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egf)h\ikjml�nporqsi-tvuxwDy3q{z}|~j\y
z}�vy3qsi�q{��wDy3q{z}|

� jm���B�3y�h\ikjU���Uz}i��vu{j��vjU�
����zD�3j\y���qs�bz}�

�+wD�v�bz}�3y � j6��jU��f)j\����f)j�|#���Dl��d��n��)j\�B�3q{j\�+�d�d�d�-n �����>wD��jU�

���?�� �¡`¢v£d d¤ egfvq{�¥�>wD�bj\�¥��y3t � q{jU�Ly3f)j � q§¦bj\��j\|ry3qxwD¨vqsusqsy©�ª�v��z}�bj\�3y3q{jU�¥zD«my3f)j!�v��zD�3jU�\y3q{z}|ªz}|ry�zNy3f)j!�Uz}|)j~zD«
�bzd�3qsy3qs��j¬��j\i�q � j�­)|vqsy�j¬iLwDy3�3q{�UjU��®�¯©|��>wD�3y3q{�\tvuxwD��°�y3f)j-j��B�v��jU����q{z}|!zD«�y3f)j;±(uxwD�3²�j¬��j\|)j\��wDusqs³�j �µ´ w}�Uz}¨vqxwD|~zD«8y3f)j
�v��zD�3jU�\y3q{z}|~wDy�wD|r�¶���ri�ikj\y3�3q{�·iLwDy3�3q§�¸q{���dqs��j\|¹®
º¸»�¼b½�¾-¿ ¡`À��d¤ �3�bjU�\y3��wDu�«Átv|)�\y3q{z}|¹° � q§¦XÂ\��j\|�y3qxwD¨vqsusqsy©��°B±(uxwD�3²�jÃ��j\|)j\��wDusqs³�j �;´ w}�Uz}¨vqxwD|¹°dj\qs��j\|r�}wDust)jgz}�vy3qsi�qs³ÄwDy3q{z}|¹°
�3�Bi�ikj\y3�3q{�6«Átv|)�\y3q{z}|¹°v�bj\�3y3tv�3¨>wDy3q{z}|Jy3f)jUz}�3��°)|)z}|)��ikzrz}y3f!wD|>wDus�H�3q{��®
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��� ����� � ¤�� z}t)��Â\y3t � q{z}|)��u{jU���v��z}�v�3q{Â\y�ÂU� � j � q§¦XÂ\��j\|�y3qxwD¨vqsusqsy�Â � jgu��õz}�bÂ\��wDy�j\tv� � jg�v��zD�1jU�\y3q{z}|k��tv��u{jg���}|)j � jU�
iLwDy3�3q{�UjU����j\i�q�� � Â�­)|vq{jU�+��zd�3qsy3qs��jU�Ä® � z}t)��j\|Jj��H�vusq{�\qsy�z}|)��j\|��>wD�3y3q{�\tvusq{j\�+u��õj��H�v��jU���3q{z}| � t���w}�Uz}¨vq{j\|J��Â\|)Â\��wDusq{��Â
� j-±(uxwD�3²�j¬j\|�tv|)j6iLwDy3�3q{�Uj¬�3�BikÂ\y3�3q��rt)j ��t)j\u{�Uz}|!�rt)jd®
" ¿  �� ½ £$# � � ¤ «Áz}|)�\y3q{z}| �3��jU�\y3��wDu{jd° � q§¦XÂ\��j\|�y3qxwD¨vqsusqsy�Âd°���w}�Uz}¨vq{j\| ��Â\|)Â\��wDusq{��Â � j!±(uxwD�3²�jd°
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Mn ¨bj¸y3f)j[Z8t)�\usq � j�wD| �3�>w}�Uj!zD«
n × n

��j�wDu�iLwDy3�3q{�UjU�¶j���tvqs�v�bj �]\ qsy3f y3f)jJ�3y�wD| � wD� � qs|v|)j\�L�v��z � t)�\y
〈A,B〉 = trace (A>B) =

∑

ij AijBij

®_^6j\|)z}y�jL¨r�
Sn y3f)jL�3tv¨)�3�>w}�Uj�zD«��3�Bi�ikj\y3�3q{�LiLwDy3�3q{�UjU�;wD| � ¨r�

Sn
+y3f)j6�Uz}|)j6zD«*�3�Bi�ikj\y3�3q{�+�bzd�3qsy3qs��j6��j\i�q�� � j�­)|vqsy�j�iLwDy3�3q{�UjU��®?^6j\|)z}y�j�y3f)j+�v��zD�1jU�\y3q{z}|¶«Á��z}i

Sn z}|�y�z Sn
+

¨��
PSn

+

®
orqs|)�Uj

Sn
+

q{�mw¶�\u{zd��j � wD| � �Uz}|���j�� ��j\y�°Xy3fvq{�6�v��zD�3jU�\y3q{z}| q{� \ j\usu � j�­)|)j � wD| � �du{z}¨>wDusus�`YXqs�)����fvqsy3³�z}|
Sn °X��jUj

acb °Ã����z}��zd��qsy3q{z}|]d-® F ®s�d® F�e ®N���Êy3f)j¸�+w � j\iLw}��f)j\�Legf)jUz}��j\i�° a F °(±(f>wD�vy�j\� F�e °
PSn

+

q{� � q§¦bj\��j\|ry3qxwD¨vu{jJwDusikzd�3y
j\��j\�3� \ f)j\��j�fQqs|[Y*j\¨�jU�3�dt)j·��j\|)��jhggz}|

Sn ® � wDy3tv��wDu �rt)jU�3y3q{z}|)��wD��j6y3f)j\��j�«Áz}��j�wD�3q{�3qs|v�@i

fQqjg2k f)j\��j6q{�
PSn

+

� q§¦Xj\��j\|�y3qxwD¨vu{jhl
fQqsqjg2k f>wDy�q{�
y3f)j ´ w}�Uz}¨vqxwD|¹° ∇PSn

+
(X)

°)zD«
PSn

+

wDy�w;�bz}qs|�y
X ∈ Sn \ f)j\��j PSn

+

q{� � q§¦Xj\��j\|�y3qxwD¨vu{jhl
fQqsqsqjgmk f>wDygq{�gy3f)j¬±(uxwD�3²�j·��j\|)j\��wDusqs³�j �J´ w}�Uz}¨vqxwD|¹°

∂CPSn
+

(X)
°)zD«

PSn
+

wDy�w���z}qs|ry
X ∈ Sn \ f)j\��j PSn

+

q{��|)z}y
� q§¦bj\��j\|ry3qxwD¨vu{jhl

egf)jU��jgwD��j�y3f)j ��t)jU��y3q{z}|)��y3f>wDy \ j�wD|)� \ j\��q{��y3fvq{���>wD��j\��®�¯Ô|-�>wD�3y3q{�\tvuxwD��°dt)��qs|v� � q§¦Xj\��j\|�y3qxwD¨vqsusqsyÔ���v��z}�bj\�3y3q{jU�
zD«?����jU�\y3��wDu�«Átv|)�\y3q{z}|)��°Hz}tv� � j\��j\u{z}�vikj\|ry��\tvusi�qs|>wDy�jU�gqs|¸egf)jUz}��j\i F ®on¬�dqs�Bqs|v�;w��Uz}i��vu{j\y�j � jU���\�3qs�vy3q{z}|�zD«*y3f)j
±(uxwD�3²�j¬��j\|)j\��wDusqs³�j �J´ w}�Uz}¨vqxwD|¹®
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Rn
↓
\ j � j\|)z}y�jky3f)jL��j\ymzD«���jU�\y�z}���m«Q��z}i

Rn \ qsy3fN�Uzrz}� � qs|>wDy�jU�-z}� � j\��j � qs|/|)z}|/qs|)�\��j�w}��qs|v�Jz}� � j\��®Legf)j
«Átv|)�\y3q{z}|

λ : Sn → Rn
↓
iLwD�)�6wk�3�Bi�ikj\y3�3q{�miLwDy3�3q§��y�zLy3f)j¬��jU�\y�z}��zD«8qsy���j\qs��j\|��dwDust)jU��°bz}� � j\��j � |)z}|Jqs|)�\��j�w}���

qs|v�dus�;i
λ1(X) ≥ λ2(X) ≥ · · · ≥ λn(X).

�)z}��wD|��¥��jU�\y�z}�
x
qs|

Rn °H¨���^+qxwD� x
\ j � j\|)z}y�j6y3f)j � qxwD��z}|>wDu*iLwDy3�3q§� \ qsy3f¸��jU�\y�z}�

x
z}|¸y3f)j6iLwDqs| � qxwD��z}|>wDuè°

wD| � ¨r� � qxwD�
: Mn → Rn \ j � j\|)z}y�j¬qsy�� � t>wDu*z}�bj\��wDy�z}�,i � qxwD� (X) = (X11, . . . , Xnn)

®
���

pX
\ j � j\|)z}y�j·y3f)j·|rtvi¬¨bj\��zD«�y3f)j·�bzd�3qsy3qs��jmj\qs��j\|r�}wDust)jU�+zD«

X ∈ Sn °v¨�� qX
y3f)jm|�tvi¬¨bj\�+zD«�|)j\��wDy3qs��j

z}|)jU��°#wD| � ¨��
nX

y3f)j·i¬tvusy3qs�vusq{�\qsyÔ�JzD«
0
w}�+wD|Jj\qs��j\|��dwDust)jd®�±(u{j�wD�3us�

pX + qX = n − nX =
��wD|v²¶zD«

X.
f1�hg

k/j � j\|)z}y�j+¨��
O(n)

y3f)j��Uz}i��>w}�\y��d��z}tv�¥zD«
n×n

z}�3y3f)z}��z}|>wDu�iLwDy3�3q{�UjU��wD| � ¨��
P n y3f)j�­)|vqsy�j��3tv¨v�d��z}tv�zD«���j\�3i-tvy�wDy3q{z}|)��iLwDy3�3q{�UjU��®3k/j � j\|)z}y�j¬y3f)jm��j\y
zD«8wDusu*z}�3y3f)z}��z}|>wDu*iLwDy3�3q{�UjU��y3f>wDy
�dqs��j·y3f)jmz}� � j\��j � �3��jU�\y3��wDu

� jU�Uz}i��bzd�3qsy3q{z}|!zD«
X
¨r�

O(n)X °Hy3f>wDy
q{��°

O(n)X = {U ∈ O(n) |X = U(Diag λ(X))U>}. fæ��g
�)z}��qs|)�3y�wD|)�Ujd°)z}¨)��j\�3��j·y3f>wDy

O(n)X = O(n)
q§«

X = 0
®

or�bjU�\y3��wDuB«Qtv|)�\y3q{z}|)�8wD��jÃ«Átv|)�\y3q{z}|)��z}|
Sn qs|r�}wD�3qxwD|ry�tv| � j\���Uz}|}�Ñtv��wDy3q{z}|�¨r�¬j\u{j\ikj\|�y���«Á��z}i O(n)

i
F (X) =

F (U>XU)
®8��jU��y3�3q{�\y3qs|v��w;�3�bjU�\y3��wDuX«Qtv|)�\y3q{z}|

F
y�z�y3f)j·�3tv¨)�3�>w}�Uj¬zD« � qxwD��z}|>wDu?iLwDy3�3q{�UjU���3f)z \ ��y3f>wDy

∀X ∈ Sn, F (X) = f(λ(X)),

\ f)j\��j
f(x) = F (Diag x)

q{�
w;�3�ri�ikj\y3�3q{��«Átv|)�\y3q{z}|�z}|
Rn °By3f>wDy
q{��° f(x) = f(Px)

«æz}�
wD|��
P ∈ P n ®�egf�t)��°�3�bjU�\y3��wDu>wD| � �3�Bi�ikj\y3�3q{��«Qtv|)�\y3q{z}|)�8wD��j�qs|�z}|)j �èy�z �©z}|)j
�Uz}�3��jU�3�bz}| � j\|)�Ujd®3s~wD|r�¬�v��z}�bj\�3y3q{jU�8zD«
F
wD��jgqs|vf)j\�3qsy�j �

«Á��z}i qsy��6�Uz}�3��jU�3�bz}| � qs|v�
f
wD| � �rq{�Uj-��j\����wH®6�)z}�6j��vwDi��vu{jd°

F
q{���Uz}|���j��µz}|

Sn q§«1°bwD| � z}|vus��q§«1° f q{�6�Uz}|���j��
z}|

Rn °v��jUj a � e ®3s~z}��jUz���j\��° F q{� � q§¦Xj\��j\|�y3qxwD¨vu{j-z}��y \ q{�Uj � q§¦Xj\��j\|�y3qxwD¨vu{j�wDy
X ∈ Sn q§«3°vwD| � z}|vus�Lq§«3° f q{����t)��fwDy

λ(X)
°)��jUj·egf)jUz}��j\i �d®ò�;¨bj\u{z \ ®

Ç?Ç ÎEtvuxwzy�{
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e?z��Uz}|r��j\|vq{j\|�y3us�¶f>wD| � u{j6y3f)j�«Áz}�3i-tvuxw}j�«Áz}��y3f)j+­)���3ygwD| � ��jU�Uz}| �¶� j\�3qs�dwDy3qs��jU��zD«?�3�bjU�\y3��wDu>«Átv|)�\y3q{z}|)�

f ◦ λ
° \ j

t)��j¬��z}ikj·zD«�y3f)jm|)z}y�wDy3q{z}|�qs|�y3��z � t)�Uj � qs| a ��� e ®
d

k
�èy�j\|)��z}��z}|

Rn q{��w�i-tvusy3q��èusqs|)j�wD��°>��j�wDu*�}wDust)j � «Átv|)�\y3q{z}|Jz}| Rn × · · · × Rn f k �èy3qsikjU��g�®Ãegf)jm��j\y
zD«�wDusu
k
�èy�j\|)��z}���+z}|

Rn \ qsusu¹¨bj � j\|)z}y�j � ¨r� T k,n ®���� Nn

\ j \ qsusu � j\|)z}y�j·y3f)jm��j\y {1, 2, . . . , n} ®��)z}�+w-­v�vj � ¨>w}�3q{�qs|
Rn °>¨�� T i1...ik

\ j � j\|)z}y�j-y3f)j
(i1, . . . , ik)

�èy3fµj\|�y3�3��zD«
T ∈ T k,n ®��8jU�\y�z}���6wD��j¬�Bq{j \ j � w}� 1

�èy�j\|)��z}���6wD| �
iLwDy3�3q{�UjU�;w}�

2
�èy�j\|)��z}����°?qs|/y3f)j�|>wDy3tv��wDu \ wU��®¥¯Ô| y3fvq{�m�>wD�bj\� \ j \ z}�3² \ qsy3f/y�j\|)��z}���-zD« � qsikj\|)�3q{z}|&wDymikzd�3y

