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K,L�MONQPSR�TVUXWYN
Z\[^]`_aWcbedfPO_�beg\_aWYNhWci$]`_aWcbed
j PSi�k7ia_�MONQPJi2lJbeNhg\[cP;m\PJi

n%o�b`paPO_�qrWYg�beg
s ]`g\g�beoa_ j P#o�PJl�L�POo�l$L�P/d-t�u`RwvyxzT|{�}O~7oaWcPOo��y�y�yu
T ����g�]`��PJi

���������9�\�y�y� � P�g\o�beg�byi�P�]zd�PO��]`g\g\o�b�]el$LC_�b?��beZ\d j q,bXbe[cP�]`d0�wZ�] j o$]`_aWcl�beg\_aWYNhWY��]`_aWcbed0g\o�be�\[cPONQi��zK,L�P
W j P�]AWci�_�b�o�P;��P;m=g\o�PJi�i q,b7be[cP�]`dflJbed�i�_ao$]`WYdw_�iS]ei�bed�P���iag\L�POoaWcl�]`[��
lJbed�i�_ao$]`WYdw_���  Z�]`[YWY�JWYd\�¡_aL\Wci�lJbed�ia_ao$]`WYdw_�_aL�POd
]`NQbeZ\dX_�iQ_�b�]fi�PONhW j P;¢�d\WY_�P£[cP�]eia_¤��i��XZ�]`o�PJi	g\o�be�\[cPON¥�2L\Wcl�L¦l�]`dC��P¡P;§AlOWcPOdw_a[Yk�i�be[Y~�P j �0UX_aZ j kXWYd\��_aL\Wci j Z=�
]`[YWY��]`_aWcbed0]`[ci�b¡g\o�b�~7W j PJi�]`d¨]`[Y_�POoad�]`_aWY~�PAWYdw_�POoag\o�PO_$]`_aWcbed0b`©r_aL�P�ª�«­¬�o�PO[^]9m\]`_aWcbedC]`d j o�PO~�P�]`[ci
]�d�PO�/lO[^]ei$iSb`©
d�bed=��lJbedX~�P;mzg\o�be�\[cPONQi��2WY_aLzd�b j Z�]`[YWY_�k¡�w]`g®�
¯£°w±�²�³
´ �9µ��y� ¶ beN
�\WYd�]`_�beoaW^]`[#beg\_aWYNhWY��]`_aWcbed®·�ª�«�¬�o�PO[^]9m�]`_aWcbed®·2¸­]`�yo$]`d\�yW^]`d j Z�]`[YWY_�k�·�i$PONhW j P;¢�d\WY_�P?[cP�]eia_¤�
i��XZ�]`o�PJi

∗ ¹Hº�»�¹H¼¾½�¿;À;À,ÁaÂOÃ¤Ä�Å`Ã�Æ9Ã�ÇYÈ É�Å�ÊÌË;ÍyÃ;½eÎ;ÏÐÎ;ÎÐÑ�Ò�ÁÐÓÔÄJÕ­¹HÖØ×2ÓÔÃÙÊ�Ú�ÃaÆ�ÃÙÛ+ÜcÝ9Ê�ÁÐÄ9Þ¤Ã�ß®à;á;â�ãÙä`á\å�ä`æOçJèOéaê�ëJèaì�â�èÐæ=åFíOâ
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�
� ����� � � ¶ PO_A]`oa_aWclO[cP�g\o�}Ji�POdw_�PzZ\d�P�d�beZ\~�PO[Y[cP¡NQ}O_aL�b j P j P¡l�]`[clOZ\[ j P�NA]9pabeo$]`dw_�iQg�beZ\o	[cPJi	g\o�be�\[cMONQPJi
j�� beg\_aWYNhWci$]`_aWcbed)�XZ�] j o$]`_aWc�XZ�P��¨~y]`oaW^]`�\[cPJi���b7be[c}Od\d�PJi�� ¸ � W j }JPfPJi�_ j P o�};��P;m7g\oaWYNQPOo£_�beZ\_�PJi�[cPJi¡lJbedw_ao$]`WYdX_�PJi
��bXbe[c}JPOd\d�PJi#lJbeNhNQP�Z\d�P�Z\d\Wc�XZ�P�lJbedX_ao$]`WYdw_�PQ�XZ�P
[ � bed�]`g\g�PO[Y[cP�[^]AlJbedX_ao$]`WYdw_�PQi�g\L�}OoaWc�wZ�Py�#¸­] j Z�]`[YWci$]`_aWcbed�[^]9�
�yo$]`d\�yWcPOd\d�P j PzlJPO_a_�P?lJbedX_ao$]`WYdw_�PfNQMOd�P�� Z\d¦g\o�be�\[cMONQPzg�]`oa_aWclOZ\[YWcPOo j P£NQb��cd j o�PJi�l�]`oao�}JiAi�PONhW�� j };¢�d\Wci��wZ\W
g�POZ\_ j bed�l��O_ao�P�P;§Al�]elJPONQPOdw_�o�}Ji�be[YZ®�¡¸ � }O_aZ j P j PAlJPO_a_�P j Z�]`[YWci$]`_aWcbed © beZ\oad\WY_�]`Z g�]ei�i$]`��PAZ\d�Phd�beZ\~�PO[Y[cPAWYd=�
_�POoag\o�}O_$]`_aWcbed j P�[^] o�PO[^]9m\]`_aWcbed�ª9«­¬���� [Y[cP�g�POoaNQPO_Q]`Z�i�iaW j PANQPO_a_ao�P£POd0P;m\POoa�yZ�P�Z\d�P¡lO[^]ei�i$P j P�g\o�be�\[cMONQPJi
j�� beg\_aWYNhWci$]`_aWcbedfi$]`d�i�i$]`Z\_ j P j Z�]`[YWY_�}y�
� ´ ��� ² ��� � �?� beg\_aWYNhWci$]`_aWcbed lJbeN+�\WYd�]`_�beWYo�Py·�o�PO[^]9m\]`_aWcbed�ª�«�¬�· j Z�]`[YWY_�}S[^]`�yo$]`d\�yWcPOd\d�Py·�NQbeWYd j o�PJi l�]`oao�}Ji i�PONhW��
j };¢�d\W
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5 d�P b`©+_aL�P76�POk WYd\�yo�P j WcPOdX_�i£WYd lJbeN+�\WYd�]`_�beoaW^]`[+beg\_aWYNhWY��]`_aWcbed Wci���beZ\d j WYd\��·��2L\Wcl�L o�POg\[^]elJPJi¡_aL�P beoaWY�yWYd�]`[
8 j W�§AlOZ\[Y_:9Qg\o�be�\[cPON �Xk�] i�WYNhg\[cPOo�bed�P£�2WY_aL [^]`oa��POo�beg\_aWYNA]`[�~y]`[YZ�P 8 ]ei�iaZ\NhWYd\�¨� P ]`o�PzNA]9m7WYNhWY�JWYd\�;9;�=<�d
WYNhg�beoa_$]`dw_,WYd�ia_$]`d�lJP�b`©®��beZ\d j WYd\��NQPO_aL�b j Wci2ª�«�¬ho�PO[^]9m�]`_aWcbed®�?>�_�i ��]eiaWcl W j P�]SWci¾_�b+o�POg\[^]elJP _aL�P g\o�b j Z�lO_

xixj�Xk¨]`d�be_aL�POo+~y]`oaW^]`�\[cP
Xij @ _aL�PAiag�]elJP R

n Wci#_aLXZ�i#��[YW�© _�P j �h_�bz_aL�PQi�g�]elJP Sn

b`©�iak7NhNQPO_aoaWclQNA]`_aoaWclJPJi���K,L�P
_�PJl$L\d\Wc�wZ�P#Wci,g�]`oa_aWclOZ\[^]`oa[Yk¡o�PO[cPO~y]`dw_,©Øbeo�q,bXbe[cP�]`d£�XZ�] j o$]`_aWcl#g\o�be�\[cPONQi 8 i�PJPBA n s � xyuDC­]`d j A ¸ 5 xyx�C�9;�¾UX_aoaW#6XWYd\�
P;m�]`Nhg\[cPJi�WYd?lJbeN
�\WYd�]`_�beoaW^]`[�beg\_aWYNhWY��]`_aWcbed ]`o�P#NA]9m7��lOZ\_ ]`d j NA]9mX��lO[YWc�XZ�P 8 i�PJPEA ¸®b�~GFexDC�]`d j AIH � xyuJC�9;�

� P
g\o�PJi�POdX_ L�POo�P�]hd�PO� P;m7g\o�PJi�i�Wcbed b`© _aL�PSo$]`d�6zbed�P;��lJbed�i�_ao$]`WYdw_�_aL�]`_�]`g\g�P�]`o�i WYd?_aL�Phª�«­¬£©ØbeoaN+Z\[^]`_aWcbed
b`©Sq,bXbe[cP�]`d¦�wZ�] j o$]`_aWcl£g\o�be�\[cPONQi�� � Pzi�_$]`oa_Q�wk0WYdw_ao�b j Z�lOWYd\� beZ\oAd�be_$]`_aWcbed®· j P;¢�d\WYd\� q,bXbe[cP�]`d¦�wZ�] j o$]`_aWcl
g\o�be�\[cPONQi£]`d j o�PJl�]`[Y[YWYd\�C_aL�Pz[YW�© _aWYd\�¨WYdX_�b

Sn

8 UXZ\��i�PJlO_aWcbed�i �y�Y� ]`d j �y�Ô�*9;� K,L�P?q,b7be[cP�]`d¦lJbed�ia_ao$]`WYdX_�i¡]`o�P
PJ�XZ\WY~e]`[cPOdX_a[Yk�o�POg\[^]elJP j �wk�]�iaWYd\�y[cP��XZ�] j o$]`_aWcl#lJbed�ia_ao$]`WYdw_��2WY_aL£o�PJiag�PJlO_,_�b

