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Retour sur ’estimation de Koiter

Résumé : Nous démontrons I'existence d’une estimation en énergie entre la solution du probléme
de I'élasticité tridimensionnelle posé sur une coque mince et un déplacement reconstruit a partir de
la solution du modéle bidimensionnel classique de Koiter. La surface moyenne de la coque est une
variété réguliére de dimension deux & bord régulier. L’estimation fait intervenir ’épaisseur de la
coque, des constantes géométriques liées & la surface moyenne de la coque, le chargement, I’énergie
bidimensionnelle de la solution du modéle de Koiter, ainsi que des “longueurs d’ondes" associées a
cette solution. Ce résultat est dans le méme esprit que I’estimation heuristique donnée par Koiter
en 1970. La prise en compte de termes de couches limites au voisinage du bord de la coque permet
d’obtenir une estimation rigoureuse, et optimale dans le cas des plaques et des coques elliptiques.

Mots-clés : Mécanique du solide, Théorie des coques, Développements multiéchelles, Couches
limites
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1 INTRODUCTION

This paper deals with shell theory whose aim is the approximation of the three-dimensional
linear elastic shell problem by a two-dimensional problem posed on the mid-surface. This is an
old and difficult question. As written by KOITER & SIMMONDS in 1972 [21] “Shell theory attempts
the impossible: to provide a two-dimensional representation of an intrinsically three-dimensional
phenomenon.”

Let us recall that a shell is a three-dimensional object characterized by its mid-surface S and
its (half-)thickness ¢. The mid-surface is a two-dimensional manifold embedded in R®. We assume
that S if a ¥ smooth compact orientable manifold with boundary. Let S > P +— n(P) € R3 be
a continuous unit normal field on S. We denote the shell by Q¢ in order to remind the value ¢ of
the thickness parameter which is small enough, 0 < ¢ < €¢, so that the representation

S x (—¢,€) 3 (P,x3) — P + x3n(P) € R3, (1.1)

is a ¥ diffeomorphism onto Q°. In simpler words, Q° is the surface S thickened in its normal
direction by the thickness €. Of course, if S a plane domain, )¢ is a plate.

As material law for the body Q¢, the most standard assumption is to consider the case of
an homogeneous and isotropic material like in the literature quoted below. Such a material is
characterized by its Lamé constants A and u, or, alternatively by its Young modulus E and its
Poisson coefficient v. We are interested by the displacement w solution of the problem (Psp)
consisting of the three-dimensional Lamé system on ¢ with clamped boundary conditions on
its lateral boundary. We consider this u as the “exact” solution and adress the question of the
approximation of u via the solution z of a problem (P,p) posed on the mid-surface S.

Many papers deal with this question. Concerning the classical aspects of the derivation of shell
models, let us quote KOITER [18, 19, 20], JORN [16], NAGHDI [23], NovOZHILOV [25]. Concerning
plates the derivation of the first two-dimensional model is much earlier, see KIRCHHOFF [17].

Most of shell models rely on a 3 x 3 system of equations on S depending on ¢, which can be
written in the form
K(e) := M +&?B (1.2)

where M is the membrane operator on S and B a bending operator. The above authors all agree
about the definition of the membrane operator M. On the contrary, different expression for B can
be found in the literature. The most natural in a geometrical and mechanical point of view, is
the one given by W. T. KOITER (see [19]) but the question of determinating the best model was
very controversial (see in particular [2] and the discussion in [20, 23]). Without special mention,
we always take as K(e) the Koiter operator.

When considering laterally clamped shells, the equation inside S has to be complemented by
the Dirichlet boundary condition and define problem (Pp). The unique solvability of this problem
was proved by BERNADOU & CIARLET [1]. Let z be the solution of problem (Pp). Natural
questions arise:

Q1 Is z itself a “valid” approximation of w ? In what sense 7

Q2 TIs it possible to reconstruct with z only, a three-dimensional displacement U = U(z) which
would be an approximation of w in (relative) energy norm?

To the authors’ knowledge, the first question to be addressed was Q2, by KOITER himself.
Indeed, the energy norm seems the most natural one and the easiest to deal with. But in general
z s not an approximation of w in energy norm but in weaker norms, as stated and proved by
SANCHEZ-PALENCIA [26] and CIARLET, LODS, MIARA [3, 6, 4] who gave answers to question Q1.
Let us go back to Q2, which is our main point of interest.
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4 Dauge & Faou

KOITER proposed for U(z) (which we will also denote by Uz) a modified Kirchhoff-Love three-
dimensional displacement, which we may write as

U(z) := UKL (2) + U™ (2), (1.3)

where UXY(2) is the Kirchhoff-Love displacement associated with z and the complementary term
U™P(z) is a transverse displacement quadratic in the normal variable x3. It is easy to provide
the formulas for UK and U™ in the case of plates: in the situation with zero curvature, we
choose as system of coordinates the Cartesian coordinates (x1,z2,z3) with 1, z2 (also denoted
(zo)) coordinates in the plane containing S and x3 the coordinate in normal direction. The
corresponding components of U are U,, a = 1,2 and Uz and similarly for the components z, and
z3 of z. We have

UKL (2) = 24 — 230423,  US™P(2) =0,
KL cm 2 (1.4)
UKL (2) = 2, US™P(2) = —a3p(dr21 + Oaz2) + 2p(0F + 03) 23,

where p = A(\ + 2u)~!. Formulas for general shells are a natural geometrical extension of these
formulas, see (2.11) later.

In his main papers [19, 20|, KOITER obtained the following tentative energy estimate:

2
Eiolu— (=) = Cs (3 + 5 ) Exol (1.5)

where E§, is the quadratic energy functional associated with the problem (P3p) and E5y is the
quadratic “physical” energy associated with problem (Pp). Moreover 1/R denotes the maximum
principal curvature of S and L a “wave length” associated with the solution z. Indeed L is a
constant appearing in inverse estimates concerning the membrane and bending tensors of z, see
§2.E later.

Let us stress that z depends on ¢, and that the wave length L may also depend on . But
in the situation of plates, L does not depend on ¢ and, of course, % = 0. Two years after the
publication of [19, 20], it was already known that estimate (1.5) does not hold as e — 0 for plates.
We read in [21] “The somewhat depressing conclusion for most shell problems is, similar to the
earlier conclusions of GOL’'DENWEIZER, that no better accuracy of the solutions can be expected

than of order + + &, even if the equations of first-approximation shell theory would permit, in
%'}7

The reason for this is also explained by JOHN [16] in these terms “Concentrating on the inte-
rior we sidestep all kinds of delicate questions, with an attendant gain in certainty and generality.
The information about the interior behavior can be obtained much more cheaply (in the mathemat-
ical sense) than that required for the discussion of boundary value problems, which form a more
“transcendental” stage.”.

. . 2
principle, an accuracy of order £z +

The presence of boundary layer terms for thin plates in the vicinity of the lateral part of the
boundary was already pointed out by GOL’DENWEIZER [14] but a multi-scale asymptotic expansion
combining (for plates) inner (boundary layer) and outer (regular) parts was only available later,
see [22, Ch. 15, 16| and its bibliographical comments. A more specific form adapted for clamped
thin plates is provided by NAZAROV & ZORIN in [24] and DAUGE & GRUAIS in [8]. From these
results we can deduce the sharp estimates for plates, valid for a “standard” load, see [10, §12]

Esp[u — U(z)] <bseE5plz], as e — 0. (1.6)

In (1.6), the factor € in the bound comes from the contribution of the three-dimensional boundary
layer term along the lateral part of the boundary, and bgl has the dimension of a length.

INRIA



Koiter Estimate Revisited 5

For shells, the complexity of a multi-scale analysis (if possible) is much higher. There is at
least one situation where such an analysis was succesfully performed: the case of clamped elliptic
shells. In [12, 13|, FAOU proved that

1. The solution z = 2¢ of the Koiter problem (P>p) has a boundary layer in the vicinity of 9.5
with length-scale /e, which yields that the wave length L is also a O(y/¢),

2. The solution u = u® of the Lamé problem (Ps;p) has a three scale complete asymptotics,
which yields estimate (1.6) again, and it is also sharp. But now, both terms in the sum
2—22 + & are a O(e) and this proves that the first Koiter estimate (1.5) is asymptotically valid
for clamped elliptic shells.

Thus, we may provide a final answer to the validity of an energy estimate if we know complete
asymptotic expansions of the displacement w and of the two-dimensional solution z including
boundary layer terms. In both previous situations it is remarkable that the reconstruction operator
z — Uz is the exactly the same as Koiter’s.

In this paper, our aim is to prove an universal estimate in the spirit of (1.5) without a priori
knowledge of multi-scale expansions for u and z. Our estimate is:

Esp[u — U(2)] < as (Bs(e; z) Esplz] + d*E IHfremHLz(Qs )
) 62 52 erg 52 62 4 27d2j
with BS(€;Z):L_b<1+€_2+r_2+ )+L2+ 2+L6 +ZL2k21 L.7)

where F is the Young modulus, and where, see §2.E for the precise definitions,

a) L is a global wave length for z similar to the one which Koiter used,
b) ¢ is a lateral wave length for z,
¢) Ly is third constant, involved in trace liftings for z,
d) ris a constant depending on the curvature of S,
e) ro = inf(r,1) is a constant having the dimension of a length, and defining the size of a
geodesic tubular neighborhood in the vicinity of 95.
f) dis a constant appearing in the 3D Korn inequalities.
Note that all these constant have the dimension of a length, making the term Bg(e; 2) adimensional.

The term f™™ is the remaining part of the load f when the mean value of f across each fiber is
subtracted from the total load f. The set F' is the finite set

F={(,j4kl)eN* | i+j=k+1<4, i>k and i>1}. (1.8)

Note that the constant ag is adimensional, as the term depending on the load. In [8, 9, 13|, the
following is proved:

e For plates, the three wave-lengths L, ¢, and L, are O(1).
e For elliptic shells, £ and L, are O(1), whereas L is O(v/eRy) where Ry is the curvature radius
along the boundary of S.

