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Le jacobien généralisé de la projection sur le cone des matrices
semi-définies positives
Résumé : Nous étudions les propriétés de différentiabilité de ’opérateur de projection sur le cone des

matrices semi-définies positives. Nous en explicitons en particulier ’expression du jacobien généralisé
de Clarke en une matrice symétrique quelconque.

Mots-clés : fonction spectrale, différentiabilité, jacobien généralisé de Clarke, analyse non-lisse,
valeurs propres.
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1 Introduction

1.1 Motivations

Let M™ be the Fuclidean space of n x n real matrices equipped with the standard inner product
(A, B) = trace (A'B) = >_i; AijBij. Denote by S™ the subspace of symmetric matrices and by S}
the cone of symmetric positive semi-definite matrices. Denote the projection from S™ onto S}* by Pgr.
Since ST is a closed and convex set, this projection is well defined and globally Lipschitz on S, see
[6, Proposition A.3.1.3]. By the Rademacher Theorem, [3, Chapter 3|, Pgp is differentiable almost
everywhere (in Lebesgue sense) on S™. Natural questions are therefore arising:

(i) Where is Pgn differentiable?
(ii) What is the Jacobian, VPgn(X), of Pgr at a point X € S™ where Pgp is differentiable?

(iif) What is the Clarke generalized Jacobian, OcPgy(X), of Pgp at a point X € S™ where Pgp is not
differentiable?

These are the questions that we answer is this paper. In particular, using differentiability properties
of spectral functions, our development culminates in Theorem 3.7 giving a complete description of the
Clarke generalized Jacobian.

1.2 Basic notation

By R we denote the set of vectors from R™ with coordinates ordered in non increasing order. The
function A : S™ — R maps a symmetric matrix to the vector of its eigenvalues, ordered non increas-
ingly:
M(X) > M(X) > - > A(X).

For any vector x in R™, by Diag x we denote the diagonal matrix with vector  on the main diagonal,
and by diag: M™ — R" we denote its dual operator: diag (X) = (X!,..., X™).

By px we denote the number of the positive eigenvalues of X € S™, by ¢x the number of negative
ones, and by ny the multiplicity of 0 as an eigenvalue. Clearly

px + qx = n —nx = rank of X. (1)

We denote by O(n) the compact group of n x n orthogonal matrices and by P™ the finite subgroup
of permutations matrices. We denote the set of all orthogonal matrices that give the ordered spectral
decomposition of X by O(n)¥, that is,

O(n)* ={U € O(n)| X = U(Diag \(X))UT }. (2)

For instance, observe that O(n)X = O(n) if X = 0.
Spectral functions are functions on S™ invariant under conjugation by elements from O(n): F(X) =
F(UT XU). Restricting a spectral function F to the subspace of diagonal matrices shows that

VX €St  F(X)=f(\X)),

where f(x) = F(Diagx) is a symmetric function on R", that is, f(z) = f(Px) for any P € P". Thus,
spectral and symmetric functions are in one-to-one correspondence. Many properties of F' are inherited
from its corresponding f and vice versa. For example, F' is convex on S" if, and only if, f is convex
on R™, see [2]. Moreover, F' is differentiable or twice differentiable at X € S™ if, and only if, f is such
at A(X), see Theorem 1.5 below.

RR n° 5490



4 Jerome Malick, Hristo 5. Sendov

1.3 Tensor notation

To conveniently handle the formulae for the first and second derivatives of spectral functions f o A, we
use some of the notation introduced in [10].

A k-tensor on R™ is a multi-linear, real valued function on R™ x --- x R™ (k-times). The set of all
k-tensors on R™ will be denoted by T%". By N,, we will denote the set {1,2,...,n}. For a fixed basis
in R", by T%% we denote the (i1,...,i)-th entry of T' € T%". Vectors are viewed as 1-tensors and
matrices as 2-tensors, in the natural way. In this paper we work with tensors of dimension at most
four.

By {Hp, : 1 < p,q < n} we denote the standard basis in the space M™. That is, the matrices Hp,
are such that (Hpy)" is one if (i,5) = (p, q), and zero otherwise.

Definition 1.1 (oc-Hadamard product) For each permutation o on Ni, we define o-Hadamard
product, Hy o, Hs, between the two matrices H; and Hs to be a 2-tensor on R" as follows.

(Hy o Ho)s = B} 0,7, 3)

In other words, when o = (1)(2) we have Hi o, , Hs = diag (H1)diag (H,)" and when o = (12) we
have Hy o, Ha = H; o Hy'", where Ao B = [AY BY] is the usual Hadamard product between A = [AY]
and B = [B"]. Analogously when o is a permutation on Ny, that is o = (1), we define o | H = diag H.

Let T be an arbitrary matrix in M"™ and let o be a permutation on Ny. We define Diag °T to be a
4-tensor on R" in the following way

g %2 Th%2, if i = jo(s) for s = 1,2,
J1J2 =
(Diag 7T)72 { 0, otherwise.

