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ui = sup
j∈S

(Aij + uj)
�¢prkturyzy

i ∈ S
� ®94;¯

OQPSV·ceVUd
S
urgi|WdfPiVZT uwx

A : S×S → R∪{−∞}, (i, j) 7→ Aij
£b¤¥PSln}~P�xSynuÑa�cd�PSVZk�pry�Vtpr�©dfPSV·[2uwk�Árp��

ÁrV,kfgiVUyN£*urkfV!��lz��VUg4£*uwgi|2prgSV!y�pbprÁ�c¥�¢p�kZcfpry�h�dfl�prg?c
u : S → R ∪ {−∞}, i 7→ ui

�·OQPSlnc\V;m�h?u�dfl�prg�lnc¥d�PSV
|�abgiurT�ln}¥xSk�pr��k�urTWT�l�gS�·V,m=hiuwdfl�prgWpw�4u�|�VUdfVUk�TWlzgil�cedfln}¥prxSdfl�TWuryi}�p�g=dfk�pry�xSk�pr�Sy�VUT ¤¥l¬d�P�l�g�«igSlzdfVtPiprk�l;:,prg4�
<´g�dfPSlnc7}Uprg=dfVUv=d;£

S
l�c0d�PSVtcfV�dpw�©csd~u�d�V,c,£�dfPSV¥T urx

A
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dfPiV\k�VU¤Quwk~|ScU�>=Dm=hiu�d�lzp�g2®?4Ñ¯0l�c�y�lzgSV;uwk7l�g d�PSVtT u�vb¡-xSyzh?cDuwy��rV,�Sk~uS£w¤¥PSln}~P lncdfPiVZcfV�d

R∪{−∞}
V,m=hSl�xSx?V;|

¤¥lzdfPWdfPiVtprx*VUk~u�d�lzp�gic0pw�§T u�v�lzT�hST urgi|Wur|S|Sl¬d�lzp�g4�OQPSVQdfV,kfT l�|�V,TWx?prdfVUg=d�urgiuwy�a�celnc0k�V��¢VUk~c0d�p
dfPSV\cedfh?|�a
pw�cedfk�hi}ªd�hSkfV;c¥ceh?}~P�u�c¨dfPSlncU£ilzg�¤¥PSln}~P#d�PSV
«ik~csd¥p�x?V,k�uwdfl�prg�l�cQln|�VUTWx*pwd�VUg=d,�

<´g x*pwdfV,g=dflnuwy?dfPSV,prk�ar£rp�gSVthicfV,c7dfPSV·[2uwkfdfl�g �*prhSgi|iuwk�a!dfp�|�V,c�}�k�lz�*V¥d�PSVZcfV�d¨pw�©Piuwk�TWprgSln}¥uwg?| cehSx*VUkf¡
PiurkfTWprgil�}
�¢higi}ªd�lzp�gic·pw�Du¸[Àuwk�Árp���xSk�p�}�V;cfc,£*urgi|�d�PSV!«ig?uwy%�?V,PiuÑ�blzp�hSk\pr�7l¬d~cZx?u�dfP?cU��¶ZhSk\��p�uwy�PSVUk�V¦lnc
dfp p���d�urlzg�uwg?uwy�pr�rp�hic�kfV;cehSyzd�c¨�¢p�k@=Dm=hiu�d�lzp�g ®?4,¯��
OQPSV�prk�lz��lzg?uwyceVUded�lzgS�#�¢prk·d�PSV [2uwkfdfl�gÀ�*prhSg?|Suwk�a�¤¨u�c
}�ynurc�celn}Uury�x*pwd�VUg=dflnuwy0d�PSVUp�kfa!- [2uwk��A4�5-£©¤¥PSV,kfV

lzd!¤¨u�c
hiceV;|2d�p�|�V,c�}�k�lz�*V�dfPSV�cfV�d!pr��x*p�cfl¬d�lz��V cep�yzh�d�lzp�gic
pw� �9urxSy�u�}�V�� c·V,m=hiuwdfl�prg4� �Zpbpr�B- �Zpbp=�w��5D��uÑ��V
u xSkfp��iuw�ilzy�l�cedfln}#lzg=dfV,kfxikfVUd�u�d�lzp�g l�g d�VUk�T c�pr� � l�VUgSV,k xSkfp�}UV,c�ceV;c�urgi| ury�cfpµurg VUv=d�VUgicfl�prg±d�pµdfPSV�}Uu�ceV
¤¥PSV,g dfl�TWV¸lnc�|�lnc�}�k�V�dfV��C6tlnc¦TWVUdfPSp�| ¤Qurc
d�p2«ik~ced¦V,ced�ur�SyzlncfP±uwg l�g�d�VU��k�uryDk�VUxSk�V,cfVUg=d�uwdfl�prg �¢prk�cehSx*VUkf¡
PiurkfTWprgil�}¨�¢hSg?}ªdfl�prg?c7uwgi|�d�PSVUgWd�p!|�VUk�lz��V¥lzgS�¢prk�TWuwdfl�prgWuw�*prh�d«?giuwy?�?V,PiuÑ�blzp�hSkpw�§xiu�d�Pic,�D6\hSg=dE- 6\hSgAF���5
cfPSp�¤�V;|�d�Piu�d�prgiVW}UprhSyn|Àury�cfp#d�uwÁ�V¦d�PSVWprxSx*p�cflzdfV uwxSxikfp=ur}~PHGtV;csd~uw�Sy�lnceP dfPSVWk�V,cfhSyzd�c
}�p�gi}�V,kfgSl�gS��xiu�d�Pic
xSk�pr�iur�Sl�yzlncsd�l�},uwy�yza�uwgi|�d�PSVUg#|�V,|�h?}�V¥d�PSV\l�g=dfVU��k�urySk�VUxSk�V,cfVUg=d�uwdfl�prg4�%OQPSV\urxSxSk�p�ur}~P�d~uwÁrV,gWlzg d�PSVtxSk�V,cfVUg=d
xiurx?V,k7l�c�}�y�p�cfV,ceddfp
d�Piu�dDpr�4�\abgSÁbl�gI- �ZabgAFr�J5-£=¤¥PSl�}~P }Uprg=d�urlzgicDu�cel�TWxSyzlz«iV;|W�rVUk~cflzp�g�pr��6\hSg=d � c7TWV�d�PSp�|©�
OQPSV,kfVWlnc!u#dfPSl�k�|AurxSxSk�p�ur}~PÀdfp�d�PSl�c¦cehS�SqsV,}ªd;£9hicfl�gS�LK�PSp�m=hSV�d�d�PSVUp�kfa��M6tp�¤¨VU�rV,k,£4uwd!xSk�V,cfVUg=d,£©d�PSV

dfpbp�y�cQl�g�dfPSV�T u�vb¡-xSy�hic¥ceVUded�lzgS�?£iuwk�V·gSpwdta�V�dtceh�N }UlzV,g=dfy�a¸|�VU��VUy�prx*V,|¸dfp�uryzy�p�¤ hicQd�p�d�uwÁ�V·dfPSlnc¥k�prh�d�Vr�
¶ZhSktced�urked�lzgS��x*prl�g�dtlnc¨dfPiV�TWuwvb¡NxSy�hic¥urgiuwy�pr��hSVZpr��d�PSVIOP�0�#�Q�SR'�
�����
� £

A∗
ij := sup{Ai0i1 + · · · +Ain−1in | n ∈ N, i0, . . . , in ∈ S, i0 = i, in = j} .

OQPbhic,£
A∗

ij

lnc%dfPiV¨T uwvbl�T uwy�¤¨VUl��rP=d0pw�*u·xiuwdfP��¢kfp�T
i
dfp
j
� � VQ«Sv�u\T uwx

i 7→ σi
£��¢kfp�T

S
dfp

R∪{−∞}
£

¤¥PSln}~P�¤¥lzy�y9xSynuÑa�d�PSV�k�pry�V�pw�%dfPSV��0�UTQ�
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"����%��� "��A�!pw� � uwdfPSl - � uwd�� 1��©£ � u�d~� 1�uS£ � u�d����ruJ5-£
¤¥PSln}~P�uwk�VZd�PSV�VUl��rV,gb�rV,}�dfp�k�c�pw�%dfPSV ��u�vb¡e¶ZyzV,lzgSl�Á�cfVUTWlz��kfp�hSx4£�p�k¥V,m=hSl��ÑuryzV,g=dfy�ar£bdfPiV��=lnc�}�p�cflzdsa¸cep�yzhSdfl�prgic
pw�\dfPSV�VUk��rp�|�ln}M6ZuwTWlzyzdfp�g�¡87�u�}�pr�il�V;m�h?u�dfl�prg9£7ceV,VL- � uwd��r��ub£ K�Piurx�dfV,kM1J5N�!<´g ¤�V;uwÁ=¡82��\[ dfPiVUprk�ar£0d�PSV
uwg?uwy�pr�rhiV\pw�9dfPSV��·kfV,VUg#ÁrVUk�gSV,y?lncQ}Uuwy�y�V,| d�PSV��C�����P�"$� �
�A��� ��� £bd�PSV
kfp�yzVZpw�4d�PSV�}�k�l¬d�l�},uwy*�rk~uwxSP¸l�c¨xSynuÑarV;|
�ba�dfPSV,����� ���
�Y�
�Q�N£©uwgi|2dfPSV � �A 
��(M�
�Q�0lnc·kfV,y�uwdfV,|2dfp#dfPSVWc�u�dfhik�uwdfl�prg2��k�urxSP4� <´g2d�PSV }UurcfV¦¤¥PiVUg2d�PSV
T uwgSlz�¢pryn|µl�c¦}�prTWxiu�}ªd;£ K�prg=d�kfV,k�u�c.-�K�prgi�A4w£�OQPiVUprk�VUT �S�Æ�J5Duwg?| � u�d�PSl - � u�d~�r��u�£�OQPSV,prk�VUT /i� Fi�;4
57��uÑ��V
u kfV,xSkfV;ceV,g=d�u�d�lzp�g pw�td�PSV�¤�V;uwÁ=¡ 2��Z[ cep�yzhSdfl�prgic,£7l�g=��pry��blzgS� uÀcfhSxSk�VUT¦hiT�pw�t�¢hSg?|SuwTWVUg=d~uwy¥cep�yzhSdfl�prgic
urc�cfpb}Ul�uwdfV;|AdfpµVUy�VUTWVUg=d~c�pr�tdfPiV �\hS�Sk�a±ceVUd,� OQPiV�},urcfV#pr�\gSprgS¡-}UprTWxiur}�d�T uwgil¬�¢p�y�|Sc�¤Qurc�}�p�giceln|�V,kfV;|
�ba K�prg=dfk�VUk~urc,£�¤¥Pip |�V�«?gSV,| urg uwgiuryzp��rhSV�pr��dfPSV TWlzgSl�T uwyZTWuwvb¡NxSy�hic#[2uwkfdfl�g �*prhSgi|iuwk�a l�g dfV,kfT c
pw��°�h?ceV,TWurgSg �¢hSg?}ªdfl�prg?cU£
uwgi| pr��d~uwl�gSV,| lzg - K�p�gi��4�£·OQPSVUp�kfV,T��i� ��5
uHk�VUxSk�V,cfVUg=d�uwdfl�prg �¢p�kfT�hSy�u �¢prk
¤¨V,uwÁ=¡82��\[`cfpry�h�dfl�prgic urgiuwy�pr��prhic�d�p ®Ò��¯ª��°¨hiceV,T uwgSg �¢hSgi}�dfl�prgic#uwyncep±urxSx*V,uwk¸lzg - � uwd��r�r��5N��¶\dfPiVUk
k�V,cfhSy¬d~c0pw�*¤�V;uwÁ=¡ 2��Z[ d�PSVUp�kfa!}Uprgi}UVUk�gSlzgi�ZgSp�g�¡´}�prTWxiu�}ªd0T uwgSlz�¢pryn|Sc%PiuÑ�rV¨�*VUVUgWp���d�urlzgSV;|¦�ba � u�d�PSlSuwgi|
[2u�|�VUk�giuX- � [2�=�J5-��_bV,V�uwyncep � u�dfPilDuwgi| _bln}�p�gSpryz« - � _��r��5-� =vbdfk�VUT uryzlzdsaÀxSk�prx*VUkfdfl�V,c
pr��d�PSV�V,yzV,T�V,g=d�c
pw��d�PSVÀT uwv=¡-xSy�hic�[2uwkfdfl�g �?p�hSgi|Surkfa ®ËOQPiVUprk�VUT cZFS�Æ� uwgi| /S�Æ�A�?V,yzp�¤\¯¸|�p±gSprd�cfVUV,T d�p PiuÑ��V��?V,VUg
}�p�gicfl�|�V,kfV;|¸l�g�¤�V;uwÁ=¡82��\[ d�PSVUp�kfa��
�ZV,cfxSl¬d�V\d�PSV\��VUgSV,k�ury?urgiuwy�pr��ar£�dfPSVZxSkfpbpr�ËcDpr�4prhSk¨kfV,xSk�V,cfVUg=d�uwdfl�prg�dfPSV,prk�VUT �¢prk¨PiurkfTWprgil�}t�¢hSgi}ªd�lzp�gic

®ËOQPiVUprk�VUT /i�;4,¯Duwgi|�pw�4d�PSVZ}Uprk�kfV;cex*prgi|SlzgS�
d�PSVUp�kfV,T cDl�gC-�K�prgi�A4�5§urgi|I- � uwd��r��uJ5§kfV;m�hilzk�V\|�l�*V,kfV,g=dDdfV;}~P�¡
gSlnm=hSV,c,� <´gHp�k�|�V,k�dfpAkfV,y�uwdfV��?prdfP cfV�ded�lzgi��c,£DlzdW¤¨prhiy�|H�?V�g?u�dfhik�ury�d�p ceVUd

A = B1
£¨¤¥PSV,kfV

t 7→ Btlnc�dfPiV �9uwvb¡s¶Zy�VUl�gSl�Á cfVUTWlz��kfp�hSx4�I6tp�¤¨VU��VUk;£9p�gSyzaAcfx?V;}�lnuwyDÁ�VUk�gSVUync
A
},uwg �*V¸¤¥k�l¬dfdfV,g lzg d�PSlnc¦¤QuÑar£%lzg

xiurked�l�}UhSy�urk
A
T¦hicedZPiuÑ��V¦uwg�²sl�g�«igSlzdfV�|�l��=lncflz�Sl�y�l¬dsa�³¦xSk�prx*VUkfdsar� �\y�cfpi£*gSprdZVU��VUk�a¸PiurkfTWp�gSl�}��¢hSgi}ªd�lzp�gÀpr�

B1
lnc¥u�¤�V;uwÁ=¡82��\[�cfpry�h�dfl�prg�urc�cep�}Ul�uwdfV,|�dfp�dfPSV!cfVUTWl��rk�prhSx

t 7→ Bt
�OQPbhicU£bd�PSV�|�lncf}UkfVUdfV·dfl�TWV
},urcfVZlnc

l�g�cep�T�VtcfVUg?ceV¥TWprk�VQ�rV,gSVUk~uwybd�PiuwgWd�PSVt}�p�g�d�lzgbhSp�hic0d�lzTWV\},urcfVr£w�ShSdDVUl��rV,g=��V,}�dfprk~c0uwk�VQT�p�kfVt}Uprgicedfk~uwl�gSV;|
l�g�}Uprg=dfl�gbhSprh?c¨dfl�T�V�£icfp��*pwd�P�ceVUdedfl�gS�=cQkfV;m�hilzk�V·|Sl�cedfl�gi}ªd¥d�kfV;u�d�T�V,g=d�c,�
� V·gipwdfV·d�Piu�dQdfPiV�TWurlzg�k�V,cfhSy¬d~c¨pw�9d�PSV
xSk�V,cfVUg=d¥xiuwx*VUkQPiuÑ��VZ�*VUV,g�urgSgSprhigi}�V;|¸l�g¸d�PSV·«igiury4ceV;}ªdfl�prg

pw�7u�}UprTWxiurgSlzp�g�xiuwx*VUk;£H- �
� � �w�$5-£il�g�¤¥PSln}~P�T u�vb¡Nxiyzhic\cex*V,}�dfk~uwy©d�PSVUp�kfa#¤¨u�ct|�VU��VUy�prx*V,|�hSg?|�VUk\cfprTWV
dfl��rP=d�gSV,c�c¥}�p�gi|�lzdfl�prgic,� 6tV,kfV�£�¤�V
hicfV
dfl��rP=dfgiV,c�cQprgSy�a�l�g�_�V,}ªd�lzp�gL4�4w�
� V R$��" � ��� &����
���Q� � �	� � V�d�PiuwgiÁ �ty��?V,ked � uwdfPSl0�¢p�k
PSVUy�x��¢hSy7}UprTWTWVUg=d�c,£4uwgi|Àlzgµxiurked�l�}UhSy�urk\�¢p�k
PiuÑ�blzgS�
x*prl�g�d�V,| p�h�d�dfp hic d�PSVÀ¤¨prk�Á±pw��K�p�g�d�kfV,k�u�cS- K�p�gi��4Q5N� � VÀuwyncepAd�PiuwgiÁ �\kfgiurhi| |�V2ynu � prkfdfVUy�y�V��¢prk
k�V��¢VUk�VUg?}�V,cQp�g¸d�PSV�xSk�pr�iur�Sl�yzlncsd�l�}
[2urked�lzg��*prhSgi|iuwk�aWdfPSV,prk�ar�
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O�p cfPSp�¤KdfPSV�uwgiuryzp��ra �?VUds¤�V,VUg±d�PSV¸�*prhigi|Suwk�aµdfPSV,prk�a pr�\|�V�d�VUk�TWlzgSlncedfln}¸p�x�dfl�T uwyQ}�prg=d�kfp�yDxSk�pr�Sy�VUT c
uwg?|H}Uy�u�cfcfl�},uwyQx*pwdfV,g=dflnuwy¨dfPSV,prk�ar£�l¬d ¤¥l�yzyt�*V�}�p�g=��VUgSl�VUg=d�dfpAhicfV#T uwv=¡-xSy�hicWgSprd�u�d�lzp�g4�HOQPiVX���
	���������
�
�Q�Y��������r£

