇ = u̇z1 + u̇z1 =
1

πE′∗

∫

S

p � � (s, φ)

r
dsdφ

» ) �P�P½
y ��pJ��muq�su`L£�£�`�_=`�pDm

1

E′∗
=

1 − ν′1
2

E′

1

+
1 − ν′2

2

E′

2

» ) ���µ½
±
yP_¡_=`8~Sy{q^s£�`���yPpPm��{��m��l`�Éc`�sumuÊ8r�£w�{k�mutwvDq^`{²lyPp�~S`�q^m}_¡yPpDmuso`�s�l`#£w��_=¿L_¡`8_���p�t�]Lsu`#vDq^`8£��

~�su`Qkukut�yPp��P�lrLvDq���mu`8~^so`�p���£���ª®yPsu_=`�kuq^t�¢��{pPmo`��

p � � (x, y) =
P � �

2πa2

(

1 −
(r

a

)2
)

−
1
2 » ) �D�P½

��`#vPq�t¨�ly{p�p^`8~JyPq^s£��=¢Ht�mu`Qkuku`#��« t�p��l`LpDmo��mot�yPp
δ̇

δ̇ =
P � �

2E′∗(πa)2

∫

S

1

r

(

1 −
( r

a

)2
)

−
1
2

dxdy
» ) � ) ½

¾OpÈsorL�{£�twko��pDm���`�mumu`8t�pDmor��{s���mot�yPp6²ly{p3y{�^mut�`�pDmc��£�y{s�k

P � � = 2aE′∗δ̇ = 2E′∗R
1
2 δ

1
2 δ̇

» ) �{�H½
±
`�m�mu`
`��Hmu`Lp�kut�yPp8�}r�mur-surQ��£�t�kur�`R~Sy{q^s��l`Lk���yPpPm��{��mok�`LpPmosu`Oku~^\^]Lsu`Qk�¦!��~^sot�yPsutA²���`RmnjH~J`-�6« �{~^~^soyH��\�`

~S`�q^mck�« ��~^~�£�twvDq^`�s}�l`#£w�¡_=¿�_=`#_���p^t�]�so`#¥9moy{qlmc��y{pDmo�P��mt�p^tmot��{£�`L_=`�pDm}~JyPp���moq^`�£�vPq�t¨k�`#�lrL¢{`L£�yP~^~J`
kuq^t�¢���pDmq^p^`#`�£�£�t�~�ku`{¦

��« q�p^`}_���p^t�]�so`��{rLp^r�s���£�`{²µ£A« �{p���£�jlk�`�l`}| y{qJkukut�p�`Lkov8~JyPq^sOq^p=_���mor�sot��{q�¢Htwku��yDrL£��Pknmot�vDq^`�£�t�p�rL��t�so`
��y{p��^q^tmc¥¡£w��ª®y{s���`#�ltwkukut�~J��mut�¢{`��

P � � = A
∂P � (δ)

∂δ
δ̇

» ) �D�P½
y � £A« yPp so`�_=~^£w�{��`"�^��pJk�£A« `��l~^so`Lkok�t�y{p �l`

P �
£�`Lk3��y{pJknm���pDmu`Qk'rL£��Pknmot�vDq^`Qk'~��{s�£�`�q�sok3rLvDq^t�¢���£�`�pDmok

¢HtwkuvDq^`Lql��¦
±
`�m�mu`#so`�£w��mot�yPp�so`Lk�mu`8¢���£�tw�l`#k�t6£�`Lk�\HjH~Sy�mu\�]Lku`Lkkuq^t�¢��{pPmo`Lkkuy{pDm}ku��mutwknªÇ�{tmo`Lk��
� §6`¡mu`Lp�ku`�q^s#�l`Qk���y{pDmus���t�pDmu`Qkcsor�¢P`�s�k�t��^£�`Lk

σ �
`Qknm8£�t�p^rQ��t�su`¡~���s8s���~^~Sy{sum��{ql� �lr�ª®y{so_=��mut�y{p�k

ε»®rL£��Pknmot���tmor#£�t�p^rL�{t�so`Q½
� §6`,mo`�p�ku`�q^s��^`Lk���y{pDmus���t�pDmu`Lk¡t�susor�¢P`�s�k�t��^£�`Lk

σ � �
`Qknm�£�t�p�rL��t�so`3~J��s�s���~^~Sy{sum���ql� ¢Ht�mu`Qkuku`Lk��l`

�lr�ª®yPsu_���mut�y{p�k
ε̇
»Ç¢Ht�ko��yDk�t�mur8£�t�p^rQ��t�su`µ½

� §6`Qk
\HjH~Sy�mu\�]Lku`Lk k�q^~�~^£�rL_=`�pDmo�{t�so`Lk
¥�£w��mo\^r�yPsut�`e�l`�É}`Ls�moÊ�vDq^tW~S`�so_¡`�m�mo`�pDm��^`���y{p�kut��^r�so`�s-q�p
~^soyH��`Lkok�qJk�l`#�lr�ª®yPsu_���mot�yPp3vDq��Pk�t�¤°knm���mutwvDq^`{¦
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�^`�pDmokL²�4 � � �Ï¸�·Jº �
:!�	 ¦H»��AG=G�GP½6y{pDm�~�suyP~JyDk�r �l`
_=`Lp^`�s�q^p^`���p��{£�jlku`-�{�^t�_=`�pJk�t�y{p^p�`�£�£�`��lq9~�suyP�^£�]L_=`
�^`8��y{pDmo�P��m}��yP£�t�p^rQ��t�su`�`�p,~��{s�m���pDm}�l`Lk�\HjH~Jy{mu\^]Qk�`Qkk�q�t�¢���pDmo`Lkkuq^s£�`Qk�`��Wy{sumok�l`���y{pDmo�P��m��

P � = mD1δ
α » ) �P�D½

P � � = mD2δ
γ δ̇β » ) �>2{½

hHyPq�k9��`Lk#\HjH~Sy�mu\�]Lku`LkL²6£Y« rLvDq���mut�y{p³�lq³_=y{q�¢{`�_=`LpPmQ²¨�Pr�p^rLso�{£�twku�{pDm�£�`'���Pk#~^q^so`�_=`LpPm�r�£w�{k�mutwvPq�`
moso�{tmor#��q 6 �l¦���~Sy{q�s}�l`�ql�3k�yP£�tw�l`Lk�`LpDmus���pDm`�p,��y{pDm��{��mQ²l~J`LqlmekL« rQ��sot�so`8k�yPq�k�£���ª®yPsu_=`#k�q�t�¢���pDmo`��

δ̈ +D1δ
α +D2δ

γ δ̇β = 0
» ) �P¼P½

�µ¢P`L�e£�`Qk��yPp��lt�mut�y{p�k�t�p^t�mutw��£�`Lk
δ(0) = 0, δ̇(0) = v0

» ) �=GD½
y �

v0
`Qknm}£w�¡¢Htmo`Lkok�`8so`�£w��mut�¢{`�`�pDmosu`8£�`Lk}�l`Lql��kuy{£�t��^`Lk�µ¢���pDm}��yPpPm��{��mL¦

�}¯�p ��« �{�lt�_=`�p�kut�y{p^p^`Ls£Y« rLvDq���mut�y{pÈ�lqÈ_=y{q�¢{`�_=`LpPm9» ) �D¼P½�²Jy{pÈt�pPmosuyl�lq�tm}q^p�`�£�yPp^�{q�`�q^sc�L��s��{��¤
mor�sot�k�mutwvDq^`

δm
vDq^tJ��y{sosu`Qk�~Sy{pJ�¡¥�£Y« t�pJ�l`�pDmo��mut�y{p�_����lt�_���£�`}�^��p�k-£�`e���{k-~^q^so`�_=`�pDm-rL£��Pknmot�vDq^`P¦H±
`�m�mu`

t�p��l`LpDmo��mot�yPpÈ_����lt�_��{£�`9��r�mur��lrL�lq�tmo`���q 6 �l¦���`�m�~J`Lqlme¿�muso`�su`�musoy{q^¢Pr�`8`�p ~JyDku�{pPm�vPq�`�£Y« r�p�`�so�{t�`
��t�p�r�mutwvDq^`¡t�p^t�mutw��£�`��µ¢���pDmet�_=~��{��m8�lyPtm#¿�muso`�rL�P��£�`�¥�£A« rLp^`�so�{t�`9rL£��Pknmot�vDq^`¡_����lt�_��{£�`�`�_=_����P�Pk�t�p^rL`
�{q3��y{q^s�k��l`#£A« t�_=~��{��mck�yPtm��

1

2
mv2

0 = m
D1

α+ 1
δα+1
m

» ) ���D½
±
`8�^t�£w��p,r�p^`Lsu�Pr�mot�vDq^`8��yPp��lq^t�mc¥¡£Y« `Lk�mut�_���mut�y{pÈ�l`8£A« t�p��l`LpDmo��mot�yPp,_=���lt�_���£�`#k�q�t�¢���pDmo`��

δm =

(

α+ 1

2D1

)
1

1+α

v
2

1+α

0

» ) �l�µ½

§���¢��{sutw���^£�`#�{�lt�_=`�p�kut�y{p^p^rL`#��« t�p��l`LpDmo��mot�yPp3ku`�s��¡��£�y{s�k

x =
δ

δm

» ) �{�P½

´ep���\^yPt�kut�m9�l`�~^£�q�k�q^pÀmo`�_=~�k��L��s��{��mur�sotwknmot�vDq^`
τ
�lq³_=y{q^¢P`�_=`�pDm9��¯�p³�l`�sorL��£�twk�`Ls#q^p^`'�P�lt¤

_=`Lp�k�t�y{pJ��£�t�ko��mot�yPp'`�p�mu`L_=~�k5�
τ =

δm
v0

» ) � ) ½
´ep,y{�^mut�`�pDm}��£�y{s�k
£�`Lk}su`L£���mut�y{p�k��l`��lrLsut�¢���mot�yPp�kuq^t�¢��{pPmo`Lk��

d x

d τ
=

δ̇

v0
,

d2 x

d τ2
=
δm

v2
0

δ̈
» ) ���H½

vDq^t6��y{p��^q^t�ku`�pDmc¥¡q^p^`#rQvDq���mot�yPp��{�^t�_=`�pJk�t�y{p^p�r�`#�l`#_=y{q^¢P`�_=`�pDm��

d2 x

d τ2
+ f(v0)x

γ d x

d τ

β

+
1 + α

2
xα = 0

» ) �{�{½
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�¡£w�{vDq^`L£�£�`8y{p,��zny{q^mu`8£�`Qk}��yPp��lt�mut�y{p�k�t�p^t�mutw��£�`Lkkuq^t�¢µ�{pDmu`Lk��

x(0) = 0,
d x

d τ
(0) = 1

» ) �{�P½

§��9ª®yPp���mot�yPpÈ�l`8£��=¢Ht�mu`Lkoku`�t�p^t�mutw��£�`
f(v0)

k�« rL��sut�m}��£�y{s�k kuy{qJk�£���ª®y{so_=`#k�q^t�¢���pDmu`��

f(v0) = D2

(

α+ 1

2D1

)
1+γ
1+α

v
2(γ−α)

1+α
+β

0

» ) �=2{½

�}¯�p��l`3~^sorL��t�ku`�s�£�� ~JyPs�mor�`'�l`,��`�m�mo`3�P�lt�_=`Lp�k�t�y{p�p���£�t�ko��mot�yPp6²6t�pDmusoyH�^q^t�kuy{pJk�£�`3��yD`�¬���t�`�pDm¡�l`
so`Lk�mut�muq^mut�y{pÈp^yPsu_���£6¥�£Y« t�_=~��P��m

en
¦S�e�{p�k}��`�m�mo`���yPpl¯��Pq^so��mut�y{p6²l£�`Lkc�lt�Wr�so`�pDmo`Lkc�^r�¯�p^t�mut�y{pJk9»Çac`���¤

moy{p6²Rx�yPt�kok�yPp6²Rr�p�`�so�{r�mot�vDq^`µ½¡�l`È��`0��yH`�¬���t�`LpDm�kuy{pDm�rLvDq^t�¢���£�`�pDmu`Qk=`�m'kuy{pDm�su`L£�t�r�`Qk�¥"£��"¢���sot��{�^£�`
�P�lt�_¡`Lp�kut�yPp^p^`�£�£�`8�^`�£w�=_���p^t�]�so`8k�q^t�¢���pDmu`��

d x

d τ
(τf ) = −en

» ) ��¼D½
y �

τf
`Lk�m}£�`�mo`�_=~�k}�P�lt�_=`Lp�k�t�y{p�p^`�£6�l`8¯Jp,�^`8��y{pDmo�P��mQ¦

�°£ ��~^~��{so� ��m���£��{t�so`�_=`�pDm9�l`�£A« rL��sot�muq^so`0» ) �{�{½8vDq^`'£�`���yD`�¬���t�`�pDm9�l`�so`Lk�mut�muqlmot�yPp³�lr�~S`�p�� �l`�£��
¢Ht�mu`Qkuku`���« t�_¡~J�{��m

v0
~���s�£�`¡ku`�q^£�t�pDmu`�so_=rL�ltw��t�so`��l`

f(v0)
��`¡vDq^`¡£Y« y{p©~J`Lqlm#rL��sut�su`�ª®y{so_¡`L£�£�`�_=`LpPm

~J��s��
en(v0) = en(f(v0))

» ) � GD½
±
`8sorLkuq^£�mo��mp^yPq�k��yPp��lq^t�mc¥=��p��{£�jlku`�s�~^£�q�kut�`Lq^sok�L�{k��

� ! �F� � %D�
�R�=!��R�W�&� ���W�A������	��
�' �=���������	�����	������ 	 ! � 	� ��� �
��	���	��	�! 	 �&��# 	�$ %'!��
 ¦�±
`�mumu`O\HjH~Jy{mu\^]Qk�`
��yPp��lq^t�m}t�_=_=rL�^t���mu`�_=`LpPmc¥¡£w�=��y{pJ�ltmot�yPpÈk�q^t�¢���pDmu`#kuq^s£�`Lk�`��l~SyPko��pDmok��

2(γ − α) + β(1 + α) = 0
» ) �{�D½

x�y{q^s
β = 1

² vPq�tck�`L_9�^£�`È¿�mosu`Èq�p^`0¢���£�`�q^s'p���moq^su`L£�£�`0��yP_=_¡`ÈyPp £Y« �À¢Hq ����p�k�£w�³~��{s�mot�`
~^sorL��rQ�l`�pDmo`{²^�l`Lql�3�L�{k�~S`�q^¢P`�pDm¿�muso`8`�pH¢Ht�ko���PrLk��
� ± �Pk��6« q^p�`©ª®yPso��` rL£��Pknmot�vDq^`"£�t�p^rQ��t�su` »

α = 1
½�¦}´ep `Lk�m,�^y{p��©��y{pJ�lq^t�mÈ¥ q^p^`"ª®y{s���`

�^t�kok�t�~���mut�¢{`#�l`8£��¡ª®yPsu_=`#kuq^t�¢��{pPmo`��

P � � ∝ δ̇
» ) �^�µ½

� ± �Pk���« q^p^`�ª®yPso��`�r�£w�{k�mutwvDq^`��l`'Éc`�sumuÊ »
α = 3/2

½�¦6�e�{p�k9��`����Pk�²6£w�,ª®yPso��`��lt�kokut�~���mut�¢{`
kL« rL��sot�m��

P � � ∝ δ
1
4 δ̇

» ) �P�P½
� � � %'���F��!��F�W����� �W�A������	��
�' �=� �������	�����	������ 	 ! � 	� ���W�
� 	��'	��	�!�	M����# 	�$ %'!��
 ¦�bcp^`8��~^~^£�tw����mot�yPp
k�t�_=~^£�`��l`#£Y« ��pJ��£�jHku`8�l`�| y{q�kok�t�p^`Qkuv��l`8£w�¡_¡¿L_=`#_=�{p^t�]�so`8vDq6« ��q 6 ~^sorL��rL�l`LpPm}��y{p��lq�tm}¥¡£��
ª®y{s���`#�ltwkukut�~���mot�¢P`8kuq^t�¢���pDmu`��

P � � = A
∂P � (δ)

∂δ
δ̇

» ) � ) ½
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hHt¨��`�m�mo`#su`L£���mut�y{p3`Lk�m}ku��mutwknªÇ�{tmo`{²ly{p,yP�lmut�`�pDmp���moq^so`�£�£�`L_¡`LpDm

β = 1, γ = α− 1
» ) �{�D½

�e�{p�ke£�`9�L�{ke��« q�p^`�ª®yPso��`�r�£w�{k�mutwvDq^`��l`�mnjH~S`�Éc`�sumuÊ'»
α = 3/2

½�²^yPp0y{�lmot�`LpDme��£�y{s�kq^p^`9ª®y{s���`
�ltwkukut�~J��mut�¢{`#�{q3��y{pDmo�P��m}�l`#£w�9ª®yPsu_=`#kuq^t�¢��{pPmo`

P � � ∝ δ
1
2 δ̇

» ) �P�P½
±
`�vDq^t�~J`LqlmekL« rQ��sot�so`�~^£�qJk~^sorL��twkur�_=`�pDm}��yP_¡_=`

P � � =

(

5

4D1

)
3
5

D2v
1
5
0 δ

1
2 δ̇

» ) �{�D½

±
`�mumu`�so`�£w��mot�yPp,��y{p��^q^tmc¥=q�pÈsurQk�q^£�mo��m}t�pDmor�so`Lkoku�{pPm}�lqÈ~Sy{t�pDme�l`#¢Hq^`��l`9£����lrL~J`Lp��^�{p���`9�^q
��yH`�¬���t�`LpPm��l`�so`Lk�mut�muq^mut�y{p"~���s8s���~^~Sy{sum8¥3£w�3¢Dt�mu`Qkuku`=��« t�_=~��{��m9vDq^tR~J`Lqlm9kL« `��H~�sut�_=`�s#�l`=£��
_���p^t�]�so`#k�q^t�¢���pDmu`��

en = en

(

(

1

D1

)
3
5

D2v
1
5
0

)

» ) � 2{½

����,��M9 � �LÃA0Y� �lÃA0YÂ / 0�� ÅPÂ * ��Å�0 * / Ã$0�* ��*D�LÃA0ÇÃL��ÃA0YÂ / *DÃ$��6:6�Æ�0YÅ��lÃ�0ÇÂ / �^� O�0Ç�J6��^Å{ÃL�
� � � � � � ¸ � � � � ��� »��AGP¼ 2�½}y{pDm8r�mur=£�`Lk�~^so`�_=t�`�s�k�¥3��~�~^£�twvDq^`�s8£w�3su`L£���mut�y{p0so`�£�t��{pDm�£A« `��SyPs�m

¢HtwkuvDq^`Lql� ¥À£A« t�p��^`�pDmo��mut�y{p ~JyPq^s'�lr�mu`Lsu_=t�p^`�s�£�`0��yH`�¬���t�`LpDm'�l`0so`Lk�mut�muqlmot�yPp ��� ¥À£��³�ltwkok�t�~���mot�yPp
¢HtwkuvDq^`Lq�ku`��^�{p�k¡£�`Qk¡kuy{£�tw�l`Lk¡`�p ��yPpPm��{��mL¦-±
`Lk¡sorLkuq^£m���m�k9yPpPm=r�mor3��y{_=~^£�r�morLk¡~���s=£�`Lk�mus��µ¢���ql���l`
¶¡·^¸P¹6º 	� � �� ! 	 ¦O»n��G�GD�{½ �  ¸ � ��� � � ��¹ ��� �
 ! 	 ¦O»n��G�G{�{�J½ � � �� � � �¨·^¸ � ��� 	� �¨· � »n�AG=G{¼D½ �
4 � � �Ï¸�·�º �
�! 	 ¦�»��AG=G�GP½�¦la}y{qJk�~^suyP~JyDk�yPp�k t���t¨��« `�p�ªÇ��t�su`8q^p�`�k�jHpDmu\^]Qk�`P¦

-
/ ÃL� /���lÃ�0ÇÂ / 0�* Æ K��>;����^ÃA0ÇÂ / 0��4��ÂS� � *H� * / Ã�6-ÂS��� � / 0Ç�J6��^Å{Ã * / Ã���* 0�*H� O%�A6 @ 7,��*D�
����pJk-��`�m�mo`c~��{s�mot�`P²P£A« `��l`�_=~^£�`{²�moso�{tmore�^�{p�kO£w�#~��{s�mot�`��l¦��c�l`e�^`�ql��ku~^\^]�so`Lk-t�_=~��P��m���pDm
�l`e_=�{p^t�]�so`
��y{£�t�p�rL��t�so`3`Qknm�su`L~^sutwkL¦O§O« ��zny{q^m'�l`Lk'`��Wy{sumok��l`È¢Htwku��yPkutmor0��yPp��lq^t�m�¥Àq^p^` p^y{q^¢P`�£�£�`ÈrQvDq���mot�yPp �^q
_=yPq^¢{`L_¡`LpDm�mo`�p��{pDm#��y{_=~lmo`��l`Lk8`��S`�mok��l`�¢Htwku��yPkutmor=£�t�p^rL�{t�so`=�l`Lk#_���mur�sotw��ql��¦�¾OpÀso`�~^so`�p��{pDm�£�`Lk
p�y�mo��mut�y{p�k��lq 6 2H¦��{¦×�l²µ£A« rQvDq���mot�yPp¡�lq¡_=y{q^¢P`�_=`�pDmR~S`�qlmO¿�muso` `��l~^sut�_=r�`kuy{q�k�ª®y{so_=`�{�lt�_=`�p�kut�yPp^p^rL`
�^`�£w�=_���p^t�]�so`8k�q^t�¢���pDmu`#~Sy{q�s}�l`�ql�3k�~^\�]�so`Lk �

d2 x

d τ2
+ f(v0)x

1
2
d x

d τ
+

5

4
x

3
2 = 0,

» ) �{¼P½
¥¡£w�{vDq^`L£�£�`8y{p,��zny{q^mu`8£�`Qk}��yPp��lt�mut�y{p�k�t�p^t�mutw��£�`Lkkuq^t�¢µ�{pDmu`Lk��

x(0) = 0,
d x

d τ
(0) = 1,

» ) �=GP½
£w��ª®y{p���mut�y{p,�l`#£w��¢Ht�mu`Qkuku`8t�p^t�mutw��£�`

f(v0)
k�« rL��sut�¢���pDm}k�yPq�k�£w�9ª®yPsu_=`#kuq^t�¢��{pPmo`��

f(v0) = D2

(

5

4D1

)
3
5

v
1
5
0

» ) 2��D½
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´ep��lyPp^p^` k�q^s�£��¯��{q^so`�L�}£�`OsorLkuq^£�mo��m��l`-£A« t�pDmurL�{s���mot�yPp�pHq^_=rLsutwvDq^`-�l`-��`�mumu`-rQvDq���mot�yPp#`��W`L��moq^r�`
kuy{qJkchl��t�£w���0�^�{p�k}£w�����Pkr�£w�{k�mutwvDq^`'»

f(v0) = 0
½`�m�����p�kcq^p0���Pk}¢Ht�ko��yHrL£��Pknmot�vDq^`�»

f(v0) = 1
½�¦W´ep

~S`�q^m
so`�_���s�vDq^`�sOkuq^sO£w�8¯��Pq^su`#�Q��»Y�P½�vDq^`}£A« t�p��l`LpDmo��mot�yPp�`Lk�m-~^£�q�kRªÇ�{t���£�`c����p�k-£�`c�L�{kR¢Htwku��yHr�£w�{k�mutwvPq�`
_��{t�kvDq^`8£�`8mu`�_=~�kc�l`���yPpPm��{��m `Qknmc�{£�£�y{p^�Pr{¦
�°£H~��{so�{tmR��q�kokutPt�_=~JyPs�m���pDm��^`
so`�_���s�vDq^`�s�k�q�s�£w�}¯J�{q^so`c�Q��»Ç�Q½¨vDq^` £A« `��SyPs�mR�l`���y{pDm��{��m�~^so`�p����l`Lk

¢��{£�`Lq^sok}p^r��D��mut�¢{`Qk��qÈ��yPq^s�k}�lq0��yPpDmo�{��mL¦S±
`�m�mo`�su`L_���s�vPq�`�p¨« `Qknmc~J�{k}kuy{q^£�t��{p^rL`��^��p�k}£�`Qk�mus��µ¢���ql�
�^rnz�¥'��tmorLkL¦�¾O£�£�`�`Qknm�~JyPq^s�m���pDmct�_=~JyPs�m���pDmu`P¦S����p�kc£�`¡���Pkc��« q^p©��y{pDmo�P��mcq�p^t�£w��mor�s���£�knm���p��^�{so�6²�q^p^`
ª®yPso��`'�l`'mus��{��mot�yPp³��q ��y{pDmo�P��m9`Qknm9~�\Djlkut�vDq^`L_=`�pDm�t�p��{�L��`L~lmo�{�^£�`�k�t
£Y« �{�l\�rLkut�yPp³`Lk�m�pHq^£�£�`P¦��°£
ªÇ��qlm
�^y{p��È�³~�sut�y{sot_=yH�^t¯�`Ls���`�m�mo`0t�pPmor��Pso��mut�y{p `�p t�_¡~SyPko��pDm�£�` �lrQ��y{£�£�`�_=`�pDm�£�y{s�kuvDq^`

P
k�« ��p�pDq�£�£�`{¦

§-« t�p��l`LpDmo��mot�yPp,surQk�tw�lq^`L£�£�`#��y{soso`Lku~JyPp��'�{£�yPsok¥=£A« `L_=~^su`Lt�pDmo`�£w��twkok�rL`�k�q^s£�`�kuy{£�t��l`�kuq^t�mu`�¥=£A« t�_=~��{��mL¦
¾-pl¯�p6²^yPp,~J`Lqlm}p^y�mo`�s}kuq^s}��`�m�mo`8¯��{q^so`8vPq�`#£��¡¢Ht�ko��yDk�t�mur8�=~Sy{q^s`��S`�mc�l`#�lt�_=t�pHq^`�s}£A« `��Wy{sum��P£�yP����£
�{q3��y{pDmo�P��mQ²l£��{t�koku�{pDm £�`����Pk�r�£w�{k�mutwvPq�`8��y{_=_=`8£�`#~^£�q�kkur�¢P]�so`{¦

¾Op^¯�p3kuq^s�£w�#¯��Pq^su`��L�J»Ç��½�²DyPp��lyPp^p^`e£Y« \HjHk�mu`Lsutwkut�k �l`�¢Dtwko��yPkut�murevDq^tW_=`�m�`�p�r�¢Htw�l`�p���`e£�`emus��µ¢µ�{t�£
~S`�s��lq,��qÈ��yPq^s�k �^`#£Y« t�pJ�l`�pDmo��mut�y{p6¦
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� �LÃA0Ç� �lÃA0YÂ / � / �^Æ +�Ã�0�;���* 0���Å{Â * ��Å=0 * / Ã�0�* �(*H�LÃA0ÇÃL��ÃA0ÇÂ / �¯JpÀ�^`��ly{p^p�`�s#q^pÀ`Lk�mut�_���mot�yPp
�{p���£�jDmutwvDq^` �^q¡��yD`�¬���t�`�pDmO�l`�su`Qknmotmoqlmut�y{p6²{t�£l`QknmRp^rQ��`Lkoko��t�su` ��« t�pDmurL�{so`�sR��p��{£�jDmot�vDq^`L_¡`LpDm�£A« rQvDq���mot�yPp
�^q _=y{q^¢P`�_=`�pDmÈ�{�lt�_=`�p�kut�y{p^p^rL` » ) �P¼P½�¦�x�y{q^sÈ��`�£w�^²�t�£8`Qknm,p^rL��`Lkoku�{t�so`©�^`"��y{p^p�� ��mosu`"£w��¢Htmo`Lkok�`
�6« t�p��l`LpPm���mot�yPp

ẋ
`Lp�ª®yPp���mot�yPpÈ�l`8£��¡¢���sot��{�^£�`

x
¦

�e`8£��¡_=¿�_=`eªÇ� ��yPp3vDq^`�~Sy{q^s�£�`8��y{pDmo�P��m�r�£w�{k�mutwvDq^`{²Ht�£�`Lk�m�t�pDmurLsu`Qkuko��pDm �6« t�pDmur��Psu`Ls
~J��s�so�{~^~Sy{sum
¥,£w�È¢���sotw���^£�`

x
q^p^`�~�su`L_¡t�]�so`=ª®y{twk9��¯�p³�l`�ªÇ�{t�so`���~^~J��s����wmuso`¡£A« r�p^`Lsu�Pt�`�_=rL�L��p^twvDq^`��lq�kujlknmo]�_=`{²

E(x)
�

d

dx
(
1

2
ẋ2 +

1

2
x

5
2 ) = −f(v0)x

1
2 ẋ

1
2 =

dE(x)

d x

» ) 2H�µ½
�µ¢P`L�

E(x) =
1

2
ẋ2 +

1

2
x

5
2

» ) 2��P½
§¨`��^t�£w��p¡r�p�`�so�{r�mot�vDq^` ~S`�p��^�{pDm�£w��~^\��Pk�`�l`��yP_=~^su`Qkukut�y{p9~S`�q^mRku`�_=`�m�mosu`}kuy{qJk�£w�eª®y{so_=` kuq^t�¢µ�{pDmu`��

∫ 1

0

dE(x)

d x
dx = −f(v0)

∫ 1

0

x
1
2 ẋ

1
2 dx,

» ) 2 ) ½
£�`8_=`�_9��su`#�l`��lsoy{t�m}��yPsuso`Lku~JyPp��^�{pPm¥¡£Y« r�p�`�so�{t�`8�^t�kok�t�~Sr�`8~J`Lp��^�{pPm}£�`#��\^yl��¦

����p�k�£�`#���Pk �6« q^p,��\^yl�er�£w�{k�mutwvPq�`{²l£w����y{p�ku`�so¢���mut�y{p��l`8£Y« r�p^`Lsu�Pt�`�~S`�so_¡`�m}�l`#�ly{p^p�`�s�£���¢Htmo`Lkok�`
`Lp'ª®yPp���mot�yPpÈ�lqÈ�lr�~^£w�{��`�_=`�pDm}kuy{q�k�£w��ª®y{so_¡`#kuq^t�¢µ�{pDmu`�»®¢Py{t�srLvDq���mot�yPp"»��Q� ) ½n½��

ẋ(x) =

√

1− x
5
2

» ) 2µ�H½
� � � � � � ¸ � � � ��� �"»n��G{¼>2�½�k�q^~�~JyDk�`LpPm-vDq^`�£�`_=y{q^¢P`�_=`�pDmR`�p=~^sorLku`�p���`�l`¢Ht�ko��yDk�t�mur ªÇ��t��^£�`{²

�{« `Qknm�¥}�lt�su`
~JyPq^s��^`Lk�¢µ�{£�`Lq^s�k¨�lq9��yH`�¬���t�`�pDm��^`-so`Lk�mut�muqlmot�yPp�~^soyH��\�`Lk6�l`e�{²Q`Lk�m�¥~S`�q�~^so]Lk6tw�l`LpPmot�vDq^`
�{q�_=yPq^¢{`L_¡`LpDm����p�k�£�`����Pk�r�£w�{k�mutwvPq�`{²^kuy{t�m �

ẋ(x) ≈ ±
√

1 − x
5
2

» ) 2��P½
±
`�m�mo`#\DjH~Sy�mo\^]Lku`8p^y{q�k��y{p��^q^tmc�{£�yPsok�¥¡£A« `Qknmot�_���mot�yPp3kuq^t�¢���pDmu`#�lqÈ��yH`�¬���t�`LpDmc�l`8su`Qknmotmoqlmut�y{p0�

e2n − 1 = −4f(v0)

∫ 1

0

x
1
2 ẋ

1
2 dx ≈ −4f(v0)