X ∈ Sn

·7_aL�]`_2� P�l�]`[Y[ _aL�P�iag\L�POoaW��
l�]`[�lJbed�ia_ao$]`WYdw_ 8 U7PJlO_aWcbed��*9;�%K,L\Wci¾o�P;��P;m7g\o�PJi�i�Wcbed�]`[Y[cb���i,]`d�]`[Y_�POoad�]`_aWY~�P WYdw_�POoag\o�PO_$]`_aWcbed£b`© _aL�P�ª9«­¬Qo�PO[^]9m\]`_aWcbed
8 UXZ\��i�PJlO_aWcbed��=�Ô�*9�]`d j g\o�beg�byi�PJi ]���POd�POo$]`[YWY��]`_aWcbed�b`©-WY_���¸­]`�yo$]`d\�yW^]`d j Z�]`[YWY_�k
_aL�POdho�PO~�P�]`[ci _aL�P�]`��i�POd�lJP2b`© j Z=�
]`[YWY_�k
�w]`gh�2L�POd j Z�]`[YWY�JWYd\�S_aL\Wci%i�g\L�POoaWcl�]`[�lJbed�ia_ao$]`WYdw_ 8 U7PJlO_aWcbed�i¾��]`d j R;9;�� �Z�]`[YWY�JWYd\�#_aL�P2iag\L�POoaWcl�]`[�lJbed�i�_ao$]`WYdw_
Wci2_aL�P+bXlJl�]eiaWcbed?_�b	g�beWYdX_�beZ\_ ]	lO[^]ei�i�b`©%beg\_aWYNhWY��]`_aWcbed?g\o�be�\[cPONQi �2WY_aLzd�b j Z�]`[YWY_�k��w]`g 8 UXZ\��i�PJlO_aWcbed?R��Ô�*9;�

KMLNK O3PQP�RTSGUMVXWZY[UM\?]*U_^*`Tacb[]*Ped(RfS�gih
¸®PO_���P��yWY~�POd

m + 1
�XZ�] j o$]`_aWcl�© Z\d�lO_aWcbed�i j P;¢�d�P j bed

R
n @

qj(x) = x>Qjx + 2bj
>x + cj , j = 0, . . . ,m,

�2L�POo�P+_aL�P
Qj

]`o�PSiak7NhNQPO_aoaWclSNA]`_aoaWclJPJi�·�_aL�P
bj

[YWcPSWYd
R

n
]`d j _aL�P

cj

WYd
R
� K�bAP;m=g\o�PJi�i�_aL�]`_�P�]el�L?~y]`oaW^]`�\[cP

xi

Wci q,b7be[cP�]`d®·�� P	]`[ci�b�lJbed�i�W j POo�_aL�P��XZ�] j o$]`_aWclS© Z\d�lO_aWcbed�i
x 7→ xi

2 − 1
©Øbeo

i = 1, . . . , n
� � WY_aL _aL\Wci j ]`_$]=·

]	��POd�POo$]`[�qrb7be[cP�]`d?�XZ�] j o$]`_aWcl#g\o�be�\[cPON Wci






max q0(x)
qj(x) ≥ 0, j = 1, . . . ,m
xi

2 − 1 = 0, i = 1, . . . , n,

8 �j9

8 ]`NQbed\��_aL�P
m
WYd�PJ�XZ�]`[YWY_�k+lJbed�i�_ao$]`WYdw_�i�·e�rP NhWY�yLw_%]`[ci�b�L�]J~�PrPJ�wZ�]`[YWY_aWcPJi:9;��K,L�P NA]9m=WYNA]`[7~e]`[YZ�P b`©=_aL\Wci�g\o�be�\[cPON

Wci j POd�be_�P j �Xk
~y]`[ 8 �j9;�k>�d	��POd�POo$]`[\WYd	_aL\Wci%g�]`g�POo�·e�rP j POd�be_�P,�wk
~e]`[
( ∗ )

_aL�P,beg\_aWYNA]`[�~y]`[YZ�Prb`© ]`dhbeg\_aWYNhWY��]`_aWcbed
g\o�be�\[cPON

( ∗ )
�

� P£l�]`d i�Z\g\g�byi�P�_aL�]`_h_aL�P£�XZ�] j o$]`_aWcl�©HZ\d�lO_aWcbed�i
qj

]`o�P�L�beNQbe��POd�PJbeZ�i 8 _aL�]`_hWci
bj = 0

]`d j
cj = 0

9 @be_aL�POoa�2Wci�P��rP�L�beNQbe��POd\WY��P#_aL�P�g\o�be�\[cPON �2WY_aL£_aL�P#lO[^]ei�iaWcl�]`[�_aoaWcll6 8 i�PJP�Py� ���mAon �qp �y�JC�9 lJbed�iaWcia_aWYd\�hWYdz] j\j WYd\�
bed�P j WYNQPOd�i�Wcbed ]ei,©Øbe[Y[cb���i @

x>Qjx + 2zbj
>x + cjz

2 ]`d j
z2 = 1.

� WY_aLQd�b#[cbyi�i¾b`©���POd�POo$]`[YWY_�k�·w�rP�_aLXZ�i¾lJbed�iaW j POo WYdA_aL\Wci g�]`g�POo¾bed\[Yk	_aL�P�iaWYNhg\[YW�¢�P j ©ØbeoaN/b`© 8 �j9 8 �2WY_aL
Q = Q0

9






max x>Qx
x>Qjx ≥ 0, j = 1, . . . ,m
xi ∈ {−1, 1}, i = 1, . . . , n.

8 �*9

rts � �vu � °xw�y�w{z � � s�² ���®��| y~}���������������������
���������
�������������
��
xi ∈ {−1, 1} � �������m�	
$��������.������j�	�����c�f��������7�������f���_
l�/���������/
��#�D�l����
����e.��"����
�'����	
$��������.��+���l�?����
��������f���	
l�t���/�M����� � �k���:�M�I�������	)/���[ ��*�N�N¡��

KML�¢ £t`f¤�^*`TV[¥q`TVk^�P
Sn

<�lJbedw~�POd\WcPOdX_hi�l�]`[^]`oSg\o�b j Z�lO_
bed _aL�P�iag�]elJP
Sn

b`©2i�kXNhNQPO_aoaWclANA]`_aoaWclJPJi+Wci#_aL�P�{\o�be��POd\WYZ�i
i�l�]`[^]`o+g\o�b j Z�lO_
〈A,B〉 = trace(AB) =

∑n
i=1

AijBij

�+K,L�P	o�P�]ei�bed WY_#Wci�i�b¡lJbedw~�POd\WcPOdX_S©Øbeo#beZ\o�g\Z\oag�byi�PJi�Wci�_aL�P�©Øbe[Y[cb��2WYd\�
o�PO[^]`_aWcbed @

∀x ∈ R
n, ∀A ∈ Sn, x>Ax = 〈A, xx>〉.

8 �*9
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K,L�PA]ei$i�bXlOW^]`_�P j d�beoaN WYd
Sn

Wci j POd�be_�P j �wk
‖ · ‖

� 8 n be_aWclJPQ_aL�]`_S� PA]`[ci$b j POd�be_�PQ_aL�P	d�beoaN b`©
x ∈ R

n �Xk
‖x‖2 = x>x

�I9�K,L�P
q,b7be[cP�]`d �XZ�] j o$]`_aWclSg\o�be�\[cPON 8 �*92l�]`df��PSo�P;��P;m7g\o�PJi�i$P j ]ei�]	[YWYd�P�]`o�bed�P+WYd
Sn

PJ�XZ\WYg\g�P j
�2WY_aL

〈·, ·〉 @ WY_�Wci�_aL�P#lO[^]ei�iaWcl�]`[���[YW�© _aWYd\�e��g\o�b7lJP j Z\o�PS_aL�]`_�� PS�XZ\Wcl�67[Yk�o�PJl�]`[Y[­L�POo�Py�� P j POd�be_�P��Xk j W^]`�+_aL�P j W^]`��bed�]`[�beg�POo$]`_�beo �2L\Wcl�L£]ei�i�b7lOW^]`_�PJi%_�b
]#NA]`_aoaW�mQWYd
Sn

WY_�i j W^]`��bed�]`[�WYd
R

n ��¸®PO_
en

ia_$]`d j ©Øbeo#_aL�P	~�PJlO_�beo+b`©
R

n �2WY_aL ]`[Y[ POdw_aoaWcPJi+PJ�wZ�]`[%_�b 1
8
en = [1, . . . , 1]>

9;����W^] 8 �*9O·�_aL�PQbe�=paPJlO_aWY~�Phb`©
8 �*92Wci�o�P;��P;m=g\o�PJi�i�P j ]ei

〈Q,X〉
�2L�POo�P+�rPSL�]�~�P
i�PO_

X = xx>
� 5 ��i�POoa~�P+_aL�]`_

xi
2 = 1

8
i = 1, . . . , n

9,NQP�]`d�i
j W^]`�

(X) = en

�%n%o�be�\[cPON 8 �*9rWci,_aL�POo�P;©Øbeo�P+PJ�XZ\WY~e]`[cPOdX_a[Yk��2oaWY_a_�POdf]ei














max 〈Q,X〉
〈Qj , X〉 ≥ 0, j = 1, . . . ,mj W^]`�

(X) = en

X = xx>.