In both cases our general estimate (1.7) gives back the optimal estimate (1.6) in the case of standard
loads (where f # f™7). If f is constant along each fiber (which was Koiter’s hypothesis), f™™ is
0: Thus the bound of E§y[u — Uz] depends only on two-dimensional objects. Moreover, we find
the following bound for the difference between the energies of z and Uz:

2

|ESp[Uz] — E5p[2 H<as(R ;) sol2l, (1.9)

RR n° 5430



6 Dauge & Faou

where 1/R is the maximum principal curvature of S. Therefore, if for & small enough ag(e R~ +
e2L7%) is less than 1, estimate (1.7) combined with (1.9) yields the relative energy estimate:

3D [“ - UZ]

B [U7] < 2ag B(e; z). (1.10)

The plan of the paper is the following. We introduce the three- and two-dimensional problems
in §2, their solutions u and z, the different wave-lengths associated with z, and finally the recon-
struction operator z — Uz. In §3, we prove a priori estimates for Sobolev norms of z by Sobolev
norms of its membrane and bending strain tensors v and p. This will serve to convert any norm
of z appearing in our estimates in norms of v and p. After using the wave-lengths, these norms
can be compared to the energy of z. In §5, in a preliminary step, we prove the estimate (1.9)
between the three- and two-dimensional energies. In §6, we describe the strategy of proof of the
main estimate (1.7): We take advantage of the framework developed in [12, 11] combining operator
formal series and inner-outer expansions, and we split our estimates in 2 parts, investigated in §8
and 9.

2 SETTING OF THE PROBLEMS

In this section, we now give precisely our assumptions, the definitions of problems (P3p) and
(Pop) and of the different wave lengths occuring in estimates (1.7) and (1.9). We use everywhere
the convention of repeated indices for the contraction of tensors.

2.A THE THREE-DIMENSIONAL PROBLEM

In all this work {Q2°}_ <&, denotes a family of elastic shells defined for ¢y sufficiently small, made
with an isotropic and homogeneous material characterized by its two Lamé coefficients A and p.
The mid-surface of the shell is represented by a smooth 2-manifold S embedded in R3, compact
with non-empty boundary 95. We stress that no other assumption is made on the geometry of the
surface S. In particular, its main curvatures may have different signs, or even be zero, in which
case the shell is a plate. The domain Q° is then the image of the manifold S x (—&,¢) by the
application :

S x (—¢£,€) 3 (P, x3) — P+ x3n(P) € R, (2.1)
where n is a continuous unit normal field on S. The shell has two faces 'S images by the previous
application of S x {fe} and a lateral boundary I'§ image of 9.5 x (—¢, €). The boundary conditions
applied to the shell are the free traction conditions on the two faces I'Y and the clamped conditions
on I'. The space of admissible displacements is then

VQ)={ueH (Q)® | u=0 on Ij}.
If w and v are two displacements on 2%, we define the energy scalar product
aSp (2, v) = / AV (1) e () AV,
where dV = dt'dt?dt? with {t'} a system of Cartesian coordinates in R?® and where
ATRE = \§1T gk 4 (5P 5Ty 51§k

is the rigidity tensor of the material. The tensor e;;(v) = &(0;v;+0;v;) is the deformation tensor in
Cartesian coordinates, where 9; denotes the derivative with respect to t*. The associated quadratic
three-dimensional energy of a displacement v is then:

3o[v] = a5p(v,v). (2.2)

INRIA



Koiter Estimate Revisited 7

Our “exact solution” w is the displacement solution of the variational problem :

(Psp) Find u € V(Q°) such that Vv € V(Q°), a5p(u,v)= frvdy,

QE
where f represents the loading force. Of course, u depends on €, but we leave this dependence
implied.

2.B NORMAL COORDINATES AND TENSORS

The shell Q¢ is diffeomorphic to the manifold S x (—¢,¢) via the application (2.1). Any local
coordinate system (x,) on S yields a coordinate system (z,,x3) on S x (—¢,¢) and thus an atlas
on S provides an atlas on £2° whose local maps are U X (—¢, e) where U are the maps of the atlas
on S. Such a coordinate system is called normal coordinate system, and induces a basis for tensor
fields on Q. Moreover we can show that the jacobians of the change of coordinates leave the
transverse component unchanged.

This implies that by fixing indices to the transverse index 3 and by letting other indices vary
as Greek indices, we obtain functions of x3 with values in surfacic tensors. Thus any displacement
(i.e. a 1-form on 2°) v splits into

(i) a surfacic displacement (vy), which means that z3 — (v, (x3)) takes its values in 1-forms on

S.

(#) a function vs, in other words x3 +— v3(x3) takes its values in functions on S.

On the same way, consider the strain tensor e;;. In normal coordinates system, for each fixed
x3 this tensor field splits in es3, which is a function on S, (e,3) which is a covariant tensor of order
1on S, and (eqs) which is a covariant tensor of order 2 on S. These three surfacic tensors depend
smoothly on z3.

2.c THE TWO-DIMENSIONAL PROBLEM

The Koiter operator on S is defined as K(¢) = M + £2B where M is the membrane operator and
B the bending operator. Both of them involve the rigidity tensor M afod corresponding to the
modified Lamé constants A = 2A\u/ (A + 2p) and pu:

2\
MoBos — P _’_guao"ga"‘S + M(a"“’a‘m + aa‘saﬁg)

with aqg the metric tensor on S.

Both operators M and B act on spaces of z = (2o, 23) where (z,) is a 1-form on S and z3 a
function on S. The target space is a space of g = (g,,g3) where (g,) is a 1-form on S and g3 a
function on S.

We denote by H*(S) in a general way the space of 1-forms whose both components belong to
the Sobolev space H*(S). We keep the notation H*(S) for functions. Typical spaces for the z are
H! x L%(S) and H! x H?(9).

The operator M is the operator associated with the bilinear form defined for any z = (z,, 23)
and 1 = (ny,7n3) in H' x L2(S) by

() = aw(zn) = [ M9 505(2) 5(m) 5.
where the membrane strain tensor field

Yap(z) = $(Dazs + Dpza) — bapzs

RR n° 5430



8 Dauge & Faou

is the change of metric tensor. Here b,g is the curvature on S and D, is the covariant derivative
on S.

The operator B is associated with the bilinear form defined for any z and i in H! x H2(S) by

1
() = an(z.m) = 3 [ M7 po(2) prol) 45

where
Pap(z) = DoaDgzs — b3 bopzs + 2 Dgzs + Dab32s
is the change of curvature tensor.

The two-dimensional energy scalar product is defined for z, n € H! x H2(S) by

a‘;D(za 77) = am (Zﬂ?) + 52aB(zvn)' (23)

This bilinear form is associated with the Koiter operator K(¢) = M + £2B. The physical quadratic
energy associated with a displacement z is defined as:

plz] = 2=agp(2,2). (2.4
The right-hand side g = (g5, g3) of the two-dimensional problem (P,p) is defined on S as
1 g

g= % . f(zs) dzs.

The admissible two-dimensional displacement space is H{ x H3(S). The two-dimensional
problem then writes:

Find z € H} x H2(S) such that
¥ € Hy < H3(S). aip(z.m) = [ (™ gamy +g0ms) 0.

The residual load is defined as

(Pp)

19

= f - 2% F(x3)das

—&

In the sequel, we also use the notation X(.S) for all couple (zq, 23) of € 1-form field (z,) and
¢ function zs defined on S. In other words, X(S) = I'(T1.5) x €°°(S) where I'(T1.5) denotes the
space of smooth 1-form fields on S (see [12] for details).

2.0 PHYSICAL DIMENSIONS

We recall here the physical dimensions of the different objects present in the problem. We first
give the dimensions of the 3D objects:

Physical object Notation Dimension
Displacement u m
Volumic force f N.m™3

Energy Esp[u] N.m (Joule)
Deformation eij(u) Adimensional
Material coefficients Ao, E N.m~2 (Pascal)

Table 1. Physical dimensions of the 3D objects

INRIA



Koiter Estimate Revisited 9

In this table, E denotes the Young modulus of the material. We recall that

o HBA+ 2
A+
and 5 5
14
A=——"——— and py=-—"—
1+ v)(1—2v) b= o+
where v is the adimensional Poisson coefficient
A
V= ———-_.
2N+ p)
With these relations we have
~ Ev
= —
1—v
For the surfacic objects, we have similarly
Physical object Notation Dimension
Displacement z m
Volumic force g N.m~3
Energy Exp (2] N.m (Joule)
Curvature bg m~1
Covariant derivative Do m—1
Change of metric tensor Yap(2) Adimensional
Change of curvature tensor Pap(2) m~!

Table 2. Physical dimensions of the 2D objects

Note that in a local coordinate system on S, a partial derivative has the dimension of the
inverse of a length. The expression of the Christoffel symbols
o8 = 4 (Datgs + Opaas — Dsaap)
then shows that they also have the dimension of the inverse of a length. Thus the dimension of
the covariant derivative is coherent.

2.E SOBOLEV NORMS AND WAVE LENGTHS

Let us first recall the definition of the Sobolev norm of a tensor on a manifold. Consider a tensor

field 7 of order p on S written 74, ay...q, in any coordinate system. The norm of 7 at a fixed point
P € S is defined as

2 Qg
_ p
|r|* =71 Tayas---ap-

2
|T|0;S :=/S|T|2d5.

The L2 norm of 7 is defined as

RR n° 5430



10 Dauge & Faou

Similarly we can consider the tensor DT of order p + ¢ written Dg, - ~Dg,Taraya, N any
coordinate system. Thus semi norm of order ¢ of 7 is thus the norm

|7 D[K]T|O;S.

e;s:|

We define similarly the norms || on the lateral boundary 95.