Rmax
£0lnc�d�PSV#cfV�d

R ∪ {−∞}
V;m�hilzxSx*V,|±¤¥l¬d�PAdfPSV�ur|S|�lzdfl�prg

(a, b) 7→ a ⊕ b := max(a, b)uwg?|µdfPSV#T¦hSyzdfl�xSy�l�},u�dfl�prg
(a, b) 7→ a � b := a + b

� � V#|SVUgSprdfV��ba��
:= −∞

uwg?|��
:= 0

dfPSVZ:UVUk�p
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uwg?|2hSgSlzd�VUy�VUTWVUg=d~cU£©k�V,cfx?V;}ªd�lz��VUy�ar� � VWcfPiuryzy%pw�×d�VUgµ¤¥kflzdfV
ab
lzgicedfV;ur|Àpw�

a � b
�¦_�lzgi}UV�dfPSVWcehixSkfV,T¦hST

pw�7urg�l�g�«igil¬d�V¦ceVUd\T uÑa¸�*V!l�g�«igSlzdfV�£i¤¨V!cePiuryzy9pb},}Uu�cel�prgiuryzy�a�gSV,V,|�d�p�}�prg?celn|�VUktdfPSVZV#"$� ��;�Q�8�#&M���
	���������
�
�Q�Y��������

Rmax
£�pr��d~uwl�gSV,|¦�ba!ur|Ñqsp�lzgSl�gS�\dfp

Rmax
urg!VUy�VUTWVUg=d

+∞
£�¤¥lzdfP¦dfPSV¥}Uprgb�rV,g�d�lzp�g
dfPiuwd �

= −∞k�VUT uwl�gic¥uw�?cep�kf�Sl�gS���¢prkQd�PSV!ceV,TWlzk�lzgi��T�hSy¬d�lzxiyzln}Uuwdfl�prg4�
OQPSV�cfhST c�uwgi|µxSk�p�|�hi}�d�c
pw�QT u�d�kfln}�V;c�uwgi|µ�rV;}ªd�prk~c·urkfVW|�VU«igSV,|Al�gµdfPSV g?u�dfhik�ury¤¨uÑa��WOQPiV,cfV�p�x�¡

VUk~u�d�prk~c¸¤¥l�y�y·�*V |�VUgipwdfV;| �ba
⊕
urgi| }Uprgi},u�dfV,giu�d�lzp�g4£\k�V,cfx*V,}ªd�lz��VUy�ar� � prk�lzg?csd~uwgi}UVr£\lz�

A ∈ RS×S
max

£
(i, j) 7→ Aij

£§|�VUgSprdfV;ctu T u�d�kflzvA®ËprktÁ�VUk�gSVUy×¯ª£*uwgi|2l¬�
u ∈ RS

max

£
i 7→ ui

|SVUgSprdfV,cZu �rV;}ªd�prk;£S¤�V�|�VUgSprdfV
�ba

Au ∈ RS
max

£
i 7→ (Au)i

£�dfPiV��rV,}�dfp�kQ|SV�«igSV;|��=a

(Au)i :=
⊕

j∈S

Aijuj ,

¤¥PSV,kfV·dfPiV!ceabT¦�*pry
⊕
|�V,gSpwd�V,c¨dfPiV�hiceh?uwy4cfhSxSk�VUT¦hiT��

� V¦gSp�¤�l�g=dfk�pb|Shi}�V�d�PSV�TWuwvb¡NxSy�hicZuwgiuryzp��rhSV!pr�dfPSV �"$� �
�A��� ���3R��Q�����Q�%® �·k�VUV,g2ÁrV,kfgSV,yn¯�� �·l��rV,gÀuwgba
T u�d�kflzv

A ∈ RS×S
max

£i¤�V�|�VU«igSV

A∗ = I ⊕A⊕A2 ⊕ · · · ∈ RS×S
max ,

A+ = A⊕A2 ⊕A3 ⊕ · · · ∈ RS×S
max

¤¥PSV,kfV
I = A0 |�VUgSprdfV;cdfPiVtT u�vb¡Nxiyzhic0ln|�V,g�d�l¬dsa�T u�d�kflzv©£�uwg?| Ak |�VUgipwdfV;c0dfPiV k dfP x*p�¤¨VUk7pr�?d�PSVtT u�d�kflzv

A
�7OQPiV
�¢pry�yzp�¤¥l�gS���¢prk�T¦hSynuwV
uwk�V
pr�b�blzp�hic G

A∗ = I ⊕A+, A+ = AA∗ = A∗A,
uwg?|

A∗ = A∗A∗ .

<-dQTWuÑaW�*V
hiceVU�¢hSy*dfp�ÁrVUV,x¸l�g¸TWl�gi| d�PSVZ��k�urxSP�k�VUxSk�V,cfVUg=d~u�dfl�prgWpr�9T u�dfk�ln}�V,c G�dfpWuwgbaWTWuwdfk�l¬v
A ∈ RS×S

maxlnc!urc�cep�}Ul�uwdfV,|µu�|�l�kfV;}ªd�V,|µ�rk~uwxSPµ¤¥lzdfP±cfV�d!pw�QgSp�|�V;c
S
uwgi| urgµurk�}��¢k�prT

i
dfp
j
l¬�QdfPiV ¤�V,lz��P�d

Aij
lnc

|�l�*V,kfV,g=dt�¢kfp�T �©�tOQPSV!¤¨VUl��rP=d\pw�7uWxiuwdfP2lnct�ba�|�V�«igil¬d�lzp�g�dfPSV¦TWuwvb¡NxSy�hic\xSkfp�|�h?}ªd�®¢dfPiuwd\l�c,£?dfPSV¦cfhST�¯
pw��dfPSV·¤¨VUl��rP=d�c¨pw��l¬d~c¥uwk~}Uc,�%OQPSV,g4£

A+
ij

urgi|
A∗

ij

k�VUxSk�V,cfVUg=dDd�PSV�cehixSkfV,T¦hST pr�4dfPiV·¤¨VUl��rP=d~cDpr�%uwy�y§xiu�d�Pic
�¢k�prT

i
dfp
j
d�Piu�d\urkfV�£=k�V,cfx*V,}ªd�lz��VUy�ar£�pr�%x*p�cfl¬d�lz��V�uwg�gSprgSgiVU��uwdfl��rV·yzV,gS�wd�P4�

[�prdfl��ÑuwdfV;|¸�baWdfPiV
urgiuwy�pr��aW¤¥l¬d�P#x*pwd�VUg=dflnuwy§d�PSVUp�kfa�£=¤¨V
¤¥lzy�y4c�uÑa�d�Piu�dtu��rV;}ªd�prk
u ∈ RS

max

lnc
®¢T u�vb¡
xSy�hic~¯ ���$��� "$�A� VZlz�

Au = u
urgi|X��� ��
���U���$��� "$�A� VZl¬�

Au ≤ u
�tX\pwdfV!dfPiuwdZ¤¨V!kfV;m=hSlzk�V
dfPiV¦VUg=d�kfl�V,c\pw�7u

PiurkfTWprgil�}¨prk7cfhSx*VUkf¡NP?uwk�T�p�gSln}D��V,}ªd�prk0d�p��?Vt|�lncedfl�gi}ªd�¢k�prT
+∞
� � VtcfPiuwy�ySc�uÑa�dfPiuwdDu
�rV;}ªdfp�k

π ∈ RS
maxlncDy�V��×d
®¢T u�vb¡-xSyzh?c�¯0P?uwk�T�p�gSln}Ql¬�

πA = π
£
π
�*VUl�gS�!d�PSprhi�rP=dDpw�4u�cDu�k�p�¤H��V,}�dfprk;���9lzÁ�VU¤¥lnceV�£r¤¨V\cfPiuwy�y?c�uÑa

dfP?u�d
π
lncty�V��×d�®ËT u�vb¡Nxiyzhic~¯¥cfhSx*VUkf¡NPiurkfTWp�gSl�}·lz�

πA ≤ π
�t_bhSx*VUkf¡-Piuwk�TWprgSln}
�rV;}ªdfp�k�cQP?uÑ�rV
dfPiV��¢pry�yzp�¤¥l�gS�

VUy�VUTWV,g�d~uwk�a¸}~Piurk�u�}ªdfV,kflnc�u�dfl�prg9�
� � ¾���¾ ���¢��� ¾��	��
��
 ��� �#V
� "$�

u ∈ RS
max

� ����� A�Q���U�A������"�� � V.� T �$��&,"�� ��(�� T
u = A∗u

�
� �0" "?T �E<-�

u ∈ RS
max

lnc�cfhSx?V,ke¡-PiurkfTWprgil�}r£§dfPSV,g
Aku ≤ u

�¢prk�uwy�y
k ≥ 1

£©�¢k�prT�¤¥PSln}~Pµl¬d��¢p�yzy�p�¤tc·dfPiuwd
u = A∗u

�OQPSV!}Uprgb�rV,k�cfVZury�cfpWPSpryn|Sc,£Scel�gi}UV
AA∗u = A+u ≤ A∗u

�
� k�prT gSp�¤ p�g4£�¤�V
T uwÁ�V·dfPSV
�¢p�yzy�p�¤¥lzgi�Wu�cfcfhSTWx�d�lzp�g4�

�¸�;�	��
 � ��� ¾��	��
���
I�����
�0� �0	�� ��� � ����� T#� ��� ��
���U���$��� "$�A� V � �#V
� "$� � ����� T#�%��� ��� 'A"���� � ���X"$���A�Q� � "$�0&J�.�
�0" � � �#V
� "$�

π ∈ RS �#�AV#�S� ���$�
π ≥ πA

�
°¨a¦uwxixSyzabl�gS��o7k�prx*p�cfl¬d�lzp�gW�S�;4¨d�pZd�PSV¥d�k�urgicex*p�cfV¨pw�

A
£r¤¨Vt}�p�gi}�y�hi|�V¨d�Piu�d

π = πA∗
�_�lzgi}UV

π
P?urc0gSp

}�p�TWx?p�gSVUg=d�cDV,m=hiuryid�p �§£b¤�VZceV,V¥dfPiuwd�p�gSVZ}UprgicfV,m=hSV,gi}�V¥pr�©dfPSV·uw�*p��rVturc�cfhSTWx�dfl�prg lnc7d�Piu�d
A∗

ij ∈ Rmax�¢prkturyzy
i, j ∈ S

� �(�¢prkfdfl�prk�lÒ£
Aij ∈ Rmax

�¢prktuwy�y
i, j ∈ S

�
OQPSV¨}~PSprln}�V�pw�

π
¤¨VDT urÁrV7¤¥l�yzy�|�VUdfV,kfTWl�gSV�¤¥Pil�}~P¦cfV�d0pw�SP?uwk�T�p�gSln}7�rV;}ªd�prk~c4lnc4d�PSVD�¢p�}Uhic9pr�?u�dfdfV,g�d�lzp�g4�

<-dt¤¥l�yzy4�*V
dfPiV!ceVUdtpw��P?uwk�T�p�gSln}Z��V,}�dfprk~c
u
dfPiuwd\uwk�V

π
�8���A�8� �'�0�� Q�;�U£STWV,urgSl�gS��dfPiuwd

πu <∞
��¶\�0}UprhSk~cfVr£

dfPiV �?p�hSgi|Surkfa�d�Piu�d!¤¨V |�V�«?gSV ¤¥lzy�y7uwyncfp�|SVUx*VUgi|µprg
π
£9l�gA�rV,gSVUk~uwyN� � prk��Sk�VU�blzdsar£�¤�V cfPiuwy�yprTWlzd·d�PSV

Ü¢Ý�Þ9Ü×ß
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V�v�xSy�ln}�lzd¨|�V,x?V,gi|�VUg?}�V\p�g
π
pw�§d�PSVZm=hiurg�d�l¬d�lzV;cd�Piu�d¨¤�VZlzg=dfk�p�|�hi}UV\uwgi| cfPiuryzy?prTWl¬d�dfPSV·urc�cehiT�xSdfl�prg prg

πl�g dfPSV
ced�u�d�VUTWVUg=d~c7pw�©d�PSVtd�PSVUp�kfV,T cU� � V·|�VUgipwdfVZ�ba
H
urgi|

S
£=k�V,cfx*V,}ªd�lz��VUy�ar£rdfPSV
ceVUdDpw�

π
¡-lzg=d�VU�rk~uw�iyzV

PiurkfTWprgil�}
uwg?|
π
¡-lzg=d�VU�rk~uw�iyzV
cehix?V,ke¡-Piuwk�TWprgSln}Z�rV,}�dfp�k�c,�
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¤¥PSVUg

π := σA∗
£

¤¥PSV,kfV
σ
l�cturgba�kfp�¤ �rV,}�dfp�k¨¤¥lzdfP�«igil¬d�V!cehSxix?p�ked;£SlÒ� Vr��£S¤¥lzdfP
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⊕
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⊕
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Ã+
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dfp lzdt¤¥lzdfP�kfV,¤¨urk�| ��l�g
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d�PSV¦²sp�gSy�aÀlz�´³�xiuwkfd!pw�QdfPiV�xSk�prx*p�cfl¬d�lzp�g4�¸Xtp�¤ y�V�d

ρ(A) =
��urgi|

i
urgi|

j
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lnc¥}�p�giced�uwg=d¥prg�V,u�}~P#k�V,}UhSk�kfV,gi}�V
}�ynurc�cU�
�E�
�����0RW�i� � � <-d0�¢pry�yzp�¤tc9�¢kfp�T dfPSV;ceV�ds¤¨pZxSk�prx*p�cflzdfl�prgic9dfPiuwd,£��¢p�kuwgba

u ∈ S
£Ñd�PSVQTWurx

S → Rmax, i 7→
πiui

l�gi|�hi}UV,c
u�T urx
K → Rmax, K·i 7→ πiui

�
OQPbhic,£©u¸cfhSx*VUkf¡NPiurkfTWp�gSl�}!�rV,}�dfp�k\T uÑa��?V�kfV,��urk�|�V;|
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Kij = wi ,
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�7O9pWV;csd~uw�Sy�l�cfP#dfPSV�p�xSx?p=celzdfV
l�gSV,m=hiuryzlzdsar£�¤¨V�pr�?ceV,kf��VtdfP?u�d
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φcfVUgi|Sc�d�PSV·dfPSV�[2urked�lzg�cexiu�}�V

M
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u ∈ S
�
µu� �W���A� ���
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ν : Mn ∪ K → Rmax
�Q�$�U� � T#(���� �

u =
⊕

w∈Mm∪K

ν(w)w ,
®?4Ñ�r¯

� �A(
ν : M m ∪ K → Rmax

�Q�$�U� � T#(���� � � ��� �.�	�
�A����� "��X�$� �
" �
����� � � �Q�

sup
w∈Mm∪K

ν(w) < +∞
®?4 F�¯
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ν
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ν = µu
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ν : M m∪K → Rmaxlnctuwg�uwk��Slzdfk~uwk�a��¢higi}ªd�lzp�g2cfuwdflncs�¢abl�gS��®94;��¯ª� � V�PiuÑ�rV

πu =
⊕

w∈Mm∪K

ν(w)πw .
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πw =
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w ∈ M m ∪ K

�D_�lzgi}UV
πu < +∞

£S¤�V�|�V;|�hi}UVZd�Piu�d¦®94 F�¯¨PSp�y�|Sc,�
_bhSxix?p=ceV¸dfPiuwd

ν : M m ∪ K → Rmax
lncWuwg urkf�il¬d�k�urkfa �¢hSgi}�dfl�prgHc�u�d�l�ce�¢ablzgi�H®?4 Fr¯�uwgi|±|SV�«igSV

u�ba ®94;�r¯��¨_bl�gi}UV
dfPSV!p�x?V,k�uwdfl�prg�pw�T¦hiy¬d�lzxSy�ln}Uu�d�lzp�g��=a
A
}�p�TWT¦h�d�V,cQ¤¥lzdfP2uwk��Slzdfk~uwk�a�cehixSkfV,T uS£S¤¨V�PiuÑ�rV

Au ≤ u
� �\y�cfp

πu =
⊕

w∈Mm∪K
ν(w) < +∞

�7_bp
u ∈ S

�
�4VUd

w ∈ M m ∪ K
�7OQPiVUg

ν(w)wi ≤ ui
�¢p�ktuwy�y

i ∈ S
�D_bpW¤�V
PiuÑ��V

ν(w)H(w,w) = ν(w) lim sup
K·i→w

πiwi ≤ lim sup
K·i→w

πiui = µu(w) .