(4)

Similarly, when 7' € R™ and o = (1) we define Diag®T = DiagT.
Notice that any 4-tensor, T, on R" can naturally be viewed as a 2-tensor on M™", and vice versa,
for example

n
p1p2
H17 H2 E E Ta1q2 leQal2Q2
p1,q1=1p2,q2=1

Define inner product between two tensors in 75" in the usual way:

n
<T17T2> = Z Tfl“-kaQPL..pk.

P1ye-Pr=1

Definition 1.2 (Conjugation) We define an action of the orthogonal group O(n) on the space of all
k-tensors on R™, that will be denoted by UTU" or by U - T

(UTUT)h...ik — z": (TP1~~~PkUi1P1 . Uikpk)_ (5)

P1y---PE=1

It is easy to see that this action is, as expected, norm preserving and associative: V(UTU")VT =
(VU)T(VU)' for all U,V € O(n). The Diag? operator, the o-Hadamard product, and conjugation by
an orthogonal matrix are connected in the following way (see [10, Theorem 4.4] for a generalization).

Lemma 1.3 For any vector T € R™, any matriz H in M"™ and any orthogonal matriz U € O(n), we
have:

(T,0,,(UTHU)) = (U(DiagT)U")[H].

For any matriz T € M"™, any matrices Hy and Hy in M", any orthogonal matriz U € O(n) and
any permutation o on No, we have:

(T, (UTH\U) o, (U HaU)) = (U(Diag “T)U" ) [Hy, Ha].

INRIA
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We conclude this section with an easy lemma about conjugation. In this lemma and throughout
the paper, conv S denotes the convex hull of the set S (a subset of a real vector space).

Lemma 1.4 Let S be a subset of the vector space of k-temsors on R™ and G be a subset of the
group O(n). Then

(1) G- (convS) C conv (G- 9),
(#4) conv (G - (conv S)) C conv (G - S).
Proof. Let g € G, observe on (5) that the function 7'+ ¢ - T is linear. Therefore
g-convS=convg-S CconvG-S.

This yields the first inclusion. Since the right-hand side is convex, the second inclusion follows. ]

1.4 Gradient and Hessian of spectral functions

Theorem 1.5 (Derivatives of spectral functions) a) Let X € S™ and let U be any element in
O(n)X. A symmetric function f : R" — R is differentiable at \(X) if, and only if, fo is differentiable
at X. In that case, the gradient of fo\ is given by the following well-defined (independent of the choice
of U) formula

V(f 0 N)(X) = U(Diag® VF(AX)) U, (6)

b) A symmetric function f : R™ —R is twice differentiable at \(X) if, and only if, f o \ is twice
differentiable at X. In that case, the Hessian of f o X\ is given by the following well-defined formula

V2(f o A)(X) = U(Diag®® V2 f(A(X)) + Diagt» A(\(X)))UT, (7)

where A : R" — S™ is the map defined by

0, if i=3j
Al (z) = z:(if) - fj(ﬂf), if 1% j but x; = x; @)
M, otherwise.
Xr; — :L’j

Proof. The differentiability result is established in [7, Theorem 1.1] and the twice differentiability
in [8, Theorem 3.3]. The particular expression for the Hessian is given in [10, Example 4.9]. [ |

Notice that the entries of V2f(x) and A(x) do not depend on the eigenvalues but only on the
partial derivatives of f up to order two. Thus, Formulae (6) and (7) depend on the eigenvalues only
through the orthogonal matrix U and the composition with A(X). One should keep in mind that, in
the formula for the Hessian, U conjugates a four dimensional tensor on R".

We conclude this section with a lemma proving two well-known facts but from a perspective that
is new to us.

Corollary 1.6 a) The set of all singular matrices in S™ has Lebesgue measure zero.
b) The set of all matrices in S™ with repeated eigenvalues has Lebesgue measure zero.

RR n° 5490
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Proof. a) Consider the symmetric convex function f(z) =Y ;" |x;| defined for all z € R". As we
mentioned at the end of Section 1.2, the spectral function f o A is convex. Moreover, by Theorem 1.5,
foAis differentiable at X if, and only if, f is differentiable at A(X). Observe now that f is differentiable
at x € R™if, and only if, all x; are nonzero. Thus the convex function foA is differentiable at X € S™ if,
and only if, X is nonsingular. Since a convex function on S™ (or R") is differentiable almost everywhere
[9, 5] we are done.

b) An analogous argument for the function f(z) = >, _; [z — z;]. ]

2 Differentiability of the projection

The main idea in this section is the realization that the projection onto the cone of positive semi-definite
matrices is the gradient mapping of a spectral function (see Subsection 2.2). Then to investigate the
smoothness of the projection, we employ Formula (7) for the Hessian of spectral functions.

2.1 Explicit expression of the projection

It is well-known, see [4], that the projection operator onto the cone of positive semi-definite matrices
allows a closed form representation. Indeed, projecting X amounts to replacing the negative eigenvalues
by 0 in the spectral decomposition of X. Recall that the polar cone (S")° = {B € S", (4,B) < 0} is
actually S = -5, the cone of negative semi-definite matrices.

