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Couches parfaitement adaptées pour I’aéro-acoustique en régime
harmonique en présence d’un écoulement uniforme

Résumé : Ce papier est consacré a la résolution des équations de Galbrun linéarisées en régime har-
monique, qui modélisent, via une représentation mixte Lagrangienne-Eulérienne, la propagation de per-
turbations acoustiques et hydrodynamiques dans un écoulement donné de fluide compressible. Nous
considérons ici le cas d’un écoulement uniforme subsonique dans un conduit infini bidimensionnel. En
utilisant un procédé d’amplitude limite, nous caractérisons la solution sortante rayonnée par une source
a support compact. Nous proposons ensuite, pour approcher cette solution sortante, une formulation de
Fredholm avec des couches absorbantes parfaitement adaptées. Nous démontrons la convergence de la
solution approchée vers la solution exacte et donnons des estimations d’erreur, dépendant des paramétres
des couches absorbantes. Finalement, nous présentons plusieurs expériences numériques significatives.

Mots-clés :  aéroacoustique, équations de Galbrun, principe d’absorption limite, Couches parfaitement
adaptées, PML, guide d’onde acoustique, décomposition modale
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1 Introduction
Numerical simulations of wave phenomena in unbounded domains have always been concerned with

artificial boundary conditions. The computational domain being necessarily finite, one has to impose
boundary conditions such that the outgoing waves are not reflected. In computational aeroacoustics,
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4 E. Bécache & A.-S. Bonnet & G. Legendre

problems involve wave radiation and convection, adding to the complexity of defining an adequate con-
dition. Many studies have been conducted in this field over the last thirty years, and various methods
have been developed. Some are based on the localization of the Dirichlet-to-Neumann map [12], or on
asymptotic expansions of the far-field solution [2], or on the use of characteristics [25]. Alternatively,
buffer or sponge layer techniques can also be used, in which outgoing waves are damped through artificial
dissipation [13] or grid stretching and filtering [9] in a region adjacent to the artificial boundary.

In this work, we make use of absorbing layers in the manner of perfectly matched layers (PML),
which were introduced by Bérenger [5] in the context of computational electromagnetics. A major
difference between the PML and other buffer zones is that they are designed in such a way that, at any
angle of incidence, waves are transmitted with (theoretically) no reflection. While PMLs have already
been used in aeroacoustics (see, for instance, [19, 18, 24, 1, 20]), the applications were concerned with
the linearized Euler equations solved in the time domain. In a previous paper [3], we dealt with the PML
for the convected Helmholtz equation (that is, in the frequency domain) in a waveguide and proved the
well-posedness and convergence of the method. However, that model being scalar, acoustic waves were
the only ones taken into account, whereas the main difficulty when applying the PML in aeroacoustics
lies in the appropriate treatment in the layers of the entropy and vorticity waves, which are both convected
downstream of the mean flow.

The model used in this paper is the one introduced by Galbrun [14, 23], which is based on a
Lagrangian-Eulerian description of the perturbations, in the sense that the Lagrangian perturbations of
the quantities are expressed in terms of Eulerian variables with respect to the mean flow, and it assumes
small perturbations of an isentropic flow of a perfect fluid. The model consists of a linear partial differen-
tial equation involving the Lagrangian displacement perturbation. This equation, being of second order
in time and space, is amenable to variational methods, which is not the case for the hyperbolic system
of linearized conservation laws usually solved in aeroacoustics simulations. However, its resolution by
standard (i.e., nodal) finite element methods is subject to difficulties quite similar to those observed for
Maxwell’s equations in electromagnetism [7]. We previously proposed a regularized formulation of the
Galbrun’s equation in a uniform flow and time-harmonic dependence [8] that allowed the use of nodal
finite elements for the discretization of the problem.

In the present article, we discuss the use of the PML method to solve the radiation problem of
a perturbation source placed in a two-dimensional guide in the presence of a uniform mean flow. The
outline is the following. The problem to be solved is introduced in section 2. In section 3, we characterize
through a limiting absorption principle the unique solution which represents the periodic regime. The
problem with PMLs is posed and analyzed in section 4 and its convergence is subsequently proved
in section 5 via the combined use of vector potentials and scalar modal analysis. Finally, numerical
applications are presented in section 6.

2 The physical problem posed in an infinite waveguide

We consider a displacement formulation for the propagation of acoustic waves in an infinite, rigid duct
and in the presence of a uniform mean flow of subsonic speed vg. A time-harmonic dependence of the
form exp(—iwt), w > 0 being the pulsation, is assumed throughout the paper. The problem is then
modeled by the following equation and boundary condition

(1) D?u — V (divu) = finQ,
2 u - n = 0on 0,

where 2 and OS2 denote, respectively, the infinite duct of height / and its rigid walls (i.e., Q2 = {(z1,z2) ; 21 €
Rand 0 < z9 < [}). In equation (1), the letter D stands for the material derivative in the uniform flow

INRIA
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and the time-harmonic dependence, given by

Du = —iku+ M 2%
89@1

where k& = % is the wave number, and M = z—g is the Mach number (0 < M < 1). Thus, in extended
form, equation (1) reads

ou 0%u
—k%u — 2ikM — + M?
v ! 8:131 + 8:1:12

— V (divu) = fin Q.

An additional hypothesis is made on the compactly supported source f, which is assumed to admit
the Helmholtz decomposition

f=Vyg,+curlgy,

where g, and g;, are also compactly supported. From a physical point of view, the source term f is meant
to contain an “acoustic” part g,, which generates irrotational perturbations (i.e., pressure fluctuations),
and a vortical part g5, which creates hydrodynamic perturbations. Note here that curl f = aa—mfg ey —
88_531 e2, Where e; and e are the vectors of the canonical basis of R2, is the vectorial form of the curl
operator when applied to scalar functions. We denote by curlv = g—;?l — g—;; the dual form of this
operator when applied to vector fields.

The source f is also assumed to belong to the space H (curl; €2). Of course, this assumption implies
some regularity on g, and g,. In our case, sufficient conditions of regularity are

ga € HY(Q) and g, € H*(Q).

The problem (1)-(2) admits an infinite number of solutions as long as an additional condition at
infinity is not given. We are interested in the unique solution associated with the time-harmonic problem.
In the next section, we characterize this solution through the study of a dissipative problem.

3 Well-posedness — the limiting absorption principle

The problem described in the previous section is not completely defined before the behavior of the
solution at infinity is prescribed and the notion of an outgoing solution of this problem is specified.
This will be done in a very natural manner, using the limiting absorption principle [11]. The underlying
idea consists of considering the physical solution as the limit solution of a dissipative problem, which is
well-posed due to the absorption.

3.1 Thedissipative problem

A dissipative problem associated with (1)-(2) is readily obtained by replacing the real wave number & by
a complex number k. such that

ke =k +ie,

where ¢ is a positive real number. The physical case then becomes the limiting case in which ¢ tends to
0. In what follows, we prove that the unique solution of “finite energy” (i.e., which belongs to the space
H'(2)?) of the dissipative problem converges as ¢ tends to zero in the H . .(22)? sense to a limit, that
will be called the “outgoing” solution of (1)-(2).

RR n° 5486



6 E. Bécache & A.-S. Bonnet & G. Legendre

3.2 Study of the dissipative problem

We now consider the dissipative problem. We seek a function «¢ in H'(£2)? which solves the following
equation with boundary condition

3) D2uf — V (divu®) = fin Q,
(4) u® - n = 00on o,
where D, = —ik. + M 83—:01. To be able to prove the well-posedness of this problem, it must be regu-

larized, as proposed in [8]. To this end, we introduce the function v* = curlu®, belonging to L?(9),
which is a solution of the following ordinary differential equation with constant coefficients (obtained by
taking the curl of equation (3))

(®) D24 = curl f in Q.
First, we state a preliminary result.

Lemma 1 Equation (5) has a unique solution v° in L?(2). This solution vanishes upstream of the
support of the source f.

Proof. Introducing the causal Green’s function of the differential operator D?

T (ke
G5($1) = MZH(IIH) e'm L Va1 € R,
where H denotes the Heaviside function, one can derive the following particular solution of (5)
1 . ike (212
Ve (x1,29) = Ge xcurl f(-,29)(z1) = IYe) /_Oo(zvl — 2) e @2 curl £(z, z5) da.

