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Calcul des sensibilités via le calcul de Malliavin
dans les marchés a sauts

Résumé : On utilise le calcul de Malliavin pour des processus de Poisson afin
de calculer les sensibilités d’options européennes dont le sous-jacent suit une
diffusion a sauts.

Le point principal est d’établir une formule d’intégration par parties (semblable
a celle du calcul de Malliavin “standard”) pour des variables aléatoires multi-
dimensionnelles absolument continues par rapport a la mesure de Lebesgue,
et dont la densité est différentiable. Nous donnons une expression explicite de
chaque opérateur apparaissant dans cette formule. Cela nous permet alors de
les simuler et donc de pouvoir mettre en oeuvre un algoritme de Monte Carlo.

Mots-clés : calcul de Malliavin, algorithme de Monte-Carlo, schema d’Euler,
processus de Poisson composé, calcul des sensibilités.
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1 Introduction

In the last years, following the pioneering papers [9], [§] a lot of work concern-
ing the numerical applications of the stochastic variational calculus (Malliavin
calculus) has been done. This mainly concerns applications in mathematical
finance: computations of conditional expectations (which appear in the ameri-
can option pricing, for example) and of sensitivities (the so called Greeks). The
models at hand are usually log-normal type diffusions and then one may use
the standard Malliavin calculus. But nowadays people are more and more in-
terested in jump type diffusions (see [5]) and then one has to use the stochastic
variational calculus corresponding to Poisson point processes. Such a calcu-
lus has already been developed in [2] concerning the noise coming from the
amplitude of the jumps and in [4] concerning the jump times. More recently
in [3] one gives a unified approach using the language of the Dirichlet forms.
Another point of view, based on chaos decomposition may be found in [7], [II,
2], [14], [11].

The aim of our paper is to give a concrete application of the Malliavin
calculus approach for sensitivities computation (Greeks) for jump diffusion
models. We give two examples: in the first one, we use the Malliavin calculus
with respect to the jump amplitudes. In the second one, we add a Brownian
part and differentiate with respect to both the jump amplitudes and to the
Wiener increments.

The Malliavin integration by parts formula used in this paper is an elemen-
tary one. Notice that any numerical scheme used in a Monte Carlo algorithm
appears as a function of a finite number of random variables Hy,..., H,. It
turns out that, if the law of these random variables is absolutely continuous
with respect to the Lebesgue measure and has a smooth density, then the strat-
egy developped in the Malliavin calculus may be implemented for Hy, ..., H,
and an integration by parts formula is obtained. This is not specific for the
Brownian motion or for a Poisson point process but represents an elementary
abstract calculus.

The paper is organized as follows. In Section 1 we present the problem:
we give the stochastic equation verified by the underling asset which is a one
dimensional jump diffusion (one may consider multi-dimensional diffusions as
well but we keep in the one dimensional setting just to avoid technical difficul-
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4 Marie-Pierre Bavouzet, Marouen Messaoud

ties). Then we precise how an integration by parts formula may be used in the
Monte Carlo algorithm in order to compute sensitivities. In Section 2 we give
the integration by parts formula. In Section 3 we use the Malliavin’s calculus
with respect to the amplitudes of the jumps in order to compute sensitivities.
In section 4, we consider a Merton’s model in which stochastic integrals driven
by a Brownian motion and by a compound Poisson process appear. We have
the choice of using the Malliavin’s calculus with respect to the Brownian mo-
tion, to the amplitudes of the jumps or to both of them. We perform the three
algorithms and we compare the empirical variance of each of them. It turns
out that the most performant algorithm (with the smallest variance) is that
based on both the Brownian motion and the amplitudes of the jumps. So the
numerical experiments (there is no theorical result) indicate that one has to use
the integration by parts formula with respect to all the noise which is available
in the model. The numerical results are contained in section 5. We compare
the Malliavin method with the finite difference method. For European call
options, the results are rather similar but for digital options, the results given
by the Malliavin method are much better than the onces given by the finite
difference method. This can be explained by the fact that the payoff function
is much more irregular.

2 The problem

We compute the sensitivities of an option with payoff ¢, where the asset (.S;);>0
follows a one-dimensional jump diffusion process driven by a compound Pois-
son process. Let us precise our problem.