8 R;9

rts � �vu � °vw�y	�&z � � s�² � �­��| y�
 .��"����
�'����	
$��������. � ������';����
:���+�T���






max 〈W,X〉j W^]`�
(X) = en

X = xx>,

8 u*9

�Q����
$�
W
����������.�����
��#���$������� -��;���E�

Wij

��� ����������� -D���(������
�

(i, j)

¡��
K,L�P
g�beWYdw_�Wci�_aL�]`_�_aL�P
lJbed�i�_ao$]`WYdw_

X = xx>
Wci d�be_�lJbedw~�P;m �!< lO[^]ei�iaWcl�]`[�_�bXbe[�_�bh¢�d j Z\g\g�POo���beZ\d j i _�b

8 u*92]`d j NQbeo�P#��POd�POo$]`[Y[Yk¡_�b 8 R;9rWci2_aL�P
ª9«­¬¡o�PO[^]9m�]`_aWcbed 8 i�PJP A n¾s � xyuDC�9;��>�_�lJbed�i�Wcia_�i2WYd
o�PO[^]9m=WYd\�Q_aL�P#d�bed=��lJbedX~�P;m?lJbed�ia_ao$]`WYdw_

X = xx>
_�b

X � xx>
·\�2L\Wcl�L?Wci�lJbedw~�P;mz�2WY_aL£o�PJiag�PJlO_�_�b

(x,X)]`d j _aL�POdzo�P�]`[YWY�JWYd\�A_aL�]`_�_aL�P�~y]`oaW^]`�\[cP
x
Wci�iaZ\g�POo
��Z�beZ�i 8 _aL�P#��PJia_2_�b j bhWci2_�b	_$]D6�P

x = 0
9;�

K,L�P
ª9«­¬£o�PO[^]9m\]`_aWcbed?b`© 8 R;9,Wci2_aL�POo�P;© beo�P














max 〈Q,X〉
〈Qj , X〉 ≥ 0, j = 1, . . . ,mj W^]`�

(X) = en

X � 0.

8�� 9

� P#�yWY~�PSWYdzn%o�beg�byi�WY_aWcbedf�=�Ôuh]`d ]`[Y_�POoad�]`_aWY~�P+WYdw_�POoag\o�PO_$]`_aWcbedf_�b	_aL�P
ª�«�¬¡o�PO[^]9m�]`_aWcbed®�

� ���2�����%���2�-
���� 34�,����
����%�!���
* �-��� ����������
������z�����
��������
�� �

K,L\Wci i�PJlO_aWcbedzWci j PO~�be_�P j _�bAia_aZ j kXWYd\�h_aL�P+i�PO_�b`©�lJbeoao�PO[^]`_aWcbed NA]`_aoaWclJPJi

Cn = {X ∈ Sn : X � 0,
j W^]`�

(X) = en}.
8 F�9

K,L�PJi�P�NA]`_aoaWclJPJiS]`g\g�P�]`o�WYdfia_$]`_aWci�_aWclJi _�b�P;m=g\o�PJi�i�o�PO[^]`_aWcbed�i���PO_�� PJPOd�o$]`d j beN4~e]`oaW^]`�\[cPJi��#K,L�POk ]`[ci�b¡]`g\g�P�]`o
d�]`_aZ\o$]`[Y[Yk£WYdzbeZ\o2© o$]`NQPO� beo$6¡�2L�POdzo�PO[^]9m=WYd\�Q[YW�© _�P j q,bXbe[cP�]`d?g\o�be�yo$]`NQi 8 i�PJP 8�� 92]`��b�~�Pj9;�
>�d _aL\WciAg�]`g�POo�·r� P?b`©H_�POd j o�beg¦_aL�P j POg�POd j POd�lJP?b`©#d�be_$]`_aWcbed�_�b�_aL�P j WYNQPOd�iaWcbed

n
W�©#d�b lJbed=© Z�iaWcbed Wci

g�byi�iaWY�\[cPy��n be_�P�¢�o�i�_�_aL�]`_
C
Wci2_aL�P#WYdw_�POo�i$PJlO_aWcbedfb`©�_aL�PSlO[cbyi�P j lJbedX~�P;m?lJbed�PSb`© ª�«�¬¡NA]`_aoaWclJPJi�]`d j _aL�P+]9§Qd�P

iaZ\��i�g�]elJP j W^]`�
(X)=e � C

Wci _aL�POd?]
lO[cbyi�P j lJbedX~�P;m�iaZ\��i�PO_2b`©
Sn

��{�Z\oa_aL�POoaNQbeo�P#WY_,Wci,��beZ\d j P j ]`d j � P 67d�b��
]	g�POoa_aWYd�POdw_���beZ\d j �
�¾° � �¨� � y�w�y����

X ∈ C � �������7������
$������� )�� ‖X‖2 ≤ n2
�/������
$������
��

C
� ��
���.!���*
��T�

,(
$�"���"� ¸®PO_
X ∈ C

� UXWYd�lJP
X � 0

·�]`dwk�g\oaWYd�lOWYg�]`[®NhWYd�beo�L�]ei�]�d�bed\d�PO�w]`_aWY~�P j PO_�POoaNhWYd�]`dw_��[>�d£g�]`oa_aWclOZ\[^]`o��rP
L�]�~�P

XiiXjj − Xij
2 ≥ 0.

¹Hº�»�¹H¼



���������	����
���
���������������
������������ �!�"���#�$���&%('��*)�
$�����+
�,(
$��-�
$��./� u

� WY_aL j W^]`�
(X) = e

·\_aL\Wci2k7WcPO[ j i
Xij

2 ≤ 1
]`d j _aL�POo�P;©Øbeo�P

‖X‖2 =

n
∑

i,j=1

Xij
2 ≤ n2.

q,POWYd\��]`[ci�bAlO[cbyi�P j ·
C
Wci�_aLwZ�i�]hlJbeNhg�]elO_ lJbedw~�P;m?iaZ\��i�PO_�b`©

Sn

�
K,LXZ�i,_aL�P�d�beoaN�b`©�]SNA]`_aoaW�m�WYd

C
Wci2]`[Y�,]Jk=i,[cb�� POo2_aL�]`d

n
��K,L�PJbeo�PON �=�Ô�+�2WY[Y[�l$L�]`o$]elO_�POoaWci�P�_aL�P�NA]`_aoaWclJPJi

�2L�byi�PSd�beoaN Wci�PJ�XZ�]`[®_�b
n
�%qrP;©Øbeo�Py·=o�PJl�]`[Y[­_aL�]`_2_aL�POo�PSL�be[ j i

‖X‖2 = trace(X2) =

n
∑

i=1

[λi(X)]2,

]`d j ·\�Xkz]`d�]`[cbe�yk�·\� PSi$PO_

‖X‖1 =

n
∑

i=1

|λi(X)| .

�¾° � �¨� � y	� y��k���
X ∈ Sn

��� �_���G���J��
$��� �������7��� �����D�/�����B����'����J�������	
l�

X
������
$�����J�����_� .�����
��#�

⇐⇒ ‖X‖ = ‖X‖1.

,(
$�"���"� K,L�P%©Øbe[Y[cb��2WYd\��o�PJiaZ\[Y_­Wci�lO[^]ei�iaWcl�]`[=]`d j P�]eiaWY[Yk�g\o�b�~�P j 8 �wk#o�PJlOZ\oao�POd�lJP¾©Øbeo­WYd�ia_$]`d�lJPj9 @ © beo (x1, . . . , xn) ∈
R

n
·=_aL�POo�P#L�be[ j i

n
∑

i=1

xi
2 ≤

(

n
∑

i=1

|xi|

)2

,

�2WY_aL�PJ�XZ�]`[YWY_�k W�©�]`d j bed\[Yk W�©�_aL�POo�P�Wci	]`_
NQbyia_	bed�P�d�bed=�Ì��POo�b
xi

� � WY_aL _aL\Wci�g\o�beg�POoa_�k�·%�rP�l�]`d0�2oaWY_�PA© beo
X ∈ Sn

_aL�]`_
√

√

√

√

n
∑

i=1

λi(X)2 ≤
n
∑

i=1

|λi(X)| ,
8 v*9

�2WY_aL�PJ�wZ�]`[YWY_�k�W�©­]`d j bed\[Yk	W�©
X
L�]ei¾o$]`d�6h]`_¾NQbyia_��y��K­b
lJbed�lO[YZ j Py·�p¤Z�ia_ be��i�POoa~�P�_aL�]`_¾PJ�wZ�]`[YWY_�k

‖X‖ = ‖X‖1Wci�PJ�XZ\WY~y]`[cPOdw_�_�b	_aL�P+PJ�wZ�]`[YWY_�k�WYd 8 v*9J�
K,L�P#© be[Y[cb��2WYd\��l�L�]`o$]elO_�POoaWY��]`_aWcbedfWci2_aL�POd?i�_ao$]`WY�yLw_¤©Øbeoa�r]`o j �

	�
 °X´ � ° � � y
�{z�� 
 �\�9�\��� ° �����w�=��� ´�� ´�� �9� ����²$´���° �¨�=�����H� ° � ´��
C
| y��k���

X ∈ C
�������?������� �������;-�����';���J���

�����	
l������� )����
X
������
$�����J�����_��.�����
�� �

⇐⇒ ‖X‖2 = n2.
,(
$�"���"� ¸®PO_

X ∈ C
�¾UXWYd�lJP

X � 0
·X� P L�]J~�P

‖X‖1 = trace(X)
� �fbeo�PJb�~�POo�· j W^]`�

(X) = e
WYNhg\[YWcPJi

‖X‖1 = n
�

UXWYd�lJP
X 6= 0

·�¸®PONhNA]Q�=�Ô�h�yWY~�PJi�_aL�P#PJ�XZ\WY~e]`[cPOd�lJPy�
UXWYd�lJPAWY_SWYNhg�byi�PJiS_�b

X
_�b£[YWcPQbed¨_aL�P �%Z�lO[YW j W^]`dCiag\L�POo�PAb`©�lJPOdw_�POo

0
]`d j o$] j WYZ�i

n
WYd

Sn

·®�rPAl�]`[Y[¾_aL�P
lJbed�ia_ao$]`WYdX_

‖X‖2 = n2
_aL�PB�f�	����
���
����Z
����G����
$�����	�Ø�

! 1 � �����#*�(
��
���1 � ��12�����
1�
���� *�(
����
¤�#"

� P j PO~�PO[cbeg WYd _aL\Wci�i�PJlO_aWcbed0] j Z�]`[¾NQPO_aL�b j �Xk j Z�]`[YWY�JWYd\� _aL�PQi�g\L�POoaWcl�]`[rlJbed�ia_ao$]`WYdX_ @ � P j P;¢�d�P�]zlJbedX~�P;m© Z\d�lO_aWcbed
v
i�Z�l�Lz_aL�]`_