One can easily verify that this function vanishes upstream of the source and belongs to L2(€2) (see
the appendix). Uniqueness of the solution follows from the fact that the solutions of the homogeneous
equation D2 = 0 are of the following form

(ke o
Yo (z1,2) = (ac(w2) + 21 b:(22)) €M™, V(21,22) €,

and therefore do not belong to L2(£2), except for the trivial solution ¢ = 0. 0
Now, if u® is a solution of (3)-(4), it clearly satisfies the so-called regularized or augmented problem

D2uf — V (divu®) + curl (curlu® — ) = fin Q,
(6) u® - n = 0on 0,
curl u® = ¢ on 9f).
Setting V(©2) = {v € H'(Q)? |v-n =00n 00}, a variational formulation of this last problem
reads: find u® € V() such that

% oalkiu,v) = [ (F-5 -+ (curlw) da, Yo € V@),
0
where the sesquilinear form aq (k.; -, -) is defined by
aq(ke;u,v) = / ((div w)(div @) + (curl u)(curl @) — M? Ou v > de
Q

8$1 ‘ 8$1
+/ (—k,ﬁu-@— Y ke -@) dz.
Q Oxq

INRIA
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Theorem 1 The variational problem (7) is well-posed.

Proof. Integrating by parts gives

ou _ Ju B ou _ 102
Qa—xl'uda}— /Qu-a dz = udx, Yu € H (Q)~,

hence [, o2 - wda € iR. We then have

1 I
Im <_/~€_ aQ(k:a;u,u)> = / m(ke) <| divul? + |curl u|? — M?
Q

e ke |?

+/ Im(k.) |u|? de.
Q

ou

8$1

2
)dm

Since M? < 1and Im(k.) > 0, the sesquilinear form aq(k.;-, -) is coercive on H'(Q)?, due to theorem
4.1 of [10]. Itis also clear that this form is continuous on the same space.

Moreover, estimate 49 (see the appendix) allows one to establish the continuity of the antilinear
form simply by using the Cauchy-Schwarz inequality. The well-posedness of problem (7) is then a
consequence of the Lax-Milgram lemma. O

By construction, every solution of (3)-(4) belonging to H'(Q) is a solution of (7). The converse
statement results from the following theorem.

Theorem 2 The solution ¢ of problem (7) is such that curl u® = ¢*°.

Proof. Taking as test functions v = curly with ¢ € {¢ € H3(Q) | ¢|,,, = 0}, we obtain, after
some integrations by parts, and the use of boundary conditions of problem (7), the following orthogonal-
ity relation

/ (curlu — o) (Hy, 1) da = 0.
Q

Here H,,. \s denotes the operator D2 — A. By a density result (theorem 1.6.2 of [17]), this relation holds
for any function ¢ of D(Hy._ ) = H?(Q) N H (). To conclude that curl u® = ¢ in L2(), it suffices
to show that Hy._ s is surjective from D(Hy. ar) to L2(£2). For all ¢ in D(Hy._ ar), we have

2
> da.

As in the proof of the preceding theorem, we have fQ aa—fla dx € iR, and we deduce that

2
Im (—ki (H. a1, s0)> :/Q (ITZ(T;) (\VMQ — M? ) + Im(k:) 190!2> dz.

Again, the surjectivity of the operator is a consequence of the Lax-Milgram lemma applied to the
sesquilinear form (Hy_ as-,-). O

dp
T

00
(k. 1p,0) = /Q (—kﬁ (ol + 2ihe M 55 4 [Vipl* — M2

3
8.’131

Corollary 1 Problem (3)-(4) has a unique solution in H(£2)? which is the solution of problem (7).

Proof. We choose v € 2(Q2)? c V(Q) in the variational formulation (7). Using integration by
parts and the previous theorem, we obtain that the unique solution ¢ of (7) verifies equation (3) in the
distributional sense. The boundary condition (4) is also satisfied since u® € V(Q2). O

RR n° 5486



8 E. Bécache & A.-S. Bonnet & G. Legendre

3.3 Convergence of the dissipative problem

We will prove in this subsection that, if £ is not a cut-off wave number for acoustic modes, the solution
u, of problem (7) converges in H,loc(Q)2 to a limit u as € tends to 0. This limit is clearly a solution of
(1)-(2) and, contrary to u., does not belong to H'(€)?, since it does not decrease a infinity. The proof
of convergence is based on a Helmholtz decomposition of the field w. and the use of convergence results
for scalar problems.

3.3.1 Use of potentials

Let us consider the following problems: find ¢ € H'(Q) such that

D2t — A = gq in Q,

(8) e
%4 = 0on 99,
on
and: find ¢5 € L%(€2) such that
(9) Dggoi = gp in Q.

Both problems are well-posed. Indeed, problem (8) has been studied in [6] (theorem 1) and we obtain,
using the regularity of g, and domain €2, that its solution < belongs to the space H?(£2). Problem (9)
was dealt with in Lemma 1, the regularity of g;, implying that ¢ is in H?(Q) (see the appendix). It then
clearly follows that the function V¢, + curly; is a solution of (3)-(4) (or equivalently of problem (7))
since

v (Dggofl — Ay5) + curl (Dggpi) = Vg, +curlg, = finQ,

and
g
on
Indeed, since the function gy, is compactly supported, 5, vanishes on the boundary 02, which implies
that curl 5 - . = 0 on 2. Hence, the uniqueness of the solution to (7) implies that

+ curl ¢, - n = 0 on S

(10) u® = Vi + curl ¢j,.

We now prove the convergence of the respective solutions of problems (8) and (9) as ¢ tends to zero.

3.3.2 Limit and convergence of the acoustic problem

In order to get the limit in H{(€2) of ¢ as e tends to zero, we use some theoretical results previously
established in [6] for scalar problems of the same type. First, problem (8) is equivalently set in a bounded
domain €2 (see figure 1), which contains the supports of g, and g; and is situated in between two
vertical boundaries >, respectively located at x1 = x+. To this end, we make use of the Dirichlet-
to-Neumann (DtN) operators Tf €, defined as follows (the superscript N refers here to the Neumann

boundary condition in problem (14))
Y5 HY2(Sy) — HY?(2y)

+o00
Qb — q:lz:ﬁfzi (gb?Cn)LQ(Ei) Cn('r2)7
=0 INRIA
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.. . ..

Figure 1: The partition of the domain €.

where
kM (B2 - (1 - M)
(12) o — l
n 1 _ M2 9
with the following definition of the complex square root
(12) Vz =I5, 0 < arg(z) < 2,
and where

(13) Co(ze) = \/%and Cn(zo) = \/? Ccos (?l‘g) , Vn € N*.

An equivalent formulation of problem (8) is then: find 5 € H'(£2;) such that
D2¢; — Ap; = ga in Uy,
04

(14) I 0 on 902 N Oy,
(>
889:;1 = — :{:V’E(pz onX..

We now can formally derive a limit problem for (14). Observe that, because of definition (12), one
has

2.2
\//@—”” (1—M2)6R+ifk;z?\/1—M2,

(1-M2) = c

2.2
i\/l—;r(l — M2)— k2 € iR, ifk < ”l—”\/l — M2,

Hence, the respective limits 3:5, vn € N, of axial wave numbers 35* are simply defined by

n2

2
T
lim ¢/ k.2 —
e—0 © 12

—kM % (k2 — B (1 - M2)

if ko > ?\/1 M,

(15) B = . J; 2]\(42 )
— +iy/ 55 (1 - —
— itk < Z5/1— M2,

The limit problem to be considered is then: find ¢, € H'(£2;) such that

D2§0a - A‘Pa = Ja in Qba

(16) %ff — 00n 99 N A,
0pq
8:01 = T p, on 2y,

RR n° 5486



10 E. Bécache & A.-S. Bonnet & G. Legendre

with the following obvious definition for the DtN operators 7Y
TN : HY?2(Sy) — HY2(Sy)

+00
¢ = Fid By (6,Cn)ramyy Cnlw2),

n=0
Theorem 3 Problem (16) is well-posed, except if & = k,,, for n € N, with k,, = V1 — M?22F.

A proof of this theorem is available in [3] (theorem 2.2). We are now in a position to prove the
convergence for problem (8). The scalars k,,, Vn € N, are the cut-off wave numbers of the modes.

Theorem 4 If k # k,,, Vn € N, the solution ¢ of problem (8) tends in H?(£2;) to ¢, as ¢ tends to zero,
q being the solution of (16).