Theorem 2.1 (Expression for Ps}rt) Let X € S™ and let U be any element in O(n)X. Then, the
projection of X onto ST is given by

Pgr(X) = U (Diag (max{\;(X),0}, ..., max{),(X),0}))UT. (9)
The equivalent result for the projection onto S™ replaces the positive eigenvalues with 0.

It is worth mentioning that this result is also a straightforward application of Moreau’s theorem
(see [6, Theorem 3.2.5 and Exercise A.15]) which in our case can be stated as follows.

Theorem 2.2 (J.-J. Moreau) For any three matrices X, X1, and Xo in S™ the properties below are
equivalent:

(’L) X = X1+ X5 with X7 € Si, X5 € 5", and <X1,X2> =0,
(i) X1 = Pgn(X) and X5 = Pgn(X).

In particular, PSJ} + Pgn =1,,.

2.2 A primitive of the projection

Denote by Ign the indicator function on S". Let A : S™ — R be the Moreau regularization of Ign
defined by

A(X) = min {%HX v +fsg<Y>}. (10)

In Lemma 2.3, we observe that A(X) is a spectral function and in Lemma 2.4 we show that Pgy is its
gradient.

Lemma 2.3 The function A is the spectral function A = § o \, where

1 n
0z1,...,xn) = §Zmax{0,xi}2. (11)
i=1

INRIA
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Proof. For any X € S™, write

AX) = %HX — Pgn (X) I? [by definition of Pgn (X)]
= %HPSIL (X) ||2 [by Theorem 2.2]
% >, max{0, N(X))? = 5()\(X)) [by Theorem 2.1]
This ends the proof. ]

Lemma 2.4 The function A defined by (10) is convex and differentiable. Moreover, its gradient at
X e S is ng(X).

Proof. The function § defined by (11) is obviously convex on R™. Then [7, Corollary 2.7| yields the
convexity of A on S™. Clearly ¢ is also differentiable on R"™ with

Vo= (21,...,2,) €R?,  Vi(z) = (max(0,zy),..., max(0,z,))". (12)
Theorem 1.5 yields that A is differentiable on S™, and its gradient at X € S™ is, for U € O(n)¥,
VA(X) = U (Diag V6(M(X))) U

With (12), we retrieve (9). |

Remark 2.5 This result is actually independent of spectral functions properties: it holds if S is
replaced by any closed, convex cone. See more about the properties of the Moreau regularization in
[5, Ch.XV]. |

2.3 Differentiability of the projection

Studying differentiability of Psf amounts to studying second-order differentiability of A = o A. The
point is that § o A is a spectral function and this makes things easier: we have a characterization of
twice differentiable spectral functions and an easy-to-use formula for their Hessian.

We begin by recalling the nature of objects that come into play. When it exists, the derivative of
Pgn at X, VPgn(X) is a linear function from S™ to S™. The second derivative of oA at X, V2(5oN)(X),
is a 2-tensor on S™. Notice that these derivatives are connected by the following equation

VHy, Hy€S", V(60N (X)[Hy, Hy] = (VPsn(X)[Hy], Hy). (13)

In the rest of the paper, we identify these objects via this identity. We now introduce a map that plays
an important role in the description of the gradient and the Clarke generalized Jacobian of PSf-

Definition 2.6 (The map B(x)) For any = € R} with non-zeros entries (p positive, ¢ negative,
where p + ¢ = n), we define the matrix B(z) € S™ as follows:

o If i <p, j <p,then BY(z) = 1;

e If i > p, j > p, then BY(x) = 0;

oIfi§p7j>p,thenBij(x):x' S
1 4y

o Ifi >p, j <p, then BY(z) =

:L‘j—ﬂj‘i.

RR n° 5490



S Jerome Malick, risto 5. Sendov

Theorem 2.7 For any X € S™ the following are equivalent:
(i) Psp is differentiable at X,
(ii) A =00\ is twice differentiable at X,

(iii) X is non-singular.

In that case, the functions 6 o A and Psf are actually C*° in a neighbourhood of X, and
VPsn(X) = U(Diag2 B(\(X)))U", (14)
for any U € O(n)X.

Proof. By Lemma 2.4, the differentiability of Pg» at X' € 5™ is equivalent to the twice differentiability
of A at X. By (11), the function § is twice differentiable at = = (z;); if, and only if, each x; is
nonzero. Theorem 1.5 implies that A is twice differentiable at X if, and only if, the function ¢ is twice
differentiable at A(X), and that happens if, and only if, 0 is not an eigenvalue of X.

Since 0(z) is C*° at a vector x with nonzero coordinates, we obtain by [14, Section 3] that J o A
and Pgr are C at a non-singular matrix X.

We now compute the Hessian of § o A at a non-singular X € S™. For a vector z € R with nonzero
coordinates (the first p strictly positive), we have:

V25(x) = (%) , (15)

Diag® V2§(z) = Diag(2 V2§(x). (16)

and it is easy to see that

Now, using (8), we compute the matrix A(z):

If i = j, then A% (z) = 0.

