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j¨[]_²d���¢t¢£r£�W¥Jrtm ^�_�j¨[]xJ� ®(rtjl[ jl[]_ �Ym]r©j¨_	�]r©°N_!ql_&mu�&_�^�_�j¨[]xJ�0± }YxAq¡«wo]qlx��L_&��m �&��¢£¢
xA�uj¨rtxAm]i!�Ej¨[u_Cql_!ilo]¢©j¨i(��qk_Cq¨��jl[]_&qåilr£^`r£¢£��q¬�]ouj�¦DxAq»�]r£��rtj���¢LxA�Ej¨r£x�m]i&�Pj¨[]_�qk_&iko]¢tjli��Art¥�_&m
�Ph3jl[]_)d���¢£¢tr¤��¥Jr£m ^`_!jl[]xJ�+��qk_¡^Ho]��[+�<_!jkj¨_!q%jl[Y��mGj¨[]_¡xAm]�!_&i��Art¥�_&mG�Ph3jl[]_ �Ym]rtjl_
�]rt°L_&qk_&m]�!_�^`_!jl[]xJ�0± Z�[]rtin�&��m��L_�_×ºE�]¢¤��rtm]_&����h�jl[]_�¦?���!j�jl[Y��j�j¨[u_��]�Wh�x�° ¦Do]mu�!j¨rtxAm
r£i�^Ho]��[�^`xAql_�rtqlql_!�Ao]¢£��q&±

	 
 � � �	�§� ��$��(�

  _»�&xA^`�]oujl_»j¨[u_åil_!m]ilr©j¨r©¥Er©j¨rt_&i�x�¦<��m�xA�uj¨rtxAm�®(r©j¨[��Y��hAx�°
φ
��®([u_&ql_»j¨[]_å��ilik_!j

(St)t≥0¦DxA¢£¢txX®(i(�¶xAmu_�Ä¯�ur£^`_&m]ikr£xAmY��¢Jyko]^`���urt°Lo]ilrtxAm��]qlxJ�&_!ilin�]qlr©¥A_&m²��h��`�!xA^��<xAo]mu�²v�xAr£i,Ä
ilxAm��]qlxJ�&_!ili!± � _�jªouin�uql_&�!r£ik_�x�o]q(�]qlxA�u¢£_&^�±
��_�j

N
�<_����!xA^��<xAo]mu�²v�xAr£ikilxAm²�]qlxJ�&_!ili!±   _��]_!m]x�j¨_���h

(Ti)i∈N

jl[]_�ykou^���j¨rt^�_!i
x�¦

t → Nt

�¹��m]� ��h
(Jt)t≥0

jl[]_��!xAqlqk_&il�<xAm]�ur£m]�ikj¨��m]�Y��ql� v§x�r£ilikxAm �]qlxJ�&_!iliH®(r©j¨[
�Y��q¨��^�_�j¨_&q

λ > 0
��jl[Y��j�r£i

Jt

�!xAo]m�j¨i%j¨[]_�mPo]^H�<_&q�x�¦�yko]^`�]i�o]�´jlx�j���m]�G¦DxAq���¢£¢
n ≥ 1

�
Tn − Tn−1

[Y��i5_×ºE�LxAmu_&m�j¨r£��¢N�]rtikjlqlr£�uouj¨rtxAm`®(r©j¨[�^`_���m
λ
±¬}YxAq»��¢t¢

i ∈ N
∗
�E®»_

�]_ �Ymu_
∆i = NTi

−NTi−1

�Eilx
∆i

qk_&�]qk_&ik_&m�j¨i5jl[]_¬yko]^`����^��]¢trtjlo]�]_(��j»j¨r£^`_
Ti

±wZ�[]_
q¨��m]�uxA^ ¥���qlr£���]¢t_&i

(∆i)i∈N∗

��qk_ªrtm]�]_!�L_!m]�]_&m�jå��m]��r£�]_!mPjlr£�&��¢£¢©h��]rtikjlqlr£�uouj¨_!�0±   _c��i,Ä
ilo]^`_ªjl[Y��jåjl[]_c¢£��® x�¦

∆i

r£i»���]ikxA¢£oEj¨_&¢©h¡�&xAm�jlr£mPo]xAo]i»®(rtj¨[�ql_!il�<_&�!j�jlx�jl[]_�� _&�<_&ik�Ao]_
^�_&��ilo]qk_¡��m]�3®»_¶�]_&m]x�j¨_¡��h

ρ
rtjli��]_&m]ikrtj¯h��0j¨[Y��j%rti

∆i ∼ ρ(a) da
�N¦DxAq���¢£¢

i ∈ N
∗
±

  _�®(r£¢t¢0ilou�]�Lx�il_�jl[Y��j
ρ
r£i(�]rt°L_&qk_&m�j¨r£���]¢t_���m]��¥���m]r£ik[]_&in��i

x → ±∞
·Dil_!_�ik_&�!jlr£xAm

ÅDÆ�Ç ÅDÈ



���������
	��	�������������������������� �!�#"%$&�'!'(�)�*��!�,+ �.-/�'0- �
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4
¸�±

  _��]_���¢å®(rtjl[ j¯®»xG^�xJ�]_&¢ti&±´~¯m³jl[]_ �Yqliµj¡xAm]_��¬j¨[u_²��ilil_�j
St

rti¡��uo]ql_�yko]^`�
�]rt°Lo]ilrtxAm	ilx�¢£oujlr£xAm	x�¦�j¨[u_�g
GC«

St = β +

Jt
∑

i=1

c(Ti, ∆i, ST−

i
) +

∫ t

0

b(u, Su) du .
·,�X¸

~¯m�jl[]_%il_&�!xAm]��xAm]_��]®å_����]�²�HEåqlxW®(m]r£��m��Y��qkj�B

St = β +
Jt
∑

i=1

c(Ti, ∆i, ST−

i
) +

∫ t

0

b(u, Su) du +

∫ t

0

σ(u, Su) dWu .
·Ò�A¸

� ouq»��r£^ rtiwj¨x��&xA^`�]oujl_
∂βE(φ(ST ))

�Jjl[Y��j¹r£i jl[]_�Gª_&¢tj¨��x�¦ ��m�«wo]qlxA�<_���m)xA�ujlr£xAm¡x�¦
�Y��hAx�°

φ
±w~¯m	il_�¥A_!q¨��¢0�]���L_!qli%·Dilo]��[���i��Ü���Ò��� @ �Ò���ä�W���¤¸��ExAm]_cjlql_��zjåj¨[ur£i5�]qkxA�]¢t_&^ o]ilrtm]�

��d²��¢£¢tr¤��¥Jr£m��&��¢£�!o]¢£o]i(���]�]qlxA����[0±   _�®(rt¢£¢L¦Dx�¢£¢£xW® �¶ilrt^�rt¢¤��q¹ikjlq¨��jl_&��h	rtm�xAo]q�¦Dq¨��^`_��
o]ilrtm]��d���¢£¢tr¤��¥Jr£m��&��¢£�!o]¢£oui5¦DxAq§yko]^`��j¯hJ�<_%�]rt°Lo]ilrtxAm]i!±   _�®(qlr©j¨_

∂

∂β
E(φ(ST )) = E

(

φ′(ST )
∂ST

∂β

)

= E

(

φ′(ST )
∂ST

∂β
1JT =0

)

+
∞
∑

n=1

E

(

E

(

φ′(ST )
∂ST

∂β
|σ(Ti, i ∈ N)

)

1JT =n

)

.

� m
{JT = 0}

jl[]_&qk_Cr£i»m]xnyko]^`�)x�m
]0, T ]

�Pj¨[Po]i
ST

��m]� ∂ST

∂β

ilx�¢t¥A_C���]_!jl_&qk^�rtm]r£iµj¨r£�
r£m�j¨_!�Aq¨��¢Y_!sPoY��j¨rtxAm0± ~¯m�j¨[]_n_�ºu��^`�]¢£_!i¹jl[Y��j¹®å_ª�&xAmuilr£�u_&qårtm`jl[]r£i¹�Y���<_&q!�Jjl[]_nilxA¢touj¨rtxAm
x�¦§jl[]_&ik_�_!sPoY��j¨rtxAm]i(��qk_%_�ºE�]¢£rt�&r©j��uikx`jl[Y��j�jl[]r£i5jl_&ql^�r£i�_�ºE�]¢tr£�!rtj¨¢©h:APm]xW®(m0±

{ªiliko]^�_nm]xW® jl[Y��j
JT = n 6= 0

±�Z�[]_!m0�Eouilr£mu����m`r£m�jl_&�Aql��j¨rtxAm¶��h¡�Y��qkjliw¦DxAql^Hou¢¤�
xAm

{JT = n}
�]®»_�®(qlrtjl_HB

E

(

φ′(ST )
∂ST

∂β
|σ(Ti, i ∈ N)

)

1JT =n

= E

(

φ(ST ) Hn(ST ,
∂ST

∂β
) |σ(Ti, i ∈ N)

)

1JT =n ,
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� $ ��3��� � � ��� � �����7�*������� 	�� $&������6� �M$ �����<�#��� ;

®([]_&qk_
Hn

rti¬��®»_&rt�A[�j¹r£m�¥AxA¢©¥Jr£m]� �µd���¢£¢tr¤��¥Jr£m��]_&qkrt¥���j¨r©¥A_!i ��x�¦
ST

��m]�`x�¦ ∂ST

∂β

± Z�[]_!il_
�]rt°L_&qk_&m�j¨r£��¢¬xA�L_!q¨��jlxAqli���qk_)ilrt^�rt¢¤��qCjlx²jl[]xAil_)r£m

[
�
]
� �]ouj�j¨[]_`¦Dq¨��^`_`[]_&qk_�r£i�^Ho]��[

^�xAqk_5ilrt^��u¢£_���ilr£mu�&_�j¨[]_!ql_(��qk_(m]x����&�!o]^Ho]¢£��j¨rtxAmHx�¦Lil^���¢£¢Wyko]^`�]i&± gEx�®å_�®(r£¢t¢u�]_!qlr©¥A_
j¨[]rti�r£m�j¨_!�Aq¨��jlr£xAm	��h	�]��qkjli(¦Dx�ql^Ho]¢£�Ho]ilrtm]�¡_&¢t_&^`_&m�j���qµh	��qk�Ao]^`_&m�j¨i!±   _%xA�uj¨��r£m

∞
∑

n=1

E

(

E

(

φ′(ST )
∂ST

∂β
|σ(Ti, i ∈ N)

)

1JT =n

)

= E

(

φ(ST ) HJT
(ST ,

∂ST

∂β
) 1JT≥1

)

.

