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��tum8¤u^'jMr�i¾wl^Pm�^]r ¨o^]�Sª,º

d = l
�ur�¨u^PiMikno\©^�wlnop[�uY_^]ikjlr�\¶t�jxr noq¶nz¢+jlY[^Enu�1jxr \¶tu���1^]�uwx^'^�¢¯nuwM¢¯nuwx~,tuwx�1^]wxi]ªÃ½

M ilr \©�[��^3jlY[^]nuwx^�jlrsm'tu����n�~,^'w,��nop[q4��nuqUjxY[^3q[nuwx\¶tz��r À]^]���[^'�st³g_rsi
hl

E��P�FH·ª � ^3~�r�� �9il^'^EjlY4tzj�t�jlwx^'^
nu¢��1^'�owl^]^

d
tu� ��n�~�i�jln¹tum8Y[r�^'¨o^Ut"�1^'�st³g

2hd
~�Y[r�m8Y�rsi�tzj�\©noikj�j{~�rsm�^U��nuq[�o^'w<jxY4tzq�no�1jlr�\¶tz�M¢¯now

d = l
ª
� ^Ip4il^"jlY4r�i�ikr�\©�[� ^�\_n1�1^]��jxnµtzq4tu� ghÀ'^Ituq4� m�no\©�4tzwx^�jlY[^��[r¿Á+^'wx^'qQj�tu� �onuwxr¿jxY[\¶i_¢¯nuwU�G^'^]wk¦

jxnz¦·��^]^'w<\�p[�¿jxr�m]tuikjlr�q[�4ª I�n�~,^'¨o^'wP®9r q �[w8tum�jlrsm�^o®
L
\¶t³g�¨�tzwxg�t
��nzjP®^Pik�G^]m'r�tu� ��gI¢¯now�t
~�nowl�s�¹~�r��1^

tu�[�[��r�m]t�jxr noq9ªÛ`���p4i{jx^'wxr q4� tu� ��n�~�i_jln�no�1jlr�\©r À]^��1^]��t³g1i©~�r jlY jlY[rsiUwx^'�Qtzw8�Sª «¬q¸nup[w�tz���unuwxr jlY[\
®�t
¢¯nowl~�tzw8�1^]w

x
il^'q��1r q4��t<�4tom8¤u^'j¾jln_t�m'� p4ikjl^]w�Y�tuiÂjxY[^3� r���^]wkj{g_jxn_il^'��^]m�j¾jlY4^}q[n1�1^

y
jxn�wx^]tom8Y¶r q�jlY[^

m'� p�i{jx^'wPª�«·j}m]tzq�jlYhp4i�m8Y4nQnQik^EjlY4^<q[n1�1^<~�r¿jxY"ik\¶tz����^]ikj�wxnup4q4�Ujxwlr���jlr�\©^uª
M i��4tum8¤o^�j8i�\©t³g�tzwxwlr�¨u^�t�j�wx^]m�^]r ¨o^'w8i,nup1j�nu¢�nowx�1^]w]®1tuq�r�\©��nowkj8tzqQj�\©^]tuilp[wx^�r�i,jxY[^�qhp[\��G^'w�nu¢

��tum8¤u^'j}jxY4t�j<q[^]^]��jln
��^©�[p[ÁG^]wl^P��r�q¹nowx�[^'wEjln
wl^]nuw8�1^'wEjlY4^©ikjlwx^]tu\
ª�X�Y[rsi��[p1Á+^'w<r�q4�1^'^P�¹m]tzp4il^]i
ilnu\©^
tu�[�[r¿jxr noq4tz���1^]��t³g jxn¹�[�st³g jlY4^
ikjlwx^]tu\
ª � ^�~�r����=y{p4i{jUm'nup[qQj©jlY[^
wx^'nowx�1^]wlr�q[���[p[^�jln�jlY[^
tu� �onuwxr¿jxY[\£m8Y[nQik^]q�¢¯nuw<¢¯nowl~�tzw8�1r�q[����tum8¤u^'jxi]ª�X�Y[^�y{r jkjx^'w_�1p[^¶jxnI¨�tzwxr�tzjlr�nuq4i�nu¢�jxY[^¶jlw8tzq�ik\©rsililr noq
�[^'�st³g�~�r�� �=q[nujE�G^�r�q4m'� p4�[^]�"r�qIjxY[^_m'nup[qQjEtoi}r j�r�iEwlnop[�uY4� g�jlY[^©ixtz\©^<¢¯nuw�tz���=tz���unuwxr jlY[\¶i]ª � Y[^'q
^]qQjl^'wxr�q[��jlY[^Eq[^�j{~,nuwx¤+®zjxY[r�i��[p1Á+^'w¾jlr�\©^}r�q4�1p4m'^]i,t<wl^Pik�Gnuq�ik^�jxr \©^�¢¯nowMjxY[^}p4il^'wP°9jxY[^�jxr \©^3ikY[^EY4tui
jxn�~�tzr j3�G^�j{~,^'^]qIY[^]w��[^]m�rsilr noq"jln�� rsikjl^'q�jln�jlY[^©i{jxwl^Ptz\ tzq��"jlY4^�jxr \©^_~�Y[^'q�jlY[^©i{jxwl^Ptz\:�G^'�ur�q4i
jxn©��^<�[�st³gu^P�Sª
Xn}^]¨³tu� p�t�jl^¾jlY[^�wl^]� rstz�4r ��r¿j{g3nz¢1jxY[^��1r¿Á+^'wx^'qQj=tz���unuwxr jlY[\¶i]®]~,^�m'nu\©�[p1jx^MjlY4^¾~,nuw8i{j9¢²tur ��p[wx^¾�4tom8¤u^'j

��noixi]ª � Y[^]q¥t"q[n1�1^U¢²tzr���i]®=~�^Um]tzqµ�1^,W4q[^¶jxY[^�t³¨o^'w8tz�u^_�4tom8¤u^�j���noixi�toi<jlY4^�t³¨u^]wxtu�u^_¢¯wxtom.jxr noq�nu¢
��tum8¤u^'jxi���noikjE�hg
wx^'\¶tzr�q[r�q[�Uq[n1�1^Pi'ª3X�Y[r�iE�4tom8¤u^�jE� nQiliEm'tzq"�owl^Pt�jx� g
�1^'�G^'q��"nuqI~�Y4r�m8YIq4nh�[^�¢²tzr��si'ª
X�Y4^�~�nowxikjÂ¢²tzr�� p4wl^��4tom8¤u^'j=��noixiÂrsiM�1^,W4q[^]�¶toi=jlY4^��4tum8¤o^�jÂ��noixiÂnu�1j8tzr�q[^]�_r�q©jlY[^}~�nowxikjMm'tuil^�º¯r§ª ^uª�jlY[^
\©nQi{j�r�\_�GnuwljxtuqQj,q[n1�1^3¢²tur �si'®hj{gh�[rsm'tu� ��g©jlY4^<wlnhnzj�nz¢=t�jlwx^'^P½�ªÂX�Y[r�i�\©^Ptuilp[wl^3rsi�r \©�GnuwljxtzqQj���^Pm'tup4ik^
r j�^�1�[wx^]ixil^]i,Y[n�~»t¶ilr�q[�u��^�q[n1�1^�¢²tzr�� p4wl^�\¶t³g�r�\©�4tum�j�jlY[^<\¶t�y{nowlr j{g¶nz¢=q[n1�1^Pi'ª<N}nzjlrsm�^�jxY4t�j}t_¢¯^]~
w8tzq��1nu\ê¢²tur ��p[wx^]i�r�qIt_jlwx^'^<Y�t³¨u^�� ^Pili�r \©�4tom.j�jxY4tzq�jlY4^<¢²tzr�� p4wl^<nu¢�jxY[^�wxnhnzj]ª � ^�tu��ilnU�1rsilm'p4ixi�jlY[^
�stzwx�u^}qQp4\��G^'w,nz¢S¢²tzr���p[wl^Pi¾m]tuil^�º ¢¯now�^'[tz\©�[��^E�1p[wxr�q[��t���tzwljlrstz�4q4^�j{~,nuwx¤��[wx^]tu¤1�1n�~�q�½=~�r jlY�wl^]�otzw8�

ÐÐ#Ö�]4ç.çPæ_^
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jxn�jxY[^3tu�[r�� r j{g_jln_wl^Pm�n�¨u^]w¾ilp4m8Y�t��[wxtu\©tzjlrsm}ixm�^]q4tzwxr n�ª L�r�q4tz��� go®h~�^��1^&W�q[^�jxY[^}jxwl^]^}wx^]m'nuq4ikjlwxp4m.jxr noq
n�¨o^'wxY[^]to�¶tui�jlY4^Ejxr \©^<q[^]^]�1^P�Ujxn�wx^]tuwlw8tzq4�u^�jxY[^3jlnu�Gnu��nu�og©nz¢&jxY[^<ikg1ikjl^]\ ~�Y[^'q
t�q[n1�1^3¢²tzr���i�tzq��
Y�tui=jxn<��^�wx^'�4��tom�^]�9ª � ^�~�r ���4^Pi{jxr \¶tzjl^�r j¾�hg�m�nop[qQjlr�q[�<Y[n�~ \¶tzqhg�\©^]ixixtz�u^Pi=\�p4ikjM�G^}ik^]qQj¾�1p[wxr q[�
wx^]m'nuq4ikjlwxp4m�jlr�nuq9ª M �Qtzr�q�~�^�m�nuq�ikrs�1^'w�jlY[^�~�nowxikj�m'toik^¶~�Y[^]wl^UjlY[^�\_nQi{j�p[q1¢²t³¨unowxtu�[��^¶q[n1�1^¶¢²tzr��si'ª
X�Y4r�i�\©^]toikp4wl^�^]ikjlr�\¶t�jx^]i,jlY4^<wl^Pikr�� r�^'q�m�^�nz¢jlY[^�ixm8Y[^'\©^3jlnUt_q[n1�1^3¢²tur ��p[wx^uª
X�tz�[��^����or ¨o^]i�t�ilp[\©\¶tzwxg
nz¢MjxY[^¶tzq4tu� g1ilr�iEnz¢�jlY[^_��^]^'wl¦Vjxnz¦·��^]^'w�i{jxwl^Ptz\©r�q[��tu� �onuwxr¿jxY[\¶iEm'nuq1¦

ilrs�1^'wx^]�¶r�qUjxY[^3�4tz�G^'wPª�Xn_�u^�j�t�m'nuq4ilr�ikjl^]qQj�¨hr ^]~<®QjlY[^�tz���unowlr jlY[\¶i,tzwx^}ilp[�[�Gnoil^]�¶jxn�p4il^EjlY[^�iltu\©^
�[^'�uwx^'^

d
¢¯nuw�¢¯nowl~�tzw8�1^'w8i]ªMX�Y[^�\�p4�¿jxr�m]tuikj�jlwx^'^�m'nuq4ikjlwxp4m.jx^]��jlYhp4i�~�r����&Y4t³¨o^3Y4^'r��uYQj

h = dlogd ne
ª

X�Y4r�i�jxtz�4� ^��4tuilr�m]tz��� g�ikY4n�~�i�jlY4tzj�vMwx^&W4[ehjlwx^]tz\ tz����n�~�i�jlnIY�t³¨u^¶¢²toi{j�wx^]m'nuq4ikjlwxp4m�jlr�nuq�jlr�\©^�tzq��
��tz�stzq4m'^]��p[�[��noto��t�j�jxY[^�m'noikj�nz¢�il� r��uYQjl��g�\_nowl^U�[^'�st³g�jxY4tzqµt"wx^'�op[�stzw<jxwl^]^Unz¢��1^]�uwx^'^

d
ª¼º²X�Y[^

�[^'�st³g¥�Gnup[q4�/nz¢<vMwx^&W[4eQjxwl^Ptz\ r�i�tz�[�[wxn³1r \¶tzjl^'��gµj{~�rsm�^IjlY[^�jlY[^]nuwx^�jlrsm'tu��nu�[jlr�\©tu�E�1^]��t³g ~�Y[^]q
e1�[� r j8ehjlwx^]tz\(r�i�~�r jlY4r q"t�¢²tum�jlnuw<�oª ��¢¯wxnu\ no�1jlr�\¶tz�§ª ½
X�Y[^<��tuilr�mEjlwx^'^�\�p[�¿jxr�m]tuikjlr�q[�Utz���unowlr jlY4\êp4ik^Pi�t�jlwx^'^<nz¢=�1^'�owl^]^

d
tzq4��Y[^'r��uYQj

h
ª¾eh�[��r¿j.eQjlwx^]tu\

p�ik^Pi
d
jlwx^'^]i�nz¢��1^]�uwx^'^

d
ª OGr��uÀPtz�"p4il^]i�m���p4ikjl^'w8i�nu¢}ikr�À'^

m = Θ(k)
º
k
rsi_tI�4tuwxtu\_^'jl^]w�nz¢�jxY[^

tu� �onuwxr¿jxY[\U½¾tuq4��t�jxwl^]^�nz¢Â�1^'�owl^]^
d = m − 1

tzq���Y[^]r �oYQj
logk n ≈ logd n

ª<I}n�~�^]¨u^'w�ilnu\©^�q[n1�1^]i
\¶t³g�Y4t³¨u^U�[^'�uwx^'^

Ω(k2)
wx^]±Qp[r�wlr�q[�Ituq�p[�[��notu�

(m − 1)2
ª¹X�Y4^�ikr�q[�o� ^�m���p4i{jx^'w�r�i_tIikjlp4�1g�m]tuil^

tu� �onuwxr¿jxY[\�jlY4tzj�p4il^]i�r qUjlp[wxq
n
jlwx^'^Pi¾nu¢9Y[^'r��uYQj}�oªÂX�Y[^Em'� p4ikjl^]w¾jxwl^]^Em'nuq4ilr�ikjxi¾r q�t<jlwx^'^Enz¢&m'� p4ikjl^]wxi

nu¢�ikr�À'^
m = d

º jlY4^Ujlwx^'^�Y[^'r��uYQj�rsi<jlYhp4i
logd(n/d) = h − 1

½.ª
vMwx^&W4[ehjlwx^]tz\¡p4il^]i
2
ik^'jxi�nu¢

dr�qQjl^]wlr�nuwl¦·m'� p�i{jx^'wl¦·�1rsi²y{nur�qoj�m���p4ikjl^'w�jxwl^]^]i]ª

� �ì�����¶;<�=2�6����

����� ��	�
����������������������	��������! "�!�
X�Y4^��4toikrsm�tzw8m8Y[r jl^Pm.jlp4wl^�¢¯now}�[wxnoto�[m'toi{jxr q[�Um'nuq4ilrsi{j8i�r�qInuwx�otuq[r À]r q4��jxY[^�wx^]m'^'r�¨hr q[��q[n1�1^]i}r q�t �5�����
nu¢G�1^]�uwx^'^

d
ª�X�Y[^�ilnup[w8m�^�il^'q4�4i�jlY[^�ikjlwx^]tu\�jln�jlY4^,wxnhnzjÂnz¢�jlY[^�jxwl^]^uª�0M¨u^]wlg�r�qQjl^]wlr�nuw=q[n1�1^�wx^]m�^]r ¨o^]i

^Ptum8YU��tum8¤u^'j�¢¯wxnu\êr jxi���tzwx^'qQj�tuq4�¶¢¯nowl~�tzw8�[i¾r¿j�jln©r jxi
d
ilnuq4i]ª-69^]tz¢&q[n1�1^]i�ilr \©�[��gUwx^]m'^'r�¨u^}��tum8¤u^'jxi

~�r jlY4nup1j�¢¯nowl~�tzw8�1r�q[�4ª
L�r�wxikj�q[nujlrsm�^¶jxY4t�j�jlY[rsi�ixm8Y[^'\©^Ursi�q4nzj��4tu��tuq4m�^P� r q�nop[w�il^'q�ik^Uilr q�m�^¶jxY[^���^]tz¢�q4nh�[^]i��[nIq[nzj

¢¯nowl~�tzw8��~�Y[r���^�r�qQjl^]wlr�nuw_q[n1�1^]i_q[^]^]� tzq p[�[��noto�µ�4tuq4�1~�rs�hjlY
d
ª M i�jxY[^"�4tum8¤o^�jxi_tzwxwxr ¨hr�q[�Ijxn�t

wx^]m'^'r�¨u^]w9tz���zjlw8t³¨u^]�utz��nuq4��jlY[^,iltu\_^Â��t�jlY&®]jxY[^'g<tuwl^Âwx^]m'^'r�¨u^]�3r�q�jlY[^�^'\©rsililr noq<nuw8�1^'wPª�69^'j
h = logd n�G^�jxY[^�jlwx^'^�Y[^]r �oYQj]ªEX�Y4^��[wxnoto�[m'toi{j}�1^]��t³g
rsi��Gnup[q��1^]���Qg

h(dT + L)
ilr q�m�^�t�q[n1�1^�nu¢ÂjlY[^�jlwx^'^

wx^]m'^'r�¨u^Pi,t©��tum8¤u^'j�tzj�\©noikj
dT + L

tz¢ jl^'w}r¿j8i��4tzwx^'qQjPªMX&n¶\©r�q[r \©r�À'^�y{r jkjx^'wP®1jlY[^�^'\©r�ixilr noq�jxn�~,tuwx�[i
jxY[^©iknoq4i�ikY[nop[�s�Iwx^'\¶tzr�q"jlY4^©ixtz\©^oªUº²X�Y[^_¢¯nuwx~�tzw8�1^'w8i�nu¢�tzqhg"tz���unowlr jlY[\ ilY[nup4����¤u^'^]�IjxY[r�i<toiEt
wxp[��^¶nz¢�jlYhp[\��9ªÃ½/«·¢�~,^¶q[nuwx\¶tz��r À]^]�¹jln