Let N be a compound Poisson process. We denote by (7;);en the jump times
of t — Ny, and by (J;);>0 the corresponding standard Poisson process with
parameter A > 0, that is J; counts the number of jumps up to t and for all
n > 1, T, —T,_1 has exponential distribution with mean \. For all + € N*, we
define A; = Ny, — Np,_,, so A, represents the jump amplitude at time 7;. The
random variables (A;);cn+ are independent and identically distributed. We as-
sume that the law of A; is absolutely continuous with respect to the Lebesgue
measure and we denote by p its density, that is A; ~ p(a)da, for all i € N*.
We will suppose that p is differentiable and vanishes as * — +oo (see section

INRIA
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1),

We deal with two models. In the first one, the asset S; is a pure jump
diffusion solution of the SDE

Ji .
Sy =B+ ZC(Ti, A, ST;) + / b(u, S,) du. (1)
i—1 0

In the second one, we add a Brownian part :

Ji t t
Sy =0+ Z (T, Ay, Sp-) + / b(u, S,) du + / o(u,Sy)dW,.  (2)
i=1 ' 0 0

Our aim is to compute JzE(¢(Sr)), that is the Delta of an European option of
payoff ¢. In several papers (such as [8], [9], [T0]), one treat this problem using
a Malliavin calculus approach. We will follow a similar strategy in our frame,
using Malliavin calculus for jump type diffusions. We write

7P s0) = (as'(sT) %)

-F (as’(ST) - o)
+ZE< ( (St) ai o (T, i € N)) 1JT:n) .

On {Jr = 0} there is no jump on |0, 7, thus St and 3{% solve a deterministic
integral equation. In the examples that we consider in this paper, the solution
of these equations are explicit, so that this term is explicitly known.

Assume now that Jr = n # 0. Then, using an integration by parts formula
on {Jr = n}, we write :

OSr

£ (#(5n) SF lo(Ti i €1)) 1,

0St

— & (olsr) Hu(5r 557

) |o(T, i € N)) Lipen.

RR n° 5482



6 Marie-Pierre Bavouzet, Marouen Messaoud

where H,, is a weight involving “Malliavin derivatives” of St and of 8ST . These
differential operators are similar to those in [2], but the frame here is much
more simple, since there are no accumulation of small jumps. So we will derive
this integration by parts formula using elementary arguments. We obtain

ZE( (150 Sr 1T 1€ ) 15,
~ & (6(50) Hyy (50, 50 L1 )

In order to employ this formula in a Monte-Carlo algorithm, we proceed as
follows. We simulate the jump times (7)nen, @ = 1,..., M and the jump
amplitudes (A!),en, @ = 1,..., M, and we compute the corresponding J., St
and H}T . Then we write

oS 1«
T i\ 77i
(QS(ST) H,.(Sr, a9 —) ].JT>1) =3 ;QS(ST) HJ; Ljist-

In the case of Merton’s model we proceed as follows. First of all we simulate
the jump times 7;, + € N. Once they are fixed we construct an Euler scheme
in which the times 7}, « € N are included in the discretization grid. Then we
simulate the amplitudes of the jumps and the Brownian increments and we
perform the Monte-Carlo algorithm.

3 Malliavin calculus for simple functionals

On a probability space (€2, F, P) we consider a sequence of independent random
variables (V,,, n € N*). We suppose that

Hypothesis 3.1 For everyn € N*, the law of V,, is absolutely continuous with
respect to the Lebesque measure and has the density p, which is continuously
differentiable on R and such that Vk € N 1im ly|" p(y) = 0. We also assume

0yp( )

that 0,In(p(y)) = o

has at most polynomial growth.

INRIA
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We introduce some notation. For k& > 1, We denote by Cf(R") the space of the
functions f : R™ — R which are k times differentiable and such that f and its
derivatives up to order k have at most poklynomial growth. For a multi-index
ﬁf In the case k = 0, C?(R")
designs the set of the functions f : R — R which are continuous with respect
to each argument and have at most polynomial growth.
We define now the simple functionals and the simple processes.

A random variable F' is called a simple functional if there exists some n € N*
and some measurable function f: R” — R such that

a = (ay,...,a) we denote 0F f =

F=fVi,...,V,).

We denote by S, x) the space of the simple functionals such that f € Cf(R").
A simple process of length n is a sequence of random variables
U = (U;)i<n such that

UZ' = u,(Vl(w), ey Vn(w)) .

We denote by P, ) the space of the simple processes of length n such that
u; € Cf(]R”), i=1,...,n. Note that if U € P, then U; € S, 1), i € N*.

We define now the differential operators which appear in the Malliavin’s
calculus.

