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Bornes supérieures des distances duales des codes EBCH

Résumé : Nous donnons des bornes supérieures nouvelles pour les distances duales des codes BCH éten-
dus de longueur 512. En premier lieu, nous appliquons ’algorithme probabiliste de Canteaut et Chabaud.
Deuxiémement, nous mettons ces codes en ordre standard des bits et nous utilisons la décomposition des codes
affines-invariants. Nous obtenons ainsi deux sous-codes qui contiennent des mots de poids minimum dans les
duaux des codes BCH de longueur inférieure ou égale a 512. De plus, cette décomposition produit des nouveaux
codes de longueur plus petite, dont une partie sont des codes de Reed-Muller.

Mots-clés : codes affines-invariants, distance duale, mot de poids minimum, ordre standard de bits, construc-
tion carrée modifiée
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1 Introduction

In this paper, we treat primitive binary BCH codes and our main interest is for the minimum distances of their
dual codes. Now, only six minimum distances are still unknown for primitive BCH codes of length up to 512. It
is far to be the same for their duals. For n = 128, their weight distributions are given in [6]. For n = 256, some
weight distributions are available (see the link [15]) and recently, an updated table of the minimal weights was
published in [13]. Among the duals of the BCH codes of length 256, twelve are such that only an upper bound
on their minimal distance is given. Good lower bounds are also known for this length [1]. On the contrary,
little is known when n = 512, except for BCH codes of small designed distances [12]. Concerning the numerical
results, we focus on this length. Two methods are used. First, we apply the minimum-weight algorithm due to
Canteaut and Chabaud [4]. Secondly, we use the linear twisted squaring decomposition introduced by Forney in
[7], which can be applied to any affine-invariant code.

The paper is organized as follows. Main notation, definitions and previously known results are presented in
Section 2. We recall here the linear twisted squaring construction (LTSC), as well as the main result of [2] for
any affine-invariant code. We also discuss the connection between the component codes and an upper bound
of the dual distance (in Remark 1). Our main results are in Section 3. Two subcodes arise from the LTSC
decomposition. We begin by giving for one of these subcodes, denoted by B, an upper bound on its dimension
(Proposition 4). We later look at the involvement of Reed-Muller codes in the decomposition of the duals of
BCH codes. We show that, for several designed distances and for length less than or equal to 512, B is equal to
some Reed-Muller code. In Section 4, we focus on the minimum distance of the duals of BCH codes. We used
the probabilistic algorithm described in [4] either on the code or on the two subcodes arising from the twisted
squaring construction. Then we obtain new upper bounds on the dual distances for codes of length 512. For
codes of length 256, we also obtain the same minimum distances and upper bounds as given in [13].

2 Notation and preliminaries

In this section we present the precise notation, definitions and basic results used along this paper. Our main
reference for coding theory is [11]. We treat binary linear codes and the distance is always the Hamming
distance. For such a code C, its generator matrix is denoted by G¢ and its dual code is denoted C+. If d is
the minimal distance of C then d* is the minimal distance of C, the so-called dual distance of C.

For two arbitrary binary codes C' and D of length n we define:

e The direct sum of C' and D, as the code of length 2n:

Co®D={uv|]: ueC and veD}.

e The sum of C and D, as the code of length n:

C+D={u+v: ueC and ve D}

e If D is a subcode of C, then the complement code C/D is a vector space such that C = D + C/D. This
notation particularly means that C'/D is a complete set of coset representatives of D in C.

e The |ulu 4+ v| construction of C' and D, as the code of words (u|u + v) where u is in C and v is in D.
This code is of length 2n.

Given a binary linear code C, the extended code EC' is obtained by adding an overall parity check symbol:
n
Ve=(c1,c2,...,¢) € C = Eec=(c1, Ca,---,Cn,C0) € EC where ¢y, = Zci.
i=1

Conversely, by deleting any coordinate, we obtain a punctured code. More generally, given a set T C [1, n], we
derive the following codes:

o the punctured code with respect to T: the linear code of length n—|T'| obtained by deleting the coordinates
labeled with the elements of T

o the shortened code with respect to T the linear code of length n — |T'| obtained from the codewords of C
which are zero on T', by deleting the coordinates in T'.
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4 C.-S. Nedeloaia

Definition 1 Let C be a binary code of length 2™. Thus the coordinates can be indexed by the elements
X € Fom . The code is said affine-invariant if it is invariant under the permutations X — aX + (3, where
a, B € Fom and a # 0.