~¯m xAql�]_!q�j¨x�_&^`�]¢£xWhj¨[]rti�¦DxAqk^Ho]¢¤��r£m � d²xAm�j¨_×Äµ¼5��qk¢£x��¢t�AxAqlr©j¨[]^�� ®å_	�uqlxJ�&_&_!�³��i
¦DxA¢£¢txX®(i!±   _�ilrt^Ho]¢£��j¨_	j¨[u_¡yko]^`�³jlr£^`_&i

(T i
n)n∈N

�
i = 1, . . . , M

��m]� jl[]_Hyko]^��
��^��u¢£rtjlo]�]_!i

(∆i
n)n∈N

�
i = 1, . . . , M

�<��m]�	®»_��!xA^��uouj¨_Cjl[]_%�&xAqkql_&ik�Lx�m]�]r£mu�
J i

T

�
Si

T��m]�
H i

Ji
T

±wZ�[]_!m²®»_�®(qlrtjl_

E

(

φ(ST ) HJT
(ST ,

∂ST

∂β
) 1JT≥1

)

'
1

M

M
∑

i=1

φ(Si
T ) H i

Ji
T
1Ji

T
≥1 .

~¯m�j¨[]_�����ik_Hx�¦¹d�_&qkjlxAm�� iC^`xE�]_!¢ ®å_H�uqlxJ�&_&_!�3��in¦DxA¢£¢txX®(i!±n}�r£qkikjªx�¦¬��¢t¢�®»_�ikr£^Hou¢¤��jl_
j¨[]_�yko]^��²j¨r£^`_&i

Ti, i ∈ N
± � m]�!_�j¨[]_�h ��ql_��uºE_!� ®å_H�!xAm]iµj¨qlou�!j%��m«wo]¢t_&qªil��[]_!^�_

r£m²®([ur£��[�jl[]_�jlr£^`_&i
Ti, i ∈ N

��ql_�r£m]�!¢£o]�]_!��rtm²j¨[u_��]rtil�&qk_!jlr0L��zj¨r£x�m��Aqkr£�0±(Z�[]_!m ®å_
ilr£^�o]¢¤��jl_`jl[]_���^`�]¢£r©j¨o]�u_&i�x�¦(j¨[]_�ykou^��]iH��m]� j¨[u_4EåqlxW®(m]r£��m r£mu�&ql_!^�_!m�j¨i¡��m]� ®»_
�L_!qk¦DxAqk^6j¨[u_�d�xAm�j¨_�Ä,¼5��ql¢tx`��¢£�Ax�qlrtjl[]^�±

� # 
�$�$�&
(')!� - 
�$ - �	$!���.�z�%� ��!� ��$!� ����� - �������
%$&�

� m��5�]qkxA�Y���ur£¢£r©j¯hnil�Y���!_
(Ω,F , P )

®»_¬�&xAmuilr£�u_&q���il_!sJou_&m]�!_»x�¦Er£mu�]_&�<_&m]�u_&m�j�q¨��m]�uxA^
¥���qlr¤���]¢£_!i

(Vn, n ∈ N
∗)
±   _%ilo]�u�LxAik_�jl[Y��j

��¿��wÂ ��� ¾ ���Ò�
	����� ��� � *� �35
n ∈ N

∗
� 	��6� 'O��� ���

Vn

�0� ��� ����'(�#	�� '(5 -����6	)�!�6� ���1��� �!	��
����� �6��- 	 	��K	��6��� ��� ���/"�6� �:�/��� �
��� ���;�� ���D	��6� ;#� � � �!	�5

pn

���#��-�� �0� -����6	��!�6�6���1� '(5
;� � � ��� �6	)�)���<'0�D���

R
���;8� �6-��M	�� �	

∀k ∈ N lim
y→±∞

|y|k p(y) = 0 �! � �'=���K����� �#�:�

	�� �	
∂yln(p(y)) =

∂yp(y)

p(y)

� ��� �	 �:��� 	9�6��'(5��,��� �)�' "���"� 	#� �
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  _(r£m�jlqlxJ�]o]�&_(ikxA^�_�mux�j���jlr£xAmN± }YxAq
k ≥ 1

�   _(�]_&m]x�j¨_n�Ph
Ck
↑ (R

n)
jl[]_(il�Y���&_nx�¦Ljl[]_

¦Do]m]�!jlr£xAmui
f : R

n → R
®([]rt��[���ql_�A)j¨rt^�_!i5�]r©°N_!ql_&m�jlr¤���]¢t_%��m]��ilo]��[�j¨[Y�zj�¦w��m]��r©j¨i

�]_&qkrt¥���j¨r©¥A_!iªo]�²j¨x)x�ql�]_!q�A	[Y��¥A_H��jc^`xAiµjc�<xA¢thJm]x�^�r£��¢0�AqkxX®�jl[0±n}YxAqc�`^Ho]¢©j¨r©Ä r£m]�u_�º

α = (α1, . . . , αk)
®»_²�]_!m]x�jl_

∂k
αf =

∂k

∂α1
. . . ∂αk

f
±³~¯m³jl[]_�����ik_

k = 0
�
C0
↑(R

n)
�]_&ikr£�Am]i¬j¨[u_cil_�jåx�¦0j¨[]_(¦Do]m]��j¨rtxAm]i

f : R
n → R

®([]rt��[���qk_ª�!xAm�j¨rtmJouxAo]i»®(r©j¨[�ql_&ik�L_!�!j
j¨x¡_�����[²��qk�Ao]^`_&m�jª��m]��[Y��¥A_���j(^`xAikj(�<xA¢thJm]x�^�r£��¢L��qlxW®�j¨[0±

  _%�]_ �]m]_�muxX® j¨[]_%ikr£^`�]¢£_c¦Doum]�!jlr£xAmY��¢£i���mu��jl[]_%ilr£^`�]¢t_C�]qlxJ�&_!ilik_&i&±
{ ql��m]�]x�^�¥���qlr£���]¢£_

F
r£i�����¢£¢£_!���`ikr£^`�]¢£_c¦Doum]�!jlr£xAmY��¢ rt¦�j¨[]_!ql_%_�ºEr£iµj¨inilxA^`_

n ∈ N
∗��m]��ilxA^`_%^�_&��ilouq¨���]¢t_C¦Do]m]��j¨r£x�m

f : R
n → R

iko]��[²jl[Y��j

F = f(V1, . . . , Vn) .

  _��]_!m]x�jl_���h
S(n,k)

j¨[u_�ik�Y���!_�x�¦�jl[]_%ilrt^��]¢t_ª¦Do]mu�!j¨rtxAmY��¢ti5ilou��[²j¨[]��j
f ∈ Ck

↑ (Rn)
±

{ ikr£^`�]¢£_C�uqlxJ�&_&iki(x�¦�¢t_&m]��j¨[
n
r£i(�¡il_&sPo]_!m]�&_�x�¦§q¨��m]�uxA^6¥���qkr¤���]¢t_&i

U = (Ui)i≤n

iko]��[²jl[Y��j

Ui = ui(V1(ω), . . . , Vn(ω)) .

  _��]_&m]x�j¨_���h
P(n,k)

jl[]_)ik�Y���&_)x�¦�j¨[]_�ilrt^��]¢t_¡�]qlxJ�&_!ilil_!i¶x�¦�¢t_&m]��jl[
n
iko]��[ j¨[]��j

ui ∈ Ck
↑ (Rn), i = 1, . . . , n

±¹aªx�jl_Cj¨[Y��jnr©¦
U ∈ P(n,k)

jl[]_&m
Ui ∈ S(n,k)

�
i ∈ N

∗
±

  _)�u_ �Ym]_	muxX® jl[]_��]r©°N_!ql_!mPjlr¤��¢¬xA�<_&ql��j¨x�qli%®([]r£��[ ���u�L_&��q�rtm´j¨[u_	d���¢t¢£r£�W¥Jrtm��Üi
����¢t�&o]¢to]i&±

�
Z�[]_Hd²��¢£¢tr¤��¥Jr£m)�u_&qlr©¥���j¨r©¥A_

D : S(n,1) → P(n,0)
B

rt¦
F = f(V1, . . . , Vn)

�]j¨[]_!m

DiF := ∂if(V1(ω), . . . , Vn(ω)) = (
∂f

∂xi

)(V1(ω), . . . , Vn(ω)),

DF := (DiF )i≤n ∈ P(n,0) .

�
Z�[]_Hg#A�xAqkxA[]xJ��rtm�j¨_&��q¨��¢

δ : P(n,1) → S(n,0)

B

δ(U) := −
n
∑

i=1

(DiUi + θi(Vi) Ui)

= −
n
∑

i=1

(

∂ui

∂xi

(V1, . . . , Vn) + θi(Vi) ui(V1, . . . , Vn)

)

,
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� $ ��3��� � � ��� � �����7�*������� 	�� $&������6� �M$ �����<�#��� ;

®(rtj¨[
θi(y) := ∂y ln(pi)(y) = (

p′i
pi

)(y)
rt¦

pi(y) > 0 ,

:= 0
rt¦

pi(y) = 0 .