T = 1
®&jxY[^U\¶t�1r�\¶tz�¾�1^]��t³g¹r�i<jlYhp4i log n

log d
(d + l)

~�Y[r�m8Y
rsiE\_r�q[r�\©r�tu�&¢¯now

log d − d+l
d

= 0
ª$L�r��up[wx^���r ��� p�i{jxwxtzjl^]i�jlY[^©�1^]�uwx^'^

d
�ur�¨Qr�q[�Uno�1jlr�\¶tz�=�1^'�st³g
tui}t

¢¯p4q4m.jxr noq�nu¢
l
ªÂX�Y[rsi�m�p4wl¨o^EilY[n�~�i�jlY4tzj,j{gh�[rsm'tu�+¨³tu� p4^]i�nz¢

l
º¯¢¯wlno\

2
jxn

15
½�wx^]±Qp[r�wl^Et©�1^]�uwx^'^}¢¯wlno\

4
jxn

11
ª

L�r��up[wx^��"r���� p4ikjlw8t�jx^]i�jlY[^�\©tz1r \¶tz�,�1^'�st³g�nu�1j8tzr�q[^]��~�r jlYµjlY[^�jlwx^'^�tuwxm8Y[r jl^Pm.jxp[wl^U¢¯nuw�¨�tuwlr�nup4i
¨�tu� p[^Pi3nz¢

d
ª M i<t�Y4r qQj<nz¢�m�nu\©�4tuwlrsilnuq9®+~,^�Y4t³¨o^_m'nu\©�[p1jx^]�IjlY[^_jlY4^'nuwx^�jxr�m]tz�=nu�1jxr \¶tu�M�1^'�st³g�¢¯nuw

\�p[� jlrsm'tuikjlr�q[��nuq[^3�4tum8¤o^�jMjxn
n = 106

q[n1�1^]i]ªÂX�Y[^3��^Pi{j,jlY[^]nuwx^�jxr�m]tz�+ilm8Y[^]\©^Em�noq4ilr�ikjxi�r q
tz���Gq[n1�1^]i
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optimal degree
d=l

L�r��up[wx^��o°�X�Y4^Eno�1jlr�\¶tz�+�1^'�owl^]^
d
nz¢t�\�p[� jlrsm'toi{j�jlwx^'^�tui,t<¢¯p[q�m.jlr�nuq�nz¢

l = L/T
®ujlY[^3q[nowl\¶tz��r�À'^]�

�st�jx^'q4m'guª

¢¯nowl~�tzw8�1r�q[�¹m'nuqQjlr�qhp[nup�ik��g jlY[^
�4tom8¤u^'j©toi_ilnhnuq¸tui�jlY4^'gµwx^]m'^'r�¨u^�r¿j�tuq4�¥toi©� noq[��toi©ikno\_^
q[n1�1^
Y�tui}ikjlr����q[nujEwx^]m'^'r�¨u^]�
r j E��P�!H�º²^'¨u^]wlg�^'\©rsililr�nuq"rsi}ilp[�[�Gnoil^]�
jxn�wx^]tum8Y"t�q[^'~�q[n1�1^³½.ª}«·j<m'tuq
jlYhp4i
�G^
�1^&W4q4^]�¥toi�jxY[^�il\¶tz��� ^Pi{j©r�q4�1^�

i
ilp4m8YµjxY4t�j

ai > n
~�Y4^'wx^

ai

r�i�jlY[^
il^]±Qp[^'q�m�^��[^&W4q[^P�µ�hg
ai = ai−1 + ai−l−1

tzq4�
a0 = 1

tzq��
a
−1 = · · · = a

−l = 0
ºVik^]^ E��P�!H�¢¯now�jxY[^��[^�jxtur �si8½.ª L[nuw

2 ≤ l ≤ 16
jxY[^�jlwx^'^��1^]��t³g�rsi}wxnup[�oY[��g¹�oª �_jxr \©^Pi�jxY[^�no�1jlr�\¶tz�=�1^'�st³g�¢¯nowEtuqQg
�1^]�uwx^'^

4 ≤ d ≤ 8
ª

X�Y4r�iEikY[n�~�i�jlY4tzj3t W[1^P�"�1^'�owl^]^�m'tzq"�or ¨o^��unhn1�
�1^'�st³g1i�¢¯nowEt©~�rs�1^�w8tzq[�o^<nz¢
l
¨�tz��p[^Pi'ª�X�Y[rsi�rsi}t

�onhnh���Gnur�qojM~�Y4^'q©jlY4^��4tzw8tz\©^�jx^'w
d
Y�tui=jxn<��^�W[1^P��noq4m�^�¢¯nowMtz���[��^'¢¯nuwx^��1^'�4� n�ghr�q[�<tE\�p[� jlrsm'tuikjlr�q[�

q4^�j{~,nuwx¤Gª
� ^�q[n�~/tzq4tu� ghÀ]^�jlY4^Ewx^'��r�tu�[r�� r j{g©nz¢9jxY[^3ixm8Y[^]\_^oª#Lr�w8i{j�m�noq4ikrs�1^]wMjlY4^3q4nh�[^}¢²tur ��p[wx^}~,nuw8i{j�m'tuil^u°

r ¢�jlY4^�wxnhnzj�¢²tur �si�tu� ��q[n1�1^]i���nQnQik^�tz�����4tom8¤u^'jxi�p4qojxr ��jlY4^Ujlwx^'^�r�i�wx^'�4tur wx^]�Sª¹X�Y[r�i�ghr ^]���4i�t"~,nuw8ikj
¢²tur ��p[wx^E��tum8¤u^'j,��noixi,nz¢

1
ª<N�nujlrsm�^EjlY4tzj���tum8¤u^'j,��noixi��1p[^3jln¶il��nowxto�1rsm��stum8¤¶nz¢¢¯nuwx~,tuwx�[r q[��r�i�ilr \©�[��g

�4wlno��nowkjxr noq4tz�&jlnUjxY[^©t³¨u^'w8tz�o^<qhp[\��G^'w�nz¢Â¢¯nowl~�tzw8�1^]wxi�¢¯nuw3wl^Ptum8Y[r�q[��t�q[n1�1^�º¯jlY[rsi3r�iEjxwlp[^�¢¯nuw�tzqhg
ixm8Y[^]\_^³½.ª}X�Y4^�~�nowxikjEm]tuil^<¢¯nuwEwl^Pm�nuq�i{jxwlp4m�jlr�nuq�jlr�\©^�tu�otzr�q"n1m'm'p[wxi�~�Y[^'q"jxY[^�wxnhnzj�¢²tur �si]ª � ^_m'tuq
jxY[^'qµilY[n�~êt

hd
��n�~�^]w<��nop[q4��noq jlY[^Uqhp[\���^]w�nu¢�\©^Pilixtz�o^]i�^�[m8Y4tuq[�u^P�¹jlnIwx^'�4tur w�jlY[^¶jxwl^]^U�hg

toililp[\©r�q[��tzq¸r¿jx^'w8t�jxr ¨o^�wx^'��tzw8t�jlr�nuq¼�[wxnhm'^]ixi'°
jxY[^"wxnQnuj¶r�i¶wx^'�4��tom�^]�¼�hg¥noq[^"nz¢�r¿j8iUilnuq4i"º
d + 1\©^Pilixtz�o^]i�tzwx^�jlY4^'q"q[^Pm�^]ixixtzwxg¶jlnUr�q1¢¯nowl\(jlY[^�iknoq4i�nz¢=jxY[^�ilnuqItzq���jxY[^�ilnup[w8m�^³½.®4jlY[^�q4^'~�wlnhnuj�r�i