In this paper we denote by BCH(2™—1, §) the narrow-sense primitive BCH code of length 2™ —1 and designed
distance 6. Similarly the extended code will be denoted by EBCH(2™,§) and its dual code by EBCH* (2™, §).
The Reed-Muller code of length 2™ and order r is denoted here by RM(r, m).

We also recall the most important results obtained in [2]. From now on, in this section we consider a binary
code C of even length n.

Definition 2 Let C' be a code of length n = 2t and dimension k. Let us denote by Fy the first t positions and
by Fy the last t positions of any codeword. Assume that C is such that:

e the punctured codes on Fy and on Fy are equal to a same code A;
e the shortened codes on Fy and on Fy are equal to o same code B.
The code C' is said to be a linear twisted squaring constructed (or LTSC) code and is denoted by C = ||A/B||*.

Note that A and B are two codes of length ¢ such that B is a subcode of A and k4 + kg = k, where k4 and
kp denotes the dimensions of A and B.
Now let us emphasize that:

1. The generator matrix of ||A/BJ|?> can be written

Ga/p Gayn
Gg 0 : (1)
0 Gg

Note that the matrices G p and G /g are different, even if both generate the complement code A/B.
2. With the previous notation, we can write

|IA/B|* = (A/B,A/B) + (B@ B),

where (A/ B,m) denotes the code with generator matrix (G4, B,CT;//B). The corresponding relation
between the dimensions is

(A/B,A/B
3. Each word of ||A/B||? is of the form
(b +d,by+d), d,d €A/B, by, by€B.
If d = d' for all codewords, we obtain the (1-level) squaring construction
|A/B|> ={(b; +d,by+d): de€ A/B, by, b, e B},

which is identical to the |u|u + v| construction, because B C A (here u € A4, v € B).

4. The dual of an LTSC code C = ||A/B]||? is also an LTSC code of the form
O+ =B+ /A"

Definition 3 A code C = |A/B||? is a recursive LTSC if it is LTSC, the component codes A and B are LTSC,
the component codes of A and B are LTSC and so on.

The following result will be intensely used hereafter.

Theorem 1 [2, Theorem 4] Affine-invariant codes (and in particular the primitive EBCH codes -and their
duals-) are recursive symmetric reversible LTSC codes.

INRIA
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Corresponding to the previous definition and to the proof of the theorem in [2], affine-invariant codes of
length 2™ are of degree of decomposition m. Obviously, direct-sum subcodes play a leading role in finding
minimum-weight codewords.

In order to obtain this recursive structure, the affine-invariant codes are put in standard bit order [2]. Recall
that C is a code of length 2™, so the coordinates can be labeled by using a field element X € Fam . Let

(Oé(), g, .-, Oém_l) (3)

be a basis for the vector space Fam over Fo. Then any element X may be represented by the m-tuple ¢[X] =
(bo, by, ..., bmfl) € F3*, such that

m—1
X = Z b,a,
i=0

The standard bit order is obtained by permuting a coordinate labeled by X to position j+1 in C such that [ X]
is the radiz-2 representation of j. Thus we state:

_f (boy by, ooy b2, 0) if X € Fy
¢[X] a { (b05 bi, -, b2, ]-) if X € Fy. (4)

Once this permutation determined, we pass to the decomposition of the permuted code, by calculating
the shortened code B (so the direct sum B @ B) and then taking the complement code. This construction
is particularly interesting when we work with EBCH codes, because of the construction of their parity-check
matrices. The construction of this matrix in standard bit order respects the algorithm given in [2, Appendix].

Remark 1 The code put in this form becomes particularly interesting for finding words of small weight, due
to the blocks of zeros. The following bound being obviously
d < min{dp, d(A/B,m)}’ (5)
our interest goes towards the study of the codes B, (A/B,m) and A. This includes dimensions, minimum
distances (or upper bounds) and, not at last, comparisons with known codes. The code B has length a half
the length of the code C and a much smaller dimension, so in a majority of cases, for m < 9, its parameters
can be computed by using Magma. As in some cases we obtain Reed-Muller codes, we search for a comparison
through a theoretical point of view (see Section 3).
Concerning the code (A/B, A/B), we can obtain a generator matrix such that kg columns are null, both in

Ga/p and in G B (more precisely, those columns corresponding to the information set of B). Via Relation

(2), when the dimension of B becomes high, then the dimension and the effective length of the code (A/B, A/B)
become small. This allows us to reduce the effective length of this code in the computation of its minimum
distance.