If i <p,j <p, with i # j, then AY(z) = 1.

If i > p,j > p, then AY(x) = 0.

If i <p,j > p, then AY(x) =

o If i > p,j <p, then AY(x) =

Combining that with Equations (15) and (16), and letting = A\(X), particularizes (7) into (14), and
completes the proof. n

At the very beginning of the paper, we stated that P5+n is differentiable almost everywhere. This

property can be checked using Theorem 2.7 and the fact that the set of singular matrices has a
(Lebesgue) measure zero, see Corollary 1.6.

INRIA
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2.4 Study of B

In this subsection we present several technical properties of B(x) and define two subsets of M™ that
will be useful in the sequel. We start with the following observation.

Lemma 2.8 Let x € R} be with non-zeros entries: p positive and q negative (p + q = n). Then the
entries of the matriz B(x) are in the closed interval [0,1] and form non increasing sequences in each
row (considered from left to right) and each column (from top to bottom,).

Proof. Write z = (A1,..., A\p, thp+1, - -, ftn) With
A > A > >N > 0> tpg1 > fpga >0 > .

Using the expressions for the entries of 5(x) in Definition 2.6, one can see that the only case to study
is i < pand j > p. In that case we have

N Aifp =1

Notice that the ratio A;/p; is negative and

Ai A

< whenever i < j <p, le{p+1,...,n}

Mo

XA

Jd A whenever p <i < j, l€{l,...,p}.

M My
Since the function y +— % is decreasing on the interval (—oo,0), with values in (0, 1), the proof is
complete. -

This property leads us to define the following sets:

e By Dyp3(m) we denote the finite set of m x m symmetric matrices with entries from the set
{0,1} such that the entries in each row (considered from left to right) or column (from top to
bottom) form a non increasing sequence.

e By Djgj(m) we denote the convex set of m X m symmetric matrices with entries from the interval
[0,1], with the same property of non increasing rows and columns.

0 0 1 0 1 1 1
00/’\0oO0)/)’\'1 0 )’
<Z lc)>|a,b,c€[0,1]anda2b20}.

For example,

—_

= =
N———
—
I
=
o,

-

-3

N—r

Dyo1;(2) = {
Diyy(2) = {
The next corollary is immediate.

Corollary 2.9 For any x € RY, the matriz B(z) is in Djg1)(n). Moreover, any m x m submatriz of a
matriz in Doy (n) is an element of Digy(m), m < n.

Trivially, Dyo13(m) C Djgyj(m), and the following result gives the precise relationship between
Dyo13(m) and Do) ().

Lemma 2.10 For any m € N, we have
Dio1j(m) = conv (Dyg13(m)).

The elements of Dyo1y(m) are the extreme points of Dygy)(m).

RR n° 5490
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Proof. Let {E;;j|1 <i < j < m} be the standard basis for the set of m x m symmetric matrices.
That is, if ¢ # j, then E;; has one in positions (4, j) and (j,7) and zero everywhere else; and if i = j,
then F;; has one in position (7,7) and zero everywhere else.

Take any matrix @@ € Djp;j(m). We will express it as a convex combination of matrices from
Dyo1y(m). If Q is the all-zero matrix, we are done. Otherwise, define the matrix B € Dyy)(m) as

follows o
pi_) L HQVFO
0, otherwise.
Next, we find basic matrices Ej j,,...,E;, j, such that
e B= 22:1 Eiy ji;
e For every [ € {1,...,s}, the sum of the first / of these basic matrices is in D1} (m) (this implies

that (i1, j1) = (1,1));
o Qirir < Qir-1tir-1 forallr € {2,...,s}.

Now define l
B?:ZEikjkv foralll=1,2,..,s
k=1
We will express matrix @ as a convex combination of the matrices {BY}7_, in s steps. Three points
about the notation should be immediately clear: BY = B, Q™" > 0, and Q o E; j, = Q™" E; j, for all
redl,2,...,s}

In the first step, we let a; = Q“Jt € [0, 1] and define
B} = a1 BY, foralll=1,...,s

The fact that the zero matrix is in Dyg1y(m) implies that these matrices are in conv (Dyg1y(m)).
Notice that we have
Bll o Eiljl = Q o Eiljl for [ = 1,2, ey S
Bl oE; j, = Qilleiqjq for 1 <g<l<s,
BloEiqjqzo for1<l<qg<s

If s =1, we are done, thus suppose that s > 2.
Suppose that on the (r — 1)-st step we defined the matrices
{B{_l cl=r—1,r..s}
with the following four properties:
(i) B! € cony (Dior1y(m)) forall I =7 —1,7,..., s
(i) B~ Lo E; j, = Qo E; ;, for all I and ¢ such that ¢ <r —1 <1 <'s;
)

(iii) B 'o E;

2qJq

= Qi’“*lj’“*lEiqjq foralll and g such that r — 1 < ¢ <[ < s;
(iv) B/ ' o E; j, = 0for alll and ¢ such that r —1 <1< ¢ <s.