jxY[^'q¶wx^'�4��tom�^]���hg�noq[^�nz¢Sr jxiMilnuq4i¾tzq4�©iln<nuq¶tz��nuq[�<t��4tzjlY_¢¯wxnu\�jxY[^�wxnhnzj]ª M ¢²toi{jx^'wMixm8Y[^'\©^�m�nop[�s�
m'nuq4ilrsi{jÂr�q_�1r�wx^]m.jx� g_ik^]� ^Pm.jxr q[�<t3�Gnzjkjxnu\�q4nh�[^�¢¯nuwÂwx^'�[�stum'r q[�EjlY4^�wlnhnzjPª I}n�~�^]¨u^'wP®³jlY4r�iÂ~,nup4����r \©�[��g
to�[�1r jlr�nuq4tu�4jxnu�Gnu��nu�og�\¶tzr�qQjl^]q4tzq4m'^uª � nur�q[��jxY[r�i,~�r jlY[nop1j�tzqhg¶m�nuq��4r�m�j,~�Y4^'q�il^'¨o^'w8tz��q[n1�1^]i¾¢²tzr��+r�i
q4nzjEno�h¨Qr�nup�i'ª M q¹tu� �onuwxr¿jxY[\(¢¯nuw W�q4�1r�q[��q4nh�[^]iE~�r¿jxY¹il�4tzwx^�m'tu�4tum'r¿j{g�~,nup[�s�
jlY4^'q��G^�t���nQililr��[� ^
ilnu��p1jxr noq9ªMeh�[��r¿j.eQjlwx^]tu\ p4il^]i�ilp4m8Y
t�\©^Pm8Y4tzq[rsil\ ~�r¿jxY"tz�otur q
t

O(hd)
�Gnup4q4� º²il^'^�eh^]m�jlr�nuqI�[ª Bu½�ª
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1.5*(optimal delay)
tree delay d=4
tree delay d=6
tree delay d=8

Lr��up4wl^��1°ÂX�Y[^<\¶tzhr�\¶tz�9�1^]��t³g¶no�1jxtur q4^]��~�r¿jxY�jlY[^�jxwl^]^�tuwxm8Y4r¿jx^]m.jxp[wx^3toi�t�¢¯p4q4m.jxr noq�nu¢
d
ª

��� � � � �� ����� ������� 	 �������! "�!�
� ^©m'tz���0�&�;8A%2�3�&�¶t��uwxnup[�"nu¢¾q[n1�1^]iE¤hq[n�~�r�q[��^Ptum8Y"nzjxY[^'wPª M ilr \©�[��^©ilm8Y[^]\©^�¢¯nuw3�[wxnoto�[m'toi{jxr q[�Ut
��tum8¤u^'jMr qUt<m'� p�i{jx^'w¾m'nuq4ilr�ikjxiMr qU�or ¨hr�q[��^]tom8Y_��tum8¤u^'jÂjln�noq[^�q[n1�1^�~�Y4r�m8Y©jxY[^'q©¢¯nowl~�tzw8�[i=r j��1r�wl^Pm.jl��g
jxn¶tz���SnzjlY4^'w�q[n1�1^Pi'ªMX�Y[^�ilnup4wxm'^3m]tzq
m8Y[nhnoil^E^Ptum8Y�q[n1�1^<r q�jxp[wlq�¢¯nuw�tom'm'nu\©�[��r�ilY[r�q[�_jlY[rsi�jxtoik¤+ª

N}nzjlrsm�^,jxY4t�jÂjxY[r�iÂixm8Y[^]\_^�rsi=p[q1¢¯^Ptuilr �[��^,¢¯nuwMtE��tuwl�o^�qhp[\���^]wÂnz¢Gq[n1�1^]i]ª�I}n�~�^]¨u^]w]®³r jMr�i=�4tu��tuq4m�^P�
r�q nup[w<il^'q4il^uª M � �Mq4nh�[^]i3¢¯nuwx~�tzw8�Inuq4^_��tum8¤u^'j<n�¨u^'w

n
jln�jlY[^

n − 1
nzjlY4^'w<q[n1�1^Pi'®9wx^]±Qp[r�wxr q[�
tzq

p4�[� nQtu��nz¢ n−1
n

≤ 1
ª�X�Y[^¶�1^]��t³g"rsi���nop[q4�1^P���hg

(n − 1)T + L
ª_X�Y[^©�4tum8¤o^�jxiE\¶t³g"Y4t³¨u^�jln
�G^

wx^'nowx�[^'wx^]�©jxY[wlnop[�uY
t_~�r q��1n�~änu¢
n − 1

�4tom8¤u^�j8i'ª
X�Y[^�tu�1¨�tuqoj8tz�o^¶nz¢�jlY4r�i_ilm8Y4^'\©^�rsi�r jxi�wl^]� rstz�4r ��r¿j{g+°¶tz���¾q4nh�[^U¢²tzr���p[wl^Pi��G^'r�q[�¹ilgh\©\_^'jlwxr�mu®=jlY[^

~,nuw8ikjÂm]tuil^,¢¯nuwMt�q[n1�1^�¢²tur ��p[wx^�m'tzq_nuq4� g_t�Á+^]m.jMnoq[^��4tom8¤u^�jÂn�¨o^'w
n
p4qojxr �4jlY[^��[^�jl^Pm.jxr noq_nu¢�jxY[^�q[n1�1^

�[^]t�jxY9ª�X�Y4^�~�nowxikj�¢²tzr�� p4wl^<�4tom8¤u^'j�� nQili�rsi�jxYQp�i 1
n

ª�b"nuwx^'n�¨o^'wP®Qr ¢Mt©q[n1�1^���^]t³¨o^]i�jlY[^�q[^�j{~,nuwx¤+®1jlY[^
wx^]m'nuq4ikjlwxp4m�jlr�nuqIn�¨o^'wxY[^]to�"ikr�\©�[� g¹m�nuq�ikrsi{j8i}r�q�r q1¢¯nowl\©r�q[��jlY[^¶ilnup[w8m�^oª<«¬q1¢¯nuwx\©r q[��nzjxY[^'w�q[n1�1^Pi3r�i
��^]ixi�p[wx�u^]qojPªÂX�Y[^�iknop[w8m�^�m'tzq��[r��u�ogo¦·�4tom8¤�jxY[^<r�q1¢¯nuwx\¶t�jlr�nuq�r�q���tum8¤u^'jxi,r j}ik^]wl¨o^]i,��tzjl^]w�nuq9ª

����� ���  	 ��� ���!���
	
e1�[� r jxikjlwx^]tu\ E ��H}rsi©�4tuil^]�¼nuq¸t ik^'j©nu¢

d
r�qQjl^]wlr�nuwl¦§q4nh�[^�¦¬�1r�i²y{nur�qQj�jxwl^]^]i]ª 0¾tom8Y¼q4nh�1^
�G^'��nuq[�Qi_jln

noq[^<jxwl^]^�tuiEtzqIr�qQjl^]wlr�nuwEq[n1�1^�tuq4�"r�q"jlY[^
d − 1

nzjlY4^'w8i}tuiEtU��^]tz¢Mq[n1�1^uª/Lr��up4wl^ BUr�� ��p4ikjlw8t�jl^Pi}tuq
^'[tz\©�[��^�nz¢eh�4� r j8eQjxwl^Ptz\êtzw8m8Y[r jl^Pm.jlp4wl^oªX�Y[^E�4tuilr�m}tz�[�[wxnotom8Y¶m�nuq�ikrsi{j8iMr�qUp4ilr q4�<jlwx^'^PiMnz¢&�[^'�uwx^'^

d
ª

I}n�~�^]¨u^]w]®[t¶ixm8Y[^'\©^<rsi��[wxnu�Gnoil^]��jxnUtu�[tu�1j�jlY4^��1^'�owl^]^�nz¢Â^]tom8Y�q4nh�[^<jln¶r jxi}p[�[��notu�"m]tz�4tom�r j{guª�«¬q
nop[w3¢¯wxtu\©^'~,nuwx¤�~�Y[^]wl^¶tu� �=q[n1�1^Pi�Y4t³¨u^_iltu\_^_p[�[��noto��m]tz�4tom�r j{gu®&eh�[��r j8eQjxwl^Ptz\d~,nup[�s�Ip�ik^©wx^'�up4��tuw
jxwl^]^]i�nu¢��1^]�uwx^'^<m���noil^}jxn

d
ª

X�Y[rsi�ixm8Y[^'\©^<rsi��4tu��tuq4m�^P��ilr q�m�^<^]tom8Y
q[n1�1^�¢¯nuwx~,tuwx�4i�noq[^��4tum8¤o^�j�n�¨o^'w
d
jln¶r jxi

d
iknoq4i�r�q
jlY[^

jxwl^]^�~�Y[^]wl^�r¿j<rsiEtuq�r�qQjl^'wxr�nuw}q4nh�[^uª M ����jlwx^'^Pi}Y4t³¨hr�q[��Y4^'r��uYQj
h = logd n