Notice that kp is related to k4 by the equality k4 + kg = k, so a characterization of the codes A is also
important. The codes A can be compared with EBCH* codes; one example is indicated at the end of Section
3. O

Concerning the connections between the EBCH codes and Reed-Muller codes, one can use the definition of
the punctured Reed-Muller code [8, p.383] and a simple inclusion between the defining sets, for obtaining the
two following well-known results:

Proposition 1 The inclusion EBCH(2™,0) C RM(r,m) is verified for all § greater than the greatest repre-
sentative of weight m —r — 1 in a cyclotomic coset modulo (2™ — 1).

Proposition 2 The binary primitive narrow-sense BCH(2™ — 1,68) code contains the punctured Reed-Muller
code RM*(r, m) for all § < 2™~ " — 1.

By passing to dual codes, we can find the greatest integer r; and the smallest integer r5 such that:
RM(ry,m) C EBCH*(2™,8) C RM (ry,m), (6)

for fixed m and d. Now, as all these codes are in standard bit order, we use their twisted squaring decompositions.
By considering their shortened codes on the first 2! coordinates, we deduce

RM(ri—1,m—-1) C B(2™,0) CRM(ro — 1, m — 1), (7
where B(2™,6) denotes the code B obtained via the decomposition of EBCH* (2™, §).
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6 C.-S. Nedeloaia

3 An Upper Bound on the Dimension of B

In this section we consider primitive cyclic codes as field algebra codes (for more details see [5]). This allows
us to do a theoretical study of the code B and to give an upper bound on its dimension, obtained through the
LTSC decomposition of affine-invariant codes (see Theorem 1).

We denote by F the splitting field Fym of X2”~1 —1 over F,. Let us denote by A the algebra of the additive
group of F over Fy, F2 [{F, +}]. An element of A is a formal sum

x:ngXg, zg € Fy.
g€eF

Addition and scalar multiplication are component-wise and multiplication is given by addition in F [5, p. 974].
We consider the Fs-linear map of A into F

bs ngXg = nggsa (8)

geF geF

where 0 < s <2™ —1 and 0° = 1.

Definition 4 [5, p.974] Let the ambient space be A = Fo[{F,+}]. Let Igc be a subset of [0, 2™ —1], containing
0 and invariant under multiplication by 2 mod (2™ — 1). The extended cyclic code EC with defining set Igc is
defined as follows:

EC={recA| ¢s(x) =0, VseIlgc}.

The code EC' is said to be an extended cyclic code in A. The dual of EC is also an extended cyclic code. Its
defining set is the set

Igcs :{SE [0, 2m—1]|2m—1—8¢IEO}:[0, 2m—1]\{—$|S€IEc}.

Therefore, the defining set of EC being known, we can easily calculate the defining set of EC*. For simplicity,
the defining set of EC will be denoted here by T. Actually, 0 € Z.

In the following, we consider an affine-invariant code EC' of length 2™ and we will give an upper bound on
the dimension of B. As discussed in Section 2, the dimension of B plays a key role in finding minimum-weight
codewords in EC*.

We recall that the codes in which we are interested in, EC*, are considered in standard bit order, so the

coordinates are labeled by elements in Fom , respecting Relation (4). For z € ECL, z = Y ,X9, we choose
geF
the following notation
e yg lf g (S F()
Y7 2y ifgeF.

m—2 m—2
For all g € F there exist b; € Fy, 0 < i < m — 2 such that g = ) bja; + ap_1. Let us denote ¢' = Y b;ay,
i=0 i=0
s0 g = g’ + a;y_1. The code B @ B has dimension 2kg. As it is a subcode of EC*, its codewords satisfy the
relations
nggs =0, Vsel.
geF

INRIA
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In order to find other relations which characterize B @ B, we calculate ¢;(z) for s ¢ 7 and z = (y,2) € B® B