Proof. Theorem 4 of [6] gives the convergence of 2 to ¢, in H(£2;). We then have

0P0e 006

N pa 0%,
8:1712

1— 2
83322 8—>_>0 ( ) 8:1712 + 83322

(1-M?) in L2()).

The domain €2, being convex, we deduce ¢ 2 Pa in H2(Q) (see [16]). O

3.3.3 Limit and convergence of the hydrodynamic problem

The solution of problem (9) is explicitely given by the convolution product ¢ (z1, z2) = Gex*gp (., z2)(21),
where the kernel G denotes the causal Green’s function of the differential operator D2. Introducing

ﬂH(ml) el

G(xl) = M2

as the formal limit of G. as ¢ tends to 0, one can show that G converges to G in Lj (R). Let

on (1, 32) = G * gy(., x2) (1) be a solution of the limit problem: find ¢, € LE (€2) such that
17) D%yp), = gp, in Q.

One has
lh — ¢nl = [(Ge — G) * gn(., 22)|, Va2 € [0,1],

and, using the Cauchy-Schwarz inequality,

Ty 1/2
||wz—whumb>s( / |G€<z>—G<z>|2dz) lon 2o,

Using the convergence of G- to G in Lj. .(€2), we obtain that 5, converges to ¢y, in L?(£2) as ¢ tends to

0. Since g, € H?(£2), we obtain as well, using classical properties of the convolution of distributions,

Ty 1/2
I = enllan < ([ 16:0) - GE@Faz)  lonlica.
and deduce the following result.

Theorem 5 The solution ¢ of (9) tends to ¢, in H2(Q) as e tends to zero.

INRIA



PML FOR ACOUSTICS IN PRESENCE OF A UNIFORM FLOW 11

3.3.4 Conclusion

We finally infer from theorems 4 and 5 the following result.

Theorem 6 If & is not a cut-off wave number, the solution w* of problem (3)-(4) tends to u = Vo, +
curl ¢y, in H'(Q)? as ¢ tends to zero, where ¢, is the unique solution of (16) and oy, (z1,22) =

G * gn(., 72)(21).

The potential ¢, can be extended via its modal expansion to the whole domain Q. The field u is
therefore also defined in the whole duct €2, where it obviously satisfies the equations (1) and (2). This
field w will be refered to in in the sequel as the outgoing solution of (1) and (2).

Corollary 2 The function ¥° = curl u® tends to curlw in L2(Q). We set ¢ = curlu.

In the remainder of the paper, we assume that & is not a cut-off wave number, i.e.,

(18) k # ky, ¥n € N.

3.3.5 Another characterization of ¢y,

We note that using the Helmholtz decomposition (10) of »° in the regularized problem (6) would lead,
as curl (curl) = —A, to the following problem for the hydrodynamic potential: find 5 € H'(£2) such
that

D2, — Agj, = gn + ¢ in €,
(19) e*h h

@5 = 0.0n 09,

in place of (9). Nevertheless, problems (9) and (19) are equivalent, since —Ayj = 9%, but using the
latter to find the limit of ¢ as ¢ tends to zero is less natural and more delicate than what has been
proposed in subsection 3.3.3. Still, we detail this alternative approach here, since it provides another
characterization of the potential o, which will prove to be useful in what follows.

Notice that problem (19) is very similar to (8), except for the homogeneous Dirichlet boundary
condition, which replaces the homogeneous Neumann boundary condition of (8), and for the right hand
side term, which does not have compact support. To prove the convergence of this problem, we define a
similar problem with compactly supported data, which then fits into the previous framework.

We first introduce a function °°, which is the sum of two functions with separated variables and
coincides with ¢)* downstream of the support of curl f. More precisely, if we set

d_ = min {x; € R| (z1,22) € supp(curl f)}
z2€[0,]

and

dy = mex {z1 € R| (z1,22) € supp(curl )},
z2€|0,

the function /- is such that
$E (21, 7) = (ae(2) + 21 be(2)) €071, V(21, 22) € Q,

and
wE,OO(x17$2) = 1/}6(:1:17:1:2)7 \V/(.Tl,JIQ) E]d+,+00[><[0,l]

Notice that 1)=>° does not generally vanish upstream of the support of the source term g,, contrary to .

RR n° 5486



12 E. Bécache & A.-S. Bonnet & G. Legendre

Taking advantage of the particular form of ¢)=:°°, one can explicitly determine a function (¢, which
is a solution of the following problem: find (¢ € H'(£2) such that

Dgg6 — AC® =95 inQ,
(¢ =00n o1,
which we seek of the same form, i.e.
C(x1,22) = (Ac(x2) + 21 Be(w2)) €377, V(z1, 22) € Q.

This leads to the resolution of the two following problems

2
(20) —BZ(r2) + %Bg(@) = b.(z2),
B:(0) = B:(1) = 0,
A aa) + 52 ) = 2% B+ 0l
(21) e\12) Ty fe(l2) = A7y Bell2) T Ae(T2),

A (0) = A (1) =0.
One can easily prove that problem (20) is well-posed in the space H}([0,1]) and consequently com-
pute the function B., which allows in turn to determine A. (using the same argument) and to finally find
the function (=.

Now using their explicit formulas (see the appendix), one can show a. and b, respectively tend to
some functions a and b as ¢ tends to zero, which are related to ¢ = curlw through the relation

W(xy,x9) = (a(x2) + 21 b(x2)) ei%xl, V(x1,z2) €]d4, +00[x[0,1].

We are then able to compute the respective limits of A, and B., A and B, by simply solving similar
problems. This way, we define the function

C(21,22) = (A(z2) + 71 B(x2)) €31, W(z1,72) € O,

which verifies
D2C - A( = 1% v($17$2) E]d—i-v +OO[X[07 l]

Now, consider a cut-off function xy € C*°(R) such that

(1w > dy,
X(xl)—{o ifo <d_.

It is easy to see that o7 = 5 — x(° satisfies the following problem: find ¢5 € H'(£2) such that
D2g5 — Ags = g5 in Q,
¢; = 0on 0N.

where g5 = gn + ¢ — (D2(x¢%) — A(x¢9)).

INRIA
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By construction, ¢° — (D?(x(%) — A(x¢®)) has a compact support contained in €, and therefore g
is compactly supported in €2;,. Using the DtN operators, this last problem may equivalently be rewritten
as a problem set in ©;: find @5 € H'(£) such that

D255 — AF;, = g, in
(22) 62 = 00n 9092 N Iy,
065,

o —T°F, on Ty,

where the operators Tf ° are defined as (the superscript D refers here to the Dirichlet boundary condition
in problem (22))

TP HY?2(Sy) - HOV?(Sy)

+oo
¢ = FiY By (6,Sn)ra(n, Sulwa),

n=1

the numbers 55* being defined in (11) and

2 . /nw %
(23) Sp(ze) = \/; sin (Tajg) , Vn € N*,

One can prove that this problem is well-posed, due to hypothesis (18). It is now possible to pass to
the limit as ¢ tends to zero in the same way as done for the acoustic potential ¢ and finally show that

lim 3, = G, in HY(Qy),
where &, is the solution of: find @;, € H'(£2;) such that

D2y, — Apy, = gn, in Qy,

(24) SZh =00n9d0nN OQb,
0P, ~
St = ~TPg) on Ty

where g, = g + ¥ — (D2(X() — A(XC)) and with the following definition of the DtN operators 7'
TP . HY?(2y) — HY?2(3y)

“+oo
¢ = :FiZﬁg: (¢7STL)L2(Ei) Sp(x2).

n=0

Moreover, the function ¢ obviously tends to ¢ as e tends to zero, and one has
lim e, = lim (4}, +Xx¢°) = on + xC.-
e—0 e—0
By uniqueness of the limit, we conclude that

on = ¢n + Xx¢.

In conclusion, we derived two ways of characterizing the limit ¢, of the potential ¢7. We have
shown in subsection 3.3.3 that the function ¢, is the unique solution of (17) which vanishes upstream of
the source. Besides, we have just demonstrated that o, can also be defined as the sum o5, = @5 + xC,
where ¢, is the unique (outgoing) solution of problem (24).
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14 E. Bécache & A.-S. Bonnet & G. Legendre

4 Setting of the problem with perfectly matched layers

Our goal in this section is to develop a finite element method to compute an approximation of the out-
going solution u of equations (1) and (2). To do so, we must address two main difficulties. First, this
problem is set in an unbounded domain. Second, the operator in Galbrun’s equation is not coercive,
making the finite element method unstable.