0 The Malliavin derivative D : S, 1) — Pn,0):
if = f(V4,...,V,), then

DiF = (AW Val@) = (FD)A@), - Valw))
DF = (D2F>z§n c P(n,O) .

0J The Skorohod integral 0 : P,.1) — S(n.0):

ou) = - Xn:(Dz‘Ui +0;(V;) Uy)

-2 (W) D V)
i=1 v

RR n° 5482



8 Marie-Pierre Bavouzet, Marouen Messaoud

with
0:i(y) = 0,In(p)(y) = (2)(y) if pi(y) >0,
=0 if pi(y) = 0.

Remark 3.1 For every I' € S, 1) and every p € N, one has
n P

E (Z \DiF\2> < 00, and for every U € P, 1), E(|6(U)[") < oo.
j=1

This follows from the fact that E |V;|” < oo, for all i (since lirin ly|* pi(y) =0)
opi

)

, 1 =1,...,n, have at most polynomzial

and from the fact that f, u;, and
growth.

The operator ¢ is the adjoint of D (this is the reason of being of 6;):
Proposition 3.1 Let I' € S,1) and U € P, 1) then
E(< DF,U >)=E(Fo)), (3)

where < .,. > 1is the scalar product in R™.

Proof. One writes

E(< DF,U>):E<ZD,-F><U,-)

1=1

= w; = | (a1,...,a,)p1(ar)...pn(ay) day ... day,
z/( o pilar)..p

I—Z flay, ..., a,) (&-uﬁui%) pi(a;) Hpj(aj)dal...dan,

‘ J#i
the last equality being obtained by integration by parts.We employ here the
/
fact that for all k € N, Tim |y|*pi(y) = 0, 2 € CP(R") and £, u; € CH(R").
y—=Eo Di

INRIA
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Coming back to expectations we obtain (B)). m
We introduce now the so called Ornstein Uhlenbeck operator L = 6(D) :
Snz) = Sno) *
LZF = DZD2F+@ZD2F,fOIZ:1,,n

— _Z L0 )V, V) +0:(Ve) (B f) (Vi Va)) - (4)

Remark 3.2 Since 6;, f € C;(R"), one has E|LF[? < oo for all p.

Suppose that F,G € S, ) then, as an immediate consequence of the duality
relation (B]) one obtains

E(F LG) = E(< DF,DG >) = E(G LF). (5)

Moreover, the standard differential calculus rules give the following chain rule.

Lemma 3.1 (i) Let ¢ € CL(R?Y) and let F = (F*',...,F%), F" € S(,1). Then
O(F) € Sn1y and

Z Owd(F) DF* (6)

(ii) Let F,G € S(,2) then
L(FG)=FLG+GLF -2 < DF,DG > . (7)
Finally, given F = (F*',...,F?), F' € S(, 1), we introduce the Malliavin co-
variance matrix
iy ( J o~ — ( J
0f =< DF',DF’ >=Y "(0,f 0,f7) (Vi,..., V&),
p=1

where F' = f'(V1,...,V,).
We are now able to state the integration by parts formula.

RR n° 5482
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Theorem 3.1 Let F = (F',... , F?%) ¢ anz), G € Sp,1y. We assume that the

matriz op 1s tnvertible and denote yp = a;l.

We also suppose that
E ((detyr)*) < o0. (8)

Then for every smooth function ¢ : R? - R, everyi=1,...,d
E(0i¢(F) G) = E(¢(F) H'(F,G)), (9)
with
H'(F,G) =Y E(G~}LF’ =4}l < DF?,DG > -G < DFV, Dy} >) .
j=1
(10)

Proof. . Using the chain rule we obtain for each 7 =1,...,d

<D¢(F),DF' > = Y < D,¢(F),D,F’ >
r=1

n d
= Y ) 06(F) < D,F',D,F’ >

r=1i=1
d ..
i=1

d
so that 0;¢(F) = Z < D@(F), DF7 > ~J. Moreover, using (1)
=1

< DO(F), DF’ >= = (=L(¢(F) F7) + ¢(F) LF’ + F? L(¢(F))) .

|~

INRIA
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Then the duality relation gives

G (Z —L(¢(F) F?) + ¢(F) LI +FjL(¢>(F)>> 7?)

and the proof is completed. m

4 Integration by parts with respect to the jump
amplitudes

In this section we use the integration by parts formula (@) with respect to
A; ~ p(a)da, i € N*, which are the amplitudes of the jumps of (N;)i>o,
solution of the SDE

Jt t
S, =3+ ZC(TZ', Ay, St_) + / b(r,S,)dr. (11)
i=1 0

We work under the following hypothesis.