_bl�gi}�V
H(w,w) =

�§£i¤�V
pr�Sd�uwl�g
ν(w) ≤ µu(w)
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cfPiuryzy©gSp�¤ �rl��rV
uwgSprdfPSV,kQlzg=dfV,kfxikfVUd�u�d�lzp�g¸pr�9dfPiV!ceVUd

M m ∪ K
���4VUd

V
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RS
max

£SdfPiuwdtl�ctu cfhS�icfV�dtpr�
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max

ced�ur�SyzV�higi|�VUk\x?p�lzg=ds¤¥lnceV
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V
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ξ = u⊕ v

¤¥l¬d�P
u, v ∈ V

lzTWxSy�l�V,c¨dfP?u�d¥VUlzdfPSV,k
ξ = u

prk
ξ = v

�7OQPSl�c¥}Uprgi}UVUx�d¥Piu�cU£bpr�%}�p�hSk~ceV�£burg#urgiuwy�pr��hSVZl�g#dfPSV
hicfhiuwy4uryz��VU�Sk~uS£=¤¥PSV,kfV·V�vbdfk�VUT ury*��VUgSV,k�uwdfp�k�c
uwk�V¦|�VU«igSV;|��¢prk·}�p�gSV,c,�Z[2uwvb¡NxSy�hic\V�vbdfk�VUT uwy��rV,gSVUk~u�d�prk~ctuwk�V¦uwyncfp¸}Uuryzy�V,|��
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�  Q�;�·V,yzV,TWVUg=d�cZlzg
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ξ
l�c¥urg�VUvbdfk�VUT uwy§�rV,gSVUk~u�d�prkQpw�

V
dfPSV,g�cepWlnc

αξ
�¢prkturyzy

α ∈ R
� � V

c�uÑa#d�Piu�d�u#�rV,}�dfp�k
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max
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V
l�c
u�cehS�?ceVUd·pr�7dfPSVWcfV�d
pw�

π
¡-lzg=d�VU�rk~uw�iyzV

�rV;}ªd�prk~cU£�d�PSVUg2dfPSV¦cfV�dZpw�l¬d~ctVUv=d�kfV,T uwy4��VUgSV,k�uwdfprk~cQlnctV�vSu�}ªdfy�a�d�PSV¦cfV�d\pr�
αξ
£*¤¥PSVUk�V

α ∈ R
uwgi|

ξ
l�cZu

gSp�kfT uwy�lnceV;|¸VUv=d�kfV,T uwy§�rV,gSVUk~u�d�prk;�
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ξ ∈ M m ∪ K

V#���! � � ������� �
�����X� ��� TQ"����
ξ =

⊕

w∈M
ν(w)w

� � �A�Q�0�
ν : M → Rmax

� �W� 'A�Q� �
�
��� V#"�� �U��� �A"����	�������
��� � ���
�0��� 	�� ��� �
w ∈ M

���AV �I���A���
ξ = ν(w)w

�
� �0" "?T � � p�k#uryzy

i ∈ S
£¥¤¨V2PiuÑ�rV

ξi =
⊕

w∈M
ν(w)wi

� �Zc d�PSV }Uprgb�rV,g�d�lzp�giuwytcfhST pw�
ds¤¨p hSxSx*VUk
cfVUTWl�}Uprg=dfl�gbhSprh?c��¢hSgi}ªd�lzp�gic,£QdfPSV��¢higi}ªd�lzp�g

M → Rmax : w 7→ ν(w)wi
lnc hSxix?V,k#cfVUTWl�}Uprg=dfl�gbhSprh?cU�

_bl�gi}�V
M
lnc¦}�p�TWxiur}�d,£4d�PSV#cfhSxSk�VUT�hST^pr�

ν(w)wi
lnc¦uwded�urlzgiV,|Au�d�cfprTWV

w(i) ∈ M
£�l�g pwd�PSVUk!¤¨prk~|Sc

ξi = ν(w(i))w
(i)
i

�D_blzg?}�V
H(ξ, ξ) =

�§£i�=a#|�V�«igil¬d�lzp�g�pr�
H
£bdfPSV,kfV
V�v�lncsd~ctu�gSV�d

(ik)k∈D
pr��V,yzV,T�V,g=d�c¥pr�

S
cfhi}~P d�Piu�d

K·ik

}�p�gb�rVUk��rV;c0dfp
ξ
urgi|

πik
ξik

}Uprgb�rV,kf��V,c0d�p �©�0OQPiV·[2urked�lzg�cex?ur}�V
M
lncQ}�p�T�x?ur}ªdQuwgi|

cfpi£i�ba#d�urÁ=l�gS��u�cfhS�SgiV�dZlz�gSV,}UV,c�cfurkfa�£S¤¨V!T uÑa#urc�cfhSTWV
dfPiuwd
(w(ik))k∈D

}�prgb��VUk��rV,c�d�p¸cep�TWV
w ∈ M

�
Xtp�¤�£b�¢p�ktuwy�y

j ∈ S
£

Kjik
πik

ξik
= A∗

jik
ξik

= A∗
jik
ν(w(ik))w

(ik)
ik

≤ ν(w(ik))w
(ik)
j ,

cflzgi}UV
w(ik) l�c�cehSx*VUkf¡-Piuwk�TWprgSln}w�2O%uwÁbl�gS��dfPiV¸y�lzT cfhSx±urc k → ∞

£¤�V¸�rV�d¦dfPiuwd
ξj ≤ ν(w)wj

�ÀOQPSV
k�VU�rV,k�cfV·lzgSV;m=hiuwy�l¬dsa¸l�c¨d�kfhSV��ba¸u�cfcfhSTWx�d�lzp�g�urgi|�d�PSVUk�V��¢p�kfV

ξj = ν(w)wj
�

OQPSV·�¢pry�y�p�¤¥lzgS� }UprgicfV,m=hSV,gi}�V·pw�%dfPSlnc¥y�VUTWT u�xSkfp���V,c¨prgiV·x?uwkfdQpr�0OQPiVUprk�VUT Fi� ���
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�

� �0" "?T � �4VUd
ξ ∈ M m ∪ K

� � VÀÁbgSp�¤ �¢kfp�T �4VUTWT u �?� �Ad�Piu�d
ξ
l�c¸gSprk�T uwy�l�cfV,|4� <´g xiuwkfdfln}�hiy�urk,£

ξ 6=
�§� � V#uwyncfpÀÁbgSp�¤ �¢kfp�T =Dm=hiu�d�lzp�g ®Ò��¯�d�Piu�d

ξ ∈ S
�A_bhixSx?p=ceV

u, v ∈ S
urkfV�cehi}~P±dfPiuwd

ξ =
u ⊕ v

� °¨a �4VUTWT uH�S� F�£t¤¨VÀPiuÑ��V
u =

⊕

w∈M
µu(w)w

urgi|
v =

⊕

w∈M
µv(w)w

� OQPSV,kfVU�¢prk�Vr£
ξ =

⊕

w∈M
ν(w)w

£¤¥lzdfP
ν = µu ⊕ µv

�¸_�lzgi}UV
µu
uwg?|

µv
uwk�V�hixSx?V,k¦cfVUTWl�}Uprg=dfl�gbhSprh?cZT urxic·�¢kfp�T

M
dfp

Rmax
£4cfp¸lnc

ν
�
°¨a�d�PSV�xikfV,�=l�prh?cty�VUTWT uS£§dfPiVUk�V¦V�v�lncsd~c

w ∈ M
ceh?}~P�dfPiuwd

ξ = ν(w)w
�¦Xtp�¤�£

ν(w)
T¦h?csdtV;m�h?uwy©VUlzdfPiVUk

µu(w)
prk
µv(w)

� � lzdfPSp�h�dty�p�c�cQpw�0�rVUgiVUk~uwy�l¬dsa�£bu�cfcfhSTWV·dfPSV!«ik�cedt}Uu�ceV��7OQPSVUg
ξ = µu(w)w ≤ u

£0uwg?| cel�gi}�V
ξ ≥ u

£0¤¨V�|�V,|�h?}�V d�Piu�d
ξ = u

��OQPSlnc¦cfPSp�¤tc
d�Piu�d
ξ
lnc¦urg V�vbdfk�VUT uwy

�rV,gSVUk~u�d�prkQpw�
S
�

OQPSV·�¢pry�y�p�¤¥lzgS�Wy�VUTWT u�¤¥lzy�y9uwy�y�p�¤ hic¨d�pW}UprTWxSy�V�d�V
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F ⊂ RS
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��� � � V#"��E���VQ�@V
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F̄
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ξ =
⊕

w∈F

ν(w)w ∈ RS
max,

¤¥l¬d�P
ν : F → Rmax, sup

w∈F

ν(w) <∞ .
®?4�1w¯

�>�Q�
ξ
 #����� � 	'���0�
� �$� � �
���
�0���8"���"?T

V
�E����&

ν
 #��������� 
��� � �L�����
���@� ���
�0�M� 	'� ���U�

w ∈ F̄
���AV#�L���A���

ξ = ν̂(w)w
� � �A�Q� �

ν̂(w) := lim sup
w′→w, w′∈F

ν(w′).

� �0" "?T �·_bl�gi}�V
ν ≤ ν̂

£4¤¨V PiuÑ�rV
ξ ≤

⊕

w∈F
ν̂(w)w ≤

⊕

w∈F̄
ν̂(w)w

�,K�y�V,urkfy�ar£
ν(w)wi ≤ ξi

�¢prk!uwy�y
i ∈ S

uwgi|
w ∈ F

��O�urÁ=l�gS��dfPiV·y�l�TWcfhSx�urc
w → w′

�¢p�ktuwgba
w′ ∈ F̄

£�¤�V���V�dQdfPiuwd

ξi ≥ ν̂(w′)w′
i.

K�prT��Sl�gSV,|�¤¥lzdfP�dfPSV�xikfV,�=l�prh?c�l�gSV;m�h?uwy�l¬dsa�£bdfPSlnc¥�rl��rV;c¨hicQdfPiV�kfV,xSkfV;ceV,g=d�u�d�lzp�gic

ξ =
⊕

w∈F

ν̂(w)w =
⊕

w∈F̄

ν̂(w)w .
®?4 /=¯
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K�prg?celn|�VUkQgSp�¤�£b�¢p�k¥V,u�}~P
i ∈ S

uwgi|
α <

�§£�d�PSV!ceVUd

Ui,α := {w ∈ F̄ | ν̂(w)wi < αξi} ,

¤¥PSln}~P±lnc!prx*VUg lzg
F̄
cfl�gi}�V¸dfPSV#TWurx

w 7→ ν̂(w)wi
l�c�hSxSx*VUk�ceV,T�ln}�p�g=dfl�g=hiprhic,� �4VUd

ξ ∈ V \{
�
}
�*V

cfhi}~P2d�Piu�d
ξ 6= ν̂(w)w

�¢p�k
uryzy
w ∈ F̄

� � VW}�p�gi}�y�hi|�V�dfPiuwd
dfPSV,kfV�V�v�lncsd
i ∈ S

uwgi|
α <

�Àcehi}~P dfP?u�d
αξi > ν̂(w)wi

£©¤¥PSln}~P cfPSp�¤tc\dfPiuwd
(Ui,α)i∈S,α< �

l�c
uwg prx*VUgµ}�p��rV,kfl�gS��pr�
F̄
��_bl�gi}UV

F̄
l�c
}�p�TWxiur}�d,£

dfPiVUk�V�V�v�l�ced�c¥u�«igil¬d�V!cehS�S¡-}Up��rVUk�l�gS�
Ui1,α1

, . . . , Uin,αn

�
Y\cfl�gS��®?4 /�¯Quwgi|#dfPiV�l�|�V,TWx?prdfVUg?}�a�pr��d�PSV

⊕
ynuÑ¤�£�¤�V
��V�d

ξ = ξ1 ⊕ · · · ⊕ ξn ¤¥lzdfP
ξj =

⊕

w∈Uij,αj
∩F

ν̂(w)w ,
®?4;��¯

�¢prk
j = 1 . . . , n

� _bl�gi}�V�d�PSV2cehixSkfV,T¦hST pw�
ν̂
p���VUk

F̄
lncWdfPSV2c�uwTWV2u�c�dfPiuwd�p��rVUk

F
£¨dfPiV��rV,}�dfp�k�c

ξ1, . . . , ξn uwy�y§�?V,yzp�gS�¦d�p V �D_bl�gi}�V ξ lncQuwg¸VUvbdfk�VUT uwy*�rV,gSVUk~u�d�prk¨pw� S £�¤�V·T¦hicedQPiuÑ�rV ξ = ξj �¢p�k¨cfprTWV
j
�7OQPSVUg

Uij ,αj ∩ F
lncQgSprgS¡NV,T�xSdsar£Suwg?|�cfp

ξij >
�§�7°¨h�d,£S�¢kfp�T dfPSV!|SV�«igSlzdfl�prg�pr�

Uij ,αj

£

ξj
ij

=
⊕

w∈Uij,αj
∩F

ν̂(w)wij ≤ αij ξij < ξij .

OQPSlnc¥cePip�¤tc7d�Piu�d
ξj lncQ|�l §VUk�VUg=dQ�¢k�prT ξ

£Suwg?|¸cfp�=Dm=hiuwdfl�prgµ®?4,��¯D��lz��V,cDdfPSV
k�V,m=hSl�kfV;|�|�V;}�prTWx*p�cfl¬d�lzp�g¸pr�
ξ
£SxSk�p��blzgi��lzdtl�ctgSpwdtuwg�V�vbd�kfV,TWury©�rV,gSVUk~u�d�prkQpw�
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M m ∪ K
�

� �0" "?T �ZO%uwÁrV
F = M m∪K

uwgi|�yzVUd
V
�?Vtu�c|�V�«?gSV,|Wl�g �4VUTWT uWFi� �b�0OQPSV,g4£r�ba�|SV�«igSlzdfl�prg9£

F̄ = M
£

¤¥PSln}~P lnc
}�p�T�x?ur}ªd;�¦°¨a2OQPSVUp�kfV,T FS��4w£
V = S

� �4V�d
ξ
�?VWu¸giprk�TWuryzlncfV,|2VUvbdfk�VUT uwy%�rV,gSVUk~u�d�prk\pr�

S
�

�t�=uwl�g#�ba¸OQPiVUprk�VUT Fi�;4r£
ξ = ⊕w∈Fµξ(w)w

�¨_bl�gi}UV
µξ
lncQhSxSx*VUktcfVUTWln}�prg=d�lzgbhSp�hic¨prg

M
£ �9VUTWT uYFi� �

ablzV,y�|ic
ξ = µξ(w)w

�¢p�k·cfprTWV
w ∈ M

£§¤¥l¬d�P
µξ(w) 6=

��cfl�gi}�V
ξ 6=

�§�\X\pwd�V!dfP?u�d
µαu = αµu

�¢p�kZuwy�y
α ∈ Rmax

urgi|
u ∈ S

���\xSxSy�a=l�gS�¸dfPSlncZdfp�d�PSV�xSkfV,�blzp�hictV;m�h?u�dfl�prg uwgi|�V,��uwy�hiu�d�lzgS��u�d
w
£©¤�V�|�V,|�h?}�V

dfP?u�d
µξ(w) = µξ(w)µw(w)

�7OQPbhic,£
H(w,w) = µw(w) =

�§� <´g¸u�|S|�lzdfl�prg4£
ξ
l�c�gSprk�T uwy�l�cfV,| urgi| cfpi£=�=a

�4V,TWTWuW�?� �S£
�

= πξ = µξ(w)πw = µξ(w).
6tV,gi}�V

ξ = w ∈ M m ∪ K
�
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<´g prk~|�V,k
dfp2xSk�p��rV u�[2urked�lzg k�VUxikfV;ceV,g�d~u�d�lzp�g2dfPiVUprk�VUT �¢prk¦Piuwk�TWprgSln}��rV,}�dfp�k�c,£9¤¨V ¤¥lzy�yDh?ceV¸u�gipwdfl�prg
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gSprdfl�prg�uwxSx*V,urkfV;|�l�g!- {¥l�V,�=� 5-� � V�¤¥l�yzy�}�prTWxiurkfVZdfPiV
ds¤�pWgSprdfl�prgicQynu�d�VUk¥l�g¸d�PSV!ceV;}ªd�lzp�g4�
�4VUd

u
�?V!u�cehix?V,ke¡-Piuwk�TWprgSln}Z�rV,}�dfp�k,£=dfP?u�d¥l�c

u ∈ RS
max

uwg?|
Au ≤ u

� �4V�d
α ∈ Rmax

�*V!ceh?}~P¸d�Piu�d
α ≥

�§� � V!c�uÑa dfPiuwd\u ceV;m=hSVUgi}UV
(ik)k≥0

¤¥lzdfP���uryzhSV;cQlzg
S
lnctuwg

α
�9������"J���������#" &'�Q�#� V\¤¥lzdfP�kfV;cex*V,}�d¥dfp

u
lz�
ui0 ∈ R

urgi|
ui0 ≤ αAi0i1 · · ·Aik−1ik

uik

�¢prktuwy�y
k ≥ 0 .