«æz}tv��®
��� {Hpq : 1 ≤ p, q ≤ n} \ j � j\|)z}y�j¬y3f)jm�3y�wD| � wD� � ¨>w}�3q{��qs|�y3f)jm���>w}�Uj Mn ®Ãegf>wDy+q{��°Hy3f)j·iLwDy3�3q{�UjU� HpqwD��jm��t)��f�y3f>wDy

(Hpq)
ij q{��z}|)j·q§« (i, j) = (p, q)

°#wD| � ³�j\��zkz}y3f)j\� \ q{��jd®
�¸»������   �S¿����������

σ
½! ¢vÀ�¢!�/¢v¡DÀ#"�¡ ¿ À �*£� %$ �)z}�Jj�w}��f ��j\�3i-tvy�wDy3q{z}|

σ
z}|

N2
° \ j � j�­)|)j

σ & � ������< ������v��z � t)�\y�°
H1 ◦σ H2

°H¨�j\y \ jUj\|Jy3f)jmy \ zLiLwDy3�3q{�UjU�
H1

wD| �
H2

y�zk¨�jmw
2
�èy�j\|)��z}��z}|

Rn w}��«Áz}usu{z \ ��®

(H1 ◦σ H2)
i1i2 = H

i1i
σ−1(1)

1 H
i2i

σ−1(2)

2 .
f F g

¯Ô|Lz}y3f)j\� \ z}� � ��° \ f)j\|
σ = (1)(2)

\ j
f>wU��j
H1 ◦(1)(2) H2 = diag (H1)diag (H2)

> wD| � \ f)j\|
σ = (12)

\ j
f>w���j

H1 ◦(12) H2 = H1 ◦H2
> ° \ f)j\��j A◦B = [AijBij]

q{�Ãy3f)j�t)�3t>wDu�'�w � wDiLwD� � �v��z � t)�\y(¨�j\y \ jUj\|
A = [Aij ]wD| �

B = [Bij]
®3d+|>wDu{z}��z}t)�3us� \ f)j\|

σ
q{��w6�bj\�3i¬tvy�wDy3q{z}|¸z}|

N1
°�y3f>wDy(q{�

σ = (1)
° \ j � j�­)|)j ◦

(1)
H = diag H

®
Y*j\y

T
¨bj�wD|�wD�3¨vqsy3��wD�3�¥iLwDy3�3q§��qs|

Mn wD| � u{j\y σ
¨bj�w-�bj\�3i¬tvy�wDy3q{z}|�z}|

N2
® k/j � j�­)|)j

Diag σT
y�z�¨bj�w

4
�èy�j\|)��z}��z}|

Rn qs|¸y3f)j·«Áz}usu{z \ qs|v� \ w��

(Diag σT )
i1i2
j1j2 =

{

T i1i2 ,
q§«

is = jσ(s)
«æz}�

s = 1, 2,

0,
z}y3f)j\� \ q{��jd® fQl�g

orqsi�qsuxwD�3us��° \ f)j\|
T ∈ Rn wD| � σ = (1)

\ j � j�­)|)j
Diag(1)T = Diag T

®
� z}y3q{�Uj�y3f>wDy6wD|r�

4
�èy�j\|)��z}��°

T
°�z}|

Rn ��wD|~|>wDy3tv��wDusus��¨bj¬�Bq{j \ j � w}�·w 2
�èy�j\|)��z}�·z}|

Mn °�wD| � �Bq{�Uj¬��j\����wH°«æz}�
j��vwDi��vu{j

T [H1,H2] =
n

∑

p1,q1=1

n
∑

p2,q2=1

T
p1p2
q1q2Hp1q1

1 Hp2q2
2 .

^6j�­)|)j·qs|v|)j\�
�v��z � t)�\y
¨bj\y \ jUj\|Jy \ zky�j\|)��z}���
qs|
T k,n qs|¸y3f)j·t)�3t>wDu \ wU�;i

〈T1, T2〉 =

n
∑

p1,...,pk=1

T p1...pk

1 T p1...pk

2 .

�¸»������   �S¿������)(*�!+¬¿��-, �/.>¢H  �Q¿�� $ k/j � j�­)|)j6wD|¥w}�\y3q{z}|¥zD«¹y3f)j�z}�3y3f)z}��z}|>wDu��d��z}tv�
O(n)

z}|Ly3f)j����>w}�Uj�zD«?wDusu
k
�èy�j\|)��z}���+z}|

Rn °Hy3f>wDy \ qsusu¹¨�j � j\|)z}y�j � ¨�� UTU> z}�
¨r�
U · T i

(UTU>)i1...ik =
n

∑

p1,...,pk=1

(

T p1...pkU i1p1 · · ·U ikpk

)

.
fæ��g

¯Ôy
q{�
j�w}���¥y�zL��jUj6y3f>wDy
y3fvq{�+w}�\y3q{z}|!q{��°)w}��j��H�bjU�\y�j � °v|)z}�3i,�v��jU��j\�3�Bqs|v��wD| � w}����zr�\qxwDy3qs��jEi
V (UTU>)V> =

(V U)T (V U)>
«Áz}�gwDusu

U, V ∈ O(n)
®�egf)j

Diag σ z}�bj\��wDy�z}��°By3f)j σ
�0'�w � wDiLwD� � �v��z � t)�\y�°HwD| � �Uz}|}�Ñtv��wDy3q{z}|¶¨r�

wD|Jz}�3y3f)z}��z}|>wDu?iLwDy3�3q§�JwD��j·�Uz}|v|)jU�\y�j � qs|�y3f)j�«æz}usu{z \ qs|v� \ wU�/fÁ��jUj a ���H°vegf)jUz}��j\i,l)® l e «æz}��w���j\|)j\��wDusqs³ÄwDy3q{z}|Tg�®
1Ã» � �Ê¢ �2�)354 ���4�E
76 98	x�-#1���

T ∈ Rn
�*��
76�< ��#.���98

H
�j


Mn
��
��2�E
762���z#&% �;:���
T����< �E#.���98

U ∈ O(n)
�=< 	

% �E98	�>
〈T, ◦

(1)
(U>HU)〉 =

(

U(Diag(1)T )U>)

[H].
4 ��� ��
76m< �E#.���?8

T ∈ Mn
����
76m< �E#.���.��	�7

H1
�E
T�

H2
�&


Mn
�5��
26m�E��#&% �@:���
T���3< �E#.���98

U ∈ O(n)
��
��

��
26BAv	���<DC #1�E#.����

σ
�E


N2
�E< 	C% ��9�	�>

〈T, (U>H1U) ◦σ (U>H2U)〉 =
(

U(Diag σT )U>)

[H1,H2].
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�	4�"!5(6�87��&#.�&98	$:;	�<=����	&>?
@�.#A	CBD�E#.���.��	�7 �

k/j��Uz}|)�\ust � jky3fvq{�·��jU�\y3q{z}| \ qsy3fÊwD|/j�w}�3�Ju{j\i�iLw¸wD¨bz}tvym�Uz}|}�1tv��wDy3q{z}|¹®�¯Ô|µy3fvq{�·u{j\i�iLw¸wD| � y3fv��z}tv�df)z}tvy
y3f)j·�>wD�bj\��°

conv S
� j\|)z}y�jU��y3f)jm�Uz}|���j��¸frtvusu*zD«�y3f)j¬��j\y

S
fæw��3tv¨)��j\y
zD«�w���j�wDu¹��jU�\y�z}�+�3�>w}�Ujhg�®

1Ã» � �Ê¢ �2����� 	z#
S
�x	 � 7 Cv��7-	z#��"! #&%'	/98	��-#1��� 7 A'����	 �"!

k & #A	�
@7z����7 ��
 Rn
�E
T�

G
�x	 � 7 Cv��7,	z#��"!/#&%'	

:����%C A
O(n)

���V%'	�


(i) G · (conv S) ⊆ conv (G · S)
�

(ii) conv (G · (conv S)) ⊆ conv (G · S)
�

� ¡ ¿X¿��@� Y*j\y
g ∈ G

°)z}¨)��j\�3��j¬z}| fæ��g�y3f>wDy
y3f)j6«Átv|)�\y3q{z}|
T 7→ g · T q{��usqs|)j�wD��®8egf)j\��j�«æz}��j

g · conv S = conv g · S ⊂ conv G · S.

egfvq{���rq{j\u � ��y3f)j·­)���3y�qs|)�\ust)�3q{z}|¹®(orqs|)�Uj·y3f)jm�3qs�df�y��èf>wD| � �3q � j6q{�
�Uz}|���j��X°vy3f)jm��jU�Uz}| � qs|)�\ust)�3q{z}|¸«æz}usu{z \ ��®

IKJ
	 � ��S
�XQ0
0U P_SKU���� 
0W�W�Q1SKU N��4W�� 
0r P ��S
����� UXr P�Q1N UXW
��� »r¿ ¡ » � ���
� � �¸» ¡ ��� ¢H  ����» � ¿�� ��" » £d �¡D¢!# � � � £d  �Q¿�� �%$J¢�$ � 	z#

X ∈ Sn
�E
T�`� 	z#

U
�x	 ��
76 	�� 	�< 	�
0#$�j


O(n)X
�! 7!6�<=< 	-#.����� !!C 
T�-#.����


f : Rn →R
� 7���� "5	��x	�
0#.������� 	C�E#

λ(X)
� !@���E
T�=��
@� 6$� !!�

f ◦λ
� 7���� "5	��x	�
0#.������� 	

�E#
X
�$#�
2#&%'�E#����87-	!� #&%'	=:��������1	�
0#3�"!

f ◦λ
� 7 :��&98	�
 � 64#&%'	V!-���j���%<3�&
 : < 	��j� & ��	&>?
�	��&%A�j
���	0Av	�
���	�
0# �"! #&%'	 ��% �E�.��	�"!

U ' !z����<DC����
∇(f ◦ λ)(X) = U

(

Diag(1)∇f(λ(X))
)

U>,
f b g

� $  7!6�<=< 	z#.���.�$!!C 
T�-#.����

f : Rn →R

�j7�# <3����	D��� "5	��x	�
0#.������� 	 ��#
λ(X)

� !@� �E
T� �E
@� 6 � !!�
f ◦ λ

�j7�# <3����	
��� "5	��x	�
0#.������� 	 �E#

X
�(#�
 #&% ��#*�x��7-	!� #&%v	��4	�7�7��.�E
`�"!

f ◦ λ
�j7 :��j9�	�
 � 6�#&%'	X!-���&� �%<3�&
 : < 	��j� & ��	&>?
�	�� !-����<DC����

∇2(f ◦ λ)(X) = U
(

Diag(1)(2)∇2f(λ(X)) + Diag(12)A(λ(X))
)

U>,
f1nEg

< %'	z��	 A : Rn → Sn
� 7C#&%'	 < �!A ��	&>?
;	��m� 6

Aij(x) =























0,
� !

i = j

f ′′
ii(x) − f ′′

ij(x),
� !

i 6= j
� C'#

xi = xj

f ′
i(x) − f ′

j(x)

xi − xj
,
�E#&%'	�� <3� 7,	��

f*)�g

� ¡ ¿X¿��@� egf)j � q§¦Xj\��j\|�y3qxwD¨vqsusqsy©�µ��jU�3tvusy6q{��jU�3y�wD¨vusq{�3f)j � qs| a nB°begf)jUz}��j\i �d®s� e wD| � y3f)j�y \ q{�Uj � q§¦bj\��j\|ry3qxwD¨vqsusqsy©�
qs| a )H°vegf)jUz}��j\i F ® F�e ®8egf)j·�>wD�3y3q{�\tvuxwD��j��B�v��jU����q{z}|¶«Áz}��y3f)j '�jU���3qxwD|¸q{�
�dqs��j\|�qs| a ���v°vZ��)wDi��vu{j·l)®ò� e ®

� z}y3q{�Uj¸y3f>wDy�y3f)j¸j\|ry3�3q{jU�LzD« ∇2f(x)
wD| � A(x)

� z~|)z}y � j\�bj\| � z}| y3f)j¸j\qs��j\|��dwDust)jU�k¨vtvykz}|vus�&z}| y3f)j
�>wD�3y3qxwDu � j\�3qs�dwDy3qs��jU�·zD«

f
tv�~y�z¶z}� � j\��y \ zv®·egfrt)��°X�)z}�3i¬tvuxw}j f b g�wD| � f1nEg � j\��j\| � z}|µy3f)j-j\qs��j\|r�}wDust)jU�¬z}|vus�

y3fv��z}tv�dfµy3f)j�z}�3y3f)z}��z}|>wDu�iLwDy3�3q§�
U
wD| � y3f)j-�Uz}i��bzd�3qsy3q{z}| \ qsy3f

λ(X)
®,++|)j-��f)z}tvu � ²�jUj\�~qs|!i�qs| � y3f>wDy�°�qs|

y3f)j6«æz}�3i¬tvuxw;«Áz}�
y3f)j '�jU���3qxwD|¹°
U
�Uz}|}�Ñtv��wDy�jU��w�«Áz}tv� � qsikj\|)��q{z}|>wDu*y�j\|)��z}��z}|

Rn ®
k/j��Uz}|)�\ust � j-y3fvq{�+��jU�\y3q{z}| \ qsy3fµw�u{j\i�iLwk�v��zÄ�rqs|v�¥y \ z \ j\usu��è²r|)z \ |µ«æw}�\y���¨vtvy
«Á��z}i�w��bj\���3�bjU�\y3qs��jmy3f>wDy

q{��|)j \ y�z�t)��®

+¬¿ ¡ ¿ # #Q¢v¡ ¼ �2�.- ¢�$ �V%'	$7-	z#*�"! ���&�;7��&
 :%C � �E�$< �E#.������	�7$�&

Sn
% �87 � 	,��	�7 :%C@	=< 	���7!C ��	C��	��"� �

� $ �V%v	)7,	z#*��! ���j�K< �E#.������	�7$�&

Sn

<3�.#&%2�x	0Av	x�E#A	��[	��9:�	�
09���� Cv	�74% �87 � 	h�x	�7 : Cv	 < 	x�87!C ��	C��	������

Ç?Ç ÎEtvuxwzy�{



b ��������< 	 BD�����.�z�����)���j7�#1� :	� :;	�
T���E9

� ¡ ¿X¿��@� ¢�$ ±�z}|)��q � j\�+y3f)j-�3�ri�ikj\y3�3q{���Uz}|���j��J«Qtv|)�\y3q{z}|
f(x) =