As already seen during the study of the dissipative problem, the coerciveness can be restored by
applying a regularization technique. On the other hand, we plan to use PMLs (see for instance [3] and
references therein for a presentation of this methodology) in order to truncate the computational domain.
A posteriori, the regularization will prove to be necessary, not only for the finite element method, but
also for the PML method (see subsection 5.5).

In a previous paper [3], we proved the convergence of the solutions of PML formulations of the scalar
problem (16). Two different models of PMLs were considered: a “classical” one, derived directly from
Bérenger’s original model, and a modified one, designed to avoid a possible growing of the solution in
the downstream layer (due to the presence of the so-called inverse upstream modes). This last property
will be useful for the vectorial problem at hand and the modified model (recalled in the next subsection)
will be the only one studied.

41 ThePML formulation

We introduce the bounded domain QF = Q,UQL (see figure 2), composed of domain €2;, and surrounding
layers Q% defined by
0L = {(;Ul,acg) ez —L<u < ;U_}

and
Qi = {(ml,xg) e 0k, Ty <11 < Ty —I-L}.

The external boundaries of the layers Q% are respectively denoted by ¥....

Lt L | | Lobsr
R V) Y Q DIV Vi

Figure 2: The bounded domain Q.

The so-called modified PML model consists of the transformation of the differential operator
0 0

- ; — 1)

0xy o) 0x1 i)

in the governing equations of the problem. The complex function « is assumed to be unity in ; and,
in order to simplify the subsequent study, constant and equal to the complex scalar o*, satisfying the
following hypotheses

(25)

(26) Re(a*) > 0, Im(a™) < 0,

in 2\, (see [3] for a justification). More generally, the function « depends on the variable x; in the
layers. For instance, in the original Bérenger’s model, one has

(1) —iw
olxr =
VT Dt o(m)
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where the real, positive function o vanishes in €2;. The function A is assumed to be zero in €2; and to be
constant and equal to

kM

@) Y=o

in Q\. In Bérenger’s model, one has A = 0.
As a consequence of the transformation (25), the various modified operators will now be indexed by
« and . For instance, we have the following definitions

0 vy
aﬂ—l—i)\vl oa— +1)\Ug

o 0z 0z - 8_’0 .
Vv = % % y Dav = —iwv+ M <a 21 +1)\v> ,
81112 8:112

and so on.

As seen in section 3, Galbrun’s equation must be regularized in order to be numerically solved in
a stable fashion by a nodal (i.e., H'-conforming) finite element method. The PML formulation of the
problem is no exception to this rule. Consequently, we introduce a function v, », defined as the unique
solution of

Di)ﬂﬁa,)\ = curl f in Q,

which vanishes upstream of the source. One can easily verify that 1), x = ¢ in Q;, and that, V(z1, z2) €

Qy,
k x) T1—% —
Yar(w1,22) =€ (e 5) (a(%) ™ <x+ T (wlai*mv b(x2)> .
We then pose the following problem for the approximated displacement field: find w” € H'(Q%)? such
that
Di’)\uL - Vaa (diva,)\ uL) +curl, (curla,)\uL — ¢a,)\) = finQk,
(28) ul - m = 0onoNk,

curla,AuL = 1, ON o0k,

4.2 Weéll-posedness

We establish a variational formulation of problem (28): find u’ € V(QF) = {v € H' (L)% | v -n = 0 0n 9Q" }
such that

(29) aqr (ul,v) + bor (ul,v) = lgr (v), Yo € V(QY),

where

agr (u,v) / — (divgy u divy, U + curl 4, yucurl _a\T) —aM? —— Ou (9_'0 de,

8.731 8:1:1

bor (u, v) / < (k% + 2kMA — M?N° — o) w-o + (IAM? — 2ikM) o AMu @> dz,
QL 8.’1}'1 8{1}‘1
1

low (v ):/ o (f U+ Y pcurl, _\v) dz — M21/1a7,\v_2(n~el)do.

2k
Theorem 7 If the assumptions (26) is satisfied, the variational problem (29) is of Fredholm type.
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16 E. Bécache & A.-S. Bonnet & G. Legendre

Proof. We prove the sesquilinear form aqz. (-, -) defines, via the Riesz representation theorem, an
operator which is the sum of an isomorphism and a compact operator on V (2%). We write aqz (-, -) as

agr (u,v) = ads (u,v) + Aagh (u,v) + A\ ady. (u, v),

where the sesquilinear forms agL(~ ,+), i =0, 1,2, which are independent of A, are defined by

1 _
CL?)L(U,’U) = /QL <u -v+ > (diva,0w dive,o0® + curl o pu curl 4 ) — a2 g_; ] g_;) da,

i . . _
asllL (u,v) = / — (u1 dive,0 0 — 77 dive,p u + ug curl 4 00 — U3 curl 4 gu) de,
QL &

1
ad(u,v) :/ —u-vde.
Q

L

The sesquilinear form a), (-, -) is coercive on V(). Indeed, for all u, v in V(Q), we have

/ (curl g pu curl 4 0T + divy,o u divep D) de = Voot : Vyovde.
QL

QL
2
> dx
with C, = min (1 — M2, Re(a*)(1 — M?),Re (&)).

On the other hand, the forms a/,, (-, -) and a3, (-, -) both define a compact operator on V(QF), due
to the compactness of the embedding of H'(Q%) into L?(Q%). The same argument is used to show that
the bounded operator defined on H*(Q21)? by the sesquilinear form b (-, -) is compact. Finally, the
forms aqr(-,-), bor(-,-) and gz (-) are clearly continuous on their respective spaces, which ends the
proof. O

We now prove the equivalence between the variational formulation (29) and the following (strong)
problem: find u’ € H'(2F)? such that

and due to hypotheses (26), we have for all u of V(1)

ou
8$1

ou
833‘2

2
«

Re(efu(ww) = [ (W + Re(a)(1 — M?)

Ca HUHHl(QL)?»

v

D2 \ul — Vo (divayuh) = fin QF,
curlOé,)\uL = 1Pgx IN Qr,

ul-n =00no0L.

Lemma 2 There exists a strictly positive constant ¢, depending on k£, M and 6 = arg(a*), such that if
L/|a*| > &, any solution of variational problem (29) is such that curl , yu” = v,y in QF.

Proof. Considering a test function of the form v = curl 5 _ ¢ with ¢ € H3(QE) N HL(QL) in (29),
we obtain, after integration by parts,

1 _ _ 1
/ —curl g yu” (D2 3¢ — Ag,—20) dz = / — (pewrl g\ f — YaAP) dx
QL (6% QL (6%

53

+/ aM%Z)a,)\%(n-el)da.
L L

E2Uny ! INRIA
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Knowing that the function v, » satisfies
D2 \ta, = curl o5 f in QF,

we finally have
/Q L (curl gt — 02) (D233 — Aus3) dz = 0.

L

By a density argument, this equality is valid for any function ¢ in H2(Q%) N HL(QF). Then, if
L/|o*| is large enough, the operator D?, _, — A, is surjective from H?(Q") N Hg (") onto L*(QF)
(see subsection 5.1) and we deduce that curl zul = 1a,x almost everywhere in QL0

We finish this study by an existence and uniqueness result. In addition to hypothesis (18) on the wave
number &, we now assume that

(30) k;&?, Vn € N.
The need for this second assumption will be made clear in the next section.

Theorem 8 Assume that hypotheses (26) are satisfied and choice (27) is made. Then, there exists a
strictly positive constant ¢ such that problem (29) admits a unique solution if L/|a*| > 4.

Proof. The problem being of Fredholm type, proving the existence of its solution amounts to proving
uniqueness. Let us consider two solutions of problem (29) and let w denote their difference. By the
previous lemma, there exists 6 > 0 such that if L/|a*| > ¢ then w a solution to the problem: find
w € H'(QF)? such that

Di)\w — Va,)\(diva,)\ w) =0in QL,

curl o yw = 01in QL.
w-n = 0onoNk.

We then consider the function w(z1,72) = w(w1,22) €1, s0 that curl 4 g = curl 4 \w e**1, and
use the following result.