£;08
Before defining the wave length attached to the solution z of (Psp), we introduce a character-
istic wave length depending on S.

Definition 2.1 We define the constant r as the largest constant such that

Vi=1,...,7 r79 > max |[DV~Up| (2.5)
Pe(S)

where b is the curvature tensor. We then define the norm ||T||;r_)s by the expression

¢
M \? i 2
(Ir175) =S 2r? (2.6)
§=0
for any tensor field on S.

Note that with the definition (2.5) the constant r has the dimension of a length, and that we have
r < R where 1/R is the maximum principal curvature of S, as we have [b2| < 1/R. As the covariant
derivative has the dimension of the inverse of a length, we see that all the terms in the sum of the
right-hand side of (2.6) have the same dimension.

Definition 2.2 Let L be an operator acting on tensor spaces on S. We say that L is r-homogeneous
of degree £ if it is a linear combination with adimensional coefficients of terms of the form blIDIK M DLl
with i + k +n+j = £, where bl denote the product of © times the curvature tensor.

With this definition, we have the following estimate: if L is a r-homogeneous operator of degree
{ acting on some tensor field 7, we have

(r)
Lrly, g < A7l

where A is an adimensional constant.

Note that the previous definition extend naturally to operators acting on 3(S). We easily see
that the operator 7,3 and p,g are r-homogeneous operators of orders 1 and 2 respectively. Simi-
larly the membrane is r-homogeneous of orders 2, which means that both surfacic and transverse
components are r-homogeneous of orders 2, and the bending operator is r-homogeneous of orders
4.

Let v and p denote the membrane and bending strain tensors v,g(2z) and peg(z) of the
solution z of problem (Pp). With our notations, we can reformulate Koiter’s definition of the
quantity L in [18, 19] as “the wave length of the deformation pattern of shell theory, defined by the
order of magnitude relations DM~y = O(y/L) and DMp = O(p/L).”

Without being exactly the same, our definitions retain the idea of inverse inequalities for the
membrane and bending strain tensors v and p. We introduce the three constants L, ¢ and L in
the next definitions.

INRIA



Koiter Estimate Revisited 11

Definition 2.3 For z the solution of problem (Pop) we denote by v = va3(2) and p = pas(z) the
membrane and bending strain tensors associated with z. Then we define L as the largest constant
such that there holds, for k < 4

s SL g and ol o <L7Fply o (2.7)

Note that L has the dimension of a length. This global wave length L will be sufficient for an
estimate like (1.9) between the 2D energy of z and its associated reconstructed 3D displacement
U(z). Note that we have the estimate for £ > 0

V4
® o
VIl s < ALY L0 g
=0

and a similar estimate for p, where A is an adimensional constant. We now define a similar wave
length but for the norms on the boundary 05S.

Definition 2.4 With v and p as in Definition 2.3, we define £ as the largest constant such that
there holds

<L and < (7 Ypl

0;0S |p|1;85 (28)

|7|1;BS 0;95 "

The third constant L, is involved in inverse estimates bounding norms on 9S by norms on S.

Definition 2.5 With v and p as in Definition 2.3, we define Ly, as the largest constant such that
there holds

—1/2 —1/2
|7|0;SS SLb / |7|0;S a’nd |p|0;6s SLb / |p|O;S' (29)

The wave length ¢ and L have the dimension of a length. It is clear for ¢, and for L it is due
to the fact that the boundary 05 is one dimensional while the S is two-dimensional.

2.F SHIFTED DISPLACEMENT AND RECONSTRUCTED DISPLACEMENT

Let u the displacement solution of (Psp). We can express this displacement in shifted normal
coordinates introduced by NAGHDI (see [23]) and currently used in shell theory. It appears that
computations are easier when considering the shifted components. That is why we briefly recall
their definition.

Let Y be a vector field on ¢ (i.e. a contravariant tensor of order 1) and let (z,,x3) be a
local normal coordinate system on the manifold S x (—¢,¢). Let x; = (X, %3)(Zq,23) be a local
basis of the space of vector fields induced by the diffeomorphism between Q¢ and S x (—&,¢). In
this basis, Y writes :

Y =Y (zq,23)X0 (Ta, 3) + YB(xa,xg)x;g(xa, x3).

For 3 = 0, the basis (x;(zq4,0)) consists simply of a local basis X, (z4,0) on U and of the normal
vector field x3(zq4,0) = n(x,). However, as U x (—¢,¢) is embedded in R3, this basis extends by
translation over the domain corresponding to U x (—¢,¢) in Q°. Hence, we can decompose Y in
this basis as ~ ~

Y = Y7 (%0, 23)X0 (Ta, 0) + Y3 (20, £3)X3(20, 0).

Using the diffeomorphism (2.1), we can see that we have for all x3

x3(zq,x3) = X3(24,0) and X, (Ta,23) = X, (2q,0) — xgbg(xa)x5(xa, 0),
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12 Dauge & Faou

and this implies the relations

Y3 (20, 23) = Y3(2q,23) and Y (z4,13) = Mg(l‘a,l‘g)yﬁ(l‘a,l‘g),
where pf is the shifter (see [23]) defined by
1o (T, x3) = 67 — w3bj ().

Hence a vector field Y can be represented by its components (Y?) or (Y?) and the shifter
appears as the jacobian of a change of coordinates. Similarly, a displacement (which is a covariant
tensor of order 1) can be represented by its coordinates (v,,v3) along the basis induced by the
diffeomorphism (2.1) or by its coordinates (9,,73) along the coordinates associated with the fact
that S is included in R?, and we have the relations

3 =v3 and 0, = (u1)vgs,

where (1 1)% is the inverse of the shifter.

As they will be of constant use, we will denote by (w,,ws) the shifted components of the
displacement u solution of (Psp), instead of (@, %3). We denote by w the corresponding shifted
displacement.

Let z = (z4,23) be the solution of (Psp). To z, we associate the three-dimensional shifted
displacement Wz defined by the formula

Zo — .2330(7 (Z),
Wz = L2 (2.10)
z3 — 23p7a (2) + 3pral2),
where 0,(z) = Dy23 + %2, and p = A(A + 2u)~L. To this displacement Wz corresponds the
displacement Uz in “unshifted" normal coordinates:
2o — 23(Dg 23 + 2b%24) + 25620,(2),
Uz = (2.11)

2
23 — w3pys(2) + %ppg(z),

3 A PRIORI ESTIMATES

We prove in this section estimates for the Sobolev norms (standard and anisotropic) of any
z = (2o, 23) where (z,) is a 1-form on S and z3 a function on S, first by Sobolev norms of its strain
tensors v := v(2z) and p := p(2z) and then, with the help of its wave length L, by its quadratic

energy E5; (2], cf (2.4).

Lemma 3.1 There exists a positive adimensional constant A such that

(r) _
vee H')I2(S),  lwlly < Al s+ M2l o). (3.1)
Ve e H'x HS),  Jaally < Allely. o+ 20). (3.2)

Proof. In the following, A always denotes an adimensional constant independent of z. We clearly
have
|5(Dazs + Dpza)ly, o < Albly, s+ 12l )
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Koiter Estimate Revisited 13

But, by using the standard Korn inequalities on each map of an atlas over .S, and patching them
together, we obtain the estimate for (z,) € H!(S):

|Z<7|1 ;S — < A(| ( Olzﬁ + Dﬁzfl)|0;s + r_1|Z<7|0;S)7
provided we have taken the maps of the atlas sufficiently small so that the Christoffel symbols are
smaller than r=!. The two previous inequalities give (3.1).

For (3.2), this estimate is an easy consequence of the inequality
- Q)
IDaDgzsly o < Alloly, s+ 1702l g )-
|

From the previous estimates, we are going to deduce bounds for Hzg||(r) and ||23||2r) s by
induction over .
If z € H2 x H'(S), we apply (3.1) to the first order derivatives Dsz, of 2z, and obtain in

particular
IDUDsz | o < A(J7(Dsz)l, g + 1 ' Dszly ).

The commutator of Ds and = is a partial differential operator of order 1 which is r-homogeneous
of order 2: this is due to the fact that the commutator of two covariant derivative DoDg — DgD,
depends only on the Gaussian curvature on S, which is of order less than r—2. We deduce that

_ (r)
|D[1]D520|0;S < A(|D67|0;S +r 1Hz”1;5)'

Whence the estimate )
— r
Hznll2 s S AR g+ rtllzl g )- (3.3)

Then, applying the estimates (3.2) and (3.3) to Dsz and using induction, we find the estimate

for any j > 0:
(n

bl 2y 5 < Al g g+l g+ 21

J+2; s) (3.4)

and
21, s < Allpl, g+ g+ 1200, ) (3.5)

Combining (3.4) and (3.5) for j =k, £ —1,...,0 we obtain for all z € H*3 x H/*+2(9)3

_ (r) —— (r)
I\ZallZH g < (II’YIIZ+2 st el g +r ¢ “ll=ll)" g )- (3.6)
and

(n —— 6
HZ3||4+2 s <A(Ilplu eyl s T = ) (3.7)

We can eliminate the norms || z|| ir) ¢ With the coercivity estimate, see [1]. Indeed we can prove
that ©
— r —
Vz € Hy x H(S), rHlzoll} g + = 3||2 s SAMT g s tely 5) (3.8)

and finally obtain the following result

Proposition 3.2 For any ¢ > 0, there exists a positive adimensional constant A such that for any
z € H} x H3(S) with sufficient regularity there holds:

0 Ly
[EX PR (HVHHQ strtlel, ) (3.9)

and ® ")
r r
||23He+2 g < (HPH 1||’Y||€;S)- (3.10)
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14 Dauge & Faou

Using the relation between A, p and the Young modulus F we see that there exist adimensional
constants a and A such that

aFE <A< AFE and aF < pu<AE.