®Ò�r��¯
_bl�TWlzynuwk�yza�£

(ik)k≥0
l�c0urg

α
�9�$����"J���U��� �#" &������ V%¤¥lzdfP�kfV;cex*V,}�d9dfp
uty�V��×dcfhSx?V,ke¡-PiurkfTWprgil�}��V,}�dfprk

σ
lz�
σi0 ∈ Ruwg?|

σik
≤ ασi0Ai0i1 · · ·Aik−1ik

�¢prktuwy�y
k ≥ 0 .
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α
¤¥PSV,gµlzd�c!�ÑuryzhiV�lnc�hSgilzTWx*prkfd�uwg=d;��¶Z�icfVUk��rV�dfPiuwd,£9lz�

(ik)k≥0
lnc!uwg

uwy�TWp�cede¡-�rV,pb|SV,cfl�}·¤¥lzdfP�k�V,cfx?V;}ªd¥dfp#cep�T�V�k�l��rP=d\cehix?V,ke¡-Piuwk�TWprgSln}·�rV;}ªdfp�k
u
£idfPSV,g��?prdfP

uik

urgi|
Aik−1ikuwk�V¥l�g

R
�¢p�k�uryzy

k ≥ 0
�%OQPil�cDl�cDgSpwdDgiV,}�V;cfc�uwk�l�yza�d�kfhiV¥l¬�

(ik)k≥0
lncDurg uwy�T�p=csdf¡N��VUp�|�V;celn}¨¤¥l¬d�P kfV;cex*V,}�d7dfp

u y�V��×d
cehSx*VUkf¡-Piuwk�TWprgSln}
�rV;}ªdfp�k
σ
£*PSp�¤�V,�rV,k,£Slz�7ur|S|Sl¬d�lzp�giuwy�yza

σik
∈ R

�¢p�kZuryzy
k ≥ 0

£?dfPSV,g
Aik−1ik

∈ R�¢prkturyzy
k ≥ 0
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u, σ ∈ RS
max

 #� � �0�Q�UA�#VQ��� � �Q��( � ��� �J��� �$��&��;�UT#� ��� ��
���U���$��� "$�A� V � �#VQ�8"��#� ����&����#�#�%���
� �����

u
� �
σ
�8���A�8� �$� �' 
�;� � ���A���P� �

σu < +∞
��� T

(ik)k≥0
� ����� ������"J���������#" &'�Q�#� V � �����C�0�Q�UA�#VQ�P�8" u � �$��&� T

σi0 ∈ R
� ���A�Q�

(ik)k≥0
� �.���X�$����"J���U��� �#" &������ V � ��� �I�0�Q����#V
� �8" σ �

� �0" "?T �Z[�hSyzdfl�xSy�ablzgS��=�m�h?u�dfl�prg ®N�w�r¯¨�ba
σik

(ui0)
−1 £S¤¨V·p���d�urlzg

σik
≤ ασik

uik
(ui0)

−1Ai0i1 · · ·Aik−1ik
≤ α(σu)(σi0ui0)

−1σi0Ai0i1 · · ·Aik−1ik
.

_bp
(ik)k≥0

l�ctu
β
¡´uwy�TWp�cede¡-�rV,pb|SV,cfl�}\¤¥l¬d�P�k�V,cfx*V,}ªd¥d�p

σ
£S¤¥l¬d�P

β := α(σu)(σi0ui0)
−1 ≥ α
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(ik)k≥0
 �,��� ������"J���������#" &'�Q��� V � ����� �0�Q�UA�#VQ���8"

π
����&C���Q�

β >
� � �����
��� TQ"��

`�;�$� ��� �
��"$� � � �
(ik)k≥`

� � �
β
�9��� � "��#����� � " &'�Q��� V � �����I�0����A�#VQ� � " π �

� �0" "?T � K�prg?celn|�VUk·d�PSVWTWuwdfk�l¬v
Āij := πiAij(πj)

−1 �¦OQPiV��Ëu�}ªd·dfPiuwd (ik)k≥0
l�c�urg

α
¡-uryzTWp=csdf¡N��VUp�|�V,cfln}

¤¥lzdfP�kfV;cex*V,}�d¥dfp
π
l�c¥V;m=hSlz��uryzV,g�dQd�p

pk := (Āi0i1)
−1 · · · (Āik−1ik

)−1 ≤ α
�¢prkturyzy

k ≥ 0 .

_bl�gi}�V
(Āi`−1i`

)−1 ≥
�À�¢prk!uryzy

` ≥ 1
£©dfPSV�cfV,m=hSV,gi}�V

{pk}k≥1
lnc�gSp�gi|�V,}UkfV;urcflzgi�i��OQPiV�hixSx?V,k��?p�hSgi|

dfPiVUg�lzTWxSy�l�V,c¥lzd\}�p�g=��VUk��rV;c7d�pWu�«?gSl¬d�V�yzl�TWl¬d;�7OQPSV�K¨uwh?}~P=a�}UkflzdfV,kfl�prg�ced�u�d�V,c¨d�Piu�d

lim
`,k→∞, `<k

Āi`i`+1
· · · Āik−1ik

=
�
.

OQPSlnc�lzTWxSy�lzV;c�dfPiuwd,£�rl��rV,g uwgba
β >

�§£
Āi`i`+1

· · · Āik−1ik
≥ β−1 �¢prk k urgi| ` ynuwk��rV�V,gSprhS��P4£¤¥lzdfP

k > `
� � kflzdfl�gS�!d�PSlncD�¢p�kfT�hSynu!l�g�dfV,kfT c�pw�

A
k�uwdfPSV,kDd�Piuwg

Ā
£b¤¨VZcfVUV\dfPiuwd,£=�¢prk

`
y�urkf��VtVUgiprhS��P4£

(ik)k≥`lnctu
β
¡-uryzTWp=csdf¡N��VUp�|�V,cfln}t¤¥lzdfP�kfV;cex*V,}�d¥dfp

π
�

� � ¾���¾ ���¢��� ¾�� � 
 	 
�� T
(ik)k≥0

� �E���S������"J���������#" &'�Q��� V � ��� � � ����A� V
�3�8" π �>���A�Q� K·ik

V#"�� � �
� � ���@�8"��
"����
w ∈ M m �
� �0" "?T � �4VUd

β >
�§��°¨a �9VUTWT uI1b�Æ�b£

(ik)k≥`
lnc�u

β
¡-uryzTWp=csdf¡N��VUp�|�V,cfln}!¤¥lzdfPµkfV;cex*V,}�d·d�p

π
�¢prk

`
ynuwk��rV

VUgiprhS��P4�OQPSVUg4£S�¢prktuwy�y
k > `

£

πik
≤ βπi`

A+
i`ik

≤ βπi`
A∗

i`ik
.

_bl�gi}�V
π
lncDy�V��×dtcfhSx*VUkf¡NPiurkfTWp�gSl�}r£r¤¨V\PiuÑ��V

πi`
A∗

i`ik
≤ πik

��\l��bl�|SlzgS���ba
βπik

d�PSVZ�¢prk�T�V,kDl�gSV,m=hiuryzlzdfl�V,c,£
¤¨V
|SV,|�hi}UV
dfPiuwd

β−1 ≤ πi`
K[

i`ik
≤ πi`

Ki`ik
≤
�
.

®Ò��4;¯
_bl�gi}�V

M
lnc¥}�p�TWxiur}�d,£�lzd\ceh%N�}UV,c¨dfp }~PSV;}~Á dfP?u�dtuwy�y4}�p�g=��VUk��rV,g�dQcehi�SgSV�d~c¥pw�

K·ik

PiuÑ��V\d�PSV�cfurTWV·y�l�T�lzd
w ∈ M m � �4V�d (ikd

)d∈D
uwgi|

(i`e)e∈E
|�V,gSpwd�VWcfhS�SgiV�d�c·pr�

(ik)k≥0
£9cfhi}~P2d�Piu�d·dfPSVWgSVUd�c

(K·ikd
)d∈Duwg?|

(K·i`e
)e∈E

}�p�g=��VUk��rV·dfp�cep�TWV
w ∈ M

uwgi|
w′ ∈ M

£§kfV;cex*V,}�dfl��rVUy�ar���\xSxSy�a=l�gS�µ®Ò�%4;¯¥¤¥lzdfP
` = `euwg?|

k = kd
£§uwgi|�d~uwÁbl�gS� dfPiV¦y�lzTWlzd·¤¥lzdfP2k�V,cfx*V,}ªd\dfp

d
£§¤�V¦pr��d~uwl�g

β−1 ≤ πi`e
wi`e

�ZO�urÁ=l�gS��gip�¤ d�PSV
y�lzTWlzdD¤¥l¬d�PWkfV;cex*V,}�d%d�p

e
£r¤¨V¨��V�dd�Piu�d

β−1 ≤ H(w′, w)
�7_blzg?}�VQdfPil�cPipryn|Sc%�¢prkDuryzy

β >
�§£r¤¨V¥pr�Sd�uwl�g �

≤
H(w′, w)

£idfPbhic
H(w′, w) =

�§� � k�prT �4VUTWT u �i� F�£i¤�V�|�V;|�hi}�V
d�Piu�d
w ≥ µw(w′)w′ = H(w′, w)w′ =

w′
�H°¨a±cfabT�TWVUdfk�ar£D¤¨V�}�prg?}�y�hi|�V#dfPiuwd

w = w′
£�urgi| cfp

H(w,w) =
�§� °¨a =Dm=hiu�d�lzp�g ®94;�r¯ª£

w ∈
M m ∪ K

� 6tV,gi}�V�£
(K·ik

)k≥0
}Uprgb�rV,kf��V,cDdfp�¤Quwk~|ScQcep�TWV

w ∈ M m ∪ K
�
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�\c�cfhSTWV¨�ba¦}Uprg=dfk~ur|Sl�}�dfl�prg�d�Piu�d
w 6∈ M m �0OQPSVUg4£ w = K·j

�¢prkcep�TWV
j ∈ S

£�uwgi|
H[(w,w) <

�¦�=a
|�VU«igSlzdfl�prg¸pr�

M m �°¨a�®94'4Ñ¯ª£=dfPSlnc�lzTWxSy�lzV;c�dfPiuwd πjK
[
jj = A+

jj <
�§� <-�4dfPiVZcfV,m=hSVUg?}�V

(ik)k≥0
d~uwÁ�V,cd�PSV

��uwy�hSV
j
l�g�«igSlzdfV,yza�pw�×d�VUg4£?dfPiVUg4£*¤�V�}Uuwg2|SV,|�hi}UV!�¢k�prT =Dm=hiu�d�lzp�g±®Ò��4,¯Qd�Piu�d

A+
jj =

�©£*u�}Uprg=dfk~ur|Sl�}�dfl�prg4�
6tV,gi}�V�£r�¢p�k

k
y�urkf��VQVUgSp�hS�rP4£

ik
|Sp=V;cgSprdd�uwÁ�VQdfPSV\�ÑuryzhiV

j
£�¤¥PSln}~P lzTWxSy�lzV;cU£��ba �4V,TWTWu!�i��4w£wd�Piu�d

wik
=

w[
ik

�tY\cflzgi�M=Dm=hiu�d�lzp�g ®Ò��4,¯ª£*¤¨V!pr��d~uwl�g
H[(w,w) ≥ lim supk→∞ πik

w[
ik

= lim supk→∞ πik
wik

=
�§£

¤¥PSln}~P�}�prg=d�k�u�|�l�}�d�c¨prhikturc�cehSTWx�d�lzp�g#p�g
w
� � V�P?uÑ�rV
cePSp�¤¥g#dfP?u�d

w ∈ M m �
�E�
�����0RI1b� � � �tg#lzg?cex*V,}�dfl�prg�pr�©dfPSVZxSkfpbpr�4pw�4o7k�prx*p�cfl¬d�lzp�gZ1b� �!cfPSp�¤tcd�Piu�d�dfPSV
cfurTWV\}�p�gi}�y�hicflzp�g PSpryn|Sc
hSgi|SVUk·dfPSV�¤¨V,uwÁ�VUktPbabx*pwdfPiV,cfl�c\dfPiuwdZ�¢p�k·uryzy

β >
�©£*¤¨V�PiuÑ�rV

πik
≤ βπi`

A+
i`ik

�¢prk
uwy�y
`
y�urkf��V!VUgSp�hS�rP

uwg?|
k > `

�
K�prT��Sl�gSlzgi� �9VUTWT uM1b��4
urgi|#o7kfp�x?p=celzdfl�prgC1b� ��£S¤¨V�|�V,|Shi}�V
d�PSV
�¢pry�yzp�¤¥l�gS�?�

� ¾ � ¾ � �Ò��� » � 
���
 � T
(ik)k≥0

� �M��� �$����"J���U��� �#" &������ V � ��� �!�0�Q����#V
�E�8"C�
π
�8��� � � �'�0�' 
�;�M�#� A�
���U��������"�� � V

� � V
�8"�� � � ���
�
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V#"�� � �
� ���Q�W� "��
"������
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� �
�A�@"?T
M m �

� p�kt�Sk�VU�blzdsar£S¤¨V!ceP?uwy�y4cfuÑa�cep�T�VUdfl�TWV,cQd�Piu�d\urg�uryzTWp=csdf¡N��VUp�|�V,cfln}
(ik)k≥0

V#"�� � �
� � ���¨dfp�uW��V,}ªd�prk
w¤¥PSV,g

K·ik

}�p�g=��VUk��rV;c7d�p
w
� � V!ced�uwdfV�u�xiuwkfdflnuwy4}Uprgb�rV,k�cfVtd�p o7k�prx*p�cfl¬d�lzp�gI1�� ���

� � ¾���¾ ���¢��� ¾�� � 
���
 � �#���%� �.���A���
M

� � � �#���U�9V#"$�%�A�8�' 
�;��� �3"$�.�����
w ∈ M m � � ���
�0� � 	'� ���U�.��� ������"J�����

� � " &'�Q��� V � �����C�0�Q�UA�#VQ� � " π V#"�� � �
� �$��� �M�8"
w
�

� �0" "?T �Z°¨a�|SV�«igSlzdfl�prg9£
H[(w,w) = 0

� � k�l¬d�lzgi� dfPSlnc¥�¢p�kfT�hSynu�VUv�xSyzln}�lzdfy�a�lzg�d�VUk�TWctpw�
Aij
uwg?|�TWurÁblzgS�

dfPiV
dfk~uwgice�¢prk�T u�dfl�prg
Āij := πiAij(πj)

−1 £S¤¨V
�rV�d

lim sup
K·i→w

lim inf
K·j→w

Ā+
ij =

�
.

� l¬v�u·cfV,m=hSV,gi}�V
(αk)k≥0

l�g
Rmax

cfhi}~P¦dfPiuwd
αk >

��uwg?|
α := α0α1 · · · < +∞

� � l¬v�uwyncep
u
|�V,}UkfV;urcflzgS�
cfV,m=hSVUg?}�V

(Wk)k≥0
pw�Sp�x?V,g�gSVUl��rPb�*prhSk�PSpbp�|Sc©pr�

w
� � V�}Uprgicedfk�hi}�d9u\cfV,m=hSVUg?}�V

(ik)k≥0
l�g
S
lzg?|�hi}ªd�lz��VUy�a

urc¨�¢p�yzy�p�¤tc,� �·l��rV,g
ik−1

£i¤�V�}~PSpbp�cfV
ik
dfp P?uÑ�rVZdfPSV
�¢p�yzy�p�¤¥lzgi�¦d�PSkfV,V�xSk�prx*VUkfdfl�V,c G

ui�
K·ik

∈Wk
£

�9�
lim infK·j→w Ā

+
ikj > α−1

k

£
}r�
Ā+

ik−1ik
> α−1

k−1

�
Xtprdfln}�VQd�Piu�dlzd7l�c0x*p�c�cel��Sy�V¨dfp�cfuwdflncs�¢a#®Ë},¯%�*V,},uwhicfV

ik−1
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� V!kfV;m=hSlzk�V
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dfp�c�u�d�l�ce�¢a ®Òu�¯¥urgi|A®¢�?¯Q�ih�d\gSprd�®Ë};¯ª�¥_blzg?}�V

M
lncQ«ik~cede¡´}�prhig�d~uw�Sy�Vr£�p�gSV!}Uurg�}~PSpbp�cfVZd�PSV

cfV,m=hSVUg?}�V
(Wk)k≥0

l�g�cehi}~P�u�¤¨uÑaWd�Piu�dtV,�rV,kfa�cfV,m=hSV,gi}�V
(wk)k≥0
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M
¤¥lzdfP
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}Uprgb�rV,kf��V,cDdfp

w
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k ∈ N
£=u�«igSlzdfVZcfV,m=hSV,gi}�V

(i`k)0≤`≤Nk

cfhi}~PWdfPiuwd
i0k = ik
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iNk
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£
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Āi0k ,i1k

· · · Ā
i
Nk−1
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Nk
k

> α−1
k

�¢p�ktuwy�y
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_bl�gi}�V
Āij ≤

���¢p�ktuwy�y
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Āi0k ,i1k
· · · Āin−1
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k
> α−1

k
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k ∈ N
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1 ≤ n ≤ Nk .