	�¾ �+�]��� 	����� ��� � *� �35
F ∈ S(n,1)

���; � *� � 5
p ∈ N

� ���,� � ���

E

(

n
∑

j=1

|DiF |2
)p

< ∞
� ���;�� ��� � *� �35

U ∈ P(n,1)

�
E (|δ(U)|p) < ∞ �

� �#�0� � ��'!'0�"� � �3����� 	��6�,�J�#- 	9	�� �	
E |Vi|

p
< ∞

� � ���7�'!' ����� �!�,-��
lim

x→±∞
|y|k pi(y) = 0 �

���; �3����� 	��6���J�#- 	.	�� �	9� �
ui

�����; ∂pi

pi

�
i = 1, . . . , n

� � �*�:�	7�:��� 	 �6��'(5 �,��� �)�'
"���"� 	#� �
Z�[]_%xA�L_!q¨��jlxAq

δ
r£i5jl[]_����zykxArtm�j�x�¦

D
· j¨[]rti�r£i�j¨[u_�ql_���ilxAm�x�¦ �<_&rtm]�¶x�¦

θi

¸ B
� � Â �wÂ ���D� � Â�� 	��� �9� 	

F ∈ S(n,1)

���;
U ∈ P(n,1)

	#�6� �

E(< DF, U >) = E(F δ(U)) ,
·?��¸

���6� ���
< ., . >

�0��	#�6�%��-/�'O�� �����<;�6- 	 �!�
R

n �
� � Â0Â
	 ��� m]_�®(qkrtj¨_!i

E (< DF, U >) = E

(

n
∑

i=1

DiF × Ui

)

=

n
∑

i=1

E

((

ui

∂f

∂xi

)

(V1, . . . , Vn)

)

=
n
∑

i=1

∫

Rn

(

ui

∂f

∂xi

)

(a1, . . . , an) p1(a1) . . . pn(an) da1 . . . dan

= −
n
∑

i=1

∫

Rn

f(a1, . . . , an)

(

∂iui + ui

p′i
pi

)

pi(ai)
∏

j 6=i

pj(aj) da1 . . . dan ,

j¨[]_¡¢¤��ikj%_&sPoY��¢£rtj¯h��L_!r£m]��xA�Ej���rtm]_&�G��h3r£m�j¨_!�Aq¨�zj¨r£x�m3�Ph�]��qkjli&±   _`_&^`�]¢£xWh�[]_&qk_¡jl[]_
¦?���!j%j¨[]��j�¦Dx�q���¢£¢

k ∈ N
�

lim
y→±∞

|y|k pi(y) = 0
� p′i

pi

∈ C0
↑(R

n)
��mu�´¦,�

ui ∈ C1
↑(R

n)
±

ÅDÆ�Ç ÅDÈ



���������
	��	�������������������������� �!�#"%$&�'!'(�)�*��!�,+ �.-/�'0- �
'(�1���!��23�#���4	)53�6�7�8����1� 	9�:�<;#� '=� @

¼åxA^�rtm]�¶�Y����A�j¨x`_�ºE�L_!�!j¨��j¨rtxAm]i�®å_%xA�Ej���rtm+·?�A¸×±

  _¡r£m�j¨qkxE�uo]�&_¶m]xW® j¨[]_¡ikx��&��¢£¢t_&� � qlmuikj¨_!r£mGbª[u¢£_&mP�<_&��A3xA�<_&ql��j¨x�q
L = δ(D) :

S(n,2) → S(n,0) :

LiF := DiDiF + θi DiF ,
¦DxAq

i = 1, . . . , n

LF := −
n
∑

i=1

LiF

= −
n
∑

i=1

(∂i(∂if)(V1, . . . , Vn) + θi(Vi) (∂if)(V1, . . . , Vn)) .
·D�P¸

	�¾ �+�]��� 	������ �!�,-��
θi

�
f ∈ C2

↑(R
n)
� ���,� � ���

E|LF |p < ∞
� ��� �'!'
� �

gEo]�]�<xAil_¶jl[Y��j
F, G ∈ S(n,2)

j¨[]_!m0����i%��mr£^`^�_!�]r¤�zj¨_��!xAm]ik_&sPo]_&mu�&_)x�¦¹jl[]_¡�]oY��¢trtj¯h
ql_&¢£��j¨rtxAm·?��¸åxAm]_%xA�uj¨��r£mui

E(F LG) = E(< DF, DG >) = E(G LF ) .
·Û�A¸

d²xAql_!xW¥A_&q!�Ejl[]_(ikj���m]�Y��qk�)�]r©°N_!ql_&m�jlr¤��¢Y�&��¢£�!o]¢£o]i¬qko]¢£_!i¹��rt¥A_�jl[]_n¦Dx�¢£¢£xW®(rtm]����[Y��rtm�qko]¢£_�±

�¹¾ � �+� 	��� � � � �9� 	 φ ∈ C1
b (R

d)
���;4'0� 	

F = (F 1, . . . , F d), F i ∈ S(n,1).
� �6� �

φ(F ) ∈ S(n,1)

���;

Dφ(F ) =

d
∑

k=1

∂kφ(F ) DF k ,
· � ¸

� �!� � �9� 	 F, G ∈ S(n,2)

	#�6� �

L(F G) = F LG + G LF − 2 < DF, DG > .
· I ¸

}�r£mY��¢£¢th����Art¥�_&m
F = (F 1, . . . , F d), F i ∈ S(n,1)

��®»_�r£m�j¨qkxE�uo]�&_¡j¨[]_�d���¢t¢£r¤��¥Jr£m�!x�Ä
¥���qlr¤��m]�&_�^���j¨qkr©º

σ
ij
F =< DF i, DF j >=

n
∑

p=1

(

∂pf
i ∂pf

j
)

(V1, . . . , Vn) ,

®([]_&qk_
F i = f i(V1, . . . , Vn)

±
  _���qk_�m]xW®T���]¢t_Cj¨x`ikj¨��j¨_Cjl[]_%r£m�j¨_!�Aq¨��jlr£xAm	��h��Y��qkj¨i5¦Dx�ql^Ho]¢£�u±

Ç�Ç ÏP6Q3RJSJT



�W� $ ��3��� � � ��� � �����7�*������� 	�� $&������6� �M$ �����<�#��� ;

� � ¾JÂ � ¾ � 	��� �9� 	
F = (F 1, . . . , F d) ∈ Sd

(n,2)

�
G ∈ S(n,1) �  � ����� �
�:�%	�� �	�	��6�

�8�	��3���
σF

�0� �!�6*� �3	)���<'0� ���;K;#� �,��	 �
γF := σ−1

F �
 � �'=���D� ���1�6����� 	�� �	

E
(

(det γF )4
)

< ∞ .
·?��¸

� �6� � � ��� � *� �35H� �:����	#�%�3�#�,- 	������
φ : R

d → R
� � *� � 5

i = 1, . . . , d

E(∂iφ(F ) G) = E(φ(F ) H i(F, G)) ,
· @ ¸

� �!	��

H i(F, G) =
d
∑

j=1

E
(

G γ
ji
F LF j − γ

ji
F < DF j, DG > −G < DF j, Dγ

ji
F >

)

.

·µ����¸
� � Â0Â
	 � ±¹bnilr£mu�¡jl[]_%��[Y��rtm�qko]¢£_C®»_�xA�uj���r£m�¦DxAq�_&����[

j = 1, . . . , d

< Dφ(F ), DF j > =

n
∑

r=1

< Drφ(F ), DrF
j >

=
n
∑

r=1

d
∑

i=1

∂iφ(F ) < DrF
i, DrF

j >

=
d
∑

i=1

∂iφ(F ) σ
ij
F ,

ilx¡j¨[Y��j
∂iφ(F ) =

d
∑

j=1

< Dφ(F ), DF j > γ
ji
F

±»d²x�ql_&xW¥�_&q&�2o]ikr£m]�²· I ¸

< Dφ(F ), DF j >=
1

2

(

−L(φ(F ) F j) + φ(F ) LF j + F j L(φ(F ))
)

.

ÅDÆ�Ç ÅDÈ



���������
	��	������8���7����������� ��� �!�#"7$ �'!'(�)�*��!�,+ ��-/�'0- �#'(���F�!��23�#���H	)53�6� �8����1� 	��:�<;#� '=� �A�

Z�[]_&m�j¨[]_%�]o]��¢£r©j¯h�ql_!¢¤��jlr£xAm)�Art¥�_&i

E(∂iφ(F ) G)

=
1

2
E

((

G

(

d
∑

j=1

−L(φ(F ) F j) + φ(F ) LF j + F j L(φ(F )

))

γ
ji
F

)

=
d
∑

j=1

1

2
E
(

φ(F )
(

−F j L(γji
F G) + G γ

ji
F LF j + L(G F j γ

ji
F )
))

=
d
∑

j=1

E
(

φ(F )
(

G γ
ji
F LF j− < DF j, D(G γ

ji
F ) >

))

,

��m]�	j¨[]_%�]qkxEx�¦�rti��&xA^`�]¢£_�j¨_!�0±

� ? �¡����"%��
%������ �¡1 ��
��§������×� � �§�(� �3� - � ���4� � �T/ ��� �

�� ��$!×����7��(�

~¯m j¨[ur£i`il_&��j¨rtxAm ®»_ o]ik_²j¨[u_²rtmPjl_&�Aql��j¨rtxAm³�Ph³�Y��qkj¨i¡¦DxAqk^Ho]¢¤�³· @ ¸¶®(r©j¨[ ql_&ik�L_!�!j�j¨x
∆i ∼ ρ(a) da

�
i ∈ N

∗
�n®([]r£��[ ��ql_ jl[]_+��^��]¢trtjlo]�]_&i)x�¦�jl[]_)yko]^`�]i�x�¦

(Nt)t≥0

�
ilxA¢touj¨rtxAm	x�¦�j¨[]_�g GC«

St = β +
Jt
∑

i=1

c(Ti, ∆i, STi−) +

∫ t

0

b(r, Sr) dr .
·,�A�X¸

  _�®»xAq/A�oum]�]_&q�jl[]_�¦DxA¢£¢txX®(rtm]�H[�hJ�Lx�j¨[]_!ilr£i!±

��¿��wÂ ��� ¾ ���Ò��� ��
ρ

�0��-����6	)�!�6�6����� '(5&;� � � ��� �6	)�)���<'0� � ρ′

ρ

� ��� �	 �:��� 	 �6��'(5��,��� �)�'
"���"� 	#� ���

R
���;7� ��� �'!'

k ∈ N
�

lim
y→±∞

|y|k ρ(y) = 0 �
��¿��wÂ ��� ¾ ���Ò��� ��� � �6���3�
�,- 	)����� �

(a, x) → c(t, a, x)
���;

x → b(t, x)
���� 	 � ��-��

-����6	��!�6�6����� '(5K;� � � ��� �6	��)���<'0� ���;:	#�6� ���H� � �0� 	 �D�M-���� � 	 ��6	
K > 0

���;
α ∈ N

� �6-��
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�X� $ ��3��� � � ��� � �����7�*������� 	�� $&������6� �M$ �����<�#��� ;

	�� �	��

i) |c(t, a, x)| ≤ K (1 + |a|)α(1 + |x|)

|b(t, x)| ≤ K (1 + |x|)

ii) |∂xc(t, a, x)| +
∣

∣∂2
xc(t, a, x)

∣

∣ + |∂ac(t, a, x)| ≤ K (1 + |a|)α

|∂xb(t, x)| +
∣

∣∂2
xb(t, x)

∣

∣ ≤ K

��¿��wÂ ��� ¾ ���Ò��� � 	
|∂ac(t, a, x)| ≥ η > 0 .