∑n
i=1 |xi|

� j�­)|)j � «æz}��wDusu
x ∈ Rn ®6d+� \ jikj\|ry3q{z}|)j � wDy�y3f)j·j\| � zD«8oBjU�\y3q{z}|/�d®ò�H°Hy3f)j·����jU�\y3��wDub«Átv|)�\y3q{z}|

f ◦ λ
q{�
�Uz}|r��j��b®Xs!z}��jUzÄ��j\��°v¨��¶egf)jUz}��j\i �d®ò�H°

f ◦λ q{� � q§¦Xj\��j\|�y3qxwD¨vu{j
wDy X
q§«1°dwD| � z}|vus�·q§«1°

f
q{� � q§¦bj\��j\|ry3qxwD¨vu{j�wDy

λ(X)
® ++¨)��j\�3��jÃ|)z \ y3f>wDy

f
q{� � q§¦bj\��j\|ry3qxwD¨vu{j

wDy
x ∈ Rn q§«1°dwD| � z}|vus�mq§«3°}wDusu xi

wD��jÃ|)z}|v³�j\��zv®�egfrt)�?y3f)jg�Uz}|r��j��¬«Átv|)�\y3q{z}|
f ◦λ

q{� � q§¦Xj\��j\|�y3qxwD¨vu{j
wDy
X ∈ Sn q§«1°wD| � z}|vus�mq§«3°

X
q{��|)z}|)�3qs|v�dtvuxwD��®Ãorqs|)�Uj�w��Uz}|���j���«Qtv|)�\y3q{z}|�z}|

Sn fÁz}� Rn gXq{� � q§¦Xj\��j\|�y3qxwD¨vu{j
wDusikzd��y8j\��j\�3� \ f)j\��j
a �v°)� e \ j¬wD��j � z}|)jd®

� $ d+|JwD|>wDu{z}��z}t)�+wD�3�dtvikj\|ry
«æz}�
y3f)j�«Qtv|)�\y3q{z}|
f(x) =

∑

i<j |xi − xj|
®

� � ���¥	���	��+ #���
�������1 ������� #"�	 �-�b�(')	��¹ #���
�

egf)j(iLwDqs|-q � j�w
qs|¬y3fvq{����jU�\y3q{z}|�q{�*y3f)jÃ��j�wDusqs³ÄwDy3q{z}|�y3f>wDy�y3f)j8�v��zD�3jU�\y3q{z}|;z}|�y�z+y3f)j(�Uz}|)j(zD«)��zd�3qsy3qs��j(��j\i�q�� � j�­)|vqsy�j
iLwDy3�3q{�UjU�6q{�+y3f)j¬�d��w � q{j\|ry6iLwD�v�vqs|v�¶zD«(w��3�bjU�\y3��wDu¹«Átv|)�\y3q{z}|]fÁ��jUj�ortv¨)��jU�\y3q{z}|/�H®ò��g�®+egf)j\|~y�zLqs|���jU�3y3qs��wDy�j;y3f)j
�3ikzBz}y3fv|)jU���
zD«�y3f)j·�v��zD�3jU�\y3q{z}|¹° \ jmj\i��vu{z��¸�)z}�3i-tvuxw[f1nEg(«æz}��y3f)j '�jU���3qxwD|�zD«��3��jU�\y3��wDub«Átv|)�\y3q{z}|)��®

p JLI �	� �!�LQArvQ1P 

� � � 
0W�W�Q1NVU N�� P�� 
 � ��N�
 
0r P�QANVU
¯Ôy�q{� \ j\usu��è²B|)z \ |¹°X��jUj a l e °>y3f>wDy+y3f)j¬�v��zD�3jU�\y3q{z}|µz}��j\��wDy�z}�6z}|�y�z�y3f)j-�Uz}|)j-zD«8��zd��qsy3qs��j¬��j\i�q�� � j�­)|vqsy�j�iLwDy3�3q{�UjU�
wDusu{z \ ��w
�\u{zd��j � «æz}�3i ��j\�v��jU��j\|ry�wDy3q{z}|¹®�¯©| � jUj � °`�v��zD�3jU�\y3qs|v�

X
wDikz}tv|�y��?y�z
��j\�vuxw}�\qs|v��y3f)j8|)j\��wDy3qs��j�j\qs��j\|��dwDust)jU�

¨r�¸��qs|Jy3f)j·�3��jU�\y3��wDu � jU�Uz}i���zd�3qsy3q{z}|~zD«
X
®���jU��wDusu¹y3f>wDy
y3f)jm��z}uxwD�
�Uz}|)j

(Sn
+)◦ = {B ∈ Sn, 〈A,B〉 ≤ 0} q{�w}�\y3t>wDusus�

Sn
− = −Sn

+

°Hy3f)jm�Uz}|)jmzD«�|)j\��wDy3qs��j¬��j\i�q�� � j�­)|vqsy�j·iLwDy3�3q{�UjU�Ä®
��� »r¿ ¡ » � ( � � ����� "�¡ » ��� �Q¿�� �©¿ ¡

PS
n

+

$ � 	-#
X ∈ Sn

��
��[� 	z#
U
�x	���
76D	z��	�< 	�
T#5�&


O(n)X
� �V%'	�
7� #&%'	

AT���"+,	��-#.����
 �"!
X
��
0#1�

Sn
+

�j7 :��j9�	�
 � 6

PSn
+

(X) = U
(

Diag (max{λ1(X), 0}, . . . ,max{λn(X), 0})
)

U>.
fæ��g

�V%'	=	�� C��&9���� 	�
0#*�x	�7!C ��#�!-���$#&%'	 AT���"+,	��-#.����
/��
0#1�
Sn
−
��	0A�� ����	�7 #&%'	 A'��7��.#.�j98	=	��9:�	�
09���� Cv	�7 <3�&#&%�� �

¯Ôy·q{� \ z}�3y3fÊikj\|�y3q{z}|vqs|v�!y3f>wDymy3fvq{�·��jU�3tvusy¬q{�¬wDu{��z�w¶�3y3��wDqs�dfry1«Áz}� \ wD� � wD�v�vusq{��wDy3q{z}|NzD« s~z}��j�wDt �õ�my3f)jUz}��j\i
fÁ��jUj acb °vegf)jUz}��j\i F ®ò�H®ò�kwD| � Z��Hj\���\q{��jCd�®s��� e g \ fvq{��fJqs|�z}tv����w}��j·��wD|J¨�j·�3y�wDy�j � w}�g«Áz}usu{z \ ��®
��� »r¿ ¡ » � ( � ( ����� ½���� " ¿ ¡ » ¢!� $ 4 ���)��
76=#&%���	�	)< �E#.���.��	�7

X
�
X1

� ��
��
X2
�&


Sn
#&%'	 AT�"� Av	��z#.��	�7 �x	����%< ���x	

	�� C��&9���� 	�
0#0>
%A� ' X = X1 + X2

<3�.#&%
X1 ∈ Sn

+

�
X2 ∈ Sn

−
�X��
T� 〈X1, X2〉 = 0 �

%1�&� ' X1 = PSn
+

(X)
��
��

X2 = PSn
−

(X)
�

#�
 A'���z#.�.� C������!�
PSn

+
+ PSn

−
= In

�

p J&p � � ��Q�� Q�P�Q�R 
`N�� P��E
 � ��N�
 
Tr PEQANVU
^6j\|)z}y�j�¨��

ISn
−

y3f)j�qs| � q{��wDy�z}��«Qtv|)�\y3q{z}|&z}|
Sn
−
®_Y¹j\y

∆ : Sn → R
¨bjky3f)j BD���x	��%C ��	 : C����������h�E#.�.�E
 zD«

ISn
−� j�­)|)j � ¨��

∆(X) = min
Y ∈Sn

{

1

2
‖X − Y ‖2 + ISn

−
(Y )

}

.
f1����g

¯Ô|mY¹j\i�iLwk�H® F ° \ j·z}¨)��j\�3��j6y3f>wDy
∆(X)

q{�gw;����jU�\y3��wDu�«Átv|)�\y3q{z}|JwD| � qs|_Y*j\i�iLw��H® l \ j·�3f)z \ y3f>wDy
PSn

+

q{�gqsy��
�d��w � q{j\|ry�®
1Ã» � �Ê¢ (	�)3 �V%'	3! C 
T�-#.����


∆
� 7$#&%'	$70Av	��-#.������! C 
T�-#.����


∆ = δ ◦ λ
�E< %'	��x	

δ(x1, . . . , xn) =
1

2

n
∑

i=1

max{0, xi}2 .
f1�d�hg
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� ¡ ¿X¿��@� �>z}�+wD|��
X ∈ Sn ° \ �3qsy�j

∆(X) = 1
2‖X − PSn

−
(X)‖2

= 1
2‖PSn

+
(X)‖2

= 1
2

∑n
i=1 max{0, λi(X)}2 = δ

(

λ(X)
)

.

� �Uö�ðÄÐ��}Î`íòåèíòéFÎ6éFê PSn

−

(X) �
� �Uö��bìDÐ1é�ÌèÐ1ç�� 
 � �
� �Uö��bìDÐ1é�ÌèÐ1ç�� 
	� �

egfvq{�+j\| � ��y3f)j·�v��zBzD«1®

1Ã» � �Ê¢ (	��� �V%'	�!!C 
T�-#.����

∆
��	.>?
�	��/� 6 f1����g �j7��x��
@98	;8/��
T�`��� "5	��x	�
0#.������� 	��`B`����	x��98	��!�C�&#&7 :��������1	�
0#C�E#

X ∈ Sn
�j7

PSn
+

(X)
�

� ¡ ¿X¿��@� egf)j+«Qtv|)�\y3q{z}|
δ
� j�­)|)j � ¨�� f1�d�hg(q{��z}¨��Bq{z}t)�3us�¶�Uz}|���j��¸z}|

Rn ®�egf)j\| a nB°>±�z}��z}usuxwD�3�¸�H®on e �rq{j\u � ��y3f)j�Uz}|r��j��BqsyÔ��zD«
∆
z}|

Sn ®(±(u{j�wD�3us� δ
q{��wDu{��z � q§¦Xj\��j\|�y3qxwD¨vu{j¬z}|

Rn \ qsy3f

∀x = (x1, . . . , xn) ∈ Rn, ∇δ(x) = (max(0, x1), . . . ,max(0, xn))>.
f1����g

egf)jUz}��j\i �d®ò�;�rq{j\u � �
y3f>wDy
∆
q{� � q§¦bj\��j\|ry3qxwD¨vu{j-z}|

Sn °>wD| � qsy����d��w � q{j\|�y6wDy X ∈ Sn q{��°B«æz}� U ∈ O(n)X °

∇∆(X) = U (Diag∇δ(λ(X))) U>.

k qsy3f f1����g\° \ j·��j\y3�3q{j\��j fæ��g\®

�¥» �Ê¢v¡�
 (	�
� egfvq{����jU�3tvusy�q{�Lw}�\y3t>wDusus�&qs| � j\�bj\| � j\|�y¥zD«6�3�bjU�\y3��wDug«Átv|)�\y3q{z}|)���v��z}��j\�3y3q{jU�hi¸qsy�f)z}u � �kq§«
Sn
+

q{�
��j\�vuxw}�Uj � ¨r�µwD|r�~�\u{zd��j � °¹�Uz}|���j�� �Uz}|)jd®koBjUj;ikz}��jkwD¨�z}tvy·y3f)j;�v��z}�bj\�3y3q{jU�mzD«(y3f)j s~z}��j�wDt ��j\�dtvuxwD�3qs³ÄwDy3q{z}|Êqs|
a �v°>±(f¹®
��� e ®

p J�
 � Q�� 
7� 
TUVP�QAS��*Q �LQ�P�� N��CP��E
 � ��N�
 
0r P�Q1NVU
ory3t � �Bqs|v� � q§¦Xj\��j\|�y3qxwD¨vqsusqsyÔ�!zD«

PSn
+

wDikz}tv|�y��+y�zk�3y3t � �Bqs|v����jU�Uz}| � �©z}� � j\� � q§¦bj\��j\|ry3qxwD¨vqsusqsy©�!zD«
∆ = δ ◦ λ

®(egf)j
�bz}qs|�ymq{�6y3f>wDy

δ ◦ λ
q{�¬w¶�3�bjU�\y3��wDu�«Qtv|)�\y3q{z}|ÊwD| � y3fvq{�6iLwD²�jU�my3fvqs|v���mj�w}�3q{j\�,i \ j;f>wU��jLw¶��f>wD��w}�\y�j\�3qs³ÄwDy3q{z}|NzD«

y \ q{�Uj � q§¦Xj\��j\|�y3qxwD¨vu{j¬����jU�\y3��wDuX«Átv|)�\y3q{z}|)�+wD| � wD|!j�w}�3� �èy�z �èt)��j�«Áz}�3i-tvuxw;«æz}��y3f)j\qs� '+jU���3qxwD|¹®
k/j-¨bj\�dqs|J¨��¸��jU��wDususqs|v�¥y3f)jm|>wDy3tv��j�zD«8z}¨H�1jU�\y��+y3f>wDy+�Uz}ikj-qs|�y�z��vuxwU��® k f)j\|!qsy+j��Hq{�3y���°vy3f)j � j\�3qs�}wDy3qs��j�zD«

PSn
+

wDy
X
° ∇PSn

+
(X)

q{��w�usqs|)j�wD�?«Qtv|)�\y3q{z}|-«Á��z}i
Sn y�z Sn ®�egf)jÃ��jU�Uz}| ��� j\�3qs�dwDy3qs��j(zD« δ◦λ wDy X

° ∇2(δ◦λ)(X)
°

q{��w
2
�èy�j\|)��z}��z}|

Sn ® � z}y3q{�Uj6y3f>wDy�y3f)jU��j � j\�3qs�dwDy3qs��jU�+wD��jm�Uz}|v|)jU�\y�j � ¨r�¶y3f)j6«Áz}usu{z \ qs|v�Lj��rt>wDy3q{z}|

∀H1,H2 ∈ Sn, ∇2(δ ◦ λ)(X)[H1,H2] = 〈∇PSn
+

(X)[H1],H2〉.
f1� F g

¯Ô|ky3f)j
��jU��yÃzD«Xy3f)j��>wD��j\��° \ j�q � j\|�y3q§«Á��y3f)jU��j
z}¨H�3jU�\y��8�Bqxw6y3fvq{�8q � j\|ry3qsy©��®Xk/j�|)z \ qs|�y3��z � t)�Uj�w6iLwD��y3f>wDyÃ�vuxw��B�
wD|�qsi��bz}�3y�wD|�y+��z}u{j·qs|¸y3f)j � jU���\�3qs�vy3q{z}|!zD«�y3f)j·�d��w � q{j\|ry�wD| � y3f)j�±(uxwD�3²�j·��j\|)j\��wDusqs³�j �J´ w}�Uz}¨vqxwD|~zD«

PSn
+

®
�¸»������   �S¿�� ( ��-#� � � » �Ê¢-"

B(x)
$ �)z}�¸wD|��

x ∈ Rn
↓
\ qsy3f |)z}|%�è³�j\��zd�¶j\|�y3�3q{jU�/f

p
��zd��qsy3qs��jd°

q
|)j\��wDy3qs��jd°

\ f)j\��j
p + q = n

g�° \ j � j�­)|)jmy3f)j6iLwDy3�3q§� B(x) ∈ Sn w}��«Áz}usu{z \ �,i
� ¯è« i ≤ p, j ≤ p