∫ 1

0

√

1 − x
5
2x

1
2 dx

» ) 2��P½

§¨`}ªÇ�P��mu`Lq^s����l`L¢���pDm £A« t�pDmurL�{s���£�`}~^soy�¢Ht�`LpPm��lq�ªÇ�{tmvDq^`c£�`��^t�£w��p�r�p^`Lsu�Pr�mot�vDq^`¡» ) 2 ) ½Op6« `Qknm�rL��sut�m vDq^`
~Sy{q�s�£w�3~^\��Pk�`��l`���yP_=~^su`Qkukut�y{p6¦W§¨�3�l`�sop^t�]�so`=t�pDmurL�{s���£�`9`Qknm#r�¢��{£�q^rL`=�{s �{��`¡¥3q^p^`�| `�mo��¤Yª®yPp���mot�yPp
B
²^y{q,kut�£Y« y{p,~^sor�ª®]Lsu`8q^p^` � �{_¡_���¤Yª®yPp���mot�yPp

Γ
�l`8£w��_��{p^t�]Lsu`#kuq^t�¢µ�{pDmu`��

∫ 1

0

√

1 − x
5
2x

1
2 dx =

√

(π)Γ

(

3

5

)

5Γ

(

21

10

) =
2

5
B

(

3

5
,
3

2

)

≈ .5044549
» ) 2�2{½

´ep,���Sy{q^mut�mc��£�y{s�k ¥¡£A« `Qknmot�_���mut�y{p,k�q^t�¢���pDmu`��^q,��yH`�¬���t�`�pDm}�l`#so`Lk�mut�muqlmot�yPp5�

en ≈ 1 − 1.009f(v0)
» ) 2�¼D½
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~^soy{~SyPku`�pDm}��« �{_=r�£�t�yPsu`Ls���`�mumu`�`Qknmot�_���mot�yPp,`�p,su`L£����^��pDm £A« \DjD¤
~Sy�mo\^]Lku`,k�q^s¡£�`3_=yPq^¢{`L_¡`LpDmQ»®rQvDq���mot�yPp » ) 2��{½�½�¦R[¨yPqlm���« ���Sy{s���²�~Sy{q�s¡£w�©~^\��{ku`��^`,��y{_=~^so`Lkok�t�y{p¨²
£A« ��~^~^soyµ�lt�_���mut�y{p9so`Lk�mu` mosu]QkOk�`L_9�^£w����£�`¥#��`L£�£�`�ªÇ��t�mu`~J��s � � � � � � ¸ � � � ��� �"»n��G{¼>2�½�¥#��`Q��t^~^so]Lk
vDq^`8£A« t�p��l`LpDmo��mot�yPp,_=���lt�_���£�`8`�p3~^sorLku`�p���`8�^`#¢Dtwko��yPkut�mur�`Lk�m}~^sutwku`�`Lp3��y{_=~lmo`

xm
²�k�yPtm

ẋ(x) ≈

√

1 −
(

x

xm

)
5
2

, x ∈ [0, xm]
» ) 2�GD½

§-« rQvDq���mot�yPp"» ) 2 ) ½O`Qknmc�{£�yPsok t�pDmur��PsurL`{²l��`�vDq^t����Sy{qlmotm}¥ �

1

2
x

5
2
m − 1

2
= −f(vo)x

3
2
m

∫ 1

0

√

1 − x
5
2x

1
2 dx

» ) ¼{�P½

y ��yPp3����y{p�kutw�lr�sore£w�¡¢���£�`�q^s}kuq^t�¢µ�{pDmu`#�l`#£A« rLp^`�so�{t�`��

E(xm) =
1

2
x

5
2
m, E(xm) =

1

2
ẋ(0) =

1

2

» ) ¼^�µ½
x�y{q�s�£w�}~�\��{ku` �^`
so`Lk�mut�muqlmot�yPp6²µt�£wk�t�pDmosuyl�lq^twku`�pDm�£w�cp�y�mut�y{p¡�l` ����y{£�£�twk�t�y{p9t�pH¢{`Lsoku` ��»Çkutw�L½�¦�±
`�mumu`�p^y�¤

mot�yPp���y{p�kut��^]�so`Oq^p9_=yl�l]L£�`���ql�lt�£�tw��t�so`
�µ¢{`Q�Rq^p¡��_=y{sumutwkuku`�_=`LpPm�p^r��D��mut�ª�t�pH¢{`�s�ku`-�l` £Y« ��_=y{sumutwkok�`L_¡`LpDm
�^q3_=yl�l]L£�`#k�mo��pJ�^��s���²^��`#vDq^t¨��y{p��^q^tmc¥¡£A« rQvDq���mot�yPp3�P�lt�_=`Lp�k�t�y{p�p^r�`#kuq^t�¢��{pPmo`��

dE(x)

d x
= f(v0)x

1
2 ẋ

1
2

» ) ¼P�P½
±
`�m�mo`'rLvDq���mut�y{pÀ`Lk�m�t�pDmurL�{sor�`�~Sy{q^s�y{�lmo`�p^t�s9q^p�k�`Q��y{pJ�©��t�£w��p�rLp^`�so�{r�mutwvDq^`{²¨��y{_=~^£�r�_=`�pDm���t�su`��{q
��t�£w��pÀ» ) 2 ) ½�²^~J`Lp��^�{pPm}£w�¡~^\��Pk�`#�l`#so`Lk�mut�muqlmot�yPp3�µ¢P`L�e£�`Qk}��yPp��lt�mut�y{p�k�{ql�'£�t�_=t�mu`Qk}k�q�t�¢���pDmo`Lk5�

x(0) = 0, ẋ(0) = en
» ) ¼ ) ½

§���kut��{p^t�¯J����mut�y{p�~^\HjHkutwvPq�`8�^`8��`Lk���yPp��lt�mut�y{p�k�{ql��£�t�_=t�mu`Lk}~JyPq^s��`#��\^yl��¢Dt�sumuq^`L£�~^suy�¢Ht�`�pDm �^q�ªÇ�{tm
vDq^`3£A« yPp�kuy{q^\��{tmo`'yP�lmu`Lp^t�s���y{_=_=`�¢Ht�mu`Lkoku`��{�^t�_=`�pJk�t�y{p^p�r�`�¯Jp���£�`{²�£w� ¢���£�`�q�s=�^q���yH`�¬���t�`LpDm=�l`
so`Lk�mut�muq^mut�y{p

en
¦^§¨`8_¡yPq^¢{`L_=`�pDm `Qknm}�lyPp��8��~^~�suyl��\^r��l`#£���_=¿�_=`8_���p^t�]�so`#vPq�`�~S`�pJ�^��pDm£��¡~^\J�{ku`

�^`8��y{_=~^so`Lkok�t�y{p�~���s��

ẋ(x) ≈ en

√

1 −
(

x

xm

)
5
2

, x ∈ [xm, xf ]
» ) ¼��H½

§-« t�pDmurL�{s���mut�y{p"�lq"�P��t�p"`�p"r�p^`Lsu�Pt�`=~S`�p��^�{pDm#��`�mumu` �u��y{£�£�t�kut�yPp t�pH¢{`�s�ku` ��p^yPq�k#��_=]Lp^`�¥'£A« rQvDq���mot�yPp
kuq^t�¢���pDmu`#kuq^s£�`���yH`�¬���t�`�pDm}�l`#so`Lk�mut�muqlmot�yPp0�

1

2
x

5
2
m − e2n

1

2
= enf(vo)x

3
2
m

∫ 1

0

√

1 − x
5
2 x

1
2 dx

» ) ¼P�{½

y ��£A« y{p,����y{pJk�tw�lr�sor8vPq�`

E(xm) =
1

2
x

5
2
m, E(xm) =

1

2
ẋ(0) =

1

2
e2n
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~�\��{ku`Lk��l`-so`Lk�mut�muqlmot�yPp'» ) ¼{�D½�²µy{p9�{�JyPqlmut�m�¥c£Y« rLvDq���mut�y{p�kuq^t�¢��{pPmo`-~Sy{q^s�£�`
��yH`�¬���t�`LpDm��l`
su`Qknmotmoqlmut�y{p0�

en + 2f(vo)Ie
3
5
n = 1

» ) ¼ 2�½
�µ¢P`L�

I
£A« t�pDmur��Pso�{£�`8kuq^t�¢��{pPmo`

I =

∫ 1

0

√

1 − x
5
2x

1
2 dx

» ) ¼{¼P½
�e`�ql�0_=r�mu\^yl�l`QkcyPpPmer�mur¡~^soy{~SyPkur�`Qk~JyPq^s�surQk�yPq��lso`���`�mumu`�rLvDq���mot�yPp �l`�_=�{p^t�]�so`9��p��{£�jDmot�vDq^`��

§���~^so`�_=t�]�so`ckL« �{~^~^q^t�`ekuq^s q^p��lrL¢{`L£�yP~^~J`L_=`�pDm
`Lp'k�rLsut�`c`LpDmut�]�so`�» �  � � � ��·^¸ � � ��	���6· � ²J��G�G{¼D½
vDq^tJp^rL��`Lkok�t�mu`q�p�����£w��q�£�pHq^_=r�sot�vDq^`}�^`Lk-��yH`�¬���t�`�pDmokL²�`�m-£��9k�`Q��y{pJ�l`}k�q�sOq^p���~�~^suyµ�lt�_���pDmO�l`}xR�{�lr
�^y{pDm£�`Qk��yH`�¬���t�`�pDm�k}k�yPpDm�L��£w��q^£�rLk��{p���£�jDmutwvPq�`�_=`�pDmL¦
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`�m�mo`Èk�yP£�qlmot�yPp `Qknm����Pk�rL`
kuq^s�q^p,�lr�¢P`�£�y{~^~S`�_=`LpPm�`�p,kur�sot�`�~���s�s���~^~Sy{sum¥

f(v0)
¦J±
\J�{vDq^`#��yH`�¬���t�`LpPm�r�m���pDm`�p�kuq^t�mu`8���{£���q^£�r

pHq^_=rLsutwvDq^`�_=`�pDmQ¦µae��moq^su`L£�£�`�_=`LpPmQ²���`�sorLkuq^£m���mR`Lk�m�ª®y{sum�~�surQ��twk�`�mO��yPpD¢P`�so�{` �µ¢{`L�-£Y« y{s��lso` �^` £w�8k�rLsut�`{¦
� ��`�m}`��W`�mQ²^q^p^`#p�y{q^¢P`�£�£�`8¢Htmo`Lkok�`#�L��s��{��mor�sot�k�mutwvDq^`

v?
0

`Qknmc�lr�¯�p^t�`��l`8£��=_��{p^t�]Lsu`#kuq^t�¢µ�{pDmu`��

f(v0) =
1

2I

(

vo

v?
0

)
1
5 » ) ¼�GD½

bcp^`�k�yP£�q^mut�y{p�ª®y{so_¡`L£�£�`#�l`#£A« rQvPqJ��mut�y{pÀ» ) ¼ 2{½-~S`�q^m}¿�muso`8_=t�ku`�k�yPq�k�£w�9ª®yPsu_=`#kuq^t�¢��{pPmo`��

e−1
n = 1 + 2f(vo)I(1 + 2f(vo)I(1 + . . .)

2
5 . . .)

2
5

» ) G{�D½
vDq^t�p�`��ly{t�m}~��{k�^t�¢P`�so�{`�s ~Sy{q^s

vo → ∞ ¦
¾Op"sor�`��l~^sot�_=�{pDm���`�m�mo`¡rQvDq���mot�yPp0`�p ª®y{p���mut�y{p©�^q©s���~^~Sy{sum��P�lt�_¡`Lp�kut�yPp^p^r=�l`�¢Ht�mu`Qkuku`{²Wy{p©y{�l¤

mot�`LpDm��

en = 1 − a1

(

vo

v?
0

)
1
5

+ a2

(

vo

v?
0

)
2
5

− a3

(

vo

v?
0

)
3
5

+ a4 . . .
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´ep�`Qknm��ly{pJ�}`�p'~^surQk�`Lp���`e��« q�p'�lr�¢P`�£�y{~^~S`�_=`LpPm `�p'kur�sot�`}`�pDmut�]�so`c�lyPpDm
£�`Lk ��yH`�¬���t�`�pDm�kOy{pDm r�mur
sorLkuy{£�q�kepHq^_=r�sot�vDq^`L_¡`LpDme~��{s �  � � � ��·^¸ � � ��	���6· � »n��G�G{¼D½�¦Wa}yPq�k�p^`�£A« `��l~^£�t���tmo`�soy{p�ke~��{k�tw��t
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sorLkuy{£�¢���pDm�lt�so`L��mu`L_¡`LpDm�£A« rLvDq���mot�yPp"» ) ¼>2�½�» SRyPt�s 6 kuq^t�¢µ�{pDm�½�¦
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� §�� ku`L��y{p��l`3vDq^`'p^yPq�k¡��£�£�yPp�k9sorLkuq^_=`�s
tw��t8kL« �{~^~^q^t�`"kuq^s3q^p �{~^~^soyµ�Ht�_���pDm��l`"xR�{�lrP¦±
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 !�	 ¦#»n��G�G=GP½�²
��`��lrL¢{`L£�yP~^~J`L_=`�pDm¡�0muy{q^mu`Lk¡£�`Lk¡��\���pJ��`Lk���« ¿�muso`��^t�¢P`�so�{`�pDm¡~JyPq^s

vo → ∞ ¦-±e« `Lk�m�~Sy{q^s�vDq^y{t t�£wk
~�suyP~JyDk�`LpPm��« qlmut�£�t�ku`�s}q�p ����¤Z� �n��~�~^suyµ�lt�_���pDm-�l`#xR�{�lrP²^vDq^t¨�lyPp^p^`8�^t�`�p,£�`Qkso`�£w��mut�y{pJk kuq^t�¢���pDmu`Qk5�

lim
v0→0

en(v0) = 1, lim
v0→∞

en(v0) = 0
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en =

1 + d1
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0

)
1
5

1 + d2
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0
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1
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+ d3
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0

)
2
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+ d4
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vo
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0

)
3
5

+ d5
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4
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§-« rL¢µ�{£�qJ��mut�y{p3pHq^_=r�sot�vDq^`#�l`Qk}��yH`�¬���t�`LpDmok�`�p�ª®y{pJ��mut�y{pÈ�l`
I
��y{p��^q^tmc�{ql�'sorLkuq^£�mo��m�kk�q�t�¢���pDm�k5�

d1 = 2.5839

d2 = 3.5839

d3 = 3.9839

d4 = 1.1487

d5 = 0.3265

� �^Æ�0 0��lÃA0YÂ / / �����,� 0�;���* �¯�p �l`�_=t�`�ql� ��y{_=~^so`�p��^su`�£�`Qk��lt��Wr�so`�pDmu`Qk�`Qknmot�_���mut�y{p�k�`�m=\HjD~Sy�¤
mo\^]Lku`Lk,�Pkukuyl��t�r�`Lk,vDq^t#yPpPm,r�mor"ªÇ��t�mu`LkL²y{p ku`©~^soy{~SyPku`À�^��p�kÈ��`�mumu`À~���sumut�`À�l`³�ly{p^p�`�sÈvDq^`�£wvDq^`Lk
`��l`�_=~^£�`Lk�pHq^_=r�sot�vDq^`Qk�l`#��yP_¡~J��s���twk�yPp'sorL��£�twk�r8k�yPq�k}hl��t�£w���6¦

����p�k}£�`Qkk�t�_9q^£w��mot�yPp�kvDq^t�¢{yPpDmkuq^t�¢Hsu`P²l£�`8ªÇ�P��mu`Lq^s
f(v0)

�¡r�mur���\�y{twk�t6�l`8£w�¡ª®y{so_=`8kuq^t�¢���pDmu`��

f(v0) = K v
1
5
0

» ) G��H½
y �

K
`Qknm}q^p,~��{so�{_=]�muso`8�lr�~S`�p�����pDm}�l`Lk}�^y{p^p^rL`Lk�_���mor�sot�`L£�£�`LkL¦

§¨`LkRsorLkuq^£�mo��m�kR~Sy{q^s
K = 0.2

`�m-q^p�`rL��\^`L£�£�`}�l`}¢Ht�mu`Lkoku`¢µ�{sutw��pDmO�l`
0.1

¥
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_ ��k-k�yPpPmOso`�~Sy{sumurQk

kuq^s£w��¯��{q^so`=� 2l¦
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�µ¢P`L�e£�`Qk�¢Htmo`Lkok�`Qk�¦
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en = 1

²Qku`�q�£�`
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6 2H¦×�l¦ ) ¦^¾-p�k�q�tmo`{²Wp^y{qJkc�lyPp^p^`�soy{pJk}q^p^`�`Lk�mut�_���mut�y{p0�^q ��yH`�¬���t�`LpPm8�l`9so`Lk�mut�muq^mut�y{pÈ~Sy{q^s�£Y« t�_¡~J�{��m
`LpDmuso`¡�l`Lql� ku~^\^]�so`Lk8�lyPpDm�£�`���y{_=~Sy{sumu`L_¡`LpDm�`Qknm#k�q�~^~JyDk�r=¿�muso`�rL£��Pknmoy{~^£w�{k�mutwvDq^`{¦S¾Opl¯�p¨²�p^y{q�k8`Qkn¤
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���Ï·^¸�²O��GP�l�µ½�¦%�¯Jp��l`�~^sorL��twku`�s#��`�m�mu`�so`�_��{sovDq^`P²�so�{~^~J`L£�yPp�k8q^p^`=ª®yPsu_=`�k�mo��pJ�^��s��©�^qÀ��sut�mu]Lsu`��l`
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J2(σ) =
1

6

[

(σ1 − σ2)
2 + (σ2 − σ3)

2 + (σ3 − σ1)
2
]

= k2 =
σ2

0
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y �

σ0
`Lk�m}£��=��y{pDmus���t�pDmu`#��« rL��yPq^£�`�_=`�pDmq^p^tw�lt�su`Q��mut�y{p�p^`�£�£�`8`Lp�moso�P��mot�yPp�`�m
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σi
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max {|σ1 − σ2|, |σ2 − σ3|, |σ3 − σ1|} = 2k = σ0
» ) G 2{½

§¨`Lk��yPpDmus���t�pPmo`Lk £�`#£�yPp^���l`#£Y« ���l`
z
k�yPpDm�^y{p^p^rL`Lk�~��{s£�`QkrLvDq���mut�y{p�k8»A� G{�D½�²�kuy{t�m

σr

p0
=

σθ

p0
= −(1 + ν)

(

1 − z

a
arctan(

a

z
)
)

+
1

2

(

1 +
z2

a2

)−1 » ) G{¼D½

σz

p0
= −

(

1 +
z2

a2

)−1 » ) G�GD½
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2τ1 =
σr − σz
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=
σθ − σz
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= −(1 + ν)

(
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arctan(

a

z
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)

+
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1 +
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´ep��ly{p^p�` kuq^s�£��}¯��{q^so`c�Q¼}£�`-~^soy�¯J£D�l`Qk���y{pDmoso�{t�pDmu`Qk6`Lp�ª®y{pJ��mut�y{p��l`
£w�}~�suy{ª®y{p��l`Lq^s��{�lt�_=`�p�kut�yPp^p^rL`
λ = z/a
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λ
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∂

∂λ
(2τ1) = −(1 + ν)
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arctan(λ) − π

2
+

λ

λ2 + 1

)

− 3λ

(λ2 + 1)2
»®�D�^�µ½

§��ckuy{£�qlmut�y{p¡�l`���`�mumu`�rLvDq���mut�y{p#ª®yPq^sop^tmO�lyPp��
£��c~^suy{ª®y{p��^`�q^s�¥c£w�{vDq^`L£�£�` £�` _����lt�_�q^_ `�p¡��yPpPmoso�{t�pDmo`
�^`}��twku�{t�£�£�`L_=`�pDmR`Lk�m-��m�mo`�t�pDmL¦PhHyPp�`��l~^su`Qkukut�y{p=��p��{£�jDmutwvDq^`�`�p�ª®y{p���mut�y{p��l`

ν
p^`}ku`�_��^£�`�~��Pk�musot�¢Dtw��£�`{¦

´ep��^y{p^p^`�k�q^s�£��È¯��{q^so`0��G^²6£�`'sorLkuq^£�mo��m¡�l`�£w�0sorLkuy{£�qlmut�y{pÀpHq^_=r�sot�vDq^`�k�yPq�k9hl��t�£w��� �{t�pJk�t vPq�`�£�`
~�suy{¯�£6�l`Lk��y{pDmus���t�pDmu`Qk
`Lp3ª®y{p���mut�y{p,�l`

λ
¦

§¨`�_����lt�_9q^_ �^`¡��y{pDmus���t�pDmu`Lke�l`���twku�{t�£�£�`�_=`�pDme`Qknm#�lyPp���mosuyPq^¢{r¡k�yPq�ke£���k�q^suªÇ�{��`¡�^`¡��y{pDmo�P��mL¦
�}¯�pÈ�l`8¯^�l`�s£�`Lk�yPso�^su`Qk �^`#�{s���p��l`Lq^sQ²P~Sy{q^s

ν = 0.3
²H£��=~�suy{ª®y{p��l`Lq^s�y��

J2
`Qknm}_����Ht�_9q�_4¢���qlm��

λmax(ν = 0.3) =
z

a
= 0.4808645

»Ç�P�P�P½
~Sy{q�sq^p^`���yPpDmus���t�pPmo`��P�lt�_¡`Lp�kut�yPp^p^r�`8¢���£w��pDm��

τ1max

p0
= 0.3100205
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_=y�jP`�p^p^`8¥¡~���sumut�s}�l`#£w�{vDq^`L£�£�`8£�`#��sot�mu]�so`#�l`#~^£w�{k�mutw��t�mur8`Lk�mc��mumu`Lt�pDm}¢���qlm

p0 =
σ0

2τ1max

»®�D���H½

kuy{t�m~JyPq^s
ν = 0.3

p0 = 1.6127966σ0
»®�D�P�P½

´ep,¢{yPtmcvDq^`#£w�=~^so`Lkok�t�y{p3_=y�j{`Lp^p^`{²
pm
²�`Lk�mcsu`L£�t�r�`8~��{s}q^p^`���y{p�k�mo�{pDmu`8�{rLy{_=r�mosutwvDq^`#�{�lt�_=`�pl¤

kut�y{p^p^rL` ¥e£w�e��y{pDmus���t�pDmu`-£�t�_¡t�mu`¥e£Y« rL��y{q^£�`�_=`LpPmQ¦µ¾Op9mo`�p��{pDm���y{_=~lmu`��l`�£A« rQvPqJ��mut�y{p¨²H» 2�¼D½�²�y{p�p^y�mo`�s��
����p�k�£w�=k�q^t�mu`���`�mumu`���yPp�k�mo��pDmo`

CY
kuy{t�m � �	�

pY = CY σ0
»®�D�{�D½

� �^�'0�*�0�*H� O�Å�+6Æ�0 / 0��(*H�'0 K ��O *H� 6 � ���^ÆYÆ�7HÆ *H� ´ep�`�pH¢Htwku�{�{`��^�{p�k9��`�~���s����Pso�{~^\^`=£�`����Pk9�l`
�^`�ql�'��jD£�t�p��lso`Lk
r�£w�{k�mutwvPq�`LkL¦D§¨`Lk���yPpPmoso�{t�pDmo`Lk-kuy{pDm�ly{p�p^r�`Qk-~��{s�£�`Qk-rQvPqJ��mut�y{pJke»Y� 2��P½�¦^�e`e£w�9_=¿L_¡`
_��{p^t�]Lsu`P²Wy{p"~J`Lqlm�_=y{pDmuso`�s#vDq^`=£�`Qk#��yPpPmoso�{t�pDmo`Lk��l`���twku�{t�£�£�`L_=`�pDm��n~^sot�p���t�~���£�`Lk���kuy{pDm#_=���lt�_���£�`Lk
kuq^s£A« ���l`

z
¦^��« �{~^su]Qk�£�`Qk�rLvDq���mut�y{p�k#»Y� 2��P½�²l£�`Lk}��y{pDmus���t�pDmu`Lk�kuq^s£A« ���H`

z
kL« rQ��sot�¢P`�pDm��

σx = −p0

a

[

(a2 + 2z2)(a2 + z2)−
1
2 − 2z

] »®�D� 2{½

σz = −p0a(a
2 + z2)−

1
2

»®�D�{¼D½
±
`Qk��yPpPmoso�{t�pDmo`Lk�k�yPpDm�^`Lk��yPpDmus���t�pPmo`Lk ~^sot�pJ��t�~���£�`Lk�lyPp���£��=��y{pDmus���t�pDmu`#�l`#��twku�{t�£�£�`�_=`�pDm}k�« rL��sut�m��

τ1 =
p0

a

(

z − z2(a2 + z2)−
1
2

) »®�D��GD½
kuy{t�m}�l`#_���p^t�]�so`8�{�lt�_=`�p�kut�yPp^p^rL`��

τ1
p0

= λ− λ2(1 + λ2)−
1
2

»®�J�L�D½

§��¡�^r�sot�¢Pr�`8~���ss���~�~JyPs�m¥
λ
�ly{p�p^`��ly{pJ�	�

1

p0

∂τ1
∂λ

= 1− 2λ

(1 + λ2)
1
2

+
λ3

(1 + λ2)
3
2

»®�J�{�µ½

§¨`c_����lt�_9q^_%�l`Qk
��y{pDmus���t�pDmu`QkO`Lk�m �^y{p��e��m�mo`�t�pDm t�p��lrL~J`Lp��^��_=_=`�pDm�l`
ν
~JyPq^s��l`Lk
¢���£�`�q^s�k
�L��£w��ql¤

£�r�`Qk�pHq^_=r�sot�vDq^`L_¡`LpDmkuy{qJk}hl��t�£��{�0�

λmax = 0.7861514, τ1max = 0.3002831
»Ç���Q�P½

´ep0�lyPp^p^`�kuq^s}£w�¡¯��{q�su`9�{�=£����ltwk�musot��^q^mut�y{p0�l`Qk}��yPpPmoso�{t�pDmo`Lk�{�^t�_=`�pJk�t�y{p^p�r�`Lk}`�p3ª®y{p���mut�y{p0�l`
λ
¦
Y � � � 5 #×Ò���#%(nÓ Y ØAÓ�Û1&�� �nÛÇÓ
����� #×ÓnÕ%���
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x�y{q�s�£�`��sotmo]�so`
�l`[�su`Qku�L�^²Qy{p�y{�lmot�`LpPmR�lyPp��-q�p^`�~^su`Qkukut�y{p�_=y�j{`Lp^p^` �l`k�q^suªÇ�{��`
¥e£Y« rL��y{q^£�`�_=`LpPm
~�£��Pknmot�vDq^`8t�p��lr�~S`�pJ�^��pDmc�l`

ν
kuy{t�m��

p0 =
σ0

2τ1max

= 1.6650953σ0
»®�J� ) ½

x�yPq^s
£�`8��sotmo]�so`e�l`ESRy{p'd0t�ku`LkL²H£���musoy{twk�t�]�_=`e�^t�so`L��mut�y{p�~^sot�p���t�~���£�`8�l`e��y{pDmus���t�pDmu`Lk
`�pDmosu`e`�p�zn`Lq'`Lp
�^r�ª®y{so_���mot�yPp�k ~^£��{p^`LkL¦J±
`�mumu`8mosuyPt�kut�]L_=`8��y{pDmus���t�pDmu`�~^sot�p���t�~J��£�`�¢��{qlm��

σ3 = ν(σ1 + σ2)
»®�J���H½

h^��p�k9`�pDmuso`�s¡�^��p�k9£�`Qk9�lr�mo�{t�£wk��^q ���{£���q^£
�lq���sotmo]�so`'�l`#SRyPp�dÈtwk�`Qk�²�y{p��lyPp^p^`3k�q^s�£��È¯��{q^so`��^�
vDq^`L£�vDq^`Qk�¢���£�`�q^s�k��l`

J2/p0
`�p ª®y{pJ��mut�y{p �^`È£��À~^soy�ª®yPp��l`Lq^s

λ
¦´ep �ly{p^p�`0k�q^s'£��"¯��Pq^so` �{�©£��
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ν = 0

ν = 0.2

ν = 0.3

ν = 0.5

λ

J
2
/
p
0

������ W�^��� � � !�	 �'!��	����N���
J2/p0

�
� )�� �R�
�	�� �
λ
%D� ������	 � � ���
�' ��� � !�	 �
���W�����

ν

~�suy{ª®y{p��l`Lq^s�¥�£w�{vDq^`�£�£�`e£�`e_����Ht�_9q�_4�lq���sut�mu]Lsu`�`Lk�m���m�mo`�t�pPm��t�p�kut�vPq�`e£w��¢���£�`�q�s��^`���`e_����lt�_9q^_,²
J2/p

2
0max

`�p�ª®y{p���mut�y{p �l`
ν
¦Rx�y{q^s=�l`,¢���£�`�q^s�k=�l`

ν
t�p^ª®r�sot�`Lq^su`Qk=¥

0.195
²�y{p���y{p�k�mo��mu`,vDq^`3��`

_����Ht�_9q�_�`Lk�m}sorL��£�twk�r#¥=£w��k�q^suªÇ�{��`��l`���yPpDmo�{��mL¦^x�yPq^s}�l`Lkc¢���£�`�q^s�kk�q�~JrLsut�`�q^so`LkL²l£�`�_����lt�_�q^_�`Qknm
q�p^`8ª®y{p���mut�y{p3£�`LpDmu`�_=`LpPmc�^rL��soy{twkoku�{pPmo`e�l`

ν
¦/� mut�muso`���« t�plª®yPsu_���mut�y{p6²l~Sy{q^s

ν = 0.3
²l£�`#��sut�mu]Lsu`8`Lk�m
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���( �L�D�

sorL�{£�twkure~Sy{q^s£w�=~^so`�_=t�]�so`cª®yPt�k~Sy{q�s��

λmax = 0.7042916,
J2

p2
0

= 0.1036081, p0 = 1.7936698σ0
»®�J�Q�P½

� �^� 0�*H��6���Â � ÆÇ� S� / �,���^� O §¨`8�L�{k��l`Qk�~^suy{¯�£wk
�Pr�p^rLso�{ql��~S`�qlm}¿�muso`�¢Hq,��yP_¡_=`8q^p,���Pk�t�pDmu`Ls�¤
_=rQ�lt��{t�so`c`LpDmuso`c£�`��L�{k��l`8�l`�ql�'kuy{£�tw�l`Lk �l`�surL¢{y{£�qlmot�yPp���qlmoy{q^s��l`�£Y« ���l`

z
`�m��l`Lql�'��jH£�t�pJ�lsu`Qk
�6« ���H`

~J��s���£�£�]L£�`P¦�´ep�kL« ��m�mo`�p��=�lyPp���¥8¢{y{t�s�r�¢Py{£�q^`�sR£w��~^suy{ª®y{p��^`�q^sO��« rL��y{q^£�`�_=`LpPmR`�mO£��8~^so`Lkokut�yPp9£�t�_=t�mu`}`Lp
ª®yPp���mot�yPp'�l`e£Y« `��^��`LpDmusot���tmore��« q^p��L�{k-¢{`�s�kO£A« ��qlmosu`P¦Hhl�{p�k
`�pDmuso`�s �^��p�k
~^£�q�k �l`��^r�mo�{t�£wkL²P£�`Lk
surQk�q�£m���mok
yP�lmu`LpHq�k�~���s#rL¢µ�{£�qJ��mut�y{p©pHq^_=r�sot�vDq^`=�l`Lk8rQvDq���mot�yPp�k�»Ç��� 2�½�» � � � � � ·^¸ � � � � ��� ����� ²��AGP�{¼P½ek�yPpDm
�^y{p^p^rQk�^��pJk�£�`8m����^£�`L�{q,�^¦

b/a
� ��¦ � �^¦ � ��¦ � �^¦ ¼ �{¦ �

z/b
�^¦ 2�¼D� ��¦ 2��D� �^¦ �{�P� �^¦×� GP� ��¦ � ) � �^¦ �P¼P�

(τ1)max/p0
�^¦ ) �P� ��¦ ) �{� �^¦ ) �P� ��¦ ) � ) �^¦ ) � 2 �^¦ ) �Q�

� � �  W�0� ��! ��!��
 � ��	 ���		�
�'� ��� 	�# � �W����	 �
$ �
�' % 	M! ���		�
�'�P��� )����R�
�	���� �=� 	�# ��">�W�
�'���	���	� �

��� 3��M9 Á�Â 0 7DÆ * 0 KM0 / 0�* / Ã!�^ÃA0ÇÂ / �HÆ �^�LÃLÂ�6�Æ �^�LÃA0�;���*�* / Ã���Â�0Y�P6 @��^� *D�
����p�k¡��`�m�mo`'~��{s�mot�`P²�p^yPq�k9�{£�£�y{pJk�~^sorLku`�pDmu`Ls9£�`Lk9~^sut�p���t�~��{ql�ÀsurQk�q^£�mo��mok¡��yPp���`Lsup��{pDm�£�`�_¡yl�l]L£�`

�6« t�p��l`LpPm���mot�yPp'r�£w�{k�muyP~^£w�{k�mutwvPq�`c�lr�¢P`�£�y{~^~Sr�~���s  � 	�� � � �
 ! 	 ¦�»n�AG{�D�P½R~^q^twk ~���s"� � ¸ 	�� »n�AGP���H½R`�m
� � � � 	 ����»n�AG>2��D½�¦

� ��� / 0�*D�,Æ�0  / *H� 0�� ��Â�0:7HÆ * ±
yP_¡_=`¡p^y{qJke£A« �µ¢{y{pJke�lr�z�¥3`��l~^sot�_=r{²W£�`=_¡yl�l]L£�`=kL« �{~^~^q^t�`¡kuq^s
q�p3~�suyl��`Qkukuq�k��l`��lr�ª®y{so_���mut�y{p�`�p3musoy{twk�~^\��Pk�`Qk5�
�P½'q^p^`#~^\J�{ku`�rL£��Pknmot�vDq^`#vDq^t¨��y{sosu`Qk�~Sy{pJ�'¥¡£��=kuy{£�qlmut�y{p,�l`�Éc`�sumuÊ{²
�J½�q^p^`À~^\��Pk�`ÀrL£��Pknmoy{~^£w�{k�mutwvDq^` y � £A« rQ��yPq^£�`L_=`�pDmÈ~^£��Pknmot�vDq^`"`Lk�m0��yPpl¯�p^r³kuy{q�k3£w� kuq^suªÇ�{��`"�l`

��yPpPm��{��mL²
�L½'q^p^`"�l`�sop^t�]�so`È~^\��{ku`È~^£�`�t�p^`�_=`LpPm�~^£��Pknmot�vDq^` y�� £A« rQ��y{q�£�`L_¡`LpDm'��m�mo`�t�pDm'£�� k�q^suªÇ�{��`È£�t��^so`0`�m
k�« r�mo`�p��3`Lp�k�q�tmo`���q,�l`�£w¥=�l`#£��¡ÊLy{p^`#�l`���y{pDmo�P��m

� ��`Lkemusoy{twk�~^\��{ku`LkL²W£�`¡~^soy{�^£�]�_=`=�l`=£��3�lrQ��\���so�{`�r�£w�{k�mutwvPq�`¡ku`�s��'`LpH¢Dtwko���{r���¯�pÀ�l`=surL~JyPp��lso`��{q
~�suyP�^£�]L_=`�~SyPkur8~���s£�`Lk�t�_=~��{��mokL¦

§-« `Lp�k�`L_9�^£�`��l`Qk�surQk�q^£�mo��mokvDq^t6¢Py{pDm}k�q�t�¢Hso`�k�« ��~^~�£�twvDq^`#��q3~^suyP�^£�]�_=`��l`���yPpDmo�{��mt�p^t�mutw��£�`�_=`LpPm
~Sy{pJ��muq�`�£A¦l´ep'�^y{p^p^`Lso�8`Lp�¯�p3�l`c~��{so�{�{s���~^\�`��6« �{qlmuso`Lk-surQk�q^£�mo��mok
�lq�k ¥ � ��� � � ¹�¸����$��·,»n�AG=G{¼D½
��y{p���`�sop���pDm�£�`���y{pDmo�P��m�r�£w�{k�muyP~^£��Pknmot�vDq^`8`Lp3�lr�ª®y{so_���mut�y{pJk�~^£��{p^`LkL¦

4 @��^� * 0�* 0�� �ZÂ ��� �lÃA0YÂ / �DÆ �^�LÃA0�;���* §���~^\��Pk�`¡�l`=�lr�ª®yPsu_���mot�yPpÈr�£w�{k�mutwvDq^`�kuq^t�m�£w��mo\^r�yPsut�`��l`
Éc`�sumuÊ#�lq,��yPpPm��{��mL¦J±
y{_=_=`8y{p3£Y« �¡¢Hq3�^�{p�k�£�` 6 ~^sorL��rL�l`LpDmL²l`�£�£�`�~�su`Lp���¯Jp�£�y{s�kuvDq^`8vDq6« q^pÈ��sotmo]�so`
�^`c~^£w�{k�mutw��t�mure`Lk�m ��mumu`Lt�pDm ����p�k
£�`e_���murLsutw��q¨¦H´ep�p^y{mu`e£��#~�su`Qkukut�yPp�_=y�j{`�p�p^`}£�y{s�kuvDq^`c��`e��sut�mu]Lsu`}`Qknm
��m�mo`�t�pPmckuy{qJk
£w�¡ª®y{so_=`#k�q^t�¢���pDmu`��

pY = CY σ0
»®�J�L�D½
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x�y{q�s8��`�mumu`¡¢µ�{£�`Lq^s#�l`¡~^su`Qkukut�y{p6²S£Y« t�p��l`�pDm���mut�y{p
δY

`�m#£w�'��\��{su�P`
PY

~S`�q�¢{`�pDm#k�`¡_=`�mumuso`¡kuy{q�k
£w��ª®y{so_=`8kuq^t�¢���pDmu`��

δY
R

=

(

3π

4

)2(
CY σ0

E∗

)2 »®�J� 2{½

PY

CY σ0R
2 = π

(

3π

4

)2(
CY σ0

E∗

)2 »®�J�L¼D½

�}¯�p ��« `Lk�mut�_=`�s�£�`'��yH`�¬���t�`LpDm9r�p^`Lsu�Pr�mot�vDq^`��l`�so`Lk�mut�muq^mut�y{p6²�t�£
p^y{q�k9k�`Lso�È�{q�kukutOp^rQ��`Qkuko��t�su`��l`
��y{p^pJ���wmuso`�£Y« r�p�`�so�{t�`9r�£w�{k�mutwvDq^`�k�muyl� �Pr�`�����p�ke£�`¡_���mor�sot��{q6¦W±
`L£�£�`�¤°��t�~S`�qlm#k�« rL��sut�so`�`�p ª®y{p���mut�y{p©�^q
moso�µ¢��{t�£��l`#£w��ª®y{s���`8r�£w�{k�mutwvDq^`8~J`Lp��^��pDmc��`�m�mo`#~^\��Pk�`��

WY

E∗R3 =

∫ δY /R

0

P (δ′/R)

E∗R3 d

(

δ′

R

)

=
8

15

(

δY
R

)
5
2 »®�J�AGD½

kuy{t�m}k�yPq�k ª®y{so_=`#�{�lt�_=`�p�kut�yPp^p^rL`��

WY

R3CY σ0

=
2π

5

(

3π

4

)4(
CY σ0

E∗

)4 »®�H���D½

4 @��^� * 0�* 0�� �ZÂ/��� �lÃ�0ÇÂ / �HÆ �^��ÃQÂ'6�Æ ����Ã�0�;���* � ±
`�mumu`R~^\J�{ku`Ok�« ��~^~�q^t�`Okuq^s6£A« \DjH~Sy�mo\^]Lku`OvDq^`R£Y« rL��y{ql¤
£�`�_=`LpPm ~^£w�{k�mutwvPq�`cso`Lk�mu`c��y{pl¯�p�r�`e����p�k
q^p^`eÊ�y{p�`{²Hk�q^~�~JyDk�r�k�~^\�r�sot�vDq^`ckuy{qJkO£w�9kuq^s�ªÇ�P��`c�^`���y{pDmo�P��mL¦
´ep�kuq^~^~SyPku`c��£�y{s�kRvDq^`£A« r�mo��m �l`Lk
��y{pDmoso�{t�pDmu`QkR�^��pJkR£�`c_=��murLsutw��q=~S`�q^sO¿�muso`ckur�~��{sur�`�p=mosuyPt�kOÊ�y{p�`Lk5�

� b}p ���#q^seku~^\^rLsutwvDq^`��l`�so�µjPy{p
a
kuy{q�kc£���kuq^suªÇ�{��`��l`9��yPpDmo�{��mcy��È£�`Lke��yPpPmoso�{t�pDmo`Lk}kuy{pDmckuq^~l¤

~JyDk�rL`Lk�¿�muso`�\Hjl�lsoyPk�mo��mutwvPq�`Lk��l`#~^so`Lkok�t�y{p�r��D��£�`8¥
p̄
²

� q^p^`8Ê�yPp^`�\^`�_=t�¤Zku~^\^rLsutwvDq^`{²l��yP_=~^sutwku`e`LpPmosu`�£�`�s��µj{yPp
a
`�mq^p3so�µjPy{p

c
y���£Y« y{p,kuq^~^~SyPku`�vDq^`

£�`���y{_=~Sy{sumu`�_=`LpPm`Qknmr�£w�{k�muyP~^£w�{k�mutwvPq�`�~J��suªÇ��t�mL²
� b}p^`e�l`�sop^t�]�so` ÊLy{p^`~Sy{q�sO�l`LkRs��µj{yPp�k�k�q�~JrLsut�`�q^s�kR¥

c
y��=£A« yPp=kuq^~^~SyPku`vDq^`£�`e��y{_=~Sy{sumu`L_¡`LpDm

su`Qknmo`8r�£w�{k�mutwvPq�`{¦
����p�ke£w��Ê�yPp^`9\�`�_=t¤°ku~^\^r�sotwvPq�`{²�£�`Lk���yPpDmus���t�pPmo`Lkek�yPpPm�k�q^~�~JyDk�rL`Lker��P�{£�`Qk}¥'��`�£�£�`Qke�6« q^p�`�~^\J�{ku`

~�£��Pknmot�vDq^`#�^�{p�k�q^p,_=t�£�t�`Lq,r�£w�{k�mutwvPq�`�t�pl¯�p�tY²�kuy{t�m}��« ��~^so]Lk#»A¶ � � � ²���GP�{�P½+�

σr

σ0
= −2 ln

( c

r

)

− 2

3
, a ≤ r ≤ c

»®�D�^�Q½

σθ

σ0
= −2 ln

( c

r

)

+
1

3

»®�H�{�P½

����p�k}£��¡Ê�yPp^`8r�£w�{k�mutwvDq^`8`��HmurLsut�`�q^so`{²l£�`Lk��y{pDmus���t�pDmu`Qk kuy{pDm}kuq^~^~SyPkur�`Lk�^`�£w�¡ª®y{so_=`#k�q^t�¢���pDmu`��

σr

σ0
= −2

3

( c

r

)3

, r ≥ c
»®�H� ) ½

σθ

σ0
=

1

3

( c

r

)3 »®�H���H½

Ë®Ì�Í6ËÏÎ
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� £��'£�t�_=tmo`��lq � �#q�se\Hjl�lsoyPk�mo��mot�vDq^`P²�£w�'~�su`Qkukut�yPpÈ\HjH�^suyDknm���mutwvDq^`�`Qknm8�ly{p^p�r�`¡~���s�£�����yP_¡~Sy�¤
ko��pDmo`�s��{�^t��{£�`8�l`Lk��y{pDmus���t�pDmu`Qk
~Sy{q�s

r = a
k�yPtm��

p̄

σ0
= −σr(r = a)

σ0
= 2 ln

( c

a

)

+ 2/3
»®�D�P�{½

¾Op�kuq^~^~SyPko��pDmOvDq^`£w���^r�ª®y{so_���mot�yPp�~^£w�{k�mutwvDq^`�`Lk�mOt�pJ��y{_=~^so`Lkokut��^£�`{²{¶ � � � »n�AGD���D½6yP�lmut�`�pDmO£A« rL¢{y�¤
£�qlmot�yPp,�^q�s��µj{yPp��l`#£w�¡Ê�y{p�`�rL£��Pknmoy{~^£w�{k�mutwvDq^`�`�p3ª®y{p���mut�y{p,�lq,so�µjPy{p3�l`#��y{pDm��{��m��

da

dc
=

σ0

E∗

[

3(1 − ν)c2

a2 − 2(1 − 2ν)a

c

] »®�H���D½

§��9_=¿L_¡`#`��l~^su`Qkukut�y{p�~S`�qlm}¿�muso`8y{�lmo`�pHq^`#�l`8_���p^t�]�so`8~^£�qJk��{r�p�r�s���£�`e��yPp���`LsupJ��pDm £�`#�lr�~�£��P��`�_=`LpPm
s��{�^t��{£W����p�k�£w�=~���sumut�`8r�£w�{k�muyP~^£��Pknmot�vDq^`��

du(r)

dc
=

σ0

E∗

[

3(1 − ν)c2

r2
− 2(1 − 2ν)r

c

] »®�H�=2{½

¾Op�kuq^~^~SyPko��pDm��l`�~^£�q�kL²¨vDq^`=£��È�^r�ª®y{so_���mot�yPp"�lq³���#q^s#`Lk�m#t�p���y{_=~^so`Lkok�t��^£�`{²�£w�È��yPp�k�`Lsu¢���mut�y{p
�^`8kuy{p3¢{yP£�q�_¡`8p^yPq�k��yPp��lq^t�mc¥

2πa2du(a) = πa2dδ = πa2 a

R
da

»®�H��¼P½
¾-p qlmot�£�t�ko��pDm8£Y« rLvDq���mut�y{p »Ç�D�{�P½`�m�£A« rLvDq���mot�yPp©�l`¡��yPp�k�`Lsu¢���mut�y{p �lq©¢{yP£�q^_=`P²JyPp0y{�lmot�`LpDm�q^p�`�`Qknmot¤
_���mut�y{p,�lq,so�{~^~JyPs�m

c/a
k�q^t�¢���pDmu`��

E∗a

Rσ0
= 6(1 − ν)

( c

a

)3

− 4(1 − 2ν)
»Ç�D��GP½

hHt�£A« yPp k�q�~^~JyDk�`©�l` ~^£�q�k�vPq�` £w���lr�ª®yPsu_���mut�y{p r�£w�{k�mutwvDq^` �l`"��yP_¡~�su`Qkukut�yPp `Lk�m'p^r��P£�t��{`Q���^£�`{²
£�`'_���mur�sotw��q³~S`�qlm���£�y{s�k#¿�mosu`3��yPp�k�tw�lrLsurL`'��yP_¡_=`�t�p���y{_=~^so`Lkok�t��^£�` »

ν = 0.5
½�¦O´ep³y{�lmot�`LpDm=�{£�yPsok

£A« `Lk�mut�_=��mut�y{p,�l`
c/a

k�q^t�¢���pDmu`��
c

a
≈
(

E∗a

3Rσ0

)
1
3 »®� ) �D½

§���~�su`Qkukut�yPp3����p�k�£�`#� �#q^s¢���q^mck�q^t�¢���pDm}��`Qk�\DjH~Sy�mo\^]Lku`Lk��

p̄

σ0
= 2/3

[

1 + ln

(

E∗a

3Rσ0

)] »®� ) �µ½

¾Op�mu\�r�y{sot�`{²R��`�m�mu`,~^so`Lkokut�yPp k�q�~^~JyDk�rL`�q�p^tª®yPsu_=`,�^��pJk�£�`,� �#q^s=\Hjl�lsuyDknm���mot�vDq^`3�l`�¢Hs���t�m�¿�mosu`
rL�P�{£�`�¥,£w�,~^su`Qkukut�y{pÀ_=y�j{`�p�p^`��l`'��yPpDmo�{��m

pm
¦��°£
ku`=musoy{q�¢{`�vDq^`�£A« r�mo��m9�^`Lk9��y{pDmus���t�pDmu`Qk#k�yPq�k8£��

kuq^suªÇ�{��`,�^` ��yPpPm��{��m=p¨« `Qknm'~J�{k�sor�`L£�£�`�_=`�pDm�\Hjl�lsuyDknm���mot�vDq^`,`�mQ²-`Lp sorL�{£�t�murP²-ku`,musoy{q^¢P`3~�suyl��\^`0�l`
£A« rL��yPq^£�`�_=`�pDm~^£w�{k�mutwvPq�`{¦ � � � � 	 ����»n��G 2��P½-~^suyP~JyDk�`�~^£�qlm �{mc�l`8su`L£�t�`�s£w�¡~^so`Lkok�t�y{p3�l`#��y{pDm��{��m¥¡£��
��y{pDmus���t�pDmu`�so�P�ltw��£�`�kuq^suªÇ�{��`P²^��`#vDq^t6~S`�qlmckL« rL��sot�su`#��t�p�kut��

pm = p̄+
2σ0

3

»®� ) �P½

Í�Í Ò�T'UWV�X�Y



�Q�{¼ � �W!�������� � ���
	 	�!� �

kuy{t�m
pm

σ0
= 2/3

[

2 + ln

(

E∗a

3Rσ0

)] »®� )�) ½
¾OpÀrQ��sot�¢���pDm���`�m�mo`¡rQvDq���mot�yPp"�{q"�lrL�^qlm��l`�£A« rQ��yPq^£�`L_=`�pDm�~Sy{q�s#£��3~^so`Lkok�t�y{p

pY
`�m8£�`=so�µjPy{p ¥

£A« rL��yPq^£�`�_=`�pDm
aY
²^yPp'mosuyPq^¢{`8£w��so`�£w��mot�yPp3�P�lt�_¡`Lp�kut�yPp^p^r�`8kuq^t�¢��{pPmo`��

pm

pY
= 1 +

2

3CY
ln

(

a

aY

) »®� ) �H½

±
`�m�mo`#su`L£���mut�y{p'~S`�q^mc¿�mosu`8sor�rL��sut�mu`�`�p3ª®yPp���mot�yPp,�^`�£w����\��{su�P`}muy{mo�{£�`��

P

PY
=

(

a

aY

)2 [

1 +
2

3CY
ln

(

a

aY

)] »®� ) �P½

�}¯�p �l` su`L£�t�`�s�£�����\���so�{`È��~�~^£�twvDq^r�`"¥³£A« t�p��l`LpPm���mot�yPp6²
£�` s��µj{yPp �^`©��yPpDmo�{��m'`Lk�m3�L��£w��q^£�r0`Lp
ª®yPp���mot�yPpÈ�l`#£Y« t�p��l`�pDm���mut�y{p3�{s �{��`#¥�£A« \DjH~Sy�mo\^]Lku`���« t�p���y{_=~^so`Lkok�t��^t�£�t�mur#�lqÈ���#q^s`�p,p^rL�{£�t��P`L��pDmq^p^`
ª®yPt�k�^`#~^£�qJk�£����lr�ª®y{so_���mut�y{p�r�£w�{k�mutwvDq^`{¦J´ep,y{�^mut�`�pDm}��£�y{s�k5�

δ

δY
=

1

2

(

(

a

aY

)2

+ 1

)

»®� ) �D½

§-« rQvPqJ��mut�y{pÀ»®� ) �H½-~S`�q^mc��£�y{s�k kL« rL��sot�su`�`�p3ª®y{pJ��mut�y{pÈ�l`8£A« t�p��l`LpDmo��mot�yPp0�

pm

pY
= 1 +

1

3CY
ln

(

2
δ

δY
− 1

) »®� ) 2{½

`�m}£Y« rLvDq���mut�y{pÀ»®� ) �{½ �

P

PY
=

(

2
δ

δY
− 1

)[

1 +
1

3CY
ln

(

2
δ

δY
− 1

)] »®� ) ¼D½

¾Op^¯�p,~JyPq^s}��`�m�mu`#~�\��{ku`8t�£6��y{pH¢Ht�`LpPm�l`��L��£w��q^£�`�s�£�`emoso�µ¢��{t�£WsorL��£�twk�r�~���s£w�¡��\���so�{`8��q,��yPq^sok��l`
£A« t�p��^`�pDmo��mut�y{p6¦�hl�P��\���pDm}vDq^`

WY = 3/5FY δY
²^��`�£w��so`�¢Ht�`�pDm}¥=����£w��q�£�`Ls£Y« t�pDmor��{s���£�`8k�q^t�¢���pDmu`��

W

WY
= 1 +

5

2

∫ δ/δY

1

(

2
δ′

δY
− 1

)[

1 +
1

3CY
ln

(

2
δ′

δY
− 1

)]

d

(

δ′

δY

) »®� ) GD½

kuy{t�m��

W

WY
= 1 +

5

8

[

(

1 − 1

6CY

)

(

(

2
δ

δY
− 1

)2

− 1

)

+
1

3CY

(

2
δ

δY
− 1

)2

ln

(

2
δ

δY
− 1

)

]

»®�P�P�D½

Ë®Ì�Í6ËÏÎ
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4 @��^� * 0�* 0�� �AÂ ��� �lÃ�0ÇÂ / 6�Æ *>0 / *H� * / Ã 6�Æ �^��Ã�0�;���* ±
`�mumu`3~^\��Pk�`3��y{soso`Lku~JyPp��À¥0£A« `��H~J��p�kut�yPp
�^`�£w�'ÊLy{p^`¡~^£w�{k�mutwvDq^`�`Lp"�^`�\^yPsok��l`=£��3kuq^s�ªÇ�P��`¡�l`���y{pDm��{��mQ¦S§��'~�su`Qkukut�yPp0_=y�j{`Lp^p^`

pm
`Lk�m���£�y{s�k

��y{p�k�mo�{pDmu`
�{q¡��y{q^s�k��l`�£Y« t�pJ�l`�pDmo��mut�y{p6¦��}¯�p¡�^`��^r�mu`Lsu_=t�p^`�s�£w�c¢��{£�`Lq^s�~JyPq^s�£��PvPq�`�£�£�`���`�m�mu`�~^\J�{ku` �l`
�^r�ª®y{so_���mot�yPp8�^r��^qlmo`{²µ£A« \HjH~Jy{mu\^]Qk�`
vPq�tP`Qknm6moso�P�lt�mut�y{p^p^`L£�£�`�_=`LpPm�ªÇ��t�mu`O`Qknm��l`
��y{p�kutw�lr�so`�s6£w�_���mor�sot��{q
��y{_=_=`sut��{tw�l`�~^£w�{k�mutwvDq^`~���suªÇ��t�mL¦P§O« r�£w�{k�mutw��t�mur`Lk�m-��£�y{s�k�p^rL�{£�t��Pr�`��yP_¡~�£�]�mu`�_=`LpPm-����p�kO��`�mumu`}~^\J�{ku`
�^`8�^r�ª®y{so_���mot�yPp6¦

§-« �{p���£�jlk�`c�^`e£A« t�p��l`LpDmo��mot�yPp���« q^p^`8ku~^\^]�so`c�^�{p�k q^p'�l`L_=t¤Z~^£w��p'sot��{tw�l`}~^£w�{k�mutwvDq^`�ku`csor�¢P]�£�`}¿�mosu`
�{so�^q^`{¦H�9« ��~�su]Qk � � � ��	 ���³»n��G{¼D�{½�²H��qJ��q^p^`8kuy{£�qlmut�y{p'�{p���£�jDmutwvDq^`cp6« ��r�muremusoy{q�¢{r�`c~JyPq^s�£�`8��yPpPm��{��m
ko��pJk�ª®suy{m�mu`L_=`�pDmL²6`�m9��`Q��tRr�m���pDm�~^sot�pJ��t�~���£�`�_=`�pDm9���³�{q ªÇ�{tm9vDq^`�£A« �{qlmuy{¤Zkut�_¡t�£w��sotmor¡�lq³~�suyP�^£�]L_=`
`Qknm=~S`�s��lq^`{¦�x�y{q�s¡�l`Qk=��y{pJ�ltmot�yPp�k¡��« �P�l\^rLsu`Lp���`�~���suªÇ��t�mu`P²:4 ���� � � � � �
�!�	 ¦}»��AG>2µ�D½#~^suyP~JyDk�`LpDm
q�p^`9kuy{£�qlmut�y{pÈ��pJ��£�jPmot�vDq^`#�J�{kur�`#k�q�sc£w�¡mu\^rLy{sot�`��l`9£�t��{p^`Qk}�l`#�P£�twkuku`�_=`LpPmµ»®¢Py{t�s�»Y¶ � ��� ²6�AGD���D½�½�¦^§¨`Lk
¢��{£�`Lq^sok��l`=£w�'~^so`Lkokut�yPp _=y�j{`Lp^p^`9~Sy{q�s�£w�{vDq^`L£�£�`¡£Y« rL��y{q^£�`�_=`�pDm#~^£�`�t�p^`�_=`LpPm8~^£w�{k�mutwvDq^`�k�`¡~^soyH�^q^tm
¢��{sut�`��l`

3.02σ0
~Sy{q^s

a/R = 0.07
¥

2.95σ0
~Sy{q^s

a/R = 0.30
¦ � � � � 	 ��� »��AG{¼D�{½e~^soy{~SyPku`��l`

so`�mo`�p^t�sq^p^`8¢���£�`�q�s}��qlmoy{q^s}�l`
3
¦J´ep�p�y�mu`Lso�=�^�{p�k�£w�¡kuq^t�mu`���`�m�mo`#¢���£�`�q^s}�l`8£w�¡ªÇ� ��y{p,k�q^t�¢���pDmu`��

pp = Cpσ0
»®�P���µ½

y �
pp
`Lk�m£��=~�su`Qkukut�yPp'_=y�j{`Lp^p^`#��q,�lrL�^qlmc�l`#£w�¡~^\��{ku`8~^£�`�t�p^`�_=`�pDm}~^£w�{k�mutwvDq^`{¦

����p�k8£w��~^\��{ku`¡r�£w�{k�muy{~�£��Pknmot�vDq^`P²J£w�'~�su`Qkukut�yPp0_=y�j{`Lp^p^`¡`Lk�m�q^p�tª®yPsu_=`¡`�m#su`Qknmo`¡��y{p�k�mo�{pDmu`{¦W§¨�
��\J��so�{`emuy�m���£�`#��q^�P_¡`LpDmu`#�ly{pJ���µ¢P`L�e£���m���t�£�£�`��l`8£���kuq^suªÇ�{��`��l`���y{pDmo�P��m��

F

FY
=
Cp

CY

(

2
δ

δY
− 1

)

, F > Fp
»®�P�D�P½

§-« t�p��l`LpDmo��mot�yPp9`QknmR�ly{p�p^r�` ~���s�£w�c_=¿�_=` su`L£���mut�y{p¡vPq�`
~Sy{q^s�£w�}~^\J�{ku`
~^sorL��rL�l`LpDmu`8»®rLvDq���mut�y{p3»®� ) �P½n½
`�m}£�`�moso�µ¢���t�£6�l`8£w�¡ª®y{s���`8�l`���yPpPm��{��m�`Qknm}�lyPp^p^r#~��{s��

W

WY
=
Wp

WY
+

5

2

∫ δ/δY

δp/δY

F

FY
d

(

δ

δY

) »®�P� ) ½

kuy{t�m��
W

WY
=
Wp

WY
+

5

2

Cp

CY

[(

(

δ

δY

)2

− δ

δY

)

−
(

(

δp
δY

)2

− δp
δY

)]

»®�P�{�H½

� �^Æ�0 0��lÃA0YÂ / � / �����,��0�;���*H� *DÃ * O 6-�,��0Ç� * / Ã!��Æ *H�5x-£�q�kut�`�q^s�k�t�pH¢{`Lk�mut��P��mut�y{p�k�pDq�_¡rLsutwvDq^`Lk9~���s
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ku`�_��^£�`�pDmcznq�k�mut�¯�`Ls�£�`Lk�~^sot�p���t�~J��£�`Lk�\DjH~Sy�mo\^]Lku`Lk�vPq�t�kuy{pDm�ªÇ��t�mu`Lk¡�^�{p�k���`'_=yl�l]�£�`��{p���£�jDmutwvDq^`��l`
£A« t�p��^`�pDmo��mut�y{p"r�£w�{k�muy{~�£��Pknmot�vDq^`�`�p©musoy{twke~�\��{ku`LkL¦�§6`Lk�moso�µ¢��{ql�0`��l~Sr�sot�_=`�pDm���ql�0£�`Lk�~^£�q�k�ª®sorLvDq^`�_¡¤
_=`LpPm#��t�murQkekuy{pDm8��`�q^�È�^` � � � �¨¸ »��AGP�^�Q½}`�m � � � ��	 � �w¹ � »��AG{�P�P½�¦W´ep©�^y{p^p^`¡k�q�se£�`Lkc¯��{q�su`Qk�� )
¥��=2¡£w�'��y{_=~���s���twkuy{pÈ�lq0_=yl�l]�£�`��6« t�p��l`LpPm���mot�yPp0~^sorLku`�pDmur9�µ¢P`L�#£�`LkesorLkuq^£m���m�k}pHq^_=r�sot�vDq^`Qk}`�me`��H¤
~Sr�sot�_¡`LpDmo��q^�W¦

´ep ~J`Lqlm�su`L_���s�vPq�`�s=vPq�`�£�`,_¡yl�l]L£�`È��« t�p��l`�pDm���mut�y{p ��p��{£�jDmot�vDq^`3~^sorL�lt�m��{kok�`LÊ���yPsuso`L��mu`L_¡`LpDm
£A« r�¢{yP£�q^mut�y{p=�l`LkR~�sut�p���t�~��{£�`QkR�{s���p��^`�q^s�k�_¡rQ���{p^t�vDq^`QkO��q���y{q^s�kR�l`}£A« t�p��l`LpDmo��mot�yPp=r�£w�{k�muy{~�£��Pknmot�vDq^`�`�m
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��`L��tJ`Lp��lrL~^tm�l`Qk-\HjH~Jy{mu\^]Qk�`Qk
�Pkuku`�Êcª®y{sumu`Qk
vDq^tWk�yPpDm sorL�{£�twk�rL`LkL¦{¾Op�~���sumutw��q�£�t�`�sQ²P£�`Lk
\HjH~Jy{mu\^]Qk�`Qk
�l`
�^r�ª®y{so_���mot�yPp�k�t�p���y{_=~^so`Lkok�t��^£�`Lk�`�mO£�` ªÇ��t�mR�^`���y{p�kutw�lr�so`�s�q^p¡surL�{t�_=`
sot��Pt��^` ~�£��Pknmot�vDq^` y��¡£Y« r�£w�{k�mutw��t�mur
`Qknmp^rL�{£�t��Pr#k�`L_9�^£�`�pDm¿�mosu`��Pkuku`�Ê�£�rL�{t�mut�_=`LkL¦
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����p�k���`�m�mo`
~J��sumut�`{²Qp^y{q�k��{£�£�y{p�k6m��P��\^`�s��l` p^y{q�k�t�p�k�~�t�so`�s��l`Lk�moso�µ¢���q^�8kuq^s�£Y« t�p��l`�pDm���mut�y{p9r�£w�{k�muy�¤

~�£��Pknmot�vDq^`c��¯�p��l`c�^y{p^p^`LsOq^p^`e`Lk�mut�_���mut�y{p��^q���yH`�¬���t�`�pDm
�^`}su`Qknmotmoqlmut�y{p¨¦{x�y{q^s ��`L£���²{q^p^`e�l`�sop^t�]�so`
~�\��{ku`#su`Qknmo`�¥=_=yH�^r�£�t�ku`�sQ¦ �°£�kL« �{�{t�mc�lqÈso`�muyPq^sr�£w�{k�mutwvDq^`#~S`�p��^�{pDmc£��=~�\��{ku`��l`#so`Lk�mut�muqlmot�yPp6¦W±
`�m�mu`
~�\��{ku`#k�`Lso��`�pH¢Ht�ko���Pr�`8��q 6 2H¦×�l¦ ��¦