®+jlY4^_�1^]��t³g
rsi3��nop[q4�1^P�

���Ð � �
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5 6

1  2
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5 6 4

L�r��up[wx^�B[°�e1�[� r j8ehjlwx^]tz\ º j{~,n
r qQjx^'wxr nowk¦·q[n1�1^�¦¬�1rsi¯y{nor qQj3jlwx^'^Pi'°<jxY[^U��^]t³¨o^]i3nz¢�nuq[^©jxwl^]^Utzwx^©r qQjl^]wlr�nuw
q4nh�[^]i�nz¢�jlY4^<nzjlY4^'w8ix½�ª

�hg
h(dT +L)

ª � r jlY¶jxY[^�e1�[� r j8ehjlwx^]tz\êixm8Y[^'\©^o®onoq[^��4tom8¤u^�j�n�¨u^'w
d
tuwlwxr�¨u^]i=~�r jlY�t�ilY[nuwljl^]w��1^]��t³g+°

jxY[^��4tom8¤u^'j�wl^Pm�^'r�¨u^P���hg�jlY[^�jlwx^'^<~�Y[^]wl^�jxY[^�q[n1�1^�rsi�r�qQjl^]wlr�nuwPª�Xn¶wl^]nuw8�1^'w���tum8¤u^'jxi]®4t©q[n1�1^�\¶t³g
q4^'^]��jlY4^�tu�[�1r jlr�nuq�tz�S�[p1Á+^'wxr�q[�¶nz¢�nuq[^��4tom8¤u^�jPª
`�noq4m�^]wlq[r�q[��wx^'��rstz�[r�� r j{gu®ujlY[^3tzp1jxY[nuw8i¾tuwl�op[^�jlY�t�j�e1�[� r j8ehjlwx^]tz\êm]tzq¶�uwx^]tzjl��g��G^'q4^&W[j�¢¯wlno\ìjx^]m8Y1¦

q4r�±Qp[^PiEil�[��r¿jljlr�q[��jxY[^©i{jxwl^Ptz\:r qQjxn
d
ikp4�1¦·ikjlwx^]tu\¶i�º²m]tz��� ^P��ikjlwxr �G^]i8½�ilp4m8Y"jxY4t�j�� nhnQikr�q[��noq[^�ikjlwxr���^

Y�tui¾t�\©r q[now�r�\©�4tum�jEªsº²X�Y[^]g©�[wlno��nQik^�¢¯nuw,^�[tz\©�[��^�jln�p4il^}\�p4�¿jxr �[��^��1^]ixm�wxr �[jlr�nuqUm�n1�1r�q[��¢¯nuw¾¨hrs�1^'n
tuq4�_^'w8tuilp[wx^�m'n1�1r q4�E¢¯nowMwx^'��r�tu�[� ^��[r�ikjlwxr �4p1jlr�nuq©nz¢9�[tzjxt4ª ½ M qhg�tuwxm8Y[r jl^Pm.jxp[wl^��4toik^P�_nuq¶ik^]¨u^]wxtu�hjlwx^'^]i
\¶t³g
�G^'q[^,W[j�¢¯wlno\dikp4m8Y�ilm8Y4^'\©^uª � ^Ey{p4i{j�tuq4tz��ghÀ'^�jxY[^©�4tzwx^��Gnuq4^©tu� �onuwxr¿jxY[\
ª<X�Y[^©~�nowxikj3m]tuil^
¢¯now}q[n1�1^�¢²tzr�� p4wl^�n1m]m�p[w8i�~�Y[^]q"nuq[^�nz¢=jlY4^

d
wlnhnzj8i�¢²tzr��si'ª}X�Y4r�iE�ur�¨u^Pi�t¶~,nuw8i{j�¢²tur ��p[wx^��4tom8¤u^�jE� nQili

nu¢
1/d
tui�tu� �9q4nh�[^]i�~�r�� �SjxY[^'q
wx^]m'^'r�¨u^<tz���9i{jxwlr��G^]i��[p1jEnuq[^oª=Xn¶wx^'�4tur w�t�jlwx^'^o®4tz���+jlY[^�ilnuq�i�nz¢�jlY[^

¢²tur ��r�q[�Uq[n1�1^�\�p4ikj}wl^'¦§r�q4il^'wlj�jlY[^]\¶ik^]� ¨o^]i�r�q"jlY4^<jlwx^'^oª,0�tum8Y"nz¢=jxY[^
d
ilnuq�i�\�p4ikj}jxYhp4i��G^'wl¢¯nuwx\(t

vÂtoi{jxwlg"��nhnu¤hp[��~�Y4r�m8Y�wl^P±Qp[r wx^]i3tz�4�[wln³1r�\¶t�jl^]� g
h
\©^]ixixtz�u^Pi'ª90¾tum8Y�nuq[^¶m]tzq W�q4�¹t�q[^]~ì�4tuwl^]qQj

jxY[rsi�~�t³guª I�n�~,^'¨o^'wP®hjlY[^��[wxnhm'^]ixi�\¶t³g��G^�\©nowl^<r�qQjlwxr�m]t�jl^�~�Y[^'q"jxY[^�q4^'~��4tzwx^'qQj}Y�tui�^'hY�tzp4ikjl^P�
r jxi�p[�[��noto�¶m'tu�4tum'r¿j{g
º¯r ¢&r j�Y4toi�tu� wx^]to�1g

d
ilnuq4i8½.ª M�� �[p4ilY1¦¬�1n�~�q����[wln1m'^]ixi¾m'tuq©jlY[^]q��G^}r jl^]wxtzjlr�¨u^'��g

�G^'wl¢¯nuwx\©^]��jln¶wx^{y{^Pm.j�noq[^�m8Y[r����
noq[^<��t³go^'w��1^]^'�G^'w�r�q
jlY[^�jlwx^'^uª,X�Y[rsi��[wxnhm'^]ixi�m'tuq
tu�otur q��u^]q[^'w8t�jx^
O(h)

\©^]ixiltu�u^]i]ªÂehnu\©^Em8Y4r �s�U\¶t³g�jlY[^]q��G^]m�no\©^Enowl�[Y�tzqUtzq��¶Y4t³¨u^}jln+W4q4��t��4tzwx^'qQj,r q¶jxY[^�ik�4tuwl^
m]tz�4tom�r j{g��owlnop[�9ª M � �jlY[^�q[n1�1^]iE~�r jlY�il�4tzwx^<p[�[��noto�Im'tu�4tum'r¿j{g�tzwx^�\©^'\���^]wEnu¢Ât�ik�G^]m'r�tu�9jxwl^]^<¢¯nuw
jxY4t�j<�[p4wl�Gnoil^uª M qhgInowl�[Y�tzqIjxYhp4i<ik^]q4�[i<tuq�tuqQg1m]tuikjE\©^]ixiltu�u^�jln�jlY4^©il�4tuwl^©m'tu�4tum'r¿j{g"�owlnop[���hg
�G^'wl¢¯nuwx\©r q4��t � LÂe©��r�¤u^}il^]tuwxm8Y©r�q¶jlY[^}jlwx^'^�p4qojxr �+t<q[n1�1^Etum.jxr q4��tuiMtuqUr�qojx^'wxr nowMq[n1�1^�¢¯nowMjxY[^}wxr �oYQj
ikjlwxr���^�r�iE¢¯nup4q4�Sª<X�Y[^©m�nu\©�[��^�1r j{g
nz¢MjxY[r�i�tuqQg1m]tuikjEilm8Y4^'\©^�rsi3Y4tzw8�
jln�^]ikjlr�\¶t�jl^oª I�n�~,^'¨u^]w]®�jlY4r�i
�owlnop[��^]r¿jxY[^'wÂ¨o^'wxg�ik\¶tu� �9º²r¿¢9tz���1q[n1�1^Pi=Y4t³¨u^��1^'�owl^]^

d
½�nuwMt3q[n1�1^�~�r�� �[�4wlno�4tz�[��g<�G^�¢¯nop[q4�_r�q

O(h)
®

jxY[^_Y[^'r��uYQjEnu¢MjlY4^�jxwl^]^�r ¢MjlY4^��owlnop[�Irsi}�stzwx�u^oª<`,toik^Pi}~�r jlY�tzq
Ω(n)

il^]tuwxm8YIil^'^]\ ¨u^'wxg�p[q[��r ¤o^'��guª
X�Y4^3n�¨o^'w8tz���Sm�nu\©�[��^�1r j{gUnz¢�wl^]�4tzw8t�jxr noq�r�q"m'tuil^3nz¢=nuq[^�q[n1�1^�¢²tur ��p[wx^3rsi,jlYhp4i