����� �	��
��
���
������������������
�� ��!"����#$�

  _%r£m�jlqlxJ�]o]�&_Cjl[]_�¦DxA¢£¢txW®(r£m]�H�u_!j¨_!ql^`r£m]rtikjlr£�C_!sJo]��j¨rtxAm0±
  _��uº�ikxA^�_

0 < u1 < . . . < un < T
�2��m]��®å_��]_!m]x�j¨_

u = (u1, . . . , un)
±   _���¢£ikx

�uº
a = (a1, . . . , an) ∈ R

n
±¬Z§x

u
��m]�

a
�]®»_���ilikxE�!r¤��jl_Cj¨[]_%_!sJo]��j¨rtxAm

st = β +

Jt(u)
∑

i=1

c(ui, ai, su−

i
) +

∫ t

0

b(r, sr) dr, 0 ≤ t ≤ T ,
·µ�X�A¸

®([]_&qk_
Jt(u) = k

r©¦
uk ≤ t < uk+1

±
  _¹o]il_¹j¨[]rti§�u_!j¨_!ql^`r£m]rtikjlr£�w_&sPoY�zj¨r£x�m�r£m�xAqk�]_&q�j¨xª_�ºE�]ql_!ili

St

��i��nilrt^��]¢t_ ¦Do]m]��j¨r£x�mY��¢�B
xAm

{Jt = n}
xAm]_%[Y��i

St = st(T1, . . . , Tn, ∆1, . . . , ∆n) ,

∂∆i
St = ∂ai

st(T1, . . . , Tn, ∆1, . . . , ∆n) ,

∂2
∆j ,∆i

St = ∂2
aj ,ai

st(T1, . . . , Tn, ∆1, . . . , ∆n) ,

∂βSt = ∂βst(T1, . . . , Tn, ∆1, . . . , ∆n) .

gEx)rtm²xAqk�]_&q(j¨x��&xA^`�]oujl_�jl[]_��]_&qkrt¥���j¨r©¥A_!iªx�¦
St

�<®»_�[]�W¥�_�jlx)�&x�^��]oEj¨_%j¨[]xAik_�x�¦
st

±
bªm]�]_!q�[�hE�<x�jl[]_&ikr£i��]±Ù�E�N®»_¡^)��h²�L_!qk¦DxAqk^ jl[]_&ik_¶�&xA^`�]ouj¨��j¨rtxAm]iC��h �urt°L_&ql_!m�j¨r¤�zj¨r£mu�
®(rtj¨[�qk_&il�<_&��jªjlx

aj

�
j = 1, . . . , n

rtm´·µ�X�A¸×±   _%xA�uj¨��r£m

ÅDÆ�Ç ÅDÈ



���������
	��	������8���7����������� ��� �!�#"7$ �'!'(�)�*��!�,+ ��-/�'0- �#'(���F�!��23�#���H	)53�6� �8����1� 	��:�<;#� '=� �W�

�
}YxAq

i ≤ Jt(u), ∂ai
st

il��j¨rti �Y_!injl[]_�_&sPoY��jlr£xAm

∂ai
st = ∂ac(ui, ai, su−

i
) +

Jt(u)
∑

j=i+1

∂xc(uj, aj, su−

j
) ∂ai

su−

j

+

∫ t

ui

∂xb(r, sr) ∂ai
sr dr .

·µ����¸

�

∂2
ai

st = ∂2
ac(ui, ai, su−

i
) +

Jt(u)
∑

j=i+1

∂2
xc(uj, aj, su−

j
)
(

∂ai
su−

j

)2

+

Jt(u)
∑

j=i+1

∂xc(uj, aj, su−

j
) ∂2

ai
su−

j
+

∫ t

ui

∂xb(r, sr) ∂2
ai

sr dr

+

∫ t

ui

∂2
xb(r, sr) (∂ai

sr)
2

dr .
·µ�&�P¸

�
}YxAq

i < j

∂2
aj ,ai

st = ∂2
a,xc(uj, aj, su−

j
) +

Jt(u)
∑

k=j+1

∂2
xc(uk, ak, su−

k
) ∂ai

su−

k
∂aj

su−

k

+

Jt(u)
∑

k=j+1

∂xc(uk, ak, su−

k
) ∂2

aj ,ai
su−

k
+

∫ t

uj

∂xb(r, sr) ∂2
aj ,ai

sr dr

+

∫ t

uk

∂2
xb(r, sr) ∂ai

sr ∂aj
sr dr ,

·µ�W�A¸

��m]�	¦DxAq
i > j

�u®»_�xA�uj���r£m
∂2

aj ,ai
st

��h	iµhE^`^`_!j¨qµhA±
� ∂βst

r£i��&x�^��]oEj¨_&����h

∂βst = 1 +

Jt(u)
∑

i=1

∂xc(ui, ai, su−

i
) ∂βsu−

i
+

∫ t

0

∂xb(r, sr) ∂βsr dr .
·,� � ¸

Ç�Ç ÏP6Q3RJSJT



��� $ ��3��� � � ��� � �����7�*������� 	�� $&������6� �M$ �����<�#��� ;

�¹¾ � �+� � �� � � � � �6�6�3�#�,- 	������ (a1, . . . , an) → st(u1, . . . , un, a1, . . . , an) ∈ C2
↑(R

n)
�

���;
(a1, . . . , an) → ∂βst(u1, . . . , un, a1, . . . , an) ∈ C1

↑(R
n) �� �!� � |∂an

st|
2 ≥ η2 e−T K > 0 �

� � Â0Â
	 � ·?r ¸§v¬qkxE�!_&_!�)��h¡ql_!�&o]qkql_&mu�&_couilr£mu��[�hJ�<x�j¨[]_!ilrti»�]±Ù��r£m²·µ�X��¸��L·µ���A¸��L·,���P¸��<·,�X�A¸×�
��m]��r£m´·µ� � ¸�±
·?r£r¤¸»bnilr£mu��·,�W��¸×�

∂an
sT = ∂ac(tn, an, st−n

) +

∫ T

tn

∂xb(r, sr) ∂an
sr dr

�uilx

|∂an
sT | =

∣

∣∂ac(tn, an, st−n
)
∣

∣ exp

(
∫ T

tn

∂xb(r, sr) dr

)

≥ η e−T K .

����� � � ��
�� ��!"����#$�����
	�! ������� #$��� ���!

  _��!xA^�_��]����A�j¨x¶j¨[u_��]qlxA�u¢£_&^6r£m�il_!�!jlr£xAm
1
��m]��®»_��u_���¢0®(r©j¨[�j¨[u_�_!sPoY��j¨rtxAm´· @ ¸×±  _�®(qlr©j¨_

E

(

φ′(ST )
∂ST

∂β
1JT =n

)

= E

[

E

(

φ′(ST )
∂ST

∂β
|σ(Ti, i ∈ N)

)

1JT =n

]

= E (hn(T1, . . . , Tn) 1JT =n) ,

®(rtj¨[

hn(t1, . . . , tn)

=E

[

φ′(sT (t1, . . . , tn, ∆1, . . . , ∆n))
∂sT

∂β
(t1, . . . , tn, ∆1, . . . , ∆n)

]

.

  _��uº
n ≥ 1

��mu�
t1, . . . , tn

��m]�	®å_����]�]¢©h�Z�[]_!xAql_!^��u±©�%®(r©j¨[
F = sT (t1, . . . , tn, ∆1, . . . , ∆n)

��m]�
G = ∂βsT (t1, . . . , tn, ∆1, . . . , ∆n)

±
E»h ��_!^�^����u±t�A�<®å_ AJmuxX® jl[Y��j

F ∈ S(n,2)

��m]�
G ∈ S(n,1)

�<ilx�®»_H[Y��¥A_Hjlx�¥A_!qlr©¦ h
j¨[Y��j

σF

r£i�rtm�¥A_&qµj¨rt�]¢£_���m]��jl[Y��j�·?��¸5[]xA¢£�ui5j¨qlou_���m]�	j¨[]_!m�®»_��!xA^`�]ouj¨_

Hn(F, G) = G γF LF − γF 〈DF, DG〉 − G 〈DF, DγF 〉 .
·µ� I ¸
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���������
	��	������8���7����������� ��� �!�#"7$ �'!'(�)�*��!�,+ ��-/�'0- �#'(���F�!��23�#���H	)53�6� �8����1� 	��:�<;#� '=� �X�

  _%[Y��¥A_

σF =

n
∑

i=1

|∂ai
sT (t1, . . . , tn, ∆1, . . . , ∆n)|2

≥ |∂an
sT (t1, . . . , tn, ∆1, . . . , ∆n)|2 ≥ η2e−2TK ,

gExC®å_(�&��m¡o]il_�Z�[]_!xAql_!^ �u±©�(��m]�¶®»_nx��uj���rtm�j¨[u_�r£m�j¨_!�Aq¨��jlr£xAm��PhH�Y��qkjli�¦DxAqk^Ho]¢¤�H· @ ¸×±}2x�qåj¨[]_%�!xA^��uouj���jlr£xAm	x�¦§jl[]_�j¨_&qk^�i(rtmP¥�xA¢t¥�_&��r£m	j¨[u_�qkr£�A[�j�[]��m]��ilr£�u_�x�¦�·,� I ¸×�
�
®å_%o]ik_�·µ�W��¸»¦DxAq

DF
��mu�

γF

��·µ� � ¸»¦DxAq
G
��·µ�W��¸5��m]�´·µ����¸»¦DxAq

LF
��·µ�W�A¸×��·µ�&�P¸

��m]�´·µ�W�A¸»¦DxAq
DγF

�
�
®å_%�]r©°N_!ql_!mPjlr¤��jl_C®(rtjl[�qk_&ik�L_!�!jnj¨x

aj

r£m´·µ� � ¸»j¨x¡xA�uj¨��r£m
DG

±

� # �5�§����� ���§� - �(���6
���7 � �	$��5� � -�� �(� �

~¯m�jl[]r£i�ik_&�!jlr£xAm	®»_��u_���¢0®(r©j¨[	j¨[]_�d²_!qkjlxAm²^`xJ�]_&¢�B

St = β +
Jt
∑

i=1

c(Ti, ∆i, ST−

i
) +

∫ t

0

b(u, Su) du +

∫ t

0

σ(u, Su) dWu ,

®([]_&qk_
ρ
���´��m]��¡i¨�zj¨r£iµ¦ h�jl[]_¡�]ql_�¥ErtxAo]i�[�hJ�Lx�j¨[]_!ilr£i��]±©�����]±Ù����m]��]±Ù�E±¡d²xAqk_&xW¥A_!q&�

®å_���ikilo]^`_
��¿��wÂ ��� ¾ ���Ò������ � �6���3�
�,- 	)�����

x → σ(u, x)
�0� 	 � ��-��7-����6	��!�6�6���1� '(5�;� � � ��� �6	��)���<'0�

���; 	��6� ��� � � �0� 	!� ��-���� � 	���6	
C > 0

� �6-���	�� �	��

i) |σ(u, x)| ≤ C (1 + |x|) ,

ii) |∂xσ(u, x)| +
∣

∣∂2
xσ(u, x)

∣

∣ ≤ C ,

iii) |σ(u, x)| ≥ η .