K�prg?}Uu�d�VUgiuwdfl�gS�¨dfPSV�ceV;m�hiVUgi}UV,c
(i`k)0≤`≤Nk

£Ñ¤¨Vpr��d~uwl�g�u¥ceV;m�hiVUgi}UV
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cfhi}~P·dfPiuwd
α−1 ≤ Āj0j1 · · · Ājm−1jm�¢prk�uwy�y

m ∈ N
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α
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π
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M
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S
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M
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(S, d)
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Aij = A∗
ij = −d(i, j)

�¢prk
i, j ∈ S

£§uwg?|#y�V�d
π = A∗
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�¢prk\urgba
b ∈ S

� � V!PiuÑ��V
K·j = −d(·, j) + d(b, j)
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d
£?¤�V

cfVUVZdfPiuwd,£b�¢prk¥uryzy
k ∈ S

£�d�PSV·�¢hSgi}�dfl�prg
K·k

lnc¨gSprgS¡NVUvbx?uwgicflz��Vr£=TWV,uwgilzgS��dfP?u�d
|Kik −Kjk| ≤ d(i, j)

�¢p�k
uwy�y

i, j ∈ S
� <-d��¢p�yzy�p�¤tc7d�Piu�dQVU��VUk�a�T urx�lzg

M
l�c�gSprgS¡NVUvbx?uwgicflz��Vr�0°¨a �Zcf}Upry�l� cDdfPSV,prk�VUT�£rd�PSVZdfprx*pry�pr��a

pw�0x*prl�g�ds¤¥lncfV·}Uprgb�rV,kf��VUgi}UV\prg
M
}Uprl�gi}�ln|�V,c¨¤¥lzdfP�dfPiV
dfprx*pry�pr��a pw�%hSgSlz�¢prk�T }�p�g=��VUk��rV,gi}�VZprg�}�prTWxiu�}ªd

cfV�d�c,� 6tV,gi}�V�£=lz�
S
lncDu�}�prhig�d~uw�Sy�VthSgilzp�g�pw�9}UprTWxiur}�d�cfV�d�c,£�dfPSV,g

M
l�cDT�VUdfk�l�c�uw�iyzV\urgi|Wd�PSVZu�cfcfhSTWx�dfl�prg

pw�0o7k�prx*p�cfl¬d�lzp�gI1�� F�lnctcfuwdflncs«?V,|©�
� 	����E�����1b� � �·OQPSV¸u�cfcfhSTWx�d�lzp�gµl�gAo7k�prx*p�cfl¬d�lzp�g 1�� F�},uwgSgipwd!�*V�|�l�cfx*VUgicfV,|A¤¥lzdfP4��O�p2ceV,VWdfPSlncU£%d~uwÁrV
S = ω1

£§dfPSV�«ik~ced·hSg?}�prhig�d~uw�Sy�V�prk~|�lzg?uwyN� � p�k
uryzy
i, j ∈ S

£4|�VU«igSV
Aij := 0

lz�
i < j

urgi|
Aij := −1pwd�PSVUk�¤¥lnceV��\OQPSVUg9£

ρ(A) =
��uwg?|

A = A+ � �\y�cfp A∗
ij

V;m=hiuwync
0
¤¥PSVUg

i ≤ j
urgi|

−1
prdfPSV,kf¤¥lnceV�� � V

d�urÁrV
π := A∗

0·

£i¤¥PSV,kfV
0
|�VUgSprdfV;cQdfPSV�ceT uryzy�V,cedtprk~|�l�giuwyN� � lzdfP�d�PSlnc\}~PSp�l�}UVr£

πi =
�#�¢p�k\uwy�y

i ∈ S
£*uwgi|

K = A∗ �
�4VUd

D
�*Vtd�PSVZcfV�d¨pw�4T uwx?c

S → {−1, 0}
dfPiuwd¨urkfV¥gSp�g�¡´|�V,}UkfV;urcflzgS�!urgi|�d�urÁrV¥d�PSV\��uryzhSVZ�!u�dQ�S� � prk

V,u�}~P
z ∈ D

£4|�VU«igSV
s(z) := sup{i ∈ S | zi = 0} ∈ S ∪ {ω1}

��¶Zhik·},uwyn}�hSynu�d�lzp�gicZur�?p���V!y�V,ur|ÀhicZdfp
}�p�gi}�y�hi|�V
d�Piu�d

K = {z ∈ D | s(z) ∈ S
uwgi|

zs(z) = 0} .
� V�gipwdfV�dfP?u�d

D
lnc
}�y�p�cfV,|�l�g2d�PSVWxSk�pb|Shi}ªd·dfp�x?p�yzp��ra�prg

{−1, 0}S uwgi| }�p�g�d~uwl�gic K
� � hSked�PSVUk�TWprk�Vr£

VU��VUk�a
z ∈ D\K

l�c9dfPSV�yzl�TWl¬d%pw��d�PSVDgSVUd¨®
A∗

·d)d∈D
l�gi|�VUv�V,|��baZdfPSV¨|�lzk�V,}�dfV;|!ceVUd

D = {d ∈ S | d < sz}
�

OQPSV,kfVU�¢prk�V
dfPSV�[2uwkfdfl�g2cex?ur}�V¦l�c\�rl��rVUg��ba
M = D

�@=7�rV,kfa�y�lzTWlzdZprk~|�l�giuwy
γ
y�V,c�c¥dfP?uwg�prkZV,m=hiury4dfp

ω1ablzV,y�|ic0prgSVQx*prl�g�d
zγ lzg�dfPiVt[2uwkfdfl�g��*prhigi|Suwk�a B := M \K

G9¤¨VQPiuÑ�rV
zγ

i = 0
�¢prk

i < γ
£�uwgi|

zγ
i = −1pwd�PSVUk�¤¥lnceV��

_bl�gi}�V
A+

ii = Aii = −1
�¢p�kQuryzy

i ∈ S
£bd�PSVUk�V�uwk�V
gSp�k�V,}UhSk�kfV,g�dQx*prl�g�d~cU£Surgi|�cep

K ∩ M m l�cQV,T�xSdsar�
� p�k7uwgba

z ∈ B
£�¤�VQPiuÑ��V

zd = 0
�¢prk7uwy�y

d < s(z)
�0O%uwÁblzgi�Zd�PSVQyzl�T cehix4£r¤¨V¥}�prg?}�y�hi|�V¨dfPiuwd

H(z, z) =
�§£

dfPbhic
M m = B

� <´g�xiurked�l�}UhSynuwk;£�d�PSV�ln|�VUg=dfln}Uuryzy�aM:,VUk�p���V,}�dfprk
zω1
lnc¥lzg

M m �_bl�gi}�V�u }�prhig�d~uw�Sy�V�hSgSl�prg�pr�7}�prhig�d~uw�Sy�V!cfV�d�ctl�cZ}�prhig�d~uw�Sy�Vr£S�¢prkZurgba#cfV,m=hSVUg?}�V
(ik)k∈N

pw�V,yzV,T�V,g=d�c
pw�
S
£�d�PSV!cfhSxSk�VUT¦hiT

I = supk∈N ik
�*VUy�prgi��c¨dfp

S
£iuwgi|�cfp�lzd�c\cehi},}�V;cfcfprkQprk~|�l�giuwyN£bdfP?u�dt¤¨V
|SVUgSprdfV��ba

I + 1
£�uwyncfp��*VUy�prgS�=c7d�p

S
�7_blzg?}�V

limk→∞KI+1,ik
= −1

£
K·ik

},uwgSgSprdQ}Uprgb�rV,kf��V¥dfp
zω1
£�¤¥PSln}~P#cfPSp�¤tc

dfP?u�d¥dfPiV�x?p�lzg=d
zω1
lzg�dfPiV�T�l�gSl�T uwy9[2urked�lzg�cfxiur}UV·lncQgSprd¥dfPSV�y�lzTWlzdtpw�0uwg�uwy�TWp�cede¡-�rVUp�|�V;celn}w�

� V�gSp�¤ }�p�TWxiuwk�V#p�hSk gSprdfl�prg pw�·uryzTWp=csdf¡N��VUp�|�V,cfln}�¤¥lzdfP dfPiuwd�pw�
{¥lzV *V,y - {¥lzV;��� 5ZlzgHdfPSV�TWVUdfk�l�}
cfxiur}UVZ}Uu�ceV�� �\c¨uw�*p��rVr£=¤¨V·u�cfcfhSTWVtd�Piu�d

(S, d)
l�cQu¦T�VUdfk�l�}·cfxiur}UVZuwg?|Wd�urÁrV

Aij = A∗
ij = −d(i, j)

urgi|
πi = −d(i, b)

£r�¢p�k¨urg�cep�T�V
b ∈ S

�OQPSV·}�prTWxiu�}ªd�l¬«?},u�d�lzp�g pw�
S
|�lncf}Uhic�ceV;| lzg�- {¥l�V,���J5N£�}Uuryzy�V,| dfPSV,kfV¥d�PSV

���Q����� V.V#"��EA�'V
�U� � V �$�U� "$�i£Slnc¨dfPiV
}Uyzp=cehikfVZpw�
K
l�g�dfPiVZd�prx*pry�pr��a�pr��hSgil¬�¢p�kfT�}Uprgb�rV,kf��VUgi}UVtprg�}�prTWxiu�}ªd

cfV�d�c,£S¤¥PSln}~P4£��ba¸{¥V,T uwk�Á,1b� /�£Slnc¨dfPSV!c�uwTWV�urcQlzd�c¥}Uyzp=cehikfV·lzg�d�PSV�xSk�pb|Shi}ªd¥d�prx*pry�pr�ra��><-d¥d�Pbhic¥}�p�lzgi}Ul�|SV,c
¤¥lzdfP�dfPSV�[2urked�lzg�cfxiur}UV

M
� � V�¤Quwk�g�d�PSV
kfV;ur|�V,k¨dfPiuwdt�Ñurkflnuwg=d~cDpr��d�PSV
T�VUdfk�l�}
}UprTWxiur}�dflz«?}Uuwdfl�prg�}Uuwg

�*V��¢p�hSgi|�lzg�dfPiV¨y�lzdfVUk~u�d�hSk�Vr£�l�g�xiurked�l�}UhSynuwk;£,d�PSVQkfVU�¢VUk�VUgi}UV,c -��·kfp /�4�£w°Quwyn��� 5ShicfV�dfPSV¨dfp�x?p�yzp��ra
pw�*hSgSlz�¢prk�T
}�p�gb�rVUk��rV,gi}�VZprg��*prhSgi|SV,|�ceVUd�cQk~u�d�PSVUk¨dfP?uwg�prg�}�p�T�x?ur}ªd~cU�
¶Z�icfVUk��rV�dfPiuwd7dfPiV¥�iurcfVUx*prl�g=d

b
},uwgW�?Vt}~Pip�cfVUgWlzg urgWurkf�il¬d�k�urkfa�¤QuÑa�G4lzg?|�VUV;|©£w�¢p�kDuwy�y

b′ ∈ S
£=ceVUdedfl�gS�

π′ = A∗
b′·

£©¤�V��rVUd
π′ ≥ A∗

b′bπ
urgi|

π ≥ A∗
bb′π

′ £©¤¥PSln}~PÀl�TWxSy�lzV;c\d�Piu�d!uryzTWp�cede¡-�rV,p�|�V,cfl�},ctl�gÀp�hSk·cfVUg?ceVuwk�V�dfPSV c�uwTWV!�¢p�kZd�PSVW�iurcfVUx*prl�g=d�c
b
urgi|

b′
��OQPSVUk�V��¢p�kfV�£*¤¥PiVUgAcex*V,urÁ=l�gS�#pw�¨uryzTWp=csdf¡N��VUp�|�V,cfln}Uctl�gµprhSk

cfVUgicfVr£�l�g�u�TWVUdfk�l�}�cfxiur}UVr£�¤¨V
¤¥lzy�y4prTWlzdQdfPSV�k�V��¢V,kfV,gi}�V·dfp
π
�

{¥l�V §VUy¨|�V�«igiV,c¦urg±uwy�TWp�cede¡-�rVUp�|�V;celn}Wurc!urg
S
¡-�ÑuryzhiV,|µT uwx

γ
�¢k�prT uwg hSgb�*prhSgi|SV,| cfV�d

T
pr�¥kfV;uwy

gSp�gSgSVU�=u�d�lz��VtgbhST¦�*VUk~c�}Uprg=d�urlzgilzgS�
0
£�cfhi}~P dfP?u�d¨�¢prkQuwy�y

ε > 0
£��¢prkQuwy�y

s ∈ T
ynuwk��rVtV,gSprhS��P4£�uwgi| �¢prkQuwy�y

t ∈ T
cfhi}~P#dfPiuwd

t ≥ s
£

|d(γ(t), γ(s)) + d(γ(s), γ(0)) − t| < ε .
°¨a�d�uwÁbl�gS�

t = s
£b¤�V·ceV,V¥dfP?u�d

|d(γ(t), γ(0))− t| < ε
�OQPbhic,£=uryzTWp�cede¡-�rV,p�|�V,cfl�},cl�g dfPSV
cfVUgicfVtpw�9{tlzV *V,y

uwk�Vt²euryzTWp=csde³Zxiuwk~uwTWVUdfk�l�cfV,|¸�=a#uwk~}ª¡-yzV,gS�wd�P4£bhSgSy�lzÁ�V
dfPSp=ceV
l�g�p�hSktcfVUgicfVr�
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�Q�A�Q��� ���$�@� � ��"��  #"��%��&'�#&
������� ���A Q�Q�	�
�A�Q��V#�W� ����� � �����L�$����"J���U��� �#" &������ VY���L���A� �
�Q�A�
��"9T � � � �E�
� �
� �0" "?T � �4VUd

γ : T → S
|�V,gSpwd�V!uwg�uwy�TWp�cede¡-�rVUp�|�V;celn}·lzg�d�PSV¦cfVUgicfV�pw�{¥l�V §VUyN��OQPSV,g4£S�¢p�k\uwy�y

β >
�§£i¤¨V

PiuÑ��V

A∗
γ(0),γ(t) ≤ βA∗

γ(0),γ(s)A
∗
γ(s)γ(t)

®Ò���r¯
�¢prk¨uwy�y

s ∈ T
ynuwk��rV¥VUgiprhS��PWurgi|��¢prk�uwy�y

t ∈ T
cfhi}~P�dfP?u�d

t ≥ s
�7_bl�gi}�V¥d�PSV\}~PSp�l�}UVtpw�*dfPiV\�iu�ceV,x?p�lzg=d

b
lnc

l�kfk�VUy�VU��uwg=d;£w¤�VQT uÑa!urc�cfhSTWV�d�Piu�d
b = γ(0)

£rcfp·dfPiuwd
πγ(s) = A∗

γ(0),γ(s)

� �\c0l�g�d�PSVQxSk�p=pr�?pr� �9VUTWT uW1�� �
¤¨V
cfV�d

Āij = πiA
∗
ijπ

−1
j

� � V!|SV,|�hi}UV·�¢kfp�T^®Ò���r¯�dfP?u�d

β−1 ≤ Āγ(s)γ(t) ≤
�
.

�4VUdDhic�}~PSpbp�cfVQu�cfV,m=hSV,gi}�V
β1, β2, . . . ≥

�Wcfhi}~P�dfPiuwd7dfPiVtxSk�pb|Shi}ªd
β1β2 . . .

}�p�gb�rVUk��rV;c�dfp¦u·«igil¬d�Vtyzl�TWl¬d;�
� V!}Uuwg�}�p�gicedfk�hi}ªdtu cfV,m=hSVUg?}�V

t0 < t1 < . . .
pw��V,yzV,TWVUg=d�c¥pr�

T
cfhi}~P�dfPiuwd,£ScfV�ded�lzgi�

ik = γ(tik
)
£

Āikik+1
≥ β−1

k .

OQPSV,g4£td�PSVÀxSk�p�|�hi}�d
Āi0i1Āi1i2 · · ·

}Uprgb�rV,kf��V,c,£Q¤¥PSl�}~P lzTWxSy�lzV;c�d�Piu�d�dfPiV cfV,m=hSVUg?}�V
i0
£
i1, . . .

l�c�uwg
uwy�TWp�cede¡-�rV,pb|SV,cfl�}Zlzg�p�hSk¥ceV,giceV��

K�prgb��VUk~ceV,yza�£=y�V�d
i0, i1, . . .