D xeg® = D g D 20 =D Ut D Zetam (g F mo1)’

g€eF gEFy geR gEFy g'€Fy

_ s S 1 s—i

= Y99~ + Zg' +am_1 i g (am-1)
9€Fo 9'€F, i<s

_ s 1% s—1

= Z Y99~ + Z Zg'+om—1 Zg (am-1)
gEFy g'€Fy i<s

= Z Y99® + Z(am—l)Sﬂ Z Zgtam-19'
9EF, iXs g€Fy

— s s s—1i i

= Y U+ D Zgtan a8+ Y (@n-1)" D Zgtam 19
geFo g€Fy i<s g€Fy

= > W+ Zptan-i)9’ + D (@m-1)" D Zgran_i g
9€F, i<s 9€Fy

In the previous equations, < denotes the partial ordering defined by
(0, i1, -+ Gm—1) = (S0, 81,.-+, Sm—1) if and only if i; <s;, Vj € [0, m —1],

where (ig, 1, ..., im—1) and (g, $1,-.., S;m—1) are the binary decompositions of ¢ and s. From Lucas’ theorem,
we have

(j) = 1(mod 2) if and only if ¢ <s.

But z € B implies (0,2) € B @ B, so there exists y' € B such that y, = zy4q4,,_,, Vg € Fo. We conclude

Z xggs = Z (yg + z9+am—1)gs + Z(am—l)s_i Z y;gz (9)

geF g€Fo i<s g€Fy

Proposition 3 With the notation

S={j¢T|Vi<xj=>ieTl}, (10)
the restriction of ¢ to the code B @ B is the zero map, for each s € T and
¢s(y, 2) = z (Yg + Zg+am-1)9" (11)
g€Fo

for each s € S and dll y, z € B.

Proof. For s € S, Relation (9) can be written

Z T99° = Z g + Zg+am-1)9" + Z (m—1)"" z ylggi'

geF g€k, i<s,i€T 9g€F,
It is also true that (y',0) € ECt,s0 Y y/g* =0, Vi € Z, and (11) is proved. o
geFy

Proposition 4 Let (B, B) denote the code with generator matriz (Gg,Gg). Then the restriction of ¢s to
(B, B) is the zero map, for each s € TUS. Consequently, the dimension of B, kg, verifies

ke = k) < 2™ — ([Z] +|5]).

Proof. As (B, B) is a subcode of B @ B, Relation (11) is true. But = (y,2) € (B, B) implies y; = Zg+am._1
for each g € Fp. S

Remark 2 Since the relation kg < (2™ —|Z|)/2 is obvious, the previous bound is interesting only if 2™ — (|Z| +
IS]) < (2™ — |Z])/2, so if |S| > (2™ — |Z])/2. O

RR n° 5477



8 C.-S. Nedeloaia

Corollary 1 Assume that for an s € S there exists only one i (i € T) such that i < s. Then, for all (y, z) €
(B, B), we have y' = y in Relation (9) and ¢s(y,2) = (am-1)*"% > y,9°. More precisely,
gEFy

¢s(y,2) = (a@m-1)*""i(y,0), V(y, 2) € (B, B).

Now we are interested in the exact computation of the codes B obtained by the LTSC of EBCH* (2™, §),
more precisely in finding all the values of § for which

B(2™,8) = RM(r — 1, m — 1). (12)

If m is fixed, one method consists in decomposing all the EBCH*(2™,4) and in computing the dimension (and
the minimum distance) of B. If we obtain the parameters of a Reed-Muller code, we directly check the equality,
as both codes are in standard bit order. The following table presents the parameters for which B is an RM
code (also up to one row in the generator matrix), for m € {5,6,7,8,9}.

| B | 2m B | 2,9 |

RM(0, 4) 32, {3,5} RM(3,6) + [64, 1,12] 128, 47
RM(1, 4) 32,7 RM(4, 6) 128, 63
RM(2,4) 32, 15 RM(0, 7) 256, {3,5,7,9}
RM(0, 5) 64, {3,5} RM(1,7) 256, {19, 21}
RM(, 5) 64, 11 RM(2,7) 256, 39

RM(2,5) + [32, 1, §] 64, 23 RM(4,7) + [128, 1, 16] 256,95
RM(3,5) 64, 31 RM(5, 7) 256, 127
RM(0, 6) 128, {3,5,7,9} RM(0, 8) 512,3<0 <17
RM(, 6) 128, {11,13} RM(1, 8) 512, {19, 21, 23, 25}