/
Hypothesis 4.1 p is continuously differentiable, . has at most polynomial
P

growth on R and for all k € N, lil:il |y|kp(y) =0.
y—oo

Hypothesis 4.2 The functions (a,z) — c(t,a,z) and * — b(t,x) are twice
continuously differentiable and there exists a constant K > 0 and o € N such

RR n° 5482



12 Marie-Pierre Bavouzet, Marouen Messaoud

that:

i) e(t, a, 2)| < K (1+ |a[)*(1 4 [z)
[b(t, )] < K (1 + [z)

i) |0yc(t, a, )| + |02c(t, a, 2)| + |Oac(t, a, )| < K (1 + |a])®
10,b(¢, )| + |02b(t,2)| < K

Hypothesis 4.3
|0uc(t,a, )| >n>0.

4.1 The deterministic equation

We introduce the following deterministic equation.

We fix some 0 < u; < ... <wu, <T, and we denote u = (uy,...,u,). We also
fix a = (a1,...,a,) € R". To u and a, we associate the equation
Ji(u) t
St:ﬁ_l_ Zc(uiaaiasu.)+/ b(T,Sr)d’l", OStSTv (12)
i=1 ' 0

where Jy(u) =k if u <t < ugys.
We use this deterministic equation in order to express S; as a simple functional:
on {J; = n} one has

St = St(Tl,...,Tn,Al,...,An),
aAiSt = 8ai$t(T1,...,Tn,Al,...,An),
aij7AiSt = 83j7ai8t(T1,...,Tn,Al,...,An),
855} = 8ﬁ8t(T1,...,Tn,Al,...,An).
So in order to compute the derivatives of S;, we have to compute those of s;.

Under hypothesis BE2I we may perform these computations by differentiating
with respect to a;, j =1,...,n in (). We obtain

INRIA
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e For i < Jy(u), O, s, satisfies the equation

Ou, St = Ogc(u;, ay, u* g Opc(uj, a;j,s " )3a18u

Jj=i+1
t
+/ 0:b(r, 8.) Oy, 8- dr . (13)
[ ]
Jt(u) 9
92 sy = Ozc(uy, aj, u* Z O2c(uj, aj, 8 w3 -) (8%8“;)
Jj=t+1
+Zacu],aj, u)&,f Sus /8()7"5,)8 s, dr
Jj=i+1
/02 7, 8,) (0a,5,)° dr. (14)
e Fori<j
Je(u)
83] a; 83,mc(uj7aj7 u7 Z a C uk?ak? uy )aaz u aajsu
k=j+1
Je(u)
+ Zacuk,ak, Su- aJaz /867‘& a;Srdr
k=j+1

+/ Oib(r,sr)ﬁaisrﬁajsrdr, (15)

and for 7 > 7, we obtain ijmst by symmetry.
e s, is computed by

Je(u)

Ogsy =1+ Z@ c(us, @i, 5,-) Ops, - / 0,b(r, s,) Ogs, dr . (16)

=1

RR n° 5482
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Lemma 4.1 (i) The function (ay,...,an) = s¢(u1,...,Un,01,...,a,) € CHR"),
and (ay,...,a,) — Ogse(Us, ..., Un,Q1,...,0n) € CTl(R").
(i) |0y, 5> > n? e 7K > 0.

Proof. (i) Proceed by recurrence using hypothesis &2 in ([2), (I3), (@), ({3,
and in ([IH).

T
(ii) Using ([3), Oa, 57 = OuC(tn; Gn, 5;-) +/ 0,:b(r, S1) Ou, Sr dr, sO
t7l

T
|0a, 57| = ‘aac(tn,an,st;)‘ exp </ 0yb(r, s,) dr) >ne TK.
tn

4.2 Integration by parts formula

We come back to the problem in section 1 and we deal with the equation ().
We write

B (as/(ST) > 1) _p [E (cb/(ST) T i€ N)) 1}

= E (hn(T1> e ,Tn) 1JT:n) )
with

ho(ty, ... tn)
aST

=K [¢/(ST(t1, . ,tn,Al, .o ,An)) %(tl, cee ,tn,Al, .. ,An>:| .

We fix n > 1 and tq,...,t, and we apply Theorem B with
F=sp(ty,... ty, Ar,...,Ay) and G = Ogsp(ty, ..., tn, A, ..o, A).