§���~^so`�_=t�]�so`}`Lk�mut�_���mut�y{p��lq'��yH`�¬���t�`LpDm �l`esu`Qknmotmoqlmut�y{p'ku`�_��^£�`cso`�_=y{pDmu`Ls-¥ � � � � 	 ���À»n��G{¼D�{½�¦
¾-£�£�`
p�`
��yPp�kut��l]Lsu` vDq^`
�l`Lql��r�m���~S`Lk��lq9_=yl�l]L£�` ��« t�p��l`LpDmo��mot�yPp��{p���£�jDmutwvPq�`{¦µ§¨�}~�\��{ku`
��« r�£w�{k�muyP~^£w�{k�¤
mot���tmorc��yPpl¯�p^rL`}p6« `Lk�m-~��PkR~^sot�ku``�p���y{_=~lmu`P¦ � ¹�¸
� ���¨·,»��AG�GD�{½�~^soy{~SyPku`£�`c_¡¿L_=`mnjH~J`c�6« �{~^~^soyH��\�`
`Lp³����£w��q�£��{pPm��lt�so`L��mo`�_=`�pDm#£�`Lk#rLp^`�so�{t�`Lk8�ltwkukut�~JrL`Lk#~��{s8£�`=moso�µ¢���t�£O�l`�£w��ª®y{s���`��l`���yPpDmo�{��mL¦�¾Op^¯�p6²
� ¹W¸
���$�¨·�»Y�{�{�P�P½���y{pJk�tw�l]�so` q^p=_¡yl�l]L£�` mo`�p��{pPm-��y{_=~lmo`��^`Lk�musoy{twk�~^\��Pk�`Qk�¦�acy{q�k�`��l~JyDk�`LsuyPp�k�����p�k
£w�=k�q�tmo`#£�`Qk��{s���p��l`Qk £�t��{p^`Qk�l`���`Qk�`Lk�mut�_���mut�y{pJk�¦

4 @��^� *�0�* ��*H�LÃA0®ÃQ�¨Ã�0ÇÂ /
�

0��HÅ�@�� �� *0�HÆ �^�LÃA0�;���* bcp^`8ª®y{twk £��¡~Sr�sot�yl�l`#�l`#��y{_=~^so`Lkok�t�y{p�mo`�so_=t¤
p�r�`{²lq�p^`8~���sumut�`#�l`8£Y« r�p^`Lsu�Pt�`8��t�p^r�mutwvPq�`�t�p^t�mutw��£�`#su`L£���mut�¢{`���r�mur#kuy{t�mk�muyl� �Pr�`8k�yPq�k
ª®y{so_¡`#��« r�p�`�so�{t�`
~Sy�mo`�pDmut�`�£�£�`}r�£w�{k�mutwvDq^`ckuy{t�m-�lt�kokut�~Sr�`e~���s-�^t�kok�t�~���mut�y{p=~^£w�{k�mutwvPq�`{¦P����pJkO£w�#~^\��Pk�`}so`Lk�mut�muq^mut�y{p6²P£Y« r�p^`Ls�¤
�Pt�`8rL£��Pknmot�vDq^`#k�muyl� �{rL`��lyPp^p^`#£�t�`Lq3¥=q�p^`#�lrL��\��{su�P`erL£��Pknmot�vDq^`P¦

x�`�pJ�^��pDm�£����lrL��\��{su�P`{²P£��9su`L£���mut�y{p�ª®yPso��`��µt�p��l`LpDmo��mot�yPp�`Lk�m
rL£��Pknmot�vDq^`P¦D§���~^sot�pJ��t�~���£�`c\HjH~Jy{mu\^]Qk�`
vDq^t
`Lk�m#ªÇ��t�mu`�`Qknm¡vPq¨« `L£�£�`'kuq^tm�q^p^`�£�y{t-�^`'É}`Ls�moÊ�r�£w�{k�mutwvDq^`�~^so`�p��{pPm�`Lp���yP_¡~^mu`�£w�,_=yH�^t¯J�L��mot�yPp
�^`#£���kuq^suªÇ�{��`#�l`���y{pDm��{��m}�lq�`9¥=£Y« `�_=~^so`�t�pDmu`#~^£w�{k�mutwvDq^`#£w��twkukur�`8~��{s£�����y{_=~^so`Lkok�t�y{p6¦^§¨`#p^y{q�¢{`L�{q
s��µj{yPp'�l`���y{q^so�^q^so`

R̄
`Lk�m}��£�y{s�k
p�y�mur#~J��s �

R̄ =















R̄1R̄2

R̄1 + R̄2
, R̄1 ≥ 0, R̄2 ≥ 0

R̄1R̄2

R̄1 − R̄2
, −R1 > R̄2 ≥ 0

»®�P�D�P½

§¨`'~^so`�_=t�`�s=���Pk9��yPsuso`Lku~Sy{p��³¥©�l`Lk¡k�q�s�ªÇ�P��`LkL²�vDq^tkuy{pDm�so`Lk�murL`Lk���y{pH¢P`��l`Lk���~^so]Lk9£��©�lr�ª®yPsu_���mot�yPp
~�£��Pknmot�vDq^`8`�m}£�`#k�`Q��yPp����L�{k��y{sosu`Qk�~Sy{p���¥¡q^p^`�kuq^s�ªÇ�P��`#�l`L¢{`�pHq^`8��yPp����µ¢P`{¦

´ep�p�y�mu`-£Y« t�pJ�l`�pDmo��mut�y{p#`Lp#¯�p9�l`-~^\��{ku`-�l` ��yP_¡~�su`Qkukut�yPp
δc
`�m¨£A« t�p��l`LpDmo��mot�yPp9vDq^tP�}£�t�`�q9�{q���yPq^sok

�^`'£w�Èsu`Qknmotmoqlmut�y{p³rL£��Pknmot�vDq^`�`Lk�m9p^y{mur�`
δr
¦��eq�ªÇ��t�m¡�^`Lk9�^r�ª®y{so_���mot�yPp�k�~^£w�{k�mutwvDq^`Lk9~J`Lsu_��{p^`�pDmu`Qk�²

£A« t�p��^`�pDmo��mut�y{p�¯�p���£�`{²
δf
`Lk�mc�lyPp^p^r�`#�l`#£w�¡_���p^t�]�so`#k�q^t�¢���pDmu`��

δf = δc − δr
»®�P�P�D½

bcp^`}\HjH~Jy{mu\^]Qk�``QknmO�Pr�p^rLso�{£�`L_¡`LpDm�ªÇ�{tmo`}~JyPq^s-�L��s��{��mor�sot�ku`�s�£A« t�p��l`LpPm���mot�yPp=�^q^`}¥8£��8so`Lk�mut�muq^mut�y{p6¦
´ep©k�q^~�~JyDk�`¡vPq�`9£A« t�p��l`LpPm���mot�yPp0~J`Lp��^�{pPm8£w�'�lrQ��\���so�{`#rL£��Pknmot�vDq^`�`Lk�m��Pr�y{_=r�musot�vDq^`L_¡`LpDmek�t�_=t�£w��t�so`
¥=��`�£�£�`#vDq^t¨�¡`�q,£�t�`Lq,~J`Lp��^��pDm£w����\���so�{`er�£w�{k�mutwvPq�`{²^kuy{t�m��

δY
R

=
δr
R̄

»®�P�>2{½
§��9so`�£w��mot�yPp�`�pDmuso`�£�`8s��µj{y{p��^`���y{pDmo�P��m�`�m£Y« t�p��l`�pDm���mut�y{p�r�£w�{k�mutwvDq^`e`Qknm�lyPp^p^r�`�~��{s
£A« rQvDq���mot�yPp

»Y�{�D½�²�kuy{t�m�~Sy{q�s
δY

`�m
δr
�

δr
R̄

=
a2

r

R̄2 ,
δY
R

=
a2

Y

R2
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¾Op©k�q^~�~JyDku�{pPm}vDq6« `�p,¯�p0�^`���y{_=~^so`Lkokut�yPp6²ly{p0�=£w�=su`L£���mut�y{p³»®� ) �D½-£A« t�p��^`�pDmo��mut�y{p
δc
`Lk�mcso`�£�t�rL`

�{q�s��µj{yPp
ac
�l`#£w�¡_���p^t�]�so`#k�q^t�¢���pDmu`��

2
δc
δY

=
a2

c

r2
+ 1

»®�P�=GP½
��`#vPq�t6~J`Lqlm}¿�mosu`8sor�rQ��sotm�{s �{��`�¥,»Ç�{�P¼D½ k�yPq�k�£���ª®yPsu_=`#k�q�t�¢���pDmo`��

2
δc
R

=
a2

c

R2 +
δY
R

»®�H���D½
¾Op^¯�p6²�~JyPq^s=�lrL�lq�t�so`'£�`'s���~^~Sy{sum�`�pDmosu`�£Y« t�pJ�l`�pDmo��mut�y{p

δr
`�m=£A« t�p��l`LpPm���mot�yPp���q�_����lt�_9q^_ �l`

��y{_=~^so`Lkok�t�y{p
δc
²�y{pÀk�q�~^~JyDk�`�vDq^`=£w�'¢���sotw��mut�y{p"�lqÀso�µjPy{p �^`=��y{pDmo�P��m

ar
`Qknm#rL�P��£�`=��q"so�µjPy{p �l`

��y{pDmo�P��m`�p�¯�pÈ�l`���y{_=~^so`Lkok�t�y{p
ac
²���`�vPq�t6�ly{p^p�`��

R̄

R
=
δr
δc

=

(

2
δc
δY

− 1

)
1
2 »®�H�l�µ½

�°£S~S`�qlm¿�mosu`et�pDmor�so`Lkoku�{pPm �l`ep�y�mu`Ls vDq^`���`�m�mu`�so`�£w��mut�y{p��^`��lrQ��\���so�{`cr�£w�{k�mutwvPq�`cso`Lk�mu`c¢��{£��{�^£�`�k�tS£A« yPp
�^rL��\��{su�P`�¥¡~��{s�mot�s�l`#£w�¡~^\��{ku`#�l`#~^£w�{k�mutw��t�mur#��yPpl¯�p^rL`{¦

§¨`9moso�µ¢���t�£��l`�£w��ª®yPso��`�rL£��Pknmot�vDq^`¡vDq^tR��y{pDmosut��^q^`¡¥'£w��so`Lk�mut�muqlmot�yPp `Qknm8y{�lmo`�pHq `Lp t�pDmur��Pso�{pDmc£��
sorLkuq^£�mo�{pPmo`#�l`#��y{pDm��{��mrL£��Pknmot�vDq^`��

F =
4

3
E∗R̄

1
2 (δ − δf )

3
2

»®�H�{�P½
kuq^s£A« t�pDmu`Lsu¢���£�£�`8�^`�so`Lk�mut�muq^mut�y{p

δf ≤ δ ≤ δc
¦

±
`�m�mu`�t�pDmor��{s���mot�yPp0��yPp��lq^t�m�¥�q�pÈmus��µ¢���t�£¨p^rL�P��motªn²
Wr

²WvPq�t�~S`�qlm�¿�mosu`�`��l~^sot�_=r9kuy{q�kc£���ª®y{so_¡`
kuq^t�¢���pDmu`��

Wr

σ0R
3 = −

∫ δr/R̄

0

4

3

E∗

σ0

(

R̄

R

)3(
δ

R̄

)
3
2

d

(

δ

R̄

)

= − 8

15

E∗

σ0

(

δr
δY

)3(
δY
R

)
5
2 »®�H� ) ½

¾Op qlmut�£�twko��pDm}£��=so`�£w��mot�yPp,�{r�yP_=r�musotwvPq�`�~Sy{q�s}£����^rL��\��{su�P`=»Ç�{��2�½
`�mc£�`Lkc`��l~^so`Lkok�t�y{pJk �^q,mus��µ¢µ�{t�£
`�mc�l`8£Y« t�p��l`�pDm���mut�y{pÈ¥¡£A« rQ��y{q�£�`L_¡`LpDm�~�£��Pknmot�vDq^`P²ly{p,y{�lmot�`LpDm��

δY
R

=
δr
R̄

=

(

3π

4

)2(
CY σ0

E∗

)2

,
WY

σ0R
3 =

8

15

E∗

σ0

(

δY
R

)
5
2 »®�H���H½

´ep©y{�lmot�`LpDm8£A« `��l~^so`Lkok�t�y{p �^q©s���~^~Sy{sume`LpDmuso`�£�`¡mus��µ¢µ�{t�£�so`Lk�mut�muq^r
Wr

`�m8£�`¡mus��µ¢���t�£�¥�£Y« rL��y{q^£�`�_=`LpPm
~�£��Pknmot�vDq^`

WY
�

Wr

WY
= −

(

δr
δY

)3

= −
(

2
δc
δY

− 1

)
3
2 »®�H�{�P½

´ep0�lyPp^p^`¡k�q^se£���¯��{q^so`9����£Y« r�¢Py{£�qlmut�y{pÈ�l`�£��=ª®yPso��`�~S`�p��^�{pDmc£�`Qkc�lt��Wr�so`�pDmu`Qkc~^\J�{ku`Lk}�l`¡��yP_�¤
~�su`Qkukut�yPp�k ~^£w�{k�mutwvPq�`Lk�`�m~S`�p�����pDm}£��=�lrQ��\���so�{`P¦�´ep�~S`�qlm}so`�_��{sovDq^`Ls `Lp�~J��sumutw��q^£�t�`Ls}vDq^`8£��=~^\J�{ku`
�^`
~^£w�{k�mutw��t�mur��y{pl¯�p�r�`�zny{q^`�q^p¡s �P£�` ~S`�q¡t�_=~Sy{sumo��pDmRk�q�s�£w�cª®y{s���`��l`��y{pDm��{��mQ¦�a}y{qJk�¢P`�sosuyPp�k�vPq�`
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� � � �¨¸3»n��GP�^�Q½St�pPmosuyl�lq�tm��^`R_=�{p^t�]�so`-��yPp�zny{t�pDmu`O¥�£w�p^y�mot�yPp#�l`-�lq^so`�mor-�ljHp��{_¡twvDq^`{²L£���~�su`Qkukut�yPp
_=y�jP`�p^p^`¡�ljHp���_=twvDq^`¡�^`¡��y{pDmo�P��m

pd
¦ �cq £�t�`Lq"�^`¡kuq^~^~SyPku`�s�£��3��yPp��lt�mut�y{p©�{r�yP_=r�musotwvPq�`'»®�H��¼P½�²�t�£

kuq^~^~SyPku`#vDq^`8£Y« r�p^`Lsu�Pt�`#�ltwkok�t�~JrL`#~���s�~^£w�{k�mutw��t�mur
Wc −Wr

`Lk�mc�ly{p^p�r�`8~���s£A« rLvDq���mot�yPp3kuq^t�¢���pDmu`��

Wc −Wr = pdvr
»®��2��P½

y �
vr
`Lk�m-£�`}¢{yP£�q�_¡`sorLkutw�lq^`�£J�l`c£A« `L_=~^su`Lt�pDmo`}��~^so]LkRt�_=~��{��mL¦l±
`�m�mo`c\HjH~Jy{mu\^]Qk�`_=yl�lt�¯�`}£A« rQvDq���mot�yPp

»Ç�D��GP½
�l`#£��¡_���p�t�]Lsu`#kuq^t�¢��{pPmo`��
1

2
m(V 2 − 3

8
V 2

f ) = pdvr = πa2
c

pd

4R

»®��2 ) ½
y �

Vf
`Qknmemuy{q�zny{q^s�ke�^y{p^p^rL`9~��{sc£A« rQvDq���mot�yPp »®�D�{�P½�¦�±
`�m�mu`�_=yH�^t¯J�L��mot�yPp �����{t�koku`9k�`Lp�kut��^£�`�_=`LpPm�£�`

��yH`�¬���t�`�pDme�l`�su`Qknmotmoqlmut�y{p ~JyPq^se�l`Qk}¢���£�`�q�sokc���{kok�`Qkc�l`9£��'¢Dt�mu`Qkuku`9��y{_=~^sot�ku`Lk`LpDmuso`��9`�m��L�=_ ��k�¦
±
`L~J`Lp��^�{pPmQ²�t�£�`��ltwknmo`�muyPq�zny{q�sok�q^p���`�sumo�{t�p �^rL���{£��{�{`�`LpPmosu`�£�� mu\�r�y{sot�`�`�m=£�`Qk9¢��{£�`Lq^sok�_=`Lkuq^sor�`Lk
~�sut�p���t�~��{£�`L_¡`LpDm���,¥¡£A« rQ��soy{q^twkoku�{�{`e�^`Lk�_���mor�sot��{ql����q,��yPq^s�k�l`8£Y« t�_=~��P��mQ¦
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� ���¨· »��AG=G{¼P½�~^suyP~JyDk�`LpDm�q^p^`"`Lk�mut�_���mot�yPp �lq ��yH`�¬���t�`�pDm3�^`©so`Lk�mut�muqlmot�yPp ~Sy{q^s

£A« t�_=~��P��m'�l` �^`�ql� ��jH£�t�p��lso`Lk=`Lp r�£w�{k�muyP~^£��Pknmot���tmor{¦O§��À~^sut�p���t�~��{£�`È�lt�¬���q^£�mur©¥³k�q^so_=y{pDmu`Ls�`Lk�m�£�`
_��{p�vDq^`��^`eso`�£w��mot�yPp�ª®y{s���`��µt�p��l`�pDm���mut�y{p'~JyPq^s�l`Lk���jH£�t�pJ�lsu`Qk���« ���l`Lk
~���s���£�£�]L£�`Qk-`Lp'rL£��Pknmot���tmor{¦ �¯�p
�^`'��yPpPmoy{q^sop^`Ls���`�~^soy{��£�]L_¡`P²6t�£�k9~^suyP~JyDk�`LpDm�q^p^`'�{~^~^soyµ�Ht�_���mot�yPp"�l`���`�mumu`�so`�£w��mot�yPp³�^��p�k9£�`����{k
~J��sumutw��q^£�t�`Ls���« q^p³��jH£�t�p��lso`�kuq^s#q^p³~^£w��p³��« r�~��{t�koku`�q^s�¯�p^t�`{²�`�m9�^�{p�k#£w�3�P��_=_=`��l`Qk8t�p��^`�pDmo��mut�y{p�k
�µ¢��{pPm}rQ��yPq^£�`L_=`�pDmL¦�±
`�m�mo`��{~^~^soyµ�Ht�_���mot�yPp�`QknmOznqJknmot¯�rL`9~��{se�l`Qkc�L��£w��q^£wk}rL£�rL_¡`LpDmok¯Jp^t�kL¦�¾-p�k�q�tmo`{²
£w�3_=¿�_=`��lr�_���s���\^`�vDq^`=~JyPq^s#q^p³��yPpDmo�{��m�t�p^t�mutw��£�`�_=`�pDm�~Sy{p���muq^`L£O`Lk�m#qlmut�£�t�kur�`P¦ �°£�k8�J�{ku`�pDm#£�`Lq^sok
`Qknmot�_���mut�y{p�k�kuq^s�q^p _=yl�l]�£�`0�l`0�lr�ª®y{so_=��mut�y{p�k¡`Lp�mosuyPt�k=~�\��{ku`Lk=`Lp �^r�ª®y{so_���mot�yPp�k¡~^£��{p^`Lk���� ¥
� � � � 	 ����»n�AG>2��D½�¦
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δ
¥³£��

sorLkuq^£�mo�{pPmo`#�l`Lk�`��SyPs�m�k�l`���yPpPm��{��m `Qknmc�lyPp^p^rL`�~J��s��

δ =
P

πE

(

2 ln(
2d

a
) − ν

1 − ν

) »®��2µ�H½
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d
`Lk�m}£��¡~^soy�ª®yPp��l`�q�s��6« q^p,~Sy{t�pDmc�l`#sur�ª®r�so`�p���`�����p�k�£�`��l`�_=t�¤A~�£��{p6¦
�}¯�p �l`"��yP_¡~�su`Lp��lso`0£Y« t�p���q^`Lp���`À�l`

d
kuq^s�£w��so`�£w��mot�yPp�»®��2µ�D½�t�pDmusoyl�lq^twk�yPp�k�q^p ~���s���_=]�muso`

�P�lt�_¡`Lp�kut�yPp^p^`�£
ξ
mo`�£�vPq�`

d = ξR
¦^¾Op0q^mut�£�twku�{pDmc£��=so`�£w��mot�yPp³»n�L� ) ½�²Jp^y{qJk~JyPq^¢{yPp�ksor�rQ��sot�so`�»®�>2��D½

kuy{qJk�£���ª®y{so_=`#k�q^t�¢���pDmu` �

δ =
P

πE

[

2 ln

(

ξ

√

πER

(1 − ν2)P

)

− ν

1 − ν

]

»®��2��P½

§���~^so`Lkok�t�y{pÈ�l`¡��y{pDm��{��m�¥�£Y« rL��y{q^£�`�_=`LpPme`Lk�mcp^y�mor�`9��y{_=_=`�~^sorL��rL�l`L_¡_=`LpPm�~���s
pY = CY σ0

¦
§��9¢��{£�`Lq^s}knm���p�����s��'�l`

CY
~Sy{q^s£�`#��y{pDm��{��m��« q^pÈ��jH£�t�p��^su`#kuq^sq^p3~^£��{p�yP�JrLt�koko��pDm}��q���sut�mu]Lsu`#�l`

[�so`Lko����`Lk�m
3.0
¦l§¨�¡surQk�q�£m���pDmu`#�l`���y{pDmo�P��m}¥¡£Y« rL��y{q^£�`�_=`�pDm`Lk�mc�lyPp��	�

PY = 3σ0aY
»®��2��D½

¾-p3q^mut�£�twku�{pDm}£��¡¢���£�`�q^s}�^q3s��µj{yPp'�l`���y{pDmo�P��m~���s�s���~^~Sy{sum}¥¡£��=��\��{su�P`et�_=~JyDk�rL`{²ly{p,yP�lmut�`�pDm��

PY

σ0R
=

3aY

R
=

36(1− ν2)σ0

πE

»®��2�2{½

��`#vPq�t6~J`Lsu_=`�mc��« `��l~^sut�_=`�s�£A« t�p��l`LpPm���mot�yPp,�P�lt�_¡`Lp�kut�yPp^p^r�`��

δ

R
=

P

PY

(

6σ0

πE

)2

(1 − ν2)

[

2 ln ξ − ln
P

PY
+ 2 ln

πE

6(1− ν2)σ0

− ν

1 − ν

] »®��2�¼D½

� £A« rL��yPq^£�`�_=`�pDmL²^��`�mumu`��l`Lsup^t�]�so`8su`L£���mut�y{p3�l`�¢Ht�`�pDm��

δY
R

= (1 − ν2)

(

6σ0

πE

)2 [

2 ln ξ + 2 ln
πE

6(1 − ν2)σ0

− ν

1 − ν

] »®��2�GD½

±
`Qke�l`Lql�0�l`�sop^t�]�so`LkrQvDq���mot�yPp�k}~S`�so_=`�m�mo`�pDm��^`9so`�£�t�`Lscq^p^`�t�pJ�l`�pDmo��mut�y{p �P�lt�_¡`Lp�kut�yPp^p^r�`
δ/δY¥¡£w�=��\���so�{`8�{�lt�_=`�p�kut�y{p^p^rL`

F/FY
�

δ

δY
=

P

PY









1 −
ln

(

P

PY

)

2 ln ξ + ln

(

πE

6(1 − ν2)σ0

)

− ν

1 − ν
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» � ��� � � ¹W¸
���$�¨·�²#�AG�GP¼P½�ª®y{pDm0£A« \HjH~Jy{mu\^]Qk�`³vDq^`À~Sy{q^s0�l`QkÈ¢���£�`�q^s�k3q�kuq^`�£�£�`QkÈ�lq so�{~^~Sy{sum
E/σ0 ≈ 300

`�m�`Lp kuq^~^~SyPko��pDm¡vDq^`
ξ
mu`�pJ��¢{`Lsok9£Y« t�pl¯�p^tA²R��`�mumu`�rLvDq���mot�yPp�~S`�qlm=¿�mosu`'�{~^~^soyl��\^r�`

~J��s��
δ

δY
≈ δ

δY

»®�D¼^�µ½
±
`�m�mo`#\DjH~Sy�mo\^]Lku`8`Lk�m�¢��{£�tw�lr�`#~J��sq^p,���{£���q^£6r�£�r�_=`LpPm�k ¯�p^twk�¦
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�^` ��y{pDmo�P��m�`Lk�m�yP�lmu`LpDq�` kuy{q�k�£w�}ª®yPsu_=`�k�q^t�¢���pDmu`8»®so`�£w��mot�yPp
rQvDq^t�¢��{£�`LpPmo`#¥�£A« rLvDq���mot�yPp"»Ç� )=) ½n½+�
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σ0
=

2

3
+

[

1 + ln

(

4

3π

Ea

σ0R

)] »®�D¼P�P½
��`#vPq�t6~J`Lqlmcku`#su`L_¡`�m�mosu`#kuy{q�k £w�¡ª®y{so_¡`#�P�lt�_=`Lp�k�t�y{p�p^r�`��

pm

pY
= 1 +

1

CY

√
3

ln
a

aY

»®�D¼ ) ½
§���ª®y{s���`#�l`#��yPpPm��{��mku`#�lrL�^q^tm��l`#��`�mumu`#`��H~�su`Qkukut�yPp'�Ps��P��`8¥�£A« rLvDq���mot�yPp"»Ç�>2��P½ �

P

PY
=

a

aY
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1 +
1

CY

√
3

ln
a

aY

) »®�D¼��H½
±
yP_¡_=`#~Sy{q^s£�`����Pk}��« q^pÈ��yPpPm��{��m�t�p^t�mutw��£�`�_=`�pDm}~Sy{p���muq^`L£Y²�£Y« t�pJ�l`�pDmo��mut�y{p,`Lk�m}so`�£�t�rL`8�{q,so�µjPy{p

�^`8��y{pDmo�P��m~��{sq^p^`#so`�£w��mut�y{p��{rLy{_=r�mosutwvDq^`��
δ

δY
= 1 +

a2 − a2
Y

δY R

»®�D¼P�P½
¾Op#t�pDmurL�{s���pDm6��`�mumu`-�^`�sop^t�]Lsu`Rso`�£w��mot�yPp�����p�k�£A« rLvDq���mot�yPp�»®�P¼{�D½�²�y{p8y{�lmot�`LpDm¨£���so`�£w��mot�yPpcª®yPso��`���t�p��^`�pDmo��mut�y{p

~S`�pJ�^��pDm}£w��~�\��{ku`#�l`#�lr�ª®yPsu_���mot�yPp�rL£��Pknmoy{~^£w�{k�mutwvDq^`8��y{p^¯�p^r�`��

δ

δY
=

[

δYR

a2
Y

(

δ

δY
− 1

)

+ 1

]
1
2
[

1 +
1

2CY

√
3

ln

(

δYR

a2
Y

(

δ

δY
− 1

)

+ 1

)] »®�D¼{�D½

4 @��^� * 0�* 0�� �ZÂ ��� �lÃA0YÂ / 6�Æ * 0 / *H� * / Ã 6�Æ �^�LÃA0�;���* §¨�À~^\��Pk�`0�^`©�lr�ª®y{so_=��mut�y{p ~^£�`�t�p^`�_=`LpPm
~�£��Pknmot�vDq^`#�lrL�^qlmu`#~Sy{q�sq^p^`#¢���£�`�q^s}�^`#£��¡~^so`Lkok�t�y{p�r��D��£�`8¥ �

pp = Cpσ0
»®�D¼ 2{½
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Cp

~^so`�p�� �l`Qk�¢���£�`�q^s�k=q�kuq^`�£�£�`Qk���q^muy{q�s'�l`
2.4
¦ ±
`�m�mo`È¢µ�{£�`Lq^s'�l`È~�su`Qkukut�yPp�_=y�jP`�p^p^`Èso`Lk�mu`

��y{p�k�mo�{pDmu`�`�mc��yPp��lq^t�mc�lyPp��8¥�£A« `Lk�mut�_=��mut�y{pÈkuq^t�¢��{pPmo`#k�q^s£w�¡surQk�q�£m���pDmu`#�l`���y{pDmo�P��m��
P

PY
=

Cp

CY

a

aY

»®�D¼{¼D½
hHq�t�¢���pDm¡£�`Qk9_=¿�_=`Qk�\HjH~Jy{mu\^]Qk�`Qk9vDq^`'~�surQ��rL�^`�_=_=`�pDmL²�£Y« t�pJ�l`�pDmo��mut�y{p�`Qknm¡su`L£�t�r�`���q³s��µj{y{p³�l`
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δ

δY
= 1 +

1
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a2 − 2a2
Y

) »®�D¼�GD½
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P
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=
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2
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Y
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δ
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_��{p^t�]Lsu`#vDq^`8~^sorL��rL�l`L_¡_=`LpPm`�mc��y{pJ�lq^t�mc��q3surQk�q^£�mo��m}k�q^t�¢���pDm��

δ

δR
=















1

2

(

δc
δY

− 1

)

, 1 ≤ p

pY
≤ Cp

CY
(

δc
δY

− 1

)

− a2
Y

2δYR
,
p

pY
≥ Cp

CY

»®� G^�µ½

§��Èso`�£w��mut�y{pÀª®yPso��`�t�p��l`�pDm���mut�y{p `Lk�m�y{�^mu`�pHq^`��{s �{��`�¥0£w�Èsu`L£���mut�y{p��l`3É}`Ls�moÊ'r�£w�{k�mutwvDq^`�kut�_¡~�£�t�¯�r�`
»Ç�P¼��Q½�¦
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pJ��pDm
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_���mur�sotw��ql��²H`�p,~��{s�mot���q^£�t�`�s£�`Lk mo\^`�so_=y{~^£w�{k�mutwvDq^`Lk `Qknmcku`�p�kut��^£�`#¥¡£w�=¢Dt�mu`Qkuku`#�l`#k�yP£�£�tw��t�mo��mot�yPp6¦
�}¯�p��l`}sor�~Sy{p��^su`}¥#��`LkO�lt��Wr�so`�pDmu`QkR£�yPt�k-�l`c��yP_=~JyPs�mo`�_=`�pDmokL²P¶ � ��� �
�!�	 ¦S»n��G{¼�GD½�²P¶ � � � »n�AG=GP�P½

yPpDm�~^soy{~SyPkur=�l`Lk#�{~^~^soyH��\�`Lk8��p��{£�jDmot�vDq^`Qk��^q©~^soy{��£�]L_¡`=��« t�pJ�l`�pDmo��mut�y{pÀ�l`�| sut�p^`�£�£R~Sy{q^s��l`Qk8£�yPt�k
�^`0��y{_=~Sy{sumu`L_¡`LpDm=~�q^t�koko��p���`À»ÇrL��suyPq^t�koko���{`3`�m�¢Htwku��yPkutmorQ½�¦ ±
`Lk��lrL¢{`L£�yP~^~J`L_=`�pDmok�yPpDm��^r��Sy{q���\^r
sorL��`�_=_=`�pDm'kuq^s��l` p^y{q^¢P`�£�£�`Qk�r�¢��{£�q���mut�y{p�k'�lq ��yH`�¬���t�`LpDm'�l` so`Lk�mut�muqlmot�yPp ~JyPq^s'��`Lk�_���mur�sotw��ql�
� ¹ ��¸ � ��·^¸ 	 � � � ¸ 	 	 ��� »A���P�{�P½�¦

���M9$��, ��*HÆ �lÃ�0ÇÂ / �¨Â �µÅ *�� -�/ 0�* / Ã �lÃA0YÂ / 6
ÂJ���'� / ÅPÂJ�J6-Â/�µÃ *D� * / Ã * / ÆYÂ�0 6��:0Y�L� � / Å�*
�
Â�0 0�*9ÅPÂJ�N6
Â/�µÃ!*H� * / Ã 6�� 0Ç�Q�!� / Å * b}p^`
ª®y{so_=`-k�mo��pJ�^��s��8q^p^tw���ltw��£�`O~JyPq^s¨£�`Lk���yP_=~JyPs�mo`�_=`�pDmok
`Lp�£�y{t¨~^q^twkuko��p���`8~J`Lqlm}¿�mosu`#�lyPp^p^r�`8~��{s��

σ = σ0ε
M

(

ε̇

ε̇0

)N »®� GP�P½

y �
M

`�m
N
k�yPpDm��^`Lk=`��l~SyPko��pDmok=~SyPkut�mut�ªÇk�²

σ0
q^p^`,~��{so�{_¡]�muso`�_���mur�sot�`�£}��yPp�k�mut�muqlmotª8`�m

ε̇0
q^p^`

¢Ht�mu`Qkuku`3�^`0�lr�ª®yPsu_���mot�yPp��l`,sor�ª®rLsu`Lp���`P¦�����pJk�ku�©ª®y{so_=`3��y{_=~^£�]�mo`{²O��`�m�mo`È£�yPt��^`0��y{_=~Sy{sumu`L_¡`LpDm
so`�~�surQk�`LpPmo`�q^p���yP_¡~Sy{sumu`L_=`�pDm-¢Ht�kovDq^`�q^��y{q�q�p���y{_=~Sy{sumu`L_¡`LpDm-�l`}~^£w�{k�mutw��t�murc�^r�~S`�p��^�{pDm
�lq=mo�{ql�
�^`,�^r�ª®y{so_���mot�yPp6¦R�e�{p�k��l`Lk¡ª®yPsu_=`Qk¡�^r��{rLp^r�sor�`Qk�²�y{p so`�musoy{q�¢{`��^`Lk=£�y{twk¡�^`,��y{_=~Sy{sumu`�_=`LpPm�~^£�q�k
qJk�q^`L£�£�`LkL¦�x�yPq^s

M = 0
²�£w�0£�y{t�ku`'sorL�lq^t�m¡¥©�l`3£�� ¢Dtwko��yPkut�mur'�l`3a}yPs�moy{pl¤°É}y{��¦�x�y{q^s

N = 0
²�y{p

so`�mosuyPq^¢{`8�l`8£w�=~^£��Pknmot���tmor#�µ¢{`L�erL��suyPq^twkuko���P`{¦
hl�{p�kO`LpDmuso`�s
����p�k-~^£�qJk-�l`��lr�m���t�£�k
k�q^s ��`QkO£�y{twk�²P`�£�£�`Qk-ku`}�{rLp^r�s���£�t�ku`�pDm-�^�{p�kOq�p'���P�lsu`�mosutw�lt�_=`�pl¤

kut�y{p^p^`L£¨`Lp ��\^y{twkut�koku�{pDmc�l`Lke~Jy{mu`LpPmot�`L£�k��lq��{ql�
ψ
`�m
φ
²Wsu`Qk�~S`L��mut�¢{`�_=`LpPmcª®y{p���mut�y{p�kc\^y{_=y{�P]�p^`Qkc�l`

�^`��{sor
M + 1

`�m
N + 1

mu`L£�kvDq^`��

σij =
∂ψ

∂ε̇
, ε̇ij =

∂φ

∂σ
, σ ¯̄⊗ ε = ψ + φ

»®�=G ) ½
§��=�l`�sop^t�]�so`���y{p��lt�mut�y{pÈ�l`#�lqJ��£�tmor#t�_=~SyPku`���ql�'`��l~JyDku�{pPm�k £��¡so`�£w��mut�y{p,kuq^t�¢��{pPmo`��

M + 1 =
N + 1

N

»®� G��H½

�ÈÂJÃA0YÂ / 0 K �^��ÃLÂS�A0Y�J0ÇÆ � ��0®ÃQ��0�*H�8�QÂJÆY�¨Ã�0ÇÂ / � ¶ � � � �� !�	 ¦�»n��G{¼�GD½6~�suyPq^¢{`LpPmRvDq^`£�`LkRkuy{£�qlmut�y{p�kR�^q
~�suyP�^£�]L_=`}�l`cÉ}`Ls�moÊek�mo�{p��^��s��,»Ç��y{pDmo�P��mOt�p^tmot��{£�`L_=`�pDm
~Sy{p���muq^`L£w½R~JyDkuku]L�l`LpDm-£���~^suyP~^sot�r�mur}��« ��qlmoyPkut¤
_=t�£��{sut�mur#~Sy{q�se�l`Qk}£�y{twk}��« rL��soy{q�t�koku�{�{`�`�pÈ~^q�t�koku�{p���`P¦J§��=p^y�mot�yPp,�6« �{qlmuyDk�t�_=t�£w��sotmor#`Lk�mcq^p^`9p^y�mot�yPp
��y{_=~^£�t�vDq^rL`{¦H¾Op,vDq^`�£wvDq^`Lk
_=y�mokL²H`�£�£�`�~S`�so_¡`�m}�l`e_=yPpPmosu`Ls vDq^`�£�`e~^soy{��£�]L_¡`�`Lk�m�t�pH¢���sot��{pDm
~��{s q�p
��\J��p^�P`�_=`�pDm��6« rQ��\^`�£�£�`¡�{�lrQvDq���mQ¦W����pJkc£�`�~�suyP�^£�]L_=`���« t�pJ�l`�pDmo��mut�y{p"�l`Lk�_���mor�sot��{ql�È`�p £�y{twke~^q^twkn¤
ko��pJ��`LkL²���`=��\���p��{`�_=`LpPm#��« rL��\^`L£�£�`¡~J`Lsu_=`�m��l`�kuq^��k�mut�muq^`Ls#£Y« rL��\�`�£�£�`=�l`¡mu`L_¡~Jk�»ÇvDq^tO��yPsuso`Lku~Sy{p��0¥
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	�������������������	�����	������
���� �������!���"#	�$&%'!��
���( �Q�P�

q�p,mu`�_=~�k}¯J��motª-�6« q^p0��\J��so�{`�_=`LpPm}vDq��Pk�t�¤Zk�mo��mutwvDq^`Q½ ~��{s}q^p^`9rL��\^`L£�£�`9ku~���mot��{£�`P¦�§6`�~�suyP�^£�]L_=`���« t�pl¤
�^`�pDmo��mut�y{pÀ~���s#q�p^`'kuq^s�ªÇ�P��`��lrL¢{`�£�y{~�~JrL`�`�pÀ~���s����Sy{£�y �Z�l`=��« q^p��l`�_=t�¤A`Qk�~J�{��`=`Qknm9�{£�yPsok8so`�_=~^£w�{��r
~J��s�£�`�~^soy{�^£�]�_=`8��« t�p��^`�pDmo��mut�y{p3~���s q^p3~JyPt�p ��y{p3~^£w��m�y��3£��¡�lt�_¡`Lp�kut�yPp��lq,��yPpPm��{��m p^`8¢���sot�`c~��Pk�¦

±
`QkR��\���p^�P`�_=`�pDm�k��6« rQ��\^`�£�£�`�kuy{pDmRsu`Lp��lq�k�~SyPkok�t��^£�`Lk�~���sR£�`���{so�P��mu]Lsu`-\^y{_=y{�P]�p^`��l`Qk�~Jy{mu`�pDmot�`L£�k
�^q���ql�0�Py{q^¢P`�sop���pDm�£�`Qke£�y{twk8�l`���yP_¡~Sy{sumu`L_=`�pDm�`�m#~���s8£�`=�L��s��{��mu]�so`9\�y{_=y{�P]�p^`¡�l`=£��3��yPpPmoso�{t�pDmo`
�Pr�yP_¡r�musot�vDq^`��{~^~^£�t�vDq^rL`9kuq^s}£�`��l`L_¡t�¤Z`Lku~��{��`{¦^¾Op ~���sumutw��q^£�t�`�sQ²�~Sy{q^s��l`Lkek�q^suªÇ�{��`Lk~Sy{q�¢µ�{pDmek�`��lr�¤
¢P`�£�y{~^~S`�s `�p3~��{so�{�JyP£�y	�A�l`P²{£w����y{pDmus���t�pDmu`e`Lk�m�\�y{_=y{�P]�p^`���« yPso�^su`8�l¦�´eqlmuso`8vPq¨« t�£�k�~S`�so_=`�mumu`�pDmq^p^`
kut�_¡~�£�t�¯J����mut�y{p��lq�~^soy{��£�]L_¡`P²{��`QkO��\��{p^�{`L_¡`LpDmokR��« rL��\^`L£�£�`�ª®y{pDm
�{~^~��{so� ��mosu`�l`~^£�q�k
�l`LkO��y{p�k�mo�{pDmu`Lk
q�p^t�¢P`�s�k�`L£�£�`Lk-�l`c��`QkR~^soy{�^£�]�_=`Qk-��« t�pJ�l`�pDmo��mut�y{p6¦l´ep�~J`Lqlm-~S`�p�ku`�s
~���s
`��l`�_=~^£�`c�{ql�¡��y{p�k�mo�{pPmo`Lk

CY`�m
Cp

vDq^t�y{pDmr�mor#t�pDmusoyl�lq^t�mu`Qk�~^surQ��rQ�l`�_=_=`�pDmL¦�¶ � � � �� !�	 ¦¨»��AGP¼�GP½-_=y{pDmuso`�pDm`�p,~��{s�mot���q^£�t�`Ls�vDq^`
£A« `��l~^so`Lkok�t�y{p

C2 =
a2

δ2R

»®� GP�P½
`Qknm�t�pH¢���sot��{pPmo`=`�m�vDq^`

C2
p^`��lr�~S`�p��³vDq^`��^`Lk#`��H~SyPko��pDm�k#�l`�£w�,£�yPtO~^q^twkuko��pJ��`{¦6bcp^`��Sy{p^p�`'��~l¤

~�suyµ�lt�_=��mut�y{p�~JyPq^s
C2

`Lk�m}£��=kuq^t�¢��{pPmo`��

C2 = 1.45 exp(−(M +N))
»®� G{�D½

x�y{q�s�~^£�q�k��l`��lr�m���t�£�k�k�q^s���`Qk��Pk�~S`L��mok���« ��qlmoyPkut�_=t�£��{sut�murP²�y{p9su`LpD¢Py{t�`O��q#moso�µ¢��{ql�8kuq^t�¢���pDmok »Y¶ � ���
�
 !�	 ¦�²W�AGP¼�G � � ¹ ��¸ � ��·^¸ 	 � �  %� �  Ï²J�AG�G{� �  � � � � � ¹ ��¸ � ��·�¸ 	�²J�AG�GD� � � ¹ ��¸ � ��·�¸ 	 �
 !�	 ¦�²
��G�G>2�½

� *HÆ �lÃ�0ÇÂ / �ZÂ ��Å�*�� -
/ 0�* / Ã!�lÃ�0ÇÂ / b}p��l`Lk-surQk�q^£�mo��mokO�^`e��`�m�mo`c��p��{£�jlku`~���s ��\���p��{`�_=`LpPm-�6« rQ��\^`�£�£�`
`Qknm£A« rQ��sotmoq^so`8�6« q^p�`#su`L£���mut�y{p�ª®y{s���`����°p��l`LpPm���mot�yPp�kuy{q�k £w�¡ª®y{so_¡`#kuq^t�¢µ�{pDmu`��

P

πa2 = σ0α(N,M)
[

βM (M,N)
a

2R

]M
[

βN (M,N)
ȧ

ε̇02R

]N »®� G 2{½
y ��£�`Lk9ª®y{p���mut�y{p�k

α, βM
`�m
βN

k�yPpDm¡�l`Qk�ª®yPp���mot�yPp�k9q�p^t�vDq^`L_=`�pDm¡�lrL~J`Lp��^�{pPm=�l`Lk�`��l~SyPko��pDmok
M`�m

N
vDq^tW~J`Lq^¢{`LpPm¿�muso`e�lr�mu`�so_=t�p�rLk `��l~Sr�sot�_=`�pDm���£�`�_=`�pDmL¦Hx�y{q�s��^`e£w�9~�£��Pknmot���tmor��µ¢P`L�}rQ��soy{q^twkoku�{�{`

(N = 0)
²���`QkR��y{pJknm���pDmu`QkR��y{soso`Lku~JyPp��l`�pDmR¥8��`�£�£�`LkRvDq^` � � � ��¸0»��AGD�l�Q½��µ¢���t�mR_=t�k�`Lp¡rL¢Ht��l`Lp���`�^�{p�k

��`Lk�`��H~Sr�sot�`�p���`Lk5�
α = 2.8

`�m
βM = 0.4

¦
��~���sumut�se�l`¡k�t�_9q�£���mut�y{p�kpHq^_=rLsutwvDq^`LkL² � ¹ ��¸ � ��·^¸ 	 �
 !�	 ¦�»n��G�G>2�½ ~^soy{~SyPku`�£A« `Qknmot�_���mot�yPp0k�q�t¤

¢��{pPmo`�~Sy{q�s�£�`Lkeª®yPp���mot�yPp�k
α, βM

`�m
βN
²6vDq^tRku`�_��^£�`¡¿�mosu`¡q^p^`¡mosu]Qke�Sy{p�p^`���~^~^soyµ�lt�_���mut�y{pÈ~Sy{q^s

£�`Lk�¢��{£�`Lq^sok�qJk�q^`L£�£�`Lk�^`Lk�`��l~SyPko��pDmok��

P

πa2 = 3(1 + 2N)σ0

[ a

6R

]M
[

ȧ

ε̇06R

]N »®� G{¼D½
±
`�m�mu`È�{p���£�jlk�`,vDq^t}� r�mur,_=`�p^rÈ�^�{p�k¡q^p ~^su`L_=t�`Ls�mo`�_=~�k=~Sy{q^s��l`Qk=t�pJ�l`�pDmu`Lq^s�k¡ku~^\^rLsutwvDq^`Lk

sot��{tw�l`Lk}kuq^s8�l`Lkc~^£w��p�ke�lr�ª®yPsu_�����£�`Qk}~S`�qlm�¿�muso`�ªÇ�P��t�£�`L_=`�pDmc�{rLp^r�s���£�twk�rL`L¥��l`Lql�,��y{so~�kc�^r�ª®y{so_����^£�`Lk
�^y{pDme£�`Lk�£�y{twke�l`=��yP_=~JyPs�mo`�_=`�pDme~SyPkoku]L�l`LpPm8£�`Lke_¡¿L_=`Lk�`��l~SyPko��pDmokL¦/�°£�ªÇ��q^m#�{£�yPsoke��yP_¡~�su`Lp��lso`�£��
¢��{£�`Lq^s

σ0
��y{_=_=`�q�p^`#¢���£�`�q^srQvPq�t�¢���£�`�pDmo`8kuy{qJk�£���ª®y{so_=`#k�q^t�¢���pDmu`��

1

σ
1/(M+N)
0

=
1

σ
1/(M+N)
1

+
1

σ
1/(M+N)
2

»®� G�GD½
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�µ��� � �W!�������� � ���
	 	�!� �

y �
σ1
`�m
σ2
���{so�P��murLsutwku`�pDm
£�`Lk�l`Lql��_���mur�sotw��ql��¦

���M9$� 3 � �LÃA0Y� �lÃA0YÂ / 0�� ÅPÂ * ��Å�0 * / Ã$0�* ��*D�LÃA0ÇÃL��ÃA0YÂ / �
[�so�µ¢��{ql�'�l`�» � ¹ ��¸ � ��·^¸ 	 � � � ¸ 	 	 ����²��{�{�{�D½
�}¯�p¡�^`��^y{p^p^`Ls�q�p^`�`Lk�mut�_=��mut�y{p¡�lq���yD`�¬���t�`�pDmO�l`
so`Lk�mut�muq^mut�y{p6²µ£A« `��H`L_=~^£�`�l` £A« t�_=~��{��mR�^` �l`Lql�

ku~^\^]Lsu`Qk`Lk�mcso`�~^sotwk}�^��pJkc��`9~���s����Pso�{~^\^`{¦l§-« rQvPqJ��mut�y{p³»Ç�=G�GD½�`Lk�mcsor�rQ��sotmo`#`�p,mu`Lsu_=`9�6« t�p��l`LpPm���mot�yPp
δ
k�yPq�k�£w�9ª®yPsu_=`�kuq^t�¢µ�{pDmu`��

P = γσ0(2R)2
(

δ

2R

)1+(M−N)2
(

δ̇

ε̇02R

)N »Y�{�{�D½

�µ¢P`L�
γ = 31−M−N2−N (1 + 2N)πC

1+(M+N)/2
2

»Y�{�^�µ½
§-« rQvPqJ��mut�y{p,�lq,_=y{q^¢P`�_=`�pDmsor��{twkoku�{pPm�£A« t�_=~��{��m}~J`Lqlmc�ly{pJ��ku`�ª®y{so_9q^£�`�s}�^`#£��=kuy{sumu`��

δ̈ +
γ

m
σ0(2R)2

(

δ

2R

)1+(M−N)2
(

δ̇

ε̇02R

)N

= 0
»Y�{�P�{½

bcp^`#~^so`�_=t�]Lsu`8t�pDmur��Pso��mut�y{p�~���ss���~^~Sy{sum��q3mu`L_¡~Jk�ly{p^p�`��

δ̇2−N +
2(2 −N)γσ0(2R)1−(M+N)/2

m(4 +M −N)ε̇N0
δ2+(M−N)/2 = V 2−N »Y�{� ) ½

�e`e��`�m�mo`}~^so`�_=t�]�so`t�pDmurL�{s���mot�yPp6²�y{p�~S`�q^m �lrQ�lq^t�su`c��y{_=_=`}�^��pJkO£�`c���PkOr�£w�{k�mutwvDq^`£A« t�p��l`LpPm���mot�yPp
_����Ht�_9q�_4~J`Lp��^�{pPm}£A« t�_=~��P��mL²

δm �

δm = 2R









m

(

1 +
M +N

2(2 −N)

)

ε̇20

2Rγσ0









2

4 +M −N
(

V

2Rε̇0

)

2(2 −N)

4 +M −N »Y�{���H½

§-« rL¢{y{£�qlmot�yPp��l`}£w����\���so�{``Lp=ª®y{p���mut�y{p'�^`}£Y« t�p���sor�_=`�pDm-~S`�q^m��{£�yPsok�¿�muso`e�lyPp^p^r�`c`�p�so`�_=~^£w� ���{pDm
£w�¡¢���£�`�q^s}�l`

δ̇
�ly{p�p^r�`#~��{s#»Y��� ) ½ �^�{p�k�£Y« rLvDq���mut�y{pÀ»Y�{�{�P½ kuy{t�m��

P

πa2 =
γσ0

πC2









2Rγσ0

m

(

1 +
M +N

2(2 −N)

)

ε̇20









N

2 −N
(

δm

2R

)

M +N

2 −N

×
(

δ

δm

)

M −N

2






1 −

(

δ

δm

)2+
M −N

2







N

2 −N »Y�{�P�P½
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�^`�£A« t�_=~��P��m}`�pDmosu`#�l`Lql�3��y{so~�k `�p,¢{yP£�k £�t��^so`Lk�p�`#~J`Lqlmc�ly{pJ�8~��{k�¿�muso`emoso�{tmor{¦

±
yPp���`Lsup��{pDm�£Y« `Lk�mut�_���mut�y{p �^q ��yH`�¬���t�`�pDm��^`0su`Qknmotmoqlmut�y{p¨²-£A« \HjH~Jy{mu\^]Qk�`0�6« q^p ��y{_=~Sy{sumu`L_¡`LpDm
rL£��Pknmot�vDq^`��l`Lk���yPsu~�kc`�p ��y{pDmo�P��mc`Qknm8q^p^`�\HjD~Sy�mo\^]Lku`�so`Lk�musot���mut�¢{`9vDq^t����Sy{q^mut�m8¥��^`LkesurQk�q^£�mo��mok}musot¤
¢Htw��ql��¦6±
`�~S`�p�����pDmL²���`Ls�m���t�p^`Lke`��Hmo`�p�kut�yPp�k��lq©��y{pDmo�P��m#�l`¡Éc`�sumuÊ¡t�p�tmot��{£�`L_¡`LpDm�~Sy{p���muq^`L£�~J`Lq^¢{`LpPm
¿�muso`�mosuyPq^¢{rL`Lke~JyPq^s#�l`Lk���yP_¡~Sy{sumu`L_=`�pDmok8�ltwkukut�~���motªÇkcmu`L£�k8vDq^`¡£���¢Ht�ko��yDk�t�mur�£�t�p^rL�{t�so`{²S£w�'~^£w�{k�mutw��t�mur
~J��suªÇ��t�mu`#y{qÈ`Lp���yPsu`#£w�=¢Ht�ko��yP~^£w�{k�mutw��t�mur{¦J§¨��~^£�q^~��{s�m��l`9��`Qk}`��Dmo`�p�kut�y{p�kyPpDmcr�mor�surQ��£�t�kur�`Qk�~JyPq^scsor�¤
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kuy{qJ�lsu`���pJ��£�jPmot�vDq^`L_=`�pDm�£�`Lk�~^soy{��£�]L_¡`Qk���« `Qkuko��twk��l`�lq^so`�mor ~J��s�t�pJ�l`�pDmo��mut�y{p6¦�x�yPq^sR�l`Lk��{rLy{_=r�mosut�`Lk
`LpDmus���pDm}�^��p�k}£�`��L�{�lso`#knm���p��^�{so�3�l`�Éc`�sumuÊ{²J£�`Qk�`Lk�mut�_���mut�y{pJk}�lq0��yH`�¬���t�`LpDm�^`�su`Qknmotmoqlmut�y{p,`�mc�l`Lk
`��SyPs�m�k�k�`L_9�^£�`�pDm���yPsusoy{�Sy{so`�sQ²��{q _¡yPt�pJk�vPqJ��£�tm���mut�¢{`L_=`�pDmL²R£�`Lk=`��H~Sr�sot�`�p���`Lk=�l`È£w���Sy{s���muyPt�so`{¦�§¨�
vDq^`Qknmot�yPp vDq^t�su`Qknmo`�¥�sorLkuy{q��^su`�`Qknm�� � q^`L£�`Qknm�£�`¡~^\^rLp^y{_=]Lp^`��ltwkok�t�~���motªO~�surL~JyPp��lr�s���pDmc£�y{s�kc�6« q^p
t�_=~��{��mR`�pDmuso`�l`�ql��_=��murLsutw��ql�¡�ly{p^p�rLk ��x�y{q�sR£�`Qk�mu\^`Lsu_=y{~�£��Pknmot�vDq^`Qk�²µt�£^`Lk�mO��y{_=_�q^p^r�_=`LpPmO�P�l_=t�k
vDq^`e£��9¢Ht�ko��yDk�t�mur}`Qknm�£�`c~^\^rLp^y{_=]Lp^`e�ltwkok�t�~���motª�~^sut�p���t�~��{£S�{£�yPsok-vPq�`e~Sy{q^s £�`Lk
_¡r�mo�{ql��²P£w��~^£w�{k�mutw��t�mur
znyPq^`8q^p^`#s��{£�`8~^surL~JyPp��lrLso�{pPmQ¦

��« q�p^`�_���p^t�]�so`��{rLp^r�s���£�`{²Wt�£
ku`�_��^£�`�t�£�£�q�kuy{t�so`=�^`�~J`Lp�k�`Ls#musoy{q�¢{`�s��^`Lk�kuy{£�qlmut�y{pJk#��p��{£�jDmutwvDq^`Lk
�^`Lk�`��Wy{sumok��l`���yPpPm��{��m�~Sy{q^sR�l`Qk��{r�yP_=r�musot�`Lk�vPq�`�£w��y{pJvPq�`LkL¦µ§¨` �L�{k��lq�~^suyP�^£�]�_=` �^`�Éc`�sumuÊ su`Qknmo`
q�p
�L�{k�~��{s�mot���q^£�t�`LsL²ly ��£w��k�yP£�q^mut�y{p,��« q�p3~�suyP�^£�]L_=`8�^`���y{pDm��{��m`Lp3rL£��Pknmot���tmor8musot��^t�_=`�pJk�t�y{p^p�`�£�£�`8~S`�qlm
¿�muso`#`��l\^t��JrL`��l`�ªÇ� ��yPpÈ��p��{£�jDmutwvDq^`{¦J�e�{p�kc�l`Qkc�L�{k~^£�q�kc�{r�p�r�s���ql��²^£A« `L_=~^£�yPt���« y{q^mut�£�kcpDq�_¡rLsutwvDq^`Lk
ku`8surL¢{]L£�`�¿�mosu`#t�p��ltwk�~S`�pJku�{�^£�`P¦
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� $ �3:�� �3���� ���'����
� �°_=~��P��mc��« q^p^`�ku~^\^]Lsu`#kuq^sq^p,_��{kok�t�ª�~�£��{p ¦#¦#¦8¦#¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ ¼
� �}rL�{��mut�y{p,�l`���yPpDmo�{��m}��q,��y{q�sok��lq3mu`L_=~�k�¦8¦#¦#¦8¦#¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ G
) �ekuku`�_��^£w���{`8kut�_=~^£�`#su`Qkukuy{sum�£�t�p^rL�{t�so`#��_=y{sumutwkok�`Lq^s ¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ �L�
� d0yH�^]�£�`��l`��S`�p^`Ls ¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦8¦#¦8¦#¦#¦8¦#¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ �Q�
� ±
yP_=~���s���twk�yPp��^`O£���so`�£w��mot�yPp�ª®y{s���`���t�pJ�l`�pDmo��mut�y{p�~JyPq^s¨£�`Lk¨�lt�Wr�so`�pDm�k6_=yl�l]�£�`LkL²

ω0 =
1
²
α = 0.1

²
ν = 0.1

¦8¦#¦8¦#¦8¦#¦#¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦�¦#¦#¦8¦#¦8¦#¦8¦#¦#¦8¦#¦��Q¼
� ±
yH`�¬���t�`LpDmc�l`8su`Qknmotmoqlmut�y{p,`�p�ª®y{pJ��mut�y{pÈ�l`#£A« ��_=y{sumutwkuku`�_=`LpPm ¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ ��G
2 d0yH�^]�£�`��l`�� � � ¹ ��� �  ¸ � � � »��AG{¼P�P½�¦�¦8¦#¦#¦8¦#¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ �P�
¼ ±
yPpDmo�{��m}�l`�É}`Ls�moÊ ¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦8¦#¦8¦#¦#¦8¦#¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ �{�
G �°_=~��P��mc��y{£�t�p^rQ��t�su`8�l`��l`Lql��ku~^\^]Lsu`Qke¦#¦8¦#¦8¦#¦#¦8¦#¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ �D�
�Q� �-¢{y{£�qlmot�yPp=�^`£Y« t�pJ�l`�pDmo��mut�y{p

δz
`�m-�l`£w�8surQk�q^£�mo�{pDmu`��l`�ª®y{s���`

P
��q���yPq^sok��l`£A« t�_=~��P��mL¦8� )

�P� ±
yPpDmo�{��m`�pDmuso`�musoy{twk��jH£�t�p��lso`Lk}¦#¦#¦�¦#¦8¦#¦8¦#¦#¦8¦#¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ � G
�µ� �etwkuvDq^`#rL£��Pknmot�vDq^`8t�p��l`�pDmor#~���s�l`Lql�3��jD£�t�p��lso`�sot��{tw�l`Lkc¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ �^�
� ) ±
yP_=~���s���twk�yPp'�l`Qk}�lr�¢P`�£�y{~^~S`�_=`LpPm�k ��t�p^p^`Ls ��² ��y{qlmo`�s �}`�mc��yP_¡~SyPkut�mu`�¦8¦#¦8¦#¦#¦�¦#¦ �{¼
�L� �°pJ��tw�l`�p���`c�l`e£��8£�y{p^�Pq^`�q�sR¯�p^t�`e�l`Qk-��jD£�t�p��lso`LkOkuq^s-£�`c��y{pDmo�P��m-�l`�É}`�sumuÊc`�pDmuso`}�l`�q^�

��jH£�t�p��lso`Lk9¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦8¦#¦8¦#¦#¦8¦#¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ 2 )
�µ� ±
yPpDmo�{��m}��y{p^ª®y{so_¡`8`LpPmosu`8q^pÈ�{su�^so`�`�m}q^p,��£�rLko���P` ¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ 2{�
�Q� �-¢{y{£�qlmot�yPp3�l`Qk�{s���pJ�l`�q^s�k _=rL���{p^twvPq�`Lk���qÈ��yPq^s�k �^`#£Y« t�_=~��P��mQ¦�¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ GD�
��2 ±
yP_=~���s���twk�yPp#�l`Lk��lt�Wr�so`�pDmo`Lk���~^~^soyl��\^`LkWf »Y�P½6�}rLkuq^£m���m�y{�lmo`�pHq^`Lk��~��{s�mot�s���« q^p^`

t�pDmurL�{s���mut�y{p pDq�_¡rLsutwvDq^`��^`�£A« rQvDq���mot�yPp » ) �{¼D½�f »®�J½�¾-k�mut�_���mot�yPp���pJ��£�jPmot�vDq^`3�l`
4 � � �Ï¸�·�º ��&! 	 ¦�»��AG�G=GP½�»®rLvDq���mut�y{p³» ) G ) ½n½
f »Y�L½}¾-knmot�_���mut�y{p0��pJ��£�jPmot�vDq^`��l` � � �
� � � � ¸ � � � ��� � »n��G{¼>2�½�»®rLvDq���mut�y{p » ) 2�¼D½8f »Y��½��rQk�yP£�q^mut�y{p pDq�_¡rLsutwvDq^`È�l`
£A« rLvDq���mot�yPp » ) ¼>2�½���yPsuso`Lku~JyPp��^�{pPm8��qÀ�lr�¢P`�£�y{~^~S`�_=`LpPm#`LpÀkur�sot�`¡�l` �  � � � ��·^¸ �
� ��	���6· � »��AG�GP¼P½+¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦8¦#¦8¦#¦#¦8¦#¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦ G>2

�Q¼ �etwknmosut��^qlmot�yPp,�^`Lk��yPpDmus���t�pPmo`Lk��{�^t�_=`�pJk�t�y{p^p�r�`Lk�`Lp3ª®y{p���mut�y{p,�l`
λ

¦#¦8¦#¦8¦#¦#¦�¦#¦e�L�P�
��G SO�{sutw��mot�yPp0�lq0_����lt�_9q^_ �l`¡��yPpPmoso�{t�pDmo`

τ1max

`�m8�l`9£w��~^soy�ª®yPp��l`�q�se¥�£w�{vDq^`L£�£�`�t�£
`Qknmc��m�mo`�t�pPm

λmax
`�p3ª®y{pJ��mut�y{p,�l`

ν
¦#¦8¦#¦8¦#¦#¦8¦#¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦e�L�P�

�{� �etwknmosut��^qlmot�yPp,�^`Lk��yPpDmus���t�pPmo`Lk��{�^t�_=`�pJk�t�y{p^p�r�`Lk�`Lp3ª®y{p���mut�y{p,�l`
λ

¦#¦8¦#¦8¦#¦#¦�¦#¦e�L�D�
�^� �-¢µ�{£�qJ��mut�y{pÈ�l`

J2/p0
`�p�ª®y{p���mut�y{p

λ
~Sy{q^s}�lt��Wr�so`�pDmu`Qk�¢µ�{£�`Lq^s�k�l`

ν
¦8¦#¦�¦#¦#¦8¦#¦e�L� )

�P� SO�{£�`Lq^s}�l`
J2/p2

0max

`�mc�l`
λmax

`Lp'ª®yPp���mot�yPpÈ�l`
ν

¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦e�L�{�
� ) SO�{sutw��mot�yPp��l`-£w�}~�su`Qkukut�yPp#_=y�j{`�p�p^`-�l` ��y{pDm��{��m�`�p#ª®yPp���mot�yPp9�l`
£��e�lr�ª®yPsu_���mot�yPp��{�lt�¤

_=`Lp�k�t�y{p�p^r�`
E∗a/(σ0R)

¦J§¨`9_=yl�l]�£�`9��« t�pJ�l`�pDmo��mut�y{pÈ`LpÈmusoy{twk~^\��Pk�`Qkc��y{sosu`Qk�~Sy{p��
�{q�_=yl�l]L£�`#p^yP_=_¡r���± �µ¢Htmnj�d0yH�^`�£ ��¦6»Y��« �{~^so]Lk#» � � � � 	 ����²���G{¼P�P½�½ ¦8¦#¦8¦#¦#¦�¦#¦e�{�Q�

��� ±
yPpDmus���t�pPmo`Lk}����p�k£�`9�l`L_=t¤Z~^£w��pÈ`�pÈsor��Pt�_=`#~^£�`�t�p^`L_¡`LpDmc~^£w�{k�mutwvPq�`{¦W±
yP_=~���s���twk�yPp
�µ¢P`L�eq^p,_=yH�^]�£�`#sut��{tw�l`8~^£w�{k�mutwvPq�`{¦6»Ç�6« �{~^su]Qk#» � � � ��	 ����²��AGP¼P�P½�½ ¦8¦#¦8¦#¦8¦#¦#¦�¦#¦e�{�P�

�P� ±
\J��so�{`©muy�m���£�`³��~^~^£�twvPq�r�`À`�p ª®y{pJ��mut�y{p �l`À£A« t�p��l`LpPm���mot�yPp6¦9»Ç�6« �{~^su]Qk³» � � � ��	 ����²
��G{¼D�{½�½�¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦8¦#¦8¦#¦#¦8¦#¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦e�{�µ�

�{� ��y{s���`#�l`���y{pDmo�P��m�`�p3ª®y{p���mut�y{pÈ�l`8£A« t�p��l`LpPm���mot�yPp6²���« ��~^so]Lk8» � ¹�¸����$��·W²J���P�{�D½i¦�¦#¦e�{�Q�
� 2 ±
yP_=~���s���twk�yPpÈ`�pDmuso`=�l`Lk�_=`Lkuq^so`Lk��l`¡��yH`�¬���t�`�pDm#�l`�so`Lk�mut�muq^mut�y{p `�m��l`Lk�£�t��Pp^`Lk��l`

~S`�pDmo`Lk − 1
4

¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦8¦#¦8¦#¦#¦8¦#¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦e�{��G
�{¼ x-suyP�^£�]L_=`8�^`  � � 	 	 � �¨·
	 �©`�m��e·^¸�¸ ��¹ ��¦8¦#¦#¦8¦#¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦e���H�
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��G x-su`Qkukut�yPp3�{~^~^£�t�vDq^rL`#¥�q�p^`�k�q�s�ªÇ�P��`#��t�so��q^£w��t�su`P¦,�°pDmor��{s���mot�yPp��lqÈ�lrL~^£w�{��`L_=`�pDm¦#¦�¦#¦e��� G
) � x-suyP�^£�]L_=`8�^`�|
yPq�kok�t�p^`Lkov=~^£w��p�¦#¦�¦#¦8¦#¦8¦#¦#¦8¦#¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦e�Q�P�
) � �°pDmor��{s���mot�yPp��l`Qk~^so`Lkok�t�y{pJk�¦#¦8¦#¦#¦�¦#¦8¦#¦8¦#¦#¦8¦#¦8¦#¦�¦#¦8¦#¦#¦8¦#¦8¦#¦8¦#¦#¦�¦#¦e�L�P�

� 	��6��� ���� ��$��3:��$���&
� hljDpDmo\^]Lku`#�l`Lk~�sut�p���t�~��{ql�'sorLkuq^£m���m�kk�q^s£�`#��yPpPm��{��m�^`�É}`�sumuÊ8rL£��Pknmot�vDq^`+¦8¦#¦#¦�¦#¦ ) G
� ± �{so�P��mor�sot�k�mutwvDq^`��^`�£A« rL��yPq^£�`�_=`�pDm}~^£w�{k�mutwvDq^`8`�p3ª®y{p���mut�y{p,�l`#£A« `��l��`�pDmusotw��t�mur�¦#¦#¦�¦#¦e�L�D�
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/ ��� �������� ��
�  � � � � ����� �  �  ��·^·^¸ � �  �� �6¸ � ¦}acy{p0\�`�sumuÊ�tw��p0��y{pDmo�P��mek�muso`Lkokc�{p���£�jlk�twk�ª®yPse��pÈ`L£��Pknmot��
\��{£ªÏ¤°k�~J�{��`8p^yPsu_��{£6��p�k}ku£�t��lt�p^����y{pDmo�P��mL¦�! �� �
���R! �	�� �R!�	��>� �����R! 	 ��) � ��	 	�� ��!��F� � ����'�
�������� ²���G
»®�H½�²^~�~6¦ ) � 2 � ) 2 ) ²���G{¼ ) ¦

�    � � � � � 	 � �  � �$���^·^¸ 	�¦�´ep mo\^`Èm � y�¤°�lt�_¡`Lp�kut�yPp���£~^soy{��£�`L_ y{ª8����jH£�t�p��lsot��L��£ck�mo�{_=~
~^so`Lkok�`Q��t�pDmuy=mu\�t�p,`�£w�{k�mutw��£��µjP`�sQ¦ � �
 ! 	 �W� %D!���	��W! ²FG^²l~^~6¦S� GP��� ) �{�{²J�AG>2��^¦

�   � � ��� ¸��R¦ [�\^` �ljHp��{_=t��Lk�y{ª"�ltwko��so`�mu` _=`L��\��{p^tw����£Èkujlknmo`�_�k�tmo\ ~S`�suª®`L��m q^p^t�£���mu`�s���£
��yPp�k�mus���t�pPm�k�¦ � ��� %>	 � ��� )�� � � ! �	�� �R!�	 	 �W� %D! �'	�����!��R� � �R! 	 � ��	 � ²6�Q����²H~^~6¦6��G�G �l�=2���²H���{�P�^¦

�  4   � ¸ � ·�¸ � �  8� � � � � ¸�· ����� ¦-±
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§¨`9~^soy{�^£�]�_=`9�^`  � ��	 	 � �6·
	�� »��L¼P¼P�{½`�m �e·�¸�¸ ��¹ ��»��L¼{¼D�{½���y{p�kut�k�mu`¡¥=musoy{q�¢{`�sc£�`¡��\���_=~ �l`

��y{pDmus���t�pDmu`Qk}`�m8�l`=�lr�ª®yPsu_���mot�yPp�kc����p�keq^p©�^`�_=t¤Z`Lku~��P��`9rL£��Pknmot�vDq^`�£�t�_=tmor�~J��scq�p^`¡kuq^suªÇ�{��`
z = 0`�m���\���so�{r�~J��s=q^p^`,~^so`Lkok�t�y{p¨²�p^yPsu_��{£�`3`�m=mo�{p^�{`LpDmu`,k�q^s=q^p�`�q^p�`,kuq^suªÇ�{��`'ª®`Lsu_=r�`,�l`Èkuy{p ~�£��{p

£�t�_¡t�mu` � �{¦
bcp^`�~�su`Qkukut�yPp,p^y{so_���£�`

p(x, y)
`Qknm8��~^~�£�twvDq^r�`¡k�q^se£�`¡�l`�_=t�¤A`Qk�~J�{��`P²J��y{p�znyPt�pDmu`L_=`�pDm��{ql�3~�su`Qkn¤

kut�y{p�k�m���p^�P`�pDmut�`�£�£�`Lk
qx(x, y)

`�m
qy(x, y)

²WvDq^t���y{p��^q^tm�¥=q^pÈr�m���me�l`���y{pDmoso�{t�pDmu`Qk musot��^t�_=`�pJk�t�y{p^p�`�£
vDq^`,£A« yPp ~J`Lqlm�su`L~^sorLku`�pDmu`Ls¡~J��s��

σx, σy , σz, τxy, τyz, τzx
¦-bcp �L�{k=~��{s�mot���q^£�t�`Ls�~J`Lqlm'¿�mosu`È��y{p�kut¤

�^r�sor£�yPsokovDq^`�£�`}��\��{su�P`�_=`�pDmR`Lk�m-���ltwk�jH_=r�mosutwvDq^`��qlmoy{q^sO�^`}£Y« ���l`
z
¦�¾Op���yHyPso�lyPp^p^rL`LkR��jH£�t�pJ�lsutwvDq^`Lk

(r, θ, z)
²Q£�`Lk�~^so`Lkok�t�y{p�k

p(r)
`�m
q(r)

k�yPpPm�t�pJ�lr�~S`�p�����pDmu`Qk��l`
θ
`�m
q(r)

`Lk�m��^t�sot��Pr�` k�q^t�¢���pDm�q�p9s��µj{y{p¨¦
§¨`Lk#��y{_=~JyDku�{pDmu`Lk8�l`Qk���yPpDmus���t�pPmo`Lk

τrθ, τθz
k�« ��p�pDq�£�`LpPm��{£�yPsok�`�m#moy{qlmo`Lk8£�`Lk��{qlmuso`Lk8��y{_=~JyDku�{pDmu`Lk

kuy{pDmt�p��lr�~S`�pJ�^��pDmu`Qk�l`
θ
¦

´epÈmosuyPq^¢{`Lso�¡q^p�`9~^sorLku`�pDmo��mut�y{pÈ��yP_=~^£�]�mu`9�^`9£w�=mu\^rLy{sot�`9�{r�p�r�s���£�`��l`Lk}ª®y{p���mut�y{p�kc~Jy{mu`�pDmot�`L£�£�`Lk
����p�k
£�`QkOmoso�{tmorLk ��« r�£w�{k�mutw��t�mure��£��PkukutwvPq�`{²D¢{y{t�s-~J��s-`��l`�_=~^£�`¡» ����� � 	��6· � � � � � �����$�Ï·�¸�²J��GP�l�µ½�`�m
� ����· »n�AGD�{�P½�¦H¾O£�£�`Qkk�yPpPm�£�`�~�£�q�kkuy{q�¢{`�pDm�su`L£�t�r�`Qk���ql��mo\^r�yPsut�`Lk��l`Qk
ª®y{p���mut�y{p�k�l` � so`�`Lp�~Sy{q^s�£�`Lk
rQvDq���mot�yPp�k-�{ql�=�^r�sot�¢Pr�`LkO~���sumut�`�£�£�`Qk�¦Da}yPq�k-p¨« `Lp��ly{p^p�`�soy{p�k-t���tSvDq^`}£�`Lk
~^sot�pJ��t�~���ql�=sorLkuq^£m���m�kOqlmot�£�`Lk
�{q3��y{pDmo�P��m}�l`�Éc`�sumuÊ{¦
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§-« �{~^~^soyH��\�`0��£w�{kok�twvDq^`0~Sy{q^s'musoy{q^¢P`�s�£�`Lk���y{pDmoso�{t�pDmu`Qk�`�m3£�`Qk'�lrL~^£w�{��`L_=`�pDmok��^��p�k'q^p �l`L_=t¤
`Qk�~J�{��`�r�£w�{k�mutwvDq^`8`Lk�m}�lq^`#¥  � � 	 	 � �¨·
	 � »��L¼P¼P�{½-`�m0�e·^¸�¸ ��¹ �O»��L¼P¼P�{½�²lvPq�t6y{pDm�qlmut�£�twkur#£���mu\�r�y{sot�`
�^`Lk�~Sy�mu`LpDmut�`�£wk�¦

±
yPp�k�tw�lrLsuyPp�k�q^p�~Sy{t�pDm���y{q^s���pDm
C
�l`
£��ck�q^suªÇ�{��`-��\��{su�Pr�`{²

S
²�so`�~Sr�sorO~���s�k�`Qk¨��yDyPso�^y{p^p^rL`Lk

(ξ, η)`�mcq^p0~Sy{t�pDm���y{q^s���pDmc�lq0�l`L_=t¤Z`Lku~��{��`
A
so`�~Sr�sor#~��{seku`Lkc��yHy{s��ly{p^p�r�`Lk�L��sumurQk�t�`�p^p�`Lk

(x, y, z)
¦S§¨�

�^t�k�mo�{p���`8`�pDmosu`
C
`�m
A
~J`Lqlm}¿�mosu`#�lr�¯�p^t�`��l`#£w��_��{p^t�]Lsu`#kuq^t�¢µ�{pDmu`��

CA ≡ ρ = [(ξ − x)2 + (η − y)2 + z2]
1
2

»Y�^� 2{½
´ep,t�pPmosuyl�lq�tm£�`Lk�ª®yPp���mot�yPp�kvDq^t¨ko��mutwk�ª®y{pDm £�`Lk}rLvDq���mot�yPp�k��l`�§¨�{~^£w�{��`#kuq^s£�`8�^`�_=t¤Z`Lku~��P��`��

F1(x, y, z) =

∫

S

qx(ξ, η)Ω(z, ρ) dξdη
»Y�^�L¼D½

G1(x, y, z) =

∫

S

qy(ξ, η)Ω(z, ρ) dξdη
»Y�^�AGD½

H1(x, y, z) =

∫

S

p(ξ, η)Ω(z, ρ) dξdη,
»Y�P���D½

y �
Ω(z, ρ) = z ln(ρ+ z) − ρ

»Y�P�l�µ½
Y � � �HÓ � � # Þ -.�QÓ-Õ � Ø'�µÛ�� � (�Ó9�µÓ9(ZÐ � Û$3�Ó��ÓnÒ�Þ�ØAÜ�# Þ ��ÓnÛ$�,&nÓRÖ�ÓnÛ$�Ó°Þ �µÓ8(nÜ�ÒµØ'#%��&nÛÇÓnÛ -��µÓOÕ×Ó�Ø	(nÜ�Ò�ÞAÛ � #×Ò�ÞYÓnØRØ 5 � ÒµÒ��µÕ×ÓnÒ�Þ �Õ65 #×Ò ��Ò�#{Ì�Ü��QØ ��Ó�ÛÇÛÇÜ�ÒµØ � � ÒµØ6Õ65 � ÒµÒµÓ
2QÓ�ß -�� 5 �µÒ�( � Ø�Ö � ÛÇÞ$#%(��µÕ%#×ÓnÛ	�µÓ�Ø'�QÛ � � (nÓ #×Ò ��Ò�#×Ó�Ö{Ó��QÞ	 °ÞYÛYÓRÓnÒ ��#×Ø � 3�&nÓ �QËÏÕPØ)5 � 3�# Þ����

( � ØJÕ%#%�,# ÞAÓ � #%��#%�ÓnÒµØ'#×Ü�ÒQÒµÓnÕµÜ�4�Õ � Ø'�QÛ � � (nÓ�Ö�Ó��QÞ  °ÞYÛYÓ �µÒµÓ � � Ò��QÓ �µÓ¨Õ×Ü�Ò�3��µÓ��µÛ #×Ò ��Ò�#×Ó�� � 5 Ð +LÖ{Ü�ÞYÐ��nØAÓ �µÓ ��&���Ü�Û1� � Þ$#×Ü�ÒµØÖµÕ � ÒµÓnØ�Ö�ÓnÛ1�ÓnÞ � Õ×Ü�ÛÇØ �QÓ ��ÓnÛ1�Ó�Û�Õ×ÓRÖQÛYÜ � Õ%���Ó��
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y

x

z

C(ξ, η)

A(x, y, z)

S

ρ

������ ��{¼0� 
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���� �������!���"#	�$&%'!��
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�er�¯Jp^t�kokuy{p�k�_���t�pDmu`Lp���pDm£�`Qk�~Jy{mu`LpPmot�`L£�kck�q^t�¢���pDmok��

F (x, y, z) =
∂F1(x, y, z)

∂z
=

∫

S

qx(ξ, η) ln(ρ+ z) dξdη
»Y�P�{�P½

G(x, y, z) =
∂G1(x, y, z)

∂z
=

∫

S

qy(ξ, η) ln(ρ+ z) dξdη
»Y�P� ) ½

H(x, y, z) =
∂H1(x, y, z)

∂z
=

∫

S

p(ξ, η) ln(ρ+ z) dξdη
»Y�P���H½

ψ1 =
∂F1

∂x
+
∂G1

∂y
+
∂H1

∂z

»Y�P�{�P½

ψ =
∂F

∂x
+
∂G

∂y
+
∂H

∂z
,

»Y�P���D½

´epÀ~S`�qlm�_=y{pDmosu`LsL²W`�pÀso`�ª®yPsu_�q^£��{pDm�£�`Lk8rQvPqJ��mut�y{pJk��6« rL£��Pknmot���tmor�`�pÀ�lr�~^£w�{��`�_=`�pDm#`�p"ª®yPp���mot�yPp
�^`Lk#~Sy�mo`�pDmut�`�£wk9vDq^`�£A« y{pÀ¢Ht�`LpPm¡�l`'�lr�¯�p^t�s�»®¢Py{t�s�» � ����·W²
�AGP�P�{½u½�²6vDq^`�£�`Lk��^r�~^£w�{��`�_=`�pDmok��^��pJk#£�`
�^`�_=t¤Z`Lku~��P��`�r�£w�{k�mutwvPq�`8kuy{pDmsor��{twk�~��{s £�`Lk}rLvDq���mot�yPp�kkuq^t�¢��{pPmo`Lk��

ux(x, y, z) =
1

4πG

[

2
∂F

∂z
− ∂H

∂x
+ 2ν

∂ψ1

∂x
− z

∂ψ

∂x

] »Y�P�=2{½

uy(x, y, z) =
1

4πG

[

2
∂G

∂z
− ∂H

∂y
+ 2ν

∂ψ1

∂y
− z

∂ψ

∂y

] »Y�P��¼D½

uz(x, y, z) =
1

4πG

[

∂H

∂z
+ (1 − 2ν)ψ − z

∂ψ

∂z

] »Y�P� GD½
»Y� ) �D½

±
`Qk¨`��H~�su`Qkukut�yPp�k¨�^rL��soy{twkok�`LpPm¨��y{_=_=`
(1/ρ)

¥}�Pso�{p��l`-�^t�k�mo�{p���` �l`-£w�ckuq^suªÇ�{��` ��\���so�{rL`{¦�¾-£�£�`Lk�so`�¤
~�surQk�`LpPmo`�pDm-�lyPp���£�`Qk-�lrL~^£w�{��`L_=`�pDmokRrL£��Pknmot�vDq^`Qk�~^soyH��\�`LkO�lq���\J��so�{`�_=`LpPmQ¦�� ~^£�q�kO�Pso�{p��l`�ltwknm���p���`{²
£�`#�l`�_=t�¤A`Qk�~J�{��`8`Qknmc�lyPp��8k�q�~^~JyDk�r8t�_=_¡yP�^t�£�`P¦
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§¨`Lk���y{pDmoso�{t�pDmu`Qk¨�^�{p�k�£�`��l`�_=t�¤A`Qk�~J�{��`-~J`Lq^¢{`LpPmR��£�y{s�k6¿�muso`
�lrQ�lq^t�mu`Qk��^`
£w�}£�y{tH�l`���y{_=~Sy{sumu`L_¡`LpDm
�6« rL£��Pknmot���tmor�£�t�p^rL�{t�so`8t�kuy�mosuyP~J`8rL��sut�mu`8`Lp3�lrL~^£w�{��`L_=`�pDm��

σx =
2νG

1 − 2ν

[

∂ux

∂x
+
∂uy

∂y
+
∂uz

∂z

]

+ 2G
∂ux

∂x

»Y� ) �µ½

σy =
2νG

1 − 2ν

[

∂ux

∂x
+
∂uy

∂y
+
∂uz

∂z

]

+ 2G
∂uy

∂y

»Y� ) �P½

σz =
2νG

1 − 2ν

[

∂ux

∂x
+
∂uy

∂y
+
∂uz

∂z

]

+ 2G
∂uz

∂z

»Y� )�) ½

τxy = G

[

∂ux

∂y
+
∂uy

∂x

] »Y� ) �H½

τyz = G

[

∂uy

∂z
+
∂uz

∂y

] »Y� ) �P½

τzx = G

[

∂uz

∂x
+
∂ux

∂z

] »Y� ) �D½

� �^� 6 � �µÃA0YÅ{��Æ�0 * � 0 K�� / * �A0Y�N6�Æ * 6���*H�L��0ÇÂ / / Â ��� �^Æ * ����pJk�£�`,���{k¡y ��ku`�q^£�`�q�p^`�~�su`Qkukut�yPp
p�y{so_=�{£�`�`Lk�mc��~�~^£�twvDq^r�`P²ly{p,�¡£�`Qk~Jy{mu`LpPmot�`L£�kkuq^t�¢���pDmok��

F = F1 = G = G1 = 0
»Y� ) 2�½

�6« y �

ψ1 =
∂H1

∂z
= H =

∫

S

p(ξ, η) ln(ρ+ z) dξdη,
»Y� ) ¼D½

ψ =
∂H

∂z
=
∂ψ1

∂z
=

∫

S

p(ξ, η)
1

ρ
dξdη,

»Y� ) GP½

ux = − 1

4πG

[

(1 − 2ν)
∂ψ1

∂x
+ z

∂ψ

∂x
)

] »Y���P�D½

uy = − 1

4πG

[

(1 − 2ν)
∂ψ1

∂y
+ z

∂ψ

∂y
)

] »Y�����µ½

uz =
1

4πG

[

2(1 − ν)ψ − z
∂ψ

∂x
)

] »Y���D�P½

¾Op0ku`8so�{~^~S`�£w��pDm}vPq�`�£�`Lk�~Sy�mo`�pDmut�`�£wk
ψ
`�m
ψ1

¢Pr�sot¯J`�pDm £A« rLvDq���mot�yPp3�^`�§¨��~�£��P��`{²ltA¦ `{¦�²

∇2ψ = 0, ∇2ψ1 = 0
»Y��� ) ½

`�mcvDq^`8£��=�lt�¢{`Lsu�P`�p���`e`Qknmc�lyPp^p^rL`�~J��s

∆ ≡ ∂ux

∂x
+
∂uy

∂y
+
∂uz

∂z
=

1− 2ν

2πG

∂ψ

∂z
,

»Y���{�H½
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yPp�yP�lmut�`�pDm}£�`Lk��y{pDmus���t�pDmu`Lk `Lp,��\J�{vDq^`�~JyPt�pDmc�lqÈkuy{£�t��l`8`Lp�ª®yPp���mot�yPp3�^`Lk�~Sy�mu`LpDmut�`�£wk5�

σx =
1

2π

[

2ν
∂ψ

∂z
− z

∂2ψ

∂x2
− (1 − 2ν)

∂2ψ1

∂x2

] »Y���D�P½

σy =
1

2π

[

2ν
∂ψ

∂z
− z

∂2ψ

∂y2
− (1 − 2ν)

∂2ψ1

∂y2

] »Y���P�D½

σz =
1

2π

[

∂ψ

∂z
− z

∂2ψ

∂z2

] »Y���>2{½

τxy = − 1

2π

[

(1 − 2ν)
∂2ψ1

∂x∂y
+ 2

∂2ψ

∂x∂y

] »Y���P¼D½

τyz = − 1

2π
z
∂2ψ

∂y∂z

»Y���=GD½

τzx = − 1

2π
z
∂2ψ

∂x∂z

»Y�P���D½
x�y{q�s�mu`�so_=t�p�`�sQ²lt�pDmusoyl�lq^twk�yPp�k�£�`Lk��yPp��lt�mut�y{p�k�{ql�'£�t�_=t�mu`Qk`�p3ª®y{s���`#kuq^s£w�¡kuq^suªÇ�{��`

S
�

σ̄z =
1

2π

[

∂ψ

∂z

]

z=0

=

{

−p(ξ, η) kuq^sch
,

0
`Lp3�l`L\^y{s�k

.

»Y�P�l�µ½

§¨`Lk�lrL~^£w�{��`L_=`�pDmok¥¡£w�¡kuq^suªÇ�{��`�~S`�q�¢{`�pDm¿�mosu`#�lyPp^p^rQk�`�p,r�¢���£�q��{pPm£�`Lk�rQvPqJ��mut�y{pJk�»A���D�P½Z¤�»Y���D�P½O`Lp
z = 0

�

ūx = −1− 2ν

4πG

[

∂ψ1

∂x

]

z=0

»Y�P�{�P½

ūy = −1− 2ν

4πG

[

∂ψ1

∂y

]

z=0

»Y�P� ) ½

ūz =
1 − ν

2πG
[ψ]z=0

»Y�P���H½

§¨`LkrQvPqJ��mut�y{pJk�»A�{�^�Q½
`�m9»A�{���H½
_¡yPpDmuso`�pDm}vPq�`#£��¡~^so`Lkok�t�y{p�p^y{so_���£�`#��t�p�k�t6vDq^`#£�`#�lr�~�£��P��`�_=`LpPm
p�y{so_=�{£�p^`0�lr�~S`�pJ�l`�pDm'vDq^`È�l`

ψ
¦ �}¯�p ��« y{�lmo`�p^t�s�£�`0�^r�~^£w�{��`�_=`�pDm�p^y{so_���£A²�tY¦ `{¦�²-kuq^t�¢��{pPm

z
`�p

ª®yPp���mot�yPp3�^`#£��¡~^so`Lkok�t�y{p¨²lt�£6kL« �{�{t�m}�ly{p��8��« r�¢��{£�q^`Ls
ψ
`�p

z = 0
¦

�������
	����� �" �
§-« `Lp�ku`�_9��£�`O�l`Qk�rLvDq���mut�y{p�kW~�surQ��rL�^`�pDmu`QkWª®y{q^sop^twkuku`�pDm�q^p^`
k�yP£�qlmot�yPp�ª®y{so_¡`L£�£�`O��yPp���`LsupJ��pDmS£�`Lk���yPpPmoso�{t�pDmo`Lk
`�m
£�`Lk
�lr�ª®yPsu_���mot�yPp�kR`Lp�ª®y{p���mut�y{p'�^`LkO~�su`Qkukut�yPp�kRt�_=~JyDk�rL`LkL¦DhHtW��`QkO~^so`Lkok�t�y{pJk-kuy{pDm
��yPp^pHq^`LkO`��l~^£�t���t¤
mo`�_=`�pDmQ²�y{p¡~J`LqlmO��y{p�p����wmuso`-moy{qlmO�{q�_=y{t�p�k�ª®yPsu_=`�£�£�`�_=`�pDm�£Y« `�p�ku`�_��^£�`��^`Lk��{s���pJ�l`�q^s�k�_¡rQ���{p^t�vDq^`Qk�¦
¾-p�~^so��mutwvDq^`{²�£�`LkO�^r�¢{`L£�yP~^~S`�_=`�pDmok-��p��{£�jDmutwvDq^`Lk�so`Lk�mu`LpDm-�lt¬���t�£�`LkL¦{�e`p^y{_��^su`Lql�¡�^r�¢{`L£�yP~^~S`�_=`�pDmok
yPpDm�p�rL��p�_¡yPt�pJk�r�mur#sorL�{£�twkurLk��^��pJk�l`Lk�L�{k�~��{s�mot���q^£�t�`�s�k��ly{pDm}p^yPq�k�p^`8ªÇ�{t�kuy{p�k ~��Pk�r�m���m}tw��tA¦

❏
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´ep'kuq^~^~SyPku`c�^�{p�k ��`�mumu`e~���sumut�`cvDq^`c£�`Lk
��yPpPmoso�{t�pDmo`LkOkuy{pDm
~�suyl�lq^t�mu`QkO~��{s-q^p�`}ª®y{s���`e��y{pJ��`�pDmosurL`
¥e£A« yPsut��{t�p^`{¦�§����^t�k�mo�{p���`��q�~JyPt�pDm-�l`��\��{su�P`�_=`�pDm�~J`Lqlm-��£�y{s�k�kL« `��l~^sot�_=`�sR�l`�£w��_=�{p^t�]�so` kuq^t�¢µ�{pDmu`��

ρ = (x2 + y2 + z2)
1
2

»Y�P�{�P½
`�m}£�`#��\��{su�P`�_=`�pDm�~���s

P =

∫

S

p(ξ, η) dξdη
»A�{�{�P½

§¨`Lk�~Sy�mu`LpDmut�`�£wk}�l`�| y{q�kokut�p^`Qkuv=`�m�±
`�sosuq^mut6ku`�sorL�^q^t�ku`�pDm}��£�y{s�k�¥ �

ψ1 =
∂H1

∂z
= H = P ln(ρ+ z)

»A�{� 2�½

ψ =
∂H

∂z
=
P

ρ

»Y�P��¼D½

¾OpÈq^mut�£�twku�{pDm�£�`Lk�rQvDq���mot�yPp�k#»Y���P��¤n���H�{½�²PyPp�yP�lmut�`�pDm}£�`Lk�lrL~^£��P��`L_¡`LpDmok�^�{p�k�£�`��^`�_=t¤Z`Lku~��P��`��

ux = − P

4πG

[

xz

ρ3 − (1 − 2ν)
x

ρ(ρ+ z)
)

] »Y�P� GD½

uy = − P

4πG

[

yz

ρ3 − (1 − 2ν)
y

ρ(ρ+ z)

] »Y�{�{�D½

uz =
P

4πG

[

z2

ρ3 +
2(1− ν)

ρ

] »Y�{�^�µ½

§¨`Lk��yPpDmus���t�pPmo`Lk�kuy{pDm}�ly{p^p�r�`Lk�~J��s£�`LkrQvPqJ��mut�y{pJk�»A���H�µ¤n�{���D½�²Hk�yPtm��

σx =
P

2π

[

1 − 2ν

r2

[(

1 − z

ρ

)

x2 − y2

r2
+
zy2

ρ3

]

− 3zx2

ρ5

] »Y�{�P�P½

σy =
P

2π

[

1 − 2ν

r2

[(

1 − z

ρ

)

y2 − x2

r2
+
zx2

ρ3

]

− 3zy2

ρ5

] »Y�{� ) ½

σz = −3P

2π

z3

ρ5

»Y�{���H½

τxy =
P

2π

[

1 − 2ν

r2

[(

1 − z

ρ

)

xy

r2
+
xyz

ρ3

]

− 3xyz

ρ5

] »Y�{�P�P½

τxz = −3P

2π

xz2

ρ5

»Y�{�{�D½

τyz = −3P

2π

yz2

ρ5

»Y�{� 2{½

y �
r2 = x2 + y2 ¦
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����p�k�£�`'���Pk9��« q^p^`3��\���so�{`���y{p���`�pDmusor�`P²6t�£ `Lk�m���£��{t�s¡vPq�`�£�`�~^soy{�^£�]�_=`�`Qknm����lt�kujH_¡r�musot�vDq^`P¦��°£
~S`�q^mc�ly{p���¿�muso`��µ¢µ�{pDmo���P`�q�ku`�_=`LpPm
ª®y{so_9q^£�r8`�pÈ��yHyPso�lyPp^p^rL`Lk ��jH£�t�p��lsotwvPq�`LkL²^k�yPtm��

σr =
P

2π

[

(1 − 2ν)

(

1

r2
− z

ρr2

)

− 3zr2

ρ5

] »Y�{�{¼D½

σθ = − P

2π
(1 − 2ν)

(

1

r2
− z

ρr2
− z

ρ3

) »Y�{��GD½

σz = −3P

2π

z3

ρ5

»Y� 2��D½

τrz = −3P

2π

rz2

ρ5

»Y� 2H�µ½

´ep3y{�^mut�`�pDmc�l`8£��=_=¿L_¡`8_���p�t�]Lsu`8£�`Lk}�lrL~^£w�{��`L_=`�pDmok�`Lp3��yDyPso�^y{p^p^rL`Lk���jH£�t�pJ�lsutwvDq^`Lk��

ur =
P

4πG

[

rz

ρ3 − (1 − 2ν)
ρ− z

ρr

] »Y� 2��P½

uz =
P

4πG

[

z2

ρ3 +
2(1 − ν)

ρ

]

,
»Y� 2 ) ½

��`#vPq�t¨�ly{p�p^`#¥�£w��kuq^s�ªÇ�P��`8�lqÈ�l`�_=t�¤A`Qk�~J�{��`��

ūr =
1 − 2ν

4πG

P

r

»Y� 2µ�H½

ūz =
1 − ν

2πG

P

r

»Y� 2��P½
�cq©�l`L£�¥3�l`9£A« t�pDmurLsu¿�m8kut�_¡~�£�`=�l`���`Lk�rLvDq���mut�y{p�kc~JyPq^s8£�`�~^soy{�^£�]�_=`��6« q^p�`¡��\��{su�P`9��yPp���`LpDmusor�`{²

`L£�£�`Lkkuy{pDm¥¡£������{ku`#�l`8£��¡sorLkuy{£�qlmut�y{p��lq,~^suyP�^£�]�_=`e~Sy{q�sq^p^`#��\���so�{`��ltwknmosut��^q^rL`{²l`�p,��yPp�kut��lrLso�{pDm
��`�mumu`���\J��so�{`��ltwknmosut��^q^rL`���y{_=_=`�q^p^`¡t�pDmor��{s���£�`�kuq^sc£w�'kuq^suªÇ�{��`��l`���\��{su�P`�_=`�pDmc�l`9ª®y{s���`�rL£�rL_=`�pl¤
m���t�su`3��yPp���`LpPmosurL`{¦��1~J��sumut�s��l`Qk�rQvDq���mot�yPp�k�»A�=2��D½ ��»Y� 2��{½�²6t�£��^`�¢Ht�`LpDm¡~SyPkok�t��^£�`��l`,��yPp�kut��lrLsu`Ls9£�`Lk
�^r�~^£w�{��`�_=`�pDmok
��« q^p�~JyPt�pDm���y{q�so�{pPm