°Hy3f)j\| Bij(x) = 1 �
� ¯è« i > p, j > p

°Hy3f)j\| Bij(x) = 0 �
� ¯è« i ≤ p, j > p

°Hy3f)j\| Bij(x) =
xi

xi − xj
�

� ¯è« i > p, j ≤ p
°Hy3f)j\| Bij(x) =

xj

xj − xi

®

Ç?Ç ÎEtvuxwzy�{
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X ∈ Sn

#&%'	X!-���j���%<3�&
 :2����	=	�� C��&9���� 	�
0#0>
%A� ' PSn

+

� 7 ��� "5	��x	�
0#.������� 	=�E#
X
�

%1�&� ' ∆ = δ ◦ λ
� 7C# <3�.��	=��� "5	z��	�
T#.�.���z��	=�E#

X
�

%A�j�&� ' X
�j7C
T��
 & 7��&
 :%C � �E� �

#�
`#&% �E#*�x�87-	 �*#&%'	X! C�
T�,#.�.��
@7
δ ◦ λ

��
T�
PSn

+

�E��	=���,# C'���&� 6
C∞ �j
 � 
;	��?:�%'���%C ��%'�,�,�_�"! X

�*��
T�

∇PSn
+

(X) = U
(

Diag (12)B(λ(X))
)

U>,
f1�\l�g

!-��� ��
76
U ∈ O(n)X

�

� ¡ ¿X¿��@� ���$Y¹j\i�iLw+�H® l)°Dy3f)j � q§¦bj\��j\|ry3qxwD¨vqsusqsy©�-zD«
PSn

+

wDy
X ∈ Sn q{�?j���tvqs�dwDu{j\|�y�y�z
y3f)jÃy \ q{�Uj � q§¦bj\��j\|ry3qxwD¨vqsusqsy©�zD«

∆
wDy

X
® ��� f1�d�hg�°gy3f)j¶«Átv|)�\y3q{z}|

δ
q{�ky \ q{�Uj � q§¦Xj\��j\|�y3qxwD¨vu{jµwDy

x = (xi)i
q§«3°�wD| � z}|vus�&q§«1°gj�w}��f

xi

q{�
|)z}|v³�j\��zv®8egf)jUz}��j\i5�d®ò�¬qsi��vusq{jU��y3f>wDy

∆
q{�Ãy \ q{�Uj � q§¦Xj\��j\|�y3qxwD¨vu{jmwDy

X
q§«1°HwD| � z}|vus��q§«1°ry3f)j
«Átv|)�\y3q{z}|

δ
q{�Ãy \ q{�Uj

� q§¦Xj\��j\|�y3qxwD¨vu{j;wDy
λ(X)

°�wD| � y3f>wDy�f>wD�v�bj\|)�
q§«3°)wD| � z}|vus��q§«3°
0
q{��|)z}y�wD|Jj\qs��j\|r�}wDust)j-zD«

X
®

orqs|)�Uj
δ(x)

q{�
C∞ wDy¬w���jU�\y�z}�

x
\ qsy3f |)z}|v³�j\��z¸�Uzrz}� � qs|>wDy�jU�Ä° \ j�z}¨vy�wDqs| ¨r� a �\l)°�oBjU�\y3q{z}| F�e y3f>wDy

δ ◦ λwD| �
PSn

+

wD��j
C∞ wDy�w�|)z}|%�©�3qs|v�dtvuxwD��iLwDy3�3q§�

X
®

k/j�|)z \ �Uz}i��vtvy�j6y3f)j�'�jU���3qxwD|¶zD«
δ ◦ λ

wDy�w¬|)z}|%�©�3qs|v�dtvuxwD�
X ∈ Sn ®��)z}��w¬��jU�\y�z}� x ∈ Rn

↓
\ qsy3f¶|)z}|v³�j\��z

�UzBz}� � qs|>wDy�jU�4fQy3f)j6­)����y
p
�3y3�3q{�\y3us�¥��zd�3qsy3qs��jhg�° \ j·f>w���jEi

∇2δ(x) =

(

Ip 0

0 0

)

,
f1����g

wD| � qsy�q{��j�w}�3��y�zL��jUj6y3f>wDy
Diag(1)(2)∇2δ(x) = Diag(12)∇2δ(x).

f1� b g
� z \ °vt)��qs|v� f*)�g�° \ j¬�Uz}i��vtvy�j·y3f)j·iLwDy3�3q§� A(x)

i

� ¯è« i = j
°Hy3f)j\| Aij(x) = 0

®
� ¯è« i ≤ p, j ≤ p

° \ qsy3f
i 6= j

°vy3f)j\| Aij(x) = 1
®

� ¯è« i > p, j > p
°Hy3f)j\| Aij(x) = 0

®

� ¯è« i ≤ p, j > p
°Hy3f)j\| Aij(x) =

xi

xi − xj

®

� ¯è« i > p, j ≤ p
°Hy3f)j\| Aij(x) =

xj

xj − xi

®

±�z}i-¨vqs|vqs|v��y3f>wDy \ qsy3f Z ��t>wDy3q{z}|)� f1����g�wD| � f1� b g�°>wD| � u{j\y3y3qs|v�
x = λ(X)

°v�>wD�3y3q{�\tvuxwD�3qs³�jU�=f1nEg�qs|�y�z[f1�\l�gU°)wD| �
�Uz}i��vu{j\y�jU�+y3f)j6�v��zrzD«3®

dgy6y3f)j���j\�3�J¨bj\�dqs|v|vqs|v��zD«Ãy3f)j��>wD�bj\��° \ j��3y�wDy�j � y3f>wDy
PSn

+

q{� � q§¦Xj\��j\|�y3qxwD¨vu{jLwDusikzd�3y·j\��j\�3� \ f)j\��jd®¬egfvq{�
�v��z}�bj\�3y©� ��wD| ¨bj ��f)jU��²�j � t)�3qs|v� egf)jUz}��j\i��H®on&wD| � y3f)jµ«èw}�\y¶y3f>wDy�y3f)j ��j\y�zD«;�3qs|v�dtvuxwD��iLwDy3�3q{�UjU�¸f>w}�Jw
f.Y¹j\¨bjU�3�dt)jhg�ikj�w}�3tv��j·³�j\��zv°)��jUj¬±�z}��z}usuxwD�3� �d® b ®

ÅQÆ?Ç?ÅQÈ
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p J
	 ��P ��� � N��
B

¯Ô|µy3fvq{�·�3tv¨)��jU�\y3q{z}| \ j;�v��jU��j\|rym��j\��j\��wDu�y�jU��fv|vq{��wDu8�v��z}�bj\�3y3q{jU�mzD« B(x)
wD| �µ� j�­)|)j;y \ zJ�3tv¨)��j\y��6zD«

Mn y3f>wDy
\ qsusu¹¨bj6t)��j�«ÁtvuXqs|�y3f)jm��j��rt)j\uè® k/jm�3y�wD�3y \ qsy3fJy3f)j6«Áz}usu{z \ qs|v�Lz}¨)��j\�3�dwDy3q{z}|¹®
1Ã» � �Ê¢ (	��� � 	z#

x ∈ Rn
↓
�x	 <3�&#&% 
T��
 & �h	����87 	�
0#.����	�7�> p

A'��7��.#.�j98	 ��
T�
q

;	 :��E#.�&98	 %

p + q = n ' � �V%v	�
 #&%'		�
T#.���1	�7 �"! #&%v	=< �E#.���?8 B(x)
���x	 �&
/#&%'	 �z� ��7-	��[�j
T#A	���98���

[0, 1]
�E
T�)!-����< 
T�E
 �j
T�-��	���7��&
 :m7,	�� C@	�
T��	�7 �j
 	x����%

���%< %L�x��
@7�����	��x	�� !�����< ��	&!z#X#1� ���?:8% # ' ��
T��	�����% �x�E� C <=
 %o!�����< #1� A/#1�����E#�#1�E< ' �
� ¡ ¿X¿��@� k �3qsy�j

x = (λ1, . . . , λp, µp+1, . . . , µn)
\ qsy3f

λ1 > λ2 > · · · > λp > 0 > µp+1 > µp+2 > · · · > µn.

���3qs|v��y3f)j·j��H�v��jU���3q{z}|)��«æz}��y3f)j·j\|�y3�3q{jU��zD« B(x)
qs|m^6j�­)|vqsy3q{z}|!�H® b °)z}|)j·��wD|���jUj+y3f>wDy�y3f)j·z}|vus�¥��w}��j�y�z��3y3t � �

q{�
i ≤ p

wD| �
j > p

®�¯©|¸y3f>wDy���w}��j \ j·f>w���j

Bij(x) =
λi

λi − µj
=

λi/µj

λi/µj − 1
.

� z}y3q{�Uj·y3f>wDy
y3f)j·��wDy3q{z
λi/µj

q{��|)j\��wDy3qs��j-wD| �

λi

µl

≤ λj

µl

\ f)j\|)j\��j\�
i < j ≤ p, l ∈ {p + 1, . . . , n}

λl

µi
≤ λl

µj

\ f)j\|)j\��j\�
p < i < j, l ∈ {1, . . . , p}.

orqs|)�UjLy3f)j�«Qtv|)�\y3q{z}|
y 7→ y

y−1

q{� � jU�\��j�w}�3qs|v�!z}|/y3f)jkqs|�y�j\�3�dwDu
(−∞, 0)

° \ qsy3f/�dwDust)jU�mqs|
(0, 1)

°�y3f)j��v��zrzD«gq{�
�Uz}i��vu{j\y�jd®

egfvq{���v��z}��j\�3yÔ�¶u{j�w � �
t)��y�z � j�­)|)j·y3f)j·«Áz}usu{z \ qs|v����j\y��,i
� ��� D{01}(m)

\ j � j\|)z}y�j¥y3f)j�­)|vqsy�j¶��j\y-zD«
m × m

�3�Bi�ikj\y3�3q{�LiLwDy3�3q{�UjU� \ qsy3f&j\|�y3�3q{jU��«Á��z}i y3f)j¥��j\y
{0, 1} �3t)��f y3f>wDymy3f)j�j\|ry3�3q{jU�mqs|/j�w}��f/��z \ fÁ�Uz}|)��q � j\��j � «Q��z}i u{j�«Qy6y�z¸�3qs�dfry�g6z}�m�Uz}ustvi�| fS«Á��z}i5y�z}�/y�z
¨�z}y3y�z}i�g�«Áz}�3i,w�|)z}|�qs|)�\��j�w}��qs|v����j��rt)j\|)�Ujd®

� ��� D[01](m)
\ j � j\|)z}y�j�y3f)j��Uz}|r��j�����j\y8zD«

m×m
�3�Bi�ikj\y3�3q{�giLwDy3�3q{�UjU� \ qsy3fkj\|�y3�3q{jU�8«Q��z}i y3f)j
qs|�y�j\�3�dwDu

[0, 1]
° \ qsy3f�y3f)j·��wDikj·�v��z}�bj\�3y©�¸zD«�|)z}|�qs|)�\��j�w}�3qs|v�k��z \ �+wD| � �Uz}ustvi�|)��®

�>z}��j��vwDi��vu{jd°

D{01}(2) =

{(

0 0
0 0

)

,

(

1 0
0 0

)

,

(

1 1
1 0

)

,

(

1 1
1 1

)}

,
wD| �

f1�hnEg
D[01](2) =

{(

a b
b c

)

| a, b, c ∈ [0, 1]
wD| �

a ≥ b ≥ c

}

.

egf)j·|)j��Hy��Uz}��z}usuxwD�3�¶q{��qsi�ikj � qxwDy�jd®
+¬¿ ¡ ¿ # #Q¢v¡ ¼#(	��� 4 ��� ��
76

x ∈ Rn
↓
�?#&%'	$< �E#.���?8 B(x)

� 7)�&
 D[01](n)
� BD���x	���98	��!� �E
76

m× m
7 Cv�z< ��#.���98��"!$�

< �E#.���?8��&
 D[01](n)
�j7 ��
 	z��	�< 	�
T#*�"! D[01](m)

�
m ≤ n

�

e*�3qs�rqxwDusus��° D{01}(m) ⊂ D[01](m)
°�wD| � y3f)j�«Áz}usu{z \ qs|v�&��jU�3tvusy��dqs��jU��y3f)j!�v��jU�\q{��jJ��j\uxwDy3q{z}|)��fvqs� ¨bj\y \ jUj\|

D{01}(m)
wD| � D[01](m)

®
1Ã» � �Ê¢ (	� ��� 4 ��� ��
76

m ∈ N
� < 	$% ��98	

D[01](m) = conv (D{01}(m)).

�V%'	=	�� 	�< 	�
0#&74��! D{01}(m)
���x	 #&%v	 	;8E#.��	z< 	 A'���&
0#&7 �"! D[01](m)

�

Ç?Ç ÎEtvuxwzy�{
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� ¡ ¿X¿��@� Y*j\y {Eij | 1 ≤ i ≤ j ≤ m} ¨bj¬y3f)j��3y�wD| � wD� � ¨>w}�3q{�+«æz}�+y3f)j;��j\y6zD« m × m
�3�Bi�ikj\y3�3q{��iLwDy3�3q{�UjU��®

egf>wDy�q{��°#q§«
i 6= j

°�y3f)j\|
Eij

f>w}�+z}|)j-qs|~��zd�3qsy3q{z}|)�
(i, j)

wD| �
(j, i)

wD| � ³�j\��z�j\��j\�3� \ f)j\��j;j\u{��j � wD| � q§« i = j
°

y3f)j\|
Eii

f>w}��z}|)j·qs|¸��zd��qsy3q{z}|
(i, i)

wD| � ³�j\��zkj\��j\�3� \ f)j\��j¬j\u{��jd®
e�wD²�j wD|�� iLwDy3�3q§�

Q ∈ D[01](m)
® k/j \ qsusu�j��B�v��jU����qsy¸w}�¥wÊ�Uz}|���j�� �Uz}i-¨vqs|>wDy3q{z}| zD«miLwDy3�3q{�UjU�L«Á��z}i

D{01}(m)
®¸¯©«

Q
q{�¬y3f)j¥wDusu��è³�j\��z!iLwDy3�3q§�b° \ j¥wD��j � z}|)jd® ++y3f)j\� \ q{��jd° � j�­)|)jLy3f)jLiLwDy3�3q§�

B ∈ D{01}(m)
w}�

«æz}usu{z \ �
Bij =

{

1,
q§«

Qij 6= 0
0,

z}y3f)j\� \ q{��jd®
� j��By�° \ j6­)| � ¨>w}�3q{�miLwDy3�3q{�UjU�

Ei1j1

°s®U®U®U°
Eisjs

�3t)��fJy3f>wDy
� B =

∑s
k=1 Eikjk

�
� �)z}�gj\��j\�3� l ∈ {1, . . . , s} °�y3f)j��3tvi%zD«¹y3f)j+­)���3y

l
zD«¹y3f)jU��j�¨>w}�3q{�+iLwDy3�3q{�UjU�gq{�(qs| D{01}(m)

fQy3fvq{��qsi��vusq{jU�
y3f>wDy

(i1, j1) = (1, 1)
g �

� Qirjr ≤ Qir−1jr−1
°v«Áz}��wDusu

r ∈ {2, . . . , s} ®
� z \ � j�­)|)j

B0
l =

l
∑

k=1

Eikjk
,

«æz}��wDusu
l = 1, 2, .., s.