By Lemma BTl we know that F' € S, ) and G € S, 1), so we have to verify
that op is invertible and that () holds true and then we compute

INRIA
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We have

or = 3 NOasrlts, o tay A A

=1
> |8anST(tl>'">tn>A1,-..,An)|2 >772 _2TK’

So we can use Theorem BIland we obtain the integration by parts formula ({).
For the computation of the terms involved in the right hand side of (1),

e we use (@) for DF and vy, ([[8) for G, ([[3) and (I4) for LF, (I3), (I4)
and (I3 for Dy,

e we differentiate with respect to a; in (I6]) to obtain DG.

5 Merton Process and Euler scheme

In this section we deal with the Merton model:

t t
5+Z (T, A, Sy /b(u,Su)du+/ o(u, Sy) dW,,
0 0

where p, b and c satisfy the previous hypothesis ET] and Moreover,
we assume

Hypothesis 5.1 The function x — o(u,x) is twice continuously differentiable
and there exists a constant C' > 0 such that:

i) |o(u, )| < C(1+]]),
i1) |00 (u, )| + ‘8§a(u, x)} <C,
i) |o(u, x)| > 7.
We will present two alternative calculus for this model. The first one is based
on the Brownian motion only and the second one is based on both the Brownian
motion and the jump amplitudes. Suppose that the jump times 77 < ... < T,

are given (in the Monte-Carlo algorithm this means that we have already sim-
ulated T3, ...,T,,). We include them in the discretization grid: so we consider

RR n° 5482
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atime grid 0 =) < t; < ... < t, < ... <ty =T and we assume that
T; =tm, 1 =1,...,nfor some m; < ... <m,. Fort> 0, we denote m(t) =m
if t,, <t <t;41- Then the corresponding Euler scheme is given by

m(t)—1

S, = 6 + Z C(Tiu Ai7 S'Tr) + Z U(tkv gtk) (Wtk+1 - Wtk)

k=

[en]

m(t)—1
+ b(t, Stk (th1 — ti) -
k=0

This corresponds to the deterministic equation :

m(t)—1 m(t)—
St ﬂ + Z CUy, al7 u; _'_ o tk7 Stk Akw + Z b tk7 Stk> (tk-i-l - tk)
k=0 k=0
(18)
where we have denoted by Ayw = wy,,, — wy,. So on {J; = k}, one has
Si = 5T, Ty Ary oo, Ay AW, Ay W)
where AW =W, — W, . Moreover we have :
8Aigt - 8ai§t(T17 e ,Tk, Al, ceey Ak, A(]VV, ceey Am(t)_1W> ;
aij7Aigt - 82j7ai§t(T17---7Tk7A17’”7Ak7A0W7”’7Am(t)—1W>7
955y = 0p8:(Th, ., Ty Aty A, AgW, o Ay 1 W)
8Angt = 8Akw§t(T17 e ,Tk, Al, ey Ak, A(]W, ey Am(t)_1W) .
The first derivatives of §; satisfy the following equations :
a5t = Oac(us, @i, 5, - Z Ouc(uk, ar, 5,-) Oa, 8-
k=i+1
m(t)—1 m(t)—1
+ ) Oub(t, 51,) Oade, Ok + Y Ouclth, 81,) O,y Apw, (19)
k=1 k=i

INRIA
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Ji
Onwde = 0(ti,31,) + Y Ouclug, ar, 8,-) Onpwd, -
k=1
m(t)—1 m(t)—1
+ Z 8xa(tk, ‘§tk) 8Aiw§tk AkW + Z &Cb(tk, §tk) 8Aiw§tk 5k , (20)

k=1 k=i

where 0y =t — .

For the derivatives of higher order one may derive similar equations. Now we
have the choice of using the integration by parts formula from the section 2
using A;WW or both of A; and A;WW. And in each case we have different forms
for the differential operators. For example on the set {J, = k}

k m(t)—-1
oV = Z|a@i‘§t|2+ Z 10a,wse| (21)
i=1 i=0

k
of = Y 10", (22)
i=1

m(t)—1

o = > 0wl (23)
=0

(24)

The other differential operators will change in a similar way. Note that A; W ~
N(0,t;11 — t;) so that the corresponding L}V is given by
AW
L8 = 0% ,,8: + 0} Oauwss, with 6} = -
i+1 7 W

Then the Ornstein-Uhlenbeck operator will be

m(t)—1
s = =Y L,
=0
Jt
LS, = =) 035 +6]0a5,
=1

LJ’WSt — LJgt ‘l— LWSt .

