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N)ODPRQTS�UWVYX[Z\U^]`_bacPdQeSf_7_c]WQ�g@hGikjmlWnoSd_
prqshut5SRas_7U`vxw�U`v

y7zu{o{|h}qca7~`S�qcSf��OoSRq���OoS��<�*�-�G�}��Z��Gz}�^�Wj�SRq7�}�}�G�3Z��d��{Dzu�GSd_

�����d�R�-�o�}�}� w+S�a
f
g@S7zY{|h}i�]W�Dh}QTj�z}i^jk�

Q[X1, . . . , Xn]
hu�|~oSR�}qsSRS�g|h}no�D~oSd~eg^]

D
zu�D~��u��h}q

t ∈ Q
�

Ht ⊂ Cn
asOoS�O^]^{@Sdqs_cnoqc� z}��S�~oS�¡D�oSf~�g^]

f − t = 0 ¢$£ hG�D_cj�~`Sdq¤z�{|h}i�]^�oh}QTjmzui φ ∈ Q[X1, . . . , Xn]z}�D~�acOoS�Q�zu{o{oj��o�
φ : Cn → C ¢ U^nD{o{@hW_bS�acOoS�jm~`Sfzui I �}SR�DSRq�z-acSf~�gW] 〈L.grad(f) − grad(φ)〉 j�_SflWnoj¦¥§~`j�QTSR�D_cjkhG�Dzui¨�}O@z}_r~`j�QTSR�D_cj�h}�

1
z}�D~�acOoSxj�~`Sfzui

I+ 〈f〉 j�_ª©RSdqch}¥«~`j�QTSR�D_cj�h}�Dz}i ¢�¬ �TacOojm_ª�dz}_cS}�}­�S{Dqch-�^jm~`S7S�®
�RjkSd�Ga$zui��}hGqcjkacODQejm�$ash^h}im_rashe�Rh}QT{on`asS¤asOoSxi�j�Qejkas_�h}�6acOoS3�Rqcjkacjm�Rz}i@{|h}j��Was_/hu�
φ
qsSd_bacqsjm�¯acSf~

ash Ht

­$OoSd�
t→ 0 ¢°�S�{Dqch-�GS�asODz-a���h}qez±�}Sd�oSRqsj�����ODh}jm��S
h}�$z²{@hGjk�Wa�³ qcSf_b{ ¢ z±ikj��oSµ´�acODS�zug|h-�}S�qsSd_cnoika�zu{D{oik]�­$OoSd�

φ
j�_YasOoS
_clWnDz}qcSehu�/acOoSTSdnD��i�j�~oSdzu�2~`jm_5a�zu�D�RSeach�acOoS
��ODhG_cSR�¶{|h}j��Wa
³�qsSd_c{ ¢ asOoS�{oqshut5Sf�¯acj�h}�(h}�(acOoS��ODhG_cSR��ikj��oSf´ ¢ N)OoSd�6�o­�S3{oqch-�^jm~`S3zui��}hGqcjkacOoQ�_/ach
�Rh}QT{on`asS�z-a7i�SdzG_5a$h}�DS3{@hGjk�Wa7j���Sfz}��O���hG�o�oSd��acSf~�Rh}QT{|h}�oSd�Garh}� H0∩Rn

­$Oojm��OTgDz}_cSd~eh}�TasOoS$j�Qe{Dqch-�GSd~T��hGQe{Dn`aszuacj�h}�Thu�|acOoS¤ikj�QTj¦a�_rhu�<asOoS¤��qsjkacjm�Rzui
{|h}j��Was_3h}�)z�{|h}i�]^�oh}QTjmzui>Q�zu{D{ojk�D�±qcSf_5asqcjm�¯asSd~¶ach Ht ¢ N)OoS�­�h}q�_bab¥§�Rz}_cST��h}QT{oi�S�·`jka5]²hu�)h}nDq�zui��}h}¥qsjkacOoQ�_Yj�_�{|h}i�]^�oh}QTjmzui*j��

Dn
jk�(acSdqcQ�_Yhu�)zuqsj¦asOoQTS�asj���h}{|SRq�z-asjkhG�D_Yjk�

Q ¢ °�ST{oqch-�GS�jka3jkQT{oqsh-�}Sf_{DqcSd�Wj�h}n@_$_5asqszuacSR�GjkSf_�gDz}_cSd~�h}��asOoS3nD_cS3hu�*jk�`¡@�oj¦asSd_cjkQ�z}i+zuqsj¦asOoQTS�asj�� ¢ prq�z}��acjm�Rzui�SR·`{@Sdqcj�QTSR�Was_7�Rh}�`¥¡@qcQ¸asOoSd_cS3zuqsS¤asOoSY¡Dqs_ba$zui��}h}qsjkacOoQ�_�~`Sdz}ikj��o�e­$j¦asO�asOojm_/{DqchGgoikSdQ¹QTj¦·`j��o�e{oqszG�¯asj��dzui<S�®
��j�SR�@��]
zu�@~
zG_b]^QT{`ashuacjm�Rz}iki�]�h}{oacj�QTz}i+��hGQT{oikSR·`j¦a5] ¢
º±»W¼<½s¾�¿ �-À��}� y$Sdz}i>_bhGikn`asjkhG�D_d��p�hGik]^�ohGQTj�z}i�_c]`_5asSRQ�_R�+U`jk�o�Gnoimzuqsj¦asjkSf_R� £ hGQe{DikSR·^jka5]²zu�@~²S�®
�RjkSd�Gaz}ik�Gh}qsj¦asOoQ�_
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�
� ����� � � U^hGj¦a
f
no��{|h}i�]W���}QTS�~ozu�@_

Q[X1, . . . , Xn]
~oS�~`SR�Gq���g|h}qs���3{Dzuq

D
SRad�D{|h}nDq

t ∈ Q
�

Ht ⊂ Cn
i�� O^]^{@Sdqs_cnoqc� z}��S3~��R¡D�oj�S�{Dzuq

f − t = 0 ¢ª£ hG�D_bjm~��dqchG�D_�no��{@hGik]^���GQeS φ ∈ Q[X1, . . . , Xn]SRa�i�� zu{o{oi�jm�Rz-asjkhG��{|h}i�]W�Dh}QTj�z}ikS
φ : Cn → C ¢ U^no{o{|hG_ch}�@_�lWnoS�i�� jm~��dz}i I Sd�o�}Sd�D~`q��ª{Dz}q 〈L.grad(f)−

grad(φ)〉 Sf_5a3SdlWnojk¥§~`jkQTSd�D_bj�h}�DSRi¨�6~`S
~`j�QeSd�D_cjkhG� 1
S�a�lWnoSTi�� j�~��dzui

I + 〈f〉 Sf_c_�©dSRqshu¥§~`j�QeSd�D_cjkhG�oSRi ¢U`h}nD_e��Sf_��Rh}�D~`jkacj�h}�@_R�rhG� ��h}nDqc�ojka�~`Sd_ezui��}hGqcjkacOoQTSf_�S�®
�dz}��Sf_��dzuim��noimzu�WaeikSf_�i�jkQTjkacSf_�g|h}qs���dSd_e~`Sd_
{|h}j��Was_$�RqcjkacjmlWnoSd_$~`S

φ
qcSf_5asqcSdjk�WasS�� Ht

lGn@zu�D~
t→ 0 ¢� �¶{oqchGno�}S�SR�D_cnojkacSTlGnDS�{|h}noqYno�(��ODh}jk·����R���dqcjmlWnoS�~ � no�({@hGjk�Wa�³�qsSd_c{ ¢ ~!� no�DSe~`qsh}jkacSµ´$i�S�q��d_cnoikasz-a{Dq��f���d~oSR�Wa�_�� z}{o{oi�j�lWnoS/lGn@zu�D~

φ
Sf_5a*i�S/�Rz}qcq��ª~`S/i�zx~`jm_5a�zu�D�RSªSRn@��i�j�~`j�SR�D�oS�z}n�{|h}j��Ga*��Ooh}jm_cj|³ h}n�imz7{oqshu¥

t5Sf�¯asjkhG��_cnoq7imz
~`qsh}jkacS���ODh}jm_bj�Sf´ ¢ � ����h}noqs�ojkaxzui�h}q�_)~`Sd_xzui��}hGqcjkacOoQTSf_$�Rzuim��nDi�z}�Ga¤z}n�QehGjk�@_$no�±{|h}j��Ga{@zuq7��hGQT{@hW_cz}�GasSY�Rh}�o�DS�·`S�~`S H0 ∩ Rn
qcSd{@hW_cz}�Ga$_cnoq$ikS��dzuim��noi+S�®
�RzG��S3~`S3i�jkQTjkacSd_¤~`S3{@hGjk�Wa�_7��qsj¦¥

asj�lWnoSf_ ¢#" zu�D_ªikSf_r{oj�qsSd_ª�dz}_d�}imz���hGQT{oikSR·`j¦a��¤~`S¤�DhG_ªz}ik�Gh}qsj¦asOoQTSd_*Sf_5a�{@hGik]^�ohGQejmzui�S$SR� Dn
SR�TasSRqsQeS