�?V�uwg2uwy�TWp�cede¡-�rV,pb|SV,cfl�}Zlzg�p�hSk\cfVUgicfVr£?uwgi|�urc�cfhSTWV
dfPiuwd
tk = d(b, ik)

lnc
gSprd·�*prhSg?|�V,|©���t�×dfV,k·k�VUxiy�u�}�l�gS�

ik
�ba2u¸cfhS�icfV,m=hSV,gi}�V�£§¤�V�T uÑa�u�cfcfhSTWV!d�Piu�d

t0 < t1 < . . .
� � VWcfV�d

T = {t0, t1, . . .}
urgi|

γ(tk) = ik
� � V
}~Pip=p=ceVZdfPiV·�?urcfVUx*prl�g�d

b = i0
£Scfp�dfPiuwd

t0 = 0 ∈ T
£Surc¨kfV;m=hSlzk�V,|

l�g#d�PSV!|�VU«igSlzdfl�prg�pw�0{¥lzV *V,yÒ� �4VUTWT uM1b�Æ��lzTWxSy�lzV;cQdfP?u�d

A∗
bik

≤ βA∗
bi`
A∗

i`ik

PSp�y�|Sc\�¢prk
uwy�y
`
y�urkf��V!VUgiprhS��P2uwgi|2�¢prk
uwy�y

k ≥ `
��_blzg?}�V

t−1
k = A∗

bik

£
γ
lnc·uwgÀuryzTWp�cede¡-�rV,p�|�V,cfl�}!lzg�d�PSV

cfVUgicfV
pw�{¥lzV *V,yÒ�
{¥l�V §VUy9},uwy�yzV;|�d�PSV�y�lzTWlzd�c¥pr�0uryzTWp�cede¡-�rV,p�|�V,cfl�},cDl�g�PSlnc¥ceV,giceV  ���
�Q����� ��A"����A�U�ª�

� ¾ � ¾ � �Ò��� » � 
����
 �3�
�
S
 �Y����0" A�
� � �
����� VW��A�'V#���M���A�Q�L���A�  ���
�Q����� ��A"����A�U�."?T

S
�$�0�@��0�#V
� �Q�
��(

� ���@�"$���A�U� "9TW� ���.����� ��� �$� �����������C�����V#�.��"��P �
�;"$��'����Z� "
K
�

� �0" "?T � �4VUd
w ∈ M

�?VWu�°�h?ceV,TWurgSg2x*prl�g=d,�!°¨a�o7k�prx*p�cfl¬d�lzp�gX1b��4,��¤�VW}Uurg�«igi| uwg uryzTWp=csdf¡N��VUp�|�V,cfln}
l�g p�hSk·cfVUg?ceV

i0, i1, . . .
cfhi}~P�d�Piu�d

K·ik

}Uprgb�rV,kf��V,cQd�p
w
uwgi|

d(b, ik)
l�c·hSgb�*prhSg?|�V,|©� � V�ÁbgSp�¤ �¢kfp�T

o7k�prx*p�cfl¬d�lzp�gL1b� ��dfPiuwd
w ∈ M m �@<-dZk�VUT urlzgic¥dfp¸}~PSV;}~Á¸d�Piu�d w 6∈ K

�tO9p¸cfVUV!dfPSlncU£*¤¨V!cePSp�¤(d�Piu�dt�¢p�k
uwy�y

z ∈ M
£

lim
k→∞

H(K·ik
, z) = H(w, z) .

®Ò�r��¯

<´gi|�V,V,|©£S�¢prktuwy�y
β >

�§£iyzVUdedfl�gS�
k
dfV,gi|#dfpWl�g�«igSlzdsa¸l�g ®Ò��4,¯Quwgi|#hicflzgi�2® /r¯�£S¤�V���V�d

β−1 ≤ πi`
wi`

= H(K·i`
, w) ≤

�
,

�¢prk
`
ynuwk��rV!V,gSprhS��P4� 6\VUgi}UVr£

lim`→∞H(K·i`
, w) =

�§�·°¨a �4V,TWTWu#�S� F�£
z ≥ H(w, z)w

� � V�|SV,|�hi}UV
dfP?u�d

H(K·i`
, z) ≥ H(w, z)H(K·i`

, w)
£Quwg?| cfp

lim inf`→∞H(K·i`
, z) ≥ H(w, z)

� °¨a±|�V�«?gSl¬d�lzp�g
pw�
H
£
lim sup`→∞H(K·i`

, z) ≤ lim supK·j→w H(K·j , z) = H(w, z)
£0¤¥PSln}~P±cePip�¤tc�®N�w�r¯�� �\c�cehSTWV

gSp�¤ dfPiuwd
w ∈ K

£�lN� V��z£
w = K·j

�¢p�k¦cep�TWV
j ∈ S

£%uwgi|Ay�V�d!h?c!uwxSxiyza ®Ò�r�r¯Zdfp
z = K·,b

� � V�PiuÑ�rV
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H(K·ik
, z) = A∗

bik
A∗

ikb = −2× d(b, ik) → −∞
� 6\VUgi}UVr£

H(w, z) = −∞
�7°¨h�d

H(w, z) = A∗
bjA

∗
jb =

−2 × d(b, j) > −∞
£�¤¥Pil�}~P�cfPSp�¤tc�dfPiuwd

w 6∈ K
�

K�prgb��VUk~ceV,yza�£wyzVUd
w ∈ M m \K

�°�a�o7k�prx*p�cfl¬d�lzp�g,1�� F�£
w
lncDdfPSVZyzl�TWl¬d¨pw�9uwg#uwy�T�p=csdf¡N��VUp�|�V;celn}¨lzg#prhSk

cfVUgicfVr��¶Z�iceV,kf��V
dfPiuwd\d�PSl�c
uryzTWp�cede¡-�rV,p�|�V,cfl�}
lncthig=�*prhigi|�V,|4��¶\d�PSVUk�¤¥l�cfVr£§cflzgi}UV
S
lnc\xikfp�x?V,k,£

ik
¤�p�hSy�|

PiuÑ��VZu�}�prgb��VUk��rl�gS�!cehi�iceV;m=hSVUgi}UVr£�uwg?|��ba }�prg=d�lzgbhSlzdsa pw�4d�PSV·TWurx
i 7→ K·i

£�¤¨VZ¤¨prhiy�| P?uÑ�rV
w ∈ K

£�u
}�p�g=dfk~ur|�ln}ªd�lzp�g4� <-d¥�¢pry�yzp�¤tc��¢k�prT�o7k�prx*p�cflzdfl�prgC1b��4,�¦dfPiuwd

w
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αdβe ⊕ γdδe = (lim sup
d

αd)(lim sup
e

βe) ⊕ (lim sup
d

γd)(lim sup
e

δe) .

<-�ur|S|�lzdfl�prg?uwy�yza d�PSV�gSVUd�c
(βe)e∈E

uwgi|
(γd)d∈D

}�prgb��VUk��rVr£=¤¨V·P?uÑ�rV

lim inf
d,e

αdβe ⊕ γdδe = (lim inf
d

αd)(lim
e
βe) ⊕ (lim

d
γd)(lim inf

e
δe) .

Y\cfl�gS� �?prdfP�ln|�VUg=dflzdfl�V,c,£�¤¨V!|�V,|�h?}�V·dfPiuwd
H[ l�cQ��lz��VUg��baÀ®Ò�r�r¯ª�
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� �0" "?T�"?T � � " A"J�����U� "$���� � � � V
ÁbgSp�¤ �¢k�prT �4V,TWTWu��S�Æ�
d�Piu�d
A∗ = A∗

1 ⊗A∗
2

£Surgi|¸cfpi£=�ba �4V,T�T u��S� ��£
ı
lnc�uwg PSp�T�V,prTWprk�xSPSlncfT��¢k�prT

M1 × M2
dfp

M
� _bl�gi}UV�dfPiV¸ÁrV,kfgiVUync

H1, H
[
1, H2

uwgi|
H[

2

uwy�yDd~uwÁrV
��uwy�hSV,c
y�V,c�cZdfPiurg p�k
V,m=hiuwy%d�p �©£4¤�V }Uprgi}Uyzhi|SV¦�¢k�prT ®N�w�r¯\d�Piu�d;£4¤¥PSVUg

z = ı(z1, z2)
£
H[(z, z) =

�2lz�
uwg?|�prgiyza lz�

H[
1(z1, z1) = H2(z2, z2) =

��prk
H1(z1, z1) = H[

2(z2, z2) =
�§�7Y\cfl�gS��=�m�h?u�dfl�prgµ®?4Ñ�w¯¨uwgi|

dfPiV!|�V�«igil¬d�lzp�g�pr��d�PSV�TWlzgilzT uwy4[Àuwkfdfl�g�cfxiu�}�Vr£b¤¨V!|�V,|Shi}�V·dfP?u�d

M
m = ı

(

M
m
1 × (K2 ∪ M

m
2 ) ∪ (K1 ∪ M

m
1 ) × M

m
2

)

.

�E�
�����0R �S�Æ� �!OQPSV�u�cfcfhSTWx�d�lzp�g±dfP?u�d
πiwi =

� �¢p�k�uryzy
wi ∈ Mi

lncWuwh�d�prT u�d�l�},uwy�yza c�u�d�l�ce«iV,| ¤¥PSVUg
dfPiV�yzVU�×d�cfhSx?V,ke¡-PiurkfTWprgil�}��rV;}ªd�prk~c

πi
p�kfl��rl�giu�d�V¦�¢k�prT �iurcfVUx*prl�g=d�c,£9lN� V��z£%¤¥PSV,g

πi = (Ai)
∗
bi,·

�¢prk!cfprTWV
�iu�ceV,x?p�lzg=d

bi
� <´gi|�V,V,|©£Q¤¨V2uwy�kfV;ur|�a pr�icfVUk��rV;|±l�g dfPSV�xSk�pbpw�
pw�
o7k�prx*p�cfl¬d�lzp�g �S�;4�d�Piu�d�V,�rVUk�a±��V,}ªd�prk

wi ∈ Mi
cfuwdflncs«?V,c

(πi)bi(wi)bi =
�§�7°¨aÀ®N�r¯�£

πiwi ≤
�©� � V!|�V;|�hi}UVZd�Piu�d

πiwi =
�§�

�E�
�����0R��S� F ��{¥l�V §VUy�- {¥l�V,�=�b£Ño7k�prx4�,�i��4'4Q5�pr��d~uwl�gSV,|
u¥��VUk~cel�prg
pw�bd�PSV«ik~csd�xiuwkfd4pw� �4V,TWTWu\�S� �¨�¢prk9TWVUdfk�l�}
cfxiur}UV,c,�Y6\l�c
k�V,cfhSyzd�ced�uwdfV;c·dfPiuwd!l¬�

(S1, d1)
urgi|

(S2, d2)
uwk�VWyzp�}Uuryzy�a2}�p�TWxiur}�d
TWVUdfk�l�}Wcfxiur}UV,c,£4uwgi| l¬�

dfPiVUl�k�xSk�p�|�hi}�d
S
lnc9V;m�hilzxSx*V,|!¤¥l¬d�P!dfPiV�cfhST pw��dfPiVDTWV�d�kfln}Uc,£

d((i1, i2), (j1, j2)) = d1(i1, j1)+d2(i2, j2)
£

dfPiVUg�d�PSV·T�VUdfk�l�}Z}�p�T�x?ur}ªd�l¬«*}Uu�d�lzp�g�pw�
S
}Uurg��?VZl�|SVUg=dflz«iV,|¸¤¥l¬d�P�d�PSVWK¨urked�V,cfl�urg xSk�pb|Shi}ªdQpw�©d�PSVZTWVUdfk�l�}

}�p�TWxiur}�dflz«?}Uuwdfl�prgic¸pw�
S1
uwgi|

S2
�KOQPSlnc#k�V,cfhSyzd�},uwg �*V k�V�¡-pr��d~uwl�gSV,| �¢k�prT �9VUTWT u �S� � �ba d�urÁ=l�gS�

(A1)i1,ji = −d1(i1, j1)
£

(A2)i2,j2 = −d2(i2, j2)
£
πi1 = −d1(i1, b1)

£·uwgi|
πi2 = −d(i2, b2)

£\�¢prk
uwk��Slzdfk~uwk�a �iurcfVUx*prl�g=d�c

b1, b2 ∈ Z
� � V!cePiuryzy©l�y�yzhicedfk~u�d�V·dfPSlnc¥l�g,=7v�urTWxSyzV 4;�S� �S�

)�� � 	��¦� ��U�¥�

� V�gSp�¤ l�yzy�hicedfk~u�d�V·p�hSk¥k�V,cfhSy¬d~c¥uwgi|�cfPSp�¤ ��uwk�l�prhic��¢V,uwdfhSk�V,c¨d�Piu�d¥d�PSV![2urked�lzg�cex?ur}�V
T uÑa�PiuÑ��Vr�
� 	����E����S4,�i�;4 � �4V�d

S = N
£
Ai,i+1 = 0

�¢p�ktuwy�y
i ∈ N

£
Ai,0 = −1

�¢p�ktuwy�y
i ∈ N \ {0}

urgi|
Aij = −∞VUyncfVU¤¥PSV,kfV�� � V!}~PSpbp�cfVZdfPSV��iu�ceV,x?p�lzg=d

0
£?cep�dfPiuwd

π = A∗
0,·

�7OQPSV��rk~uwxiP¸pw�
A
lnc
G

0 0 0

−1
−1

0

−1

_=d~u�dfV;cW®¢VUy�VUTWV,g�d~c·pw�
S
¯Zuwk�V¦k�VUxikfV;ceV,g�d�V,|��ba��Synur}~Á�|�prd�c,�!OQPSV¦¤¥PSlzdfV }Ulzk~}�y�V¦k�VUxSk�V,cfVUg=d~c¥dfPiV�VUvbdfk�VUT uwy

�*prhSgi|iuwk�a�V,yzV,T�V,g=d
ξ
£=dfPiuwdD¤�V\gSV�vbd¨|SV�dfV,kfTWl�gSVr� <´gWd�PSl�c�V�vSurT�xiyzV�£

ρ(A) =
�§£buwgi|

A
P?urc7gip!kfV;}�hSk�k�VUg=d

}�ynurc�c,� � V\PiuÑ��V
A∗

ij =
���¢p�k

i ≤ j
uwgi|

A∗
ij = −1

�¢prk
i > j

£�cep�d�PSV\[2urked�lzg#cexiu�}�V¥pr�
A
}�p�kfk�V,cfx?p�gi|�l�gS�

dfp
π = A∗

0·

}Uprgicfl�ced�c
pr�QdfPSV�}Upry�hSTWgic
A∗

·j

£%¤¥lzdfP
j ∈ N

£9d�pr��V�dfPiVUk!¤¥lzdfPµdfPiV��rV;}ªdfp�k
ξ
¤¥PSp�cfV VUg=dfk�l�V,c

uwk�V�uwy�ytV,m=hiury¥dfp �©� � VÀPiuÑ�rV
B = {ξ}

� ¶ZgSV2},uwg V,u�cel�y�a }~PSV,}~Á±dfPiuwd
H(ξ, ξ) =

�§� OQPSVUk�V��¢p�kfV�£
M m = {ξ}

���\y¬d�VUk�giu�d�lz��VUy�ar£�¤�VtT uÑa�hicfVto7k�prx*p�cfl¬d�lzp�g 1b� �
dfp�cePSp�¤HdfP?u�d
ξ ∈ M m £bcel�gi}�V ξ lncd�PSV\y�l�T�lzdpw�0d�PSV�uryzTWp�cede¡-�rV,p�|�V,cfl�}

0, 1, 2, . . .
�tOQPiVUprk�VUT /S��4!c�uÑabc¥dfPiuwd

ξ
l�ctdfPSV¦hSgSlnm�hiV#®¢hix�dfp¸u T�hSyzdfl�xSyzln}Uuwdfl��rV

}�p�giced�uwg=dª¯Dgiprg�¡ :UV,kfp�Piuwk�TWprgSln}·�rV;}ªdfp�k,�
� 	����E����B4,�S�Æ� � �4V�d�h?c TWpb|Sl¬�¢a =vSuwTWxSy�V 4,�S��4��=a ceVUded�lzgS�

A00 = 0
£QcepµdfP?u�d dfPiV�xSkfV,�blzp�hicW�rk~uwxSP

�*V,}�p�TWV,c G

0 0 0

−1
−1

0

−1

0

� V#cedfl�yzy�PiuÑ�rV
ρ(A) =

�§£�dfPSV#gSp�|�V
0
�*V,}UprTWV,c�k�V,}UhSk�kfV,g�d;£�urgi|µdfPSV¸T�l�gSl�T uwy�[Àuwkfdfl�g±cexiu�}�V lnc�gSp�¤

M m = {K·0, ξ}
£%¤¥PiVUk�V

ξ
lnc�|�VU«igSV;| lzg =vSuwTWxSy�V�4;�S��4�� OQPSV,prk�VUT /S��4¸cfuÑa�c
d�Piu�d�VU��VUk�a PiurkfTWp�gSl�}