RR n° 5482



18 Marie-Pierre Bavouzet, Marouen Messaoud

Notice that if m = m(t)

2 . 2
oV >l > }aAmflwst = ‘a(tm_l,stmfl)‘ >n?>0.

This allows us to use the integration by parts formula corresponding to the
Brownian motion only, or to both Brownian motion and jump amplitudes (in
the first case one obtains the same calculus as in [6] [13]). It is more delicate
to prove the non degeneracy condition if we use only the jumps.

6 Numerical results

We compute here the Delta of two European options (call option with payoff
¢(z) = (x — K) 4 and digital option with payoff ¢(z) = 1,>) with underlying
(St)e>0 following a jump type diffusion model.

Let N be a compound Poisson process with jump intensity A. For all i € N*,
we denote A; the jump amplitude of N at the jump time 7;. We suppose that
A; ~N(0,1), 1> 1.

We deal with two different jump diffusion models. The first one is motivated
by Vasicek’s model for interest rates (but we consider a jump process instead
of a Brownian motion):

t Ji
St:SO—/T(Su—oz)du—l—UZAi. (25)
0 i=1
The second one is of Black-Scholes type:

Ji

t
St:SojL/rSudu—i-UZST_Ai, (26)
0 -1
We compare the different Monte Carlo estimators of the Delta, obtained by
using
e Finite difference method
e Malliavin calculus

e localized Malliavin calculus.
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6.1 Finite Difference method

Arbitrage theory gives an expression for the price u(, ) of an option, with
underlying S and payoff ¢, as the following expected value :

u(0, So) = E [#(Sr)]So] -

To compute the Delta, the finite difference method makes a differentiation
using the Taylor expansion of the price with respect to Sy. Indeed, we shift
So with € and compute the new price u(0, Sy + €), then the first term of the
Taylor expansion of the price around S is given by:

du(0, Sp) _ u(0, S0 +€) —u(0, S —e)
850 o 2¢

We choose the symmetric estimator and we use the same simulated paths in
the two "shifted expectation" in order to reduce the variance.

6.2 Malliavin estimator

We recall that we have computed the Delta estimator using Malliavin integra-
tion by parts formula (see section 2):

05

M
/ 1 i\ i (Qi i 1( Qi i
E (Cb (57) Bk ) = E o(St) HJ;(STa 9357) lpsi+¢ (57)9s57 Lyi—o-
i=1

We compute here the Malliavin weights H (S}, d5S%).

e We first study the diffusion process defined by (20). We have an explicit
expression of Sy on {Jr = n}:

Sr=Se T +a(l—e")+o Z Aje @1 (27)

j=1

In order to compute the Malliavin derivatives of St involved in the weight
H,,., we differentiate with respect to the jump amplitudes in (7). Thus, for

RR n° 5482



20 Marie-Pierre Bavouzet, Marouen Messaoud

all 1 <1 <n, one has

D;Sy = oge " TT)
DiSr = 0
aST —rT
Yr = —=e"
T 2S,  ©
D,Yr = 0,

and the covariance matrix is defined by :
n n
or = Z |D;Sr|* = o Ze_QT(T_TJ) .
j=1 j=1

1
Then vy = — = Dyyr =0, forall 1 <i < n.
o

T
Since OlnaipA(A) = —A, one has
_ - 8lnp o7 (T=T5)
LSp ==Y D;Sp—— Z
=1 =1

Finally, using equation (), on (Jr = n)
Z e’ TJ

H,(S7,Yr) = ——. (28)
o Z e2rT

e We study the jump diffusion process defined by (286]).
On (Jr =n), we have
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so, for all 1 <17 < n,

UST

DSy = —1_ —
T 1+O'AZ

Notice that if (1 + o A;) = 0, then Sy = 0. So we employ the convention

0= 0. This is just a matter of notation.

. oSt .
D;Sr = 7oA, for all i € [1..n].

Let us define

1
Co = Z(1+0Aj)4’

then we get, forall 1 <i<n

D2Sr =0
St
Yr ="+
T SO
O'ST
DYp=
T S (1 +oA)

- 1
_ 22 _ 2q2
or =0 STE (1+0Aj)2_0 ST A
j=1

20352 1
DiaT_(l"‘O'Ai) (AU_(l‘i‘O'AZ)z)
DZ’O'T

2
or

Diyr = —

RR n° 5482
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Hence,
B, 1 2C,

+ 5 - .

o S(] Ao S(] S(] Ag
After simulating trajectories of the specified diffusion, we can compute the
Malliavin weights by [£8) and (B2). Note that we only need to know the

amplitudes and the times of the jumps to state a Monte-Carlo estimator of the
Delta.