∀α ∈ R,
~y]`[ 8 R;9

≤ v(α).
� P ia_aZ j k L�POo�P?_aL�P£_aL�PJbeo�PO_aWcl�]`[�g\o�beg�POoa_aWcPJi�b`©�_aL\Wci j Z�]`[YWY��]`_aWcbed®�)U7PJlO_aWcbed�R Wci j PO~�be_�P j _�b ia_aZ j k7WYd\�¨_aL�P
j Z�]`[YWY_�k£�w]`g®�

»�»�Ä�¦\À�ÑOÏ�§



� ����
���.E���7��� ��
��

�QLNK �cY?UMRT`��G`TV?¥ ^��[S hDb��?SG]�`Na�UMR a�PkV[hJ^�]*UM`TVk^
� P ia_$]`oa_¾�Xkho�P;© beoaN
Z\[^]`_aWYd\�	n o�be�\[cPON 8 R;9%�2WY_aLA_aL�P�L�PO[Yg�b`©­K,L�PJbeo�PON��=�Ô�=��K,L�P lJbed�ia_ao$]`WYdw_

X = xx>
P;m�]elO_a[Yk

P;m=g\o�PJi�i�PJi2_aL�]`_�_aL�PSiak7NhNQPO_aoaWcl#NA]`_aoaW�m
X
Wci2o$]`d�6X��bed�Py� K,L�POd 8 R;9,l�]`dz��P��2oaWY_a_�POd ]ei















max 〈Q,X〉
〈Qj , X〉 ≥ 0, j = 1, . . . ,m
X ∈ C,
‖X‖2 = n2.

8 x*9

5 ��i�POoa~�P+_aL�]`_��rPSL�]J~�P+_ao$]`d�i¤©ØbeoaNQP j _aL�PSq,b7be[cP�]`d �XZ�] j o$]`_aWclSg\o�be�\[cPON 8 �*9r_�bAn o�be�\[cPON 8 x*9r�2L\Wcl$L L�]ei bed\[Yk
bed�PS�XZ�] j o$]`_aWclSlJbed�ia_ao$]`WYdX_��2WY_aLzo�PJi�g�PJlO_�b`©�_aL�P�~y]`oaW^]`�\[cP

X ∈ Sn

�%K­bQWci�be[^]`_�P#_aL\Wci�lJbed�ia_ao$]`WYdX_�·��rPSi�PO_

C′ := C ∩ {X ∈ Sn : 〈Qj, X〉 ≥ 0
©Øbeo ]`[Y[

j = 1, . . . , n}.
8 ���*9

5 �X~XWcbeZ�ia[Yk�·
C′ Wci�]hlJbedX~�P;mzlJbeNhg�]elO_ iaZ\��i�PO_�b`© Sn

8 o�PJl�]`[Y[�¸®PONhNA]A�=�Y�j9;� n o�be�\[cPON 8 x*9rl�]`dz��P�o�PO�2oaWY_a_�POd






max 〈Q,X〉
X ∈ C′,
‖X‖2 = n2.

8 �y�j9

K�]D6XWYd\�A] j ~y]`dw_$]`��PSb`©�_aL\Wci,d�PO�¦©ØbeoaN+Z\[^]`_aWcbed®·�� P�d�b��)i�_aZ j kA_aL�P j Z�]`[YWY��]`_aWcbed?b`©­_aL�P�lJbed�ia_ao$]`WYdX_
‖X‖2 = n2

�
� P#© beoaN _aL�P#¸�]`�yo$]`d\�yW^]`d®·�© Z\d�lO_aWcbed?b`©�_�� bQ~e]`oaW^]`�\[cPJi�·�_aL�P#g\oaWYNA]`[

X ∈ C′ ·�]`d j _aL�P j Z�]`[ α ∈ R @

L(X,α) = 〈Q,X〉 −
α

2
(‖X‖2 − n2).

8 ���*9

� P j P;¢�d�PS_aL�P j Z�]`[ © Z\d�lO_aWcbed
v(α) = sup

X∈C′

L(X,α).
8 ���*9

K,L�P j Z�]`[­g\o�be�\[cPON�b`© 8 �y�j9rWci2_aL�POd
{

inf v(α)
α ∈ R.

8 �OR;9

<�i,Z�iaZ�]`[Ì·\P�]el$L£~e]`[YZ�P�b`©�_aL�P�g\oaWYNA]`[�© Z\d�lO_aWcbed£�yWY~�PJi�]
[cb��rPOo���beZ\d j b`©�_aL�P j Z�]`[�©HZ\d�lO_aWcbed 8 �rP�]D6 j Z�]`[YWY_�k
� i$PJP A	��
�¸­xy�=· ¶ L�]`g®�
� >�>TC�9 @

∀X ∈ C′, ‖X‖2 = n2, ∀α ∈ R, 〈Q,X〉 = L(X,α) ≤ v(α).
8 ��u*9

K,L�POo�P;©Øbeo�Py·��rP#L�]J~�P
~e]`[ 8 �y�j9

≤
~y]`[ 8 �OR;9

≤ v(α).
8 � � 9

�QL�¢ � ]*Peb SG]*^�`TS�h3Pe¤�\�Y?UMR Ped��DS�a�^*h
¶ bed�iaW j POo�·�© beo

α ∈ R
·=_aL�PSi�PO_�b`©%i�be[YZ\_aWcbed�i b`© 8 ���*9J·=_aL�]`_�Wci

X (α) = {X ∈ C ′ : L(X,α) = v(α)}.

�¾° � �¨� �My�w z
X (α)

� � µ
X(α)

| y �����
α ∈ R

� �������������!�:'j�	
���.B';. ��� 8 ���*9!� �t�*�+�f����� �$) �!������
�� � �t�
X ∈ C ′

��'�
��3�������
v(α) = L(X,α)

��� '�
�������
:.���
�� � �
α > 0

������� ����� �
X
���!';������'G�������k������� ����)����	���T��) ���

X(α)
�E} �

����';��������� � ����
 α > 0 � X (α) = {X(α)}
�

,(
$�"���"� K,L�P�© Z\d�lO_aWcbed
L(·, α)

Wci lJbedX_aWYdwZ�beZ�i�bed
C′ �2L\Wcl$L�WcirlJbeNhg�]elO_��?>�_�i NA]9m=WYN+Z\N�Wci _aLwZ�i2]`_a_$]`WYd�P j bed

C′ �
� L�POd

α > 0
·=_aL�P © Z\d�lO_aWcbed

L(·, α)
Wci2]`[ci�b	ia_aoaWclO_a[Yk�lJbed�l�]�~�P+]`d j _aL�POd£WY_,o�P�]el�L�PJi2WY_�irNA]9m=WYN+Z\N�]`_�]+Z\d\Wc�wZ�P

g�beWYdw_��

¹Hº�»�¹H¼
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���
���������������
������������ �!�"���#�$���&%('��*)�
$�����+
�,(
$��-�
$��./� F

� L�POd
α > 0

·�_aL�P�NA]`_aoaW�m
X(α)

L�]ei#]`dfWYNhg�beoa_$]`dw_+��PJbeNQPO_aoaWcl	WYdw_�POoag\o�PO_$]`_aWcbed @ WY_�Wci�_aL�P
g\o�b`paPJlO_aWcbed b`©
Q/α

bed
C′ ��qrkS_aL�Pr�r]Jk�·w_aL\Wci�kXWcPO[ j i ]`d�WYdw_�POo�PJia_aWYd\�S© P�]`_aZ\o�P,b`© X(α) @ WY_�Wci%ia_$]`�\[cP Z\d j POo iaNA]`[Y[=g�POoa_aZ\oa��]`_aWcbed�ibed

Q
�

	�
 °X´ � ° � �My	� z�� � ´��O° �y��� ´�� | y ����

α > 0 � ����)����	���T�E��� ���;� � 
��:�:'�� ����� X(α,Q)

����� ����� '����+���&��� 8 ���*9��
�������

X(α,Q)
� �!�����?�_
����"�$
����+��� �$�

Q/α
�����f�

C ′ � ����������� ���Q�!�������Q�����Z��';�_
�������� X(α, ·)
���

1/α
����� �	��
������ ���+���

���
Sn

�
,(
$�"���"�tn be_�PS_aL�]`_�� PSl�]`d£�2oaWY_�Py·�© beo

α 6= 0
]`d j

X ∈ C′ ·

L(X,α) =
α

2
n2 −

α

2
‖X‖2 + 〈X,Q〉

=
α

2
n2 −

α

2
(‖X‖2 − 2〈X,Q/α〉)

=
α

2
n2 −

α

2

(

w

w

w

w

X −
Q

α

w

w

w

w

2

−
‖Q‖2

α2

)

,

]`d j _aL�POd?_aL�POo�P#L�be[ j i

L(X,α) =
(α

2
n2 +

1

2α
‖Q‖2

)

−
α

2

w

w

w

w

X −
Q

α

w

w

w

w

2

.
8 �jF�9

{�beo
α > 0

· NA]9m7WYNhWY�JWYd\�
L(·, α)

bed
C ′ _aLXZ�i�]`NQbeZ\dw_�i�_�b NhWYd\WYNhWY�JWYd\� ‖ · −Q/α‖2

bed
C′ � qrkiA	��
�¸­�=��·

n%o�beg®�o<��Ô�=�Y�y�Ô�JC�·
X(α,Q)

Wci
1/α

��¸ WYg�i$l�L\WY_a�JW^]`d �2WY_aLzo�PJiag�PJlO_2_�b
Q
�

	�
 °X´ � ° � �My
��z�� ��� � � � � �y��� ´�� | yB�����Q�:'��	
����+���
v
)����?�_�$)���� 8 ���*9t��� 
��#�D����) � 
���� �D��� ���_)B�	���G��)��$
�
��$�D������-���

R
� ����� �:'G�$)�� �t��
$�����������Q���

α ∈ R
���

∂v(α) =
lJbedw~ {1

2
(n2 − ‖X‖2) : X ∈ X (α)

}

,
8 ��v*9

�Q����
$��lJbedX~�)����	�*�T�:�������/
���� ���$� ��'������ �:������
����+
�'�� ��
 � v ����)�� �t��
��������+������� ��� ]0,+∞[
���	) � ����
 α > 0 �

v′(α) =
1

2

(

n2 − ‖X(α)‖2
)

.