RM(1,6) + [64,1,28] | 128, {15,19} | RM(1,8) + [256, 1,128] | 512, {27, 29, 31, 35}
RM(2, 6) 128, {23,27} RM(6, 8) 512, 255

Remark 3 For fixed r and m, one can easily remark that the smallest § in the table (if it exists), is the
minimum of J-s greater than the greatest representative of weight r in a cyclotomic coset modulo (2™ — 1) (via
Proposition 1). O

Numerical results indicates that in Relation (7), the order r; — 1 is respected, but the order o — 1 can be
actually reduced in many cases. This suggests that B is an RM when an inclusion

RM(ry —1,m —1) C B(2™,8) C RM(ry, m — 1) (13)

is verified. Now, once a § verifing (12) is found, we have to check the designed distances greater than this value
as well, because in many cases the code B can be the same for different EBCH*(2™,6) (see our numerical
results in Section 4).

Remark 4 Assume that we succeed in proving a relation as
(B, B) C RM (r,m),
for a certain r. So the row space of the matrix (Gp, Gg) is contained in the row space of the matrix

( GRM(T(,)m -1) Gf;g(i; ZLT; i)l) )

and finally B C RM(r,m — 1). By passing from (B, B) to B, only the length, and not the order, of the
corresponding RM code decreases. O

Now we try to apply the bound given in Proposition 4. In the following examples, (i) denotes the cyclotomic
coset of 4.

1. for § € {3, 2™~1} obviously,

B(2™,3) = RM(0,m—1) and B(2™,2™ ' —1)= RM(m —3,m — 1);

INRIA
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2. for § = 5, the defining set of EBCH-(2™,5) is [0,2™ — 1]\{(=1) U (=3)}. But —1 = (0111...1), -3 =
(0011...1), so S = (—3). Now (B, B) is a subcode of the code with defining set [0,2™ — 1]\ (—1) which
is precisely formed by all integers of weight < m — 1, so RM(1,m). This implies B C RM(1,m — 1).
Computation gives B = RM(0,m — 1) for m > 5.

3. for § = 7, the defining set of EBCH=(2™,7) is [0,2™—1]\{(=1)U(=3)U(=5)}. But —1 = (0111...1), =3 =
(0011...1), =5 = (0101...1), so S = (—3) U (—5) and therefore (B, B) is a subcode of the code with
defining set formed by all integers of weight < m —1, so RM(1, m). Computation gives B = RM(1,m—1)
form =5 and B= RM(0,m —1) for m > 7.

One case when we find a set S of greater cardinality than in the previous examples is m = 8 and § = 19. The
set of non-zeros of the code EBCH=(256,19) is

(15) U (31) U (47) U (61) U (63) U (95) U (111) U (119) U (127).

Binary decomposition gives 15 = (11110000), 31 = (11111000), 47 = (11110100), 61 = (10111100), 63 =
(11111100), 95 = (11111010), 111 = (11110110), 119 = (11101110), 127 = (11111110), so 15 < 31,15 <
47,15 < 63, 15 < 95, 15 < 111, 15 < 127 and finally

S = (15) U (61) U (119).

Now I U S contains all the integers of weight < 4 and we deduce (B,B) C RM(8—-4—1,8), BC RM(3,7) and
in fact B = RM(1,7) (see the previous table).
Open problem: Find those EBCH* codes for which the component code B is a RM code.

Remark 5 Exactly as the codes B, the codes A are recursive LTSC codes. Then they may be compared to
the EBCH™ of length equal to the length of A. As an example, if A(2™,§) denotes the code A constructed via
the decomposition of EBCH*(2™,4), we obtained that A(128, 9) and EBCH= (64, 11) (both in standard bit
order) are two [64, 28, 14] different codes related by

A(128,9)N EBCH* (64, 11) = A(128,7). O

4 Minimal distances and estimations

In this section we list updated results on the dual distances of the EBCH* codes of length 512. For comparison
with the results presented in [13], we also give the twisted squaring decomposition of these codes for length 256.
The parameters in the tables are as follows:

1. & denotes the designed distance of the BCH code;
2. k is the dimension of the corresponding EBCH" code;

3. dL,. denotes the upper bound on the dual distance (in italic) or the actual dual distance (obtained in all

cases by using Magma [9]);

4. A and B are the codes obtained by the LTSC decomposition of the corresponding code EBCH*(n, ) in
standard bit order;

5. (A/B, m) is the code obtained by taking the complement of EBCH* by the direct sum B @ B;

6. the second to last column in our tables indicates the number of null columns in a generator matrix of the
code (A/B, A/B). Its importance was discussed in Section 2;

7. the last column in the tables gives the order of the greater Reed-Muller code contained in EBCH* (n, §).