Theorem 9 A function v in L2(QF)? satisfies curl , gv = 0 in Q% if and only if there exists a function
¢ in H(QL) such that v = V, 0¢. This function is unique up to an additive constant.

Proof. The proof is simply adapted from the proof of theorem 2.9 of [15]. O
The field w then derives from a scalar potential ¢, which is a solution of

Va0 (D206 — Aaod) = 0in QF,
V06 -n=00n0Qk,

hence

D2 0§ — Ag0¢ = C'in QF,

(31)
V06 n=00n00k,

where C'is a complex constant. This last problem is well-posed if L/|a*| is large enough (to be proved
later, see subsection 5.1). Besides, one can easily verify that ¢ = —k% is a solution of system (31) and,
thus, the unique solution of the problem. As a consequence, one has w = 0 in Q%. 0
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18 E. Bécache & A.-S. Bonnet & G. Legendre

5 Convergence results of PMLs for Galbrun’s equation

Our objective is to prove that u”, the solution to (29), tends to u = Vo, + curl ¢y, in €, when the ratio
L/|a*| tends to infinity. A natural idea is to introduce two approximate potentials % and @ﬁ, which
converge respectively to ¢, and ¢, and are such that u” = Vel + curl pf.

We now briefly present a sketch of the convergence proof and point out several difficulties that need
to be addressed in the analysis as well. Indeed, it appears there is not a unique Helmholtz decomposition
for w”, which leaves us with the delicate task of choosing the adequate approximate potentials. Secondly,
the “natural candidates” for these potentials satisfy scalar problems with boundary conditions that are, as
we shall see, a priori unusual for PML problems.

Let us characterize the potentials goﬁ and ! as the respective solutions of the following scalar prob-
lems: find £ € H(QL) such that

(32a) D2 A¢H — Dol = gh + o in QF,
(32b) ok =00n 00l noq,
(32¢) —Au2PE =1ax 0n DL,

and: find X € H'(QF) such that

(332) D2 Aok — Dappl = ga in QF,
(33b) Vearpk -n=00n00"NoQ,
(33c) Va,)\gpg -n = —curl aAgpﬁ -n on Zi.

The first step of the proof consists of showing that these two problems are well-posed. The field
Vol +curl goﬁ is then clearly a solution of problem (28), which establishes that u” = VL 4 curl @ﬁ.
It remains to prove the convergence of the potentials ¢~ and o2 to their counterparts ¢y, and ¢,, using
the convergence analysis previously done in [3]. However, problems (32) and (33) do not enter exactly
the framework considered in this reference, for three main reasons. First, the boundary condition (32¢)
appears to be non-standard and possesses a non-homogeneous datum. Second, the right-hand side term
in equation (32a) has a part of its support contained in the PMLs (we nevertheless observe both data are
exponentially decreasing in the layers). Third, the boundary condition (33c) is not homogeneous. Notice
this last condition links the potential ’ to the tangential trace of curl goﬁ on the boundaries ©%. Since
. Satisfies an analogous problem with homogeneous boundary conditions, we expect this trace to tend
to zero in order to be in a position to prove the convergence of the method. As a consequence, we will
first investigate the convergence of % and then that of (o~

Before doing so, we first recall and give convergence results for scalar problems of the type of (32)
and (33), but with compactly supported data and homogeneous boundary conditions.

5.1 Convergenceresultsof PMLsfor scalar problems

Some straightforward extensions of the results of [3] will be needed in the sequel. We do not detail their
proofs here, as they are only slightly modified from the ones in the above reference.

We study the following model problem. Suppose g € L?(€) is a source with compact support and
consider the scalar field ¢, which satisfies

D%p — Ap=ginQ,

34
39 @ =00n 99,
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and an additional radiation condition at infinity, which selects the outgoing solution. As already seen in
subsection 3.3.5, this (nonlocal) condition may be expressed through the DtN operators 7£ on X...

In the following subsections, we give three PML formulations of this model problem, each one of
them using a different boundary condition at the end of the layers. One should note that the results
obtained here are still valid if a homogeneous Neumann boundary condition is applied on 92 and, for
the sake of brevity, we do not duplicate the statements. Indeed, such a change induces only a modification
of the modal basis that appears in the demonstrations, the sine functions (S,,),,cx-, introduced in (23),
being replaced by the cosine functions (C,,), . from (13).

5.1.1 Problem A

We consider a PML formulation of problem (34) with a homogeneous Dirichlet boundary condition on
ok

(35a) DZ \¢" — Aappt = gin QF,
(35b) o = 00n 90~

Equation (35a) has to be understood in the distributional sense, so that it implies the following transmis-
sion conditions at the interfaces between Q; and Q%

(36) [@L]zi =0 and [VMOL]Ei =0.

In €2, the function , solution to (35), is meant to be an approximation of ¢, solution to (34).
Adapting the proofs of [3], one can easily show the

Lemma 3 Assume problem (35) has a solution. Then, this solution can be written as

+oo
SOL($1,$2) _ Z (@L(LU:I:, ), S")LQ(Ei) <AZ(iL) el'yff(:m—:ci) + A (£L) e (m—zi)) Sn(x2)
n=1
+  yx iBE Lo
H L + _ ﬂn A + _ €
in the layers %, where v, = — and A (L) = :FeiﬂiL/a* il

We easily check that the scalars (AZ(+L)),,o are always defined. Actually, the denominator would

. (BB . _

vanish if W € 277, but, due to assumptions (18) and (26), it is never zero and always has non-

zero imaginary part. We are then able to write exact boundary conditions satisfied by goL‘QL =k on
+

Xy

Op% R ) )
(8—aj> - IZ (P (s, ‘)’Sn)m(zi) (A (£L)yt + AL (£L)v,, ) Sn,

IE:N: n=1
which in turn yield, using the transmission conditions (36), exact boundary conditions satisfied by
goLmb = gplf onX4

890L . +oo
<8—$?> =12 (et (s, s5n) () Vn(£L) S,
B4 n=1

where we have set v, (L) = A (L)3,F + A, (L)S,,, which is equal to

B, — B
1-— ei(ﬁ;—ﬁj{)L/a* ‘
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Observe this formula does not depend on the value of \*.
Having in mind the comparison between ¢ and ¢ in €, we reformulate (35) as an equivalent
problem posed solely in this domain: find o € H'(£,) such that

Dol — Apl = giny,

o L
ain = — :ﬁQOL on Ei,
with

TE: HY?2(21) — H Y2 (%y)

+o0o
QS — :Flz:I/n(iL) (d)?Sn)LQ(Ei) Sn($2)

n=1

On the other hand, problem (34) has the following equivalent formulation: find ¢ € H'(€;) such that

Dy — Ap = gin,
@ =00n90Q, NN,

Oy D
— =-T onX..
an :I:SO +

Since, the scalars v, (£L) tend to 3 as L/|a*| tends to +oco for any integer n, the operators T+
converge in some sense to the operators 7'£. As a consequence, one can prove that problem (37) is well-
posed if the ratio L/|«*| is large enough, as done in [3]. Moreover, we have the following convergence
result (see [3] for a proof).

Theorem 10 Suppose that assumptions (18) and (26) are verified and let g € L2(Q%) with compact
support in €2,. Then, there exists a strictly positive constant J, depending on &k, M and 6 = arg(a™),
such that if L/|a*| > §, problem (35) is well-posed. Furthermore, the restriction to €2, of the solution
o of problem (35) converges to the restriction of the solution ¢ of problem (34) as L /|a*| tends to +oo.
There also exists a constant ', depending on M and &, such that

oL
e — o 2@, < Ce "ol a,),

where
2 | Ng? [(Ng +1)2
(38) n= 1_7];:\42 min | —sin(f)4/1 — K—Zz,cos(e) ((}{% -1],
where Ky = M Ny is the floor of K (i.e., the closest integer to Ky which does not exceed it)
"oayioae o "

and 6 = arg(a™*).