�rV;}ªd�prkDlnc7pr�©dfPSV\�¢prk�T
αK·0 ⊕βξ

£rd�Piu�d¨l�c
sup(α+K·0, β+ ξ)

¤¥lzdfP¸dfPSVZgSpwd~u�d�lzp�g pw�4}�ynurc�celn}Uury?uryz��VU�Sk~uS£
�¢prktcfprTWV

α, β ∈ R ∪ {−∞}
�

Ü¢Ý�Þ9Ü×ß
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� 	����E����S4,�i� � � �4VUd
S = Z

£
Ai,i+1 = Ai+1,i = −1

�¢prk
i ∈ Z

£?urgi|
Aij =

��VUynceV,¤¥PSVUk�Vr� � V¦}~Pip=p=ceV
0dfp �*V
dfPiV��iurcfVUx*prl�g=d,£Scfp�d�Piu�d

π = A∗
0,·

�7OQPSV���k�urxSP¸pr�
A
lnc G

� V2uwk�V#hicfl�gS�µdfPSV2c�uwTWV�}�p�g=��VUg=dfl�prg?c�u�cWlzg dfPiV�xSkfV,�blzp�hic�V�vSuwTWxSy�V,c,£7d�pr�rVUdfPSV,kW¤¥l¬d�PHd�PSV��¢pry�y�p�¤¥lzgS�
ur|i|�l¬d�lzp�giuwyt}Uprgb�rV,g=dfl�prgic G�d�PSV�uwk�kfp�¤tc�uwk�V#�il�|�l�k�V,}ªd�lzp�giuwy¥cflzg?}�V�dfPSV�T u�d�kflzv lnc ceabTWTWV�d�kfln}w£¨uwgi|HV,u�}~P
uwk~} Piu�c!¤¨VUl��rP=d

−1
hSgiyzV;cfc�pwd�PSVUk�¤¥l�cfV¸cfx?V;}�lz«iV,|4� OQPSlnc!VUv�urTWxSyzV�uwgi|µd�PSV�gSV�vbd�¤¨VUk�V�}�p�gicfl�|�V,kfV;|A�ba

{¥l�V §VUy - {¥l�V,�=� 5N�
� V¥PiuÑ�rV

ρ(A) = −1 <
�§£r¤¥PSln}~P�lzTWxSy�lzV;c0dfPiVUk�VQurkfV¨gSp�k�V,}UhSkfk�VUg=d%gSp�|�V,c,� � V¥PiuÑ��V

A∗
i,j = −|i−j|

£
uwg?| cep

Ki,j = |j| − |i − j|
� OQPSVUk�V2uwk�V�ds¤¨pA[Àuwkfdfl�g �?p�hSgi|Surkfa±x*prl�g=d�c,£

ξ+ = limj→∞K·j
uwgi|

ξ− = limj→−∞K·j
£¤¥PSln}~P uwk�V���lz��VUg �ba

ξ+i = i
uwg?|

ξ−i = −i
�ÀOQPbhic,£�d�PSV#[Àuwkfdfl�g cex?ur}�V

M
lnc

PSp�T�V,prTWprk�xSPSln}Zdfp
Z := Z ∪ {±∞}

V,m=hSl�xSx?V;|�¤¥l¬d�P�dfPSV!h?cehiury©dfp�x?p�yzp��ra���_bl�gi}�V!�*pwd�P
ξ+
uwg?|

ξ−
urkfV

y�lzTWlzd�cZpw�7uwy�TWp�cede¡-�rVUp�|�V;celn}Uc,£
M m = {ξ+, ξ−}

�QOQPiVUprk�VUT /S��4¦c�uÑabc¨d�Piu�dZVU�rV,kfa#Piuwk�TWprgSln}
�rV;}ªd�prktlnctpr�
dfPiV
�¢prk�T

αξ+ ⊕ βξ−
£S�¢prktcfprTWV

α, β ∈ Rmax
�

� 	����E���� 4;�S� � ��K�prg?celn|�VUk
S := Z × Z

uwgi| dfPiV prx*VUk~u�dfp�k
A
�rl��rVUg(�ba

A(i,j),(i,j±1) = −1
uwgi|

A(i,j),(i±1,j) = −1
£��¢p�k7V,u�}~P

i, j ∈ Z
£�¤¥l¬d�P�uwy�ySpwd�PSVUkDVUg=dfk�lzV;cV,m=hiurybdfp

−∞
� � V\}~PSpbp=ceV¨dfPiV¥�iurcfVUx*prl�g=d

(0, 0)
� � V�k�VUxikfV;ceV,g�d¨dfPiV��rk~uwxSP#pw�

A
¤¥lzdfP�d�PSV!cfurTWV
}Uprgb�rV,g=dfl�prgic¨urcQl�gS=vSuwTWxSy�V�4,�i� ��G

� p�ktuwy�y
i, j, k, l ∈ Z

£
A∗

(i,j),(k,l) = −|i− k| − |j − l| .
XtprdfV¥d�Piu�dDdfPSlnc7lncd�PSVtgSV,��u�d�lz��V¥pw�*dfPSVZ|�l�ced�urgi}�V\lzgWd�PSV

`1
gSp�kfT �?VUds¤�V,VUg

(i, j)
uwgi|

(k, l)
�0OQPiV¥TWuwdfk�l¬v

A
},uwgA�?V�|SV,}�p�TWx?p=ceV;|µu�c

A = A1 ⊗ I ⊕ I ⊗ A2
£%¤¥PSV,kfV

A1, A2
uwk�V�ds¤�p�}UprxSl�V,c�pr��d�PSV T u�d�kflzv pr�

=vSuwTWxSy�V.4;�S� �b£=urgi|
I
|SVUgSprdfV,c7dfPSV

Z×Z
ln|�VUg=dflzdsa�TWuwdfk�l¬v�®¢k�V,},uwy�y�dfP?u�d

⊗
|�VUgipwdfV;cd�PSVtd�VUgicfprk7xikfp�|�hi}�d

pw��TWuwdfk�l�}UV,c,£�ceV,V
_bV;}ªd�lzp�g#���¢p�k¥|�V�d~uwl�y�c~¯ª�OQPSV·�rV;}ªdfp�k
π
}Uuwg#�?V·¤¥k�l¬dfdfVUg�urc

π1 ⊗ π2
£b¤¥l¬d�P

π1 = (A1)
∗
0,·uwg?|

π2 = (A2)
∗
0,·

� 6tV,gi}�V�£So7k�prx*p�cfl¬d�lzp�g��i�;4
cePip�¤tc¨dfPiuwd¥dfPSV![2urked�lzg�cfxiur}UV·pr�
A
lnc¥PSp�TWVUprTWp�kfxSPil�}\dfp

dfPiV�K¨urked�V,cfl�urg�xSkfp�|�h?}ªd
pw�ds¤¨p#}�p�xSl�V,cZpw�dfPiV�[2urked�lzg cexiu�}�V�pw� =vSurT�xiyzVZ4,�S� ��£§lN� V��z£§d�Piu�dZdfPSV,kfV�l�c·uwg
PSp�T�V,prTWprk�xSPSlncfT �¢k�prT

M
dfp

Z × Z
�Zo7kfp�x?p=celzdfl�prgÀ�S��4¦uwyncep#cePSp�¤tctdfPiuwd\d�PSV�c�uwTWV!PiprTWVUp�T�p�kfxiPSl�cfT

cfVUgi|Sc
K
d�p

Z×Z
urgi|!d�PSVQTWlzgSl�T uwyS[2urked�lzgWcfxiur}UVDd�p

({±∞}×Z) ∪ (Z×{±∞})
��OQP=h?cU£�d�PSV¥[2uwkfdfl�g

�*prhSgi|iuwk�a�urgi|�d�PSV�TWl�gSl�TWury%[Àuwkfdfl�g cfxiur}UV¦uwk�V!d�PSV�c�uwTWVr�
OQPSlnc\VUvSuwTWxSy�V¦T uÑa��?VW}�p�giceln|�V,kfV;|�dfp¸�*V
dfPiV#T u�vb¡-xSy�hic�urgiuwy�pr��hSV¸pr�¥dfPSV�k~uwgi|�p�T ¤¨uryzÁAprg dfPSV

2
¡´|�l�TWVUgicflzp�giuwy�lzg=d�VU�rV,k�ynu�dfdfln}�V��AOQPiV�[2urked�lzg
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�*prhSgi|iuwk�a��¢prktdfPSV!ynu�dfdfV,k¦®¢¤¥lzdfP�k�V,cfx?V;}ªdtd�p VUl��rV,g=��uryzhSV;c¥csd�kfln}ªd�yza��rk�V,uwdfV,k�d�Piuwg�d�PSV¦cfx?V;}ªd�k�ury4k�u�|�l�hic�¯¨lnc
ÁbgSp�¤¥gX- X·_%F'F$5©dfp �*V
dfPSV!}Ulzk~}�y�Vr�
� 	����E�����4;�S�Æ� � �4VUd

S = Q
uwgi|

Aij = −|i − j|
�MK�PSpbp�cflzgi�

0
dfp��*VWdfPSVW�iu�ceV,x?p�lzg=d,£©¤¨VW�rVUd

Kij =
−|i−j|+|j|

�¢p�kuwy�y
j ∈ Q

�%OQPSV¥[2uwkfdfl�g¦�*prhigi|Suwk�a
B
}�p�gicfl�ced�c%pw�idfPSV¨�¢hSgi}�dfl�prgic

i 7→ −|i−j|+|j|
¤¥lzdfP

j ∈ R \Q
£�dfp��rVUdfPSV,kD¤¥lzdfP�d�PSVt�¢higi}ªd�lzp�gic

i 7→ i
uwgi|

i 7→ −i
�0OQPSV·[2uwkfdfl�g¸cfxiur}UV

M
lnc�PSprTWVUp�TWprk�xSPSln}

dfp
R := R ∪ {±∞}

V,m=hSl�xSx?V;|�¤¥l¬d�P�lzd�cthiceh?uwy§dfp�x?p�yzp��ra��
� 	����E����S4,�i� F � � V���lz��V�uwg�V�vSuwTWxSy�V�pw�u }�p�TWxSyzVUdfV�y�p�}Uuwy�y�a#}�p�TWxiur}�dQTWVUdfk�l�}�cfxiur}UV

(S, d)
cfhi}~P�dfP?u�d

dfPiV�}UurgSprgil�},uwy9l�g�qsV;}ªdfl�prg2�¢kfp�T
S
d�p�d�PSV�[2urked�lzg2cfxiu�}�V

M
l�cZgSprdZuwg2V,T¦�*V,|S|SlzgS�?£*urgi|2cfhi}~P�dfP?u�d\d�PSV

[2urked�lzg��?p�hSgi|Surkfa
B = M \K

l�cQgipwdt}�y�p�cfV,|©� K�p�giceln|�V,k
S = {(i, j) | i ≥ j ≥ 1}

urgi|�d�PSV�prx*VUk~u�d�prk
A
�rl��rV,g#�ba

A(i,j),(i+1,j) = A(i+1,j),(i,j) = −1,
�¢prk

i ≥ j ≥ 1,

A(i,j),(i,j+1) = A(i,j+1),(i,j) = −2,
�¢p�k

i− 1 ≥ j ≥ 1,

A(1,1),(i,i) = A(i,i),(0,0) = −1/i,
�¢prk

i ≥ 2,
¤¥lzdfP2uwy�y4prdfPSV,k¥VUg=dfk�lzV;c¥V,m=hiury§dfp

−∞
� � V�}~PSpbp�cfVZd�PSV��iu�ceV,x?p�lzg=d

(1, 1)
�DOQPSV���k�urxSP#pr�

A
lnct|�V,xSl�}�dfV;|

l�g#d�PSV
�¢pry�y�p�¤¥lzgS� |�lnuw��k�urTSG

−1/2

−1/3

−1/4

� V¦uwk�V
hicel�gS��dfPiV¦cfurTWV
}Uprgb�rV,g=dfl�prgic¥u�cQ�?VU�¢prk�Vr�DOQPSV!urk�},cQ¤¥l¬d�P�¤�V,lz��P=d
−2
uwk�V�|�k~uÑ¤¥g#l�g��?p�y�|4�¨¶ZgSV

}Uurg�}~PiV,}~Á d�Piu�d

A∗
(i,j),(k,`) = max

(

− |i− k| − 2|j − `|,−(i− j) − (k − `) − φ(j) − φ(`)
)

¤¥PSV,kfV
φ(j) = 1/j

lz�
j ≥ 2

£4uwg?|
φ(j) = 0

l¬�
j = 1

�.<´g prdfPSV,k·¤¨prk~|Sc,£§urgÀp�x�dfl�T uwy0xiu�d�PÀ�¢k�prT
(i, j)dfp

(k, `)
l�cWV,l¬d�PSVUk uwgHprx�d�lzT ury¥xiu�d�P±�¢prkWd�PSV�T�VUdfk�l�}�pr�tdfPSV�¤¨VUl��rP=dfV;|

`1
gSp�kfT

(i, j) 7→ |i| + 2|j|
£

prk·u�xiuwdfPÀ}Uprgicflncsd�lzgS�¸pw�DuwgÀPSprk�l;:,prg=d�ury4TWp��rV�d�p�d�PSV�|Sl�ur�rprg?uwy4x*prl�g=d
(j, j)

£§�¢pry�yzp�¤¨V,|��ba�TWp��rV,c¥�¢kfp�T
(j, j)

d�p
(1, 1)

£9�¢kfp�T
(1, 1)

d�p
(`, `)

£%uwgi|µ�baÀurgµPiprk�l;:,prg=d�ury%TWp���V¦�¢k�prT
(`, `)

dfp
(k, `)

�¸_blzg?}�V
A
lnc

cfa=TWTWV�d�kfln}¦urgi|
A∗
lnc�:UV,kfp�p�gSy�a�p�g�dfPiV�|�lnuw��prgiuryÒ£

d((i, j), (k, `)) := −A∗
(i,j),(k,`)

lnc
u�TWV�d�kfln}!p�g
S
�

OQPSV�T�VUdfk�l�}�cfxiur}UV
(S, d)

l�c·}�p�TWxSyzVUdfV�cel�gi}�V�uwgbaCK¨uwhi}~Pba�ceV;m�hiVUgi}UV¦lnc\V,l¬d�PSVUk·hSyzdfl�TWuwdfV,yza�}�p�giced�uwg=d·prk
}�p�gb�rVUk��rV;c·dfp�d�PSV�x*prl�g=d

(1, 1)
�S<-d�lnc¦uwyncfp�yzp�}Uuryzy�a }UprTWxiu�}ªd�cflzg?}�V¸urg=a x?p�lzg=dW|�l�cedfl�gi}�d!�¢kfp�T

(1, 1)
l�c

lncep�y�uwdfV,|4£=¤¥PiVUk�V,urcDdfPiV·x*prl�g=d
(1, 1)

P?urcDdfPSV
�iu�celncDpr��gSV,lz��Pb�?p�hSkfPip=p�|Sc�}�p�gicelncedfl�gS��pr�4dfPiV·}UprTWxiur}�dQcfV�d~c
Vj = {(i, i) | i ≥ j} ∪ {(1, 1)}

£=�¢prk
j ≥ 2

�
<-�

((im, jm))m≥1
l�c\uwgba¸cfV,m=hSVUg?}�V
pw�0VUy�VUTWVUg=d~c¥pw�

S
cfhi}~P#dfPiuwd\�*pwdfP

im
uwg?|

jm
d�VUgi|�d�pWlzg�«?gSl¬dsa�£

dfPiVUg4£��¢p�ktuwgba
(k, `) ∈ S

£

A∗
(k,`),(im,jm) = A∗

(k,`),(1,1)A
∗
(1,1),(im,jm)

�¢prk
m
ynuwk��rV·VUgiprhS��P4�

® <´g=d�hSl¬d�lz��VUy�ar£§d�PSl�c·lnc·kfV,y�uwdfV,|�dfp�d�PSV��Ëur}ªd·dfP?u�d,£§�¢p�k
m
ynuwk��rV!V,gSprhi�rP4£§VU��VUk�a#p�x�dfl�T uwy0xiuwdfP��¢k�prT

(k, `)dfp
(im, jm)

xiurc�ceV;c
dfPikfp�hS�rPAd�PSV¸x*prl�g=d
(1, 1)

¯��I<-d¦�¢p�yzy�p�¤tc
dfP?u�d
K·,(im,jm)

}�p�gb�rVUk��rV;c·dfp
K·,(1,1)

urc
m → ∞

�X6\p�¤�V,�rV,k,£�dfPSV�ceV;m=hSVUgi}UV
(im, jm)

|Sp=V;c¦gipwd�}Uprgb�rV,kf��VWdfpÀdfPSV#x?p�lzg=d
(1, 1)

l�g dfPSV�TWV�d�kfln}
dfp�x?p�yzp��ra hSgiyzV;cfc

im = jm
�¢p�k

m
y�urkf��VZV,gSprhS��P4�OQPSlnc¨cfPSp�¤tc�dfP?u�dQdfPSV�T urx

(i, j) → K·,(i,j)
lncQgSpwdtuwg

PSp�T�V,prTWprk�xSPSlncfTK�¢kfp�T
S
dfp lzd�cQl�TWur�rV��
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OQPSV�[2uwkfdfl�g2�*prhSgi|iuwk�a�}Uprgicfl�ced�c\pw�d�PSV�x*prl�g=d�c
ξ1, ξ2, . . .