~oS��oh}Q�goqsS�~ � h}{$�Rq�z-acj�h}�@_7zuqsj¦asOoQ%��asj�lWnoSf_¤~oz}�D_
Q ¢ � �±{DqchGno�}S3{Dz}qxz}jki�ikSdnoq�_¤lWnoS�i�SRnoqY��h}QT{oi�S�·`jka��Sf_5a�QTSRj�iki�SRnoqsS)lGnDS/��Sdiki�S/~oSd_*zui��}hGqcjkacOoQTSf_6qsSR{|hG_szu�Wa�_cnoq�i�� nD_cz}�}S�~ � nD�oS/z}qcjkacOoQ%�RacjmlGnDS/j��`¡D�ojka��f_bj�Q�zui�S ¢& nDSRimlGnDSd_�S�·`{$�RqsjkQTSd�Ga�z-asjkhG�D_���hG�`¡DqsQTSR�Wa�i�� S�®
�dz}��jka��
~oS
��Sd_�zui��}hGqcjkacOoQTSf_YlWnoj�_bhG�Wa�ikSf_3{oqsSRQTjkSdqs_

asqsz}j¦a�zu�Wa��RSd_�{oqsh}goi�PRQTSf_/SRa$Qejk·ozu�Wa'��imz���hGj�_)�Rh}QT{oi�S�·`j¦a��¤asO��RhGqcjmlWnoSxzG_b]^QT{`ashuacjmlWnoSRQTSd�Ga)h}{oacj�QTz}ikS
SRa7{@Sdqb��hGqcQ�z}�D��Sf_/{DqszuacjmlGnDSd_ ¢
(�¿ �f� ½ �*) � � � U^hGikn`asjkhG�D_�q��dSRi�ikSf_R�3U^]`_bacPRQTSf_�{|h}i�]^�oh}QTjmzun`·���U^jk�D�}noimzuqsj¦a��d_d�x�Rh}QT{oi�S�·`j¦a��}��zui��}h}¥
qsjkacOoQTSd_)SR®
�Rz}�RSd_
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w+S�a

f
g|STz�{@hGik]^�ohGQTj�z}i+j��

Q[X1, . . . , Xn]
hu�r~`Sd�}qsSRS�g|h}nD�D~`Sd~²gW]

D
z}�D~��@��h}q

t ∈ Q
� Ht ⊂ Cng|S�acODS3OW]^{|SRq�_bnDqb� zG��S�~`S�¡D�DSd~�g^]

f − t = 0 ¢N)ODS²��h}qsS�hu�YacOojm_�{Dz}{@Sdq�j�_�ach {oqsh-�^j�~`S±z}� z}ik�Gh}qsj¦asOoQ���hGQT{on`acj��o� zua
ikSfz}_ba
h}�oS�{|h}j��Ga�jk� SdzG��O
�Rh}�o�DSd�¯asSd~���h}QT{|h}�oSd�Wa*h}� H0∩Rn

�G­$j¦asOoh}noa>_cQTh^huacOD�oSd_s_*z}_s_bnoQT{`asjkhG�D_�h}� H0
�u­$ODhG_cSªasOoSRhGqcSRacjm�Rzui

�Rh}QT{oi�S�·`jka5]
j�_$zG_b]^QT{`ashuacjm�Rz}iki�]
hG{`acj�Q�zui6zu�@~�­$OohW_bS�{oq�z}��acjm�Rz}i�g@SdODzµ�^jkhGnoq)qcS;?DSd��as_�acODj�_$SR®
��j�SR�D�R] ¢
(�¿ �A@.Bo�`�A@ ¿�C � C À À » �f�u��@.D��6@ ¿!CB¿�E �6F » D�� ¿ � ) » �HG £ h}QT{on`asjk�D�²z-a3ikSfz}_ba�h}�oST{|h}j��Wa�jk�2SdzG��O�Rh}�o�DSd�¯asSd~���h}QT{|h}�oSd�Wa�h}�@z¤qsSdz}iWz}ik�GSRgoq�zujm�ª_cS�a>~`SR¡D�oSd~�g^]�zx_cjk�D�}i�S/SflGn@z-acj�h}��j�_*zxgDz}_cjm�ª_cnogoqsh}n`asjk�oS
ashY_cSR�GSRq�zuiWzui��}h}qsjkacOoQ�_�hu�DS;I|Sf�¯acj��}S�qsSdzui^zui��}Sdgoq�zujm�>�}Sdh}QTS�asqc]�³ _cSRSKJ��6L`�^�d�o�-�}�`�u�`�-�o�0M6No­$ODSRqsS/_bacnD~`]W¥
j��o��_bSdQejk¥§zui��}SRgDqsz}j��3_cS�a�_¤jm_YqcSf~`nD��Sf~�ach�_5asnD~`]�asOoS�qsSdz}i��Rh}no�WacSdqc{@zuqca¤hu�ª_cjk�D�}noimzuqxOW]^{|SRq�_bnDqb� zG��Sd_�´ ¢O¤huasS²zuim_bh2asODz-a�_cnD��O z _bnDgoqchGn`acj��oS±jm_
nD_cSd~ j��PJ ��N¤ach j�QT{oqsh-�}S�{Dzuqcacjmzui £ ]^i�jk�@~`qcjm�Rz}i¤v7i��}Sdgoq�zujm�
" Sd�Rh}QT{|hG_cj¦asjkhG��hGq$jk�QJ < ��N�ash
_5asnD~`]�_cSRQTjk¥«z}ik�GSRgoq�zujm�x_cS�a�_$~`S�¡@�oSd~�g^]�zT_bj��o�GikS�j��oSdlWnDz}ikjka5] ¢
U`jk�D�RS
jka�ODzG_�{oqsh`~`nD��Sf~ z}_c]^Qe{oachuasj��dzui�ik](h}{`asjkQ�z}i/��hGQT{oikSR·`j¦a5]�qcSf_bnDi¦a�_R��­/S
��h^�RnD_�h}�2acODS���qsjkacjm�Rzui
{|h}j��Wa+QTS�asOoh`~ ¢ N)ODj�_+QeSRacOoh`~�jm_6gDzG_bSf~�h}���Rh}QT{on`asjk�o�7acOoS���qsj¦asj��dzuiui�h`��nD_+hu�oz${|h}i�]W�Dh}QTj�z}iuQ�zu{o{Djk�o�qsSd_bacqsjm�¯acSf~�ach H0

qsSdzG��Oojk�D��j¦a�_¤SR·WasqcSdQ�z
h}�±Sfz}��O¶�Rh}�o�DSd�¯asSd~²�Rh}QT{|h}�oSd�Gaxhu� H0 ∩ Rn
z-a�zT¡D�ojkacS

�^noQ�g@Sdqrhu�<{|h}j��Ga�_ ¢ N)O^nD_d�uasOoS${oqsh}goi�SRQ hu����h}QT{onoacj��o��_szuQT{oi�jk�o��{|h}j��Was_rj�� H0∩Rn
jm_>qsSd~`nD�RSd~�ach

_ch}i��}S)zY{@hGik]^�ohGQTj�z}io_b]`_bacSRQ ~`S�¡D�Djk�o�YasOoS7��qsj¦asj��dzui`{|h}j��Was_*hu�@acOoS7�Rh}�D_cjm~`SRqsSd~�{@hGik]^�ohGQTj�z}iWQ�z}{o{oj��o� ¢
¬ ��acOoSY�RzG_bSx­$OoSRqsS H0

j�_)_cQThWh}acO6�^z�©RSRqshu¥§~`j�QTSR�D_cjkhG�DzuiD{@hGik]^�ohGQejmzui<_c]^_bacSdQ¸j�_�{oqsh`~`nD��Sf~
zu�@~�h}�oS
O@z}_$ash��Rh}QT{on`asS�z
q�z-asjkhG�Dzui�{Dzuq�zuQTSRacqsjk©fz-acj�h}�+�@zuim_ch��Rz}iki�Sd~±y7zuacj�h}�Dz}iSR¤�oj��µz}qcjmz-asS�y$Sd{oqcSf_bSd�Wasz-asjkhG�
³M_bSdS�J �2MW�@�0L9Ná´��DhGq7�}Sdh}QTS�asqcjm�YqcSf_bhGikn`asjkhG��³M_bSdS�Jk�f�`�6�µ�^�+�d�o�6�9M^�|�-��Ná´/ash�SR�D�Rh^~oS�acOoS�_ch}i�n`asjkhG��_cS�a7h}�
asOojm_$©RSdqch}¥«~`j�QTSR�D_cj�h}�Dz}i@{|h}i�]^�oh}QTjmzui6_c]^_bacSdQ ¢U`SR�}Sdqsz}i6�-zuqsj�z}�Was_$h}�>acOojm_¤QTSRacOoh`~±ODzµ�GS�g|SRSR�¶{oqch-�^jm~`Sd~�nD_cj��o��Sdj¦asOoSRqx{oqch}t5Sd��acj�h}����no�D��acj�h}�D_x­$OoSd�
H0∩Rn

jm_r�Rh}QT{Dz}��a*z}�D~e_bQTh^huasO�³M_bSdSKJÎ�9N�´�h}q*­$jkacOohGn`aªz}_s_cnoQT{`acj�h}�D_�h}�|��hGQT{Dz}��ac�oSf_c_)³ _cSRSTJ < �`� < �AN
z}�D~UJ �^���9Nª­$Oojm��O(qsSd~onD��S�acOoS
_bacn@~`]±ach²z���hGQT{Dz}��a�qsSdz}i>zui��}SRgDqsz}j��e_bSRa�´xh}q3lWnDzG~`qszuacjm�eQTz}{o{oj��o�G_
³M_bSdSVJÎ�u�D�^�}�-�o� < Ná´ ¢ ° OoSd� H0

jm_*_bQTh^huasO6�-asOoS)­/hGqs_bab¥§�RzG_bSª�Rh}QT{oi�S�·`jka5]�hu�DQThW_5a>hu�@acOoSf_bS)zui��}hGqcjkacODQT_
z}qcSe{|h}i�]W�Dh}QTj�z}i*jk�

Dn ¢ prqcSf��jm_bS�z}�Dzui�]`_bjm_x_cOoh-­ asODz-a�asOoS�g@Sf_5a��Rh}QT{oi�S�·`j¦a5]±jm_�h}goaszuj��oSf~¶j��UJ < �9N ¢X²h}qsSRh-�}Sdqd�|j��¶asOoS�_bQTh^huasO��dz}_cS}��S�®
�RjkSd�Ga3j�QT{oikSdQTSR�Waszuacj�h}�D_YqsS+?DSf�¯acj��o��acOojm_3�ojm��ST��hGQT{oikSR·`j¦a5]¶z}i¦¥
qsSdzG~`]�S�·`jm_5a�³M_bSdS�J <W< Ná´ ¢
¬ ��asOoj�_�{Dzu{|SRq3­�Se��h^�RnD_3hG�¶asOoS
_bjkacn@z-acj�h}�2­$OoSdqcS H0

jm_��ohua�_cQTh^huacO ¢ v¤_c]WQT{`ashuasj��dzui�ik]²hG{`acj�Q�zuiz}ik�Gh}qsj¦asOoQ�_$nD_cjk�D��zu�²j��`¡D�Dj¦asSd_cjkQ�zui*~`SR��h}qsQTzuacj�h}�²z}qcS�z}ikqsSdzG~`]�{Dqch-�^jm~`Sd~�j��XJ �o�|�o�<�}�9N�gDn`a�~oh
�ohua
i�SdzG~Yach7SR®
��j�SR�Wa+j�Qe{DikSdQeSd�Wasz-asjkhG�D_ ¢ N)OoSª�Ri�zG_c_cjm�Rzuiu_bacq�z-asSR�G]x��hG�D_cj�_bas_+jk��_bacnD~o]Wj��o�$asOoSrO^]^{@Sdqs_cnoqc� z}�RS~oS�¡D�oSf~�g^]

f − ε = 0
³ ­$OoSRqsS

ε
jm_¤z}��j��`¡D�Dj¦asSd_cjkQ�zuiá´)­$Oojm��O±jm_¤_cQeh^h}acO6�|��h}QT{onoacS��Rqcjkacjm�Rz}i6{@hGjk�Wa�_

h}�)z�Q�z}{o{oj��o�±qcSf_5asqcjm�¯asSd~(ach�asOojm_�O^]^{@Sdqs_cnoqc� z}��STg^]¶QTSfzu�D_3h}�)z�q�z-asjkhG�Dzui>{@zuq�zuQTS�asqcj�©dzuacj�h}�¶­$jkacO
�Rh^S�®
��j�SR�Was_xj��±acOoS�¡DSdi�~±h}�ªq�z-acj�h}�@zui6��q�z}��acj�h}�D_

Q(ε)
z}�D~²��hGQT{on`acS�acODS�g|h}no�D~oSd~²i�j�Qejkas_Yh}�>acOoSf_bS

�Rqcjkacjm�Rz}i�{|h}j��Was_¤��qchGQ acOojm_Y{Dzuq�zuQTSRacqsjk©fz-acj�h}� ³M_bSdSYJÎ�u�`�5M9N���hGqY~oSR�}SdikhG{oQTSR�Was_xgDzG_bSf~±h}�±asOoSe�ohuasjkhG�
h}��­�SRi�i¦¥§_cSR{Dz}qszuacj��o��SdikSdQeSd�Was_7z}�D~ZJ < �9N6��h}q7~`Sd�}SdikhG{oQTSR�Was_)gDzG_bSf~�hG��pªnoj�_cSRno·�_cSRqsjkSf_/SR·`{Dzu�D_cj�h}�D_�´ ¢[r·^{|SRqsj�QeSd�Was_�³M_bSdS J < �9N�´$ODzµ�GS�_bODh-­$��acODzua7acOoS�jk�WasSRqsQeSf~`jmz-acS�~oz-a�z�hu�r_cnD��O²zu�²z}{o{oqshGz}��O�jm_¤O^no�GS
�Rh}QT{Dz}qcSf~�achTasOoS3h}noac{on`a ¢ N)Oojm_${Dz}qbasj�z}iki�]
S�·`{oimzuj��D_�asOoS�� z}��a7j¦a7jm_7~`jk®
��noika$ach�hGg`asz}jk��zu��S�®
�RjkSd�Gaj�QT{oi�SRQTSR�Waszuacj�h}� z}�d��h}q�~`j��o�(ach�acOoS²z}g@h-�GS�{oqsh`��Sf_c_Th}�xqsSd_ch}i�n`acj�h}� ¢ X±hGqcSdh-�}SRqf�*acODS²~`SR�GqcSdS�h}� ε
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qsSdlWnoj�qsSd~ ach ~`Sfzui7­$jkacO acODSd_cS²��h}QT{onoasz-asjkhG�D_�jm_
Dn

jk� asOoS±­�h}q�_5ac¥«�dz}_cSd_�­$Ooj���O�_c{|h}j�i�_easOoS²gojkab¥
�Rh}QT{oi�S�·`jka5]���hGQe{@zuqsSd~�ash�_bQTh^huasO��dz}_cSd_ ¢v¤��z}i¦asSRqs�Dz-asjk�GS�_bacq�z-asSR�}]�jm_Y{oqchG{@hW_bSf~²j�� J��+N ¢�¬ a���hG�D_cj�_bas_xjk�(acODSeqsSd�Rnoq�_bj��}Se_5asnD~`]±hu��jkQ�goqsj��dz-acSf~_cj��o�}noimzuq+ikh`��jWh}��asOoSªhG�oSrODz}�D~��-zu�@~�acOoS���hGQe{Dn`aszuacj�h}�3hu�o�Rqcjkacjm�Rz}i}{|h}j��Ga�_+h}�oz${@hGik]^�ohGQTj�z}i}Q�zu{o{Djk�o�
qsSd_bacqsjm�¯acSf~�ach±asOoS�qsSR�Gnoimzuq�i�h`��nD_�hu�¤zu� z}ik�GSRgoq�zujm�T�-zuqsjkSRa5]}�*h}�2asOoS�h}acOoSdq�ODz}�D~ ¢ N)ODj�_ezu{o{DqchWz}��OO@z}_xikSfz}~±ash�{oq�z}��acjm�Rz}i�j�QT{oqch-�GSRQTSR�Wa�_�³ _cSRS J < �`� <0< Ná´ ¢ O7SR�GSRqcacOoSdikSf_c_d�<j¦a�_���h}QT{oi�S�·`jka5]�j�_Y�oh}aY­�SRi�i¦¥�Rh}�Wacqsh}i�i�Sd~ ¢N)ODS/�GhGzuiWhu�DacOojm_*{Dzu{|SRq*jm_�achY{oqch-�^jm~`S/z}��z}ik�Gh}qsj¦asOoQ ­$OohG_cS/�Rh}QT{oi�S�·`jka5]3j�_*z}_c]^QT{`ach}acjm�Rzui�i�]YhG{`acj�Q�zui
z}�D~ ­$OohG_cS�{oq�z}�¯asj��dzui${|SRqc��h}qsQ�zu�D�RSd_TqsS+?DSf�¯a�acODj�_
�Rh}QT{oi�S�·`jka5] zµ�}hGj�~ojk�o�2��hGQT{on`aszuacj�h}�D_
h-�}SRq�z}�
j��`¡D�Dj¦asSd_cjkQ�zui�zuqsj¦asOoQTS�asj�� ¢ X±hGqcS�{DqcSf��jm_bSdik]G�+­�S�zuj�Q ash¶~`Sd_cj��}� zu� z}ik�Gh}qsj¦asOoQ ­$OohW_bS
­�h}q�_bab¥§�Rz}_cS
gDj¦ac¥«�Rh}QT{oi�S�·`j¦a5]�j�_�asOoS�_cz}QTSY­$ODSR� H0

j�_$_cQTh^huacO�hGq��Dhua ¢
( � @ C � ¿�C �R��@�� ���6@ ¿�C �0G � noqezu{o{oqshGzG��O ��h}�@_bjm_5a�_�j�� �Rh}QT{on`asjk�o��~`j�qcSf�¯aci�]�acOoS�g@hGno�D~`Sf~ i�jkQTjkas_
³ ­$OoSR�

ε
acSd�D~o_7ach

0
´$hu�*acOoS���qsj¦asj��dzui6{|h}j��Was_7h}�rz�{@hGik]^�ohGQTj�z}i6Q�zu{o{oj��o��qsSd_bacqsj���acSf~�achTacODS�O^]^{@Sdqb¥

_cnoqc� z}�RS�~`SR¡D�oSd~(g^]
f − ε = 0

­$j¦asOoh}noa3�Rh}QT{on`asjk�D��z}�¶j��WacSRqsQTSd~`jmz-asS�q�z-asjkhG�Dzui�{Dz}qsz}QeSRacqsjk©fz-asjkhG�
­$jkacO±�RhWSR®
��j�SR�Was_)j��

Q(ε) ¢
	 j��}Sd�¶z
{|h}i�]^�oh}QTjmzui

φ ∈ Q[X1, . . . , Xn]
��zu�@~¶��hG�D_cj�~`Sdqcj��o��asOoSeQTz}{o{oj��o�

φ : Cn → C
_cSR�D~`j��o�

x ∈ Cn
ach
φ(x)

�|�Rh}�D_cjm~`SRq$��hGq
t ∈ Q

acOoS��Rqcjkacjm�Rz}i6i�h^�RnD_
K(φ,Ht)

h}�
φ
qsSd_bacqsj���acSf~
ash�acOoS #7%:���
� ��#

�"�6/;��� hu� Ht ¢
¬ � K(φ,H0)

jm_$©dSRqshu¥§~`jkQTSd�D_bj�h}�@zui*³�h}q$SdQT{`a5]o´)zu�D~�j¦��acODS3j�~`Sfzui
I
�GSR�oSdqszuacSd~�g^]�


L.
∂f

∂X1
− ∂φ

∂X1
, . . . , L.