k/j \ qsusu�j��H�v��jU����iLwDy3�3q§�
Q
w}�mw¥�Uz}|���j��µ�Uz}i¬¨vqs|>wDy3q{z}| zD«(y3f)j-iLwDy3�3q{�UjU� {B0

l }s
l=1

qs|
s
��y�j\�)��®megfv��jUj;�bz}qs|�y��

wD¨bz}tvy�y3f)j�|)z}y�wDy3q{z}|��3f)z}tvu � ¨�j�qsi�ikj � qxwDy�j\us�¶�\u{j�wD�,i
B0

s = B
°
Qirjr > 0

°vwD| �
Q ◦Eirjr = QirjrEirjr

«æz}��wDusu
r ∈ {1, 2, . . . , s} ®¯Ô|¸y3f)j6­)���3y+�3y�j\�¹° \ j·u{j\y

α1 = Qi1j1 ∈ [0, 1]
wD| ��� j�­)|)j

B1
l = α1B

0
l ,

«æz}��wDusu
l = 1, . . . , s.

egf)j�«æw}�\y·y3f>wDy·y3f)j�³�j\��z¶iLwDy3�3q§� q{�6qs| D{01}(m)
qsi��vusq{jU�·y3f>wDymy3f)jU��j;iLwDy3�3q{�UjU�-wD��j;qs|

conv (D{01}(m))
®

� z}y3q{�Uj·y3f>wDy \ j·f>wU��j

B1
l ◦ Ei1j1 = Q ◦ Ei1j1

«æz}�
l = 1, 2, ..., s

B1
l ◦ Eiqjq = Qi1j1Eiqjq

«æz}�
1 ≤ q ≤ l ≤ s,

B1
l ◦ Eiqjq = 0

«æz}�
1 ≤ l < q ≤ s

¯©«
s = 1

° \ j¬wD��j � z}|)jd°vy3f�t)�+�3tv�v��zd��j6y3f>wDy
s ≥ 2

®
ortv�v�bzd��j·y3f>wDy+z}|¸y3f)j

(r − 1)
�©�3y+�3y�j\� \ j � j�­)|)j � y3f)j·iLwDy3�3q{�UjU�

{Br−1
l : l = r − 1, r, ..., s}

\ qsy3f�y3f)j·«Áz}usu{z \ qs|v�k«æz}tv���v��z}��j\�3y3q{jU�,i
fQqjg

Br−1
l ∈ �Uz}|�� (D{01}(m))

«æz}��wDusu
l = r − 1, r, ..., s �

fQqsqjg
Br−1

l ◦ Eiqjq = Q ◦ Eiqjq

«æz}��wDusu
l
wD| �

q
��t)��f�y3f>wDy

q ≤ r − 1 ≤ l ≤ s �
fQqsqsqjg

Br−1
l ◦ Eiqjq = Qir−1jr−1Eiqjq

«æz}��wDusu
l
wD| �

q
�3t)��fJy3f>wDy

r − 1 ≤ q ≤ l ≤ s �
fQqs�@g

Br−1
l ◦ Eiqjq = 0

«Áz}��wDusu
l
wD| �

q
�3t)��f�y3f>wDy

r − 1 ≤ l < q ≤ s
®

++|�y3f)j
r
�èy3fL�3y�j\�¹°���qs|)�Uj

0 < Qirjr ≤ Qir−1jr−1
°r��j\y

αr = Qirjr/Qir−1jr−1 ∈ [0, 1]
wD| � «æz}�3i y3f)j��Uz}|���j��

�Uz}i-¨vqs|>wDy3q{z}|)�,i
Br

l = αrB
r−1
l + (1 − αr)B

r−1
r−1 ,

«æz}�+wDusu
l = r, r + 1, . . . , s.

k/j·|)z \ ��f)jU��²¸y3f>wDy {Br
l : l = r, r + 1, ..., s} ��wDy3q{�1«Á�Ly3f)j6«æz}tv���v��z}�bj\�3y3q{jU�
qs|¸y3f)j·qs| � q{�\y3q{z}|!f��B��z}y3f)jU�3q{�Ä®

ÅQÆ?Ç?ÅQÈ
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/��
0#1��#&%'	2�3��
�	4�"!5(6�87��&#.�&98	$:;	�<=����	&>?
@�.#A	CBD�E#.���.��	�7 �d�

fQqjg�egf)j6«æw}�\y�y3f>wDy
Br

l ∈ �Uz}|�� (D{01}(m))
«æz}��wDusu

l = r, r + 1, ..., s
q{���\u{j�wD�
«Q��z}i y3f)j � j�­)|vqsy3q{z}|¹®

fQqsqjg+�)z}��­v�vj � qs| � j��HjU�
l
wD| �

q
�3t)��fµy3f>wDy

q < r ≤ l ≤ s
fQy3f)j;��w}��j

q = r
q{�6�Uz���j\��j � qs| ����z}�bj\�3y©� fQqsqsqjg

¨bj\u{z \ g�° \ j·f>w���jEi

Br
l ◦ Eiqjq =

(

αrB
r−1
l + (1 − αr)B

r−1
r−1

)

◦ Eiqjq

= αrQ ◦ Eiqjq + (1 − αr)Q ◦ Eiqjq

= Q ◦ Eiqjq .

� �Uö
åèìDÐ�ðÄÐ��}Î`íòåèíòéFÎ�éFê
B

r
l �� �Uö��vÌèé�ädÐÔÌæåQö-Ésíîí Ò �

fQqsqsqjg��)z}��­v�vj � qs| � j��HjU�
l
wD| �

q
�3t)��f�y3f>wDy

r ≤ q ≤ l ≤ s
° \ jmf>wU��jEi

Br
l ◦ Eiqjq =

(

αrB
r−1
l + (1 − αr)B

r−1
r−1

)

◦ Eiqjq

= αrQ
ir−1jr−1Eiqjq

+(1 − αr)B
r−1
r−1 ◦ Eiqjq

= αrQ
ir−1jr−1Eiqjq

= QirjrEiqjq .

� �Uö
åèìDÐ�ðÄÐ��}Î`íòåèíòéFÎ�éFê
B

r
l �� �Uö��)ÌèéFädÐÑÌæåQö¬Ésíòíòí Ò �

� ��ö��vÌèé�ädÐÑÌæåSö¬Ésíîô`Ò �
� ��ö
åèì`Ð�ð`Ð��DÎDíõåèíòé�Î6é�ê

αr �
fQqs�@gg�)z}�
­v�Hj � qs| � j��vjU�

l
wD| �

q
�3t)��f�y3f>wDy

r ≤ l < q ≤ s
°H¨r�¸����z}��j\�3yÔ�/fQqs�vg�° \ j·f>wU��jEi

Br
l ◦ Eiqjq =

(

αrB
r−1
l + (1 − αr)B

r−1
r−1

)

◦ Eiqjq = 0.
k qsy3f;y3fvq{��y3f)j(qs| � t)�\y3q{z}|Lq{���Uz}i��vu{j\y�jd®3d�«Áy�j\�

s
qs| � t)�\y3qs��j
��y�j\�)� \ j � j�­)|)j�y3f)jgiLwDy3�3q§�

Bs
s ∈ conv (D{01}(m))\ qsy3f�y3f)jm�v��z}��j\�3yÔ�¥y3f>wDy

Bs
s ◦ Eiqjq = Q ◦ Eiqjq ,

«æz}��wDusu
1 ≤ q ≤ s.

ortvi�i�qs|v�¥z���j\�+wDusu
q
�õ� \ j·��j\y
y3f>wDy

Bs
s = Bs

s ◦ B0
s = Q ◦ B0

s = Q
®

egf)j¬��jU�Uz}| � �\uxwDqsi qs|�y3f)j6u{j\i�iLwkq{���\u{j�wD��®

�¸¿   » ( � �2� ^6j\|)z}y3qs|v��¨r� I(n)
y3f)j���j\y·zD«gwDusu

n × n
�3�Bi�ikj\y3�3q{�;iLwDy3�3q{�UjU� \ qsy3f/j\|ry3�3q{jU�6«Q��z}i5y3f)j;qs|ry�j\�3�}wDu

[0, 1]
°)qsy
q{�
j�w}����y�z���jUjd°Ht)��qs|v� Z��)wDi��vu{j f1�hnEg�°vy3f>wDy�°vqs|���j\|)j\��wDuè°)y3f)j6«Áz}usu{z \ qs|v�Lqs|)�\ust)�3q{z}|Jq{�
�3y3�3q{�\y

conv (P n · D{01}(n)) $ I(n).

1Ã» � �Ê¢ (	� � ( ¢�$ 4 ��� ��
26
A ∈ D{01}(m)

� #&%v	���	4�j7$� 7,	�� C@	�
T��	 �"!C98	��-#1�E��7 {xk}∞k=1

�&

Rm
↓
� ����
@98	�� :��&
 :m#1�

� �E<3�.#&%[	�����%
xk
% ��9,�&
 :����j7�#.�&
T�-#��3
T��
 & �h	������x�,�������&
T�E#A	�7!� ��
�� 7 C'��%_#&% ��#

lim
k→∞

B(xk) = A.

� $ #j! {xk}∞k=1

�j7*��
26�7,	�� C@	�
T��	5�"!X9�	��-#1����7*�&

Rm
↓
<3�.#&%$
T��
 & �h	���� 	�
0#.���1	�7@��!z�E� < %�����%4#&%'	X7,	�� C@	�
T��	 {B(xk)}∞k=1�x�E
@98	�� :�	�7!� #&%'	�
 #&%'	�
7C < �x	��2��!�A'�87��.#.�&98	 %L��
��[#&%'	z��	&!-���x	2
�	 :��E#.�j9�	 ' �x�h���"�E�j
T��#A	�72�"! xk

� 7�����
v7�#1�E
0#�� !-��� ���&�
����� :�	 	�
T�%C :8%

k
�

� ¡ ¿X¿��@� ¢�$ ortv�v�bzd��jLy3f>wDy¬iLwDy3�3q§�
A
f>w}�

r1
z}|)jU�¬qs| y3f)j�­)���3y¬��z \ °

r2
qs| y3f)jL��jU�Uz}| � wD| � ��z!z}|¹®¥¯Ôymq{�

�\u{j�wD�6y3f>wDy
n ≥ r1 ≥ r2 ≥ · · · ≥ rn ≥ 0

wD| � y3f>wDy���jU�\y�z}�
(r1, r2, . . . , rn)

tv|vq��rt)j\us� � j\y�j\�3i�qs|)jU�
A
®5^6j�­)|)j

p = max{t | rt ≥ t} ®�¯Ô|H«æz}�3iLwDusus��°?y3fvq{�¬q{�my3f)jk��qs³�jLzD«gy3f)jkuxwD�3��jU�3y-�v�3qs|)�\qs�vu{jL�3tv¨viLwDy3�3q§�X° \ qsy3f j\��j\�3� j\|�y3�3�j��rt>wDu8y�z�z}|)jd°*y3f>wDy \ jk��wD|/­)| � qs|/y3f)j�tv�v�bj\���èu{j�«Qy-�Uz}�3|)j\�¬zD«
A
®k�)z}�¬j�w}��f

j ∈ {p + 1, . . . , n} � j�­)|)jLy3f)j��j��rt)j\|)�Uj
xk

j = − 1

kn+p−j+1
, k = 1, 2, ...,

wD| � «æz}�
j�w}��f
i ∈ {1, . . . , p} ° � j�­)|)jmy3f)j·��j��rt)j\|)�Uj

xk
i =

1

kn+p−ri+0.5
, k = 1, 2, ....

egf)j\|¹°)«Áz}�
j\��j\�3�
k
y3f)j·�3�Bi�ikj\y3�3q{�·iLwDy3�3q§� B(xk)

q{�
�dqs��j\|�¨��;i

Ç?Ç ÎEtvuxwzy�{



��� ��������< 	 BD�����.�z�����)���j7�#1� :	� :;	�
T���E9

� ¯è« i ≤ p, j ≤ p
°Hy3f)j\| Bij(xk) = 1 �

� ¯è« i > p, j > p
°Hy3f)j\| Bij(xk) = 0 �

� ¯è« i ≤ p, j > p
°Hy3f)j\| Bij(xk) =

1

1 + kj−ri−0.5

®

¯Ôy�q{�
j�w}�3�¥y�zk��jUj6|)z \ °vy3f>wDy B(xk)
�Uz}|r��j\�3��jU��y�z

A
®

� $ Y*j\y
pk

¨bj·y3f)jm|rtvi¬¨bj\�·zD«��bzd�3qsy3qs��j-j\|�y3�3q{jU��qs|Jy3f)j¬��jU�\y�z}�
xk ® d����3tvikjmy3f)j-��j��rt)j\|)�Uj {pk}

� zBjU��|)z}y
¨bjU�Uz}ikj·�Uz}|)�3y�wD|�y
«Q��z}i ��z}ikj6�bz}qs|�y
z}|¹®Ãorqs|)�Uj

pk

q{�
wD|¸qs|�y�j\��j\�
¨bj\y \ jUj\|Ê�·wD| �
n
°By3f)j\��jmwD��j�y \ z�qs|�y�j\��j\���

swD| �
t
f
1 ≤ s < t ≤ n

g�y3f>wDy·wD�v�bj�wD�+qs|H­)|vqsy�j\us�!iLwD|���y3qsikjU��qs|~y3f)j-��j��rt)j\|)�Ujd®5k qsy3f)z}tvy�u{zd����zD«Ã��j\|)j\��wDusqsy©��°
\ jmiLwU��w}����tvikj·y3f>wDy
y3f)j¬�Uz}|)��y�wD|�y+��tv¨)��j���t)j\|)�Uj \ qsy3fJj\u{j\ikj\|�y���j���t>wDu*y�z

s
fQ��jU���¹®

t
g(q{�

p2k

fQ��jU�3�¹®
p2k+1

g�®
egf)j6«èw}�\y�y3f>wDy

Btt(x2k) = 0
wD| � Btt(x2k+1) = 1,

�Uz}|ry3��w � q{�\y���y3f)jm�Uz}|r��j\�3��j\|)�Uj-zD« {B(xk)} ®

� ���������
	��
	��-	��b�
�����?	�� �+���?���;���
�

¯Ô|¶y3fvq{����jU�\y3q{z}|¹° \ j·�Uz}i��vtvy�j6y3f)jm±(uxwD�3²�j6��j\|)j\��wDusqs³�j �¸´ w}�Uz}¨vqxwD| a ��°)oBjU�\y3q{z}|J�H® b e zD«*y3f)j��v��zD�1jU�\y3q{z}|�z}|ry�z
Sn
+

