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i y

+
j + x−i y

−
j = x+

i y
+
j ∨ x−i y−j ,

���R�

x+
i y

+
j + x−i y

−
j + ψ(i− 1, j) = (x+

i y
+
j ∨ x−i y−j ) + (x+

i−1y
+
j x
−
i y
−
j−1 ∨ x−i−1y

−
j x

+
i y

+
j−1)

= (x+
i y

+
j ∨ x−i y−j ) ∨ (x+

i−1y
+
j x
−
i y
−
j−1 ∨ x−i−1y

−
j x

+
i y

+
j−1)

= x+
i y

+
j ∨ x−i y−j ∨ ψ(i− 1, j).

� cVn0zRl*saz�w£u¥� np_ac³���a�mw£npwxtv� n��vsauxc't�§
x+
i+1y

+
j−1

©
x+
i y

+
j

©
x−i+1y

−
j−1

©��v���
x−i y

−
j

Á×^���s�u£c
�HÃ�¬ V4c
�v�a�auxj
���H��wx�
n�_ac0�mc�Â��aw£n�w£t��Æt�§}n�_ac*�[ <¡¢��tm�mwx�a�6npt�|�cVb0t¾°vc=�vu£u��R�"non�cV|���l[np_���n ��cV°vcV| tm�q��za|r¬ ­´n w¥l[§ªt�| wx��lon��v����c
wxb*�FtHlplpwxsau£c�n�t²_��r°vc

x+
i y

+
j = x−i y

−
j = 1

¬�^C_ac�n��vsau£c�w£���awx�q�"npcrlCnp_R�"n;np_ac8loz�b
S = 2s1 + s0

sFcqu£t��a��l�n�t
{0, 1, 2} �v���'�vu£uxt¾«;l�npt²��_acr� ��np_���n��

s0 = (x+
i y

+
j ∨ x+

i+1y
+
j−1)⊕ (x−i y

−
j ∨ x−i+1y

−
j−1) = ϕ(i, j),

s1 = (x+
i y

+
j ∨ x+

i+1y
+
j−1) · (x−i y−j ∨ x−i+1y

−
j−1)

= x+
i y

+
j x
−
i y
−
j︸ ︷︷ ︸

=0

∨x+
i y

+
j x
−
i+1y

−
j−1 ∨ x+

i+1y
+
j−1x

−
i y
−
j ∨ x+

i+1y
+
j−1x

−
i+1y

−
j−1︸ ︷︷ ︸

=0

= x+
i y

+
j x
−
i+1y

−
j−1 ∨ x+

i+1y
+
j−1x

−
i y
−
j = ψ(i, j).

^C_HzRlV©

x+
i y

+
j + x+

i+1y
+
j−1 + x−i y

−
j + x−i+1y

−
j−1 = 2ψ(i, j) + ϕ(i, j).

dkza���RtHloc��at¾«Xn�_��"n
ϕ(i, j) = 1

�v����|�cVb0cVb8sFcq|�n�_��"n

ψ(i− 1, j) = x+
i−1y

+
j x
−
i y
−
j−1 ∨ x−i−1y

−
j x

+
i y

+
j−1,

ψ(i, j − 1) = x+
i y

+
j−1x

−
i+1y

−
j−2 ∨ x−i y−j−1x

+
i+1y

+
j−2.

^���sauxc � lpzab0b0�v|pwxµVcrl�n�_ac�§ªtvza|[�V��locql�§ªtv|;«<_awx��_
ϕ(i, j) = 1

¬}�<�V�Vtv|��mwx�a�=npt0np_acqw£|[�mcVÂ��aw£npwxtv�¤©
ψ(i− 1, j)���R�

ψ(i, j − 1)
�v|pc0np_�cV�±cqyHz��vuPn�t³µVcq|ptR¬��[l�lpzab0c²��t¾« n�_��"n

ψ(i − 1, j) = 1
©�np_���n8wxl

x+
i−1 = y+

j =

x−i = y−j−1 = 1
tv|

x−i−1 = y−j = x+
i = y+

j−1 = 1
¬ ^C_kz�lV©

x+
i = y−j = x−i+1 = y+

j−1 = 0
tv|

y+
j = x−i = y−j−1 = x+

i+1 = 0
©��v���

ϕ(i, j) = 0
¬ ¿ t���locryHzacV�Hnpuxj

ϕ(i, j) + ψ(i, j − 1) = ϕ(i, j) ∨ ψ(i, j − 1).

��w£�R��uxu£j�©Hw£§
ψ(i, j− 1) = 1

©k«�c _��¾°vc
x+
i = y+

j−1 = x−i+1 = y−j−2 = 1
tv|
x−i = y−j−1 = x+

i+1 = y+
j−2 = 1

¬
dkwx����c

x−i = y+
j = x+

i+1 = y−j−1 = 0
tv|
x−i+1 = y−j = x+

i = y+
j−1 = 0

©a«�c�tvsan���wx�
ϕ(i, j) = 0

�v���

ϕ(i, j) + ψ(i− 1, j) = ϕ(i, j) ∨ ψ(i− 1, j).