  _C®(rt¢£¢<�]ql_!il_&m�jnj¯®åx`��¢©j¨_!qlmY��jlrt¥�_C����¢t�&o]¢to]iå¦DxAq5jl[]r£iå^�xJ�]_&¢Ò± Z�[]_ �YqkikjnxAm]_�rti5�Y��ik_&�
xAm�j¨[]_ EåqkxX®(mur¤��m%^`x�j¨rtxAmCxAm]¢©h���mu�%jl[]_¬il_!�&xAm]��xAm]_wrti �Y��il_!��x�m��<x�jl[%jl[]_ EåqlxW®(m]r£��m
^�x�jlr£xAm���m]��j¨[]_¹ykou^��)��^��u¢£rtjlo]�]_!i&±¬gEou�]�Lx�il_cjl[Y��jåjl[]_¬ykou^��)jlr£^`_&i

T1 < . . . < Tn��ql_n�Art¥�_&m·Dr£m`j¨[]_Cd²xAm�j¨_×Äµ¼5��qk¢£xH��¢£�AxAqkrtjl[]^�jl[]r£i»^�_&��m]i¬j¨[Y��j»®å_ª[Y��¥A_���¢£ql_&���uh`ilrt^¡Ä
o]¢¤��jl_&�

T1, . . . , Tn

¸×±   _�rtm]�&¢to]�]_Cj¨[u_&^.rtm�j¨[]_��]rtil�!ql_!jlr0L&��j¨rtxAm	�Aqlrt� B ikx¡®»_��&xAm]ikr£�]_!q
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� � $ ��3��� � � ��� � �����7�*������� 	�� $&������6� �M$ �����<�#��� ;

��j¨r£^`_��Aqkr£�
0 = t0 < t1 < . . . < tm < . . . < tM = T

��m]� ®»_²��ililou^�_�jl[Y��j
Ti = tmi

�
i = 1, . . . , n

¦DxAqwikxA^`_
m1 < . . . < mn

± }2x�q
t > 0

��®å_(�]_!m]x�j¨_
m(t) = mrt¦

tm ≤ t < tm+1

±¬Z�[]_!m�jl[]_%�&xAqkql_&ik�Lx�m]�]r£mu�)«wo]¢t_&q�il��[u_&^`_�rti��Art¥�_&m��Ph

Ŝt = β +

Jt
∑

i=1

c(Ti, ∆i, ŜT
i−

) +

m(t)−1
∑

k=0

σ(tk, Ŝtk) (Wtk+1
− Wtk)

+

m(t)−1
∑

k=0

b(tk, Ŝtk)(tk+1 − tk) .

Z�[]r£i��!xAqlqk_&il�<xAm]�uinjlx¡jl[]_%�]_!jl_&qk^�rtm]r£iµj¨r£�c_&sPoY��jlr£xAm&B

ŝt = β +

Jt
∑

i=1

c(ui, ai, ŝu−

i
) +

m(t)−1
∑

k=0

σ(tk, ŝtk) ∆kw +

m(t)−1
∑

k=0

b(tk, ŝtk) (tk+1 − tk) ,

·µ����¸
®([]_&qk_�®»_%[Y��¥A_��]_&m]x�j¨_&����h

∆kw = wtk+1
− wtk

±ågJx`x�m
{Jt = k}

�YxAm]_�[]��i

Ŝt = ŝt(T1, . . . , Tk, ∆1, . . . , ∆k, ∆0W, . . . , ∆m(t)−1W ) ,

®([]_&qk_
∆kW = Wtk+1

− Wtk

±¹d�xAql_!xX¥�_&q(®å_�[Y��¥A_8B

∂∆i
Ŝt = ∂ai

ŝt(T1, . . . , Tk, ∆1, . . . , ∆k, ∆0W, . . . , ∆m(t)−1W ) ,

∂2
∆j ,∆i

Ŝt = ∂2
aj ,ai

ŝt(T1, . . . , Tk, ∆1, . . . , ∆k, ∆0W, . . . , ∆m(t)−1W ) ,

∂βŜt = ∂β ŝt(T1, . . . , Tk, ∆1, . . . , ∆k, ∆0W, . . . , ∆m(t)−1W ) ,

∂∆kW Ŝt = ∂∆kwŝt(T1, . . . , Tk, ∆1, . . . , ∆k, ∆0W, . . . , ∆m(t)−1W ) .

Z�[]_��Yqliµjª�u_&qlr©¥���j¨r©¥A_&i(x�¦
ŝt

il��j¨rtik¦ h�j¨[]_�¦DxA¢t¢£xW®(r£m]��_&sPoY��jlr£xAm]i�B

∂ai
ŝt = ∂ac(ui, ai, ŝu−

i
) +

Jt
∑

k=i+1

∂xc(uk, ak, ŝu−

k
) ∂ai

ŝu−

k

+

m(t)−1
∑

k=i

∂xb(tk, ŝtk) ∂ai
ŝtk δk +

m(t)−1
∑

k=i

∂xc(tk, ŝtk) ∂ai
ŝtk ∆kw ,

·µ� @ ¸
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∂∆iwŝt = σ(ti, ŝti) +
Jt
∑

k=1

∂xc(uk, ak, ŝu−

k
) ∂∆iwŝu−

k

+

m(t)−1
∑

k=i

∂xσ(tk, ŝtk) ∂∆iwŝtk ∆kW +

m(t)−1
∑

k=i

∂xb(tk, ŝtk) ∂∆iwŝtk δk ,
·Û����¸

®([]_&qk_
δk = tk+1 − tk

±
}2x�q5j¨[]_��]_&qkrt¥���jlrt¥A_!i(x�¦ []rt�A[]_!qnx�ql�]_!qnx�m]_%^)��h	�]_!qlr©¥A_�ilr£^`r£¢£��qå_!sPoY��j¨rtxAm]i!±5aªxW®�®»_
[Y��¥A_�jl[]_`��[]xAr£�!_�x�¦5o]ikr£m]��j¨[]_`r£m�jl_&�Aql��j¨rtxAm�Ph�]��qkjli�¦DxAqk^Ho]¢£�	¦DqkxA^ jl[]_�ik_&��j¨r£x�m �
o]ilrtm]�

∆iW
xAq5�<x�j¨[	x�¦

∆i

��m]�
∆iW

±w{ªm]��r£m�_&����[²�&��il_C®»_�[Y��¥A_%�]r©°N_!ql_!mPj�¦Dx�ql^`i
¦DxAq5j¨[]_%�]r©°N_!ql_!mPjlr¤��¢LxA�<_&q¨�zj¨xAqki&±¹}YxAq5_�ºu��^`�]¢t_�xAm�jl[]_%il_�j

{Jt = k}

σ
J,W
t :=

k
∑

i=1

|∂ai
ŝt|

2 +

m(t)−1
∑

i=0

|∂∆iwŝt|
2

,
·Û�J�X¸

σJ
t :=

k
∑

i=1

|∂ai
ŝt|

2
,

·Û���A¸

σW
t :=

m(t)−1
∑

i=0

|∂∆iwŝt|
2

.
·Û����¸
·Û�z�P¸

Z�[]_5x�jl[]_&q§�]rt°L_&qk_&m�j¨r£��¢PxA�L_!q¨��jlxAqli�®(r£¢t¢J��[]��m]�A_5rtm¶�ªikr£^`r£¢£��q0®5��h�±waªx�jl_åj¨[]��j
∆iW ∼

N (0, ti+1 − ti)
ikx`jl[Y��j�jl[]_%�&xAqkql_&ik�Lx�m]�]r£mu�

LW
i

rti��Art¥�_&m���h

LW
i ŝt = ∂2

∆iw
ŝt + θW

i ∂∆iwŝt,
®(rtjl[

θW
i = −

∆iW

ti+1 − ti
.

Z�[]_&m�j¨[]_ � qlmuikj¨_!r£mEÄ¯bª[]¢t_&mP�<_&��A	xA�<_&ql��j¨xAq5®(rt¢£¢L�L_

LW Ŝt = −

m(t)−1
∑

i=0

LW
i ŝt ,

LJ Ŝt = −
Jt
∑

i=1

∂2
∆i

ŝt + θJ
i ∂∆i

ŝt ,

LJ,W Ŝt = LJ Ŝt + LW Ŝt .
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�W� $ ��3��� � � ��� � �����7�*������� 	�� $&������6� �M$ �����<�#��� ;

aªx�jlr£�&_Cjl[Y��j(r©¦
m = m(t)

σ
J,W
t ≥ σW

t ≥
∣

∣∂∆m−1W ŝt

∣

∣

2
=
∣

∣σ(tm−1, ŝtm−1
)
∣

∣

2
≥ η2 > 0 .