∂f

∂Xn

− ∂φ

∂Xn³ ­$OoSRqsS
L
j�_�z²�oSd­ �µz}qcjmzugDikSµ´�j�_�SdlWnojm~`j�QeSd�D_cjkhG�Dzui�zu�D~ O@z}_�~ojkQTSR�@_bj�h}�

1
��hGnoq�¡@qs_ba�qsSd_cnoika�³ _cSRS

N)ODSRh}qsSRQ ��g@Sdikh-­¤´+_5a�z-acSf_6asODz-a�acODS/g|h}no�@~`Sd~�ikj�QTj¦a�_�h}�
K(φ,Ht)

­$ODSR�
t
acSR�@~o_6ash

0
zuqsS/��hG�Waszuj��oSf~

j���acOoS�z}ik�GSRgoq�zujm�7�-z}qcj�S�a5]�zG_c_ch`��jmz-asSd~�asheacOoS3jm~`Sdz}i�


〈f〉 + (I ∩ Q[X1, . . . , Xn])
­$ODj���OTjm_>©RSdqch}¥«~`j�QTSR�D_cj�h}�Dz}i ¢ °�S7{oqsh-�^j�~oS)z}ik�Gh}qsj¦asOoQTj��/ashWhGi�_�ash�{|SRqc��h}qsQ acOojm_ª�Rh}QT{on`a�z-asjkhG�6�}gDzG_bSf~hG� 	 q�
Ggo�oSRqªgDz}_cSd_>z}�D~T�}Sdh}QTS�asqcjm��qcSf_bhGikn`asjkhG� ¢ N)ODS7i�zuabasSRqªz}ik�Gh}qsj¦asOoQTj��$_ch}i�n`acj�h}��~`h^Sf_>�ohua/jk�^�}hGik�GSasOoS3S�·^asqszu¥¨�-zuqsjmzugoi�S

L ¢O¤huasS�acODzuad�Dj���acODS��Rz}_cS3­$OoSdqcS H0
jm_$�oh}a¤_bQTh^huasO�acOoS�_cS�a7h}�>g@hGno�D~`Sf~�i�j�Qejkas_¤hu�

K(φ,Ht)
­$OoSd�

t
acSd�D~o_)ash

0
_bacqsj���aci�]���hG�Waszuj��D_

K(φ,H0) ¢N)ODSR�6�/­/S�nD_cS�acOojm_TqcSf_bnDi¦aTach �Rh}QT{on`asS�zua�ikSfz}_baehG�oS�{@hGjk�Wa�jk� SdzG��O �Rh}�o�DSd�¯asSd~ ��h}QT{|h}�oSd�WaTh}�
asOoS�qcSfzui�zui��}Sdgoq�zujm�7j��W�GSd_bacj��Gzuacj��o��a5­�h��-z}qcjmzu�Was_/hu��acOoS3�Rqcjkacjm�Rz}i|{|h}j��Wa$QeSRacOoh`~�{oqsh}{|hG_cSd~�j��QJ �}�`� < N
³ nD_cjk�o�±lWnDzG~`qszuacjm�eQTz}{o{oj��o�G_�´Yzu�D~ J < �AN¤³ nD_cjk�o�±{Dqch}t5Sd�¯asjkhG�¶��nD�D�¯asjkhG�D_s´Y­$jkacODh}n`a�z}�W](z}_s_bnoQT{`asjkhG�
hG��asOoS�_cQeh^h}acOo�oSf_c_)h}� H0 ¢X²h}qsS�{DqcSf��jm_bSdik]G��­�S±{oqsh-�}S2³ _cSRS¶N)ODSRh}qsSRQ���g@Sdikh-­¤´easODz-a
nD{ ach z �2%+
�%+#,� /Q/�� ��� /&% hu��z2{|h}j��Ga
A = (a1, . . . , an) ∈ Qn

�`asOoS�zui��}Sdgoqsz}j��x�-zuqsjkSRa5]
z}_s_bh`�Rj�zuacSd~
achTasOoS3j�~oSdzui�


〈f〉 +

(

〈L. ∂f
∂X1

− (X1 − a1), . . . , L.
∂f

∂Xn

− (Xn − an)〉 ∩ Q[X1, . . . , Xn]

)
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jm_�©dSRqshu¥§~`jkQTSd�D_bj�h}�@zuiuzu�@~xj��WacSdqs_cSd��as_�Sfz}��O3��hG�o�oSd��acSf~Y�Rh}QT{|h}�oSd�Ga6h}�^acOoSrqsSdz}i}zui��}Sdgoq�zujm��_cS�a H0∩Rn ¢v$~D~`j¦asjkhG�Dzui�i�]}���}j��}SR� zu� z}qcgojkacq�zuqs] {|h}j��Ga
(p1, . . . , pn−1) ∈ Qn−1 z}�D~ nD{ ach z2�}Sd�oSRqsj���i�jk�DSdzuq��O@zu�o�GS�hu�7�-zuqsj�z}goi�Sd_
³ jk� asOoS�_cSdlWnoSdiM����hGq
A ∈ GLn(Q)

�
fA

~`Sd�ohuasSd_�acOoS�{@hGik]^�ohGQejmzui
f(A.X)­$ODSRqsS

X
jm_�acOoS3�GSd�¯ash}q)hu�*j��D~`S�asSRqsQTjk�DzuacSf_s´��`��h}q

i = 1, . . . , n− 2
�^asOoS3jm~`Sdz}i�_�


〈fA, X1 − p1, . . . , Xi − pi〉 + 〈L. ∂f
A

∂Xi+1
− 1,

∂fA

∂Xi+2
. . . ,

∂fA

∂Xn

〉 ∩ Q[X1, . . . , Xn]

asOoS3jm~`Sdz}i 〈f,X1 − p1, . . . , Xn−1 − pn−1〉
zu�@~�asOoS3jm~`Sdz}i�


〈fA〉 +

(

〈L.∂f
A

∂X1
− 1,

∂fA

∂X2
. . . ,

∂fA

∂Xn

〉 ∩ Q[X1, . . . , Xn]

)

z}qcS¶©RSRqshu¥§~`j�QTSR�D_cjkhG�DzuiYzu�D~ acOoS�no�oj�h}��h}��acODSRj�q�zG_c_ch`��jmz-acSf~ zui��}Sdgoqsz}j��²�µz}qcj�S�asjkSf_�j��WacSdqs_cSd��a�SdzG��O
�Rh}�o�DSd�¯asSd~���hGQe{|h}�DSR�Wa$hu� H0 ∩ Rn ³ _cSRS�N)ODSRh}qsSRQ < g|SRi�h-­¤´ ¢
N)ODSR�6�`­�S3{oqsh-�Wjm~`S���hGQe{DikSR·^jka5]
Sf_5asjkQ�z-asSd_���hGq)acOoS3zui��}hGqcjkacODQT_�qsSRi�]^jk�o�ThG��N)OoSdh}qsSRQ �ezu�@~�N)ODSRhu¥
qsSRQ < zu�@~�asOoS7Sdikj�QTjk�Dzuacj�h}�TasSd��Oo�ojmlWnoSd_rhu� Jk��M6N@j��D_c{oj�qcSf~�g^] Jk�f�`�D�µ�^�D�d��N|z}�D~e­$Oojm��O�j�_>�GSR�oSdqsz}ikj�©RSf~
j�� J �G�AN ¢ N)OoSd](~`h±�Dhua�qsSdlWnoj�qcSeasOoS
S�·^asqsz��-zuqsj�z}goi�S L zu{o{|Sdz}qcj��o��jk��asOoS�zug|h-�}S�_baszuacSRQTSd�Ga�_�zu�@~
z}qcS${|h}i�]^�oh}QTjmzui@jk�

n
�GacODSx��hGQT{oikSR·`j¦a5] L h}�6SR�-zui�nDz-asjkhG�Thu� f zu�D~
z}��jk�Wasqcj��D_cj��$�GSRhGQeSRacqsj��$~oSR�}qsSRS δ­$ODj���O�jm_>g|h}no�D~oSd~�g^]
Dn ³�­$OoSdqcS D jm_>asOoS¤~`Sd�}qsSRS$hu�

f
´ ¢ °�S¤�Rh}QT{DzuqsS){oqcSf��jm_bSdik]�acOoSY��hGQe{DikSR·^jka5]h}�/g|huasO�z}ik�Gh}qsj¦asOoQ�_xz}�D~(_cOoh-­ asOoSTh}�oSeqsSRi�]Wj��o��h}��N)OoSRhGqcSdQ < jm_Yg@SRabasSRq�acO@zu�(acOoS�hG�oS�qsSRi�]^jk�D�

hG�(N)OoSdh}qsSRQ � ¢ v�aYimz}_bad��­�ST��h}QT{Dz}qcS�acODS�gojkab¥§��hGQT{oikSR·`j¦a5]±h}�ªacODSTz}ik�Gh}qsj¦asOoQ ­$Oojm��O(��hG�D_cj�_bas_Yj��
z}{o{oi�]^jk�o��asOoS�qcSf_bnDi¦a�_3hu�TJ < �AN/z}�D~(z}�2jk�`¡@�oj¦asSd_cjkQ�z}iªzuqsj¦asOoQTS�asj��T­$jkacO�acODS
h}�oSTqsSRi�]^jk�o��hG�2N)ODSRhu¥
qsSRQ < zu�D~T_cOoh-­ asOoS7imz-acacSRq/_5asqszuacSR�G]�jm_>g@SRabasSRq ¢ v¤��jkQT{oi�SRQTSd�Ga�z-asjkhG�eh}�@asOojm_ªzui��}hGqcjkacODQ�j�_ªzui�qcSfz}~`]
zµ�-z}jkimzugoi�S�j��UJ <0< N ¢ [>·`{|SRqsjkQTSd�Ga�_�ODzµ�}S�_bOoh-­$�(j¦a�ODzG_Yz�{oq�z}�¯asj��dzui�g@SdODzµ�^jkhGnoq�z-a�i�zG_5a3��hGQe{@zuq�zugoi�SasheacOoS�_bacq�z-asSR�}]�{DqchG{@hW_bSf~�j�� Jk�,N�zu�D~�_bhGQTS�acj�QTSd_)jka7j�_7g@SRabacSdq ¢
�����@� C @��G�`�6@ ¿!C ¿!E �6F » D*�
D » ��G N)OoS±�oSR·^a�_bSf�¯acj�h}� jm_
~`SR�GhuasSd~ ach2asOoS±{oqshWh}�xh}��N)OoSdh}qsSRQ �
_baszuacSf~¶zug|h-�}S ¢ U`Sd�¯asjkhG� < j�_�~`Sd�}h}acSd~±ach�acOoST~`Sd_cj��}�¶h}�ªzui��}hGqcjkacOoQ�_Y��hGQe{Dn`acj��o��_cz}Qe{Dikj��o��{|h}j��Was_hG� z±qsSdzui/zui��}SRgDqsz}j��T_cS�a�~`SR¡D�oSf~ g^]�z²_cj��o�}i�S�SdlWnDzuacj�h}� zu�@~�acOoS�{oqch^h}� _3hu�7N)OoSdh}qsSRQ�_��±z}�D~ < ¢U`Sd�¯asjkhG� ��j�_e~`SR�GhuasSd~2ash¶asOoS��Rh}QT{oi�S�·`jka5]2z}�Dzui�]`_bjm_�h}�¤h}nDq�zui��}hGqcjkacODQT_ezu�@~2acOoS���hGQT{Dzuqsj�_ch}� h}�
asOoSd_cS�qcSf_bnDi¦a�_)­$j¦asO�{DqcSd�Wj�h}n@_)­/hGq��`_ ¢
� ���������
	��R
������d� ��	�� ��, ./ ��¯	���.���� ������
�	��
w+S�a