As E > 0, the definition (2.4) then yields that

Vo, s < AET'e'Esplz] and ply o < AET'e T Espla]. (3.11)
Proposition 3.2 combined with (3.11) yields the following energy estimates for the solution z
of problem (Psp):

Theorem 3.3 Let z be the solution of problem (Pap). For any j < 2 and ¢ < 5, there exists a
positive adimensional constant A such that there holds for any e > 0

L

M2 sy (-2 E 2
(ol 3, 6)" < ABTL7 (172 4 1) (j_zom %) Espl2] (3.12)
and ,
2
(2l o) < AET172072 (14 55) (30 1272 ) Esplal (3.13)

j=

where E is the Young modulus, L is the global wave length of z and r the constant estimating the
curvature, cf Definitions 2.3 and 2.1.

4 KORN INEQUALITIES
We give now Korn inequalities on Q¢ with physical constants. We introduce the constant d
having the dimension of a lentgh and appearing in the Korn inequalities.

Recall that if v is a 1-form field in ¢, it can be split into two parts: a surfacic 1-form field
vq and a function vz on S, both depending on x3. Thus the derivative d3 with respect to x3 and
the covariant derivative D, act on v.

Proposition 4.1 There exists a constant d independent on €, having the dimension of a length,

such that for all v € H(QF) satisfying the boundary condition v re =0, we have
0
2 —1.—-2Fe
[l e, < 4B B
2 —1.—-2Fe
IDav]2y < dEIeE5p0] (4.1)
2 .
||83UHL2(QE) < d*E~le 2EgD[IU]'

Proof. We make the scaling X3 = ¢~ 'r3 mapping the manifold S x (—¢,¢) to the manifold

2:= 5 x(—1,1). In this variable, we write e;;(¢)(v) the deformation tensor image of e;;(v) by the
scaling. We have for example e33(¢)(v) = e~ 1dx,v3. Note that the variable X3 is adimensional,
and that the tensor e;;(¢)(v) is also adimensional.

The lateral boundary I'y = 95 x (—1,1) is the image of I'§ by the scaling. We then define the
space V(Q) ={v e H}(Q) | v ‘Fo = 0}. On the manifold ©, we have the following inequalities
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Koiter Estimate Revisited 15

(see [5]): for all v € V() we have

lol s, < Cre @@l s,
1Dl o < Coe (@@ a0,
10530l oy < Coe lleis @@l 0 -

Using the fact that

Ox,v; = eeiz(e)(v) + O(e||v]| )+ O(g|| Dy

L2 (Q) L2 (Q) )7

we see that the last equation can be replaced by
10x;01 2y < Clalleij (@) ()l 2y -

We get the result after a change of coordinate, taking into account the dimensions of the norms in
the estimates. ]

5 ENERGY OF THE RECONSTRUCTED DISPLACEMENT

Let z = (2,,23) € H2 x H3(S) where (2,) is a 1-form on S and 23 a function on S. The aim
of this section is the comparison between the two-dimensional energy E5p[z] of z and the three-
dimensional energy E5y[Uz] of the associated reconstructed displacement Uz given by (2.11):

2o — 23(Dg23 + 2b%24) + 25620,(2),
Uz =

z2 o
z3 — 23p745 (2) + Sppa(2),

1

In the following, + denotes the maximum principal curvature of S, which means that we have

R
| < 4 everywhere on S. Of course, if S is a plane domain (when the shell is a plate) we have
1
+= = 0.
R

The main result of this section is:
Theorem 5.1 For all z € H? x H3(S), we have the following estimate

2
[ESolU=] — Espl=]| < A5 + =) Esol2l, (5.1)

for an adimensional constant A, where L is the wave length for z defined according to Definition
2.3.

Proof. The proof is organized in three steps.

STEP 1. The proof is easier when using the shifted displacement Wz, see (2.10), corresponding
to the reconstructed displacement Uz. For any three-dimensional displacement u, we recall that
ESplu] denotes its quadratic energy, ¢f (2.2). If w is the shifted displacement associated with u we
denote the corresponding energy by EgD[w] which is defined so that EgD[w] = E5p[u]. Hence we
have

Sp[w] :/ AR (w)ége(w) dV,
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16 Dauge & Faou

where the modified strain €;;(w) is defined so that é;;(w) = e;;(w). In normal coordinates we have
the following expressions for the tensor €;;(w), see [12]:

E(w) = Opws, (5.2)
ég(w) = (0w — 23050, wa + Os(w)), (5.3)
Blw) = y5w)+ Y a5O")§rhw) + Y nai (0" FAT(w), (5-4)

where 03(z) = Dgz3 + b3 20 and Aag(2) = 1(bZDyzp — bGDa 2o ).
Using the definition of the rigidity matrix, we obtain

Expl) = | [+ 2meweb(w) + 2xch(w)es (w) + Aea(w)ef (w)

+ 4p10° (5) 2 (w) & (w) + 28 (w)eG (w) | AV, (5.5)

where a®”(x3) is the inverse of the metric tensor on the surface at the level x3 in the shell.

Thus, we reduce the proof to showing }EgD[Wz] — E5p[2]| is less than the right hand side (5.1). We
note that E5p[z] is associated with the material law of Lamé coefficients 2up and p and writes

sole] = 2¢ [ [2umE(275(2) + 2nd(2)5 (2)]as
3¢ [ [rrnt(afiz) + 2l 3(2)]as. (50

STEP 2. We are going to evaluate E§;[Wz] with the help of the following splitting of Wz into the
sum of a displacement of Kirchhoff-Love type WKLz and of a complementary term W™z which
is a transverse quadratic displacement:

Zg — 230, (2), 0,
WKLz = { (=) and WPz = { .2
23, —x3py5 (2) + Fppa(z).

The following Lemma 5.2 justifies the denomination of the first part WXt z:

Lemma 5.2 For all z € H? x H3(S), we have:
e3(Whtz) = 0.
Proof. It is clear that é3(WXt2) = 0,,23 = 0. Using equality (5.3), we calculate
283 (WKt 2) = —0,(2) + 2303 0a(2) + 0,(2) — 2353 0a(2) = 0.

Hence we have obtained the lemma. [ |

Lemma 5.3 We have the following relations:

GWT™z) = —py3(z) + prspl(z) (5.7)

2
265 (W™ 2) = —a3pDoS(2) + SpDopl(2). (5.8)

Proof. The equation (5.7) is clear. The expression (5.3) of the operator €3 (w) yields (5.8). ®
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Lemma 5.4 We have

o0

&3 (WK z) = 2 (2) — 23(p5 (2) — 26575 (2 Z 3T (PR (=),

and

E (WP 2) = b (2 +le+" (PEm)a(2)

where the tensors (PXY)(z) and (PS™P)(z) satisfy the estimates for all n > 1
om An 1
(PA9) ()], 5 + I(PE™) ()] o < o (Pl s+ B2y 5 ): (5.9)

for an adimensional constant A.

Proof. With expression (5.4) we compute that

Ea(WRt2) = 43 (2) + @3b375 (2) + 23A% 5 (2) — wspy + Y 25T (PR3 (2),
n=1
where the tensors (PX')(z) satisfy estimate (5.9) and where 5,5 = 3(Dafp + Dsbs). But we have
=A% = pj — bz
Thus we obtain the estimate
An 1 1

(Ba) (2o, 5 HIE) 2y, 6 < T (128l 6+ F1211 6+ F512l0,5):

But as for (3.8) we can prove that

1 1 1
sy, 5+ B2l s+ Tal#loss < AP, s + Fh(g, )
and thus we get the first formula. The proof of the second formula is similar. [ ]

STEP 3. Gathering the previous results and setting (P, )(z) = (PKY)(2) 4 (P<™P)(z), we find that

E3(Wz) = —py3(z) + prspl(z),
B(Wz) = —ZpD,2(2) + LpD,pl(2),
EE(Wz) = 22(2) — s (p%(2) — pbirl(2) — 26878 (2)) + 02, wh ™™ (Po)2(2)

where (P,)(z) satisfies the estimate (5.9).

We compute now the different contributions in the integral (5.5). The previous computations
yield a convergent series expansion of each term in powers of x3. Therefore each contribution in
the integral (5.5) has also a convergent series expansion in powers of x3. When integrating with
respect to x3 from —e to ¢, the odd powers of x3 have no contribution. Based on this remark we
immediately obtain, first:

| v amdwaigwz) av = 20 20 [ 50 ds
e S

2\ + 2u)p? /5 s (2)0(2) dS.
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18 Dauge & Faou

And then :

/ 20é5(Wz)é%(Wz)dV = —46)\p/ 'y(‘j(z)'yg(z) ds
€ S

— 40 [ @) 45 + Qe 2)

where

Qulenz) = [ (2a30n () (=) + 26505()

— 202372 (2) (P)}(2) + 27appa(2) (P2);(2) + hot.) dV.
Hence using (5.9) we see that Q1(e, z) satisfies:

S o e 2 e 2
|Q1(Eaz)|SAE(EVY'O;S—F§|7|0;S|p|0;s+ﬁ|p|o;s+ﬁ'ﬁﬂo;s)y

where we used the fact that eR~! < 1. As we have

g3 €2 o

4
3 2
=Ny, 51l s < A(Shl s+ Flelos)
we get using (3.11)
3

Qx| <Ag

Esp(z]-

Similarly we compute that :

/ R (W2)&5(Wz) dV = 2e) /5 12 (2)75(2)dS

+EI [ p(2)0)(2) S + Qale.2)
s
where again we have
€ g
Qale, 2)| < A= Esp2].
We also have
/ 4uaaﬁ(x3)éi(Wz)é%(Wz) dV = Qsl(e, 2),
e
with : ) )
Qs(e,2)| < AB(*]} s +%ll; )

and thus using the definition (2.7) of L and the estimates (3.11),

2
E >
|Q3(e, 2)| < AEﬁ >p[2]-

Finally, we have :

/ 2085 (Wz)el (Wz) dV

o Ap o
= 4pe /S 15 (2)78(2) S + = e /S p%(2)p5(2)dS + Qule, 2)
where again we have the estimate :

Qu(e.2)| < ApEspl2].
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Finally, using the relation :
A —2Xp +p*(A +2u) = 2up,

we find that

E5p[Wz] = 2¢ /

REHOMORE ORI

3¢ [ [rrnt(afiz) + 2n(20()] 45 + Qule ) (510)

where Qo(g, z) is the sum 221:1 Q¢(g, z), and thus

Qole 9l < A(5 + 55 )Esolz).