Z�[]r£i���¢£¢txX®(i�o]i�jlx o]ik_�j¨[]_�r£m�j¨_!�Aq¨��jlr£xAm´��h+�Y��qkj¨i�¦DxAql^Hou¢¤���&xAqkql_&ik�Lx�m]�]r£mu��j¨x�jl[]_
EåqlxW®(m]r£��m�^�x�jlr£xAm	x�m]¢th��YxAq5j¨x`�Lx�j¨[�EåqlxW®(m]r£��m�^�x�jlr£xAm���m]�¶ykou^�����^`�]¢£r©j¨o]�u_&i�·?rtm
j¨[]_ �YqliµjC�&��il_�xAm]_�x��uj���rtm]i�j¨[]_�i¨��^`_�����¢t�&o]¢to]in��icrtm

[
�
] [
���

]
¸×±�~ jCrtin^`xAqk_��]_!¢£rt����jl_

j¨x¡�]qlxW¥�_�jl[]_%m]xAm��]_&��_&m]_!q¨����h²�!xAm]�]r©j¨rtxAm	rt¦�®»_�o]ik_%xAm]¢th�j¨[]_åyko]^`�]i!±

� � ��� �5�� - 
%$ ���(���	$×���

  _��&xA^`�]oujl_�[]_!ql_�j¨[]_ Gc_&¢©j���x�¦ j¯®åx�«¬ouqlxA�<_���m�xA�uj¨rtxAm]i�·?�&��¢£¢�xA�ujlr£xAm�®(rtjl[��Y��h�x�°
φ(x) = (x−K)+

��m]���]r£�Ar©j���¢Yx��uj¨rtxAm`®(r©j¨[��Y��hAx�°
φ(x) = 1x≥K

¸ ®(rtj¨[�o]m]�]_!ql¢©hErtm]�
(St)t≥0

¦DxA¢t¢£xW®(r£m]���Cykou^��	j¯hJ�L_%�]r©°Nouilr£x�m	^�xJ�]_&¢Ò±
��_�j

N
�<_��`�&xA^`�Lx�o]m]�²v§xArtililx�m �]qlxJ�&_!ilin®(rtj¨[Hyko]^`��rtmPjl_&m]ikrtj¯h

λ
±(}YxAqn��¢£¢

i ∈ N
∗
�

®å_C�u_&m]x�jl_
∆i

jl[]_¹yko]^`����^`�]¢trtj¨ou�]_(x�¦
N

�zjåj¨[u_¬yko]^`�)j¨rt^�_
Ti

±   _Cilo]�u�LxAik_cj¨[]��j
∆i ∼ N (0, 1)

�
i ≥ 1

±
  _��]_���¢ ®(r©j¨[�j¯®»x��]r©°N_!ql_&m�jwyko]^`���]r©°No]ikr£xAm�^`xE�]_!¢£i!±�Z�[]_��YqkikjCx�m]_�rtiª^`x�j¨r©¥���j¨_!�
�Ph��¹��ilr£�!_<A � ic^`xE�]_!¢N¦DxAq(r£m�jl_&ql_!ikjªq¨��jl_&i�·?�]oEjª®»_��!xAm]ikr£�]_!qc�cyko]^`�²�]qkxE�!_&ikicr£muikj¨_&���
x�¦ �HEåqkxW®(m]r¤��m�^`x�j¨rtxAm2¸3B

St = S0 −

∫ t

0

r (Su − α) du + σ

Jt
∑

i=1

∆i .
·Û���A¸

Z�[]_%il_&�!xAm]�²xAm]_%r£i�x�¦ Eå¢£����AAÄµgE��[]x�¢£_&i�j¯hJ�<_B

St = S0 +

∫ t

0

r Su du + σ

Jt
∑

i=1

ST−

i
∆i ,

·Û� � ¸

  _��&xA^`�Y��qk_`jl[]_)�]r©°N_!ql_!mPj¶d²xAm�j¨_	¼5��ql¢tx²_!ikj¨rt^)�zj¨xAqki�x�¦åj¨[]_ Gª_&¢tj¨�u��x��uj���rtm]_&�´��h
o]ilrtm]�

�
}�r£murtj¨_ª�]rt°L_&qk_&m]�!_�^`_!jl[]xJ�

�
d���¢t¢£r¤��¥Jr£m�����¢t�&o]¢to]i

�
¢£xJ����¢tr0L!_&��d���¢£¢£r£��¥Ertm�����¢£�&ou¢£o]i!±
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� ��� � ����� ��
�� ��� 
���
�����
��
�����# �

{cql�urtj¨ql���A_�j¨[]_!xAqkh³�Ar©¥A_!i	��mU_×ºu�uql_&ikilrtxAmU¦DxAq¡j¨[]_ �uqlr£�!_
u( , )

x�¦%��m xA�uj¨rtxAm0�å®(r©j¨[
o]m]�]_!ql¢thJrtm]��g���m]�²�]�Wh�x�°

φ
�2��i5j¨[]_�¦DxA¢t¢£xW®(r£m]��_�ºE�L_!�!jl_&�²¥���¢to]_ B

u(0, S0) = E [φ(ST )|S0] .

Z§x �!xA^`�]ouj¨_�j¨[]_ Gc_&¢©j��u�5jl[]_ �Ym]r©j¨_²�]rt°L_&qk_&m]�!_�^`_!j¨[uxE�U^��A�_&i	�+�urt°L_&ql_!m�j¨r¤�zj¨r£x�m
o]ilrtm]��jl[]_¡Z���hJ¢£x�q�_×ºE�Y��m]ikr£xAm´x�¦åjl[]_¡�]qlrt�&_¡®(rtj¨[qk_&il�<_&��j�jlx

S0

±�~¯m]�]_!_&�0��®å_`il[]r©¦ j
S0

®(r©j¨[
ε
��m]�G�&xA^`�]oujl_Hj¨[]_¡m]_�® �]qkr£�&_

u(0, S0 + ε)
��jl[]_&mj¨[u_ �]qlikj%jl_&ql^fx�¦¹j¨[]_

Z���hJ¢£xAq�_×ºE�Y��m]ikr£xAm�x�¦�j¨[]_%�]qkr£�&_%��qlxAo]mu�
S0

r£i��Ar©¥A_!m���h�B

∂u(0, S0)

∂S0
'

u(0, S0 + ε) − u(0, S0 − ε)

2ε
.

  _¶��[]xJxAik_Hj¨[]_¶iµhE^`^`_!j¨qkr£�H_!ikjlr£^���j¨xAqc��m]�3®»_`ouil_¶j¨[]_¶il��^`_Hilrt^Ho]¢¤�zj¨_&���Y��j¨[ui�rtm
j¨[]_�j¯®»x��!ik[]rt¦ jl_&��_�ºE�<_&��j���jlr£xAm���r£m	x�ql�]_!q(jlx¡ql_&�uo]�&_%j¨[]_�¥���qkr¤��m]�!_�±

� ��� 	 !  ���!�
 ��� 
���������!"��#$�

  _ªql_&�&��¢£¢Yjl[Y��jå®»_C[Y��¥�_C�&xA^`�]oujl_&�)jl[]_ Gª_&¢tj¨��_!ikj¨rt^)�zj¨xAq¹o]ilrtm]�¶d²��¢£¢tr¤��¥Jr£m¡r£m�j¨_!�Aq¨�XÄ
j¨r£x�m	�Ph��]��qkjli5¦DxAql^Hou¢¤��·?ik_&_�il_!�!j¨rtxAm²�A¸ B

E

(

φ′(ST )
∂ST

∂β

)

'
1

M

M
∑

i=1

φ(Si
T ) H i

Ji
T
(Si

T , ∂βSi
T ) 1Ji

T
≥1 + φ′(Si

T )∂βSi
T 1Ji

T
=0 .

  _%�&xA^`�]oujl_%[]_&qk_%jl[]_�d���¢t¢£r¤��¥Jr£m�®å_!r£�A[�j¨i
H i

JT
(Si

T , ∂βSi
T )
±

•
  _ �Yqkikj(ikjlo]�uh�j¨[]_��]r©°Nouilr£x�m��]qlxJ�&_!ili��]_��Ym]_!�²��h·Ò�A�A¸�±   _C[Y��¥�_���m	_�ºE�]¢£rt�&r©j

_�ºE�]ql_!ilikr£xAm²x�¦
ST

xAm
{JT = n}

B

ST = S0 e−r T + α (1 − e−r T ) + σ

n
∑

j=1

∆j e−r (T−Tj) .
·Û� I ¸

~¯m xAqk�]_&q¶j¨x´�&xA^`�]oujl_	j¨[]_�d���¢t¢£r¤��¥Jr£m �u_&qlr©¥���j¨r©¥A_&i`x�¦
ST

r£m�¥Ax�¢t¥A_!� rtm jl[]_²®»_&rt�A[�j
HJT

�N®»_¶�]r©°N_!ql_&m�jlr¤��jl_�®(rtjl[ ql_!il�<_&��j�j¨x�j¨[u_nyko]^`�3��^`�]¢£r©j¨o]�]_!iªrtm ·Û� I ¸�±�Z�[Po]i!�0¦DxAq
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��� $ ��3��� � � ��� � �����7�*������� 	�� $&������6� �M$ �����<�#��� ;

��¢£¢
1 ≤ i ≤ n

�YxAm]_%[Y��i

DiST = σe−r (T−Ti)

D2
iiST = 0

YT :=
∂ST

∂S0
= e−r T

DiYT = 0 ,

��m]�	j¨[]_%�!xX¥���qkr¤��mu�&_%^)�zj¨qlräº�rti��]_ �]m]_&�²�Ph B

σT =

n
∑

j=1

|DjST |
2 = σ2

n
∑

j=1

e−2 r (T−Tj) .

Z�[]_&m
γT =

1

σT

⇒ DiγT = 0
�]¦DxAq(��¢£¢

1 ≤ i ≤ n
±

gEr£m]�!_ ∂ ln ρ(∆)

∂∆
= −∆

�YxAmu_�[]��i

LST = −
n
∑

j=1

DjST

∂ ln ρ(∆j)

∂∆j

=

n
∑

j=1

σ e−r (T−Tj) ∆j .