°
� j�­)|)j � ¨��

∂CPSn
+

(X) = conv

{

lim
k→∞

∇PSn
+

(Xk) |Xk → X,∇PSn
+

(Xk)
j��Hq{�3y��

, Xk 6∈ N

}

,
f1� )�g

\ f)j\��j
N ⊂ Sn f>w}� Y*j\¨�jU�3�dt)j¥ikj�w}�3tv��j¥³�j\��zv® egf)j�«èw}�\y�°�y3f>wDy-y3f)j � j�­)|vqsy3q{z}| zD«�y3f)j�±(uxwD�3²�j¥��j\|)j\��wDusqs³�j �

´ w}�Uz}¨vqxwD| � zrjU�
|)z}y � j\��j\| � z}|¸y3f)jm��f)z}q{�Uj-zD«�y3f)j6|rtvusu?��j\y
N
°Hq{���>wD�3y�zD« a ���H°)egf)jUz}��j\i l e ®

���¥±�z}��z}usuxwD�3�~�d® b °Hy3f)j+��j\y�zD«*iLwDy3�3q{�UjU�gqs|
Sn \ qsy3f¥i¬tvusy3qs�vu{j·j\qs��j\|r�}wDust)jU�
f>w}�)f.Y*j\¨�jU�3�dt)jhgÃikj�w}�3tv��j�³�j\��zv®egfrt)��° \ jgiLw��;w}���3tvikj \ qsy3f)z}tvy�u{zd����zD«#��j\|)j\��wDusqsy©��°ry3f>wDy�y3f)jg��j\y

N
qs|_f1� )�g��Uz}|�y�wDqs|)��y3f)j���j\y�zD«bwDusuv�3�Bi�ikj\y3�3q{�

iLwDy3�3q{�UjU� \ qsy3fÊ��j\�bj�wDy�j � j\qs��j\|��dwDust)jU��®_d+u{��zv°*¨r�/egf)jUz}��j\i �H®onB°?«æz}�my3f)j��d��w � q{j\|�y ∇PSn
+

(Xk)
y�z!j��Bq{�3y�°�y3f)j

iLwDy3�3q§�
Xk

i¬t)��y�¨bj�|)z}|%�©�3qs|v�dtvuxwD��®Êegf)jU��j¥y \ z z}¨)��j\�3�dwDy3q{z}|)�kwD��j¥¨�j\fvqs| � �bz}qs|�y
(ii)

qs|&y3f)j � j�­)|vqsy3q{z}| zD«
C(X)

¨bj\u{z \ ®

�¥» �Ê¢v¡�
 3 � � �
X

�?¿��¹½ � � � . � #Q¢v¡�$ � z}y3q{�Uj�y3f>wDy¹y3f)j���j\|)j\��wDusqs³�j �-´ w}�Uz}¨vqxwD|¬q{�?wDus��j�w � ��²B|)z \ |�wDyX|)z}|%�©�3qs|v�dtvuxwD�
iLwDy3�3q{�UjU��®XY¹j\y

X
¨bjmw�|)z}|%�©�3qs|v�dtvuxwD��iLwDy3�3q§�¶qs|

Sn ®�egf)jUz}��j\i��H®on��3y�wDy�jU�
y3f>wDy
δ ◦ λ

wD| �
PSn

+

wD��j
C∞ wDy

XwD| � y3f)j\��j�«æz}��j
∂CPSn

+
(X) = {∇PSn

+
(X)} = {O(n)X ·

(

Diag(12)B(λ(X))
)

}, f1����g
\ f)j\��j¬y3f)jm��jU�Uz}| � j��rt>wDusqsy©�¥«æz}usu{z \ ��«Á��z}i Z �rt>wDy3q{z}| f1�\l�gU®8¯©|�egf)jUz}��j\i F ®onB° \ j¬��j\|)j\��wDusqs³�jmy3fvq{�g«æz}�3i¬tvuxw�«Áz}�
wD|!wD�3¨vqsy3��wD�3�¶iLwDy3�3q§�

X
®
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�� 
0UE
7��S �LQ��-
�����S;r'N � Q1SKU
¯Ô|-y3fvq{���3tv¨)��jU�\y3q{z}| \ j \ qsusu � j\�3qs��j�ikz}��jg�Uz}|���j\|vq{j\|ry8��j\�v��jU��j\|�y�wDy3q{z}|kzD«#y3f)jÃ�3qs�dfry��èf>wD| � �3q � j(zD«�Z ��t>wDy3q{z}|_f1� )�g�®
�)z}��wD|��

X
qs|

Sn ° \ j � j\|)z}y�jm¨�� C(X)
y3f)j·��j\y�zD«���j��rt)j\|)�UjU��qs|

Sn
\ qsy3f�y3f)j6«æz}usu{z \ qs|v��y3fv��jUj·�v��z}�bj\�3y3q{jU�,i

fQqjg {Xk}∞k=0

�Uz}|���j\�3��jU�+y�z
X �

fQqsqjg
Xk

q{�
|)z}|%�©�3qs|v�dtvuxwD�+wD| � f>w}� � q{��y3qs|)�\y�j\qs��j\|��dwDust)jU�
«æz}�
j\��j\�3�
k �

fQqsqsqjg�egf)j6usqsi�qsy
lim

k→∞
B(λ(Xk))

j��Bq{��y���®

ÅQÆ?Ç?ÅQÈ
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k/jmqs|�y3��z � t)�Ujmy3f)jm��j\y
zD«8wDusuX�bzd���3qs¨vu{j·�3t)��f�usqsi�qsy��

L(X) =

{

lim
k→∞

B(λ(Xk)) | {Xk}∞k=0 ∈ C(X)

}

.
fæ�d��g

1Ã» � �Ê¢ 3 � ( � 	z#
X ∈ Sn

���V%'	�


∂CPSn
+

(X) = conv
{

O(n)X · (Diag (12)L(X))
}

.
fæ�H�hg

� ¡ ¿X¿��@� ^6j\|)z}y�jky3f)jk�3qs�df�y��èf>wD| � �3q � jkzD« Z �rt>wDy3q{z}| f1� )�g�¨r� E ®�egf)jkqs|)�\ust)�3q{z}| ⊇ q{�mj�w}�3��®�¯©| � jUj � °?y�wD²�j
U ∈ O(n)X ° B ∈ L(X)

°�wD| � u{j\y
Xk

¨bjkw���j���t)j\|)�Uj�qs| C(X)
°*��t)��f y3f>wDy B(Xk)

y�j\| � �·y�z
B
®-egf)j\|¹°¹«Áz}�

j\��j\�3�
k ∈ N

��j\y
Yk = U

(

Diag λ(Xk))U
>,

wD| � |)z}y�jd°)t)�3qs|v�Df1�\l�g\°Hy3f>wDy

∇PSn
+

(Yk) = U
(

Diag(12)B(λ(Xk))
)

U> −→ U(Diag(12)B )U>.

'�j\|)�Uj
U(Diag (12)B )U> ∈ E wD| � y3f)j·qs|)�\ust)�3q{z}|Jq{���v��z���j � ®e?z¶�v��z���j ⊆ °by�wD²�j M ∈ E wD| � w¥��j���t)j\|)�Uj {Xk}

zD«(|)z}|%�©��qs|v�dtvuxwD�·iLwDy3�3q{�UjU� \ qsy3f � q{�3y3qs|)�\ymj\qs��j\|��dwDust)jU�
�Uz}|r��j\�3�dqs|v��y�z

X
°>�3t)��f�y3f>wDy

lim
k→∞

∇PSn
+

(Xk) = M.
fæ�d��g

Y¹j\y
Xk = Uk(Diag λ(Xk))U

>
k

¨bj¥y3f)j¸z}� � j\��j � �3�bjU�\y3��wDu � jU�Uz}i���zd��qsy3q{z}|)�LzD«+y3f)j
Xk

®&��� egf)jUz}��j\i��H®onB°
YXqsi�qsy=fæ�d��g�¨bjU�Uz}ikjU�

lim
k→∞

Uk

(

Diag (12)B(λ(Xk))
)

U>
k = M.

fæ� F g
� z \ ° \ jmj��Hy3��w}�\y��3tv¨)��j��rt)j\|)�UjU��«Á��z}i

Xk

i

� orqs|)�UjLy3f)j¥z}�3y3f)z}��z}|>wDug�d��z}tv� q{�;�Uz}i��>w}�\y�°�y3f)j\��j¥q{�;w��3tv¨)��j��rt)j\|)�Ujd° f � j\|)z}y�j¥qsy;wD��wDqs|N¨�� {Xk}
g·«Áz}�

\ fvq{��f {Uk}
�Uz}|r��j\�3��jU��y�zL��z}ikj

U ∈ O(n)
®?s~z}��jUz���j\��°>¨��¸�Uz}|�y3qs|rtvqsy©�JzD«�y3f)j·j\qs��j\|��dwDust)jU��z}|

Sn fÁ��jUjjd® �)® a � F °>oBjU�\y3q{z}|~�H® F ®s� e g�° \ j·f>w���j·y3f>wDy
X = U(Diag λ(X))U> ®

� ���_Y¹j\i�iLw��H® )H°�y3f)j���j��rt)j\|)�Uj {B(λ(Xk))}
q{�+¨bz}tv| � j � wD| � y3f)j\��j�«Áz}��j \ j¬iLw���y�wD²�j�wL�3tv¨)��j��rt)j\|)�Uj

f � j\|)z}y�j·qsy�wD��wDqs|J¨r� {Xk}
g�°v�3t)��f�y3f>wDy B(λ(Xk))

�Uz}|���j\�3��jU�+y�zk��z}ikj
B ∈ D[01](n)

®
��w}���3qs|v��y�z�y3f)j6usqsi�qsygqs|/fæ� F g \ j6z}¨vy�wDqs|

M = U
(

Diag(12)B
)

U> °vwD| � y3f)j·��jU�Uz}| � qs|)�\ust)��q{z}|¸q{�(�v��zÄ��j � ®


 J&p � ��N�� 
7��PEQ0
0W�N��CP�� 
 W 
vP L(X)
Y¹j\y

X
¨bj6qs|

Sn wD| � ��jU��wDusu*¯ � j\|ry3qsy©� f1�hg�i pX + qX = n − nX

®XY¹j\y+wDu{��z

λ(X) = (λ1(X), . . . , λpX (X), 0, . . . , 0, µpX+nX+1(X), . . . , µn(X)),
fæ�Dl�g

\ f)j\��j�y3f)j\��j¥wD��j
nX

³�j\��zd�-qs|Ê¨bj\y \ jUj\|¹®_k/j � j�­)|)j�y \ z!��tv¨)��j\y��-zD«
Sn ° � j\|)z}y�j � ¨r� D{01}(X)

° D[01](X)��jU�3�bjU�\y3qs��j\us��°>zD«8wDusuXiLwDy3�3q{�UjU��zD«�y3f)j6«æz}�3i_i


























1pX×pX 1pX×nX Λ

1nX×pX S(nX) 0nX×qX

Λ> 0qX×nX
0qX×qX



























.
fæ�d��g
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\ f)j\��j S(nX)
q{�
j��rt>wDu¹y�z D{01}(nX)

° D[01](nX)
��jU�3�bjU�\y3qs��j\us��°>wD| � y3f)j

pX × qX
iLwDy3�3q§�

Λ
f>w}�
j\|�y3�3q{jU�

Λij =
λi

λi − µpX+nX+j

,
«æz}��wDusu

1 ≤ i ≤ pX , 1 ≤ j ≤ qX .

� � ¢!� " # » 3 �)3 • ¯è« X
q{��y3f)j6³�j\��zkiLwDy3�3q§�¶qs|

Mn ° \ j·f>w���j

D{01}(X) = D{01}(n)
wD| � D[01](X) = D[01](n).

• ¯©« X
q{��|)z}|%�©�3qs|v�dtvuxwD��°#z}¨)��j\�3��j6«Á��z}iO^�j�­)|vqsy3q{z}|µ�H® b y3f>wDy \ jmf>wU��j

D{01}(X) = D[01](X) = {B(λ(X))}.

egf)jm��z�wDu¹qs|�y3fvq{�
�3tv¨)��jU�\y3q{z}|�q{��y�z;�v��z���j¬y3f)j·qs|)�\ust)�3q{z}|)�

D{01}(X) ⊆ L(X) ⊆ D[01](X),

\ f)j\��j�y3f)j���j\y L(X)
q{� � j�­)|)j � ¨r� Z �rt>wDy3q{z}| fæ�d��g�®!egf)jk|)j��Hy¬y \ z~�v��z}��zd�3qsy3q{z}|)���3f)z \ y3f)jL­)���3y�wD| � y3f)j

��jU�Uz}| � qs|)�\ust)�3q{z}|¹°v��jU�3�bjU�\y3qs��j\us��®

� ¡ ¿ " ¿ � �   �Q¿�� 3 ��� 4 �98/� < �E#.���?8
X
�&


Sn
� 4 �����E
76

A ∈ D{01}(X)
�4#&%'	��x	 	;8�� 7z#&7�� 7-	�� C@	�
T��	 {Xk}

�j

C(X)

�X7 C'��%_#&% ��#
lim

k→∞
B(λ(Xk)) = A

�

� ¡ ¿X¿��@� Y*j\y
X = U

(

Diag λ(X)
)

U> ¨bj�wD|µz}� � j\��j � �3�bjU�\y3��wDu � jU�Uz}i��bzd�3qsy3q{z}|/zD«
X
° \ f)j\��j���jU�\y�z}�

λ(X)q{� � jU���\�3qs¨bj � ¨r� fæ�Dl�g�® orqs|)�Uj
A ∈ D{01}(X)

°
A
f>w}�;wJ¨vu{zB��²Ê�3y3�3t)�\y3tv��j¶w}� � jU���\�3qs¨bj � ¨r� fæ�d��g\®DY¹j\y

B ∈
D{01}(nX)

¨�j�y3f)j��Uj\|�y3��wDu�¨vu{zr��²�qs|ky3fvq{�Ã��j\�v��jU��j\|�y�wDy3q{z}|¹®?d+�v�vus�rqs|v� Y¹j\i�iLw¬�H®s��� \ qsy3f
m = nX

wD| �
B
�dqs��jU�

wL��j���t)j\|)�Uj {xk} ⊂ RnX

↓
�Uz}|r��j\�3�dqs|v�¶y�z

0 ∈ RnX
\ qsy3f~j�w}��f~��jU�\y�z}�

xk f>wU�Bqs|v� � q{�3y3qs|)�\y�°#|)z}|%�è³�j\��zd�6j\|�y3�3q{jU��°
�3t)��fµy3f>wDy

lim
k→∞

B(xk) = B
wD| � �3t)��f~y3f>wDy�y3f)j¬|rtvi¬¨bj\�mzD«8��zd�3qsy3qs��j�j\|�y3�3q{jU�6zD«

xk q{�6�Uz}|)�3y�wD|�y�«æz}�+j\��j\�3� k
®

^6j�­)|)j
dk =

(

λ1(X) +
pX
k

, . . . , λpX (X) +
1

k
, xk, µpX+nX+1(X) +

qX
k

, . . . , µn(X) +
1

k

)