On the r-th step, since 0 < Q¥Jr < Q¥r-1Ir—1, set v, = Q¥rJr /Q¥r—1Ir=1 € [0,1] and form the convex
combinations:
Bl =B '+ (1—a,)B."{, foralll=r,r+1,...,s

r—1»

We now check that {B] : | =r,r +1,..., s} satisfy the four properties in the indiction hypothesis.

INRIA
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i) The fact that B] € conv (Dygy(m)) for all Il =r,r + 1,..., s is clear from the definition.
l {o1}
(ii) For fixed indexes [ and ¢ such that ¢ < r <[ < s (the case ¢ = r is covered in Property (iii)
below), we have:

Bl oE; ;, = (aTB;_l +(1- aT)Bz:ll) o E;,j, [by the definition of BJ]
= arQ o Eiqjq + (1 — O[T)Q o Eiqjq [by Property (ii)]
= Q © Eiqjq :

(iii) For fixed indexes [ and ¢ such that r < ¢ <[ < s, we have:

Bl o E; ;. (B ™'+ (1 —a,)BlZ}) 0 Ei ;. [by the definition of Bf]
= arQirfljrflEiqjq [by Property (iii)]
-1
+(1—ar)B/7) 0 Eigj,
= arQirfljrflEiqjq [by Property (iv)]
QiTjTEiqjq. [by the definition of ]

(iv) For fixed indexes [ and ¢ such that » <1 < ¢ < s, by Property (iv), we have:
BfoE;;, = (wB["' + (1 —,)B/Z{) o E;;, = 0.

With this the induction is complete. After s inductive steps we define the matrix Bf € conv (Dyg1y(m))
with the property that
BioE; ; =QokE;,, forall1<q<s.

Summing over all ¢’s we get that B = B0 BY = Qo BY = Q.
The second claim in the lemma is clear. [

Note 2.11 Denoting by Z(n) the set of all n x n symmetric matrices with entries from the interval
[0,1], it is easy to see, using Example (17), that, in general, the following inclusion is strict

conv (P™ - Dgg1y(n)) S Z(n). [

Lemma 2.12 a) For any A € Dyo1)(m), there is a sequence of vectors {xk},;“;l i R, converging to

0, with each x* having distinct, non-zero coordinates, and such that

klim B(zF) = A.

b) If {x*}2° | is any sequence of vectors in R{" with non-zero entries, for which the sequence {B(z%)}2,

converges, then the number of positive (and therefore negative) coordinates of x* is constant, for all
large enough k.

Proof. a) Suppose that matrix A has 7y ones in the first row, 79 in the second and so on. It is
clear that n > r; > 79 > -+ > r, > 0 and that vector (ry,79,...,7,) uniquely determines A. Define
p = max{t|r; > t}. Informally, this is the size of the largest principle submatrix, with every entry
equal to one, that we can find in the upper-left corner of A. For each j € {p + 1,...,n} define the
sequence .
k= — T k=1,2,..,
and for each i € {1,...,p}, define the sequence
i 1

€T:

f=emros k=12

Then, for every k the symmetric matrix B(z*) is given by:

RR n° 5490
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o If i <p, j <p, then BY(z*) =1,
o Ifi>p, 7> p, then Bij(mk) =0;

1

o i <p, j>p, then BY@h) = o

It is easy to see now, that B(x") converges to A.

b) Let p; be the number of positive entries in the vector z*. Assume the sequence {p;} does not
become constant from some point on. Since pj is an integer between 1 and n, there are two integers s
and t (1 < s <t < n) that appear infinitely many times in the sequence. Without loss of generality,
we may assume that the constant subsequence with elements equal to s (resp. t) is por (resp. pogi1)-
The fact that

B (z*) =0 and B (%) =1,

contradicts the convergence of {B(z*)}. [ |

3 Clarke generalized Jacobian

In this section, we compute the Clarke generalized Jacobian [1, Section 2.6] of the projection onto S7,
defined by

80P5‘+n (X) = COHV{klimVPSf (Xk) |Xk — X, vPSf (Xk) exists, Xk € N}, (18)

where N C S™ has Lebesgue measure zero. The fact, that the definition of the Clarke generalized
Jacobian does not depend on the choice of the null set N, is part of [12, Theorem 4].

By Corollary 1.6, the set of matrices in S™ with multiple eigenvalues has (Lebesgue) measure zero.
Thus, we may assume without loss of generality, that the set N in (18) contains the set of all symmetric
matrices with repeated eigenvalues. Also, by Theorem 2.7, for the gradient VPSf (Xk) to exist, the
matrix X must be non-singular. These two observations are behind point (i) in the definition of
C(X) below.