}�r£mY��¢£¢th��Eouilr£mu�`_!sPoY��j¨rtxAm´·µ�W��¸��YxAm
(JT = n)

Hn(ST , YT ) =

n
∑

j=1

er Tj ∆j

σ
n
∑

j=1

e2 r Tj

.
·Û����¸

•
  _%ikj¨ou�uh	j¨[]_åyko]^`���]rt°Lo]ikr£xAm	�]qkxE�!_&ikiª�]_��Ym]_!����hG·Û� � ¸�±

� m
(JT = n)

�]®å_�[Y��¥A_

ST = S0 er T

n
∏

j=1

(1 + σ ∆j) ,
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ilx]�]¦DxAq(��¢£¢
1 ≤ i ≤ n

�

DiST =
σ ST

1 + σ ∆i

= σ

n
∏

j=1, j 6=i

(1 + σ ∆j) .

aªx�jlr£�&_�jl[Y��j¡r©¦
(1 + σ ∆i) = 0

�¹jl[]_&m
ST = 0

± gEx3®»_²_!^��]¢txWh+j¨[u_��!xAm�¥A_!mPjlr£xAm
0

0
= 0

±¬Z�[]rtinrti§yko]ikjª�¶^���jljl_&q5x�¦�m]x�j¨��j¨rtxAm0±

DiST =
σ ST

1 + σ ∆i

¦DxAq(��¢£¢
i ∈ [1..n] .

��_�j(o]in�]_ �Ymu_

Aσ =
n
∑

j=1

1

(1 + σ ∆j)2

·Û� @ ¸

Bσ =

n
∑

j=1

∆j

(1 + σ ∆j)

·Ò����¸

Cσ =
n
∑

j=1

1

(1 + σ ∆j)4
,

·Ò�E�X¸

j¨[]_!m�®»_%�A_!j&�]¦DxAq(��¢£¢
1 ≤ i ≤ n

D2
iiST = 0

YT =
ST

S0

DiYT =
σ ST

S0 (1 + σ ∆i)

σT = σ2 S2
T

n
∑

j=1

1

(1 + σ ∆j)2
= σ2 S2

T Aσ

DiσT = (
2 σ3 S2

T

1 + σ ∆i

)

(

Aσ −
1

(1 + σ ∆i)2

)

DiγT = −
DiσT

σ2
T

.
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�A� $ ��3��� � � ��� � �����7�*������� 	�� $&������6� �M$ �����<�#��� ;

|ª_&mu�&_��
Hn(ST , YT ) =

Bσ

σ S0 Aσ

+
1

S0

−
2 Cσ

S0 A2
σ

.
·Ò�A�A¸

{n¦ j¨_!qåilrt^Ho]¢£��j¨rtm]��j¨q¨�Wyk_&�!jlxAqlrt_&i»x�¦0j¨[u_cil�<_&�!r �Y_!�	�]rt°Lo]ikr£xAm0��®»_C����m��&xA^`�]oujl_njl[]_
d���¢£¢tr¤��¥Jr£m³®å_!r£�A[�j¨i	��h ·Ò���A¸���m]��·Ò����¸�± anx�j¨_ jl[Y��j�®»_xAm]¢©h m]_!_&� j¨x APm]xW®fjl[]_
��^��u¢£rtjlo]�]_!iw��m]�¶j¨[u_(jlr£^`_&i x�¦Ljl[]_§yko]^`�]iwj¨x%ikj¨��j¨_(��d²xAm�jl_�Äµ¼5��ql¢£x%_!ikj¨rt^)�zj¨xAq x�¦<jl[]_
Gc_&¢©j��u±

� ��� 	 
�����#$��� ��# ��
�� �

|ª_&qk_�®å_%¦DxE�!o]i�xAm�j¨[]_�d²_!qkjlxAm²^`xJ�]_&¢¬·Ò��¸3B

St = S0 +

∫ t

0

r Su du +

∫ t

0

σ Su dWu + µ

Jt
∑

i=1

ST−

i
∆i ,

·Ò����¸

®([]_&qk_
W

r£i¹��EåqlxW®(m]r£��m�^`x�jlr£xAmHrtm]�]_!�L_!m]�]_&m�j»xAm¡j¨[]_(�&x�^��<xAo]m]�`v�xAr£ikilxAm��]qlxJ�&_!ili
N
±   _ciko]�]�<xAil_cjl[Y��j¹j¨[]_wyko]^`����^`�]¢£r©j¨o]�u_&i

∆i

��ql_ªr£m]�u_&�<_&m]�]_!m�j��urt�]_&m�jlr£����¢£¢th¶��m]�
����o]ikilr¤��m��ur£ikjlqlrt�]ouj¨_!�0±   _�[]�W¥�_�jl[]_%_�ºE�]¢tr£�&r©j�ilx�¢£oujlr£xAm B

ST = S0 exp

(

(r −
σ2

2
) T + σ WT

) JT
∏

j=1

(1 + µ ∆j) ,
·Ò���P¸

ilx¡®å_%�]x`m]x�j(m]_!_&��j¨x`o]il_�«wo]¢t_&q � i(il��[]_!^�_�±
� m

{JT = n}
�
n ∈ N

∗
�Aj¨[u_nikxAo]qk�&_nx�¦Nql��m]�]x�^�m]_!ili¹r£i

H = (∆1, . . . , ∆n, WT )
± }2x�q

��¢£¢
i ∈ {1, . . . , n}

�

DN
i (ST ) :=

∂ST

∂∆i

=
µ ST

1 + µ ∆i

·Ò�A�A¸

DW (ST ) :=
∂ST

∂WT

= σ ST .
·Ò� � ¸
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Z�[]_&m�®å_�����m²�!xA^��uouj¨_%��¢t¢Nj¨[u_%jl_&qk^�i�rtmP¥�xA¢t¥�_&��r£m	j¨[u_�d²��¢£¢tr¤��¥Jr£m)®»_&rt�A[�j�±

DN
i (DN

i ST ) = 0

DW (DWST ) = σ2 ST

YT =
ST

S0

DN
i (YT ) =

µ ST

S0 (1 + µ ∆i)

DW (YT ) = σ YT .

Z�[]_%�&xW¥���qlr£��m]�&_%^���j¨qkr©º)r£i

σT = |DW (ST )|2 +
n
∑

i=1

|DN
i (ST )|2 = µ2 S2

T

n
∑

j=1

1

(1 + µ ∆j)2
+ σ2 S2

T .

gJj¨ql��r£�A[�jk¦DxAqk®å��ql�	�!xA^`�]ouj��zj¨r£x�m]i��Art¥�_

DN
i (σT ) =

2 µ3 S2
T

(1 + µ ∆i)
(Aµ −

1

(1 + µ ∆i)2
) +

2 σ2 µ ST 2

1 + µ ∆i

DW (σT ) = 2 σ µ2 S2
T Aµ + 2 σ3 S2

T

DN
i (γT ) = −

DN
i (σT )

σT 2

DW (γT ) = −
DW

i (σT )

σT 2
,

®([]_&qk_
Aµ

r£i��Ar©¥A_!m���h´·Ò� @ ¸×±  _%�]ouj(jl[]_&ik_%jl_&qk^�i�j¨x��A_!jl[]_&q5jlx��A_�j�j¨[]_�d���¢£¢£r£��¥Ertm)®»_&r£��[Pj<B

H =
µ Bµ + σ WT

T
− σ2

S0 (µ2 Aµ + σ2)
+

1

S0
−

2 µ4 Cµ

S0 (µ2 Aµ + σ2)2
,

·Ò� I ¸

®([]_&qk_
Bµ

��m]�
Cµ

��qk_��u_ �Ym]_!����hG·?�A��¸5��m]�+·Ò�E�W¸5ql_!il�<_&�!jlrt¥�_&¢th�±
�(_&�!_&m�j¨¢©h r£m � � �n��m]� �ä�W� �ªx�m]_��&xA^`�]oujl_&i¡j¨[]_MGc_&¢©j��x�¦���m «wo]qkxA�L_&��m x��uj¨rtxAm

o]ilrtm]��j¨[]_cd���¢t¢£r¤��¥Jr£m�����¢t�&o]¢to]i ®(rtjl[�qk_&il�<_&��j»jlx�jl[]_7EåqlxW®(m]r£��m`^�x�jlr£xAm¶x�m]¢th�± aªx�j¨r£�!_
j¨[Y��j�r©¦%®å_o]ik_´xAouq	r£m�j¨_!�Aq¨��jlr£xAm �Ph �]��qkjli�¦DxAql^Hou¢¤�u�(�]ouj�®»_3j��A�_´rtmPjlx ���&�!xAo]m�j
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H =

WT

S0σT

�
®([]r£��[:r£i�_�ºu����j¨¢©h j¨[]_3®»_&r£��[Pj²xA�uj¨��r£mu_&�:r£m �©������·Ò��i	®»_&¢t¢���i�rtm E»¢¤����AAÄµgJ��[]xA¢£_!i�¸×±
gEx3j¨[]_��]r©°N_!ql_&mu�&_��L_�j¯®å_!_&mUx�o]q¡��¢£��xAqlr©j¨[]^ ��m]� j¨[u_�x�m]_�r£m �©�������&x�m]ilrtikj¨i`r£m jl[]_
¦?���!jHjl[Y��j�j¨[]_�®»_&rt�A[�j

H
�&xAm�j¨��r£m]iH��ilo]�u�]¢£_!^�_!mPj¨��qkh+�Y��qµj¶�&xAqkql_!il�<xAm]�]rtm]� j¨x�jl[]_

�]_&qkrt¥���j¨r©¥A_!i)®(rtjl[:qk_&ik�L_!�!j�j¨x jl[]_�yko]^`� ��^��u¢£rtjlo]�]_!i&± ~¯m �Y�Ao]qk_+�P�ª®»_3�&xA^`�Y��qk_
j¨[]_�j¯®»x���¢£��xAqlr©j¨[]^`i&±Cd²xAql_!xW¥A_&q!� r£m j¨���]¢£_ �©� �Û�N®»_¶�Ar©¥A_�jl[]_HsPo]x�jlr£_&m�j��<_!j¯®»_&_!mGjl[]_
_&^`�]r£qkr£����¢ ¥���qlr¤��m]�&_!i�x�¦�jl[]_�j¯®»x��¢£��xAqlr©j¨[]^`i&±	~ jHjlo]qlmui�xAouj�j¨[Y�zj�j¨[u_)¥���qlr£��m]�&_`x�¦
j¨[]_MEåqlxW®(m]r£��mEÄ©yko]^��³��¢t�AxAqkrtj¨[u^ ·D�]ql_!il_&m�jl_&� []_!ql_W¸¶r£i¡ik^)��¢t¢£_!qHj¨[Y��m j¨[u_�¥���qkr¤��m]�!_
x�¦¬j¨[]_H�uo]ql_HEåqkxW®(m]r¤��m��¢£�AxAqkrtjl[]^�·?�]qk_&ik_&m�j¨_!�+r£m �©�W� � ¸×±Hd²x�ql_&xW¥�_&q&�0jl[]_¶�]r©°N_!ql_&mu�&_
�L_!�&xA^`_&i¹^�x�ql_�r£^`�<xAqkj¨��m�j¬��i¬j¨[]_nmPo]^H�<_&q¬x�¦Jykou^��]i¹o]�¡j¨x