More generally, if the datum g is not compactly supported and/or if the Dirichlet boundary condition
considered at the end of the layers is not homogeneous, it is still possible to prove the well-posedness of
the approximated problem by simply using the Fredholm alternative and then deducing the uniqueness
from the well-posedness of problem (37).
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5.1.2 Problem B

We now choose to impose the homogeneous Neumann boundary condition
(39) Vaorpr -m=0o0n%k,

instead of the previous Dirichlet boundary condition. In this case, the claim of Theorem 10 remains true
if we furthermore assume that k # %, Vn € N. Indeed, the sketch of the proof for the problem at hand
is nearly identical to the preceding one, with instead the following values

-
AE(L) =7 BFelfnLle
" ﬁ;{eig,ﬂ:L/a* — By eibn Lo

and
B (By — Ba)
B — B eilBn —Bi)Ljax

Again, one can verify that the scalars (A?f(L))nGN are always defined if the assumptions (18) and (26)
are satisfied. Obviously, the scalar v,,(L) tends to 3;" as L/|a*| tends to +oo for any integer n. On the
other hand, if there exists an integer j such that & = JT” then the corresponding axial wave number ﬁ;r
vanishes and the scalar

g6 =67
B — e B

cannot converge to 3, # 0 when L/|a*| tends to +oo.

Additionally, the well-posedness of problem (35a)-(39) in the more general case of a source g with
non-compact support and/or if the boundary condition (39) is not homogeneous can be proved by means
of the Fredholm alternative.

5.1.3 ProblemC

We finally consider the following homogeneous condition
(40) Agrp® =00n %k
Theorem 10 is still valid. This time, in the proof, we have

(MF — k) OTH

( ) ( ) (Mﬂ;’_—k)zelﬁil'/a*—(Mﬁg—kj)QelﬁnL/a*

and
(MB,; —k)*(8, —B)
(MBT — k)2 — (MByy — k)2 ei(Bn =8I/

Assuming hypotheses (18) and (26), one can check the scalars (A,f(L))nGN are always defined in this
case as well.

Contrary to both previous problems, the well-posedness of problem (35a)-(40) cannot be extended
to the case of an arbitrary source term g, since the boundary condition (40) does not allow to write a
variational formulation of the problem.
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5.2 Well-posedness and conver gence analysis for ¢

Once again, the idea is to deal with an equivalent problem, whose source term is compactly supported and
boundary conditions are homogeneous, and the approach previously used in subsection 3.3.5 is followed
closely. This new problem then permits the construction of the solution via a modal decomposition.

We first introduce the functions ¢2°,, such that, V(z1,22) € QF,

(a(x2) + b(x2)x1) ei%zl, V(x1,x2) €]d4, x4 [x]0,1],

v (@1, 5) = <a )+ 0] <x+ Lo —*:r+>> o (rmat(h—x) 50).

(0}

and C, », such that, V(z 1, z9) € QF,
(Ax2) + Baa)r) €47, V(w1 22) €ldy, 24 [x]0,1],
el 22) = (A(:vz) + B(s) <x+ Lo *’”+>> o (Frmer(f—a) 155t
a*

the functions a, b, A and B having been characterized in the subsection 3.3.5. We then set

QO% = @ﬁ + XCO&,)\;
where the function p% satisfies
D2 \@h — Dappf = gn in QF,
Pk =00n 00l N o,

—AppE=00nXk.

Indeed, the quantity g5 + ¢a,x — D2 5 (XCan) — Aax(XCa,x) coincides with gy, since ¢, x and o,
respectively coincide with ¢ and ¢ in 2. This last problem is well-posed, due to the results of subsection
5.1 and we easily deduce the following result.

Theorem 11 If the ratio L/|a*| is large enough, problem (32) has a unique solution which is ot =
PL + XCa. 1. Moreover, the function oL converges to ), + x¢ = ¢p, in H2(£Y,) as L/|a*| tends to +oo,
and one has the following estimate

lon = ¢kl iy < C e R llonl
Ph Ph H2(Qp) = € Ph H2(Qy)
where the constant C' depends on k£ and M and 7 is defined in (38).

Proof. We remark that, in the domain €, one has L — ¢, = ¢F + xCox — &1 — XC = G — Ph.
The convergence result then directly follows from the subsection 5.1. O

Corollary 3 Suppose assumptions (26) and (27) hold. The traces (curla,wﬁ . n) B tend to zero in

Isr

H'Y?(xk) as L/|a*| tends to +oo. More precisely, for L/|a*| large enough, one has the estimate

£ _\*)sin(0) L
N e(M ) sin( ) Ta] ”gh”L2(Qb)) )

L — e
|curl , xpy, 'nHHuz(ZjLE) <C (6 2197 [lonll g2 ()
where the constant C' depends on & and M, n is defined in (38) and ¢ denotes the argument of o *.
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Proof. Using a modal decomposition for $Z in the layers Q% similar to the ones used in the subsec-
tion 5.1, one has, on EL for instance,

opk = ; ; nm

833; ($++L $2) Z (@£($+>')>Sn)L2([07l]) (A:(L) WL +A ( ) " L) Tcn($2)vvx2 € [07”7
n=1

the scalars (A (L)), being defined in (41).

Setting 7, = A (L) e L + A, (L) e ', we obtain

— M(ﬂ; - 5:) (2]€ +M(ﬂ;‘ _|-5n—)) 617;‘[L
(MB}y — k)2 Bi=B)as — (MBy — k)2

, Vn e N|

and, if L/|a*| is large enough and after some majorizations,

_n L
|Tn] < Ce 2171 ¥n € N,
the constant » being defined in (38). Thus, we have

400 n27T2 1/2
= > (1+—5 -

Hl/Q(Ei) n=1

“+o0 n27T2 3/2 9 ~L
Z<1+ 12 > |70l ‘(<Ph(93+v')vsn)L2([0,lD‘

n=1

ok |
8$2

SEL
—h(IL’+ + L, '), Cn
02 L2([0,1])

2

IN

L
< C e Me*

L2
‘90£HH3/2(2+) :

We then deduce an estimate of this quantity using the convergence of @ﬁ to @, in H?(£2,) and a trace
theorem.
On the other hand, one has

O (4, 4+ L,i9) = (A'm) e (az+ " £)) (et (=2) ) vy € [0,1).

0x9 a*
Hence,
aCaA = n’r? 12 / / L 2 2(1—)\*)sin(0)
H 0y ||ypiogeny = ;(H 2 (A Co) ooy + (B Cn) ooy \ 24+ 55 )| €7

IN

e

2
L ) 2 =) sin(6) &

(HAH%ﬂ([o,u) + 1Bl 2o,

L 2 £ _2*) sin(9) L&
0 (14 ) SO gl

%

IA

One can obviously obtain similar estimates on X% and finally obtain the announced result. 0

We emphasize here that this corollary is only valid for the PML model corresponding to the trans-
formation (25) with the fixed choice (27) for A\*. Indeed, every propagative mode, and more particularly
every inverse upstream mode, has to be damped in the layers in order to prove the claim. This appears to
be quite different from the convergence results previously given in [3] and subsequently extended in the
subsection 5.1, which are also true for the original Bérenger’s model (i.e., for A = 0).

RR n° 5486




24 E. Bécache & A.-S. Bonnet & G. Legendre

5.3 Well-posedness and conver gence analysis for ¢~

Since the analysis done in section 5.1 was concerned with PML problems with homogeneous boundary
conditions on %, the only difficulty in proving the convergence of problem (33) comes from the non-
homogeneous boundary condition (33c). Consequently, the field Z is split in the following manner

0L = et + it

with
(42) D; A% — At = gq in QF,
ngo(/ -n = 0on Nk,
and
D2 \pu® — Dapi® =0in QF,
(43) Vgt n=00n 00k NogQ,

Va)\cpgg -n = —curl a7,\g0£ -m on Ei.

As seen in subsection 5.1, both of these problems are well-posed. Moreover, the results of subsection
5.1.2 readily give the convergence of the solution cpaL’l of problem (42) to ¢, in H?(Q) as the ratio
L/|a*| tends to infinity.

We next prove the following lemma.

Lemma 4 If the ratio L/|a*| is large enough, the solution go§’2 of problem (43) satisfies the following
estimate

L
< Ce 2o

L2 L
[ a HHQ(QZ,) |curl o xgy, 'nHH1/2(2£AL) ’
where the constant C' depends on & and M and the constant 7 is defined in (38).
Proof. We first set ¢* = — (curla,wﬁ . n)| L The main tool of the proof is again a modal
pa

decomposition. Since the functions ¢* respectively belong to H/2(xk), they can be written as

an n(x2) 0N ij

and we have

. _+oo X n2m2 1/2 L2
lg HHl/Q(sz[)—Z + 12 |Qn‘ :

n=0
We look for a solution of problem (43) of the same form

(44) 33171132 Z On(x1) Cp(x2)In QL
which yields the following ODE’s

d 2 2.2
Di)\@bn — <Oéd—l + 1)\) gbn —+ nl—;TQSn — 0,
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with the boundary conditions

d .
+ <ad—$1 +1)\> ¢n =g on L,

and the transmission conditions between € and the PMLs

[(bn]Zi = 0and [(ai + j)\> ¢n] =0.
d oy

1
There are three different zones

. - . + .