B(x, y)
�l`e£���kuq^suªÇ�{��``�m
£�`Lk
��yPpPmoso�{t�pDmo`LkR`Lp�q^p�~Sy{t�pPm ��y{q�so�{pPm

A(x, y, z)
�^q�_=�Pkukut�ªn²�~JyPq^s-�l`QkR~^so`Lkok�t�y{pJkR�l`}��yPpPm��{��mOsurL~���sumut�`Lk

p(x, y)
¦{x�y{q�s-��`L£���²�y{p=`��l~^sot�_=`£w�

~�su`Qkukut�yPp�`�p=��yHyPso�lyPp^p^rL`Lk¨��jH£�t�p��lsot�vDq^`Qk
p(s, φ)

�µ¢{`Q�O~Sy{q^s�yPsut��{t�p^` £�` ~JyPt�pDm
B
�l`-mo`�£�£�` ªÇ� ��y{p¡vDq^`
£w�

~�su`Qkukut�yPp�vDq^t��{�{t�mOk�q^s-q^p=r�£�r�_=`�pDm
dsdφ

�l`}kuq^suªÇ�{��` `Lp
C
kuy{t�m�rQvDq^t�¢��{£�`LpPmo`}¥�q^p^`�ª®y{s���`��y{p���`�pDmusor�`

ps dsdφ
¦^§6`8�lr�~�£��P��`�_=`LpPm�lq�~JyPt�pDm

B
~S`�qlm¿�muso`erQ��sotm¥9~J��sumut�s �l`Qk rLvDq���mot�yPp�k�»Y�=2��D½ �W»Y� 2��P½R�^��pJk

£�`LkovDq^`�£�£�`Lk
r = BC = s

¦J§¨`��lr�~^£w�{��`�_=`�pDmc`LpÈ| �lq�`9¥¡muyPqlmu`�£w�=~^so`Lkok�t�y{p,sor�~��{s�mot�`#kuq^sc£w��kuq^s�ªÇ�P��`
h�`Qknm}�lyPp�� � ���

ūz =
1 − ν2

πE

∫

S

p(s, φ) dsdφ
»A�=2��P½

§¨`Lk��yPpDmus���t�pPmo`Lk `�p
A
kuy{pDm`�p�kuq^t�mu`��lrQ�lq^t�mu`Qk}�l`8£Y« t�pPmor��Pso��mut�y{p,�l`Lk�rQvPqJ��mut�y{pJk#»Y���D�{½ �W»Y�{� 2{½�¦

YLV���à�ÒeÛ � ÖµÖ�ÓnÕ×Õ×Ó8-��µÓRÕ×Ó8�Ü.���µÕ×Ó �µÓ8(�#×Ø � #×Õ×Õ×Ó��ÓnÒ�Þ G ÓnØYÞ¨ÛÇÓ�Õ%#%& � � �Ü.���µÕ×Ó � 5 �JÜ��µÒ�3 E Ö � Û G = E/(2(1 + ν)) �
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�L�P¼ � �W!�������� � ���
	 	�!� �

�-� � � ,�#��$�$
���� � ��, � � ��# ��.�. ��
 �&% 	5#-� %�, %/� # �$% , � �	)+# ) 
�, ) % ���	
�,�#
´ep�`�pH¢Ht�ko���P`e�^�{p�k���`�mumu`�~���sumut�`8�l`Lk�kuy{£�qlmut�y{p�k ��pJ��£�jPmot�vDq^`Qk�¥9£w�#mo\^r�yPsut�`��^`Lk
ª®y{p���mut�y{p�k ~Sy�mo`�pl¤

mot�`L£�£�`Lk-`��l~SyPkur�`}�^�{p�kR£�` 6 ~^sorL��rL�l`LpPm
`�m
��`L��tJ`�p�ku`}�ly{p�p���pDm
�l`Qk�ª®y{so_=`Lk
��p��{£�jDmutwvDq^`Lk-k�t�_=~^£�`QkR~Sy{q^s
£�`Lk�~�su`Qkukut�yPp�k p^y{so_���£�`LkL²

p(s, φ)
²�`�m}£�`Lkkuq^suªÇ�{��`Lk��l`���\��{su�P`�_=`�pDmL²

S
¦

� �M9$��, �'� 6�� �QÃ�0®Ã�0ÇÂ / � 0�* 6���*H�L��0ÇÂ / � / Â/��� ��Æ *H� �DO 0Ç�!+6���DÃ���0�;���*H�
§¨`¡~�suyP�^£�]L_=`¡��« q^p^`¡~^so`Lkok�t�y{p"��~^~�£�twvDq^r�`=k�q�s�q�p^`�k�q^suªÇ�{��`���t�s���q^£w��t�so`��l`=s��µj{y{p

a
�6« q^pÀ�l`L_¡t�¤

`Qk�~J�{��`�_��{kokutªS~J`Lqlm-¿�mosu`sorLkuy{£�q��{p���£�jDmutwvDq^`�_=`�pDmO~Sy{q^sO�^`LkR~^so`Lkokut�yPp�k����lt�kujH_=r�musotwvPq�`LkR�l`£w�eª®y{so_¡`
kuq^t�¢���pDmu`��

p = p0

(

1 − r2

a2

)n »Y� 2�2{½
�et�Wr�so`�pDm�k}���Pk�~���sumutw��q^£�t�`�s�k ku`#�ltwknmot�p^�Pq^`�pDmc�^�{p�k�£�`���\^y{t����l`8£A« `��H~SyPko��pDm

n
�

• n = 0
²��^t�k�musot���qlmut�y{p,�l`#~^so`Lkok�t�y{p�q^p^t�ª®y{so_=`{²

• n = −1/2
²O�lt�k�musot��^qlmut�y{p �l`È~�su`Qkukut�yPp vDq^te��y{soso`Lku~JyPp�� ¥Àq^p�`0�lr�~^£w�{��`�_=`�pDm�q^p�tª®yPsu_=`0�l`È£w�

k�q�s�ªÇ�P��`8`�pÈ��yPpDmo�{��mL²
• n = 1/2

²^�ltwknmosut��^qlmot�yPp3�l`#~�su`Qkukut�yPp��l`�Éc`�sumuÊP¦
�e`�¢���pDmO£�`LkO�^t¬���q�£morLk�mo`L��\^p^twvDq^`LkRvDq6« `�p��{`�pJ�lsu`�£w�8surQk�yP£�q^mut�y{p��^`}��`Lk�~�suyP�^£�]L_=`LkL²�p^y{q�kOso�{~^~J`L£¤

£�`�soy{pJk�t���t¨k�`Lq^£�`�_=`�pDm}£�`Lk~^sot�p���t�~���q^��sorLkuq^£m���m�k�~JyPq^s}q^p^`9~^su`Qkukut�y{p,�l`�É}`Ls�moÊ{¦^x�y{q�s}£�`��L�{k
n = 0

²
yPp0so`�pH¢{yPt�`9¥ � � � � 	 ��� »n��G{¼P�P½`�m8¥ � ����·�»n�AGD� GD½�¦W§6`=���{k

n = −1/2
vDq^t�~J`Lqlm#¿�muso`9so`�pJ��y{pDmosur

����p�k�£�`Lk�~^soy{��£�]L_¡`Qk��« t�p��^`�pDmo��mut�y{p3~���sq^p,~Sy{t�p ��yPp�~�£���m}`Lk�mmus���t�mur8~���s � �6· � � � � »n��G��P�D½�¦

� �M9$� 3 �
���$0�*ÈÆ � 6���*D�Q��0ÇÂ / 0�* B�*,�µÃAC
� � 6�Æ �^Å�*H� * / ÃQ� I Æ � �L��� � ��Å�* 0�� 0�*H�J0®Ä.*H�
6 �^Å * ±
yPp�kut��lrLsuyPp�k=¥"p^y{q^¢P`L�{q�£w�Àk�yP£�qlmot�yPp �^q
~�suyP�^£�]L_=`���« q^p��^`�_=t¤Z`Lku~��P��`���\J��so�{r�~��{s�q^p�`�~^so`Lkokut�yPp³surL~���sumut�`

p
k�q^s¡q^p�r�£�r�_=`�pDm��l`3kuq^suªÇ�{��`

s dsdφ
�

ūz =
1 − ν2

πE

∫

S

p(s, φ) dsdφ
»A�=2�¼P½

x�y{q�s�yP�lmu`Lp^t�s3£�`"�lrL~^£w�{��`L_=`�pDm�`Lp q^p ~Sy{t�pDm
B(r, 0)

�l`©£���k�q�s�ªÇ�P��`©��t�s���q�£��{t�so`{²
t�£#��yPpH¢Dt�`�pDm
�6« t�pDmur��Psu`Ls#£��0~^su`Qkukut�y{pÀk�q^s9muyPqlmu`�£w�Èkuq^s�ªÇ�P��`��l`���\���so�{`L_¡`LpDmL¦�±
`�mumu`�t�pDmurL�{s���mot�yPp©`Qknm9t�£�£�q�k�musor�`�¥
£w��¯��{q�su`�� G�¦%�¯�p��l`=sorL�{£�twk�`Ls#��`����{£���q^£Y²¨y{p"t�pDmusoyl�lq^t�m#q^pÀ~���s���_=r�moso�{�{`¡�{�lrQvPqJ��m��l`�£w�3kuq^suªÇ�{��`
rL£�rL_=`�pDmo�{t�so`�k�t�muq�r�`�`Lp

C(s, φ)
¦W§6`�so�µjPy{p

OC
²S�l`�p^y{so_=`

t
`Lk�mcso`�£�t�r9�{ql�È��qlmosu`Qk¢���sot��{�^£�`Qk}�l`�£w�

_��{p^t�]Lsu`#kuq^t�¢µ�{pDmu`��
t2 = r2 + s2 + 2rs cos(φ)

»A�=2 GP½
§¨`#~^su`Qkukut�y{p��{q�~Sy{t�pDm

C
~S`�q^mc��£�y{s�k
¿�muso`#`��l~^sot�_=rL`8�^`�£w�¡_���p^t�]�so`#k�q^t�¢���pDmu`��

p(s, φ) =
p0

a
(α2 − 2βs− s2)

1
2

»Y�{¼{�D½
y �

α2 = a2 − r2, β = r cos(φ).
»Y��¼��Q½
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���( ��� G

a

C(s, φ)

B(r, 0)

t s

rO

s1

s2

θ φ

φ1

−φ1

λ

a

C(s, φ)

B(r, 0)

t

s

r O

s1

s2

θ

φφ1

−φ1

λ

�����  S��G � 
 �����W��	����N! %=% 	 		�
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�µ��� � �W!�������� � ���
	 	�!� �

§¨`��lr�~^£w�{��`�_=`�pDm
ūz
¢µ�{qlmc�lyPp��	�

ūz =
1 − ν2

πE

p0

a

∫ 2π

0

dφ

∫ s1

0

(α2 − 2βs− s2)
1
2 ds

»Y�{¼P�{½
y �

s1
`Qknm£w�=so�P��t�p^`e~SyPkut�mut�¢{`#�l`

α2 − 2βs− s2 = 0
»Y�{¼ ) ½

§-« t�pDmur��Pso�{£�`�`�p
s
~J`Lqlmck�« `��l~^sot�_¡`Ls�l`#£��¡_���p�t�]Lsu`#kuq^t�¢��{pPmo`��

∫ s1

0

(α2 − 2βs− s2)
1
2 ds =

1

2
αβ +

1

2
(α2 + β2)

[

π

2
− tan−1(

β

α
)

] »Y�{¼��H½

§¨`Lk mo`�so_¡`Qk
βα

`�m
tan−1(

β

α
)
k�« ��p^pHq^£w��pDm£�y{s�k �^`#£Y« t�pDmor��{s���mot�yPp�kuq^s

φ
²^t�£6su`Qknmo`��

ūz(r) =
1 − ν2

πE

p0

a

∫ 2π

0

π

4
(a2 − r2 + r2 cos2 φ)

1
2 dφ

=
1 − ν2

πE

πp0

4a
(2a2 − r2), r ≤ a

»Y��¼D�{½
¾Op3��`8vDq^tS��y{p���`�sop^`c£�`e�^r�~^£w�{��`�_=`�pDm-m���p^�P`�pDmL²Dy{p�ku�{tm�vPq�`e£w�9kujH_¡r�musot�`��l`csor�¢Py{£�qlmut�y{p�t�_=~JyDk�`

vDq^`¡£�`¡�lrL~^£w�{��`L_=`�pDmem���p^�P`�pDm#k�yPtm�so�P�lt��{£Y¦S¾Op"qlmut�£�t�ko��pDm8£Y« rLvDq���mut�y{p�»A�=2��D½�²S£�`=�^r�~^£w�{��`�_=`�pDme`Lp
B�^q^`�¥¡q^p^`#~^so`Lkok�t�y{p

p
k�q^s£w��kuq^s�ªÇ�P��`�r�£�r�_=`�pDm���t�su`

dsdφ
`�p

C
¢µ�{qlm��

(1 − 2ν)(1 + ν)

2πE
p dsdφ

»Y��¼P�P½
kuy{t�m`�p,p^`#��yPp�ku`�so¢µ�{pDm�vDq^`#£w�¡~���sumut�`8so�P�lt��{£�`�`�m}`Lp3mu`�pJ��pDm}��y{_=~lmo`��lqÈk�t��{p�`��

− (1 − 2ν)(1 + ν)

2πE
p cosφ dsdφ

»A��¼>2�½
¾Op0�{~^~^£�t�vDq��{pDm�_��{t�pDmu`Lp���pDm£w��~�su`Qkukut�yPp�moy�mo�{£�`P²ly{p,y{�^mut�`�pDm��

ūr(r) =
(1 − 2ν)(1 + ν)

2πE

p0

a

∫ 2π

0

cosφ dφ

∫ s1

0

(α2 − 2βs− s2)
1
2 ds

»Y�{¼{¼P½
¾OpÈt�pDmurL�{s���pDm��^`#£��¡_=¿�_=`#_���p^t�]�so`8vPq�`#~^surQ��rQ�l`�_=_=`�pDmy{p3y{�lmot�`LpDm��

ūr(r) = − (1 − 2ν)(1 + ν)

3E

a2

r
p0

[

1 − (1 − r2

a2 )
3
2

]

, r ≤ a
»Y�{¼�GP½

hHt�£A« yPp©��y{p�kut��^]�so`9q^p©~JyPt�pDm
B
¥'£Y« `��HmurLsut�`�q�s��l`¡£w�'kuq^s�ªÇ�P��`¡��\���so�{rL`{²�yPp yP�lmut�`�pDm��^`�£w�'_=¿L_¡`

_��{p^t�]Lsu`��

ūz(r) =
1 − ν2

E

p0

2a

[

(2a2 − r2) sin−1(
a

r
) + r2

a

r
(1 − a2

r2
)

1
2

]

, r ≥ a
»Y��G{�P½

ūr(r) = − (1 − 2ν)(1 + ν)

3E

a2

r
p0, r ≥ a

»Y��G^�Q½

Ë®Ì�Í6ËÏÎ



���������
	�������������������	�����	������
���� �������!���"#	�$&%'!��
���( �Q�^�

��Â / Ã����D0 / Ã!*H��0�� / �'Æ * 0�*H�J0®Ä.*H�A6��^Å * §6`Lke��yPpPmoso�{t�pDmo`Lk}¥�£w��kuq^s�ªÇ�P��`�~S`�q�¢{`�pDm}ªÇ�P��t�£�`L_=`�pDmc¿�mosu`
�^rL�lq^t�mu`Qk `�p,����£w��q�£��{pPm £�`Qk��lr�ª®yPsu_���mot�yPp�k ¥9~��{s�mot�s�l`Qk��lr�~^£w�{��`�_=`�pDm�k ¥9£��¡kuq^s�ªÇ�P��`8�ly{p�p^rLk ~��{s
£�`Lk
rQvDq���mot�yPp�k8»Y��¼D�{½A¤�»Y�{¼�GD½-`�m9»Y��G{�P½Z¤�»A� G^�µ½�¦J´ep,y{�lmot�`LpDm�~Sy{q�sq^p,~JyPt�pDmc�l`#£w�=k�q^suªÇ�{��`#��\���so�{rL`��

σ̄r

p0
=

1 − 2ν

3

a2

r2

(

1 −
(

1 − r2

a2

)3/2
)

− (1 − r2

a2 )1/2 »Y��GP�P½

σ̄θ

p0
= −1− 2ν

3

a2

r2

(

1 −
(

1 − r2

a2

)3/2
)

− 2ν(1 − r2

a2 )1/2 »Y��G ) ½

σ̄z

p0
= −

(

1 − r2

a2

)1/2 »Y��G��H½

`�m}~JyPq^sq^p,~Sy{t�pPm}¥=£A« `��Hmur�sot�`�q^s�l`#£w�=k�q^suªÇ�{��`#��\���so�{rL`��

σ̄r

p0
=
σ̄θ

p0
= (1 − 2ν)

a2

3r2
»Y��GP�P½

§��¡��y{pDmus���t�pDmu`eso�P�lt��{£�`e`Lk�m}�ly{p��eq^p^`#��y{pDmus���t�pDmu`8�l`�mus��{��mot�yPp�`�p,�l`L\^y{s�k��lq3��`�s���£�`�vDq^t6��m�mo`�t�pPm
ko�¡¢���£�`�q^s_����lt�_9q^_1��q3so�µjPy{p

r = a
¦

§¨`LkO��y{pDmus���t�pDmu`LkR����p�k�moy{qlm-£�`}�l`L_¡t�¤Z`Lku~��{��` ~S`�q�¢{`�pDmO¿�muso`�musoy{q^¢Pr�`Lk�`Lp=t�pDmurL�{s���pDmR£�`QkRrLvDq���mut�y{p�k
»A���P¼P½A¤�»Y� 2H�Q½¡�l`È£w�"_=¿�_=`È_���p^t�]�so`ÈvPq�`È~JyPq^s�£�`Lk��lrL~^£��P��`L_¡`LpDmokL¦-�cyPp^p^yPp�k�k�t�_=~^£�`�_=`�pDm�tw��t}£�`Lk
��y{pDmus���t�pDmu`Qk
£�`8£�yPp^���l`#£A« ���H`

z
²^vDq^t�p^y{qJk}k�`LsuyPpDm qlmot�£�`Lk}~JyPq^sr�¢���£�q^`Ls£�`Qk��sotmo]�so`Lk�l`8~^£w�{k�mutw��t�mur��

σr

p0
=

σθ

p0
= −(1 + ν)

(

1 − z

a
tan−1(

a

z
)
)

+
1

2

(

1 +
z2

a2

)−1 »Y��G{�D½

σz

p0
= −

(

1 +
z2

a2

)−1 »Y��G 2{½

�-� � � ,�#��$�$
���� � ��, � � ��# ��.�. ��
 �&% 	5#-� %�, %/� # �$% , � �	)+# #$� ��
�.���
�� % #
¾Op ��y{p�kut��^r�s���pDm¡vDq^`,£�`,��`�s���£�`,`Lk�m=q�p �L�{k¡~���sumutw��q�£�t�`�s���« `�£�£�t�~�ku`{²RyPp�~S`�qlm'��y{p�kutw�lr�so`�s=�l`,£��

_=¿L_¡`#_��{p^t�]Lsu`�q^p^`8ª®yPsu_=`8�{rLp^r�sotwvPq�`�~Sy{q�s£��¡~^so`Lkok�t�y{p3k�yPq�k�£w�9ª®yPsu_=`#kuq^t�¢��{pPmo`��

p(x, y) = p0

(

1 −
(x

a

)2

−
(y

b

)2
)n »Y��G{¼D½

�{~^~^£�t�vDq^rL`#k�q^sq�p^`�k�q�s�ªÇ�P��`�`�£�£�t�~lmutwvDq^`��l`#£w��ª®y{so_¡`#kuq^t�¢µ�{pDmu`��
(x

a

)2

+
(y

b

)2

− 1 = 0
»Y� G=GP½

§��=_¡¿L_=`��lr�_���s���\^`�`Lk�mc��~^~�£�twvDq^r�`�vDq^`8~^sorL��rL�l`L_¡_=`LpPm}~Sy{q�s£�`#~Sy�mo`�pDmut�`�£¨�^rL�lq^t�me�l`#£A« rLvDq���¤
mot�yPp"»A� ) GP½ �

ψ(x, y) =

∫

S

p0

(

1 −
(x

a

)2

−
(y

b

)2
)n

ρ−1 dξdη
»Ç�{�P�P½
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�µ�{� � �W!�������� � ���
	 	�!� �

�µ¢P`L�
ρ = [(ξ − x)2 + (η − y)2 + z2]

1
2

»Ç�P�^�µ½
§¨`��lr�~^£w�{��`�_=`�pDmp^yPsu_���£6¥¡£w�=k�q^suªÇ�{��`#��\���so�{rL`c`Lk�mc�lyPp^p^r8~���s£A« rLvDq���mot�yPp"»A�{���D½ k�yPtm��

ūz =
1 − ν

2πG
[ψ]z=0

»Ç�P�P�P½

§��¡kuy{£�qlmot�yPp��Pr�p^rLso�{£�`8�l`#£A« t�pDmur��Pso�{£�`=»Ç�P�{�D½-~S`�q^m}¿�muso`#rL��sut�m}k�yPq�k�£w�9ª®yPsu_=`#kuq^t�¢��{pPmo`��

ψ(x, y, z) =
Γ(n+ 1)Γ(

1

2
)

Γ(n+
3

2
)

p0ab

∫

∞

λ1

(

1 − x2

a2 + w
− y2

b2 + w
− z2

w

)n+ 1
2 dw
(

(a2 + w)(b2 + w)w
)

1
2

»Ç�P� ) ½
y �

Γ
�lrLkut��Pp^`q^p^`�ª®yPp���mot�yPp=�P��_=_���`�m

λ1
`QknmO£w�8so�P��t�p^`�~JyDk�t�mut�¢{`}�^`£Y« rLvDq���mut�y{p���q^��t�vDq^`}kuq^t�¢µ�{pDmu`��

1 − x2

a2 + λ
− y2

b2 + λ
− z2

λ
= 0

»Ç�P���D½

±
`8~��{so�{_¡]�muso`
λ1
~J`Lqlm¿�muso`�t�pDmu`Lsu~�sur�mur��{r�yP_=r�musotwvPq�`�_=`�pDm ��y{_=_=`e£�`�~���s���_=]�mosu`���« q^p^`8`�£�£�t�~l¤

kuy �Z�l`�l`_=¿�_=`�ª®yl���{£�`vDq^`£w�#k�q�s�ªÇ�P��`�`�£�£�t�~lmot�vDq^``�m-vPq�t^~��{koku` ~J��sR£�`~JyPt�pDm
(x, y, z)

¦�x�yPq^sRmusoy{q�¢{`�s
£w�¡¢���£�`�q^s}�l`

Ψ
k�q�s£��=kuq^s�ªÇ�P��`P²l£Y« t�pDmor��{s���£�`8�ly{t�mc��£�y{s�k ¿�muso`8`��l~^sot�_=rL`�~Sy{q�s

λ1 = 0
¦

� � ?���, �
���$0 K�� / 0��=6�Æ ��Å�*H� * / Ã¡� / 0	�ZÂ/��� * �
n = −1

2

§¨`#~Jy{mu`�pDmot�`L£
Ψ
¢���q^m}~JyPq^s

n = −1

2

�

ψ(x, y, z) = πp0ab

∫

∞

λ1

dw
(

(a2 + w)(b2 + w)w
)

1
2

»Ç�P�P�P½

kuy{t�m}k�q�s£��=kuq^s�ªÇ�P��`8`�p
z = 0

�

ψ(x, y, 0) = πp0ab

∫

∞

0

dw
(

(a2 + w)(b2 + w)w
)

1
2

»Ç�P�{�D½

§-« t�pDmur��Pso�{£�`3vDq^t}�ly{t�m�¿�mosu`3`Lk�mut�_=r�`,`Lk�m�t�p��^r�~S`�p��^�{pDmu`È�l`
x
`�m
y
¦-hl�©¢���£�`�q^s=`Qknm�ku`�q^£�`�_=`�pDm

ª®yPp���mot�yPp �l`È£Y« `��^��`�pDmusot���tmor0�l`0£A« `L£�£�t�~�k�`
e = (1 − (b/a)2)

1
2
¦-¾Op `��S`Q��moq���pDm�£�` ��\���p��{`�_=`LpPm��l`

¢��{sutw���^£�`�kuq^t�¢��{pPm��
w = b2.t2

²
dw/w

1
2 = 2bdt

²�£Y« t�pPmor��Pso�{£�`�~S`�q^m�¿�mosu`�surL`��l~^sot�_=rL`��l`'£w�,ªÇ� ��y{p
kuq^t�¢���pDmu`��

∫

∞

0

dw
(

(a2 + w)(b2 + w)w
)

1
2

=
2

a

∫

∞

0

dw
(

(1 + k2t2)(1 + t2)
)

1
2

»Ç�P� 2{½
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���������
	�������������������	�����	������
���� �������!���"#	�$&%'!��
���( �Q� )

�µ¢P`L�
k = b/a

£�`¡so�{~^~JyPs�m��l`Lk��l`�_=t�¤Z���l`LkL¦J¾Op©`��W`L��muq��{pPm�q^p p�y{q^¢P`L��q0��\J��p^�P`�_=`�pDme�l`¡¢���sot��{�^£�`{²
t = tanφ

kuy{t�m
dt = dφ/ cos2 φ

²P£w�9ku`L��y{p��^`}t�pDmor��{s���£�`}~S`�qlmkL« `��H~�sut�_=`�s-`Lp�ª®y{pJ��mut�y{p��l`c£A« t�pDmurL�{s���£�`
`L£�£�t�~lmutwvDq^`���yP_¡~�£�]�mu`#�lq,~^so`�_=t�`Lsy{s��lso`��
∫

∞

0

dw
(

(1 + k2t2)(1 + t2)
)

1
2

=

∫ π/2

0

dφ
√

1 − (1 − k2) sin2 φ
=

∫ π/2

0

dφ
√

1 − e2 sin2 φ

= K(e)

»Ç�P�{¼D½
§¨`��lr�~^£w�{��`�_=`�pDm�{rLp^r�sor8¥=£��=kuq^s�ªÇ�P��`8`Lk�m}�ly{pJ���^rL�lq^t�mc�Ps��P��`8¥�£A« rLvDq���mot�yPp"»Y�{�D�{½ �

ūz =
1 − ν2

E
2p0bK(e)

»Ç�P��GP½

� � ?�� 3 �
���$0�*ÈÆ � 6���*D�Q��0ÇÂ / 0�* B�*,�µÃAC �
n =

1

2
� � 6�Æ �^Å�*H� * / Ã I Æ �©�Q��� � �^Å * 0�� 0�*D� 0ÏÄ.*H�A6���Å�* �e�{p�k}��`����{k�£�`#~Sy�mu`LpDmut�`�£¨kL« `��l~^sut�_=`#k�yPq�k�£��
ª®yPsu_=`#kuq^t�¢��{pPmo`��

ψ(x, y, z) =
1

2
πp0ab

∫

∞

λ1

(

1 − x2

a2 + w
− y2

b2 + w
− z2

w

)

dw
(

(a2 + w)(b2 + w)w
)

1
2

»Ç���L�D½

`�m}~JyPq^sq^p,~Sy{t�pPm}�l`#£w�=k�q�s�ªÇ�P��`��

ψ(x, y, 0) =
1

2
πp0ab

∫

∞

0

(

1 − x2

a2 + w
− y2

b2 + w

)

dw
(

(a2 + w)(b2 + w)w
)

1
2

»Ç���{�µ½

§¨`��lr�~^£w�{��`�_=`�pDm}¥¡£��=kuq^suªÇ�{��`8~S`�qlmc�^y{p��8¿�muso`�rQ��sotm}kuy{q�k�£w��ª®y{so_=`8kuq^t�¢���pDmu`��

ūz =
1 − ν2

πE
(L−Mx2 −Ny2)

»Ç���Q�P½
�µ¢P`L�

M =
πp0ab

2

∫

∞

0

dw
(

(a2 + w)3(b2 + w)w
)

1
2

=
πp0b

e2a2 (K(e) − E(e))
»Y�^� ) ½

N =
πp0ab

2

∫

∞

0

dw
(

(a2 + w)(b2 + w)3w
)

1
2

=
πp0b

e2a2

(

a2

b2
E(e) − K(e)

) »Ç�����H½

L =
πp0ab

2

∫

∞

0

dw
(

(a2 + w)(b2 + w)w
)

1
2

= πp0bK(e)
»Ç���Q�{½

§-« t�pDmur��Pso�{£�`
E(e)

`Lk�m £A« t�pDmurL�{s���£�`c`L£�£�t�~^mutwvPq�`���y{_=~^£�]�mu`8�lq,k�`Q��yPp���y{s��lso`e�lr�¯�p^t�`��^`e£w�9_��{p^t�]Lsu`
kuq^t�¢���pDmu`��

E(e) =

∫ π/2

0

√

1 − e2 sin2 φ dφ
»Ç���L�P½
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��Â / Ã����D0 / Ã!*H��0�� / �#Æ * 0�*D� 0ÏÄ.*H�A6���Å�* [�suyPq^¢{`LsR£�`Qk-��yPpDmus���t�pPmo`LkR�^�{p�kO£�`}�l`L_¡t�¤Z`Lku~��{��`p6« `Qknm ~��{k
q�p^` ��\�yPku`RªÇ�{��t�£�`{¦µ[¨yPqlmR��« �{�JyPso�6²Lt�£DªÇ��qlm�¿�muso` `�p�_=`Lkuq^so`
�l`��lr�mu`�so_=t�p�`�s

λ1
vDq^tH`Lk�m�q^p^` s��{��t�p^`-�6« q^p

~Sy{£�jHp �{_=`��« y{s��lso`
3
¦��c`c~^£�qJk�²�~Sy{q�sO��`�sumo�{t�p�`LkR��yP_=~JyDku�{pPmo`Lk��l`£w�#��yPpPmoso�{t�pDmo`{²µt�£^ªÇ��qlm-�lr�mu`Lsu_=t�p^`�s

£�`8~Jy{mu`LpPmot�`L£
Ψ1 =

∫

∞

z
Ψ dz

¦
±
`Qk�lt¬���q^£morLkkuy{pDm_=y{t�p��lso`Lk�k�t�£A« y{p,��\^`�s���\^`�£�`Qk��y{pDmoso�{t�pDmu`Qk
kuq^s£A« ���l`

z
¦l¾Op3`��W`�mL²

λ1 = z2`�me£A« t�pDmurL�{s���mut�y{p0�^`
Ψ
~��{scs���~^~Sy{sume¥

z
`Lk�me~^£�q�k�k�t�_=~^£�`P¦Wh^��p�k��ly{p�p^`�se£�`Qke�lr�mo�{t�£wke�L��£w��q^£w��moy{t�su`Qk�²

yPp�yP�lmut�`�pDmckuq^s£A« ���H`
z
£�`Lk��y{pDmus���t�pDmu`Lk�kuq^t�¢µ�{pDmu`Lk��

σx

p0
=

2b

e2a
(Ωx + νΩ′

x)
»Ç��� 2{½

σy

p0
=

2b

e2a
(Ωy + νΩ′

y)
»Ç���L¼D½

σz

p0
= − b

e2a

1 − T 2

T

»Ç���AGD½
�µ¢P`L�

Ωx =
1

2
(1 − T ) + ζ(F (φ, e) − E(φ, e))

»Ç�D���D½

Ω′

x = 1 − a2T

b2
+ ζ(

a2

b2
E(φ, e) − F (φ, e))

»Y�P�^�Q½

Ωy =
1

2
+

1

2T
− Ta2

b2
+ ζ(

a2

b2
E(φ, e) − F (φ, e))

»Y�P�P�{½

Ω′

y = −1 + T + ζ(F (φ, e) − E(φ, e))
»Ç�D� ) ½

T =

(

b2 + z2

a2 + z2

)