We are now going to analyze the numerical results, which we obtain by applying the Canteaut-Chabaud’
probabilistic algorithm and the linear twisted squaring decomposition of the duals of BCH codes.

The probabilistic algorithm takes as inputs the length, the dimension and a generator matrix of the code; it
searches for a codeword of small weight, close to the conjectured minimum distance, and returns the support of
such a codeword. For n < 512, the parameters of the algorithm [4, p.369] are p = 1 and o = [log(n)/log(2)].

RR n° 5477



10 C.-S. Nedeloaia

By applying this algorithm to the EBCH= codes, we obtained for n = 256 the same upper bounds as in [13]
(see our numerical results at the end of this section). In the case n = 512, we obtain new upper bounds on the
dual distances. Some problems appear for n > 512, since for a given length the complexity of the algorithm
is maximal when k is close to n/2. Let us consider the dual distance as a function of the designed distance of
the corresponding BCH code. One can easily prove that this is a decreasing function. As soon as, for instance,
we found a 64-weight codeword in EBCH= (512, 37), we have proved that there exist codewords of weight less
than or equal to 64 in all EBCH*(512,6) with § > 37. However, we cannot obtain such a codeword directly
in all cases; for example, we only found a 82-weight codeword if § = 57 or a 66-weight codeword if § = 73.
Nevertheless, we kept the values obtained via this algorithm in our tables, even when they are sharpened by
LTSC (using the bound in (5)). When two values are given for d. ., the first (obtained by LTSC), improves
the second (obtained via the minimum-weight algorithm,).

There are some codes for which we do not compute di, by using directly the probabilistic algorithm. As
previously discussed, once a 64-weight codeword is found in EBCH* (512, 37) and in EBCH* (512, 57), therefore
for all codes of 37 < § < 57, the expected value for di-,, is 64, because of the monotonicity

81 < 82 = EBCH™*(n, 6) C EBCH™*(n, 85). (14)

By the same argument, the expected value of di . when 87 < § < 107 is 32.

Now consider the LTSC decomposition of the codes involved in (14). These codes are therefore put in
standard bit order by the same permutation, and the inclusion is still true. One can easily deduce analogous
inclusions for the corresponding codes A and B, by using their definitions. Using this monotonicity, we emphasize
that all the codes A (resp. B) with identical parameters are equal. When these codes are Reed-Muller codes
(or up to one row of the generator matrix), they are marked out in our tables by a star.

Remark 6 The parameters of the component codes are obtained by using Magma. Only the values in italic are
upper bounds and not exact minimum distances. Tighter bounds, in second position in the tables, are obtained

by applying the probabilistic algorithm to the corresponding component codes (generally B or (A/ B,ZF/E)).

Concerning the codes (A/B, m), no inclusion similar to (14) is expected, so upper bounds for their minimum
distances have to be searched for each of them. O

Remark 7 For all codes of length 256 for which only an upper bound is given in [13], we find a word of this
weight in the code (A/B, A/B). Also, in all cases for n = 128 and almost all cases for n = 512, a codeword
of weight d=_ is found in one of the codes B @ B (or simply B) and (A/B, A/B). Therefore, these codes are

max

potential minimum-weight subcodes.
Nevertheless, some exceptions have been found. For EBCH* (512,175) we cannot find any 14-weight code-
word in B, so we conclude that it is to be found in a coset of B & B with respect to the complement code. Two
other examples are 6 = 117 and 6 = 123. On the contrary, for § = 35, we found a 106-weight codeword in the

complement code, improving the value obtained by using the minimum-weight algorithm. O