Ay @M 4 AT eI if gy <
3= 3+ .

¢n(r1) =< B P (@r1—ay) 4 Bl P @i—2-) if o < T < Ty,
— ivn 1 + iy m if
C, e +C, e ifzy > .

Expressing the boundary and transmission conditions gives a 6 by 6 linear system to solve in order
to obtain the coefficients (A, B, CF). After some manipulations, we finally obtain

B — _iIn S Ak dBt =i T
- i e " and B =i -
Bn 1—252p On 1— 25 2n

where
o= B (@ —2-) 2 L g 27 = W (@s—w) o2 L
Note that, due to assumption (30), the scalars B;* are well defined.
Using classical properties of propagative and evanescent modes, it is easy to show, for L/|a*| suffi-
ciently large, the following estimates

+
BE| < 0| L | eFmGE,
n
which then yield
+
B <0 |Gx e HR,
n

the constant » being the one defined in (38).
Successively integrating (44) with respect to x5 and x; and using the estimates above, we conclude
that

L

la*]

_n
2

<(Ce

HQOLL{QHH?(QI,) ‘quHl/Q(Ei)’

which ends the proof. O
Using Corollary 3, we finally deduce the following

Corollary 4 The function 2+ converges to 0 as L /|«*| tends to +co. More precisely, for L/|a*| large
enough, one has the estimate

() sin)-3)

_n_L_ _L_
(s Pl Gy PA P =T llgnl 2y

where the constant C' depends on & and M, n is defined in (38) and ¢ denotes the argument of o *.
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5.4 Conclusion
The gathering of the preceding results yields the following inequality

L

e (nwanmbp T leurl gnll a2
L £ _\*)sin(d %
+ (1 + |a*|> e(M )sin) ||9hHL2(Q)>

and consequently allows us to state one final theorem, relative to the convergence of the solution of
problem (28) when the ratio L/|a*| tends to infinity.

lu® — |, < Ce?

Theorem 12 Suppose assumptions (26) and (27) hold. Then, the field w’ tends to w in H'(£2;)? as
L/|a*| tends to +o0. Furthermore, for L/|a*| large enough, one has the estimate

_n_L
» < Ce 21,

H"L _uHHl(Qb)

where the constant C' depends on &, M and the solution wu, the constant » being defined in (38).

5.5 Remark on the use of PMLswithout regularization

Let us finally tackle the claim made in the introduction of section 4, namely that PMLs do not work
without regularization. Indeed, assume that the approximated displacement field w” is computed as the
solution of the following problem

@) D2 \ul — V., (divayu?) = fin QF,
ul -n =00n00k,

completed by an additional boundary condition at the end of the layers, which can be chosen as
curl a7,\uL = 0on 9NL.

Other choices will produce the same type of results.
Then, the function
1/1L = curla)\uL
is a solution of the following problem
(46) Di’)\wL = curl f in QF,
Y =00on k.

If the PML model works, the field «” must converge to w in €, as the ratio L/|a*| tends to 4-oo,
and, consequently, ¢»* must converge to 1) = curlw in ;. We now show that this convergence does not
hold. Indeed, the solution +* of problem (46) can be sought of the form

W8 = o+ 9",
where {/;L solves the following problem
D2,k =0in QL.
(47) Pt =0on %L,

L L
= — on X%,
¥ Yo x + INRIA
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Using the expression of ¢, » derived above, we find that

L

bar(s + Loas) = (a(:cz) +b(2) <w+ ¥ 5)) e+ 2%) vy 0,1
(6%

Then, the expression of ¢~ can be easily derived, by seeking a solution of the form

_ Ak P N
a(x2) (1 ! *$_> el(M (3 =) T ) ifx; <z,
(6%

DE(@raa) = { @@a) (L+t(zy —a)) ¥ ifa” <oy <a,

_ (ke ko ye) 174
a(z9) <1 +t <:C+ —x_ + u)) €1<M oy (37 —A) T ) if 2, > x—i—)

a*

where the function @ and the real number ¢ need to be determined. By construction, the transmission
conditions on X are automatically satisfied and we simply use the boundary conditions imposed on
% which give us the two following identities

L

s 151+ £)) =~ (s (- 2)

so that, finally, ¢ = «* /L and

a(x2) + b(za) (74 + &)
2+ a—£($+ - .I'_) .

a(x) = —
Clearly, we see that )~ does not converge to zero as L/|*| tends to +oc.

6 Numerical applications

We are interested in simulating the radiation of a compactly supported source situated in a two-dimensional
rigid duct, problem for which no explicit reference solution is available. Nonetheless, we consider as a
preliminary study the propagation of acoustic and vortical modes in order to validate the method.

6.1 Mode propagation in arigid duct

6.1.1 Acoustic and vortical modes: some definitions

The so-called modes are solutions with separated variables of the homogeneous, non-regularized Gal-
brun’s equation
D?u — V(divu) = 01in Q,

with the rigid wall boundary condition
u-n = 0onof.

These solutions are of two distinct kinds, called, respectively, acoustic and vortical modes.
The acoustic modes are of the form

ok
Cefr e ifn =0,

. 1 j:
C fn o (—lﬁ—”l Cos (?mz) ey + sin (?@) 62> ifn e N%,

nm

u(xl, 33‘2) =
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where C' is a complex constant and the axial wave numbers 3:- are given by (15). One can see that these
fields are irrotational, hence their name. The acoustic modes associated to real valued axial wave numbers
are called propagative and they are called evanescent otherwise. Propagative modes with positive (resp.
negative) group velocity g—g are called downstream (resp. upstream) modes, since their energy propagates
downstream (resp. upstream) of the mean flow. Finally, we have seen that there may exist modes with a
positive group velocity and a negative phase velocity %, which are called inverse upstream modes. These
modes are known to cause instabilities in PMLs in time domain applications (see, for instance, [24, 4]).
The second “family” of solutions of Galbrun’s equation consists of a continuum of fields such that

. ik
u(z1,72) = C elir ot <IM @' (x2) €1 + p(2) 62> ’

where C'is a complex constant and ¢ denotes a scalar function belonging to H§ ([0, 1]). These solutions
only propagate downstream and are called vortical modes, since they are divergence-free.

6.1.2 Description of the simulations

The following numerical simulations consist of solving problems similar to (28), with only one absorbing
layer downstream (denoted by Qi on figure 2). Each problem was designed in such a way that one of
the previously introduced modes is its exact solution. For the propagation of an acoustic mode, we have
f =0and 1y, = 0, the mode being imposed via a non-homogeneous condition on the boundary > _
for the normal displacement w - n. In the case of a vortical mode, we still have f = 0 and a non-
homogeneous boundary condition on X_, but the field v/, ) has to be computed a priori as the curl of
the considered mode.

All computations were done with the finite element library MELINA [22]. We used P, Lagrange
finite elements on a non-structured mesh and the length of the PML was equal to 10% of the length of
the domain €2;. As in the theoretical work already presented, the function « is constant in the layer and
the argument of the complex number o* is fixed and equal® to —Z, its modulus |o*| being a parameter
in the simulations.

6.1.3 Numerical results for acoustic modes

In the chosen configuration, characterized by the values I = 1, k = 8 and M = 0.4, six (i.e., three
upstream and three downstream) acoustic modes are propagative. The curves plotting the relative error
in the H1(€2;,) norm for the computed displacement versus the modulus of o* for the propagative down-
stream modes are shown in Figure 3. We observe that each curve contains a minimum plateau where the
relative error is below a few percent. For large values of |a*|, the error increases due to the reflection
at the end of the layer and behaves as theoretically predicted. For small values of |« *|, the method di-
verges, the mesh resolution being too coarse to adequately represent the modes in the PML medium, thus
producing spurious numerical errors. Similar results were obtained for the propagative upstream modes.

We show in Figures 4 to 6 the contours of the components of the computed displacement for a value
of |a*| such that the error of the method is below one percent.