But, compared with (5.6), the right-hand side of (5.10) writes
Ezplz] + Qol(e, 2).
Hence we have
EgD[Wz] — E3p[2] = Qo(e, 2),
and this yields the result. [ |

Remark 5.5 The part U™z has a significative energy. If we evaluate the energy of UKLz instead
of the full Uz, we obtain the plain strain energy 2eb55(z, z) of z instead of the plain stress energy
2ea5p (2, z): let us recall that cf (2.3)-(5.6)

asp(z,m) = /S M2 (2)75 () + 2u75 (2)75 () dS

+5 / Moa(2)p5(n) + 2upl(2)pf (n) 4S,

and let us define

bip(2.11) = [S M2 () + 272 (2113 () dS

+E / N (2)p)(m) + 21108 (2)03(m) dS.

Using the previous computations, we can show that

e KL e S et o
|E3D[U Z]_26b2D(zaz)|SAE(E|7|O;S+E|F’|O;S)'

|
6 OUTLINE OF THE PROOF OF THE MAIN ESTIMATE
To prove (1.7), we had rather to work with the shifted displacements, i.e. prove that
= _ 2
Solw — Wz] < A (B(e:2) Eple] + dE £, 0 ). (6.1)
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where A is an adimensional constant. Problem (Psp) written with shifted displacements is equiv-
alent to the boundary value problem

lw = f in Q°
Tw = 0 on IS (6.2)
w = 0 on I,

the solution of which is our w in (6.1).

As Wz does not satisfy the lateral boundary conditions in general, we will add a correction
term w" to it so that Wz + w" is zero on I'j.

Let us recall that EgD[w] denotes the energy of the shifted displacement. In a similar way, let
us denote by a5y the energy bilinear form acting on shifted displacements. The plan of the proof
of (6.1) originates from the following

cor

Theorem 6.1 Let w be solution of problem (6.2), z the solution of problem (Ppp) and w™" con-
structed so that Wz + w*" € V(QF). If we have the estimates
Vo e V(QF)  aSp(w — Wz, v) < By ?Egp[v]'/2, (6.3)
and _
Explw ™) < B, (6.4)
then there holds _ )
Esplw — Wz] < (B)? +2B,/%)*. (6.5)

Proof. Let w"" =Wz + w" € V(Q°). Since w — Wz = (w — w"™") + w", we start from the
triangle inequality

EgD[w - Wz]1/2 < EgD[w - wnew]1/2 + EgD[wcor]l/z- (6.6)
The last term of the rhs is bounded by B;/ 2. As for the first one we write

Esplw — w"™"]

— ELED(w _ wnew7w _ wnew)

= a5p(w —Wz,w— w"™) + a5p(w™, w — w"").
Since w — w"" belongs to V(2¢), we may use (6.3) and obtain:
Esplw —w"™] < (By/” + E5plw™]"/?)Esplw — w™]'/,
whence, using (6.4) again
Eplw — w2 < (B}* + B)?).

With (6.6) this gives the estimate (6.5). [ |

Thus, to obtain (6.1), is suffices to prove estimates (6.3)-(6.4) with B, By < Ag(e, z, )
with

As(e, 2, f°™) = Bs(e:2) Explz] + B2, (6.7)

where the symbol f < g means that there exist a numerical adimensional constant A such that

f < Ag and Bg(e; z) is defined in (1.7). In §8, we do this for By and in §9 we construct the
correction term w" and prove that B < Ag(e, z, ).

INRIA



Koiter Estimate Revisited 21

7 FORMAL SERIES

In this section we recall results given in [12, 11] concerning the formal series reduction of the
3D problem. The operators constructed are then used to obtain the estimate.

We consider the 3D operators L and T (see Equation (6.2)) acting on the shifted displacement
w. We make the scaling X3 = ¢ 'z3 in order to write these operators on the manifold Q :=
S x (=1,1). Thus, if L(zn,23;Da,03) denotes the 3D interior operator on Q°f, we define the
operator L(¢) by
L(e)(2a, X3; Da, 0x;) := L(%a,eX3; Do, e 10x, ),
and similarly for T(e).

In [12] we show that the operators L(e) and T(e) expand in power series of e:

L(e) =¢2 ZekLk and T(e)=¢! Zeka,
k=0 k=0

where L¥ and T* are intrinsic operators in €. Note that on the manifold €, the variable X3 and
the partial derivative Jx, are adimensional. Moreover, the expressions of the operators L* and
T* show that these operators are polynomials in X3 and of 03 with coefficients r-homogeneous
operators of degree k.

Now with these expansions, we associate the formal series

Lle] =2 ZekLk and Tle]=¢""! Zska,

k>0 k>0

and we consider the formal series problem

Lielwle] = fle] (7.1)

Tle]lwle] = 0, '
where fle] = 350" f* is a given formal series with 1-form field coefficients and where wle] is
seek as a formal series with 1-form field coefficients. The product between two formal series is the
standard Cauchy product. In the following, we denote by I'(71S) the space of 1-form field on S.
Hence, a displacement independent of X3 as our z belongs to the space X(S) := I'(T1.5) x €=(9).

In [12] we show how the solution of (7.1) reduces to the solution of a two-dimensional problem
posed on the mean surface: There exists formal series operators V[e], Q[e], Ale] and G[e] such that
if z[e] = Y450 €"2" is a formal with coefficients 2* € %(5) satisfying the equation

Alelz[e] = G[e] f[e] (72)
then we can construct a formal series
wle] = V[e|z[e] + Qe f[e] (7.3)

solution of (7.1). Here, the coefficients of the formal series V[e] = Y, ., €"V* are operators acting
on z and polynomials in X3. Actually, the reconstruction operator W: z — Wz coincides with
VO 4+ eV! 4 £2V2 where V? is a part of the full operator V2. Following the proof in [12] we can show
that the operators V¥ = (V£ V’g) are r-homogeneous operators of degree k. Thus the displacement
Wz has indeed the dimension of a length.

The formal series Alg] writes Ale] = M +&2A% + .. where M is the membrane operator, and
as before we can show that the operators AF are r-homogeneous operators of degree k + 2. Hence
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the formal series equation (7.2) involves an operator similar to the Koiter operator. Moreover, we
can estimate the difference A2 — B where B is the bending operator (see [12]). We can in particular
adapt the proof in [12] and show the following estimate: Let z and i € X(5). If n satisfies the
boundary condition n | 55 = 0, then we have

(r)
(A2 = B)zm) | S B (Iv@)5) v,

_ (r) _ — (r) (r)
22 by, + 7 el g+ @ ) L (7

where B is the bending Koiter operator. By definition, the formal series Ale] and V|[e] satisy the
formal series equation:

l_

O,

<

0,
|

—Jo A[E]v

7.5
TlelVIe] = 0, (7:5)

in the space of formal series operators acting on 3(S). Here, the operator & is the natural
embedding operator from 3(S) to (I, %(S)), the space of smooth 1-form field on €.
8 INNER ESTIMATE

In this section, we prove the following result: (6.3).

Proposition 8.1 For v € V(QF), we have the estimate

iSp(w — Wz, 9) < By *E5p0]'/?

where )

By = @B F"2, ) + Bh(e: 2)Eol2), (8.1)
where ) 2 g2 A2 £2id2i

Bg(e:z) = e T e T Z T2k 2l (8.2)

where the set F is given by (1.8).

Before starting the proof of the proposition, let us see that B; in (8.1) satisfies By <
Ag(e, z, f*™). This is clear with the definitions (6.7) of As(e, z, f") and (1.7) of Bs(e; 2).

The leading idea of the proof of Proposition 8.1 is to replace Wz with a reconstructed dis-
placement W%z which contains more terms out of the formal series expansions constructed in
[12, 11], that is

4
WYz = Z e"V'z (8.3)
n=0
where V" are the coefficients of formal series operators V[e] defined in (7.3).

In the following, we denote by '+ the upper and lower faces S x {+1} in the manifold { and
Iy the lateral boundary S x (—1,1). Note that the scaling X3 = e 'z3 induces a diffeomorphism

between 2° and (2. In the following, we do not make differences between 1-form fields on 2° or on
Q.
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By definition we have that

Vw € H(Q°)3, Vv € V(9°),

a5p(w,v) = —e(L(e)w,v) —&(T(e)w,v)

L2(Q) L2(Ty)°

where v is the shifted displacement associated with v.

We first prove the following lemma:

Lemma 8.2 For v € V(Q°), we have the estimate
5o (w — W'z, 0) < By *Esple]'/?
where By is given by (8.1).

Proof of Lemma 8.2. By definition of the operator W%, we have that
— L(e)W = M + £2A?

4
+E(LVAH LV 4 LV 4 LV VO 4 Y T )V, (8.5)
=0

where the operators L*(¢) are of order of derivative 2 in D,, and are of order 0 in € on the manifold
Q.