f
g|S�z²{@hGik]^�ohGQejmzui/jk�

Q[X1, . . . , Xn]
hu�¤~`Sd�}qsSRS�g|h}no�D~oSd~ g^]

D ¢	� h}q t ∈ R
�r~`Sd�ohuasS
g^]

Ht ⊂ Cn
acODS3OW]^{|SRq�_bnDqb� zG��S�~`S�¡D�DSd~�g^]

f − t = 0 ¢w+S�a
φ : x ∈ Cn → φ(x) ∈ C

g|S�z�{@hGik]^�ohGQTj�z}irQ�zu{o{oj��o� ¢
� hGq t ∈ R
�
K(φ,Ht)

~`SR�oh}acSf_�acOoS
�Rqcjkacjm�Rz}i<ikh`��n@_)hu�

φ
qcSf_5asqcjm�¯asSd~
ach Ht ¢ N)OoSY��h}i�ikh-­$j��o�eqcSf_bnoika7��ODzuq�z}��acSdqcj�©RSf_rasOoS�g@hGno�D~`Sf~�i�jkQTjkas_$h}�

K(φ,Ht)
­$OoSd�

t
asSR�D~o_�ash

0 ¢
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� F »^¿ � » ��� 3 %+	
L

�&% � 
�%�������#,� � �+� %�� ��
	�
I ⊂ Q[L,X1, . . . , Xn]

�&%�	 � %Y�
�0%&���S�W%;
�%;#7��	 %�� �;(
	 � % ������(�
����4� ����-+���4����(
�

L.
∂f

∂X1
− ∂φ

∂X1
, . . . , L.

∂f

∂Xn

− ∂φ

∂Xn���A�0���9�;%
I
� �4%��;�
����������%+
��&� ��
������ � �9��������%+
��&� ��


1
� ��
	�

K(φ,H0)
� ���A%+#7����������%+
��,� ��
�����������%+
��

	 � % �&���

��0%�� � ���1��	��Q� -
K(φ,Ht)

� � %;

t
	:%;
	��� 	:�

0
��#*%Q/&��
�	 ����
�%�� ��
 	 � % ��� �W% �+#*��� /�����#,� %;	�(

���&�+�A/;� ��	 %��Y	 ��	 � %��
�0%&���

I0 = 〈f〉 + (I ∩ Q[X1, . . . , Xn]) ⊂ Q[X1, . . . , Xn]

��
	�
I0
� ���A%;#7� ��������%;
 �,� ��
������

� #7�6� -�� w6SRa
C ⊂ Cn+1 g|SYacOoS��Rnoqc�GSY~oS�¡D�oSf~�g^] I � Π : Cn+1 → Cn
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h-�GSRq$zu��j��`¡D�ojkacSf_bj�Q�zui+z}qcjkacOoQTSRacjm� ¢*¬ �±_bSf�¯acj�h}���D�`­�S3{oqsSd�Rj�_cSRi�]
��hGQe{@zuqsSxg|huasO�_bacq�z-asSR�GjkSf_ ¢
¬ ��acODS$�oS�·^a>{Dzuq�zu�Gqsz}{oO6�µ­�S)~oSd~`nD�RS$zu�ehuacODSRq>zui��}hGqcjkacOoQBash3��h}QT{onoacS7_szuQT{oi�jk�o�Y{|h}j��Ga�_*jk� H0∩RnzG~ozu{oacj��o�3acODS¤­�h}q ��hu� J < �AN|ach�h}noqª{onoqs{@hW_bS ¢�¬ �@_5asSdz}~Th}�6lGn@z}~`q�z-asj��$Q�z}{o{oj��o�G_d�}­�S¤nD_cS7SR·`�Rikn@_bj��}Sdik]{Dqch}t5Sd�¯asjkhG�
��no�@�¯acj�h}�@_R�o­$ODj���O±zuqsSYikj��oSdz}q ¢
� �A@ C ��D�� ¿��f» �u�A@ ¿�CHE � C �u�A@ ¿�C �WG 	 jk�GSR�±zeQTzuacqsj¦·

A
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GLn(C)

�o­�S3~`SR�DhuacS3g^]
fA

asOoS3{@hGik]W¥
�Dh}QTj�z}i

f(A.X)
zu�@~�gW] HA

t ⊂ Cn
asOoS�O^]^{|SRq�_bnoqc� z}�RS�~`S�¡@�oSd~±g^]

fA − t = 0
³���h}q

t ∈ Q
´ ¢ °�S�Rh}�D_cjm~`SRq$�Rz}�oh}�Dj��dzui�{oqshut5Sf�¯acj�h}�@_ 


Πi : Cn → Ci

(x1, . . . , xn) → (x1, . . . , xi)

	 j��}Sd� zu� zuqsgoj¦asqsz}qc]�{|h}j��Ga
(p1, . . . , pn−1)

j��
Qn−1 zu�@~ z²Q�z-asqcjk· A ∈ GLn(Q)

�>ikSRa
IAi

³���h}q
i = 1, . . . , n− 2

´�g@S�asOoS3j�~oSdzui�

(

〈L. ∂f
A

∂Xi+1
− 1,

∂fA

∂Xi+2
, . . . ,

∂fA

∂Xn

, X1 − p1, . . . , Xi − pi〉 ∩ Q[X1, . . . , Xn]

)

IAn−1

g|S�acOoS3jm~`Sfzui 〈X1 − p1, . . . , Xn − pn〉
z}�D~

IA0
g@S�asOoS3j�~oSdzui�


(

〈L.∂f
A

∂X1
− 1,

∂fA

∂X2
, . . . ,

∂fA

∂Xn

〉 ∩ Q[X1, . . . , Xn]

)

� F »^¿ � » ��� 3 %+	
(p1, . . . , pn−1)
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 ��# �;��	 #7��#,(V������
�	 � -
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����� %;#7% %�)W� �&	��K� �S��#,� ������� /;� �9�;%��
�,� �+�;%+	 A � -

GLn(C)
�,��/ � 	 � ��	�-+��#

A ∈ GLn(Q) \ A �)	 ��% �

�� ��
 � -Y	 � % ��� �W% �;#7��� / ����#,� %;	 � %,�
���&�+�A/;� ��	 %�� 	 �Y	 ��%��
�W%&��� � 〈fA〉 + IAi

� -+��#
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� � ���A%+#*� ��������%;
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�������
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%&�W/ �Z/*��
�
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�	 � -T	 � %�#7%&��� ��� �W% �;#7��� /1�;%;	 HA
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N)ODSY{Dqch^hu��hu��acOojm_$qsSd_cnoika)jm_)gDzG_bSf~�hG��asOoS���h}i�i�h-­$jk�o�ei�SRQTQ�z-asz ¢
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�	�� - H0
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Q��# �+��	 #7��#,(Y#7��	�� ��
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p1 ∈ Q
�
C
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�	 %+#&�;%&/;	 �)	 � % ��(*��%+# ��� ��
�%#�0%���
�%�� �;(

X1 − p1 = 0%;� �;%���	 /&��
!	:����
 � � �&���

	�0%�� �����1��	 � -
K(Π1,Ht)

� � %;
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0
�

N)ODSY{Dqch^hu����h}i�ikh-­7_�asOoS3h}�DSYh}�*w+SRQTQ�z��T³M_bSdS3zuim_bh JÎ�u�9N�´ ¢
� #7�6� -�� U^j��D��S

Π1(C)
jm_/�RikhW_bSf~��Wj¦�+jkas_/g|h}no�D~Dzuqs]�jm_ªSdQT{`a5]e��h}q)zu�^]�q�z-asjkhG�Dzui

p1 ∈ Q
�
C
jk�WacSdqs_cSd��as_

asOoS3O^]^{@Sdqc{oimzu�DSY~`SR¡D�oSf~�g^]
X1 − p1 = 0 ¢ U^no{D{@hW_bS3�oh-­ acOoS���qsh}�WasjkSdq�h}� Π1(C)

j�_)�Dhua7SRQT{`a5] ¢
£ ODhWhW_bS p ∈ R /∈ Π1(C)

�r��hG�D_cj�~`Sdq
H
acODS�O^]^{@Sdqc{oimzu�DS�~`S�¡@�oSd~2g^]