£§pr��d~uwl�gSV,|2u�cty�lzTWlzd�c·pw�7Piprk�l;:,prg=d�ury4Piuwyz�×¡
y�lzgSV;cU£i¤¥PSl�}~P�uwk�V�uwy�TWp�cede¡-�rVUp�|�V;celn}Uc,� � V�PiuÑ��V

ξ`
(i,j) := lim

k→∞
K(i,j),(k,`) = max

(

i− `− 2|j − `| + φ(`),−(i− j) − φ(j)
)

.

OQPSV\�¢hSgi}ªd�lzp�gic
ξ` uwk�V\uryzy*|�l�cedfl�gi}�d��*V,}UurhicfV i 7→ ξ`

(i,i)

Piu�cDu�higSl�m=hSVZT u�v�lzT�hST u�dfd�uwl�gSV;| u�d
i = `

�OQPSV
�¢hSgi}�dfl�prgic

ξ` |�p�gipwd��*VUy�prgi�!dfp K
�*V,},uwhicfV

ξ`
(3j,j) = j+ `+φ(`) ∼ j

urc
j
dfVUg?|Sc�dfp¦l�g�«igil¬dsa�£=¤¥PiVUk�V,urc

�¢prkQuwgba
w ∈ K

£
w(3j,j) = −2j−φ(j) ∼ −2j

urc
j
dfVUg?|Sc�dfp¦l�g�«igil¬dsa�£z�7OQPSV·ceV;m=hSVUgi}UV

ξ` }�p�g=��VUk��rV;c0dfp
K·,(1,1)

urc
`
d�VUgi|Sc¨d�p�l�g�«igil¬dsa�£�¤¥PSl�}~P�cfPSp�¤tc7d�Piu�dQd�PSV�[2uwkfdfl�g¸�*prhSg?|Suwk�a

B = M \K
lnc¨gSpwd¥}�y�p�cfV,|4�

� 	����E����X4,�S��1 � � V�gSVUv=d��rl��rV uwgAV�vSurT�xiyzV pr�Qu�[2urked�lzg cfxiur}UV PiuÑ�blzgi��u��*prhigi|Suwk�a2x*prl�g=d¦¤¥PSln}~Pµlnc
gSprd¦uwgµV�vbdfk�VUT uwy��VUgSV,k�uwdfp�k,��OQPSV�cfurTWV�VUvSuwTWxSy�V�P?urc
�*VUVUg �¢prhigi|µlzgi|SVUx*VUgi|�V,g=dfy�aÀ�ba � VU�icedfV,k!uwgi|
� l�gi}~PSV,cedfV,kW- � � ���w�%5-� K�prg?celn|�VUk

S := N × {0, 1, 2}
uwgi|¸dfPSV�p�x?V,k�uwdfp�k

A
��lz��VUg#�=a

A(i,j),(i+1,j) = A(i+1,j),(i,j) = A(i,1),(i,j) = A(i,j),(i,1) = −1,
�¢prk·uwy�y

i ∈ N
uwgi|

j ∈ {0, 2}
£?¤¥l¬d�PÀuwy�y9prdfPSV,k\VUg=d�kfl�V,c\V,m=hiuwy9dfp

−∞
� � V�}~PSpbp=ceV

(0, 1)
urc\�iurcfVUx*prl�g=d,£

cfp¦d�Piu�d
π := A∗

(0,1),·

l�cQcfhi}~P�d�Piu�d
π(i,j) = −(i+ 1)

l¬�
j = 0

prk
2
£Surgi|

π(i,j) = −(i+ 2)
l¬�
j = 1

uwg?|
i 6= 0

�0OQPSV\��k�urxSP�urc�cfpb}Ul�uwdfV;|�dfp!d�PSV\T uwdfk�l¬v
A
lnc¨|�VUxSln}ªd�V,|¸lzg d�PSVt�¢p�yzy�p�¤¥l�gS�¦|�lnuw��k�urT�£�¤¥l¬d�P�dfPiVZc�uwTWV

}�p�gb�rVUg=d�lzp�gicQurcQl�g#d�PSV�xSk�VU�bl�prhic¨V�vSurT�xiyzV��

OQPSV,kfV�uwk�V·dfPSk�VUV
�*prhSg?|Suwk�a�x*prl�g�d~cU�7OQPiVUa�T uÑa��*V�pr��d~uwl�gSV,|#�ba d�urÁblzgS��d�PSV�yzl�TWl¬d~c

ξ0 := lim
i→∞

K·,(i,0), ξ1 := lim
i→∞

K·,(i,1),
uwgi|

ξ2 := lim
i→∞

K·,(i,2).

K¨uwyn}�hiy�uwdfl�gS�i£�¤¨V·«igi|#dfPiuwd

ξ0(i,j) = i− j + 1, ξ2(i,j) = i+ j − 1,
urgi|

ξ1 = ξ0 ⊕ ξ2.

� V�PiuÑ�rV
H(ξ0, ξ0) = H(ξ2, ξ2) = H(ξ2, ξ1) = H(ξ0, ξ1) = 0

� � p�kQuryzy©prdfPSV,kQxiuwl�k�c
(ξ′, ξ) ∈ B ×B

£
¤¨V\PiuÑ��V

H(ξ′, ξ) = −2
�0OQPSVUk�V��¢p�kfV�£wdfPiV\TWlzgilzT uwy§[2urked�lzg �*prhSg?|Suwk�a�lnc

M m = {ξ0, ξ2}
£buwgi|�d�PSVUk�V\lnc

u�gSp�g�¡-V�vbdfk�VUT uwy?�?p�hSgi|Surkfa�x?p�lzg=d;£
ξ1
£�k�VUxikfV;ceV,g�d�V,| ur�?p���V¥�=aWu���k�uÑa�}�l�k�}UyzV��%OQPSVZceV;m�hiVUgi}UV,c

((i, 0))i∈Nuwg?|
((i, 2))i∈N

uwk�V·uryzTWp�cede¡-�rV,p�|�V,cfl�},cU£=¤¥PSl�yzV
lzdtcePSp�hSyn|¸�*V�}�y�V,uwk¨�¢k�prT d�PSV�|�lnuw�rk~uwT d�Piu�d¥d�PSVUk�V·urkfV·gSp
uwy�TWp�cede¡-�rV,pb|SV,cfl�},c\}�p�gb�rVUk��rl�gS�Wd�p

ξ1
��_�p�dfPil�c·V�vSurT�xiyzV�xSk�p��=ln|�V;c\uwgÀlzy�yzh?csd�k�uwdfl�prg2pr�Do7k�prx*p�cfl¬d�lzp�gic 1�� �

uwg?|I1�� FS�
� 	����E���� 4;�S� / � � l�giuryzy�ar£Ñ¤¨V7¤¥lzy�y=�rl��rV7uwg�VUvSuwTWxSy�V7pw�iu¥giprg�¡´}�p�T�x?ur}ªd4TWl�gSl�TWury�[2urked�lzg!cfxiu�}�Vr� K�prgicfln|�VUk
S := N × N × {0, 1}

uwgi|#d�PSV�prx*VUk~u�d�prk
A
�rl��rVUg��ba

A(i,j,k),(i,j+1,k) = A(i,j+1,k),(i,j,k) = −1,
�¢p�ktuwy�y

i, j ∈ N
urgi|

k ∈ {0, 1} ,

A(i,j,k),(i,j,1−k) = −1,
�¢p�ktuwy�y

i ∈ N, j ∈ N \ {0}
uwgi|

k ∈ {0, 1} ,

A(i,0,k),(i,0,1−k) = −2,
�¢p�ktuwy�y

i ∈ N
urgi|

k ∈ {0, 1} ,

A(i,0,k),(i+1,0,k) = A(i+1,0,k),(i,0,k) = −1,
�¢p�ktuwy�y

i ∈ N
urgi|

k ∈ {0, 1} ,

¤¥lzdfP uwy�ypwd�PSVUk�V,g�d�kfl�V,c
V;m=hiuwy0d�p
−∞
� � VWd~uwÁ�V

π := A∗
(0,0,0),·

� � l¬d�PµdfPSV�c�uwTWV }�p�g=��VUg=dfl�prg?c·u�c
lzg
=vSuwTWxSy�V,c 4,�S� �Wuwgi|L4,�i� 1=£SdfPSV���k�urxSP¸pr�

A
lnc
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{¥V;}Uuwy�y�dfPiuwd
urk�},c\pr�7¤�V,lz��P�d
−1
uwk�V¦|�k~uÑ¤¥g2¤¥lzdfPÀdfPSl�gÀy�lzgiV,c·¤¥PSVUk�V,u�c¥d�PSp�cfV¦pr�D¤�V,lz��P=d

−2
uwk�V�|Sk�uÑ¤¥g

l�g��*pryn|©�
� p�ktuwy�y

(i, j, k), (i′, j′, k′) ∈ S
£

A∗
(i,j,k),(i′ ,j′,k′) = −|k′ − k| − |i′ − i| − |j′ − j|χi=i′ − (j + j′)χi6=i′ − χj=j′=0, k 6=k′ ,

¤¥PSV,kfV
χE
d~uwÁrV;c¨dfPSV���uryzhSV

1
¤¥PSV,g�}Uprgi|Sl¬d�lzp�g

E
PSpryn|Sc,£Suwgi|

0
pwd�PSVUk�¤¥lnceV�� 6\VUgi}UVr£

K(i,j,k),(i′,j′,k′) =k′ − |k′ − k| + i′ − |i′ − i| + j′ − |j′ − j|χi=i′ − (j + j′)χi 6=i′

+ χj′=0,k′=1 − χj=j′=0, k 6=k′ .

°¨aÀ}�p�TWxSh�dfl�gS��d�PSVWyzl�TWl¬d~c�pw�
K·,(i′,j′,k′)

¤¥PSV,g
i′
urgi|��Ñp�k

j′
��p¸d�p

+∞
£4¤¨VWkfV;ur|�l�y�a2}~PSV,}~Á�d�Piu�d
d�PSV

[2urked�lzg��?p�hSgi|Surkfa¸l�ct}UprTWx*p�cfV,|#pw�9d�PSV��rV;}ªd�prk~c

ξi′,∞,k′

:= lim
j′→∞

K·,(i′,j′,k′),

ξ∞,∞,k′

:= lim
i′,j′→∞

K·,(i′,j′,k′)

ξ∞,0,k′

:= lim
i′→∞

K·,(i′,0,k′).

¤¥PSV,kfV0d�PSV7y�lzTWlzd9lzg
i
uwgi|

j′
l�g
dfPSV�ceV;}�prg?|\y�lzgiVD}Uurg·�*Vd~uwÁrV,gZl�g�VUlzdfPiVUk4p�k�|�V,k,��Xtpwd�V0dfPiuwd

limi′→∞K·,(i′,j′,k′) =

ξ∞,∞,k′ �¢p�k%urgba
j′ ∈ N\{0}

urgi|
k′ ∈ {0, 1}

�%OQPSV�TWl�gSl�TWury�[2uwkfdfl�g�cfxiur}UVDlnc0}�prTWx*p�cfV,|�pr�SdfPiV���V,}ªd�prk~c
ξi′,∞,k′ urgi|

ξ∞,0,k′ ¤¥lzdfP
i′ ∈ N

uwg?|
k′ ∈ {0, 1}

�¦OQPSV�ds¤¨p#�*prhigi|Suwk�a2x*prl�g=d�c
ξ∞,∞,0 uwgi| ξ∞,∞,1uwk�V
gSprgS¡NVUv=d�kfV,T uwy©uwgi|#PiuÑ��V·k�VUxikfV;ceV,g�d~u�d�lzp�gic

ξ∞,∞,0 = ξ∞,0,0 ⊕−3ξ∞,0,1 ,

ξ∞,∞,1 = ξ∞,0,0 ⊕−1ξ∞,0,1.

� p�k
k′ ∈ {0, 1}

£id�PSV ceV;m�hiVUgi}UV
(ξi′,∞,k′

)i∈N

}�prgb��VUk��rV,c¥dfp
ξ∞,∞,k′ urc

i
�rpbV;ctd�p#l�g�«igSlzdsar��_blzg?}�V�dfPSlnc

x*prl�g�dtlncQgSprdtlzg
M m £S¤¨V�ceV,V·dfPiuwd M m lncQgSprd\}�prTWxiu�}ªd;�

) ) ��� �!�������¥�9� �!�#"��¨	 �U�©���¥�,+���� � ��������!���Q+ �!�@+D�����0�

� VZgSp�¤ cfPSp�¤ PSp�¤ dfPiV·[2urked�lzg �*prhigi|Suwk�a }Uurg��?VZhicfV,|Wd�p¦pr�Sd�uwl�g�VUvblncedfVUg?}�V\k�V,cfhSyzd�cD�¢prk�VUl��rVUgb��V,}ªd�prk~cU�
�\c�lzg - �
� � �r�$5-£D¤¨V�kfV;csd�kfln}ªd prhikWuwded�VUg=dfl�prgHdfpµdfPiV2}UurcfV�¤¥PSVUk�V

S
lncWV,m=hSl�xSx*V,| ¤¥l¬d�P dfPSV�|�lncf}UkfVUdfV
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dfp�x?p�yzp��ra�� � V�c�uÑa#dfPiuwd
u¸�rV,}�dfp�k
u ∈ RS

max

lnc
A
�8��� � �%�%lz�s£§�¢prk
uwy�y

i ∈ S
uwgi|

β ∈ R
£*dfPSVWcfhSx?V,ke¡-y�VU�rV,y

cfV�d
{j ∈ S | Aijuj ≥ β}

l�c\«igSlzdfV�� � V�c�uÑa�d�Piu�d
u �ËuwTWl�yza�pw�7��V,}�dfprk~c
{u`}`∈L ⊂ RS

max

lnc
A
¡Òd�lz��P=d\l¬�

sup`∈L u
` l�c A ¡Òd�lz��P=d,�7OQPSV
gSprdfl�prg�pw��dfl��rP=dfgSV;cfcQlnc¥TWpwd�lz��uwdfV,|#�ba�d�PSV
�¢pry�yzp�¤¥l�gS��xSk�prx*VUkfdsar�

�Dº 
 
 � ����
��
 � TC� ���Q�
{u`}`∈L ⊂ RS

max

� �
A
�8��� �J���M����& V#"�� � �
� � ���YA"���� � � � �
�X�8"

u
� � ���
�

Au`
V#"�� � �
� � ��� A"����A� � � �
��� " Au �
� �0" "?T �ZOQPSlncWT uÑa±�?V�}~PSV;}~ÁrV;|±VUy�VUTWV,g�d~uwk�lzy�ar£�prkWpr�Sd�uwl�gSV;| urc uµcfx?V;}�lnuwyt}Uu�ceV�pw�·�rV,gSVUk~uwyQk�V,cfhSy¬d~c��¢prk
ln|�VUTWx*pwdfV,g=dQTWV;urcfhSkfV;c - �tÁbln���b£ � ���Z��/�£ �tÁbln�r��£bo7hSP?��4�5©prk;£=VU�rV,g¸TWprk�V\��VUgSV,k�uryzy�ar£=}Uurxiur}Ul¬d�lzV;cE- ¶��·��4�5-�
� V�TWuÑa¸kfV,��uwk~|

u
urgi|

ul urc¨d�PSV!|�VUg?celzdfl�V,cQpr��d�PSV�l�|SVUTWx?prdfV,g�dtTWV;urcfhSkfV;cQ|�V�«igiV,|��ba

Qu(J) = sup
j∈J

uj
uwg?|

Qul(J) = sup
j∈J

ul
j ,

�¢prk%uwgba
J ⊂ S

� � PSVUg
S
lnc4V;m=hSlzxix?V;|
¤¥l¬d�P�dfPSV�|�l�c�}�k�V�d�Vdfp�x?p�yzp��ra�£Ux*prl�g�ds¤¥lncfVD}�p�g=��VUk��rV,gi}�V%pw�

(u`)`∈L
lnc

V,m=hSl���uwy�VUg=d0dfp�}�p�gb�rVUk��rV,gi}�V�lzg�dfPiV¥P=abx*pr��k�urxSP�cfVUgicfV¨pw�*}Uprgb�rVUv¦uwgiuryza�cfl�c,�3<-dlnccePip�¤¥g�l�gZ- � ���Z��/J5Sd�Piu�d
dfPil�c¨lncDd�PSVUg#V,m=hSl���uwy�VUg=dDd�p�}�p�gb�rVUk��rV,gi}�V\pw�

(Qul)`∈L
l�g#u�ceV,giceV·uwgiuryzp��rp�hic0dfp¦dfPSV·��uw��hSVZ}Uprgb�rV,kf��VUgi}UV
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