,

wD| �
Xk = U(Diag dk)U

> ®Êegf)j\|¹°�«æz}� k
uxwD�3��j¶j\|)z}tv�df¹°

Xk

f>w}� � q{��y3qs|)�\y;j\qs��j\|r�}wDust)jU�¥wD| � y3f)j¸��j���t)j\|)�Uj
{Xk}

�Uz}|r��j\�3��jU�·y�z
X
®·�vtv�3y3f)j\�3ikz}��jd°b«æz}�·wDusu�uxwD�3��j;j\|)z}tv�df

k
\ j�f>wU��j

λ(Xk) = dk ∈ Rn
↓
®���qs|>wDusus��°bt)�3qs|v�

^6j�­)|vqsy3q{z}|~�H® b °)qsy�q{��|)z}y � q��L�\tvusy
y�zk��jUj6y3f>wDy
lim

k→∞
B(λ(Xk)) = A

®Ã±(u{j�wD�3us��° {Xk}
q{��qs| C(X)

®

� ¡ ¿ " ¿ � �   �Q¿�� 3 �
� � 	z#
X ∈ Sn

��
T����	-# {Xk} ∈ C(X)
�x	 7!Cv��%_#&% �E# {B(λ(Xk))} �x��
098	�� :�	�7 #1� B

� #&%'	z

B����	�7$�j
 D[01](X)

�

� ¡ ¿X¿��@� �(��y3f)j·��jU�Uz}| � �>wD�3y
zD«�Y¹j\i�iLw��H®s���H° \ j6iLwU�¶�3tv�v�bzd��j \ qsy3f)z}tvy�u{zd����zD«*��j\|)j\��wDusqsy©�¶y3f>wDy
pXk

= p
®

�����Uz}|ry3qs|�tvqsyÔ��zD«�j\qs��j\|��dwDust)jU��z}|
Sn fÁ��jUj·jd® �)® a � F °v�H® F ®s� e g�wD| � y3f)j�«æw}�\ygy3f>wDy {Xk}

�Uz}|���j\�3��jU�
y�z
X
\ j·��j\y

pX ≤ p ≤ pX + nX

®?Y¹j\y

λ(Xk) = (λk
1 , . . . , λ

k
p, µ

k
p+1, . . . , µ

k
n),

wD| �

λ(X) = (λ1, . . . , λpX
, 0, ..., 0, µpX +nX+1, . . . , µ

k
n)

k/jm�Uz}i��vtvy�j
B = lim

k→∞
B(λ(Xk))

¨r�¸�Uz}|)�3q � j\�3qs|v�L��j\��j\��wDu*��w}��jU��®

• ¯©« i ≤ pX
wD| �

j ≤ p
°Hy3f)j\| Bij(λ(Xk)) = 1

«Áz}��wDusu
k
qsi��vusq{jU��y3f>wDy

Bij = 1 �
• ¯©« i ≤ pX

wD| �
p < j ≤ pX + nX

°Hy3f)j\| Bij(λ(Xk)) =
λk

i

λk
i −µk

j

qsi��vusq{jU�
Bij = 1 �

ÅQÆ?Ç?ÅQÈ
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• ¯©« i ≤ pX
wD| �

pX + nX < j
°)y3f)j\| Bij(λ(Xk)) =

λk
i

λk
i
−µk

j

qsi��vusq{jU�
Bij = λi

λi−µj
�

• egf)j6�v�3qs|)�\qs�vu{jm��tv¨viLwDy3�3q§�¸zD« B(λ(Xk))
«Áz}�3ikj � ¨r��y3f)j¬j\|�y3�3q{jU� \ qsy3f�qs| � j��vjU�

i, j ∈ {pX + 1, ..., pX + nX}q{��°B¨r��Y¹j\i�iLw��H® )H°Bqs|¶y3f)j6��j\y D[01](nX)
®Ãorqs|)�Uj D[01](nX)

q{�g�\u{zd��j � °Hy3f)j6��wDikj6�3tv¨viLwDy3�3q§�¥zD«
B
\ qsusu*wDu{��z-¨�j

qs| D[01](nX)
®

• ¯©« pX < i ≤ p
wD| �

pX + nX < j
°vy3f)j\| Bij(λ(Xk)) =

λk
i

λk
i −µk

j

qsi��vusq{jU�
Bij = 0 �

• ¯©« p < i
wD| �

pX + nX < j
°vy3f)j\| Bij(λ(Xk)) = 0

°>wD| � y3f)j\|
Bij = 0

®
orqs|)�Uj B q{�
�3�Bi�ikj\y3�3q{�d° \ j·f>wU��j¬qsy��
�Uz}i��vu{j\y�j � jU���\�3qs�vy3q{z}|¹° \ fvq{��f!��f)z \ ��y3f>wDy B ∈ D[01](X)

®

k/j¬�3tvi�iLwD�3qs³�jmy3f)j6��jU�3tvusy���qs|¸y3fvq{�
�3tv¨)��jU�\y3q{z}|Jqs|�y3f)j�«Áz}usu{z \ qs|v�L�v��z}�bzd�3qsy3q{z}|¹®

� ¡ ¿ " ¿ � �   �Q¿�� 3 �.- 4 ��� ��
76 < �E#.���98
X ∈ Sn

< 	$% ��98	4#&%'	 �&
T�z� C�7��.�E
v7

D{01}(X) ⊆ L(X) ⊆ D[01](X).

#j!!�?�j
 A'���z#.�.� C������!�
X
� 7C
T��
 & 7��&
 :%C �����@�X#&%v	$�&
T�z� C�7�����
v7)% ����� <3�&#&%[	�� Cv�����&#.�1	�7

D{01}(X) = L(X) = D[01](X) = {B(λ(X))}.
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k/j�wD��j�|)z \ qs|�w6�bzd�3qsy3q{z}|ky�zm�Uz}i��vtvy�j�y3f)j+±(uxwD�3²�j
��j\|)j\��wDusqs³�j �¥´ w}�Uz}¨vqxwD|¶zD«

PSn
+

wDy(wD|�wD�3¨vqsy3��wD�3�k���ri�ikj\y3�3q{�
iLwDy3�3q§�

X
®

��� »r¿ ¡ » � 3������!+ #Q¢v¡�
 » . »��*» ¡`¢!# ����» À � ¢v£ ¿ � � ¢ � $ � 	-#
X
�x	=��
76

n × n
7!6�<=< 	z#.���.� < �E#.���98�� �V%'	����������E	

:�	z
�	������ � �h	x� � ���x���z�.��
 �"!
PSn

+

� #&%v	 AT���"+-	x�-#.�.�E
 < �!A �E
0#1� #&%'	[�x��
�	[�"! Av�87��.#.�j9�	27-	z< � & ��	&>?
@�.#A	2< �E#.���.��	�7@� �E#
X
�j7

∂CPSn
+

(X) = conv
(

O(n)X · (Diag (12)D{01}(X))
)

,
fæ� b g

< %'	z��	 D{01}(X)
�j7$��	&>?
�	��m� 6 fæ�d��g �

� ¡ ¿X¿��@� ���¥����z}��zd��qsy3q{z}| F ® b ° \ j·f>wU��j·y3f)jmqs|)�\ust)�3q{z}|)�

D{01}(X) ⊆ L(X) ⊆ D[01](X).

d+�v�vus�rqs|v�Ly3f)j
Diag(12)

z}�bj\��wDy�z}�+wD| � �Uz}|}�1tv��wDy3qs|v�)° \ j·��j\y

O(n)X · (Diag (12)D{01}(X)) ⊆ O(n)X · (Diag (12)L(X))

⊆ O(n)X · (Diag (12)D[01](X)).

e�wD²rqs|v��y3f)j·�Uz}|���j���f�tvusu*y3fv��z}tv�df)z}tvy�° \ jm��j\y

conv
(

O(n)X ·
(

Diag(12)D{01}(X)
))

⊆ ∂CPSn
+

(X)

⊆ conv
(

O(n)X ·
(

Diag(12)D[01](X)
))

= conv
(

O(n)X ·
(

Diag(12)convD{01}(X)
))

= conv
(

O(n)X ·
(

conv Diag(12)D{01}(X)
))

⊆ conv
(

O(n)X ·
(

Diag(12)D{01}(X)
))

.

� �Uö��rÐ1ç�ç
Í	��
 � �

� ��ö
��Ð1ç�ç
Í � 
	��{ �
� ïæíòÎDÏÑÐ Diag(12) íòï¹ùòíîÎ`Ð3Í�Ì �

� �Uö��rÐÑç�ç
Í ��
 w (ii) �
egfrt)��° \ j¬i¬t)�3y�f>wU��jmj��rt>wDusqsy3q{jU�
y3fv��z}tv�df)z}tvy6wD| � y3f)j6��jU�3tvusy�«æz}usu{z \ ��®

Ç?Ç ÎEtvuxwzy�{
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� � ¢!� " # » 3 ���*�
X = 0

$ ¯Ô|¸�>wD�3y3q{�\tvuxwD��° \ f)j\|
X = 0

° \ jmz}¨vy�wDqs|�y3f)j6«æz}�3i¬tvuxw

∂CPSn
+

(0) = conv
(

O(n) · (Diag(12)D{01}(n))
)

.

� � ¢!� " # » 3 ���*�
X

�?¿��¹½ � � � . � #Q¢v¡�$ k f)j\|
X
q{�¬w¶|)z}|%�©�3qs|v�dtvuxwD�-iLwDy3�3q§�µqs|

Sn �)z}�3i¬tvuxw fæ� b g���j � t)�UjU�¬y�z
�)z}�3i-tvuxw f1����g(�Bqxw�����z}�bzd�3qsy3q{z}| F ® b ®

�¥» �Ê¢v¡�
 3 � � �#��� � ¢H k¢v� ¿ �¹ 
PS

n

−

� $ k/j-��wD|µw � wD�vy+y3fvq{�6�3y3t � �¸y�z�z}¨vy�wDqs| �3qsi�qsuxwD����jU�3tvusy��·wD¨bz}tvy
PSn

− �y3f)j6�v��zD�3jU�\y3q{z}|�z}|�y�z�y3f)j·�Uz}|)j6zD«�|)j\��wDy3qs��j � j�­)|vqsy�j6iLwDy3�3q{�UjU��®8egfvq{���v��zD�3jU�\y3q{z}|¸q{�
wDu{��z � q§¦Xj\��j\|�y3qxwD¨vu{j¬wDy
wD|r�
|)z}|%�©�3qs|v�dtvuxwD�+iLwDy3�3q§�

X
wD| � qsy����d��w � q{j\|ry�wDy

X
q{��j��B�v��jU����j � �Bqxw

∇PSn
+

(X) = U
(

Diag(12)B′(λ(X))
)

U>,

\ qsy3f
U ∈ O(n)X wD| � B′(x) ∈ Sn � j�­)|)j � «æz}�
wD|�� x ∈ Rn

↓
\ qsy3f¸|)z}|%�è³�j\��zd��j\|ry3�3q{jU� f

p
��zd��qsy3qs��jd°

q
|)j\��wDy3qs��jd°

wD| �
p + q = n

g(¨r�
� ¯è« i ≤ p, j ≤ p

°Hy3f)j\| B′ij(x) = 0 �
� ¯è« i > p, j > p

°Hy3f)j\| B′ij(x) = 1 �
� ¯è« i ≤ p, j > p

°Hy3f)j\| B′ij(x) =
xj

xj − xi

�

� ¯è« i > p, j ≤ p
°Hy3f)j\| B′ij(x) =

xi

xi − xj

®

�vtv�3y3f)j\����jU�3tvusy��
«Áz}�
PSn

−

«æz}usu{z \ °#qs|!wD|µwD|>wDu{z}��z}t)� \ wU�Jw}�
y3f)zd��j·«æz}�
PSn

+

® � z}y3q{�Ujmy3f>wDy \ j-wDu{��zk��wD|J��j\y3�3q{j\��j
y3f)j � q§¦Xj\��j\|�y3qxwD¨vqsusqsyÔ���v��z}�bj\�3y3q{jU��zD«

PSn
−

«Á��z}i y3f)zd��j·zD«
PSn

+

�rqxw;egf)jUz}��j\i9�H®ò�H®

� H �+ #	��b�b"-��� �
��� �9 �"-	%���
�Ã'!	��
�g ����
�����-�  #"-	.���
��2
	���" 	����

Y¹zBz}²Bqs|v� wDy;�)z}�3i-tvuxw fæ� b g�°�z}|)jLq{��y�j\i��vy�j � y�z!j��v��f>wD|v��j¥y3f)j¥z}��j\��wDy3q{z}|)��zD«
y�wD²Bqs|v�µy3f)j��Uz}|r��j�� frtvusugwD| �
y�wD²Bqs|v��y3f)j�z}�3¨vqsy��mtv| � j\�¬y3f)jkw}�\y3q{z}|ÊzD«

O(n)X ®;¯Ô| y3fvq{�m��jU�\y3q{z}| \ jLw �v� ��jU���·y3fvq{�mq{���3t)jd® k/jk�3f)z \ y3f>wDy·q§«
y3f)j�i¬tvusy3qs�vusq{�\qsyÔ� zD«
y3f)jk³�j\��z~j\qs��j\|��dwDust)j�q{�¬³�j\��z!z}��z}|)j \ j¥��wD| j��v��f>wD|v��j

conv
\ qsy3f

O(n)X °�¨vtvy¬q§«
y3f)ji-tvusy3qs�vusq{�\qsy©��q{��wDy�u{j�w}��y
y \ z \ jd°)qs|¸��j\|)j\��wDuè°>��wD|v|)z}y�j��v��f>wD|v��j¬y3f)jU��j·z}��j\��wDy3q{z}|)�Ä®

	?JLI q �AN3r�� �XQAS � NVU?S
� SKU�� �$�1N3r�� r'N UXW�PES;U P � S�P ��QAr 
TW
Y¹j\y

X
¨bjmw;�3�ri�ikj\y3�3q{�miLwDy3�3q§� \ qsy3f!j\qs��j\|��dwDust)jU�

λ1(X) = · · · = λk1(X) > λk1+1(X) = · · · = λk2(X) > λk2+1(X) · · · λkr
(X),

\ f)j\��j
kr = n

® egf)j¥qs| � q{�UjU��zD«�y3f)j¶j���t>wDu�j\qs��j\|��dwDust)jU���>wD�3y3qsy3q{z}| y3f)j¶��j\y {1, ..., n} qs|&y�z r
¨vu{zr��²B�

I1 =
{1, 2, ..., k1}

°s®s®s®s°
Ir = {kr−1 + 1, ..., kr}

®
d�iLwDy3�3q§�

M
q{�m�FwDq � y�z¸¨�j �z� �,�z� �x��
v7z#1��
0# q§«

M i1i2 = M j1j2
\ f)j\|)j\��j\�

i1
°
j1
wD��j;qs|/y3f)j��FwDikj�¨vu{zr��²

wD| �
i2
°
j2
wD��j�qs|Ly3f)j��FwDikjd°��bzd���3qs¨vus� � q§¦Xj\��j\|�y�°B¨vu{zr��²�® k/j+��wU��y3f>wDygw·iLwDy3�3q§�Lq{� �����,���=�E�.��:���
T��� \ f)j\|¥qsyÃf>w}�

r
� �rt>wD��j-¨vu{zr��²B�6z}|Jy3f)j � qxwD��z}|>wDu \ qsy3f �3qs³�jU�+j��rt>wDu�y�zLy3f)j��3qs³�jU��zD«8y3f)j���j\y��

I1
°s®s®s®s°

Ir

°bwD| � ³�j\��zd�6j\u{��j \ f)j\��jd®
k/j � j\|)z}y�j�¨��

O(X,n)
y3f)j��d��z}tv�¸zD«?wDusu#¨vu{zB��² � qxwD��z}|>wDuXz}�3y3f)z}��z}|>wDu�iLwDy3�3q{�UjU�Ä®3k/j�|)jUj � y3f)j�«Áz}usu{z \ qs|v�;y \ z

u{j\i�iLw}��®
1Ã» � �Ê¢ ��� � 4 ��� ��
262�����,�����x��
@7�#1��
0# < �E#.���?8

M
��
T����
76������,�������.� :���
T���V�E��#&% �@:���
T��� < �E#.���98

U
< 	$% �E98	

U
(

Diag(12)M
)

UT = Diag(12)M.
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� ¡ ¿X¿��@� egfvq{�
u{j\i�iLw;q{��w��>wD�3y3q{�\tvuxwD�+��w}��jmzD« a �d�d°vY*j\i�iLwL�H® F�e ®8¯Ôyg«Áz}usu{z \ ��«Á��z}i y3f)j � j�­)|vqsy3q{z}|)��®

1Ã» � �Ê¢ ��� ( � 	z#
U
�x	 �����,���.#.�"��� 6 < �E#.���?82�"!