Remark 3.1 (X non-singular) Notice that the generalized Jacobian is already known at non-singular
matrices. Let X be a non-singular matrix in S™. Theorem 2.7 states that o A and Pgn are C*® at X
and therefore

IcPsp(X) = {VPsp (X)} = {O(n)" - (Diag B(\(X)))}, (19)

where the second equality follows from Equation (14). In Theorem 3.7, we generalize this formula for
an arbitrary matrix X. [ |

3.1 Simpler representation of the generalized Jacobian

In this subsection we will derive more convenient representation of the right-hand side of Equation (18).
For any X in S™, we denote by C(X) the set of sequences in S™ with the following three properties:

(i) {Xk}g2, converges to X;
(ii) X} is non-singular and has distinct eigenvalues for every k;

(iii) The limit klim B(A(Xk)) exists.
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We introduce the set of all possible such limits

£00) = { Jim BOCG) | ()i €000 | (20
Lemma 3.2 Let X € S". Then
9cPsp(X) = conv {O(n)X - (Diag1» L(X))} . (21)

Proof. Denote the right-hand side of Equation (18) by £. The inclusion D is easy. Indeed, take
U c On)X, B € L(X), and let X}, be a sequence in C(X), such that B(X}) tends to B. Then, for
every k € N set

Y, = U(Diag \(Xy))UT,

and note, using (14), that
VPs»(Y;) = U(Diag? B(A(X,)))U"T — U (Diag? B)U".

Hence U(Diag(1» B)UT € £ and the inclusion is proved.
To prove C, take M € £ and a sequence {X;} of non-singular matrices with distinct eigenvalues
converging to X, such that
lim VPgn(Xy) = M. (22)
k—o0 *
Let X = Uk(Diag \(X1))U] be the ordered spectral decompositions of the X;. By Theorem 2.7,
Limit (22) becomes
Jim U (Diag12 B(A(Xy))) UL = M. (23)

Now, we extract subsequences from Xj:

e Since the orthogonal group is compact, there is a subsequence, (denote it again by {Xy}) for
which {Uy} converges to some U € O(n). Moreover, by continuity of the eigenvalues on S™ (see
e.g. [13, Section 2.3.1]), we have that X = U(Diag A\(X))U".

e By Lemma 2.8, the sequence {B(A(X}))} is bounded and therefore we may take a subsequence
(denote it again by {Xy}), such that B(A(X})) converges to some B € Dyj(n).

Passing to the limit in (23) we obtain M = U (Diag(l2>B) UT, and the second inclusion is proved. m

3.2 Properties of the set £(X)
Let X bein S™ and recall Identity (1): px + gx = n — nx. Let also
A(X) = ()‘1(X)7 S )‘px(X)7Oa s aOaﬂpx+nx+1(X)> s nuTL(X))? (24)

where there are nx zeros in between. We define two subsets of 5™, denoted by Dyg13(X), Djoj(X)
respectively, of all matrices of the form:

1pX Xpx 1PX Xnx A
1nx Xpx S(Tlx) OHX Xqx ’ (25)
AT OQX Xnx OQX Xqx
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where S(nx) is equal to Dy} (nx), Djoy)(nx) respectively, and the py x gx matrix A has entries

i

AV = — 7+
i = Hpx +nx+j

, forall 1<i<px, 1<j<gqx.

Example 3.3 e If X is the zero matrix in M", we have
Dio13(X) =Dyory(n)  and Dy (X) = Doy (n).
e If X is non-singular, observe from Definition 2.6 that we have

Dyo13(X) = Djoyy(X) = {B(A(X))} u

The goal in this subsection is to prove the inclusions
Dyo13(X) C L(X) C Djoyy(X),

where the set £(X) is defined by Equation (20). The next two propositions show the first and the
second inclusion, respectively.

Proposition 3.4 Fiz a matriz X in S”. For any A € Dy1y(X), there exists a sequence {Xy} in
C(X), such that klim B(A(X%)) = A.

Proof. Let X = U(Diag A\(X))U" be an ordered spectral decomposition of X, where vector A(X)
is described by (24). Since A € Dyo;3(X), A has a block structure as described by (25). Let B €
Dyo13(nx) be the central block in this representation. Applying Lemma 2.12 with m = nx and B gives
a sequence {z*} C ]R’fx converging to 0 € R™ with each vector z* having distinct, non-zeros entries,
such that kh_)ngo B(z*) = B and such that the number of positive entries of z¥ is constant for every k.

Define 1 1
qx
d), = (Al(X) + %X, o A (X) 28 i1 (X) + 25 (X) + E)’

and X; = U(Diagdy)U'. Then, for k large enough, X}, has distinct eigenvalues and the sequence
{ Xy} converges to X. Furthermore, for all large enough k we have A\(Xj) = dy € R}. Finally, using
Definition 2.6, it is not difficult to see that klim B(A(X%)) = A. Clearly, {X} is in C(X). [ |

Proposition 3.5 Let X € S™ and let {X}} € C(X) be such that {B(\(Xy))} converges to B, then B
lies in Dygy)(X).