O(hd)
ª
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N}r�m'^9E B�H�tzq�� O+r �oÀ]tz� EÃ�z�1®��]�!H�p4ik^Ut"ilr�\_r��stzw�Y[r�^'w8tzw8m8Y[rsm'tu�=m'� p�i{jx^'wxr q[�"ixm8Y[^'\©^oª � ^UY4t³¨u^¶m8Y[nQik^]q
jxnI�1rsilm'p4ili+O+r �oÀ]tz�
~�Y[rsm8Y r q�m���p4�1^]i���^'jkjl^]w��1^Pilm'wlr��1jlr�nuq�tuq4� tzq4tu� g1ilr�i�nu¢,r jxi<\�p[� jlrsm'tuikj<jlwx^'^Um'nuq1¦
ikjlwxp4m�jlr�nuq9ª OGr��uÀPtz��p�ik^Pi<t��st³gu^]wl^P�I\�p[�¿jxr�m]tuikj�jlwx^'^©~�Y[^'wx^©q[n1�1^]i<tuwl^¶tuwlw8tzq[�o^]�"r�qQjln"t�Y[r�^'w8tzw8m8YQg
nu¢�m���p4ikjl^]wxi3nz¢,ikr�À'^

m ∈ [k, 3k]
ª M q[n1�1^©�G^'��nuq[�Qi�jxn"t�j�\_nQi{j�nuq4^_m'� p4ikjl^]w<t�j�tzqhg
��t³go^'w�tzq4�¹tz���

q4nh�[^]iE��^]� noq[�oi}jln���t³go^'w
0
ªE«·¢,tUq[n1�1^_Y[r��uY[^Pi{j3��t³go^'w}rsi

i
®+r j�tu��ilnU�G^'��nuq[�Qi�jxn�^]¨u^'wxg���t³go^'w�¢¯wxnu\

0jxn
i
tzq��Ir j3rsiEt�m���p4ikjl^'w3Y[^Ptu�"r�q��st³gu^]wxi�¢¯wlno\

0
jln

i − 1
ª7I�^Ptu�[iEr�q[Y[^'wxr j�tu� �jlY[^©tu�[\_r�q[rsi{jxwxtzjlr�¨u^

¢¯p4q4m.jxr noq4i}^'[m�^'�[j�jlY[^�wl^Pik�Gnuq�ikr��[r�� r j{g�nu¢=¢¯nuwx~,tuwx�1r�q[�©jxY[^��[tzjxt©jxnUnzjxY[^'wEq[n1�1^]i]ª N�noq1¦·Y[^]to�
q[n1�1^]i
nu¢Mt�m���p4ikjl^]wEt�jE��t³go^'w

i
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nujlY[^]wl~�rsil^�nzjlY4^'wM\©^'\���^]w�m'nup[�s�¶i{jxnu�©¢¯nowl~�tzw8�1r�q[��r¿j,�4tum8¤o^�jxi]ª�|3r�¨hr q4��r q�m�^'qQjxr ¨o^���^'j{~�^]^'qUm'� p4ikjl^]wxi
wx^]±Qp[r�wx^_�4r¿¦¬�1r�wl^Pm.jlr�nuq�tz�Â^�[m8Y4tuq[�u^Pi'ª L4nuw<jxY4t�j��4p[wl�Gnoil^u®~�^¶�4wlno��nQik^_jln"p�ik^¶�GnzjxY�� ^'¢ j�tzq4��wxr �oYQj
jxwl^]^]i]ª'0¾tom8Y�m'� p4ikjl^]w<�1^&W4q4^]�¹�Qg"�4wl^,W[

x1 · · ·xp

rsi<tzq¹r qQjl^]wlr�nuw<m'� p4ikjl^]w3¢¯nuw3jlY[^©��^�¢ j�jlwx^'^©wxnhnzjl^P�
tzj

x1 · · ·x1

tuq4��¢¯nuw�jlY[^�wlr��uYQj�jlwx^'^<wxnhnzjx^]�
t�j
xp · · ·xp

ª,«¬q"nowx�[^'w�jln�wl^P�1p4m�^�jxY[^���noto�
nz¢Âm���p4i{jx^'w
Y4^]tu�4i'®z~,^��[wxnu�Gnoil^,jln�p4il^�j{~,n3Y4^]tu�4iÂ��^]w¾m���p4ikjl^]w]°nuq[^�¢¯nowM� ^'¢ jMjlwx^'^PiMtzq���noq[^�¢¯nuwÂwxr��uYQjÂjlwx^'^Pi'ª�«·¢+t
m'� p�i{jx^'wÂY[^Ptu�_nz¢+t��4tzwx^'qQjMm���p4ikjl^'wM�[^�jl^Pm.j8i=jlY4tzj¾t<iknoq_m'� p�i{jx^'wÂrsiÂq[nzj¾il^'q��1r q4�3��tum8¤u^'jxi]®zr j¾m'tzq©il^'��^]m.j
t��1r¿Á+^'wx^'qQj�m'� p�i{jx^'w�Y4^]tu��¢¯now�il^'q4�[r q[�"��tum8¤u^'jxi�jxnIjxY[^�ilnuqµm���p4ikjl^]w�p[qQjlr��,r¿j\W�q4�[i_tIm�nhnu�G^'w8t�jxr ¨o^
m'nuqQjxtom.jPª
��É9É �¹�]��� Å Ê���<�R�U�T� X�Y[^�ilnup4wxm'^¶p4ik^Pi�t

2d
m'ghm'� rsmUil^]±Qp[^]q4m�^¶jxnIwx^]tum8Y�wxnhnzj�m'� p4ikjl^]w�Y[^Ptu�[i]ª

Xn©tz��� n�~/t�¢²tuikjl^]w��[^�jl^Pm.jxr noq�nz¢�m���p4i{jx^'w�Y[^Ptu�¶¢²tur ��p[wx^u®QjlY4^�ilnup4wxm'^EilY[nup[�s��tu�¿jx^'wxq4t�jx^E��^�¢ j�tuq4�Uwxr �oYQj
jxwl^]^]i]ª M �Gnoixikr��[��^Em8Y[nor�m'^�jlYhp4i,m�noq4ikrsikjxiMr�q�il^'q��1r q4��jlY4^ W4w8i{j�j{~�n��4tum8¤o^�jxiMjln

0 · · · 0
¢¯nuw�t<��^�¢ j,jlwx^'^

\�p[� jlrsm'tuikjlr�q[�©tzq4��jlY4^'q
t�wxr��uYQj�jxwl^]^�\�p[� jlrsm'toi{jxr q[��ªÂX�Y[^3jlY[r�wx��tzq��U¢¯nowkjxY��4tom8¤u^'jxi,m'tzq��G^�il^'qQj�jln
1 · · · 1

®[tzq4��iln_noq9ª
Q�Å <²� Æ � U�Ê�< É �[Ê � U���< Æ �FR²�o� 6&^�j©p4i W4wxikj¶tzq4tu� ghÀ'^�jlY[^
�G^'wl¢¯nuwx\¶tzq4m'^]i�nu¢}jxY[r�i�¢¯nowl~�tzw8�1r�q[�

ixm8Y[^]\_^oª 0¾tom8Y�m���p4ikjl^]wEY[^Ptu�
¢¯nowl~�tzw8�[i
d
�4tom8¤u^'jxi�n�¨o^'w

2d
ª�aEq4m'^�n�¨u^]w

2d
r¿j<tum�jxi3tuiEtzqIr�qQjl^'wxr�nuw

jxwl^]^�q[n1�1^�tuq4�"il^'q4�[i�jlY[^��4tum8¤o^�j�jln
d + 1

q[n1�1^]i�º¯noq[^��G^'wEilnuqIm'� p�i{jx^'w��[��p4i}nuq[^<jxn�t¶q[noq1¦·Y[^]to�
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cluster−headsource others

L�r��up[wx^ G[°Âb"p[� jlrsm'toi{jxr q4�¶r q4ilrs�1^<t_m'� p�i{jx^'w�jxwl^]^3nu¢vMwx^&W4[ehjlwx^]tz\
ª