The order of the RM code in the last columns is obtained via Proposition 1 by passing to the dual codes.
Once again, let us remark that a Reed-Muller code in the fifth column has firstly to be searched on the line
which corresponds to the increase of the order of RM in the last column.
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Parameters of the LTSC construction for codes of length 256

|6 | k| dh ] A | B | (4/B,A/B) | nonull col. | RM |

3 9 128 128,87641* 128,1,128]|* [256,7,128] 2 1
5 | 17 | 112 | [128,16,48 128,1,128]% | [256,15,112] 2 1
7 25 96 128,24,32 128,1,128|* 256,23,96 2 1
9 | 33 | 96 | [128,32,32] | |128.1,128)F | [256,31,96 2 1
11 | 41 | 64 | [128,37,32 128,4,64 256,33,64 8 1
13 | 49 | 64 | [128,45,24 128,464 256,41,64 8 1
15 | 57 | 64 | [128,53,2/ 128,464 256,49,64 8 1
17 | 65 | 60 | [128,61,18 128,464 256,57,60 8 1
19 | 69 | 60 | [128,61,18 128,8,64] 256,53,60 16 2
21 77 56 128.,69,16) 128,8,64]* 256,61,56] 16 2
23 | 8 | 48 | [128,72,16 128,13,48 256,59,48 26 2
25 | 93 | 48 | [128,80,12 128,13,48 256,67,48 26 2
27 | 101 | 48 | [128,80,12 128,21,48 256,59,48 42 2
29 | 109 | 40 | [123.88,8 128,21,48 256,67,40 ) 2
31 [ 117 | 96 | [128,96,8 128,21,48 256,75, 36 ) 2
37 [ 125 | 36 | [128,104,6] 128,21,48 256,33, 36] 42 2
39 | 133 | 32 | [128,104,6] | [128,29,32]F | [256,75,32 58 3
43 | 141 | 28 | [128,104,6 128,37.32 256,67,28 74 3
45 | 149 | 26 | [128,107.6 128,42,28 256,65, 26 84 3
47 [ 157 | 16 | [128,107.6 128,50,16 256,57,24 100 3
51 | 165 | 16 | [128,115,4 128,50,16 256,65,20 100 3
53 | 169 | 16 | [128,115,4 128,54,16 256,61,16 108 3
55 | 177 | 16 | [128,1154 128,62,16 256,53,16 124 3
59 | 185 | 16 | [128,120,4]F | [128,65,16 256,55,16 130 3
61 | 193 | 16 | [128,120,4]% | [128,73,16 256,47,16 146 3
63 | 201 | 12 | [128,120,4]% | [128,81,12 256,39,12 162 3
85 | 209 | 12 | [128,127,2]F | [128,82,12 256,45,12 164 3
87 | 211 12 128,127,2 * 128,84,12 256,43,12 168 4
91 219 10 128,127,2]* 128,92,10 256,35,10 184 4
95 | 227 | 8 | [128,127,2]F | [128,09 1 1 8[F | [256,27,8 200 5
111 | 235 | 6 | [128,127.2[F | [128,108,6 256,19,6 216 5
119 | 243 | 4 | [128,127,2]F | [128,116,4 256,11,4 232 5
127 | 247 | 4 | [128,127,.2]F | [128,120,4]* [256,7 4] 240 6