1
2

, ζ =
z

a
= cotφ

»Ç�P���D½

§¨`Lk�¢��{£�`Lq^sok9�l`Lk9t�pDmurL�{s���£�`Lk8`L£�£�t�~^mutwvPq�`Lk
F (φ, e)

`�m
E(φ, e)

k�yPpPm9mo����q^£�rL`Lk#`�m�`Lp���\^y{twk�twkoku�{pPm
��`�sumo�{t�p^`Qk#�l`=£�`Lq^s�k#¢���£�`�q^s�k8~���sumutw��q�£�t�]�so`LkL²Wt�£O`Qknm�~SyPkokut��^£�`��l`��lyPp^p^`�s��^`Lk#`��H~�su`Qkukut�yPp�k�`��l~^£�t���tmo`Lk
�^`Lk���yPpPmoso�{t�pDmo`LkO~Sy{q�s��^`Lk ~JyPt�pDm�k
~�surQ��twk�¦�´ep's���~�~J`L£�£�`etw��tW£w���^r�¯�p^t�mut�y{p3�l`Lk t�pDmur��Pso�{£�`Qk-`L£�£�t�~lmutwvDq^`Lk
�^`�~�su`L_¡t�`�s`�mc�l`�ku`L��yPp���y{s��lsu`��

F (φ, e) =

∫ φ

0

dφ
√

1 − e2 sin2 φ

»Ç�D�{�P½

E(φ, e) =

∫ φ

0

√

1 − e2 sin2 φ dφ
»Ç�D���P½

�������
	����� �" �
hlt�t�£�`Qknm~SyPkok�t��^£�`��l`#��y{p�kut��^r�so`�svDq^`e£�`#���Pk �6« q^p�`#~^su`Qkukut�y{p'�{~^~^£�t�vDq^rL`8kuq^s�q^p^`8���{p��l`#�l`8£w��so�{`�q�s
�^y{p^p^rL` ��yP_=_¡` q^p ���Pk��lrL�{r�p�r�sor ��« q^p^` kuq^suªÇ�{��` `�£�£�t�~lmutwvDq^`©�µ¢P`L�,q^p �^`�_=t¤Zs��µj{y{p t�pl¯�p^tA²
p�y{q�k
¢P`�sosuyPp�k6�^�{p�k�£Y« ��p^p�`��l`
|³vDq6« t�£D`Lk�m��J`Q��q���y{q^~�~�£�q�k�ªÇ�P��t�£�` ��« `LpH¢Dtwko���{`Ls6£�`
~^soy{��£�]L_¡`
�^tw�lt�_=`Lp�k�t�y{p�p^`�£
`Lp3��y{pDmus���t�pDmu`Qk
~�£��{p^`Lk�yPq3`Lp3�^r�ª®y{so_���mot�yPp�k�~^£w��p^`Qk�¦
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���������
	�������������������	�����	������
���� �������!���"#	�$&%'!��
���( �Q�P�

� � �����,:��})7� �,	��3	�)7��3�¨	����3�3�: �<=��	�2�$�:����� $�� *3�����3: �})7���3�
� ���3�¨��	������< � � ������������	

� � � � ,(	�� #��"�1����
���� '/% .�,�� � ��� � #

����p�k=��`�m�mo`�~J��sumut�`{²�p^y{q�k¡��£�£�y{p�k¡��yPp�k�tw�lrLsu`Ls9£�`�~^soy{��£�]L_¡`3vDq��{kut¤°k�mo��mot�vDq^`���« q�p��l`L_¡t�¤Z`Lku~��{��`
��\J��so�{r#�l`#ªÇ� ��y{p,q^p�t��lt�_=`�p�kut�y{p^p^`L£�£�`9kuq^t�¢µ�{pDmcq^p^`��J��p��l`��l`#£��{su�P`�q^s

a+ b
¦�§¨`9�l`�_=t�¤A`Qk�~J�{��`P²�vDq^t

tw��t
k�`Lso��¢HqÀ��y{_=_=`�q^p³�l`�_=t�¤A~�£��{p6²�`Lk�m9k�q�~^~JyDk�r=rL£��Pknmot�vDq^`�\^yP_=y{�{]Lp^`{¦�§��Èk�q^suªÇ�{��`¡vDq^t
�lr�£�t�_=t�mu`
£�`9~�£��{p k�`Lso��_9q^p^t�`��6« q^p su`L~J]Lsu`

(x, y)
`�m8£��'�lt�so`L��mut�y{p

z
ª®y{so_���pDmcq^p^`¡so`�~S]�so`�y{sumu\^yPp^y{so_=r�k�`Lso�

�^t�sot��Pr�`O�^�{p�k6£�`
�^`�_=t¤Z`Lku~��P��`Okuy{£�t��l`P¦µ´ep���y{p�kut��^r�so`�s�� vDq^`-£Y« ���l`O_=y�j{`Lp��l`O£w����{p��l`-�l` ��\���so�{`L_=`�pDm
`QknmyPsut�`�pDmur#kuq^t�¢µ�{pDm

y
¦

§-« \HjH~Jy{mu\^]Qk�`3�l`Lk¡�lr�ª®y{so_=��mut�y{p�k9~^£w��p^`Qk�ku`�s��,ªÇ��t�mu`P¦��erLk¡£�y{s�k�²�y{p kuq^~^~SyPku`�vDq^`�£�� ����pJ�l`��l`
��\J��so�{`�_=`LpPm�`Lk�m}�l`#£�y{p^�Pq^`�q^s�t�pl¯�p^t�`{¦

x

z

b a

q(x)

p(x)

O

σx

σz

τxz

σθ

σr

τrθ

θ

r

�����  ) � � 
 ����� 	�'
$ � ��� � ���>�W��	��R��� �&%�	 !��

bcp^`#��y{q�~J`8�lq��^`�_=t¤Z`Lku~��P��`c`Qknm�t�£�£�q�k�musor�`8¥�£w��¯��Pq^so` ) ��¦D§¨`���\J��so�{`�_=`LpPm `Lk�m���y{p�k�mut�muq�r���« q^p^`
~�su`Qkukut�yPp8surL~���sumut�`�p^yPsu_��{£�`

p(x)
`�m���« q^p^`
~^so`Lkok�t�y{p8m���p^�P`�pDmu`

q(x)
¦µ§6`
~^soy{�^£�]�_=`-��y{p�kut�k�mu`O¥}musoy{q^¢P`�s

£�`Lk¡�lrL~^£��P��`L_¡`LpDmok
(ux, uz)

²�`�p�~���sumutw��q^£�t�`�s¡`�m=£�`Qk¡��y{pDmus���t�pDmu`Qk
σx, σz , τxz

����p�k�£�`,�l`L_¡t�¤Z`Lku~��{��`
rL£��Pknmot�vDq^`P¦
bcp^`©��m�mu`LpDmut�y{p ~��{s�mot���q^£�t�]Lsu`0ku`�s����{�L��yPso�lrL`0��q �lrL~^£w�{��`L_=`�pDm�p^yPsu_��{£e�l`0£w� kuq^suªÇ�{��`
��\J��so�{r�`P²

ūz
¦

acy{q�k=p^`0�^y{p^p^`LsuyPp�k¡t���t}vDq^`,£�`Qk�~^sot�p���t�~J��£�`Lk¡r�m���~S`Lk��l`È£w�"surQk�yP£�qlmot�yPp��l`È��`3~�suyP�^£�]L_=`{¦O§6`
£�`L��mu`Lq^s�t�pDmurLsu`Qkukur�~���s�~^£�q�k�l`#�lr�mo��t�£wk�~JyPq^sus��¡k�`�su`L~JyPs�mo`�s¥¡�l`Lk�yPq^¢Hso�{�{`Lk ��£w�{kokut�vDq^`Qk
��« r�£w�{k�mutw��t�mur
��y{_=_=`8~���s`��H`L_=~^£�`�» ����� � 	��6· � � � � � �����$�Ï·�¸�²��AGP�^� � � ����·W²��AGD�{� � � � � � � � �R²S��G{�P¼P½�¦
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� � � � ����% �1
���� '�% .�,�� � ��� � # � 	�� 	5,�� �
¾-��sut�¢{yPp�k�moy{qlm���« ���Sy{s��8£�`Qk6rLvDq���mut�y{p�k���« rLvDq^t�£�t��^so`
kuq^s¨£�`Lk���y{pDmoso�{t�pDmu`Qk

(σx, σz , τxz)
vDq^tH�ly{t�¢{`LpDm

¿�muso`8¢{r�sot�¯�r�`Qk
`Lp3muy{q^m}~JyPt�pDm}�lqÈ�l`�_=t�¤A`Qk�~J�{��`��

∂σx

∂x
+
∂τxz

∂z
= 0

»Ç�D�=2�½
∂σz

∂z
+
∂τxz

∂x
= 0

»Ç�D��¼P½

§¨`Lk¨�^r�ª®y{so_���mot�yPp�k6��yPsuso`Lku~Sy{p��^�{pDmu`LkL²
(εx, εz, γxz)

�ly{t�¢{`LpPm6¢Pr�sot¯J`�s�£A« rQvPqJ��mut�y{p��^`-��yP_¡~J��mut��^t�£�t�mur
kuq^t�¢���pDmu`��

∂2εx
∂z2

+
∂2εz
∂x2

=
∂2γxz

∂x∂z

»Ç�D� GD½
y ��£�`Lk�^r�ª®y{so_���mot�yPp�k�ly{pDmso`�£�t�rL`Lk��q,�lrL~^£��P��`L_¡`LpDm�^`#£��¡_���p^t�]�so`#k�q�t�¢���pDmo`��

εx =
∂ux

∂x
, εz =

∂uz

∂z
, γxz =

∂ux

∂z
+
∂uz

∂x

»Ç� ) �D½
hHyPq�k�£A« \HjH~Jy{mu\^]Qk�`��^`Lk�lr�ª®y{so_=��mut�y{p�k ~^£w��p�`LkL²

εy = 0
»Ç� ) �Q½

σy = ν(σx + σz)
»Ç� ) �P½

£�`#��yP_¡~Sy{sumu`L_=`�pDmr�£w�{k�mutwvPq�`�£�t�p^rL�{t�so`#�lqÈ�l`�_=t�¤A~^£w��p3~S`�qlmekL« rL��sot�su`��

εx =
1

E

[

(1 − ν2)σx − ν(1 + ν)σz

] »Ç� )�) ½

εz =
1

E

[

(1 − ν2)σz − ν(1 + ν)σx

] »Ç� ) �H½

γxz =
1

G
τxz =

2(1 + ν)

E
τxz

»Ç� ) �P½

�er�¯�p�t�kok�yPp�k�_���t�pDmu`�pJ��pDmq^p^`8ª®y{pJ��mut�y{p
φ(x, z)

mu`�£�£�`�vPq�`��

σx =
∂2φ

∂z2
, σz =

∂φ

∂x
, τxz =

∂2φ

∂x∂z

»Ç� ) �D½
´ep3~S`�qlmc�{£�yPsok so`�_���s�vDq^`�svDq^`#k�t

φ
`Lk�m}q^p^`�ª®yPp���mot�yPp3��t�\��{su_=yPp^t�vDq^`P²^��« `Lk�m}¥¡�^t�so`��

[

∂

∂x
+

∂

∂z

] [

∂φ

∂x
+
∂φ

∂z

]

= 0
»Ç� ) 2�½

�{£�yPsok�£�`LkcrLvDq���mut�y{p�k��« rLvDq^t�£�t��^so`'»Y�P�=2{½�²J�^`9��yP_¡~J��mut��^t�£�t�mur�»Ç�P��GP½ `�me�l`���yP_=~JyPs�mo`�_=`�pDm�»Y� )�) ½�k�yPpDm
¢Pr�sot¯Jr�`LkL¦
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���( �Q� 2

�e`�~^£�q�k�²�t�£O��yPpH¢Dt�`�pDm#vDq^`=£�`Qk#��y{pJ�ltmot�yPp�k8��ql�©£�t�_=tmo`Lk8`�pÀ��yPpDmus���t�pPmo`Lk8kuy{t�`�pDm�¢Pr�sot¯Jr�`Lk8kuq^s8£��
kuq^suªÇ�{��`e£�t�_=t�mu`P²Jkuy{t�m � ���

σ̄z = τ̄xz = 0, x < −b, x > a
»Y� ) ¼P½

σ̄z = −p(x) »Ç� ) GP½
τ̄xz = −q(x) »Ç���D�P½

¾Op^¯�p6²�£w�ekuy{£�qlmot�yPp9`�p¡��yPpPmoso�{t�pDmo`
�lyPtmRso`Lku~J`Q��mu`Ls�£�`Lk���y{p��lt�mut�y{pJk�¥e£A« t�pl¯�p^t^����p�k�£�`��^`�_=t¤Z`Lku~��P��`{²
kuy{t�m

(x, z) → 0 =⇒ (σx, σz , τxz) → 0
¦

�}¯�p��l`esu`�ª®y{so_9q^£�`�s-£�`e~^suyP�^£�]�_=`}`�p���yHy{s��ly{p�p^r�`QkO��jH£�t�p��^sutwvDq^`LkL²{yPp'��yPp�k�tw�l]Lsu`_���t�pDmu`Lp���pDm
q�p
ª®yPp���mot�yPp���t�\��{su_=yPp^t�vDq^`

φ(r, θ)
�

[

∂2

∂r2
+

1

r

∂

∂r
+

1

r

2 ∂2

∂θ2

][

∂2φ

∂r2
+

1

r

∂φ

∂r
+

1

r

2 ∂2φ

∂θ2

]

= 0
»Ç�{���Q½

y �

σr =
1

r

∂φ

∂r
+

1

r

2 ∂2φ

∂θ22

»Ç�{�D�P½

σθ =
∂2φ

∂r2
»Ç�{� ) ½

τrθ = − ∂

∂r

(

1

r

∂φ

∂θ

) »Ç�{�{�H½

§¨`Lk�lr�ª®y{so_���mut�y{pJk kuy{pDmso`�£�t�rL`Lk��q^���lr�~�£��P��`�_=`LpPm�k

εr =
∂ur

∂r

»Ç�{�D�P½

εθ =
ur

r
+

1

r

∂uθ

∂θ

»Ç�{�P�D½

γrθ =
1

r

∂ur

∂θ
+
∂uθ

∂r
− uθ

r

»Ç�{�>2{½

� � � � ��,3)+#*����, � � ��#*)+����)+#��"�1,(	5#
±
yPp�k�tw�lrLsuyPp�k6�^�{p�k¨��`�m�mo`-~��{s�mot�`P²�£�`-~^soy{��£�]L_¡`
��« q�p^`Oª®yPso��`-��yPp���`LpPmosurL`

P
~���s�q^p^t�mur
�^`-£�y{p^�Pq^`�q^s

�{~^~^£�t�vDq^rL`c`Lp
O
¦�±
`�m�mo`}ª®yPso��`c~S`�qlm�su`L~^sorLku`�pDmu`LsO£�`esurQk�q�£m���m �6« q^p3��\���so�{`L_=`�pDmO~���s q^p'��y{t�p'kuq^s
q�p

�^`�_=t¤Z`Lku~��P��`=r�£w�{k�mutwvDq^`{¦�±
`'~^suyP�^£�]�_=`�`Lk�m9k�yPq^¢{`LpDm9�lrLkut��Pp^r���yP_=_¡`�£�`�~^soy{��£�]L_¡`��^` � ��� � � ��¹
»��L¼=GP�{½�¦

§��3kuy{£�qlmot�yPp©�l`���`=~^soy{��£�]L_¡`¡`Lk�m��ly{p�p^r�`=`�pÀ��\^yPt�kut�koko��pDm���y{_=_=`�ª®yPp���mot�yPp �^t�\��{su_=y{p�t�vDq^`¡£��
ª®yPsu_=`#kuq^t�¢��{pPmo`��

φ(r, θ) = Arθ sin θ
»Y���P¼D½

Y U���ËÏÕ7(�Ü�Ò �.#×Ó�Ò�Þ �µÓ �µÜ�ÒµÒQÓ�Û¨Ó
2QÖQÕ%#%()# ÞYÓ��ÓnÒ�Þ¨Õ×ÓnØ	(�Ü�Ò���# Þ'#×Ü�ÒQØ #×Ò�# Þ$# � Õ×ÓnØ�Ø'�µÛ6Õ×Ó � Ü�Û1��ØYÜ�# Þ6Ó�ÒcÖµÛÇÓnØAØ'#×Ü�ÒeØAÜ�# Þ6ÓnÒ ��&�ÖQÕ � (�Ó°Ô
�Ó�Ò�Þ�ÙµØAÜ�# Þ6ØYÜ��µØ ��Ü�Û1�Ó �,# 2�ÞAÓ���Ú�Õ%�µØ'#×Ó��µÛÇØ	(ZÐµÜ�# 2cØAÖ &�(�# ��-��µÓnØ�ØAÓnÛÇÜ�Ò�Þ¨ÞYÛ � # Þ$&nØ � � ÒµØ¨Õ×ÓnØ6Ö � Û � 3�Û � ÖµÐµÓnØRØ$��# � � Ò�ÞAØ
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§¨`Lk��yPpDmus���t�pPmo`Lk�kL« rQ��sot�¢P`�pDm}�ly{p����

σr = 2A
cos θ

r

»Ç�{�=GD½

σθ = τrθ = 0
»Ç�D���P½

´ep"~S`�qlm�so`�_���s�vDq^`�s8vDq^`=£��,��y{pDmus���t�pDmu`¡so�P�lt��{£�`=�lrQ��soy �wm8`Lp
1/r

¥3£A« t�pl¯�p^tA²6`�m#vDq^`=£w�,��y{pDmoso�{t�pDmu`
`Qknm�mo\^r�yPsutwvDq^`�_=`�pDmt�pl¯�p^t�`���q,~Sy{t�pPm}��« ��~�~^£�tw����mut�y{p,�l`#£w�¡��\J��so�{`{¦

§��'��yPp�k�mo��pDmo`
A
`Lk�mcmusoy{q�¢{r�`Qknm8rL��sut�¢���pDmevDq^`¡£�����\���so�{`#`Qknm8`�p0rQvDq^t�£�t��^su`¡�µ¢{`Q�#£�����yPpPmoso�{t�pDmo`

s��{�^t��{£�`8���Pt�koku�{pDm�kuq^sq^pÈ�l`L_¡t���`�s���£�`8�l`#so�µjPy{p
r
²Jk�yPtmQ²

−P =

∫ π
2

−
π
2

σr cos θ rdθ =

∫ π
2

0

2A cos2 θ dθ = Aπ
»Ç�P�^�Q½

´ep,y{�^mut�`�pDm}�ly{p��8~Sy{q�s£��=��yPpDmus���t�pPmo`es��{�^t��{£�`��

σr = −2P

π

cos θ

r

»Ç�D�{�P½

´ep©~J`Lqlm�so`�_���s�vDq^`�s�vPq�`
σr

�'q^p�`=�{_=~^£�t�muqJ�l`���y{pJknm���pDmu`�r��P�{£�`=¥ −2P/πd
²Wkuq^s�muyPqlm���`Lso��£�`=�l`

�^t��{_¡]�muso`
d
~��{koko��pDm `Lp

O
¦J�cq3ªÇ��t�mcvDq^`

τrθ = 0
²
σr
`�m
σθ
kuy{pDm£�`Qk}��yPpDmus���t�pPmo`Lk ~^sot�pJ��t�~���£�`LkL¦

±
`�m�mu`�kuy{£�qlmot�yPp ~Sy{q^s8q^p^`¡ª®yPso��`¡��y{p���`�pDmusor�`�ª®y{q^sop^t�m#q^p^`�k�yP£�q^mut�y{p rL£�rL_=`�pDmo�{t�so`¡�{q©~�suyP�^£�]L_=`
�6« q^p�`�~�su`Qkukut�yPp'�ltwknmosut��^q^rL`{¦ �¯Jp3�l`8£A« q^mut�£�twk�`Ls�^��p�k £w��kuq^t�mu`8~Sy{q^s�p6« t�_=~Sy{sumu`#vDq^`�£SmnjH~S`8�^`��ltwk�musot¤
��qlmut�y{pÈ�l`8~^so`Lkok�t�y{p¨²lp^y{q�k�so`�ª®yPsu_�q^£�y{p�k tw��t6��`#sorLkuq^£�mo��m�`Lp3��yHy{s��ly{p^p�r�`Lk��L��sumurLkut�`�p^p^`Qk5�

σx = σr sin2 θ = −2P

π

x2z

(x2 + z2)2
»Ç�D� ) ½

σz = σr cos2 θ = −2P

π

z3

(x2 + z2)2
»Ç�D���H½

τxz = σr sin θ cos θ = −2P

π

xz2

(x2 + z2)2
»Ç�D�{�P½

�}¯�p¡�^`���y{p^pJ���wmuso`-£�`Lk��lr�~�£��P��`�_=`LpPm�k��^��p�k�£�` �^`�_=t¤Z~^£w��p6²�yPp9qlmot�£�twk�` £���£�y{tl��« r�£w�{k�mutw��t�mur £�t�p^rQ��t�su`��

∂ur

∂r
= εr = −1− ν2

E

2P

π

cos θ

r

»Ç�D���D½

ur

r
+

1

r

∂uθ

∂θ
= εθ =

ν(1 + ν)

E

2P

π

cos θ

r

»Ç�D�=2{½
1

r

∂ur

∂θ
+
∂uθ

∂r
− uθ

r
= γrθ =

τrθ

G

»Ç�D��¼D½
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���������
	�������������������	�����	������
���� �������!���"#	�$&%'!��
���( �Q��G

�c~^su]Qk�t�pDmor��{s���mot�yPp6²ly{p3y{�^mut�`�pDm}£�`Qk�lr�~�£��P��`�_=`LpPm�kk�q�t�¢���pDm�k5�

ur =
1 − ν2

πE
2P cos θ ln r − (1 − 2ν)(1 + ν)

πE
Pθ sin θ + C1 sin θ + C2 cos θ

»Ç�D� GP½

uθ =
1 − ν2

πE
2P sin θ ln r +

ν(1 + ν)

πE
2P sin θ

»Ç�P�{�P½

− (1 − 2ν)(1 + ν)

πE
Pθ cos θ +

(1 − 2ν)(1 + ν)

πE
P sin θ + C1 cos θ − C2 sin θ + C3r

§¨`Lk9�^t�Wr�so`�pDmu`Qk���yPp�k�mo��pDmo`Lk#kuy{pDm9�lr�mo`�so_=t�p^rL`Lk9`�p³��yPp�k�tw�lrLso�{pPm9vDq^`�£�`'�l`L_=t¤Z`Lku~��{��`=p^`�~S`�qlm
kuq^�^t�s��l`e_=yPq^¢{`L_¡`LpDm �l`8k�yP£�tw�l`�sut��{tw�l`P¦D�ey{p^p�y{p�k k�t�_=~^£�`�_=`�pDm�£�`Qk �^r�~^£w�{��`�_=`�pDmok ¥�£w�¡k�q^suªÇ�{��`evDq^t
��y{sosu`Qk�~Sy{pJ�l`�pDm¥

θ = ±π/2
�

ūr|θ=π/2 = ūr|θ=−π/2 = − (1 − 2ν)(1 + ν)P

2E

»Ç�P�^�µ½

ūθ|θ=π/2 = −ūθ|θ=−π/2 = − (1 − ν2)

πE
2P ln r + C

»Ç�{�D�{½
y ��£w�8��yPp�knm���pDmu`

C
`Lk�m-�lr�mo`�so_¡t�p^r�`�p���\^yPt�kutwkuko��pDm�q�p¡~Sy{t�pDm-¥�£��8kuq^s�ªÇ�P��`�¥�q^p^`}�ltwknm���p���`

r0
��yP_=_¡`

sor�ª®rLsu`Lp���`P²lk�yPtm��
ūθ|θ=π/2 = −ūθ|θ=−π/2 = − (1 − ν2)

πE
2P ln(r0/r)

»Ç�P� ) ½
�������
	�����   ��
�°£R`Qknm8t�_¡~Sy{sumo�{pDm#�^`¡p�y�mu`Ls#vPq�`�£A« yPp©p�`¡~S`�q^m8~J�{k8sorLkuy{q��lso`9£�`=~^soy{�^£�]�_=`¡`�pÀ�lr�~^£w�{��`�_=`�pDm8t�pJ�lr�¤
~S`�pJ�^��_=_=`�pDm}�l`8£��¡k�musoq���moq^su`��{£�y{�J��£�`e�l`Qk�y{�lzn`�mok `�m}�l`8£w�9_���p�t�]Lsu`8�ly{pDm�t�£wkkuy{pDm�kuq^~^~Sy{sumurQk�¦H¾Op
`��S`�mL²�y{p�~J`Lqlm���y{pJknm���mu`Ls¡vDq^`�£�� ¢���sot���mut�y{p �l`

ūθ
�µ¢P`L�

ln r
`�_=~S¿L��\^`,�l`,��\^y{twk�t�s9q�p^`�¢��{£�`Lq^s¡¥

£A« t�pl¯Jp^tY¦
❏

� � � � ��,3)+# �1�	� ��#��"�1
�#$����# )+���/)+#��"�$,&	5#
´epÀk�q�~^~JyDk�`=_���t�pDmu`Lp���pDm�vDq^`=£�`���\��{su�P`�_=`�pDme`Qknm�q�p^`¡ª®y{s���`�mo��p��{`�pDmot�`L£�£�`���y{pJ��`�pDmosurL`

Q
~���s

q�p^tmor#�l`8£�yPp^�{q^`Lq^sQ¦l±
`#��\��{su�P`�_=`�pDm
~�suyl�lq^t�mq^p^`8�ltwknmosut��^qlmot�yPp�s��{�ltw��£�`e�^`8��y{pDmus���t�pDmu`�vPq�t6��y{soso`Lk�¤
~Sy{pJ�3�{q3�L�{k�~^sorL��rL�l`LpDm moy{q^sop^r#�l` G{�H�Z²�kuy{t�m��

σr = −2Q

π

cos θ

r

»Ç�P���H½

σθ = τrθ = 0
»Ç�P�P�{½
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§¨`Lk�twk�y�¢��{£�`Lq^sok��l`}��y{pDmus���t�pDmu`QkRk�yPpPmR_���t�pDmu`Lp���pDm-�l`}�l`L_=t¤°��`Lso��£�`Qk�~��{koku�{pDm�~��{s
0
¦�¾-p���yHy{s��ly{p�p^r�`Qk

�L��sumurQk�t�`�p^p�`LkL²H��`Lk�rQvPqJ��mut�y{pJk�~J`Lq^¢{`LpPmcku`8surLrL��sut�su`��

σx = −2Q

π

x3

(x2 + z2)2
»Ç�P�{�D½

σz = −2Q

π

xz2

(x2 + z2)2
»Ç�P� 2{½

τxz = −2Q

π

x2

(x2 + z2)2
»Ç�P�{¼D½

§¨`Lk��lr�~^£w�{��`�_=`�pDm�kc¥�£w��kuq^suªÇ�{��`9~J`Lq^¢{`LpPm�¿�mosu`�`Lk�mut�_¡rQke�^`9£w��_=¿�_=`9_��{p^t�]Lsu`�vPq�`9~^sorL��rL�l`L_�¤
_=`LpPm}`Lp'mo`�p��{pDmc��y{_=~lmo`#�l`#£��¡soy�m���mut�y{p,�l` G{�H� �

− ūr|θ=π = ūr|θ=0 = − (1− ν2)

πE
2Q ln r + C

»Ç�{�=GP½

ūθ|θ=π = ūθ|θ=0 = − (1 − 2ν)(1 + ν)Q

πE

»Ç�>2��D½

� � � � ,�#��$�$
���� ,(	5./� ,��1
�#*����, � � ��# # � �1�	� ��#��"��
�#�����#
´epÈkuq^~^~SyPku`#_=�{t�pDmo`�p��{pPmcvDq^`#£�`��l`L_¡t�¤Z`Lku~��{��`�`Qknmc��\J��so�{r�~���s}q�p^`#~^so`Lkok�t�y{p3p^y{so_���£�`

p(x)
`�m

q�p^`#~^so`Lkok�t�y{p'mo��p��{`�pDmot�`L£�£�`
q(x)

kuq^sq^p�`��J��p��l`#t�pl¯�p�t�`��l`8£w��so�{`Lq^s
a+ b

¦

x

z

b a

q(x)

p(x)

O

r

A(x, z)

B C(x, 0)

ds

s

������ ) �/�"! �� � ����!��	���� ����� %R�����W�W	�� �D�
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� � H���, � � 6�Æ �^Å *H� * / ÃL� *PÃ$0�� �AÂ ��� �lÃ�0ÇÂ / � I Æ � �Q��� � �^Å *
§¨`Lk¡�lr�~^£w�{��`�_=`�pDm�k9kuy{pDm��lrQ�lq^t�mok=�l`'£w�È_=¿�_=`�_=�{p^t�]�so`�`�p kuy{_=_���pDm¡£�`Qk9��yPpDmusot��^q^mut�y{p�k��l`Lk

~�su`Qkukut�yPp�k�k�q�s}��\��{vDq^`8r�£�r�_=`LpPm}�l`�kuq^suªÇ�{��`��

ūx = − (1 − 2ν)(1 + ν)

2E

[∫ x

−b

p(s) ds−
∫ a

x

p(s) ds

] »Ç�>2H�µ½

−2(1 − ν2)

πE

∫ a

−b

q(s) ln |x− s| ds+ C1

ūz = −2(1 − ν2)

πE

∫ a

−b

p(s) ln |x− s| ds »Y� 2{�{½

− (1 − 2ν)(1 + ν)

2E

[∫ x

−b

q(s) ds−
∫ a

x

q(s) ds

]

+ C2

§¨`-ku�{qlmL²L�^��p�k¨£�`Qk�`��l~^so`Lkokut�yPp�k�²�»Y�{���Q½S`�m »Ç�{�=GP½�²Ly{�^£�t��{`�pDm¨¥}ku`��P_=`�pDmu`Ls�£Y« t�pDmo`�so¢µ�{£�£�`O��« t�pDmor��{s���mot�yPp
`Lp��l`Lql��~��{s�mot�`Qk�¦�x�y{q^s¡r�¢Ht�mu`�s=��`3~^soy{�^£�]�_=`P²�t�£�~J`Lqlm�¿�muso`'t�pDmurLsu`Qkuko��pDm¡�^`���\^yPt�kut�s=��« r�¢���£�q^`Ls�£�`Lk
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∂x

`�m ∂ūz
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C1
`�m
C2
²��ly{pDmeyPp �'�^rnz�¥3k�yPq^£�t��{p�r

£�`Lk�t�p���y{pH¢{rLp^t�`LpDmok�¥=£��¡so`�_���s�vDq^`8|e¦����

∂ūx

∂x
= − (1 − 2ν)(1 + ν)

2E
p(x) − 2(1 − ν2)

πE

∫ a

−b

q(s)

x− s
ds

»Ç�>2 ) ½

∂ūz

∂x
= −2(1 − ν2)

πE

∫ a

−b

p(s)

x− s
ds− (1 − 2ν)(1 + ν)

2E
q(x)

»Ç�>2µ�D½

±
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∂x
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ε̄x
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∂x
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ds
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A(x, z)
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»Y��ªn¦/��t��{q^so` ) �µ½�¦J´ep3y{�lmot�`LpPmc�{£�yPsok��

σx = −2z

π

∫ a

−b

p(s)(x − s)2

((x − s)2 + z2)2
ds+ − 2

π

∫ a

−b

q(s)(x− s)3

((x− s)2 + z2)2
ds

»Ç�>2��{½

σz = −2z3

π

∫ a

−b

p(s)

((x− s)2 + z2)2
ds+ −2z2

π

∫ a

−b

q(s)(x − s)

((x− s)2 + z2)2
ds

»Ç�>2��P½

τxz = −2z2

π

∫ a

−b

p(s)(x− s)

((x− s)2 + z2)2
ds+ −2z

π

∫ a

−b

q(s)(x − s)2

((x− s)2 + z2)2
ds
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ε̄x = − (1− 2ν)(1 + ν)

2E
p(x)

»Ç�>2�¼P½
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ε̄x =
1

E

[

(1 − ν2)σ̄x − ν(1 − ν)σ̄z

] »Ç�>2�GD½
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ln(r)
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