Proof. By the second part of Lemma 2.12, we may suppose without loss of generality that px, = p.
By continuity of eigenvalues on S™ (see e.g. [13, 2.3.1]) and the fact that {X}} converges to X we get
px <p < px +nx. Let

AXp) = (AF, . NE wh k), and

A(X) = ()‘17 cee 7>‘px)07 ) Oa;upx-i-nx-i-lv s mul:L)

We compute B = klim B(A(X})) by considering several cases.
o If i < px and j < p, then BY(A(Xy)) = 1 for all k implies that BY = 1;

o If i < pyx and p < j < px + nx, then BY(\(Xy)) = )\;ﬁ)\f’uk implies BY = 1;
P 1

K3
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)\A

UJ
e The principle submatrix of B(A(X%)) formed by the entries with indexes i Je{px +1,..,px +nx}
is, by Lemma 2.8, in the set Djg;j(nx). Since Dgy)(nx) is closed, the same submatrix of B will also be
in D[Ol] (’I’LX)

o If py <i <pand py +ny < j, then BI(\(X})) =

o If i < px and px + nx < j, then BY(A(X})) = A—M,C implies BY = 1-

AR
N -t 7 implies BY = 0;

o If p < i and px + nx < j, then BY(\(X})) = 0, and then BY = 0.
Since B is symmetric, we have its complete description, which shows that B € Djgy)(X). ]

We summarize the results in this subsection in the following proposition.
Proposition 3.6 For any matriz X € S™ we have the inclusions
Dyo13(X) € L(X) C Djoyy(X).
If, in particular, X is non-singular, the inclusions hold with equalities

Dio13(X) = L(X) = Djo1j(X) = {BA(X))}.

3.3 A formula for the Clarke generalized Jacobian

We are now in a position to compute the Clarke generalized Jacobian of ng at an arbitrary symmetric
matrix X.

Theorem 3.7 (Clarke generalized Jacobian) Let X be any n x n symmetric matriz. The Clarke
generalized Jacobian of ng, the projection map onto the cone of positive semi-definite matrices, at
X is

dcPsy (X) = conv (O(n)™ - (Diag ™ Dyg13 (X)), (26)
where D1y (X) is defined by (25).

Proof. By Proposition 3.6, we have the inclusions
Dyo13(X) € L(X) € Djoyy(X).
Applying the Diag(2 operator and conjugating, we get

O(n)* - (Diag ™ Dyg13 (X)) € O(n)™ - (Diag 2 L(X))
C O(n)™ - (Diag2 Doy} (X)),

Taking the convex hull throughout, we get

conv (O(n)* - (Diag(12 Doy (X)) )

C (90P3n (X) [by Lemma 3.2]

C conv ( (n)X - (Diag12 Dyyy(X)))

= conv ( (n)~ - (Dlag(12) conv Dyopy (X))) [by Lemma 2.10]

= conv (O(n)X (COIlV Diag(2 D{Ol} (X))) [since Diag(1?) is linear]

C conv (O(n)* - (Diag( Dyg13(X))). [by Lemma 1.4(ii)]
Thus, we must have equalities throughout and the result follows. [ |
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Example 3.8 (X = 0) In particular, when X = 0, we obtain the formula

dcPsr (0) = conv (O(n) - (Diag(» Dyp1y(n))). |

Example 3.9 (X non-singular) When X is a non-singular matrix in S™ Formula (26) reduces to
Formula (19) via Proposition 3.6. [

Remark 3.10 (What about Pg»?) We can adapt this study to obtain similar results about Pg» —
the projection onto the cone of negative definite matrices. This projection is also differentiable at any
non-singular matrix X and its gradient at X is expressed via

VPsn(X) = U(Diag2 B'(\(X)))U",
with U € O(n)X and B'(z) € S™ defined for any = € R with non-zeros entries (p positive, ¢ negative,
and p + ¢ =n) by
o Ifi <p, j<p,then B () =0;

o Ifi > p, j > p, then B'Y(z) = 1;
o Ifi<p, j>p,then B (x) = —I—;
Tj — Ty

e Ifi>p, j<p,then B (z) = &

I‘Z‘—:Ej.

Further results for Pgn follow, in an analogous way as those for ng. Notice that we also can retrieve
the differentiability properties of Pg» from those of P5+n via Theorem 2.2. [

4 Interchanging the conjugation and the convex hull

Looking at Formula (26), one is tempted to exchange the operations of taking the convex hull and
taking the orbits under the action of O(n)*. In this section we address this issue. We show that if
the multiplicity of the zero eigenvalue is zero or one we can exchange conv with O(n)¥, but if the
multiplicity is at least two we, in general, cannot exchange these operations.

4.1 Block diagonal and block constant matrices

Let X be a symmetric matrix with eigenvalues
ALX) =0 = A (X) > A1 (X) = -0 = Ay (X) > Appa (X) -+ A, (X,

where k. = n. The indices of the equal eigenvalues partition the set {1,...,n} in to r blocks I; =
{1,2,...,]{}1},...,[,« :{kr—l—Fl,...,k‘,«}. o o

A matrix M is said to be block constant if M**2 = MJ192 whenever i1, j; are in the same block
and 79, jo are in the same, possibly different, block. We say that a matrix is block diagonal when it has
r square blocks on the diagonal with sizes equal to the sizes of the sets I1,...,1,., and zeros elsewhere.
We denote by O(X,n) the group of all block diagonal orthogonal matrices. We need the following two
lemmas.