X1 − p = 0
zu�@~ M ⊂ CasOoS
_cS�a3hu�){@hGjk�Wa�_�jk�

C
Qej��oj�QTjk©djk�o��asOoS
~`jm_5a�zu�D�RSe��qchGQ

C
ash
H ¢ w6S�a r > 0

g|S
_cnD��O¶asODz-a3asOoS
_cS�a
h}�3{@hGjk�Was_

T = {x ∈ Rn | dist(x,M ≤ r} ~`h^Sd_
�ohua�QTSdS�a (H0 ∩ Rn) \ C ¢ " SR�Dhuacj��o�g^]
T ′ = {x ∈ Rn | dist(x,M} z}�D~ g^] ε z}� j��`¡D�Dj¦asSd_cjkQ�zui¨�ªqsSRQ�z}q��2asODz-aTacODS�_cS�a�h}�x{|h}j��Ga�_
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(Hε ∪H−ε)∩T ′ jm_/jk�`¡@�oj¦asSd_cjkQ�z}iki�]���i�hG_cS H0 ∩T ′ zu�D~�z}qcSx�ohua)z-aªQTj��ojkQ�z}i<~oj�_basz}�D��S$ash H ¢ N)O^nD_asOoSYQej��oj�Q�zui6~`jm_5a�zu�D�RS¤��qsh}Q
(Hε ∪H−ε)∩ T ′ ach H jm_��ohua)h}goaszuj��oSf~
h}�

T ′ ¢ N)O^nD_�jka$j�_�h}goaszuj��oSf~zua7ze�Rqcjkacjm�Rz}i�{@hGjk�Wa7h}�+acODS3{oqch}t5Sd��acj�h}�
Π1

qsSd_bacqsj���acSd~�ach Hε ∪ H−ε ¢ Rx_bj��o�TacODS�acq�zu�D_b��SRq){oqsjk�@��j�{oikSz}�D~�qcSdQTz}q��^j��o��acOoS�z}g@h-�GSxqsSdzG_bhG�o�oj��o��jm_)�-zui�j�~���hGq7zu�^]
r
_cQ�zui�i�SR�ohGno�}O�SR�@~o_)acODS3{oqch^h}� ¢

�N)ODS���h}i�i�h-­$jk�o��ikSdQeQ�z��}SR�DSRq�zui�jk©dSd_)asOoS�z}g@h-�GS�h}�oS ¢ 	 j��}Sd�²zu�¶z}qcgojkacq�zuqs]�{|h}j��Wa (p1, . . . , pn−1) ∈
Qn−1 �o��h}q i ∈ {1, . . . , n− 1} ~`SR�DhuacS3g^] Hi ⊂ Cn

acOoS3j��WacSRq�_cSd�¯asjkhG��h}��asOoS�O^]^{@Sdqc{Di�z}�oSd_$~`SR¡D�oSf~
g^]

X1 − p1 = · · · = Xi − pi = 0 ¢
	/» ��� ��� 35%;	

C
�&%�� /&��
�
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�	S� - H0∩Rn
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Πi(C)
� �K/+�"�9�;%��4��
	� -+��#T��
!(1/&��
�
�%&/+	 %��1/&��������
�%;
�	

C ′ � - (H0 ∩Hi)∩Rn
�
Πi+1(C

′)� ��/;� �9�;%��
�
����%+
��S%+��	 � %;#

C
/&��
�	 ����
�� � �����4��	 � -

K(Π1,Ht)
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t
	:%;
	��� 	 �

0
��# 	 � %;#7%V% )W� �,	 �

i ∈ {1, . . . , n−
2} �&��/�� 	 � ��	 C ∩Hi
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�	 ����
 ��� �*���

	�W%�� �����4��	 � -
K(Πi+1,Ht ∩Hi)

��# Ht ∩Hn−1
�

� #7�6� -�� U`no{o{|hG_cS/��hGqrzui�i
i ∈ {1, . . . , n−1} � Πi(C) = Ri ¢ N)OoSd� C ODzG_>z¤�ohG�`¥«SRQT{`a5]�j��WacSRq�_cSd�¯asjkhG�

­$jkacO H0 ∩Hn−1
­$Oojm��O
jm_�z�¡D�ojkacS�_bSRa�h}�6{@hGjk�Wa�_/�Rh}�Wasz}jk�oj��o��acOoSYg@hGno�D~`Sf~
i�jkQTjkas_�hu� Ht ∩Hn−1 ¢

O¤h-­3�-_bno{D{@hW_bS/acOoSdqcS/S�·`jm_5a�_
i ∈ {1, . . . , n−1} _bnD��O�acODzua Πi(C) 6= Ri zu�D~���h}�@_bjm~`SRq+acOoS�QTjk�DjkQ�noQ

i
��h}qx­$Oojm��O

Πi(C) 6= Ri ¢ y$SdQTz}q���acO@z-a C ∩Hi−1 6= ∅ ¢Y£ h}�D_cjm~`SRq¤z���h}�D�oSd��acSd~¶��h}QT{|h}�oSd�Wa C ′h}�
C ∩ Hi ¢ U^j��D�RS C ′ ⊂ C

zu�@~
Πi(C) 6= Ri

­$Oojki�S
Πi−1(C) = Ri−1 �|acODS�{oqshut5Sf�¯asjkhG�²h}� C ′ hG�asOoS

Xi+1
¥§z-·`j�_)jm_)�oh}a

R ¢
� qsh}Q �oh-­ hG�6�

C ′ jm_�_cSRSR� zG_�z _bSdQejk¥§zui��}SRgDqsz}j���_bSRa�hu� Rn−i
zu�D~ i�S�a

πi+1
g|S�acOoS¶�dzu�ohG�ojm�Rzui

{Dqch}t5Sd�¯asjkhG�
πi+1 : Cn−i → C

_bSd�D~`j��o�
(xi+1, . . . , xn)

ash
xi+1 ¢ X±hGqcSdh-�}SRqf�ªg^] z}_s_bnDQe{oacj�h}�6�

πi+1(C
′)
j�_��RikhW_bSf~ ¢�¬ a�j�_��oh-­ _cn`®
��j�SR�Wa�ash²zu{o{Dik]2w6SdQeQ�z < z}�D~ J < MW�*w6SRQTQ�z2�d��Nrach

C ′ zu�@~
H0 ∩Hi

_cSRSd��zG_$z�O^]^{|SRq�_bnoqc� z}�RSxh}�
Cn−i ¢
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Sing(V)
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� ��#
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	� �,�A�0���9�;%4-+��#
i = 1, . . . , d

	 � %���#7���;%*/;	 � ��
 �
Πi

#7%+�&	 #,� /;	:%�� 	 � 	 � %��S��#,� ������� /;� �9�,�
#7% � -
K(Πi+1,V) \ Sing(V)
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C
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!
�%&/+	 %��Z/&��������
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�	 � - V ∩ Rn
��� ��#
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x
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�	 ��%�-&#7��
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Πi(C)
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x
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Πi(K(Πi+1,V)\
Sing(V))
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x

�&%;� ��
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Πi(Sing(V))

� � � %;#7% �;(Y/&��
 �9%;
�	 � ��

K(Πd+1,V) = V �

°�S¤zG~ozu{`a>asOoS7{oqsh^hu�<hu� J < �^�WprqchG{@hW_bjkacj�h}�
4
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Qi ¢ °�S
{oqsh-�}STjka�g^]�~oSd��qsSdzG_bj��o��j��D~`nD��acj�h}� h}� i =
d, . . . , 1 ¢ � jkq�_5af�<­/S�{oqch-�GS Qd ¢ w+S�a x ∈ Rd g|Sejk�¶acOoS���qchG�Wacj�SRq¤h}� Πd(C) ¢	� ]�zG_c_cnoQT{`asjkhG�6�|acOoSqsSd_bacqsjm�¯acj�h}�±h}�

Πd

ach V ∩ Rn
jm_x{oqchG{@Sdqd�|_bh

x
jm_¤j��±asOoS�j�Q�zu�GS

Πd(C) ¢ N)O^nD_d�D��qsh}Q"asOoS�j�QT{oikjm��jka
��nD�D�¯asjkhG�±acOoSdh}qsSRQ��|SRjkacOoSdq7acODSRqsS�S�·`jm_5a�_¤z
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y ∈ C
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Πd

qcSf_5asqcjm�¯asSd~�ash V _cnD��O±asODz-a
πd(y) = x

hGq)acOoSdqcS�S�·`jm_5a�_$zT_bj��o�}nDi�z}q�{|h}j��Wa
y
_cnD��O�asODz-a

Πd(y) = x ¢ N)Oojm_){oqsh-�}Sd_ Qd ¢°�S3�oh-­ z}_s_bnoQTS
Qi+1

�Dz}�D~�{Dqch-�GS
Qi ¢ w+S�a$asOWn@_ x ∈ Ri

g@S3j���asOoS���qsh}�Wacj�SRq$h}�
Πi(C) ⊂ Ri ¢w+S�a

ϕ
g@S$asOoS${oqshut5Sf�¯acj�h}�

ϕ : Ri+1 → Ri
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(x1, . . . , xi+1)
ach

(x1, . . . , xi) 

��h}q

r > 0
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r
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Cr ⊂ Ri+1 asOoS¤{oqsSRj�Q�zu�GS
ϕ−1(Br)

�o­$Oojm��O�j�_$zT��]^i�jk�@~`SRq ¢
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~`SR¡D�ojkacj�h}�6�o��h}q r > 0
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QTSRS�a�_

C
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QTSRS�a�_
Πi+1(C) ¢ � ��acOoS�h}acOoSdq�O@zu�D~��o_cj��D��S

x
jm_3j��¶asOoS���qsh}�Wacj�SRq�h}�

Πi(C)
�+asOoSRqsSTS�·`jm_5a�_3z�{@hGjk�Wa3jk�

Br

acO@z-a�jm_��ohua
Πi(C)

��_ch�acOoSdqcSTSR·^jm_bas_
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Cr

acODzua3j�_��oh}aYj��
Πi+1(C) ¢ °(S�~`Sf~`nD��SeasODz-a���h}q r > 0

�
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QTSRSRas_xacODS���qsh}�WasjkSdqYh}�
Πi+1(C) ¢
� ]ejk�@~`nD�¯asjkhG�
O^]^{@h}acOoSf_bjm_R�}acOoSdqcS¤S�·`j�_bas_ yr ∈ (K(Πi+1,V) ∪ Sing(V))∩C _cnD��OTacO@z-a