H,(S7,Yr) = (32)

6.3 Merton Process

Here we focus on the Merton model (2):

t t Jt
0 1

0 i=1

where W is a Brownian motion independent on the compound Poisson process
N. We suppose that the jump amplitudes A; are independent, identically and
gaussian distributed. We have the explicit solution:

St = Sp exp ((r—%z)T+0WT) H(1+uAj), (34)

J=1

so we do not need to use Euler’s scheme.
On {Jr = n}, n € N*, the source of randomness is H = (Aq,...,A,, Wr). For
alli e {1,...,n},

S wS

DI = 58, = Trua (33)
S

DV (Sy) = W};:aST. (36)
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Then we can compute all the terms involved in the Malliavin weight.

D;(D"Sr) = 0
DY(D"Sy) = o®Sr
St
Yr = —
T SO
S
DNV _ HoT
Z( T) SO(1+MA2)

DV(Yp) = oYrp.

The covariance matrix is

or =DV (Sp)P+ > IDN(Sr)P = p? S > T AT + 0282
i=1 j=1 K2y
Straightforward computations give
213 S% 1 202 1 Sr2

(1+MA2‘)( " (1+MAi)2)+ I AY
DV (or) = 20u*S;A,+20%S7

DN(o
D) = -2t

DY (or)
DW(/-VT) = - UT2 3

where A, is given by £9).
We put these terms together to get the Malliavin weight:

:,uB,ﬁ—a%—az 1 2utC,

- 37
So(2A, 102 S SoGRA,+ %R (37)

where B, and C,, are defined by (Bl and (BZI]) respectively.

Recently in [6] and [I3] one computes the Delta of an European option
using the Malliavin calculus with respect to the Brownian motion only. Notice
that if we use our integration by parts formula, but we take into account
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Wr
S(]O' T’
which is exactly the weight obtained in [I3] (as well as in Black-Scholes).
So the difference between our algorithm and the one in [I3] consists in the
fact that the weight H contains a supplementary part corresponding to the
derivatives with respect to the jump amplitudes. In figure @I we compare
the two algorithms. Moreover, in table [, we give the quotient between the
empirical variances of the two algorithms. It turns out that the variance of
the Brownian-jump algorithm (presented here) is smaller than the variance
of the pure Brownian algorithm (presented in [I3]). Moreover, the difference
becomes more important as the number of jumps up to 7" becomes larger: this
occurs when the maturity 7" is larger or when the intensity A of the Poisson
measure is larger. We conclude that more noise one uses in the integration by
parts formula, better the algorithm works (there is no theoretical result in this
sense, but only numerical evidence).

just the derivatives with respect to the Brownian motion, we find H =

T\A| 1 4 8 12

\
1 |215| 7,27 [ 19,88 | 16,43
2
3

1,72 [ 12,17 | 22,12 | 36,44
2,94 | 7,15 | 24,30 | 35,58

T b] 1: variance Brownian
aple 1: - -
variance Brownian—Jump

jump intensity

for Digital delta with different maturity and
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Delta of a Digital European Option, K=S0=100,T=3,r=0.1,0=0.2,6=0.2,A=4

0.016 T T T —T L -
Malliavin delta without Loc ——
Finite difference,e=0.01 S

0.014

0.012

0.01
0.008
0.006
0.004 E

0.002

0 Hek—k—k—Lk
10000 20000 30000 40000 50000 60000 70000 80000
Monte-Carlo Iteration

Figure 1: Delta of Digital option for a Merton Process

Delta of a Digital European Option, K=S0=100,T=3,r=0.1,0=0.2,u=0.2, A=4
0.004 T T T T T T

T

0.0039 q

\ # i J
| [ % /\X\j \ / \
A Y /&‘\i

Y

0.0038
N

0.0037

0.0036 B
0.0035 —
lMaIIiavin delta without Loc ——
00034 1 1 1 1 T T T
10000 20000 30000 40000 50000 60000 70000 80000

Monte-Carlo Iteration

Figure 2: Zoom of figure [T
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6.4 Localization method

In [9] one proposes a localization method which reduces the variance of the
estimators. We use here the same method and we see that the results are
significantly improved. Actually, the computation of Greeks using Malliavin

calculus leads to terms such as ¢(Sr) H,(Sr, aﬁ), which could have a large

9B
variance. It’s possible to avoid this problem by introducing a localizing func-
tion which vanishes out of an interval [ —¢§, K + 4.