O(n)X
��� 	)%'��98	4#&%'	 ��	 AT��	�7-	�
0#1��#.�.��


O(n)X = U O(X,n)
�

� ¡ ¿X¿��@� ++¨)��j\�3��jLy3f>wDy¬q§«
V ∈ O(n)X °*y3f)j\| U>V

q{�-w¶¨vu{zB��² � qxwD��z}|>wDuè°�z}�3y3f)z}��z}|>wDu(iLwDy3�3q§�X®�egfrt)��° \ j
f>w���j

U>O(n)X ⊂ O(X,n)
z}��°bj���tvqs�dwDu{j\|�y3us��°

O(n)X ⊂ U O(X,n)
®6egf)j;�Uz}|���j\����j�qs|)�\ust)�3q{z}|!«æz}usu{z \ ��«Á��z}i

� j�­)|vqsy3q{z}|)��®

egfrt)��° \ qsy3f
U ∈ O(n)X ° \ j¬��wD| \ �3qsy�j

∂CPSn
+

(X) = conv
(

O(n)X · (Diag (12)D{01}(X))
)

= U · conv
(

O(X,n) · (Diag (12)D{01}(X))
)

.

k/jg��jUjÃy3f>wDy
conv

wD| �
O(n)X ��wD|�¨bj8qs|ry�j\����f>wD|v��j � °rq§«#wD| � z}|vus�¬q§«

conv
wD| �

O(X,n)
��wD|�¨�j(qs|�y�j\����f>wD|v��j � ®

	?J&p � Q�� 
7� 
TUVP�� ����P�Q �!�AQLrvQ�P�Q 
0W N��$P��E
��-
7��N 
0Q ��
0U R�S
� �E

�+jU��wDusu8y3f>wDy

pX
°
qX

wD��j�y3f)jL|�tvi¬¨bj\�-zD«��bzd�3qsy3qs��jLwD| � |)j\��wDy3qs��j�j\qs��j\|��dwDust)jU�¬��jU����jU�\y3qs��j\us�ÊwD| � y3f>wDy
nX

q{�
y3f)j·i-tvusy3qs�vusq{�\qsy©�JzD«�³�j\��zkj\qs��j\|r�}wDust)jd® � z}y3q{�Uj6y3f>wDy

� q§« nX = 0
°Hy3f)jm��j\y D{01}(X)

f>w}�
z}|)jmj\u{j\ikj\|ry fQ|>wDikj\us� B(λ(X))
g�°

� q§« nX = 1
°Hy3f)jm��j\y D{01}(X)

f>w}��y \ zLj\u{j\ikj\|ry���®
++¨)��j\�3��j�wDu{��z�y3f>wDy�°bqs|~y3f)jU��j¬y \ z¸��w}��jU�Ä°#j\��j\�3�!iLwDy3�3q§�!zD« D{01}(X)

q{��¨vu{zr��²J�Uz}|)�3y�wD|�y�® ���3qs|v��Y¹j\i�iLw¥l)®s�
y3f)j6«æz}usu{z \ qs|v����jU�3tvusy�y3f)j\|�¨bjU�Uz}ikjU���\u{j�wD��®

��� »r¿ ¡ » � � �)3 � 	-#
X
�x	=��
26

n × n
7 6�< < 	z#.�����$< �E#.���?8 % �E9,�j
�:�	z�?:�	z
@9���� Cv	 �h	���� <3�&#&%�<DC�� #.� AT� ���z�.# 6 �h	z�"�m���

��
;	����V%v	4����������	=:�	�
�	z�"����� �h	�� � ���x���z�.��
D�"!
PSn

+

� #&%'	 AT���"+-	x�-#.�.�E
m< � A_��
T#1�4#&%v	5����
�	)�"!�A'��7��.#.�j98	�7,	�<=� & ��	&>?
0�&#A	< �E#.���.��	�7@�*��#
X
� 7

∂CPSn
+

(X) = U
(

Diag (12)D[01](X)
)

UT ,
fæ��nEg

< %'	z��	 D[01](X)
� 7$��	&>X
�	��_� 6 fæ�d��g ��
T�

U ∈ O(n)X
�

k f)j\|
nX ≥ 2

°Bqs|¶��j\|)j\��wDuè° \ j6��wD|v|)z}ygqs|�y�j\����f>wD|v��j·y3f)j6z}��j\��wDy3q{z}|)�
conv

wD| �
O(n)X qs|¶�)z}�3i¬tvuxwmfæ� b g�®

k/j � zkf>wU��j·y3f>wDy

O(n)X ·
(

Diag(12)D[01](X)
)

= O(n)X · conv
(

Diag (12)D{01}(X)
)

$ conv
(

O(n)X · Diag(12)D{01}(X)
)

,

\ f)j\��j6y3f)j+­)���3y�j��rt>wDusqsy©��«Áz}usu{z \ ��«Q��z}i Y¹j\i�iLwk�H®s���;wD| � y3f)j6qs|)�\ust)�3q{z}|¶«Á��z}i Y¹j\i�iLw¶�d® l0fQqjg�®3k/j6�3f)z \ y3f>wDy
y3f)j�qs|)�\ust)�3q{z}|Lq{�(�3y3�3q{�\y8qs|k��j\|)j\��wDuè°r¨��k�3f)z \ qs|v�¬y3f>wDy(y3f)j
��j\y

O(n)X · (Diag(12)D[01](X))
q{�8|)z}yÃ�Uz}|r��j�� \ f)j\|

X
q{��y3f)j

2 × 2
³�j\��z�iLwDy3�3q§�X®

� ¡ ¿ " ¿ � �   �Q¿�� ����� #j!
X
� 7$#&%'	

2 × 2
�h	�����< �E#.���982#&%'	�
`#&%'	$7-	z#

O(n)X · (Diag(12)D[01](X))
fæ� )�g

�j7C
T�E# ����
@98	�8 �

Ç?Ç ÎEtvuxwzy�{



� ) ��������< 	 BD�����.�z�����)���j7�#1� :	� :;	�
T���E9

� ¡ ¿X¿��@� ^6j�­)|)j
T (a, b, c) =

(

a b
b c

)

,

w}� \ j\usu�w}�

U(φ) =

(

cos(φ) − sin(φ)
sin(φ) cos(φ)

) wD| �
V (φ) =

(

cos(φ) sin(φ)
sin(φ) − cos(φ)

)

.

egf)j\| \ j·f>wU��j

O(2)X = O(2) = {U(φ) | 0 ≤ φ < 2π} ∪ {V (φ) | 0 ≤ φ < 2π} ,

D[01](X) = {T (a, b, c) | a, b, c ∈ [0, 1]
wD| �

a ≥ b ≥ c} .

�)z}���dqs��j\|��>wD��wDikj\y�j\���
φ
°
a
°
b
wD| �

c
° � qs��jU�\y+�Uz}i��vtvy�wDy3q{z}|~�3f)z \ �

U(φ) · (Diag(12)T (a, b, c)) = V (φ) · (Diag (12)T (a, b, c)),

qsi��vus�Bqs|v�Jy3f>wDy-qsy¬q{�¬j\|)z}tv�df y�z \ z}�3²µz}|vus� \ qsy3f y3f)j�iLwDy3�3q{�UjU�
U(φ)

®¸±�z}|)��q � j\�¬y \ zJ�>wD�3y3q{�\tvuxwD��j\|�y3�3q{jU��qs|
y3fvq{�

4
�èy�j\|)��z}�,i

f(φ, a, b, c) =
(

U(φ) · (Diag(12)T (a, b, c))
)12
11,

g(φ, a, b, c) =
(

U(φ) · (Diag(12)T (a, b, c))
)22
11.

���3qs|v� Z �rt>wDy3q{z}|)� fQl�g�° fæ��g \ jm�Uz}i��vtvy�j
f
wD| �

g
j��B�vusq{�\qsy3us�;i

f(φ, a, b, c) = cos3(φ) sin(φ)(a − b) + cos(φ) sin3(φ)(b − c),

g(φ, a, b, c) = cos2(φ) sin2(φ)(a − b) − cos2(φ) sin2(φ)(b − c).

±�z}|)�3q � j\��y3f)j6«Áz}usu{z \ qs|v�Ly \ zk�bz}qs|�y��

M1 = (f(5π/6, 1, 0, 0), g(5π/6, 1, 0, 0)) = (−3
√

3/16, 3/16)

M2 = (f(4π/6, 1, 1, 0), g(4π/6, 1, 1, 0)) = (−3
√

3/16,−3/16).

e?z��3f)z \ y3f>wDy$fæ� )�g�q{��|)z}y��Uz}|���j��X°Hqsygq{�g�3t �L�\q{j\|�y�y�z��3f)z \ y3f>wDygy3f)j�i�q �v� u{jd°
(−3

√
3/16, 0)

°)zD«*y3f)j6��j\�dikj\|�y
[M1,M2]

q{�
|)z}y�qs|�y3f)j·��j\y

{(f(φ, a, b, c), g(φ, a, b, c)) | 0 ≤ φ < 2π, 0 ≤ a, b, c ≤ 1}.
ortv�v�bzd��j¶z}| y3f)j¶z}�v�bzd�3qsy�j�y3f>wDy�y3f)j\��j¸wD��j��}wDust)jU�;zD«

φ, a, b
wD| �

c
«æz}� \ fvq{��f

(f(φ, a, b, c), g(φ, a, b, c)) =
(−3

√
3/16, 0)

®�egf)j¥«èw}�\y
f(φ, a, b, c) 6= 0

qsi��vusq{jU�ky3f>wDy
cos(φ) 6= 0 6= sin(φ)

® egf)j\|¹°
g(φ, a, b, c) = 0qsi��vusq{jU��y3f>wDy

a − b = b − c,
fæ�d��g

wD| � ��tv¨)�3y3qsy3tvy3qs|v�ky3f>wDy
qs|ry�z
f(φ, a, b, c) = − 3

√
3

16

\ j·��j\y

cos(φ) sin(φ)(a − b) = −3
√

3

16
.

egf)j·uxw}��y
j���t>wDy3q{z}|!q{��j���tvqs�dwDu{j\|�y+y�z

sin(2φ)(a − b) = −3
√

3

8
.

� z}y3q{�Uj�y3f>wDy¥�3qs|)�Uj
a, b, c ∈ [0, 1]

°6Z �rt>wDy3q{z}| fæ�d��g�wDu{��z/qsi��vusq{jU�ky3f>wDy |a − b| ≤ 1/2
®ªegfvq{�k�dqs��jU��t)�ky3f)j

�Uz}|ry3��w � q{�\y3q{z}| | sin(2φ)| ≥ 3
√

3/4 > 1
®-egfrt)�·y3f)j;i�q �v� u{j�zD«

U(5π/6) · Diag (12)T (1, 0, 0)
wD| �

U(4π/6) ·
Diag (12)T (1, 1, 0)

� zrjU��|)z}y�usq{j·qs|
O(n)X · (Diag (12)D[01](X))

®
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egf)j�wDtvy3f)z}��� \ z}tvu � usqs²�j(y�z�y3f>wD|v² ´ j�wD|%�©�gwD�vy3q{��y�j '�qs�3qxwD�3y�� �+�3�3tvy©��wD| � d � �3qxwD| Y¹j \ q{��«Áz}��f)j\us�H«Átvu � q{���\t)���3q{z}|)��®

� 	��U	���	�����	�0

a � e �g® '�®#±*Y d����CZ
®�� A;#.�j<=� �,�E#.����
D�E
T��� ��
v7�< �h�E#&%  C
T��� 687��j7 ®�k qsu{j\��° � j \
	 z}�3²b°¹��� ) F ®
a � e ±�®�^ d/��¯3o�®6d+usu?�Uz}|���j��!qs|��dwD�3qxwD|�y�«Qtv|)�\y3q{z}|)�6zD«�f)j\�3i�qsy3qxwD|µiLwDy3�3q{�UjU��®  5����%��&9 ��	��4BD�E#&%v	�< �E#.� � ° )'iò��n b

���n )H°*���d��nB®
a F�e YÃ®î±�®EZ ��d � o-wD| � �-®õ��®��)d���¯ Z8� 	 ® B`	��87 C��x	��V%'	���� 64��
�� � �&
�	X(*���!Av	z��#.�1	�75�"! 4 C�
��-#.�.�E
v7 ®>±��
± ����jU����°

¯Ô|)�d®s°#ory3t � q{jU��qs|_d � �}wD|)�Uj � sµwDy3f)j\iLwDy3q{�U��°?���d�d�H®
a l e � ®�'+¯
�B' d5sN®+±�z}i��vtvy3qs|v�Jw�|)j�wD��jU��y6���ri�ikj\y3�3q{�-��zd��qsy3qs��j-��j\i�q � j�­)|vqsy�j�iLwDy3�3q§�X® � �j
;	����  5� :�	h���"� ��
T�
�.#&7� A A�� ���x�E#.����
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