Lemma 4.1 For any block constant matriz M and any block diagonal orthogonal matriz U we have

U(Diagt2 M)U” = Diag2 M.
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Proof. This lemma is a particular case of [11, Lemma 5.3]. It follows from the definitions. |

Lemma 4.2 Let U be a arbitrary matriz of O(n)~. We have the representation O(n)X = U O(X,n).

Proof. Observe that if V € O(n)X, then UTV is a block diagonal, orthogonal matrix. Thus, we
have UT O(n)X C O(X,n) or, equivalently, O(n)* C U O(X,n). The converse inclusion follows from
definitions. n

Thus, with U € O(n)¥, we can write

0cPsy (X) = conv (O(n)™ - (Diag12 Dyg13(X)))
= U - conv (O(X,n) - (Diag ™ Dyopy(X))).

We see that conv and O(n)¥ can be interchanged, if and only if conv and O(X,n) can be interchanged.

4.2 Different multiplicities of the zero eigenvalue

Recall that px, gx are the number of positive and negative eigenvalues respectively and that nx is
the multiplicity of zero eigenvalue. Notice that

e if nxy = 0, the set D1} (X) has one element (namely B(A(X))),
e if ny =1, the set Dyg1}(X) has two elements.

Observe also that, in these two cases, every matrix of Dyg;y(X) is block constant. Using Lemma 4.1
the following result then becomes clear.

Theorem 4.3 Let X be any n X n symmetric matrix having eigenvalue zero with multiplicity zero or
one. The Clarke generalized Jacobian of ng, the projection map onto the cone of positive semi-definite
matrices, at X s

dcPsn(X) = U (Diag ™ Dy (X)) U, (27)

where Djoy(X) is defined by (25) and U € O(n)~.

When ny > 2, in general, we cannot interchange the operations conv and O(n)¥ in Formula (26).
We do have that

O(n)~ - (Diag(2 Djyy)(X)) = O(n)* - conv (Diag (2 Dyg3(X))

S conv (O(n)X - Diag12 Dyo13 (X)),

where the first equality follows from Lemma 2.10 and the inclusion from Lemma 1.4(i). We show that
the inclusion is strict in general, by showing that the set O(n)* - (Diag( Djgy(X)) is not convex when
X is the 2 x 2 zero matrix.

Proposition 4.4 If X is the 2 x 2 zero matriz then the set
O(n)* - (Diag12 Dy (X)) (28)

18 not convez.
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Proof. Define

T(a,b,c) = ( ! i’)

as well as

Then we have

0(2)* =0(2) ={U(¢) [0 < ¢ < 2m} U{V ()]0 < ¢ < 27},
Djoy(X) = {T(a,b,c)| a,b,c € [0,1] and a > b > c}.

For given parameters ¢, a, b and ¢, direct computation shows
U(¢) - (Diag®T(a,b,c)) = V(¢) - (Diag"»T'(a, b, c)),

implying that it is enough to work only with the matrices U(¢). Consider two particular entries in
this 4-tensor:

£(8,a,b,¢) = (U(@) - (Diagt>T(a, b)),
9(é,a,b,¢) = (U(9) - (Diag» T(a, b, ¢))) L.
Using Equations (4), (5) we compute f and ¢ explicitly:
F(¢,a,b,¢) = cos’(¢) sin(¢)(a — b) + cos(¢) sin’(¢) (b — ¢),
9(¢,a,b,¢) = cos*(¢) sin*(¢)(a — b) — cos*(¢) sin() (b — ).
Consider the following two points
M = (f(57/6,1,0,0), g(57/6,1,0,0)) = (—3v/3/16,3/16)
My = (f(47/6,1,1,0), g(47/6,1,1,0)) = (—3v/3/16,—3/16).

To show that (28) is not convex, it is sufficient to show that the middle, (—3+v/3/16,0), of the segment
[M7, M>] is not in the set

{(f(¢,a,b,6),g(¢,a,b,c))]0 S d’ < 27T7 O S a,b,c S 1}

Suppose on the opposite that there are values of ¢,a,b and c for which (f(¢,a,b,c),g(¢,a,b,c)) =
(—3v/3/16,0). The fact f(¢,a,b,c) # 0 implies that cos(¢) # 0 # sin(¢). Then, g(¢,a,b,c) = 0
implies that

a—b=>b—c, (29)
and substituting that into f(¢,a,b,c) = —% we get
cos(¢) sin(¢)(a — b) = —%.
The last equation is equivalent to
sin(2¢)(a — b) = —38?.

Notice that since a,b,c € [0,1], Equation (29) also implies that |a — b| < 1/2. This gives us the
contradiction |sin(2¢)| > 3v/3/4 > 1. Thus the middle of U(57/6) - Diag2T(1,0,0) and U (47/6) -
Diag(1»T(1,1,0) does not lie in O(n)* - (Diag 12 Djgy) (X))- |
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