T
�<_&�&x�^�_!i»¢£��ql�A_!q<B�j¨[]rti

xE�!�&o]qki%®([u_&m´jl[]_¡^)�zj¨o]qkrtj¯h
T
r£i�¢£��ql�A_!qCxAqC®([]_!m´jl[]_¡r£m�j¨_!m]ilr©j¯h

λ
x�¦¹j¨[]_`v�xAr£ikilxAm

^�_&��ilo]qk_Cr£i»¢¤��qk�A_&q!±   _��&xAm]�!¢£o]�u_cj¨[Y�zj�^�x�ql_cmuxAr£ik_CxAm]_Couil_&i�rtm)j¨[u_�r£m�j¨_!�Aq¨��jlr£xAm���h
�Y��qkjliw¦DxAql^Hou¢¤�u�A�<_!jkj¨_!q¹jl[]_n��¢£�Ax�qlrtjl[]^ ®åxAq APi�·Djl[]_&qk_(r£i¬m]x%j¨[]_!xAql_�j¨r£�&��¢Yql_!ilo]¢©j¹r£m¶j¨[]rti
il_&muil_��2�]oEjªx�m]¢th)mJou^�_!qlr£�&��¢0_�¥Ert�]_&mu�&_W¸×±

Z��
λ

� � � �W�
� �E�©�X� I �Ù� I � @ �Ù�A� � � � ���
� �A� I � �X�E�©� I �A�J�t�X� � � � �A�
� �E� @ � I �©�X� ���u�Ù�A� ���E�Ù���

Z����u¢£_� B variance Brownian
variance Brownian−Jump

¦DxAq8Gcr£��rtj���¢5�]_&¢©j��3®(rtjl[ �]r©°N_!ql_!mPj`^���j¨ouqlrtj¯h ��m]�
yko]^���rtmPjl_&m]ikrtj¯h
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 Monte-Carlo Iteration

Delta of a Digital European Option, K=S0=100,T=3,r=0.1,σ=0.2,θ=0.2,λ=4

Malliavin delta without Loc
Privault Malliavin delta without Loc
Finite difference,ε=0.01

}�rt�Ao]qk_H� B Gc_&¢©j��¶x�¦ Gcr£��rtj���¢NxA�ujlr£xAm�¦Dx�q(��d�_&qkjlxAm²v¬qkxE�!_&iki
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 Monte-Carlo Iteration

Delta of a Digital European Option, K=S0=100,T=3,r=0.1,σ=0.2,µ=0.2,,λ=4

Malliavin delta without Loc
Privault Malliavin deltawitout Loc
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� � � � # ��! �����!"����# � ��
�����# �

~¯m
[ @ ] xAm]_)�]qlxA�<xAik_&i¶��¢txE�&��¢£r L���jlr£xAm^`_!jl[]xE�G®([]r£��[ qk_&�]ou�&_&i¶jl[]_�¥���qkr¤��m]�!_)x�¦�jl[]_

_&ikjlr£^���j¨x�qli&±   _²o]il_²[]_&qk_²jl[]_²il��^`_²^`_!jl[]xE� ��m]�³®å_²il_!_²j¨[]��j�jl[]_�ql_&iko]¢tjli���qk_
ilr£��m]r �Y�&��m�j¨¢©h r£^`�]qkxX¥�_&�0±	{���j¨oY��¢£¢th�� j¨[]_��&xA^`�]ouj¨��j¨rtxAmx�¦�C�ql_!_<APi�o]ikr£m]� d���¢t¢£r¤��¥Jr£m
����¢t�&o]¢to]ic¢t_����]inj¨x)jl_&qk^�iCiko]��[��i

φ(ST ) Hn(ST ,
∂ST

∂β
)
�<®([]r£��[3�!xAo]¢t� [Y��¥A_¡�)¢£��ql��_

¥���qlr¤��m]�&_�±�~ j� iª�<xAilikr£�]¢t_�jlx���¥Ax�r£�²jl[]r£in�]qkxA�]¢£_!^ ��h²rtm�j¨qlxJ�]o]�!r£m]���¡¢£xJ����¢tr0L&rtm]�H¦Do]m]�×Ä
j¨r£x�m�®([]r£��[�¥���m]r£ik[]_&i(xAoEjªx�¦ ��m�rtmPjl_&qµ¥���¢

[K − δ , K + δ]
±

� ��� � �$����
�� ! ��� � # � ��
�� ���

 0
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 Monte-Carlo Iteration

Delta of a Digital European Option, K=S0=100,T=1,r=0.1,σ=20,λ=10

Malliavin delta without Loc
Finite difference,ε=0.01

}�r£�Aouql_��
BKGc_!¢tj��3x�¦ª��m «wo]qkxA�<_���m �]rt�Artj¨��¢¬xA�uj¨rtxAm o]ikr£m]�Gd���¢£¢£r£��¥Ertm+�&��¢£�!o]¢£o]iH��m]�
�Ym]rtjl_�Gcrt°L_&qk_&m]�!_�d²_!jl[]xE�N±»«wsPoY��jlr£xAm+·µ��¸�±
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Delta of a Call European Option, K=S0=100,T=1,r=0.1,a=20,σ=20,α=20,λ=10

Malliavin delta without Loc
Malliavin delta Loc
Finite difference,ε=0.01
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Delta of a Digital European Option, K=S0=100,T=2,r=0.1,σ=0.2

Malliavin delta
Localised Malliavin delta, a=70
Finite difference,ε=0.1
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 Monte-Carlo Iteration

Delta of a Call European Option,Derivation wrt Amplitude, K=S0=100,T=1,r=0.1,σ=0.2

Localised Malliavin delta
Malliavin delta
Finite difference,ε=0.001

}�r£�Aouql_ � B Gc_&¢©j��Hx�¦§��m�«wo]qkxA�<_���m	�&��¢£¢<xA�ujlr£xAm�ouilr£mu�`d���¢£¢tr¤��¥Jr£m`����¢t�&o]¢to]i���mu���Ym]rtjl_
Gcrt°L_&qk_&m]�!_�d�_!j¨[uxE�0±¹«wsPoY��jlr£xAm´·Û��¸�±

Z�[]_&ik_ �Y�Aouql_&i¡�!xAm �Yqk^ j¨[Y��j¡®»_²�&��m³mJou^�_!qlr£�&��¢£¢©h+�!xA^`�]ouj¨_	jl[]_MC%qk_&_<APi¡¦DxAq`«woEÄ
qlxA�<_���m xA�Ej¨r£x�m]iH®(rtjl[ ��uo]ql_�yko]^`� o]m]�]_!ql¢thJrtm]��]qlxJ�&_!ili&±   _	xA�uj¨��r£m mPo]^`_&qkr£����¢
ql_&iko]¢tjli(ilr£^`r£¢£��q¬j¨x¶j¨[]x�il_%r£m	j¨[u_   rt_&m]_!q(����ik_)·

[ @ ] ��m]� [
�
]
¸×±

� m¶jl[]_(xAm]_([Y��m]�N�P¦Dx�q¬«¬ouqlxA�<_���m)¼5��¢t¢]xA�ujlr£xAm]i!�Aj¨[]_ªd���¢£¢£r£��¥ErtmH_&iµj¨rt^)��jlxAq [Y��i¹^`xAqk_
¥���qlr¤��m]�&_¹j¨[Y��m�j¨[]_ �]m]rtjl_å�]r©°N_!ql_&mu�&_5xAmu_%·?ik_&_ �Y�Aouql_&i�����m]� � ¸ B�j¨[]_ �]m]rtjl_å�]r©°N_!ql_&mu�&_
^�_�j¨[]xJ�����]�]qkxWºErt^)��jl_&i�j¨[u_ �]qlikjª�]_!qlrt¥���jlrt¥�_�x�¦�jl[]_��]�Wh�x�°§�2®([u_&ql_&��i(j¨[]_�d���¢t¢£r¤��¥Jr£m
_&ikjlr£^���j¨x�q��&x�mPj¨��r£mui¡�3®»_&rt�A[�j`r£m]�]_!�L_!m]�Y��m�j¡xAm jl[]_��Y��hAx�°§�¹®([ur£��[³^)��h´r£m]�!ql_���il_
j¨[]_C¥���qkr¤��m]�!_�±¬bnilr£mu���¶¢txE�&��¢£r L���jlr£xAm¡j¨_!��[]m]r£sPo]_%�<_&qk^�r©j¨iåjlx`qk_&�]ou�&_�j¨[]_�¥���qkr¤��m]�!_Cx�¦
j¨[]_�d���¢t¢£r£�W¥Jrtm)_&iµj¨rt^)��jlxAq���mu��jlx`^��A�_�r©j��&¢txAil_!q�j¨x¶j¨[]_��Ymurtj¨_��urt°L_&ql_!m]�&_%xAmu_�±
� m�j¨[]_»x�j¨[u_&q�[Y��m]�0��j¨[]_5d���¢£¢tr¤��¥Jr£m�_!ikj¨rt^)�zj¨xAq�x�¦2�.Gcr£��rtj���¢�xA�uj¨rtxAm�[Y��i�¢t_&iki�¥���qkr¤��m]�!_
j¨[Y��m	jl[]_ �]m]rtjl_��]rt°L_&qk_&m]�!_�x�m]_�·?il_!_ �]�Ao]ql_!ic�¡��mu� �A¸5��m]�²ikx��uxE_!inmux�jnm]_&_!��jlx��<_
¢£xJ����¢tr0L&_!� B r£m¶jl[]r£iw�&��il_��Jjl[]_ �Yqliµj¬�]_&qkrt¥���j¨r©¥A_�x�¦<j¨[u_n�]�Wh�x�°�r£i¬� Gcrtq¨���(��mu�0���&xAm�jlq¨��qµh
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