,(
$�"���"� q,POWYd\� _aL�PziaZ\g\o�PON
Z\N b`©#_aL�P�©Ø]`NhWY[Yk�b`©S]9§Qd�P¡© Z\d�lO_aWcbed�i
L(X, ·)

8 WYd j P;m=P j �wk
C′ 9;· v

WciA]�lO[cbyi�P j
lJbedX~�P;mQ©HZ\d�lO_aWcbed¡bed

R
� UXWYd�lJP

C′ Wci lJbeNhg�]elO_�·7� P�]`g\g\[Yk�A	� 
 ¸­�=�y·7K,L®�  	� R�� R��Ô�JC�_�b+��PO_ 8 ��v*9;��¸®PONhNA]%�=�Y��_aL�POd
k7WcPO[ j i2_aL�]`_

∂v(α) ⊂ [0, n2] ⊂ R
+

]`d j _aL�POd
v
Wci¡d�bed=� j PJlOo�P�]ei�WYd\�¦bed

R
� � L�POd�PO~�POo

α > 0
·�¸®PONhNA]%�=�Y��WYNhg\[YWcPJiz_aL�]`_

∂v(α)
Wci¡o�P j Z�lJP j

_�b
{1

2
(n2 − ‖X(α)‖2)}

·%]`d j A	� 
 ¸��=�y· ¶ beo��  	�Ô�=�Y�y� R�C2�yZ�]`o$]`dw_�PJPJi�_aL�P j W
	�POo�POdX_aW^]`�\WY[YWY_�k b`©
v
·��2WY_aL

v′(α) =
1

2
(n2 − ‖X(α)‖2)

�
qrk 8 �jF�9;·\_�bhlJbeNhg\Z\_�P

v(α)
�2L�POd

α > 0
]`NQbeZ\dw_�i�_�bAi�be[Y~XWYd\�

m(α) = min
X∈C′

‖X − Q/α‖2
8 ��x*9

]`d j i$PO_a_aWYd\�

v(α) =
(α

2
n2 +

1

2α
‖Q‖2

)

−
α

2
m(α).

rts � �vu � ° �My��cz � � s�² � �­��| y �e��
!����������
�����
�';�#��
 
l�D��� ����, 
������#��. 8 u*9 � ������� �[�����f�B
���.t�	'��T� v(α)
����


α > 0��.���'��������f��
���.t�	'��T�/������.B���G��.B';. �$��������������� �������;-��	
$��������. �






min ‖X − W/α‖2

j W^]`�
(X) = en,

X � 0.

8 �y�*9
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v ����
���.E���7��� ��
��

n o�be�\[cPON 8 �y�*9�]`d j NQbeo�P���POd�POo$]`[Y[Yk 8 ��x*9	]`o�P£]elO_aZ�]`[Y[Yk0i�b`��l�]`[Y[cP j i�PONhW j P;¢�d\WY_�P¡[cP�]eia_¤��i��XZ�]`o�PJi	g\o�be�\[cPONQi
8 ª9«��wªJ9 @ �rPS�r]`dX_�_�bQl�]`[clOZ\[^]`_�P X(α)

·�_aL�P#d�P�]`o�PJia_�NA]`_aoaW�m£_�b
Q/α

_aL�]`_���PO[cbed\��i�_�bQ_aL�P#WYdw_�POo�i�PJlO_aWcbedfb`©%_aL�P
ª9«­¬ lJbed�PS�2WY_aL _aL�PSL�]`[�©H��iag�]elJPJi

〈Qj , X〉 = 0
]`d j ]`d ]9§Qd�P+iaZ\��iag�]elJP j W^]`�

(X)=e
8 o�PJl�]`[Y[ ��m7g\o�PJi�i�Wcbed�i 8 F�9

]`d j 8 ���*9�9;�%s PJlJPOdw_a[Yk¡i�beNQP#]`[Y��beoaWY_aL\NQi�L�]�~�P���PJPOd¡g\o�beg�byi�P j _�b	i�be[Y~�P+ª�«��wª�g\o�be�\[cPONQi�A	��WY�w�y�DC�· A K�]D6=�y�DC­]`d j
A � ]`[^�`R�C��!>�dfg�]`oa_aWclOZ\[^]`o�_aL�P j Z�]`[%]`[Y��beoaWY_aL\N g\o�beg�byi�P j WYd A � ]`[^�`R�C�L�]ei ��PJPOd i�L�b��2d _�bA��P+P;§AlOWcPOdX_SPO~�POd _�b
i�be[Y~�P
[^]`oa��Phª�«��Xª
g\o�be�\[cPONQi 8 ]`d j _aL�POdf_�b�lJbeNhg\Z\_�P

v(α)
© beo [^]`oa��P

n
9;��{�beo�WYd�ia_$]`d�lJPy· ]

3000 × 3000
ª�«��wª

g\o�be�\[cPON Wci�i�be[Y~�P j WYd�]`��beZ\_�bed�P+L�beZ\o#bed�]Aia_$]`d j ]`o j lJbeNhg\Z\_�POo��#s PONQPON+��POoaWYd\� 8 � � 9O·�]Ad�PO� �r]�k?Wci _aLwZ�i
beg�POdz_�bhlJbeNhg\Z\_�PSZ\g\g�POo���beZ\d j i2_�bhq,bXbe[cP�]`d �wZ�] j o$]`_aWcl#g\o�be�\[cPON�~XW^]Qª9«��Xªy�

�QL � � �?Sx`TV�hJ^�UMV�a�S
α = 0

>�_2Wci2WYdw_�POo�PJi�_aWYd\�A_�bhd�be_�P#_aL�]`_2_aL�PS~e]`[YZ�P
α=0

g\[^]Jk=i2L�POo�P+]�g�]`oa_aWclOZ\[^]`o o�be[cPy�
� � ´ u ´ ���F��� ´�� �My���z�ª�«�¬ � ° �H� s �=��� ´�� | y�}3����� �	���f�����+�������$� �D� � ,(
$��������. 8 ���*9t������� α=0

��� �$�*�*
"�����E������ª�«�¬

����#�"�*�����+���c��� 8 R;9"�
,(
$�"���"� ¶ bed�iaW j POoQn%o�be�\[cPON 8 R;9+�2oaWY_a_�POd�WYd _aL�P�©ØbeoaN 8 x*9;�¨UXWYd�lJP�_aL�P¡lJbedX~�P;m LwZ\[Y[2b`©�]fiag\L�POo�P�Wci p¤Z�ia_
_aL�P
��]`[Y[�b`©¾i$]`NQPSo$] j WYZ�i�·-�rP
lJbedX~�P;m7W�© k£_aL�P�iag\L�POoaWcl�]`[�lJbed�i�_ao$]`WYdw_

‖X‖2 = n2
�wk

‖X‖2 ≤ n2
��q kz¸­PONhNA]��=�Y�y·

_aL\Wci�[^]`_a_�POo#lJbed�ia_ao$]`WYdw_#Wci o�P j Z\d j ]`dw_#�2WY_aL
X ∈ C @ � P�be�\_$]`WYd

8�� 9��2L\Wcl�L Wci�_aL�PQª9«­¬?o�PO[^]9m\]`_aWcbed�b`© 8 R;9O� K�b
lJbed�lO[YZ j Py·�pÙZ�ia_�be��i$POoa~�P�©Ho�beN 8 F�9�]`d j 8 ���*9r_aL�]`_�n%o�be�\[cPONQi 8�� 92]`d j 8 ���*9r�2WY_aL

α = 0
]`o�P#W j POdX_aWcl�]`[Ì�

K,LXZ�iro�POg\[^]elOWYd\�
_aL�P�o$]`d�6w��bed�P lJbed�ia_ao$]`WYdw_r�wkh_aL�P iag\L�POoaWcl�]`[-lJbed�ia_ao$]`WYdX_,]`[Y[cb���i2]`d�]`[Y_�POoad�]`_aWY~�P�WYdw_�POoag\o�PO_$]9�
_aWcbedfb`© ª9«­¬¡o�PO[^]9m�]`_aWcbed®�,¸®PO_�Z�i�]`[ci$bhg�beWYdX_ beZ\_�_aL�PSg�]`oa_aWclOZ\[^]`o ��POL�]J~7Wcbeo�b`©

v
�2L�POd

α ↘ 0
�¾{�WYo�ia_�·\��PJl�]`Z�i�P

_aL�PSlJbedX~�P;m¡©HZ\d�lO_aWcbed
v
Wci�lJbedw_aWYdXZ�beZ�i�·��rPSL�]�~�P

lim
α↘0

v(α) = v(0) .

< [ci�b	_aL�PSiaZ\�\�yo$] j WcPOdX_�WYd�PJ�XZ�]`[YWY_�kz]`_
α
�yWY~�PJi2_aL�P#Z\g\g�POo2��beZ\d j @

v(α) − v(0) ≤
1

2
(n2 − ‖X(α)‖2)α .

8 �=�j9

q,PJiaW j PJi�·�_aL�P�[YWYNhWY_�i�b`©
X(α)

_�POd j _�bhi�be[Y~7WYd\� 8�� 9 @
�¾° � �¨� �My��My �����?������� �������;-E� ��.B���Q�����#)D���

∀Y ∈ C′, lim sup
α↘0

〈Y − X(α), Q〉 ≤ 0.
8 �y�*9

�����������#���Q�������������G� 
�� '����T��
 �������	�����
X(α)

�Q�����
α ↘ 0

� ��������� '��������v��� 8�� 9��
,(
$�"���"� {�beo

α > 0
·\_aL�P�g\o�b`paPJlO_aWcbed

X(α)
b`©

Q/α
bedw_�b

C ′ Wci,_aL�P#Z\d\Wc�wZ�P+PO[cPONQPOdw_ b`© C′ iaZ�l$Lz_aL�]`_

∀ Y ∈ C′, 〈Y − X(α), Q/α − X(α)〉 ≤ 0.