\©^]\��G^'w�nz¢¾r jxi<m'� p�i{jx^'w.½.ª
d − 1

jlr�\_^Pi3n�¨u^'w
2d
®Sr¿j�tom.jxi�toiEt�� ^Pt�¢�tzq4�Uy{p4i{j�¢¯nowl~�tzw8�[i�jxY[^©�4tum8¤o^�j

jxn�noq[^�q[noq1¦·Y[^]to�"\©^'\��G^'w3nz¢�r¿j8iEm'� p4ikjl^]w]ª�X�Y[^_� nQtu�"nu¢¾t�m'� p4ikjl^]wEY4^]tu��r�i}jlYhp4i d+1
2d

+ d−1
2d

= 1
ª

N}nuq1¦·Y[^Ptu��\©^'\��G^'w8i�nu¢¾tUm���p4ikjl^]w�¢¯nuwx~,tuwx��noq[^��4tom8¤u^�j�n�¨o^'w
m − 2

jln
m − 2

nzjlY4^'w}\©^]\��G^'w8i�nz¢
jxY[^�m���p4ikjl^]w�wl^Pikp[� jlr�q[�©r�q
t_��noto��nu¢

1
ªMX�Y4r�i�ixm8Y[^'\©^�rsi�jlYhp4i�rs�1^]tu� ��gU�4tu��tuq4m�^P�Sª

M `�� p�i{jx^'w_\©t³g �G^�wx^]�[p4m�^P� jln¹jlY[^�j{~,n�m���p4ikjl^'w_Y[^Ptu�[i]ª 0¾tum8Yµnu¢�jlY[^]\ m'tuq�jlY4^'qµ¢¯nowl~�tzw8�
��tum8¤u^'jxi�jln¹jlY[^�nzjxY[^'w©~�r jlY[nop1j©r q4m'wl^Ptuilr q4��r jxi_� nQtu�Sª M m���p4ikjl^]w_\¶t³g�tz�siln��G^�wx^]�[p4m�^P� jln�nuq[��g
noq[^"m���p4ikjl^'w�Y[^]to�¥~�Y[rsm8Y¸�4tzwljlrsm�r��4tzjl^]i©r�q¸��nujlY ��^�¢ j�tuq4� wlr��uYQj©jlwx^'^Pi©~�r¿jxY/t¹��noto�¥nu¢ d+d

2d
= 1
ª

X�Y4^�tz���unuwxr jlY[\ jxYQp�i���^]Y4t³¨u^Pi,~�^]� �S¢¯now�tzqhg�m'� p4ikjl^]w�ikr�À'^<r�q
[1, m]

ªÂX�Y[rsi�rsi�tzq�r \©�Gnuwljxtuqoj�¢¯^Pt�jlp4wl^
�G^]m]tzp4il^�tµm'� p�i{jx^'w�\©t³g �G^]m�no\©^I¨u^]wlg¸ik\¶tu� �3�1p[^Ijxnµq[n1�1^�¢²tzr�� p[wx^]i]ª I}n�~�^]¨u^'wP®�tui�� noq[�µtui�r¿j
wx^'\¶tur q4i�nuq4^�tz��r�¨u^�q4nh�[^�r�qµjxY[^�m'� p�i{jx^'w_jlY[^
tz���unowlr jlY4\ ikjlr�����tom8Y[r�^'¨u^Pi<jxY[^�ixtz\©^���^]wk¢¯nowl\¶tzq�m�^]i
~�r jlY/tuq¸r��1^Ptz��� g¼�4tz�stzq�m�^]� ��noto�Sª»X�Y[rsiU�or ¨o^]i_jxr \©^"¢¯now¶jlY[^Ijlnu�Gnu��nu�ogµ\¶tzr�qQjl^'q�tzq4m'^Itz���unuwxr jlY[\
jxn�wx^]�[p4m�^�jlY[^©�[wx^&W["��^'q[�ujlY��1^&W4q4r q[��jlY4^©m'� p�i{jx^'w8i}now}jxn�\¶tz¤o^�q[^Pm�^Pilixtzwxg
« � wx^�¦¬tuixilr �oq[\©^'qQj�jln
wx^�¦·^]±Qp[r���r �[w8t�jx^}jxY[^�m���p4ikjl^]wxi]ª
X�Y[^�jlwx^'^�Y[^]r �oYQjMr�iMjlY[^��4wl^,W[���^'q[�ujlYIº²r qU�1r��ur jxi8½=\©r�qQp�iMnuq4^�tzq4�_jxYQp�iM^]±Qp4tu��i

h = logd(n/m)
ª

X�Y4^}\¶t�1r�\©tu���1^]��t³g©rsiMjxYhp4i¾�Gnup4q4�1^]���hg�jxY[^}jxwl^]^E�1^]��t³g
h(dT + L)

�4� p4i�jxY[^}r�qQjlw8t�¦¬m���p4i{jx^'w,�1^'�st³g
T + L + (m − 2)T + L = (m − 1)T + 2L

ª<X�Y[^_r�qojxwxtz¦·m'� p�i{jx^'w�¢¯nowl~�tzw8�1r�q[��tu� �onuwxr¿jxY[\(r�\©��nQik^Pi
t�wx^'nuw8�1^]wlr�q[�¶�[p1Á+^'wxr�q[��~�r�q4�1n�~ìnz¢

m − 1
��tum8¤u^'jxi]ª Lr��up4wl^ �Ur ��� p�i{jxwxtzjl^]i}jlY4^_q4nuwx\©tu� r�À'^P�I�1^]��t³g

�Gnup4q4�[i9no�1jxtur q4^]�<�hg3vMwl^,W[4eQjlwx^]tu\´ºVt�ixm8Y[^'\©^M\¶tzr�qQjxtur q[r�q[�}m'� p�i{jx^'wilr�À'^
m ∈ [2, 4d]

r�ituixikp[\©^P�Sª ½�ª
� ^<ik^]^3jlY4tzj�m8Y4nQnQikr�q[�

d = 4
tz��� n�~�i�jxn_no�1jxtur q��1^'�st³g1i,~�r¿jxY[r q"t�¢²tum�jlnuw�nu¢�tz�4�[wln³1r�\¶t�jl^]� gU��¢¯wlno\

no�1jlr�\¶tz�+¢¯now�t�~�rs�1^<w8tzq[�o^Enu¢
l = L/T

¨�tz��p[^]i]ª

ÐÐ#Ö�]4ç.çPæ_^
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2*(optimal delay)
PrefixStream delay d=4
PrefixStream delay d=6
PrefixStream delay d=8

L�r��up[wx^ �h°�vMwx^&W[4eQjxwl^Ptz\�q[nuwx\¶tz��r À]^]�©�1^'�st³g_��nop[q4�¶tui�t3¢¯p[q4m�jlr�nuqUnu¢
l = L/T

¢¯now¾�1r ÁG^]wl^]qoj�¨³tu� p4^]i
nu¢

d
ª

�"Å � È�É �
	 <V�1� Å U��
R Å � É�� �FR �XR��u�1�FR É U¾� X�Y4^��[wxnhm'^]�1p4wl^�¢¯now�m'� p4ikjl^]w¾Y[^Ptu�¶il^'��^]m�jlr�nuqUtz����n�~�i=jlY[^
�st�jx^'q4m'g"nz¢,jlY[^©q[^'hj3¢¯nowl~�tzw8�1^]wEr�q�jxY[^©jlwx^'^_jxn��G^¶nu�1jxr \©r�À'^P���hg"jxY[^¶m���p4i{jx^'wl¦§Y4^]tu�4i'ª_X�Y[^¶�4tuilrsm
il^'��^]m�jlr�nuq tz���unowlr jlY[\:¢¯now�m���p4ikjl^'w<Y4^]tu�

x
m'nuq4ilr�ikjxi�r�q m8Y[nhnoilr q[�
r�q4ilr��1^¶t
ilnuq m���p4i{jx^'w<jxY[^¶q[n1�1^

y~�r jlY_ik\¶tu� ��^]ikj�wxnup4q4��jlwxr���jlr�\©^
RTT = Tx+Lxy+Ty+Lxy

ªXn3tu� ��n�~ jlY4r�i]®ztEm'� p�i{jx^'w�Y[^]to��q[^]^]�[i
jxn<�[r�q[��¢¯wlno\�jxr \©^�jxn�jlr�\_^�jlY[^�\©^]\��G^'w8i=nz¢Sr¿j8iMm���p4ikjl^]w¾iknoq4i]ª�X�Y[rsiMm]tzq©��^��[nuq[^��1p4wlr�q[��jlno��no� no�ug
\¶tur qQjl^]q4tzq�m�^}^'[m8Y4tzq[�o^]i]ª«·¢�q[n1�1^]i�m]tzqU�[p4�[� rsilY�jxY[^'r�w