Similarly, we have
4

~TEW =) T (e)V’
=0

where T'(¢) are operator of order 1 on D, and 0 in e. Using the definition of z, we have
Mz 4 2A%z = g + £2(A? — B)z.
Let v € V(Q°). By definition, we have
asp(w,v) = (f,v)1L2(q¢).-
Thus, we have
&gD(w _Wasyz,,b) = E<f _97U>L2(Q) +€3<(A2 - B)Z,'U>L2(Q)
+et(L'VA2 + L2V32 4+ L3V2z2 + LWV 2 + LVOz, v)12(g) (8.6)
4 T i 4 T i
+e> 3, (Ti(e)V z,v>L2(Q) +e23  (Tie)V z,v>L2(Fi).
The proof of Lemma 8.2 consists in estimating each terms in the previous equation with respect
to E5p[9].
We first give an estimation of the first term in the right-hand side of (8.6):

Sublemma 8.2.1 For v € V(£2¢), we have the estimate:
elf —g.v)r2i) S ATV F 1y . E3plB]'2. (8.7)

Proof of sublemma 8.2.2. Recall that G is the operator defined by (see [12])

1 1
Glf == X3)dX:
f 211f( 3)dX3
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and thus after the change of variable, we have on € that g = G°f. But as G’v is independent of
X3, we compute that we have

|5<f - g,’U>L2(Q)| = |€<f -G'f,v— GOU>L2(Q)| <elf- 9||Lz(Q) v — GOU”LQ(Q) .

Now using the classical Bramble-Hilbert Lemma on (—1,1), using the fact that X3 is an adimen-
sional variable, we get

2
[v GOUHLQ(Q S 10x5[l L2 €||3317||L2(Q€ -
But using Korn inequality (4.1) we have
050112, ., S 2B Egp o],

and finally we find
lv = G|, ) S B2 2ESp 0] 2.

We conclude using /|| f — g||L2(Q) = ||frem||L2(Q€). u

The following sublemma give an estimation for the second term in (8.6):
Sublemma 8.2.2 For v € V(£2¢), we have the estimate:

[£3((A% = B)2,0) 2 | S Bh(52) /25 2]/ 2Esp o], (8.8)
where BL(g; z) is given by (8.2).

Proof of sublemma 8.2.2. Using (7.4), we have for a 3D displacement v satifying the homo-
geneous lateral boundary condition

(A = B)2, 0}y | S B (M@ + 072020+ 07 zsly ) 170 g

L2(©)

_ (r) _
B ) (1Dl ol ) (89)
But recall that for any v we have
Yap(v) = ap(v) — x3(Capvs — 65DV, — %bgDQUG).
Thus we have

V) gy S 08 @) oy + 270l 2y + 7 1Davs 2
and hence using Korn inequalities (4.1) we find
[RTC[FPPS e V2E7V2(1 4 dhr !t 4 d?r ) ESp [v] 2. (8.10)

Using again Korn inequalities in (8.9) we find

| S BB 0]/ (=72 A + 1) v (2)])

‘<(A2_B) ;8

LZ(Q)
_ _ - (r) - (r) — (n
P20+ a4 a2 ) (@) g+ 2zl g+l )
Using (3.8) and the definition of L we find

(A% = B)2, 00 | S BV ESp[0]/2 (42 1 (d + 1 ) (L7 )y (2)]

0;S

+ 21 d T ) (L LT ) ()] g r‘llp(z)lo;s))
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and using (3.11) we find

[£3(A2 — B)2,0)ya | S B2/ 2Esplo]!/2 (21 (d + 1 a3 (L7 1)

L2(Q)
+21+dr 4+ dr ) (L LT R r*lgfl)).
Computing the right-hand side we find

[£((A% = B)2, )y | S as(e. 2)Ep 2] 2ESp 0] 2

L2(Q)
where

as(e,z) =er Y1 +dL7 +drt +d3 LT 4 d%r?)

(L2 LT 2 e dr LR AL e e dr S PR R P - dPr Y,

which can be written
d2\ /e €2 ¢ 2

osex) = (1+ )T+ E+7+ %)

and we get the result. ]
The following result give estimates for the contribution of the terms L'V*z and L2V3z.
Sublemma 8.2.3 For v € V(Q°), we have the estimates

V2 0) | + [V} | S B (e 2) s 211 2ESp 02

where BL(g; z) is given by (8.2).

Proof of sublemma 8.2.3. (i) The operators V2 and V* are polynomials in X5 with 2D operator
coefficients. These operators are r-homogeneous operators of degree 3 and 4 respectively. If A is a
2D operator acting on X(.5), the equation
ag(a) az(@)
et (75 065)

means that the operator A, acting on z € X(S) is of order of derivative less than a,(a) in z, and
less that a,(3) in 23, and similarly, A3 is of order less than az(a) in z, and less that a3(3) in zs.
With these notations, we have (see [12]) that

4 4 3
degV <<3 4>.

Using the expression of the operator L (see [12]),
L},(w) = —pub%0x,wy + (A + p)DyO0x, w3 — Xgubgag(s_wa,

L3(w) = —pbgdx,ws + (A + )74 (Ox,w),

we have
<L1V4z,v>L2(Q) = /JL;(V‘&)U" + L3(Viz)v®)dV
and thus
(L'Vz, U>L2(Q) = /Q(—ubga)QViz + (A + 1)Dy0x,Viz — X5ub% 0%, Vaz)v’dV

+ / (—(\ +2m)b%0x,Viz + (A + p)D*0x, V2 2)vzdV.
Q

Here we used the expression v2(v) = D%, — b%v3 to transform the expression of Liv. In the
following, we set I'g the lateral boundary 95 x (—1,1) of €. Using the fact that v |Fo = 0 we can
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integrate by part with respect to the surfacic derivative D,, and we obtain (we do not write the
dv) :

(L'V'z, v>L2(Q) == / (ub%0x,Vaz + X3ubl 0%, Vaz)v” — / (A + 1) (0x,V32)Dov”
Q Q

= [ 2@ Vit — [ (4 n)(Ex, Vi)D"
Q Q

and hence

<L1V4z,v>L2(Q) =— / (1b%0x,Vaz + z3ub3 0%, Vaz)v” — / 1(0x,V32)blvs
Q Q

- [t s, Vizng (o)~ [ () (0x,VizID s
Q Q

But we have after an integration by parts that

}/ 11(9x, V32)bgvs
Q

Thus we obtain finally

_ (r) _
< B2 (IDavsll ooy + 7 sl ey )

0

(L'Viz,0) E(lzally) s+ zslly) s ) (1IDavll ooy + 110l o)

L2(Q)’ 5
E " —1 O] 811
+E(llzsll ), ¢+ llzally; o) 108 (@)l gy - (8:11)
Using Korn inequalities (4.1) and (8.10) we find
— (r) - (r) — €
UV 2 0) | £ 222 (el g sl g ) (@ drEsp o] /2
+eT12EY2 (|12 1)+ lzally) o ) (1 + 43 2)E5p o] /2.
Using the estimates (3.12) and (3.13) we get

(V12,0 1 | S Esol2]/2ESp 0]/ x

(E*B(r*1 + Lil)(r*1 +er 'L 4 €L72)(d + dzrfl)

+e 21+ d ) (L2 +r 24l B4 el 2 4 6r’1L’2)),
and this yields the result.
(ii) Similarly, using the fact that

and the expression of L? (see [12]),
L2(w) = —puX3c20x,wo + pX300b20x,wp — pbeDyws — ubgbgwa + ADyvS (w)

+2uD o7, (w),

L3 (w) = —pXseqdx,ws + (A + )by (9x, (Xsw)) + pbyg (w) + pD0n (w),
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we have after integration by parts that

(LV3z, ), @ =" / (1X3¢00x,Vaz — nXsbob20x,Viz + pbbeVa 2)v” dV
Q

+ / (ubeViz — Ay (V32))Dyov? dV —/ 2u7% (V32)D v dV
Q Q

_ / (0 200) (205 (XaVE2)o? AV — / (0 + 1), (X3V2.2)) (D7b50%) AV
Q Q

—/(Mvgz)(Dﬁbgv3)dV—/Mea(vi‘z)(D%i‘)dV
Q Q

Using the relation
7PDyws = Tf’yg(w) + begwg

valid for any symmetric tensor 7,3, we find the same estimate as in (8.11), and this yields the
result. ]

End of proof of lemma 8.2. We now prove that the remaining terms in equation (8.6) can be
estimated by terms of the form B (e; 2)'/2E5[2]'/? where the expression of the bound is given by
(8.2). We conclude using the fact that

EgD[@] = E5p[v].

Recall that for all k the operators V¥ are r-homogeneous operators of degree k. The operators L*
and T* act on the surfacic displacements as r-homogeneous operators of degree k but their degrees
of derivative are equal to 2 for k > 2. Moreover, they are homogeneous of degree kK — 2 in the
transverse variable X3. This means after integration by parts that for any v € H*() and w a
homogeneous polynomial in X3, we have the estimate for &k > 2:

(L w, )12y | < P (IDa] gy + ool a ) ) (Datl gy + 7 10l )

Using this estimate we see that for all k > 2 and ¢ >0

‘<Lkviz7v>L2(Q)‘ S ErQ_k”z”Z('ZZl;S (HDO/IU”Lz(Q) + I’_1||’U||L2(Q) )
S BV = Bl

using Korn inequalities (4.1).
This estimate yields immediatly that

V22 4+ LV 2 + LVOz,0) | S €2 B2 (1 + dr ) 21l Esplo] 2,
and using the a priori estimates (3.12) and (3.13) we get

LV LVI2 LV, 0 |
Serlddl+dr ) (T +eL ™+ L7 1+l (1 + Lr_l))E;D[z]l/QEgD[v]l/Q,
and we see easily that the right-hand side is less than
By (s; Z)l/QESD[Z]I/QEgD[U]I/Q,

which yields the result.
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The operators L of the equation (8.6) are power series of the operators L¥. As before, we thus can
show that we have

(T T EViZ )| S B2 (IDavll g + o]

A

L2(Q) L2(Q) )
E2EY2d(1 + dr )| 2] ¢ Esplv]/2,

A

But using (3.12) and (3.13) we see that

(r) 1/2,_-3/2 1 1 1
5 51 £) 5 + ).