� PSl�]`d?�2oaWY_�P @
1

α
〈Y − X(α), Q〉 ≤ 〈Y − X(α), X(α)〉 ≤ ‖Y − X(α)‖ ‖X(α)‖.

� Z\[Y_aWYg\[YkXWYd\�A�wk
α > 0

]`d j ��beZ\d j WYd\�Q�2WY_aL ¸®PONhNA]A�=�Y�y·\�rP#��PO_

〈Y − X(α), Q〉 ≤ 2n2α.

n�]ei�i�_�bA_aL�P�[YWYNhWY_�_�bA��PO_ 8 �y�*9O� >Ì©
X∗ Wci�lO[YZ�ia_�POo�g�beWYdX_�b`© X(α)

_aL�POd
X∗ ∈ C′ Wci�© P�]ei�WY�\[cP+WYd 8�� 9O·�]`d j 8 �y�*9

iaL�b���i�_aL�]`_�WY_2Wci�beg\_aWYNA]`[Ì�

¹Hº�»�¹H¼
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$�����+
�,(
$��-�
$��./� x

� � (�����
¤� " 1��2�

� PSi�L�b��)WYd£_aL\Wci�i$PJlO_aWcbedz_aL�]`_�_aL�POo�P#Wci2d�b j Z�]`[YWY_�k¡�w]`gz��PO_�� PJPOd _aL�P�g�]`WYo�b`© j Z�]`[­g\o�be�\[cPONQi 8 �y�j92]`d j 8 �OR;9O�
� P#_aL�POd?��POd�POo$]`[YWY��PS_aL�P#iaWY_aZ�]`_aWcbed _�bhia_aZ j k¡]QlO[^]ei�i�b`©%beg\_aWYNhWY��]`_aWcbed?g\o�be�\[cPONQi��2WY_aL?d�b j Z�]`[YWY_�k¡�w]`g®�

�?LNK �Z^*Y[\�� Pe¤ \�Y?UMRT`f^�� ¥eU b
� P#��PO�yWYdz�2WY_aL£_aL�P�©Øbe[Y[cb��2WYd\��be��i�POoa~y]`_aWcbed�i��
�¾° � �¨� �ey�w�y �����?������� �������;-��	
$�:����
����f�:�������#) �
�
i
¡

limα→−∞ v(α) =
�J��� 8 �OR;9 �

�
ii
¡������

(αk)k
�E��� ��'����	
l�B�T���_)�����- �f�

−∞
���	)

sk ∈ ∂v(αk)
����
������

k � ������� αksk → 0
�Q�����

k → +∞
�

,(
$�"���"� n%o�beg�POoa_�k
(i)

Wci i�_ao$]`WY�yLw_¤©Øbeoa�r]`o j @ v
Wci���beZ\d j P j © o�beN ��PO[cb�� 8 i�PJP 8 ��u*9$9 ]`d j WYd�lOo�P�]eiaWYd\� 8 i�PJP
K,L�PJb`�

o�PON �=�Ô�*9;� � P�d�b��¦g\o�b�~�P
(ii)

�?>�d��2L�]`_¾©Øbe[Y[cb���i�·=]`dXkQ[YWYNhWY_rWci¾WYNhg\[YWclOWY_a[YkAlJbed�i�W j POo�P j ©Øbeo
k → +∞

��¸­PO_
(αk)��PS]hi�PJ�XZ�POd�lJP�_�POd j WYd\�A_�b

−∞
·�]`d j [cPO_

sk ∈ ∂v(αk)
©Øbeo�]`[Y[

k
� � oaWY_�P+_aL�P#iaZ\�\�yo$] j WcPOdw_ WYd�PJ�wZ�]`[YWY_�k?]`_

αk @
∀β ∈ R, v(αk) + sk(β − αk) ≤ v(β) .

<,_
β = 2αk

·=_aL\Wci2��PJlJbeNQPJi
v(αk) + 2skαk ≤ v(2αk) .

K�]D6�PS_aL�P
lim sup

WYd£��be_aLzg�]`oa_�i�b`©�_aL�P#WYd�PJ�XZ�]`[YWY_�k¡_�bh��PO_ 8 �2WY_aL
(i)
9

~y]`[ 8 �OR;9
+ 2 lim sup skαk ≤

~y]`[ 8 �OR;9
.

� P#_aLXZ�i�L�]�~�P
lim sup skαk ≤ 0

�?n�b��)_$]D6�P#_aL�P#i�Z\�\�yo$] j WcPOdw_�WYd�PJ�XZ�]`[YWY_�k?]`_
β = αk/2

v(αk) − sk

αk

2
≤ v
(αk

2

)

.

< �w]`WYdz_$]D6�P#_aL�P
lim sup

]`d j be�\_$]`WYd 8 �2WY_aL
(i)
9

~y]`[ 8 �OR;9
+ lim sup

(

− sk

αk

2

)

≤
~y]`[ 8 �OR;9

,

�2L\Wcl$L?��PJlJbeNQPJi
lim inf skαk ≥ 0.

{�WYd�]`[Y[Yk¡� P#L�]�~�P
lim sup skαk ≤ 0 ≤ lim inf skαk,�rPSl�]`d?lJbed�lO[YZ j PS_aL�]`_

lim skαk = 0
�

	�
 °X´ � ° � ��y	� z��£´ µ���� ���^� ±
	 ��u[| y�������
��������#)D� �J��� 8 �y�j9
=
�J��� 8 �OR;9"� �:�~��������
��[��
�)D� � ������
�� ��� �_� )�'���� �����-*�����l�����������c����� �_
:��.������	
$��������. 8 �y�j9����_)E������)�'���� 8 �OR;9��

,(
$�"���"� {�WYo�ia_�·�be��i�POoa~�P�© o�beN 8 ��u*9r_aL�]`_�_aL�POo�PSL�be[ j i

〈Q,X〉 ≤
~e]`[ 8 �OR;9

,
© beo�]`[Y[

X ∈ C ′ iaZ�l$Lz_aL�]`_ ‖X‖2 = n2.
8 �y�*9

n�b��)�2oaWY_�P#© beo�]`[Y[
α ∈ R

]`d j ]`[Y[
X ∈ X (α)

·

〈Q,X〉 = L(X,α) −
α

2
(n2 − ‖X‖2) = v(α) −

α

2
(n2 − ‖X‖2).

8 �`R;9

K�]D6�P
αk → −∞

]`d j
Xk ∈ X (αk)

©Øbeo�]`[Y[
k
� {\o�beN K,L�PJbeo�PON �=�Ô�=·

1

2
(n2 − ‖Xk‖

2) ∈ ∂v(αk)
� K,L�POdf�2WY_aL

¸®PONhNA]QR��Y�
(ii)

·��rP#�2oaWY_�P
lim

k→+∞
〈Q,Xk〉 =

~y]`[ 8 �OR;9
.

��m=_ao$]elO_aWYd\��]	i�Z\��i�PJ�wZ�POd�lJP�W�©�d�PJlJPJi�i$]`oak 8
C′ Wci�lJbeNhg�]elO_:9;·�� P#NA]�k£]ei$iaZ\NQP�_aL�]`_ (Xk)k

L�]ei�]�[YWYNhWY_
X ∈ C′ �

K,L�P NA]`_aoaW�m
X
i$]`_aWci¤¢�PJi

‖X‖2 = n2
·7]`d j _aL�POd

X
]el$L\WcPO~�PJi _aL�P�PJ�XZ�]`[YWY_�kQWYd 8 �y�*9O��K,LwZ�i�·7_aL�POo�P Wci¾d�b j Z�]`[YWY_�k

�w]`g®�
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{�Z\oa_aL�POoaNQbeo�Ph� Phl�]`d�iag�PJlOW�©Hk?�2L�POd�_aL�POo�P�P;m=Wcia_�i#]�lJbeZ\g\[cP
(X0, α0)

b`©¾g\oaWYNA]`[�� j Z�]`[¾i$be[YZ\_aWcbed�i @ _aL\Wci�WciP;m�]elO_a[Yk��2L�POd?_aL�P�NhWYd\WYN+Z\N�b`©
v
Wci�]`_a_$]`WYd�P j bed

R
8 i�PJP ¶ beo�be[Y[^]`oak¡R��Ôu���PO[cb��t9;� K,L�P#g\o�b7b`©�b`©�_aL\Wci2o�PJiaZ\[Y_2Wci

d�be_ j W�§AlOZ\[Y_�·��\Z\_ WY_�Wci��rbeoa_aL NQPOdX_aWcbed\WYd\��_aL�]`_ WY_�]elO_aZ�]`[Y[YkzPOdepab�k=i ]Qd\WclJPS��POd�POo$]`[YWY��]`_aWcbed®·�g\o�PJi�POdw_�P j WYd?_aL�P
d�P;m=_�iaZ\��i�PJlO_aWcbed®�

�?L�¢ � a�RfUMh�h�Pe¤�b�]*Ped(RfS�gih�� `f^ � V[Pi\�Y?UMRT`f^�� ¥eU b
>�d0_aL\WcihiaZ\��i�PJlO_aWcbed®· �rP¡��POd�POo$]`[YWY��P¡_aL�P�©Ho$]`NQPO�rbeo$6Cb`©�_aL�P�g�]`g�POoh_�bfo�PO~�P�]`[�]flO[^]ei�i	b`© g\o�be�\[cPONQih�2WY_aL�d�b
j Z�]`[YWY_�k£�w]`g®� � PSPOd j �Xk¡i�L�b��2WYd\�A_aL�]`_�_aL\Wci�lO[^]ei�i,©ØbeoaNA]`[YWY��PJi�WYd£g�]`oa_aWclOZ\[^]`o _aL�PSi�b`��l�]`[Y[cP j i�PONhW���¸­]`�yo$]`d\�yW^]`d
o�PO[^]9m�]`_aWcbed®�

{�be[Y[cb��2WYd\��_aL�P#d�be_$]`_aWcbed?b`© A	��
�¸­xy�\· ¶ L�]`g®� � >�>TC�·=� PSlJbed�iaW j POo�_aL�P#g\oaWYNA]`[®g\o�be�\[cPON






sup f(u)
u ∈ U
c(u) = 0.