ß��I¥¦ß��
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^��vsau£c�� �P�<�a�mw£npwxtv�
tv§
x+
i+1y

+
j−1

©
x+
i y

+
j

©
x−i+1y

−
j−1

©��v���
x−i y

−
j

¬

x+
i+1y

+
j−1 x+

i y
+
j x−i+1y

−
j−1 x−i y

−
j S

0 0 0 0 0
0 0 0 1 1
0 0 1 0 1
0 0 1 1 φ
0 1 0 0 1
0 1 0 1 φ
0 1 1 0 2
0 1 1 1 φ

x+
i+1y

+
j−1 x+

i y
+
j x−i+1y

−
j−1 x−i y

−
j S

1 0 0 0 1
1 0 0 1 2
1 0 1 0 φ
1 0 1 1 φ
1 1 0 0 φ
1 1 0 1 φ
1 1 1 0 φ
1 1 1 1 φ

^���sauxc � � ¿ tvb0�azmn��"n�w£t���tv§
ψ(i− 1, j)

�v���
ψ(i, j − 1)

«<_acV�
ϕ(i, j) = 1

¬

x+
i+1 y+

j−1 x+
i y+

j x−i+1 y−j−1 x−i y−j ψ(i− 1, j) ψ(i, j − 1)

1 1 0 0 0 0 0 0 0 0
0 0 1 1 0 0 0 0 0 0
0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 1 1 0 0


��]�.�������`���a9����]9;� � ^ ­´§ β wxl<tm�a�.©a«�c�_R�r°vc

|zi| =
k−1∑

j=0

|yki+j |βj ≤
β − 1

2

k−1∑

j=0

βj .

dkwx����c
k−1∑

j=0

βj =
βk − 1

β − 1
,

|zi| ≤ βk−1
2

©º�����
Z
w¥l;np_acq|pcV§ªtv|�c8�²|��v�mw£®k¡

βk
�[ <¡¢��tm�mwx�a��¬ dmza�a�Ft�lpc8�at¾« np_���n

β
wxl[cq°vcV�Æ�����
n�_��"n np_ac

b0t�lon�lpw£���aw¨ÂF�V���Hn��mw£��w¨n�t�§�n�_ac
k
¡Ysaw£n�sauxtm� �

y(k+1)i−1 . . . yki
w¥l
β/2

tv| −β/2 ¬�^C_acqtv|�cVb �0�vz��v|��v��npcqcql
np_R�"n�n�_acÅÂ�|�lon6�atv�a¡YµVcq|ptÄ�mw£��w¨n�«<_awx��_Ù§ªt�u£uxt¾«;l�tv�Ùnp_acÆ|�w£��_�n6_��vl6��� tv�a�FtHlow£npcÆlowx�v�¤¬ ^C_kz�lq© −β/2 ≤
y(k+1)i−1 . . . yki ≤ β/2

�����

|zi| =
k−1∑

j=0

|yki+j |βj ≤
β

2
βk−1 =

βk

2
.

­´§ |zi| = βk/2
©P«�c �k�at"« np_���n |y(k+1)i−1| = β/2

�v���
yki+j = 0

© ∀j ∈ {0, . . . , k − 2} ¬Æ^C_ac6b0t�lonlpw£���aw¨ÂF�V���Hn;�at��m¡YµqcV|�t²�mwx�vw£n[t�§
yki−1 . . . y0

©�uxc�n z�l[l��rj
yq
©Rw¥l[lozR��_
np_R�"n

y(k+1)i−1 × yq < 0
¬<^C_acV|�c�§ªt�|pc�©

np_�c�b0t�lon*lpwx�v�aw£ÂR�V�v��n=��tv�m¡´µVcV|�tÆ�mwx�vw£n*t�§
zi−1 . . . z0

_���l=�v�Ätv���Ft�lpw¨n�c�lowx�v� �v���
Z
w¥l=�Æ|����mw£®k¡

βk
�; <¡

��ta�mw£����¬

��]�.�������`���a9����]9;� � ^ � c�n Z sFc n�_ac�|��v�mw£®k¡

2k
b0tm�mw£Â�cr�'¯�tktvnp_'|pcr��tm�aw£�a�0t�§

X
¬À�;ux�vtv|�w£np_ab � ��cV�acq|���npcql

np_�c dn/ke w£�HnpcV��cV|[�mw£��w£n�l;����� b §ª|��v��npwxtv���vu¤�mw£��w¨n�l<t�§ Z Áªnp|�za���q�"npwxt��RÃ�¬�dmw£���Vc
Z
wxl;�v�
�; ;¡´�Vtm�mwx�a�³Á\^C_ac�¡

tv|�cVb���Ã�©
Y = ◦n+bk(X)

¬[�[l�lozab0c8�at"«Tnp_���n
X
wxl[c�®a����npuxj�sFcVn¢«�cVcV�³n7«�t

(n + bk)
¡´saw¨n �kzab8sFcV|�lq©�np_R�"n

w¥l
x−bk−1 = 1

�v���
x−i = 0

© ∀i > bk + 1
¬}^C_ac�u£cr�vlon;lowx�v��w¨ÂR�q���Hn<�aw£��w¨n;t�§

Y
w¥l

y−b = −2k−1x−kb+k−1 +

k−2∑

j=0

2jx−kb+j + 1.

^C_acq|pcV§át�|pc�©
Y = X + 2−bk−1 ¬
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