Ty

¨³tu� p4^_º¯jlY[wxnup[�oY�tuq�^]ikjlr�\¶t�jxr noq�nz¢&jlY[^]r w
��tzq4�1~�rs�hjxY�½.®�jlY[^]q

x
ilY[nop[���¼w8t�jlY4^'w¶ik^]� ^Pm.j©jlY4^"q[n1�1^

y
~�r¿jxY il\¶tz��� ^Pi{j

dTy + Lxy

jln��1r�wl^Pm.jl��g
no�1jlr�\©r À]^�jxY[^�¢¯nowl~�tzw8�1r�q[��jlr�\©^}nz¢

y
tu� noq[�<jlY4^�jlwx^'^oª«·j�rsi¾q[nuj�m���^]tuw¾Y[n�~ \¶tuqQg_q[n1�1^Pi¾�G^'w,m���p4i{jx^'w

tuwl^"wx^]±Qp[r�wx^]�¼jlnµ�G^'wl¢¯nuwx\ tµ¨³tu� p�tz�[��^"nu�1jxr \©r�À]tzjlr�nuq9ª I�n�~,^'¨o^'wP®¾r ¢�~�^¹m�nuq�ikrs�1^'wUtµ~�nowl�s� ~�r��1^
tu�[�[��r�m]t�jxr noq�t_q[n1�1^�~�r�� �9�4wlno�4tz�[��g�W4q���t_q[n1�1^�noq�jxY[^�ixtz\©^3m'nuqQjlr�q[^]qoj�r�q
\©noikj�ilnuq
m���p4ikjl^]wxi]ª

N}nzjlrsm�^}jlY4tzj,~,^E�[n�q[nzj,jlwxg�jln�no�1jlr�\©r À]^Er�qQjlw8t�¦¬m���p4ikjl^'w¾��tzjl^'q�m�r�^]i]ª=X�Y4^ W4w8i{j,wl^Ptuilnuq©rsiMjxY4t�j,jlY[^
\¶tur q3jl^]wl\Ûnz¢1�1^]��t³g1iSrsi9�1p[^Mjln�r�qQjl^'wl¦¬m���p4i{jx^'w+¢¯nowl~�tzw8�1r�q[��~�Y[r�m8Y<tom'm�nop[qQjS¢¯nuw

hL
~�Y[^]q<r qQjlw8t�¦¬m���p4ikjl^]w

¢¯nowl~�tzw8�1r�q[�
tum'm'nup[qQj8i3¢¯nuw
2L
ª¶«·j�r�i<jlYhp4i<\©nuwx^©r \©�Gnuwljxtuqoj<jxn"nu�1jxr \©r�À'^¶r�qQjl^'wl¦¬m���p4i{jx^'w��st�jl^]q4m�r�^]i]ª

X�Y4^�il^]m�noq4� wx^]tuilnuq�rsi�jlY4tzj�nu�[jlr�\_r�À'r�q[�¹r qQjlw8t�¦¬m���p4ikjl^]w��st�jl^]q4m�r�^]i�~�nop[�s��wl^Pikp4�¿j_r qµ��n1m'tu�,m'� p4ikjl^]wxi
~�Y4^'wx^�\©^'\���^]wxi_~,nup[�s�µ��r ¤o^'��g ��^
r�q¥jxY[^�ixtz\©^�q[^�j{~,nuwx¤+ª�X�Y[r�i_~,nup[�s��jxY[^'q¼��^"t¹~�^Ptz¤ �Gnur�qoj
m'nuq4m'^'wxq[r�q[� wl^]� rstz�[r���r¿j{g¥ilr�q4m�^It ilr q[�o� ^"q4^�j{~,nuwx¤��[wl^Ptz¤1�1n�~�q¸m�nop[���¸�1rsixm�nuq4q[^]m�j¶il^'¨o^'w8tz��m'� p4ikjl^]wxi
tuq4�U\¶t³g_jlYhp4i��4wl^Ptz¤_jlY[^3n�¨u^]wl�st³g_q[^�j{~,nuwx¤+ª�L4nuwx\_r�q[�_m���p4i{jx^'w8i,r q4�[^'�G^'q4�1^]qQjl��g¶¢¯wlno\ jlY[^3q[^'j{~�nowl¤
�or ¨o^]i,�G^�jkjx^'w�wx^'��rstz�[r�� r j{gU~�r jlY
wx^'�otuwx�Ujln©q[^'j{~�nowl¤¶�[wx^]tu¤1�1n�~�q4i]ª

�"Å � È�É �
	(� Å <5R²�1�JR <5R¯� Æ � `�nuq4ilr��[^'wxr q[�¥q[n1�1^�¢²tur ��p[wx^u®�jxY[^�~,nuw8ikj�m'toik^�nhm]m�p[w8iU~�Y4^'q»t¥wlnhnuj
m'� p�i{jx^'w<Y[^Ptu��¢²tzr���i]ªUX�Y[rsi<ghr ^]���[i<t�~,nuw8i{j3¢²tzr���p[wl^¶��tum8¤u^'j3��noixi�nz¢

1/2d
ª¶X�Y[^¶n�¨o^'w8tz����4tom8¤u^'j���noixi

wx^'\¶tur q4i}ik\¶tz���§ª�I}n�~�^]¨u^]w]®hjxY[^��4tom8¤u^�j���noixi�r�q4ilr��1^�jlY[^_m���p4i{jx^'w�nu¢=jlY[^�¢²tzr�� r�q[�¶q[n1�1^�rsi
1/2
ª�L�r w8ikj]®

tuq¼p4q1¦·tuq[q[nop[q4m�^P�¥q4nh�[^
¢²tzr�� p[wx^
r q�ikrs�1^It �ur�¨u^]q m'� p�i{jx^'w¶rsi¶t wxtuwl^�^'¨o^'qQjUm�nu\©�4tuwl^P�µjxnµtzq p[q1¦
tuq[q[nop[q4m�^P�©q[n1�1^�¢²tur ��p[wx^}r�q©jlY[^En�¨u^'w8tz���[q[^'j{~�nowl¤+ª=eh^]m'nuq4�S®ojln�wl^P�1p4m'^�¢¯p[wljlY[^]wMjlY4^}�4tom8¤u^�j�� nQili]®otuq
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�Gnoixilr �[��^�ilnu��p1jxr noq�m�noq4ikrsikjxiEr q¹p4ikr�q[��\_nowl^_m���p4ikjl^'w�Y[^Ptu�[i}¢¯nuw3��^]t�¢¾m'� p�i{jx^'w�r qQjxwxtz¦V¢¯nowl~�tzw8�1r�q[�4°�jlY[^
m'� p�i{jx^'w}Y4^]tu�
nu¢M^]tom8Y���tzwx^'qQj}nz¢Mt¶��^]tz¢¾m���p4ikjl^'w3ik^]� ^Pm.j8i}tU�1r Á+^'wx^'qQjE��^]tz¢=Y4^]tu�
r�q"jxY[^�m'� p4ikjl^]w]ª�ºVX&n
¤o^'^]�¶^]±Qp4tz��p[�[��noto�"�u®ujlY[rsi,wl^P±op4r wx^]iMtzj���^]toi{j

d+1
q[n1�1^PiM�G^'w�m���p4ikjl^'w�~�Y[^'q�p4ikr�q[��jlY[^3iltu\_^

d− 1��^]tz¢ÂY[^]to�[i�¢¯nuwE� ^'¢ j3tuq4�
wlr��uYQj�jxwl^]^]i]ª ½�X�Y[rsi}ilnu��p1jlr�nuqIikjlr�� ��tz��� n�~�i�jlnUno�1jlr�\©r À]^<jlwx^'^'¦·�1^]��t³g1i�^'1m'^'�1j
¢¯now�jlY[^<�stuikj�Y[nu�&ª
��^Pm�noq4i{jxwlp�m.jlr�nuq�jxr \©^�r�i&¨u^'wxgEilY[nowkjP°S~�Y[^'q�t�m'� p�i{jx^'w&Y4^]tu�3¢²tur �si]®]jxY[^

d
q[n1�1^]ir q<��tzwx^'qQjm���p4ikjl^]wxi

il^'wx¨hr q4��jlY4r�i�m'� p4ikjl^]w�Y[^]to�UY4t³¨o^}jxn��G^<r�q1¢¯nuwx\©^]�S®QjlYhp4i�wx^]±Qp[r�wxr q[�_nuq4� g
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