5;8 ~ L3 Lr2
and we conclude as before. The estimate for the traction terms involving the operators T'(g) can
be done similarly, and this proves the lemma. [ |

We can now prove the main result of this section.

Proof of Proposition 8.1. Using Lemma 8.2 we have
ap(w —Wz,0) = ap(w —W¥z,0) + a5, (Wz — Wz, D)
S (B E5p Wz — Wea] /2)Egp [o]'/2,
Thus the proposition is proved provided we show
E5p[Wz — Wo2] < By.

By definition, we have
W2 = Wz +viz + V32 + Viz (8.12)
where )
, DS (2),
X (— pb3a(2) - 295 (2)),
We now succesively estimate the energy of the three terms v2z, V3z and V*z.

(i) We have E5plviz] S eBéi; () (v22) | 1
change of variable x3 — X3. Recall that p is adimensional. It is then clear that we have

where €;;(e) is the deformation tensor é;; after the

~ 2 _9 _ 2

JEss @) oy S =22 g

~ 2 _ _ r 2
lEos (@225, S e 20+ 2) ()" and

~ 2 _ 2
lap@ 22 fag S A+ ()"

Hence we have o © o
= — r r
Esplv?z] S e B+ ) ((I1})g)" + (vl s)°)

and hence using the definition of L we have (8.13) after multiplying by .
E5ple?v?z] S 2E(1 + 52r’2)((r*1 T e (S Sy AR L*2)2) |7|(2)_S (8.13)

and thus we have
30[5 v Z] S 35(5 z)E5p 2]

where BL(e; z) is given in (8.2).
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(ii) Again, we have EgD[V3z] < elléij(e) (V3=

estimate for the orders of the derivatives of V3:

s (2 3
degv <<3 2 9

and that V3 is a r-homogeneous operator of order 3. We deduce that

)”?P(Q)' But recall that we have the following

~ _ _ r) 2
23 )V 2) 2y S &2 (I2aly s+ 111215 )

and
las @MV 200 Se2(lzal o+ D)+ (Jzal, o+ 210, )
a3 L2(Q) ~ 3l3.5 2.8 aly. s 3:8
and

. - M \?
12as (V2 ey S (I26l, 5 + N2 )

Hence we have

Ee \3xl < o-1F 210, 2 =), 2
V2] S e B(lmly g izl g ) Fellzal,, g IR

A

- _ 2
eT1E(1 +52 2)(Hz||3r;s) +elzaly,
whence the result after multiplying by €% and using (3.12) and (3.13):
Bsple’V?2] S Bi(es 2)Esp 2]

where BL(e; z) is given in (8.2).

(iii) On the same way, we easily find :

. - " \?2 M \?
2 )V 220y S €2 (121105 )+ (1211 )

- 0 )? 0 )2
vzl s (121 ) +e(l=1)s)

whence the result after multiplying by €® and using (3.12) and (3.13).

and thus

9 ESTIMATE FOR THE CORRECTOR TERM

cor

The goal of this section is to construct a displacement w" satisfying the equation (6.4) for

Bs < Bs(e, z, M), and such that Wz + w®" € V(Q°).

Let us first recall properties of the boundary layer formal series operators introduced in [12, 7].
In the following, we denote by r the geodesic distance in S to the boundary 95, and by s the arc-
length along 9S. We denote by rq the size of the tubular neighborhood in which the coordinate
system (r, s) is defined. It is clear that ro has the dimension of a length and that r( is proportional
to the maximum radius of curvature near the boundary. Thus, we can always assume that r¢o =
inf(r,1).

In [12], we construct a formal series operator acting on 3(S), and taking value in a space of
boundary layer exponentially decreasing with respect to R = r/e. Let us recall this construction.
Consider the coordinate system (7, s, X3) in a neighborhood of T'y in Q. We set R = e~ 'r. The
coordinate system (R, X3, s) is defined on the manifold X x S where £t := R* x I 5 (R, X3) is
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a semi-strip. The boundary of ¥ decomposes into a lateral boundary o := {R = 0} x I and the

two half-lines v+ := Rt x {X3 = £1}. In coordinates (r, s, x3), we write (L, T)(r, s, z3; 0y, 05, 03)

the 3D operators. For ¢ < €¢, we define the operators (£(¢), 7 (¢)) on X x 85 by the formulas
ZL(e)(R, s, X3;0r,0s,0x,) = L(eR, 5,6 X3;6 *0p, 05,6 10x,) and

(9.1)
T (e)(R, s, X3;0r,0s,0x,) = T(eR, 8,6 X3;e L0, 05,6 10x,).

The formal series (Z[¢], 7 [¢]) are then the formal series associated with these operators using the
Taylor expansion in R = 0 and X3 = 0 of the coefficients.

We then write

.,2”[5]:5_225]“.,2”’“ and 9[5]:5_1Z€k9k,

k>0 k>0

where 2% : €% (F x 05)° — €°°(SF x 05)° and T : €% (SF x 95)° — €% (71 x 95)° are
operators of degree 2 polynomials in R and X3. The computations of the first terms #° and .7°
is given in [12].

As in [7], we introduce the following spaces: Let $(XT) be the space of adimensional €
functions ¢ on the semi-strip ¥ except in the non regular points (R = 0, X3 = T1), and such
that ¢ is exponentially decreasing with R in the following sense:

Vi,jkeN, e RFOLOL o€ L2(DT), (9.2)

where § > 0 is a real strictly less than the smallest Papkovich-Fadle exponent (see [15]). Notice
that as the variables R and X3 are adimensional, the functions in (9.2) are all adimensional. In
the neighborhood of the two corners of the semi-strip, we impose the following: if p denote the
distance in ¥ to a point (R = 0, X3 = 11), we suppose that each ¢ in $(XT) satisfies

Vi,jeN, i+j#0,  pTI1oR0%, ¢ € LA(ZT).
We then define the corresponding displacement space
H(E1) = {p = (¢r, s, 3) € HET)?].

As the arc-length appears as a parameter, the natural space in which the equations will be posed

is hence €>° (95, H(21)).

We now define the associated range spaces: We set £(X1) the space of adimensional functions
h € €(X") such that

Vi, jk €N, e RF 0304 1 € L2(XT) and Vi, jeN, p it 0L0% o € LA(ET)

with the same notations. Similarly, we introduce the same space corresponding to the trace oper-
ators on v1: let &(v+) the space of couple of functions ¢* € € (4 ) such that

VikeN, eBREOLYT € L2(y4) and Vi,jeN, ptit2byt e L2 (yy).
We then define the spaces
R(ET) = {v = (Yr, ¥s, ¥3) € R(ET)’},

and

Ay) = {97 = (W v, ¥5) € R
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Thus the operators £° et 79 act on the space € (05, $H(X1)) and take values in €>° (95, K(XT))
and € (85’, ﬁ(’yt)) respectively.

The properties of the operators .Z° and 79 involve the rigid displacement space 3 spanned
by the four following displacements, written in coordinates (R, s, X3) (see [10]) :

1 0 0 —X3
zl=(o0 z2=| 1 z2=1|0 z' = 0 : (9.3)
0 0 1 R

These displacements are in the kernel of the operator (£, .7°) without boundary condition on
the lateral boundary. The operators .2 and 7° have the following property (see for example [10,
section 5)):

Proposition 9.1 Let ¢ € &(Z1), ¥ € K(v+) and v € €=(7,)®. There exist a unique @ €
$H(E1) and a unique Z € 3 such that

Te—2) = ¢° on vy x7-, (9.4)
(4,0—2,"’)|R:O—HJ|70 = 0.

Remark that as Z € 3 the left-hand sides of the two first equations of (9.4) are equals to £°(¢p)
et 79%). The following corollary is clear using the fact that the operator (£°, 7°) does not
depend on s:

Corollary 9.2 If in the previous proposition we have ¥ € € (05, R(XT)), Pt e g™ (05, &(y+))
and v € € (Ty)? then the functions solution of (9.4) are in the spaces @ € € (09, H(ST)) and
Ze€>(05.3).

In [12] this corollary is used to construct two formal series ¥[e] = >°,., " ¥* and d[e] =
D k>0 ekok with coefficients operators

Tk ¥(S) — €98, H(XT)) and oF:%(S) — €(0S,3)

satisfying the formal series equations:

Zle|¥le] = 0,
Tel¥le] = 0, (9.5)
(\II[E] - D[ED |R:O + V[E] |p0 = 0,

in the space of formal series operator acting on ¥(S). These formal series are introduced in order
to compensate the traces of V[e] on the lateral boundary I'g. Indeed, we can show that in general,
if z[e] is a formal series solution of (7.2), the formal series w|e] constructed in (7.3) does not satisfy
the boundary condition w/e] |FO = 0. In [12] we show that if z[¢] satisfies a boundary condition of
the form

0[e]z[e] = blel fle]

we can construct a boundary layer formal series

plel = V[e]z[e] + O[] f[e]
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such that p[e]|,_, + wle] |Fo =0 and (L], T[e])ele] = 0. Here, the formal series hle] and O[]
are constructed in a same way as U[e] and d[¢].

The first terms of the formal series d[¢] are
oz = (ZT |as )zl + (ZS |as )22 + (23 |as )23’
and
'z = (a1 (2) |aS)Z1 + (6:(2) |8S)Z4

where c¢; is an adimensional constant. The first terms of the formal series ¥[e] are ¥° = 0 and
Uhz = (52 |os )Pl Tz = (0u(2)|))Bh and Wiz = (m3(2)|,)B  (96)

where @' = (@L, 7L, 73) is an element of $(X*) independent on e. Moreover, following the result
of Proposition 5.4 in [12], we can show that for all k, we have decompositions:

4

Uz = Z (sz) los ¢ and otz = Z(sz) los z,
= i=1

where for all k, F}, is a finite set. In this decompositions, the functions ¢*7 are adimensional
elements of € (85’,33(2"’)) independent of z and the operators ij and D¥ are r-homogeneous
operators of order k.