Parameters of the LTSC construction for codes of length 512

6| k|d,| 4 | B | (4BA/B) |nonullcol | RM |
3 [ 10 | 256 | [256,0]% | [256,1,250]" [512,8] 2 1
5 | 19| 240 256,18 256,1,256]* 512,17 2 1
7 | 28 | 224 256,27 256,1,256]* 512,26 2 1
9 | 37| 196 | [256,36] | [256,1,256]" 512,35 2 1
11 | 46 | 192 | [256,45] | [256,1,256]F 512,44,192 2 1
13 | 55 | 184 | [256,54] | [256,1,256] 512,53,18 2 1
15| 64 | 168 | [256,63 256,1,256]* 512,62,168 2 1
17 | 73 | 164 | [256,72] | [256,1,256]" | [512,71,168(164)] 2 i
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L6 | k| dia A B | (4/B,A/B) | no.null col. | RM |
082 128 256,73] | [256,0,128] | [512,64,128 E 2
21 | o1 | 128 256,82 | [256,0,128]" 512,73 i8 2
23 [ 100 | 128 256,01] | [256,0,128" 512,32 8 2
25 | 109 | 128 | |256,100] | [256,0,128]" 512,91,128 8 2
27 | 118 112 256,108 256,9+1,112]* 512,98,112 20 2
29 | 127 112 256,117 256,9+1,112]* [512,107,112 20 2
31 | 136 108 256,126] | [256,0+1,112]F | [512,116,108 20 2
35 | 145 | 106(108) | [256,135] | [256,0 L,112]* | [512,125,106 20 2
37 154 | 64 256,135] | [256,19,64 [512,116,6/] 38 2
39 [163| 64 256,138] | [256,25,64 512,113 50 2
41 | 172 64 256,147 256,25,64 512,122 50 2
a3 [ 181 64 256,147 | [256,34,64 512,113 68 2
45 | 190 6/ 256,156 256,34,64 512,122 68 2
a7 19| 64 256,165 | [256,34,64 512,131 68 2
51 | 208 64 256,174 256,34,64 512,140 68 2
53 | 217 | 64 256,181] | [256,36,64 512,145 & 3
55 | 226 64 256,181 256,45,64 512,136,64 90 2
57 | 235 | 64(82) | [256,190] | [256,45,64 512,145,64 90 2
50 | 244 | 56 256,190] | [256,54,56 512,136,56 108 2
61 | 253 | 56 256,100] | [256,54,56 512,145,56 108 2
63 | 262 | 56(70) | 256,208 | [256,54,56 512,154 108 2
73 | 271 | 56(66) | [256,217] | [256,54,56 512,163 108 2
75 | 274 | 56(64) | [256,217 256,57,56 512,160 114 3
77 | 283 | 56(62) | |256,217) | |256,66,56 512,151,62 132 3
9 202 | 48 256,217 | [256,75,48 512,142,48 150 3
83 | 301 | 48(54) | 256,217] | [256,84,48 512,133,48 168 3
85 | 310 | 48(52) | [256,217] | [256,93,48 512,124,48 186 3
87 [319 | 92 256,217 | [256,102,52 512,115,52 204 1
ol 328 | 32 256,225 | [256,103,52 512,122,592 206 1
93 | 337 32 256,228 256,109,532 512,119,32 218 4
o5 | 346 | 32 256,228 | [256,118,52 512,110,352 236 1
103 | 355 32 256,237 256,118,532 512,119,532 236 4
107 | 364 | 52 256,237] | [256,127,52 512,110,52 254 1
109 | 373 28 256,237 256,136,28 [512,101,28(32)] 272 4
i1 | 382 28 256,237 | [256,145,28 [612,92,28] 290 i
117 | 391 | 26 256,246 | |256,145,28 [512,101,28] 290 i
119 [ 400 | % 256,246 | [256,154,24 [512,92,2]] 308 i
123 | 409 22 256,247]% | [256,162,24 512,85,20-24 324 4
125 | 418 20 256,247]% | [256,171,20 512,76,22-24 342 1
127 | 427 16 256,247 | [256,180,16 512,67,20 360 4
171 | 436 16 256,255|% | [256,181,16 512,74,20 362 4
175 | 445 14 256,255]* 256,190, 16 512,65,16 380 5
175 | 445 | 14 | [256,255]" | [256,190,16 512,65,16 380 5
83 | 454 | 8 256,255]% | [256,199,8] 512,56,14 398 5
187 [ 463 | 8 256,255/ | [256,208,8 [612,47,12] 116 5
191 472 | 8 256,255/ | [256,217,8 [512,38,8] 434 5
219 | 481 8 256,255]% | [256,226,8 512,298 452 5
223 | 484 8 256,255] 256,229.,8 512,268 458 6
239 | 493 6 256,255]* 256,238,6 512,17,6 476 6
255 | 502 | 4 256,255]" | (256,247 4] [512,8,4] 494 7
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5 Conclusion

In this paper, we determine new upper bounds on the dual distances of binary BCH codes with length 512. Tt
arises that two subcodes are of special importance, as they often contain minimum-weight codewords (up to
three cases for n < 512), which were found with a probabilistic algorithm and even updated in some cases by
LTSC. The LTSC decomposition is particularly interesting for greater lengths; notably it can be easily obtained
for all EBCH codes and their duals. Therefore we are led to work with codes with reduced length and dimension
(see Remark 1 in Section 2). Thereby, we propose several ways for theoretical purpose. Further researches can
be concentrated on the characterization of the codes A and B, on their algebraic properties and on their links
with other affine-invariant codes.
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