6.1.4 Numerical results for vortical modes

For the study of the method on vortical perturbations, the transverse dependence of the modes is arbi-
trarily chosen as p(z2) = sin (% ;1:2), where m is a given nonzero integer. In Figure 7 we show the

"While apparently arbitrary, this choice simply makes the quantities — sin(arg(a*)) and cos(arg(a*)), which appear in
the definition (38) of the coefficient n, equal.
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—— moden =0
—— moden = 1
moden = 2

Figure 3: Relative error in H'(€;)? norm as a function of |a*| for the computation of propagative
downstream acoustic modes, £ = 8 and M = 0.4.

20603
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—1.00

Figure 4. Contours of the real part of the component «; of the computed displacement field for the
propagative downstream mode n = 0, k = 8, M = 0.4, o™ = 0.25(1 — i).
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Figure 5: Contours of the real part of the components of the computed displacement field for the prop-
agative downstream mode n = 1, k = 8, M = 0.4, o* = 0.25(1 —1).
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—1.00

Figure 6: Contours of the real part of the components of the computed displacement field for the prop-
agative downstream mode n = 2, k = 8, M = 0.4, o* = 0.25(1 —1).

relative error of the method plotted versus the modulus of the coefficient «*, for values of the integer m
equal to 1, 2 and 3. The contours of the components of the corresponding computed solutions when the
relative error is below one percent are presented in Figures 8 to 10.

The convergence of the PML method is also obtained in this case for appropriate values of |« *|.
However, by comparing Figures 3 and 7, one can already point out a potential difficulty that may be
encountered in practice when both irrotational and vortical perturbations are present, as the values of
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1 15
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0.6 -100

Figure 8: Contours of the real part of the components of the computed displacement field for a vortical
mode m =1,k =8, M = 0.4, o* = 0.65(1 — i).

—10E-03

Figure 9: Contours of the real part of the components of the computed displacement field for a vortical
mode m =2,k =8, M = 0.4, o* = 0.65(1 — i).

—33E-02

—o24

038

048

Figure 10: Contours of the real part of the components of the computed displacement field for a vortical
mode m = 3,k =8, M = 0.4, o* = 0.65(1 — i).

|a*| that allow a good agreement between the exact and the computed solutions in the two cases are
quite different. Indeed, the propagation constant of the vortical modes, which is equal to % leads to
more significant damping in the layer for these modes than for the acoustic ones. On the other hand,
the finite element error for vortical modes is higher, since their wavelength is generally much shorter
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than that of their acoustic counterparts. This fact may cause some discretization issues as |« *| becomes
small?.

However, a compromise can be found by using a thicker layer. For instance, we have repeated the
previous simulations with a layer of length equal to 25% of the length of the domain €2;,. The obtained
results are presented in Figure 11 and one can now observe a partial match between the respective ranges
of values of || for which the relative errors are below a few percent.

0.1

T
acoustic modes

n=2
vortical modes
- m=0
—-m=1
m=2

0.05

1 15

Figure 11: Relative error in H!(£2;,)? norm as a function of | *| for several modes, k = 8 et M = 0.4.

6.2 Radiation of compactly supported sources
6.2.1 Acoustic source

We next simulated the radiation of an irrotational, compactly supported source f, placed in the duct.
This case happens to be more complex than the previous one because of the absence of any reference
solutions, which would permit the measuring of the precision of the method and the choosing of an
adequate value for the parameter |a*|. The real part of the components of the computed displacement
field are shown in Figure 12. The acoustic mode mainly radiated by the source is the one of index n = 2.
The convective effect of the uniform flow can clearly be seen, as the wavelength of the computed solution
is shorter upstream of the source than downstream.

0.73E-03

0.54E-03

0.35E-03

0.16E-03

—34E-04

— 23603

—42E-03

—B1E-03

—.BOE-03
0.44E-03

0.33E-03

0.22E-03

0.11E-03

0.60E-05

~.10E-03

—21E-03

—.32E-03

—42E-03

Figure 12: Contours of the real part of the components of the computed displacement field for the
radiation of an acoustic source (k = 8, M = 0.4, o* = 0.5(1 —1)).

2Note that these issues, related to the mesh size, appear as well without PMLs, when the speed of the flow is slow (i.e.,
when the Mach number M is close to 0) or at high frequencies (i.e., when the wave number & is large).
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6.2.2 Rotational source

The simulation of the radiation of a compactly supported source which curl is nonzero is presented
in Figure 13. It is located slightly upstream of the center of the domain ;. One can observe the
hydrodynamic wake generated by the source and convected by the flow, whose amplitude increases
linearly with respect to the coordinate x;. The acoustic perturbations, whereas present, have a negligible
amplitude compared to the vortical ones.

0.13E-01
0.926-02
059802
= = S e 0.256-02
~ B6E-03
- 4ze-02
~ 76602
—atE-01

—.14E-01
0.23E-01

0.17E-01

0.12E-01

0.63E-02

0.82E-03

—ATE-02

~.10E-01

—.16E-01

-21E-01

Figure 13: Contours of the real part of the components of the computed displacement field for the
radiation of a vortical source (k =8, M = 0.4, a* = 0.5(1 —i)).

6.3 A concluding remark on the non-regularized PML problem

We did some numerical experiments and confirmed that PMLs produce very bad results if used with a
non-regularized formulation of Galbrun’s equation. Although we previously stressed that the regulariza-
tion step was necessary in order to obtain a reliable numerical solution, free of spurious modes when
solving the problem with the usual nodal finite elements, it has been observed that approximations using
quadrilateral-based Lagrange elements on structured meshes are not subject to spectral pollution and ap-
pear to be stable [21]. Therefore, we can assert that the large errors observed in the simulations involving
the non-regularized equation are due to the PML method and not to the finite element method.

A Study of a second order transport equation
This appendix is devoted to the second order transport equation (5), which is written here as
(48) DZy* = g,

with g a compactly supported source belonging to L2(£2). We know from Lemma 1 that equation (48)
has a unique solution in L2(©2). We also have the following result.

Lemma5 The solution in L?(£2) of equation (48) vanishes upstream of the support of the source ¢ and
satisfies the estimate

(49) 1% 20) < Ce gl 22

where C. denotes a positive constant depending on the parameter ¢.
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Proof. From the proof of Lemma 1, we know that

1

Y (x1,m2) = Ge * g(-,22)(21) = %\ (w1 — 2) T2 g (2 25) dz

where the kernel G denotes the causal Green’s function of the differential operator D2. Setting

d_ = min {z; € R|(x1,22) € suppg}
x2€[0,h]

and
d+ = max {z1 € R|(x1,22) € suppg},
x2€[0,h]

we consider the following cases.

Ifz1 <d_,onehas|—oo,z1]N[d_,dy] = &, thus ¥*(x1,22) = 0 for all x5 € [0,1]. The solution
then vanishes upstream of the support of the source.

Ifd_ <z <dy,onehas

1 1 .
(21, 22) = %\& (x1 — Nvm b5 (21 VQANQ&MVQN

The Cauchy-Schwarz inequality then yields

el < g ([ e tomow) ([M e mras),

and one obtains

dy ol
| [ e P e da < Cilglag

(dy — &Lg m|w|ma+|&|v.

with C1, = e
Finally, if 1 > d4, we have
1[4+ _
@mA&.Hv&.MV — %/\& A.&H — Nv@ ?NANH NV.QANv &MvQN

1 &+ jke H ke ke
= Al%\ ze 'M*g(z,x9)dz + iw\ eIt 29(z,29)dz v elar 71,
d_

Observing that the variables in )¢ can be separated, so that

ike

U (21, 2) = (ae(x2) 4+ 21 be(2)) €37 71,

one arrives at

+o00 [ ) +o00 +o00 2
\ \ 0 (22 doy day < Jlacl ooy \ &30 day + [ 2o \ l21] e~ 3751 day.
dy Jo dy dy

We have 4 4
1 + +
)P < g [ 2 [ ot a:

and 4 4
1 + g +
bt < 5 [ e s [ lgteaP dz,
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hence

oo pl
| [ WP de e < a9l
dy 0

i%

H 1 s 2 —2¢, oo —22, s —2, oo —2e 4
with Cy, = — max ze " M*dz e~ M¥ dxq, e M*dz |x1|e” M* daq
d d

- + - +

We then finally set C. = /max(C1.,Cs,). O
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