In our situation, we will consider formal series U[e] and 9[e] defined by the equation (9.5) with
the truncated formal series W[e] = VO + V! 4 £2V? associated with the operator W instead of V[e].

In this case, we can show that U0 = 0 and ¥' = ! given in (9.6). Moreover, we can easily
show that W3z = (pp%(2) |, )?3 where 3 € H(XT) and that

52 _ «
032 [y = 200(2) |5
where c; is a numerical adimensional constant depending only on A and pu.

Consider now the displacement Wz. As z satisfies the boundary conditions = 0 and

Zlos
Orz3 }as = 0 we have that W,z

re =0. Moreover we have the formula:
0
21 28,2 _ 2.«
W3z |Fo +eVsz |R:0 + U5z |R:O = e%cop(2) |as .

As corrector, we will thus consider the displacement defined as follows: let x(r) be a cut-off
function satisfying x(0) = 1 and x(r) = 0 for r sufficiently large (r > o). We can always suppose
that [0, x(r)] < ry'. We set

cor
87

cor

we =0 and w = x(r)(e¥iz + 2 Wiz — c2cap? (9.7)

|8S)'

Here, the boundary layer terms Wiz and W2z are functions of (e~ 'r, SA,E_l

g x3) and exponentially
decreasing in R = ¢~ !r. Notice that using the expressions of W1 and W%, we verify that w®" has
the dimension of a lenght. By definition, we have that w + w" € V(Q°). It remains to estimate

the energy of w*".

Proposition 9.3 - Let w " defined by the equation (9.7), then we have the estimate

T cor 2 2 _ _ 2 2
Esplw™] S B (7]} o5+ €%lely o5 ) (14232 +2074) + Bt (1]} g+ 220} o)

2
+ Elp|

(65r0r’2(1 + 82I’72)) + EeSro|p) Lag (98)

2
0;0S8
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Using the definitions of L, and ¢, this estimate proves that
E5p[w™] < Bs(e; 2)Esp|2]

where Bg(e; z) is defined by (1.7).
Proof of Proposition 9.3. Using the fact that only the transverse component of w" is non
zero, we have that

Esp[w™] < E||oyus” :

(1 ) uf

2
” L2(Q¢)
We easily see that

2 2
”X(T)EQCng |35 HL2(Qe) S 557ﬁ0|p|0;35
and using the fact that [0, x(r)| < ’I“O_l < r~ !, we have

2 _ 2 2
”aaX(T)EQCng |35 HLz(Qs) S 65 (Tol’ 2|p|0;63 + T0|p|1;35)'

Moreover, by doing the change of coordinates (r,s,xz3) — (R,s,X3) and using the fact that
P35 (R, X3) is exponentially decaying with respect to R and adimensional, we have that

- 2 o 2_ 2
Ix(r)e@32ll a0y = €' /85 /E+ x(eR)Q(ma(Z) |as) P3(R, X5)? dsdRAXs S '] g -

Moreover, using again the fact that |9, x(r)| < ry' <r~!, we have
22 _ 2 2
10X B3zl ey S 21+ A2 o+ s
But similar computations for the terms X(T)SQ\if%Z show that
S0 12 2
MO ZE P

and
2

L2(Q)

2

|0ax(r)e” ¥32] s

_ 2
S+ )ply, 55+ 0ol
and this shows the result. [ |

Using the definition of the wave length L;, and ¢, we deduce the bound (1.7) from the previous
Proposition.

RR n° 5430



34 Dauge & Faou

References

[1] M. BERNADOU, P. G. CIARLET. Sur lellipticité du modéle linéaire de coques de W.T.Koiter.
In R.GrowiINsKI, J.L.Lions, editors, Computing Methods in Applied Sciences and Engineer-
ing, Lecture Notes in Economics and Mathematical Systems, Vol.134, pages 89-136. Springer-
Verlag, Heidelberg 1976.

[2] B. BuDpIANSKY, J. L. SANDERS. On the “best” first-order linear shell theory. In W. Prager
Anniversary Volume, Progress in Applied Mechanics, pages 129-140. Macmillan, New-York
1967.

[3] P. G. CIARLET, V. LoDps. Asymptotic analysis of linearly elastic shells. I. Justification of
membrane shell equations. Arch. Rational Mech. Anal. 136 (1996) 119-161.

[4] P. G. CIARLET, V. LoDs. Asymptotic analysis of linearly elastic shells. ITI. Justification of
Koiter’s shell equations. Arch. Rational Mech. Anal. 136 (1996) 191-200.

[5] P. G. CIaRLET, V. LoDs, B. MIARA. Analyse asymptotique des coques linéairement élas-
tiques. II. Coques en “en flexion”. C. R. Acad. Sci. Paris, Sér. I 319 (1994) 95-100.

[6] P. G. CIARLET, V. Lops, B. MIARA. Asymptotic analysis of linearly elastic shells. II.
Justification of flexural shell equations. Arch. Rational Mech. Anal. 136 (1996) 163-190.

[7] M. DAUGE, , I. DJurDJEVIC, E. FAOU, A. ROSSLE. Eigenmodes asymptotic in thin elastic
plates. J. Maths. Pures Appl. 78 (1999) 925-964.

[8] M. DAUGE, I. GRUAIS. Asymptotics of arbitrary order for a thin elastic clamped plate. I:
Optimal error estimates. Asymptotic Analysis 13 (1996) 167-197.

[9] M. DAuGE, I. GRUAIS. Asymptotics of arbitrary order for a thin elastic clamped plate. IL:
Analysis of the boundary layer terms. Asymptotic Analysis 16 (1998) 99-124.

[10] M. DAUGE, I. GrRuAIS, A. ROsSLE. The influence of lateral boundary conditions on the
asymptotics in thin elastic plates. STAM J. Math. Anal. 31(2) (1999/00) 305-345 (electronic).

[11] E. Faou. Développements asymptotiques dans les coques linéairement élastiques. Thése,
Université de Rennes 1 (2000).

[12] E. Faou. Elasticity on a thin shell: Formal series solution. Asymptotic Analysis 31 (2002)
317-361.

[13] E. FAou. Multiscale expansions for linear clamped elliptic shells. Communications in Partial
Differential Equations 29(11 & 12) (2004) 1799-1845.

[14] A. L. GOL’DENVEIZER. Theory of Elastic Thin Shells. Pergamon, New York 1961.

[15] R. D. GREGORY, F. Y. WAN. Decaying states of plane strain in a semi-infinite strip and
boundary conditions for plate theory. J. Elasticity 14 (1984) 27-64.

[16] F. JOHN. Refined interior equations for thin elastic shells. Comm. Pure Appl. Math. 24
(1971) 583-615.

[17] G. KircHHOFF. Uber das Gleichgewicht und die Bewegung einer elastischen Scheibe. Journ.
Reine Angew. Math. 40 (1850) 51-58.

[18] W. T. KOITER. A consistent first approximation in the general theory of thin elastic shells.
Proc. IUTAM Symposium on the Theory on Thin Elastic Shells, August 1959 (1960) 12-32.

[19] W. T. KOITER. On the foundations of the linear theory of thin elastic shells: 1. Proc. Kon.
Ned. Akad. Wetensch., Ser.B 73 (1970) 169-182.

[20] W. T. KOITER. On the foundations of the linear theory of thin elastic shells: II. Proc. Kon.
Ned. Akad. Wetensch., Ser.B 73 (1970) 183-195.

INRIA



Koiter Estimate Revisited 35

[21] W. T. KOITER, J. C. SIMMONDS. Foundations of shell theory. In E. BECKER, G. K.
MIKHAILOV, editors, Applied Mechanics, Proceedings of the Thirteenth International Congress
of Theoretical and Applied Mechanics, pages 150-176. Springer-Verlag, Berlin 1973.

[22] V. G. MAZ’YA, S. A. Nazarov, B. A. PLAMENEVSKIIL. Asymptotische Theorie elliptischer
Randwertaufgaben in singuldr gestorten Gebieten II. Mathematische Monographien, Band 83.
Akademie Verlag, Berlin 1991.

[23] P. M. NaGHDI. Foundations of elastic shell theory. In Progress in Solid Mechanics, volume 4,
pages 1-90. North-Holland, Amsterdam 1963.

[24] S. A. Nazarov, I. S. ZorIN. Edge effect in the bending of a thin three-dimensional plate.
Prikl. Matem. Mekhan. 53 (4) (1989) 642-650. English translation J. Appl. Maths. Mechs.
(1989) 500-507

[25] V. V. NovozHILOV. Thin Shell Theory. Walters-Noordhoff Publishing, Groningen 1959.

[26] E. SANCHEZ-PALENCIA. Passage a la limite de D’élasticité tridimensionnelle a la théorie as-
ymptotique des coques minces. C. R. Acad. Sci. Paris, Sér. II 311 (1990) 909-916.

CONTENTS
1 Introduction 3
2 Setting of the problems 6
2.a  The three-dimensional problem . . . . . . . . .. ... ... L. 6
2.b  Normal coordinates and tensors . . . . . . . . . ... ... L 7
2.c  The two-dimensional problem . . . . . . .. ... o oo 7
2.d Physical dimensions . . . . .. ... Lo 8
2.e Sobolev norms and wave lengths . . . . . ... ... L oL 9
2.f  Shifted displacement and reconstructed displacement . . . . . . . .. ... ... .. 11
3 A priori estimates 12
4 Korn inequalities 14
5 Energy of the reconstructed displacement 15
6 Outline of the proof of the main estimate 19
7 Formal series 21
8 Inner estimate 22
9 Estimate for the corrector term 29

RR n° 5430



/<

Unité de recherche INRIA Rennes
IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)

Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technop6le de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lés-Nancy Cedex (France)
Unité de recherche INRIA Rhone-Alpes : 655, avenue de I’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Editeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
http://www.inria.fr

ISSN 0249-6399