Πi+1(yr) ∈
Cr ¢ v¤{o{oi�]Wj��o� ϕ ��­/S
~oSd~`nD�RS�acO@z-a Πi(yr) ∈ Br ¢ U`jk�D�RS�acODj�_3ODh}im~o_3��hGq�zui�i r > 0

�
x
jm_�j��2acOoS

�RikhW_bnDqcS�h}�
Πi(K(Πi+1,V) ∩ C) ∪ Πi(Sing(V) ¢ � ]�zG_c_cnoQT{`acj�h}�+�+asOoS
qsSd_bacqsj���acj�h}�2hu� Πi

ash±acOoS
!�zuqsj�_��^j¦¥§��i�hG_cnoqsSxh}�

K(Πi+1,V) \ Sing(V)
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x
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Πi(Sing(V)) ¢
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hu�)~`j�QeSd�D_cjkhG�
d
�oasOoSRqsS�SR·^jm_bas_7z !<z}qcjm_��Wjk¥§��i�hG_cSd~�z}ik�GSRgoq�zujm��_bnDgD_bSRa A′ _bnD��O�asODz-a7��hGq¤zu�^] A ∈ GLn(Q) \ A′ zu�@~
i ∈ {1, . . . , d} asOoS¤{Dqch}t5Sd�¯asjkhG�D_ Πi

qcSf_5asqcjm�¯asSd~each�acOoS0!<zuqsj�_��^jD��i�hG_cnoqsS7hu�
K(Πi+1,VA) \Sing(VA)jm_${oqsh}{|SRq ¢ � qchGQ�w6SdQTQTz��o�`��h}q

i = 1, . . . , d− 1
�`jk�

x
g@SdikhG�o�G_�ashTacOoS���qsh}�WasjkSdq$hu�

Πi(C
A)
�`asOoSR�

Sdj¦asOoSRq
x
g@SdikhG�o�G_>ach

K(Πi+1,VA)\Sing(VA)
hGq
x
g|SRi�h}�o�W_

Sing(VA)
­$Ooj���OTODzG_r~`j�QTSR�D_cjkhG�TikSf_c_

asODzu�
d ¢N)O^nD_d�`h}�DS��Rzu��zu{D{oik]
acOoS�j��D~`n@�¯acj�h}��O^]^{@h}acOoSf_bjm_)h}��acODS�_bj��o�Gnoi�z}q)ikh`��n@_)hu� V zu�D~���hG�D��i�nD~`S�asODz-a

asOoSRqsS3S�·`jm_5a�_$z !<zuqsjm_ �^jk¥«�RikhW_bSf~
_bnDgD_bSRa7hu�
GLn(C)

_bnD��O�acO@z-a7��hGq7zu�^]
A′ ∈ GLn(Q) \ A′ zu�D~���h}q

i = 1, . . . , n− 1
acOoS�jkQ�zu�GSd_$h}�*acOoS��Rh}�o�DSd�¯asSd~±�Rh}QT{@hG�oSR�Wa�_$hu�

Sing(V)A
′ g^]

Πi

zuqsS���i�hG_cSd~ ¢�¬ ajm_)�oh-­ _bn`®
�RjkSd�Ga$ash���Ooh^hG_cS
A
_cnD��O�acODzua

A /∈ A ∪ A′ achTSR�D~�asOoS3{oqshWh}� ¢
�

	/» ��� ��� 35%;	
(p1, . . . , pn−1)

�&% ��
 ��# �+��	 #7��#,(1������
!	V� -
Qn−1

��� ��%+#*%Y%�)0� �,	��4� �S��#,� ������� /;� �9�;%��
�,� �+�;%+	 A � -

GLn(C)
�,��/ �Y	 � ��	�-+��#

A ∈ GLn(Q)\A � 	 � %K�
�0%&��� �
IAi

� -+��#
i = 0, . . . , n−1

� ��� ��%
������%;
 �,� ��


1
��
	��	 ��%��
�W%&��� � 〈fA, X1−p1, . . . , Xi−pi〉+IAi

� ���9%�������%;
 �,� ��

0
-+��#

i = 0, . . . , n
�

� #7�6� -�� N)OoS�� zG�¯a$acO@z-a
IAn−1

j�_)©dSRqshu¥§~`j�QeSd�D_cjkhG�Dzui<jm_)h}g^�^jkhGnD_ ¢	 j��}Sd�
(p1, . . . , pn−1)

�|��h}q
i = 1, . . . , n− 2

�
fi

~oSR�oh}acSd_7acOoS�{@hGik]^�ohGQTj�z}i
f
­$OoSdqcS3asOoS��-z}qcjmzugoi�Sd_

X1, . . . , Xj

zuqsSxj��D_basz}�D��jmz-asSd~�ach
p1, . . . , pi ¢/£ h}�D_cj�~oSRq�acOoS3Q�z}{o{oj��o�

ψ : Cn × C → Cn

(x = (x1, . . . , xn), `) →
(

`. ∂f
∂X1

(x), . . . , `. ∂f
∂Xn

(x)
)
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�µ� � ����������� -+%+(�� ��� ��


z}�D~�acOoS3Q�zu{D{ojk�D�G_3³á��hGq
i = 1, . . . , n− 2

´

ψi : Cn−i × C → Cn−i

(x = (xi+1, . . . , xn), `) →
(

`. ∂fi

∂Xi+1
(x), . . . , `. ∂fi

∂Xn

(x)
)

� qsh}Q¹U`z}qs~ � _ªacOoSdh}qsSRQ��}��hGq
i = 0, . . . , n− 2

asOoSRqsSYS�·`j�_ba !<zuqsj�_��^j¦¥§��i�hG_cSd~T_cnogD_cS�a�_ Ai

jk�
Cn−i

_bn@��O
asODz-a$��hGq7zu�^]��}Sf�¯ash}q

(ai+1, . . . , an) ∈ Qn−i \ Ai

acODS3j�~`Sfzui��GSR�oSdqszuacSd~�g^]�

(

L.
∂f

∂X1
− a1, . . . , L.

∂f

∂Xn

− an

)

z}�D~�acOoS3jm~`Sdz}i�_
(

L.
∂fi

∂Xi+1
− ai+1, . . . , L.

∂fi

∂Xn

− an

)

z}qcS�SflWnoj�~ojkQTSR�@_bj�h}�Dz}i/z}�D~2ODzµ�}S
~ojkQTSR�@_bj�h}�
1 ¢(£ h}�D_cjm~`SRqsjk�D��acOoS�_cz}QeS�QTz}{o{oj��o�G_�qcSf_5asqcjm�¯asSd~�achasOoS3qsSR�}nDi�z}q/i�h`��nD_$h}� H0

z}iki�h-­7_/ach�{oqsh-�}SYg^]�acOoS�_szuQTS�­)zµ]TacODzua$acOoS3jm~`Sdz}i�


〈f〉 +

(

〈L. ∂f
∂X1

− a1, . . . , L.
∂f

∂Xn

− an〉 ∩ Q[X1, . . . , Xn]

)

z}�D~�acOoS3jm~`Sdz}i�_

〈fi〉 +

(

〈L. ∂fi

∂Xi+1
− ai+1, . . . , L.

∂fi

∂Xn

− an〉 ∩ Q[X1, . . . , Xn]

)

O@zµ�}S�~`jkQTSd�D_bj�h}�
0
³á��hGq

i = 0, . . . , n− 2
´ ¢

¬ a>jm_*�oh-­ _cn`®
��j�SR�Wa*ach�{|SRqc��h}qsQ�z¤i�j��oSdz}q*��O@zu�o�GS/h}�@�-zuqsj�z}goi�Sd_
A
_bSd�D~`j��o�YacOoS)�}Sf�¯ash}q�_

(a1, . . . , an)
�

. . .
�
(0, . . . , 0, ai+1, . . . , an)

�
. . .
�
(0, . . . , 0, an)

ashTacOoS��dzu�ohG�ojm�Rzui�g@z}_cj�_�ash
SR�D~�asOoS�{oqsh^hu�>zu�D~�ach
qsSRQ�z}q��T��hGq

i = 1, . . . , n− 2
asODz-a$jk�*acOoS3jm~`Sdz}i�_

(

〈L. ∂fi

∂Xi+1
− ai+1, . . . , L.

∂fi

∂Xn

− an〉 ∩ Q[X1, . . . , Xn]

)

³ qcSf_b{ ¢ 〈fi〉+
(

〈L. ∂fi

∂Xi+1
− ai+1, . . . , L.