6.5 figures and comments

Delta of a Digital European Option, K=S0=100,T=1,r=0.1,0=20,A=10
0.016 T T T T T T T

0.014 - g
0.012 | N
0.01 - N
0.008 - N
0006 F bl RS RSB R A
0.004 - 4

0.002

lMaIIiavin delta without Loc — ‘
T T

0 =—— i 1 1 1 T
10000 20000 30000 40000 50000 60000 70000 80000
Monte-Carlo Iteration

Figure 3: Delta of an European digital option using Malliavin calculus and
finite Difference Method. Equation ().
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Delta of a Call European Option, K=S0=100,T=1,r=0.1,a=20,6=20,0=20,A=10
0.4 T T T T T T T

0.395
0.39
0.385 ‘1‘»
0.38
0.375

0.37

0.365 —
[ Malliavin delta without Loc —
Finite difference,e=0.01  --------
036 1 1 1 1 T T
10000 20000 30000 40000 50000 60000 70000 80000
Monte-Carlo Iteration

Figure 4: Delta of an European call option using Malliavin calculus and finite
Difference Method. Equation ([).
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0.011

0.01

0.009

0.008

0.007

0.006

0.005

0.004

0.003

0.002

Delta of a Digital European Option, K=S0=100,T=2,r=0.1,6=0.2

T

1

T

1

T T T T

Malliavin delta —
) Finite difference‘,s=0.1 e

10000

20000

30000

40000 50000 60000 70000 80000
Monte-Carlo Iteration

Figure 5: Delta of an European digital option using Malliavin calculus and
finite Difference Method. Equation (B).
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Delta of a Call European Option,Derivation wrt Amplitude, K=S0=100,T=1,r=0.1,0=0.2
0.78 T T T T T

T T
Localised Malliavin delta

Finite difference,£=0.001

0.76 q

0.74 B

RN e e iy N Y

0.68 B

0.66 1 1 1 1 1 1 1
10000 20000 30000 40000 50000 60000 70000 80000

Monte-Carlo Iteration

Figure 6: Delta of an European call option using Malliavin calculus and finite
Difference Method. Equation (&).

These figures confirm that we can numerically compute the Greeks for Eu-
ropean options with a pure jump underlying process. We obtain numerical
results similar to those in the Wiener case ([9] and [§]).

On the one hand, for European Call options, the Malliavin estimator has more
variance than the finite difference one (see figures@and @l): the finite difference
method approximates the first derivative of the payoff, whereas the Malliavin
estimator contains a weight independant on the payoff, which may increase
the variance. Using a localization technique permits to reduce the variance of
the Malliavin estimator and to make it closer to the finite difference one.

On the other hand, the Malliavin estimator of a Digital option has less variance
than the finite difference one (see figures B and B) and so does not need to be
localized: in this case, the first derivative of the payoff is a Dirac and, contrary
to the finite difference method, the Malliavin calculus permits to avoid this
strong discontinuity.

Finally, notice that for both call and digital options, the finite difference
method requires to simulate twice more samples of the asset than the Malliavin
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method does : the finite difference method uses the samples starting from Sy
and those starting from Sp+e€. So the Malliavin method is less time consuming.

7 Conclusion

In order to develop a Malliavin calculus for jump processes, we worked here on
a space of simple functionals of a finite set of random variables representing the
source of randomness. First, we applied the Malliavin calculus to pure jump
processes, by differentiating with respect to the jump amplitudes. Second, in
the case of Merton process, we used the total randomness coming from the
jump amplitudes and the Brownian increments. Then, under some standard
assumptions, we have set up an integration by parts formula, which permits to
replace the derivative of the payoff by a Malliavin weight in the computation
of the Greeks.

The Numerical experiments show that using Malliavin approach becomes

extremely efficient for a discontinuous payoff. Some specific technics can be
used to reduce the variance of the Malliavin estimator.
For the Merton process, we compare our Delta estimator with the one where
one omits the presence of the jump process (that is we don’t differentiate with
respect to the jump amplitudes). The results show that it is better to use the
two sources of randomness especially when we have more jumps.
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