8 �yu*9

�2WY_aL�_aL�P�be�=p¤PJlO_aWY~�P�©HZ\d�lO_aWcbed
f : R

n →R
·w_aL�P�lJbedw_ao�be[�i�PO_

U ⊂ R
n
]`d j _aL�P�lJbed�ia_ao$]`WYdX_¾© Z\d�lO_aWcbed

c : U →R
m

_aL�]`_,Wci _�b+��P j Z�]`[YWY��P j �¾K,L�P ¸­]`�yo$]`d\�yW^]`d¡© Z\d�lO_aWcbed¡o�PO[^]`_�P j _�b+_aL�P�beg\_aWYNhWY��]`_aWcbed¡g\o�be�\[cPON 8 �yu*9%Wci�·�©Øbeo
u ∈ U]`d j

λ ∈ R
m ·

L (u, λ) = f(u) − λ>c(u).
K,L�PSlJbedX~�P;m j Z�]`[ ©HZ\d�lO_aWcbed?Wci2_aL�POd

θ(λ) = sup{L (u, λ), u ∈ U},
8 � � 9

]`d j _aL�P j Z�]`[®g\o�be�\[cPON b`© 8 �yu*9rWci
inf

λ∈Rm

sup
u∈U

L (u, λ).
8 �*F�9

{�beo�]`[Y[
λ ∈ R

m ]`d j ©Øbeo�]`[Y[
u ∈ U

iaZ�l�Lz_aL�]`_
c(u) = 0

·\_aL�POo�P#L�be[ j i

f(u) ≤ θ(λ).
8 �yv*9
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U(λ) = {u ∈ U, L (u, λ) = θ(λ)} .
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f(·) = 〈Q, ·〉 � ������
����	��
�����"���

U = C′ ⊂ Sn

���	) �����3)�'���� � �J�$)v
���������
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c(·) = (‖ · ‖2 − n2)/2 � ��� 
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α ∈ R
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U(λ) = X (α)
�
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L (·, λ)
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λ ∈ R
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L (·, λ)
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��PO[cbed\��i _�b

{u ∈ R
n : c(u) ≤ 0}

8 �2L�POo�P
y ≤ 0
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λ? �

∂θ(λ?) =
lJbedw~

{−c(u), u ∈ U(λ?)} .
8 �yx*9
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u ∈ U

������
��/�����#)D�
c(u) ≤ 0 � �������c������
��B�����	��)�'���� ������-*��� � �J��� 8 �yu*9 =

�J��� 8 �*F�9���� �:����)���� � ������
���$��� ����� � 
���'"�	���
(u, λ?)

���(�	
���.���� ��)�'����M����� '����+����� ���*��� ���:�����;-

c(u) = 0
���_) �J��� 8 �yu*9

= f(u) = θ(λ?) =
�J��� 8 �*F�9
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θ
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λ? Wci#]hNhWYd\WYNhWY��POoSb`© θ
bed

R
m ·��rP+L�]�~�P 0 ∈ ∂θ(λ?)

��K,L�P
¢�[Y[YWYd\��g\o�beg�POoa_�k
8 �yx*9r_aL�POd?WYNhg\[YWcPJi�_aL�]`_�_aL�POo�PSP;m=Wcia_
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i
9
(α0, . . . , αm) ∈ [0, 1]m+1

i�Z�l�Lz_aL�]`_ ∑m
i=0

αi = 1
·

8
ii
9
(u0, . . . , um) ∈ R

m+1
iaZ�l�L?_aL�]`_

ui ∈ U(λ?)
·

i$]`_aWcia©Hk7WYd\�

0 =

m
∑

i=0

αic(ui).

UXWYd�lJP
c(ui) ≤ 0

]`d j
αi ∈ [0, 1]

·-_aL\Wci�PJ�XZ�]`[YWY_�k£k7WcPO[ j i
c(ui) = 0
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(u0, λ
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©Øbeo�WYd�ia_$]`d�lJPSo�P�]el$L�PJi

_aL�PSPJ�XZ�]`[YWY_�k¡WYd 8 �yv*9 @ iaWYd�lJP u0 ∈ U(λ?)
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f(u0) = f(u0) − (λ?)>c(u0) = L (u0, λ
?) = θ(λ?).

� P l�]`d�lJbed�lO[YZ j P _aL�]`_
(u0, λ
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ii
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(X0, α0) ∈ X (α0) × R
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v(α0) = 〈Q,X0〉
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‖X0‖
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(i) ⇒ (ii).
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X ∈ C′ ·�� P�L�]�~�P c(X) = (‖X‖2 − n2)/2 ≤ 0
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(iii) ⇒ (i).
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0 ∈ ∂v(α0)

]`d j _aL�POd
(i)©Øbe[Y[cb���i��

n�be_�PS]
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X ∈ X (α)
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sup f(u)
u ∈ U ′,
c(u) = 0.

�������
U ′ = U ∩ {u ∈ R

n : c(u) ≤ 0}.
8 �y�*9
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c(u) = Au − b
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~y]`[YZ�P

v(α)�2L�POd
α > 0

l�]`dz��PSP;§AlOWcPOdw_a[Yk lJbeNhg\Z\_�P j �(< j NhWY_a_�P j [Yk�·-_aL\Wci�]`g\g\o�b�]el�L j PO_�POoaWcbeo$]`_�PJi�_aL�P	ª�«­¬£��beZ\d j iaWYd�lJP
v(α) ≥ v(0)

� � b�� PO~�POo�·�_aL\Wci�iaL�beoa_�lJbeNhWYd\�AWci2��]`[^]`d�lJP j �wk¡i�beNQP#dXZ\NQPOoaWcl�]`[�] j ~y]`dw_$]`��PJi @K,L�P�i�be[YZ\_aWcbed�b`© 8 ��x*9�Wci¾Z\d\Wc�wZ�Py�%{\Z\oa_aL�POoaNQbeo�P�_aL\Wciri�be[YZ\_aWcbedAWciria_$]`�\[cP�Z\d j POo¾g�POoa_aZ\oa��]`_aWcbed�irb`© _aL�P�NA]`_aoaW�m
Q
8 K,L�PJbeo�PON��=�Ô�*92]`d j _�POd j i�_�bQ]	i�be[YZ\_aWcbed b`© 8�� 9r�2L�POd

α
_�POd j i�_�b

0
8 ¸­PONhNA]A�=� � 9;�

< d?ª�«��wª�g\o�be�\[cPON l�]`d¡��P�NQbeo�P�P;§AlOWcPOdX_a[Yk£i�be[Y~�P j _aL�]`d£]hª9«­¬¡bed�P�b`©�_aL�P�i$]`NQP�iaWY��Py�%K,L�P�o�P�]ei�bed£Wcir_aL�]`_
WY_�i j Z�]`[®g\o�be�\[cPON Wci2NQbeo�PSi�_aoaZ�lO_aZ\o�P j _aL�]`d£_aL�P j Z�]`[­b`© 8�� 9;·\i$PJP�A �f]`[^�`R�C��
��H#bXb j �
Z\g\g�POo���beZ\d j iS]`o�P	_aL�byi�P
©Øbeo��2L\Wcl�L ]�_ao$] j P;��b 	0Wci�o�P�]el�L�P j ��PO_��rPJPOd�g�POoa_aWYd�POd�lJPA]`d j iag�PJP j b`©

lJbeNhg\Z\_$]`_aWcbed®��{�beoSWYd�ia_$]`d�lJPy·�ª�«­¬ o�PO[^]9m\]`_aWcbed¨b`© _�POd �yWY~�PJi#��PO_a_�POo#��beZ\d j i#_aL�]`d [YWYd�P�]`oSo�PO[^]9m�]`_aWcbed®·®�\Z\_S_aL�P
_�PJl$L\d�be[cbe�yk _�bfi�be[Y~�P�[YWYd�P�]`o�g\o�be�yo$]`NQi	Wci
_�b j ]Jk NQbeo�P¡P;§AlOWcPOdw_���K,LXZ�i�·%WYdCg\o$]elO_aWclJP 8 WYd�iaW j P�]?�\o$]`d�l�L ]`d j
��beZ\d j NQPO_aL�b j © beo2WYd�i�_$]`d�lJPj9;·\WY_�Wci�b`© _�POd£NQbeo�P#WYdw_�POo�PJi�_aWYd\�A_�bhZ�i�P�[YWYd�P�]`o�o�PO[^]9m\]`_aWcbed�i i�l�L�PONQPJi��

K,L�P�]`g\g\o�b�]el�Lzb`©®_aL�P g�]`g�POo Wci NQbe_aWY~e]`_�P j ·7WYd£]#dXZ\NQPOoaWcl�]`[ g�beWYdX_rb`©®~7WcPO�S·w�XkQ_aL�P g�POo¤©ØbeoaNA]`d�lJPJi,b`©�ª�«��Xª
i�be[Y~�POo 8 i$PJP�A �f]`[^�`R�C ]`d j A s�]`W C�9;�
K,L\Wci#g�]`g�POo#_aLwZ�i+beg�POd�i�_aL�P	�,]Jk _�b£]`g\g\[YWcl�]`_aWcbed�i+b`©2ª9«��Xªh_�PJl$L\d�be[cbe�ykfWYd
lJbeN
�\WYd�]`_�beoaWclJi _�bQ] j\j o�PJi$i�[^]`oa��PS�XZ�] j o$]`_aWclSq,bXbe[cP�]`d?g\o�be�\[cPONQi��

�	� � �­´7³ � ° µ 	�° � ° � � yE>�]`N4�yo$]`_�P;©HZ\[%_�b ¶ [^]`Z j Ph¸®PONA]`o�}Jl$L�]`[%©Øbeo�L\Wci�NA]`dXk L�PO[Yg=© Z\[%iaZ\�y��PJia_aWcbed�i���>�_aL�]`d�6
< oaWci# #]`d\WYWY[YW j Wci+]`d j <�d�]`_�be[YW��yZ j WY_�i�6Xk © beo�~y]`[YZ�]`�\[cP j Wci�lOZ�i�iaWcbed�i���> ]`N ]`[ci�b�_aL�]`d�6X©HZ\[�_�b£{\o$]`d��JbeWci 5 Z�ia_aoak
© o�beN����
	Hª���¬��
��
�������·��2L�b	¢�o�i�_2_aoaZ�ia_�i�WYd ª9«��wª��

� ���J�����%�����%�

A q,K n��=��C
s+�yq,POd=��K�]`[�]`d j <
��n�PONhWYo�b�~=i$67WÌ� �k�$
���'�
$��� ��� �7�")���
:�v����� ���$���k�_����.B�
�"�����+����� �fn Uw�ÙU�>�<�� U7POoaWcPJi
bed 5 g\_aWYNhWY��]`_aWcbed®��UXW^]`N�n%Z\�\[YWcl�]`_aWcbed�i�·��y�y�=�y�

A q,K �#�`R�C ¶ ��q,PO[Y_ao$]`d®· ¶ ��K�] j bed�6XWÌ·�]`d j ��� n%L®� ��W^]`[Ì�¾U7PONhW��Ì[^]`�yo$]`d\�yW^]`dfo�PO[^]9m\]`_aWcbed®�,UXZ\�\NhWY_a_�P j ·-�y�y�`R��
A � K�xyxJCi>Ð� ��6�PO[^]`d j ]`d j s
�\K­PONA]`Nz�B����� �D��� 
t�_�����D��� �����	) ����
����*�������_���	,(
$��������./�;�(n beoa_aL ��be[Y[^]`d j ·®��x*F �

�o�POg\oaWYdw_�P j �wkzU�>N<��C· ��xyxyx=�
AIH�s��y�JC � �[H#bXPONA]`d�iA]`d j {,�%s POd j [Ì� ¶ beN
�\WYd�]`_�beoaW^]`[�beg\_aWYNhWY��]`_aWcbed®�{>�d ��� � be[#6�b�~7WclO��·rs
� U=]`WY�w]`[Ì·r]`d j

¸ � �¾]`d j POdw��POoa�yL�Py· P j WY_�beo�i�·
�����_)��$�"�D�~��� � ��.B�+)�� �?�G���T�B,(
$��-�
$��.B./���;-��/�����$��
:� � 
t� -*��
:������./� ���	)
��*�_���+
������+�����O����[YZw�rPOo�·-�y�y�y�=�
AIH � xyuJC��C� �	�;H�b7PONA]`d�i ]`d j  ��Xn�� � WY[Y[YW^]`NQi$bed®�M>�Nhg\o�b�~�P j ]`g\g\o�b�m7WYNA]`_aWcbedz]`[Y��beoaWY_aL\NQi © beo¾NA]9m7WYN
Z\N�lOZ\_

]`d j i$]`_aWci¤¢-]`�\WY[YWY_�k�g\o�be�\[cPONQi�Z�iaWYd\�#i�PONhW j P;¢�d\WY_�P,g\o�be�yo$]`NhNhWYd\��� ����'�
:�	������� ����� 
B� � · � @ �y�y��u � �y�ORwu=·��xyxyu=�
A	� WY�w�y�JC�n
� � WY�yL�]`Nz� ¶ beNhg\Z\_aWYd\�
] d�P�]`o�PJia_ i�kXNhNQPO_aoaWcl�lJbeoao�PO[^]`_aWcbedANA]`_aoaW�m
�­] g\o�be�\[cPON © o�beN ¢�d�]`d�lJPy� � � 


�;��'�
��	���k���t��';.E��
��+
���� 
t�_�����D��� �O·=�y� 8 �*9 @ �y�yx � �`Rw�=·��y�y�y�=�

¹Hº�»�¹H¼



���������	����
���
���������������
������������ �!�"���#�$���&%('��*)�
$�����+
�,(
$��-�
$��./� ���

A	� 
 ¸�xy�JC ��� ��q�����WYoaW^]`oa_¤��
 oaoaZ\_�k ]`d j)¶ �r¸­PONA]`o�}Jl�L�]`[Ì� ����� �D�$� 
t�	��� �J��� � ���	) �����G��.B�
�"�����+��� 
t� -���
:������./�;�
UXg\oaWYd\��POo � POoa[^]`��· ��POW j PO[Y��POoa��·®��xyxy�=� K®�rbQ~�be[YZ\NQPJi��

A	� 
 ¸��=��C ��� ��q�� ��WYoaW^]`oa_¤��
 oaoaZ\_�k¡]`d j¡¶ �7¸®PONA]`o�}Jl�L�]`[Ì� �M';�	)���.E�����f����� ��� ����� ���$� 
t�	�����D�:���;�­UXg\oaWYd\��POo � POoa[^]`��·
� POW j PO[Y��POoa��·��y�y�=�y�

A ¸ 5 xyxJC ¶ ��¸­PONA]`o�}Jl�L�]`[¨]`d j {r� 5 Z�ia_aoak�� U7PONhW�� j P;¢�d\WY_�P o�PO[^]9m�]`_aWcbed�i ]`d j ¸�]`�yo$]`d\�yW^]`d j Z�]`[YWY_�k �2WY_aL
]`g\g\[YWcl�]`_aWcbed¥_�b4lJbeN+�\WYd�]`_�beoaW^]`[�beg\_aWYNhWY��]`_aWcbed®� s�]`g\g�beoa_ j P s�PJl�L�POo�l$L�P �*F7���=·{>�d\oaW^]=·!��xyxyx=�
���������	����
�
�

��������������������������������������� �"!#�$����%'& �

A ¸®b�~�FexJC	¸ ��¸­b�~�(eia��� 5 dz_aL�P�UXL�]`d\d�bed l�]`g�]elOWY_�k b`© ]h�yo$]`g\L®� �*)+)+) �G
����G���*
����+����� ��� �:�j����
�.������+���&�����$��
��e·
>�K)�yu @ � � F7·���x*Fex=�

A � ]`[^�`R�C �����f]`[YWcll6��?< j Z�]`[�]`g\g\o�b�]el$L?_�bQi$PONhW j P;¢�d\WY_�PS[cP�]eia_¤��i��XZ�]`o�PJi�g\o�be�\[cPONQi�� � ��
�� ����';
��	���Q��� �7����
�� �

t�	��� �D�:�������_) 
(�*�	� ��
l�����������;·�� � ·Gn Z\N+��POo+� @ �*Fe� � �yv`R�·��y�y�`R��

Aon �{p �y�JC p Z®��n�PJia_�POo�b�~�· ��� � be[#6�b��2WclO��·=]`d j/p � p Py�-U7PONhW j P;¢�d\WY_�P2g\o�be�yo$]`NhNhWYd\�
o�PO[^]9m\]`_aWcbed�i¾b`©-d�bed�lJbedw~�P;m
�wZ�] j o$]`_aWcl�beg\_aWYNhWY��]`_aWcbed®�Z>�d �
� � be[#6�b��2WclO�+]`d j ¸ � �¾]`d j POdw��POoa�yL�P#s+�7U=]`WY�w]`[Ì·=P j WY_�beo�i�· �����_�$�"���B���
� ��.B�+)�� �?�G���T� ,(
��l-�
���./.B���;-��t�����$��
�� � 
t� -*��
:������./�����	) 
��*�	� �+
������+�����;����[YZw� POo�·��y�y�y�=�

A n s � xyuJChU���n�be[ pa]D6�·9{,��s POd j [Ì·`]`d j �
� � be[#6�b��2WclO����<Co�PJlOWYg�P�©Øbeo­i�PONhW j P;¢�d\WY_�P o�PO[^]9m\]`_aWcbed+© beo 8 �=·Y�j9����XZ�] j o$]`_aWcl
g\o�be�yo$]`NhNhWYd\��������'�
:�	���k����� �#���$��� �k�_����.B� �j�����+����·GF @ u=� � Fe�=·­��xyxyu=�

A s�]`W C , �
	Hª��.-
�
� 
�������·�i$b`©H_��r]`o�PJi�© beo��XZ�]`dw_aWY_$]`_aWY~�PS¢�d�]`d�lJPy� �������/�0����
�
�
/�$�1����2�3��1��������3����54�6�% �
A K�]D6=�y�JC	n�� ¸ �-K�]D6�beZ j ]=� ,(
��;���87�.����/):9 �:�*�	
$�"����.���������� .�����
���
��+��������� ��� �$����
$��� 
����G� ��'G�:� � 
��*�_
��"
����:� ����
 �	
$���

����
����������/��� �"��� �k�_����./�����*������������';��
�������
$�������T�:� )����"��.B��) ���?�G�f�(�����:�������"��� �"�¾n%L�  _aL�PJiaWci�· 
 d\WY~�POo�iaWY_�}
n�]`Z\[%U=]`��]`_aWcPOo��¾K�beZ\[cbeZ�i�P�>�>l>Ð·\U7POg\_�PON+��POo��y�y�y�=�

»�»�Ä�¦\À�ÑOÏ�§



Unité de recherche INRIA Rhône-Alpes
655, avenue de l’Europe - 38330 Montbonnot-St-Martin (France)

Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)

Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)��������� �	��
�


���������� ��� ���

ISSN 0249-6399