∂fi

∂Xn

− an〉 ∩ Q[X1, . . . , Xn]
) ´*zuqsS)SdlWnojm~`jkQTSd�D_bj�h}�@zuiozu�@~

O@zµ�}S)~`jkQTSd�D_bj�h}�
1
³�qsSd_c{ ¢ 0

´�asOoSR�eacODS)_szuQTS$��hG�D��i�nD_cjkhG��OohGi�~D_+��hGq*acOoS)jm~`Sdz}i�_
IAi

³�qsSd_c{ ¢ 〈fA, X1−
p1, . . . , Xi − pi〉 + IAi

´ ¢
�

� � ¿6¿�E3¿�E � F »^¿ � » � � G � qsh}Q w6SdQTQTz���zu{o{oi�j�Sd~¶ach H0
z}�D~±ash�Sdz}��O¶OW]^{|SRq�_bnDqb� zG��S H0 ∩ Hi��hGq

i = 1, . . . , n− 1
³ ­$OoSRqsS

Hi

j�_/acODSYO^]^{|SRqs{oi�z}�oS�~`S�¡D�DSd~�gW]
X1 = p1, . . . , Xi = pi

�
p1, . . . , png|SRj��o�²z}qcgojkacq�zuqs]²q�z-asjkhG�Dzuim_s´���acODSRqsS�S�·`j�_bas_�z !<zuqsj�_��^j¦¥§��i�hG_cSd~(_bnDgD_bSRa A ⊂ GLn(C)

_cnD��O�acODzua3��h}q
A ∈ GLn(Q) \ A acOoS���h}�@��i�nD_bj�h}�@_/h}�*w+SRQTQ�z-a�zT��zu�D~ Mez}�D~
asOoSR�²N)ODSRh}qsSRQ[�3Ooh}im~ ¢ N)O^nD_d�o­/Sz}qcS�~`hG�oS ¢

�
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(p1, . . . , pn−1) ∈ Qn−1
�0�W%+
���	 % �;(

fi

� -+��#
i = 1, . . . , n − 1

� 	 ��% � ����(�
����1� ���
f

� ��%+#7%
	 � %���
	�0%;	 %+#,�4��
���	:%+�

X1, . . . , Xi

��#7%���
��,	:��
�	 � ��	 %�� 	:�
p1, . . . , pi

� ��� %;
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fA

i =
∂fA

i

∂Xi+2
= · · · =

∂fA

i

∂Xn

= 0,
∂fA

i

∂Xi+1
6= 0

� -+��#
i = 1, . . . , n − 2

� ��
	�
fA = ∂fA

∂X2
= · · · = ∂fA

∂Xn

= 0, ∂fA

∂X1
6= 0
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�� 	:� � �+��� ��	 %Y	 ��%�#7%&���
#*�6��	 � � -)	 � %��
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fA
n−1
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ε
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 � -+��#�	 ��% ������(�
����4� ��� �,(9�&	 %;���,�

fA

i − ε =
∂fA

i

∂Xi+2
= · · · =

∂fA
i

∂Xn

= 0,
∂fA

i

∂Xi+1
6= 0

� -+��#
i = 1, . . . , n− 2

� ��
	�

fA − ε =
∂fA

∂X2
= · · · =

∂fA

∂Xn

= 0,
∂fA

∂X1
6= 0
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	� /&�������
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ε
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0
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	 � % #7%&���S�;�����
	 � ��
���� -
fA

n−1 = 0
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 	 � %�-+����� ��� ��
2�Z�;%&/+	 � ��
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°�S${oqsh-�^j�~`S)OoSdqcS$�Rh}QT{oi�S�·`j¦a5]�Sd_bacj�QTzuacSf_���h}q>asOoS7zug|h-�}S)zui��}hGqcjkacOoQ�_>�Rh}QT{on`asjk�o�3zuarikSfz}_ba*hG�oS${|h}j��Ga
j���SdzG��O���hG�o�oSf�¯acSf~���h}QT{|h}�oSd�Wa)h}��zTqsSdz}i<z}ik�GSRgoq�zujm�Y_bSRa¤~`S�¡D�DSd~�gW]�zT_bj��o�}i�S�SdlWnDzuacj�h}� ¢N)ODST~oSd_s��qsjk{`asjkhG�¶h}�ªacODSTz}ik�Gh}qsj¦asOoQ�_YqcSdik]^j��o��hG��N)OoSdh}qsSRQ[��zu�@~¶N)OoSdh}qsSRQ < �}j��}Sd�(zug|h-�}Se~`h^Sd_
�Dhua�~`SR{|SR�@~(hG��z}�^]±{oqch`�RSd~`noqsSehu��z}ik�GSRgoq�zujm��SRi�jkQTj��Dz-asjkhG� ¢ � h}i�ikh-­$j��o��acOoS
z}ik�Gh}qsj¦asOoQTj���qsSRQ�zuq �`_h}�ªU^Sd��acj�h}�(�o�@hG�oS��Rz}�²nD_cS 	 q 
}go�oSdq¤gDzG_bSf_7­$Oojm��O²zui�i�h-­:ash���hGQT{on`acSey7z-asjkhG�DzuiSR7�oj��-zuqsj�zuacS�y7SR{`¥
qsSd_cSR�Wa�z-acj�h}����hGiki�h-­$jk�D� J �0L9N�hGq¤�GSRh}QTSRacqsj���qsSd_ch}i�n`acj�h}�@_ ¢)¬ �²g|huasO²gDz}_cSd_d�oasOoS�hGn`ac{Dn`axODzG_)acODS���h}qsQh}�+asOoS���h}i�ikh-­$j��o�Tq�z-acj�h}�@zui<{Dzuq�zuQTSRacqsjk©fz-acj�h}�

q(T ) = 0,











∂q
∂T
.X1 = q1(T )

¢¢¢
∂q
∂T
.Xn = qn(T )

��qsh}Q ­$Oojm��O²hG�oS��dzu�¶�Rh}no�WaYz}�D~±jm_bhGi�zuacS3asOoSeqcSfzui�_ch}i�n`asjkhG�D_¤n@_bj��o�
�-zuqsjmzu�Was_¤hu� Rx_b{|SR�D_��^] � _Yzui��}h}¥
qsjkacOoQ ³M_bSdS J < �,N/zu�@~¶qsS���SdqcSd�D��Sf_¤asOoSRqsSRj��@´xh}q�U^acnoqsQe¥
�xzugojm��OWa3_cSdlWnoSd�D��Sf_T³ _cSRS J M9Nªzu�D~(qsS���SRqsSR�@��Sd_
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asOoSRqsSRj��@´ªjk��acj�QTSx­$Oojm��O
jm_�{@hGik]^�ohGQejmzui|j���acOoS�~`Sd�}qsSRS¤h}�6acODSx{|h}i�]^�oh}QTjmzui
q
jk��acOoS�zug|h-�}S7q�z-asjkhG�Dzui

{@zuq�zuQTS�asqcj�©dzuacj�h}� ¢N)O^nD_d�rasOoS²��hGQT{oikSR·`j¦a5] h}�xhGnoq
zui��}hGqcjkacOoQ�_T~`Sd{@Sd�D~o_�hG� asOoS�h}�oS�hu�YacODS²zui��}SRgDqsz}j���SRi�jkQTj��Dz-asjkhG�
{Dqch`��Sf~`noqsS*­/S>nD_cS ¢ °(Sr��h^�RnD_6hG���}SRhGQTS�acqsjm��qsSd_ch}i�n`asjkhG�D_|��h}q6­$ODj���O�z�asOoSRhGqcSRacjm�Rzuiu�Rh}QT{oi�S�·`jka5]¤qsSd_cnoi¦a­�S¤qsSd�dzui�iDg|SRi�h-­ j�_/{oqsh-�^j�~`Sf~Tjk�ZJk��M6N<z}�D~��GSR�oSdqsz}ikj�©RSf~Tjk��J �G�AN ¢ 	 j��}Sd��z�_c]^_bacSdQ¸hu�+{|h}i�]^�oh}QTjmzuim_rj��
Q[X1, . . . , Xn]

j����GSR�oSdqcjm����h^h}q�~`j��Dz-asSd_

g1 = · · · = gn = 0, h 6= 0

jkaª��hGQT{on`acSf_>zYqszuacj�h}�Dz}iW{@zuq�zuQTS�asqcj�©dzuacj�h}��h}�DacODS7��h}QT{oi�S�·e_bhGikn`asjkhG�e_cS�a>h}�DacODj�_r_c]`_5asSRQ ¢�¬ a*jm_>gDzG_bSf~hG�(z}�¶j��D��qsSRQTSR�Wa�zui*{oqsh^�RSd_s_¤h}�ªi�j¦¡D�D��z}�D~¶j��WacSdqs_cSd��acj�h}�¶�Rh}QT{on`asjk�o��z-a3Sfz}��O¶_bacSd{�z�ikjk�áacSf~(�Rnoqs�}S}�
Sd�D��h`~`Sf~¶g^]¶z�{Dz}qsz}QTS�acqsj�©RSd~¶�}Sdh}QTS�asqcjm��qsSd_ch}i�n`asjkhG�6�<��h}q�asOoS !<zuqsjm_ �^jk¥«�RikhW_bnoqsS�h}�ªacODS�{@hGik]^�ohGQejmzui
_c]`_5asSRQ�_$z-a$­$Oojm��O

n− i− 1
�GSR�oSdqcjm����h^h}q�~`j��Dz-asSd~�zuqsSYj��D_basz}�Gasj�zuacSf~ 


g1 = · · · = gi = 0, h 6= 0

¬ ��asOoS3_bSflGnDSRi¨�`acOoS�lWnDz}�Wacjka5] U(a)
_5a�zu�D~D_���h}q

a log2(a) log(log(a)) ¢
� F »^¿ � » � � 
�� �
� 35%;	

(g1, . . . , gs, h)
�&%
s+1

������(�
����4� ��� �K��

Q[X1, . . . , Xn]

� -��0%:�0#7%&% �*���

	�W%��
�;(
D
�V��
�� L �&%�	 � % /&������� %�)W��	�(Z� -�%,����������	���
��

(g1, . . . , gs, h)
� ���A�0���9�;%

(g1, . . . , gn)
�W% � 
�%+���

#*% �0�
� ��#T�+%��;��%+
�/&%)��
Z	 � %1�*��%+
��,� �,�;%;	 {x ∈ Cn | g 6= 0} �����%+#7%K%�)0� �,	�� � ��#7� �&���;����� �,	�� /)��� �W��#,��	 �
� /&�������
	 ��
2���V�W%&����%;	�#,� /V#7%+�;�����
	 � ��
 � - 	 � % �S��#,� ������� /+�"�9�,�
#7%
� -T	 ��%)�;�����
	�� ��
 �;%;	 � -

g1 = · · · = gs = 0, h 6= 0
��
Q� /&������� %�)W��	�(+� ��	 ����


O
(

n(nL + n4)U(D.δ)2
)

��#,��	 �
��%;	 � /Q�&� %;#7��	�� ��
 �Z��

Q

� � %;#7%
δ
� � 	 ��% ���,)W���4�
� �W% �0#7%&% � - 	 � %��S��#,� ������� /;� �9�,�
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