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convergence d’un schéma adaptatif pour le systéme de
Vlasov-Poisson 1d

Résumé : Un schéma adaptatif pour la résolution du probléme de Cauchy associé au sys-
téme de Vlasov-Poisson est proposé et analysé. Un point clé de notre méthode est I’évolution
précise du maillage adaptatif d’un pas de temps & ’autre, basée sur ’analyse de la régularité
locale et son transport par le flux numérique. La précision du schéma est guidée par un pa-
rameétre de tolérance qui représente ’erreur d’interpolation locale & chaque pas de temps.On
montre que les solutions numériques convergent en norme infinie vers les solutions exactes
lorsque le paramtre de tolérance et le pas de tempstendent vers zero, & condition que les
données initiales soient Lipschitz et aient une courbure totale finie.Plusieurs tests numé-
riques illustrent lefficacité de notre approche pour générer les discrétisations adaptatives
optimales.

Mots-clés : Schéma adaptatif complet, méthode semi-lagrangienne, probléme de Cauchy,
systéme de Vlasov-Poisson, taux de convergence, maillage adaptatif gradué, éléments finis
hiérarchiques, courbures discrétes.
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1 Introduction
The Vlasov-Poisson system
Of(t,x,v) +v- 0, f(t,z,v) + E(t,x) Oy f(t,z,v) =0, (1.1)

0. E(t,x) = /Rf(t,x,v) dv—1=p(t,x) (1.2)

describes the evolution of a collisionless plasma of charged particles (electrons and ions,
with normalized mass and charge constants), here in one dimension, in the case where the
magnetic effects are neglected in the Lorentz force. The variables  and v denoting respec-
tively the space position and the velocity, f(¢,-,-) is the electron probability distribution in
phase space at time ¢. Here, it is assumed that the background (positive) ions distribution
fv satisfies fR fo(t,z,v)dv = 1, so that —p may be seen as the total charge density in the
Poisson equation (L2Z) that couples the self-consistent electric field —F with the electrons
distribution f. In the sequel, we shall follow many authors in dropping the minus signs and
refer to p and F as the charge density and the electric field.

The mathematical solutions to the Cauchy Problem given by (), (IZ) and the initial
data

f(o,l’,l}) = fo (13)

have been studied for many years: the global existence in time of weak solutions to the
multidimensional problem was first proved in 1973 by Arsen’ev [I], and we refer the reader
to the further results (on weak and smooth solutions) of Batt [2], Horst [29, B0], Bardos
and Degond [B], Schaeffer [38], Lions and Perthame [32], and to the review book of Glassey
[25]. Because we are considering the one dimensional problem, and because our numerical
scheme needs the initial solution to be in W?2!, and hence continuous, we can use an earlier
result of Tordanski [31] (later improved by and Cooper and Klimas [I7]) who established in
the early 60s global existence and uniqueness for classical (continuous) solutions in the one
dimensional case.

Since the beginnings of numerical plasma simulation in the 60s, many techniques have been
investigated, among which the Lagrangian “particle in cell” method (PIC) which consists of
approximating the plasma by a finite number of macro-particles. The trajectories of these
particles are computed from the characteristic curves ¢ — (X (¢;s,2,v), V(t;s,x,v)) of the
Vlasov equation (L)) that are solutions of

X (t) = V(t), BV (t) = E(t, X (1)) (1.4)

with initial values X (s) = = and V(s) = v, whereas self-consistent fields are computed by
gathering the charge and current densities of the particles on a mesh of phase space (see [10]
for more details). For one dimensional simulations, Eulerian methods like finite difference
methods, finite element methods and conservative flux balance methods have also been
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4 Martin Campos Pinto € Michel Mehrenberger

investigated, we refer to [23] for a fairly exhaustive review of the literature on numerical
simulation of the Vlasov equation. For higher dimensional simulations, the PIC method
was preferred to the grid based method due to their computational cost, in particular when
fine scales were required to simulate accurately the developement of filamentations that
often occurs in the phase space. Unfortunately, this method produces an inherent numerical
noise that prevents from describing precisely the tail of the distribution function f, and in
the late 90s, the increase of computational power allowed to handle two dimensional and
even in some case three dimensional problems with grid based methods. Among these, the
semi-Lagrangian scheme originally introduced by Cheng and Knorr [16] and reconsidered by
Sonnendriicker, Roche, Bertrand and Ghizzo [40] consists of computing at each time step
a finite element type solution on a given mesh of phase space by a backward characteristic
method. It can be regarded as an attempt to combine the advantages of both Eulerian and
Lagrangian advection schemes in that it avoids the often too restrictive CFL condition as
well as the distortion of the mesh that precisely occurs where the filamentation develops.
More precisely, the method takes advantage of the conservation of the exact solution f along
the characteristic curves (L)) by defining a nonlinear evolution operator Sa; as

Sacf (™) (z,v) = f(t",X(t";t"“,:v,v),V(t";t"“,x,v)) ~ f(t"“,x,v) (1.5)

where At is a uniform time step and t* = nAt. Here X and V are an approximation of X
and V obtained by replacing in (L) the exact (unknown) field E(X(t),t) by an approxi-
mated field computed from f(¢"), which makes Sa; nonlinear. This advection step is then
coupled to the phase space discretization by a finite element type interpolation operator P.
In order to regain computational efficiency, some adaptive versions of this semi-Lagrangian
method have been recently developed in [39] and [[4, 26], where the authors use moving
phase-space grids or interpolatory wavelets of Deslaurier and Dubuc. The principle shared
by these adaptive schemes is to use only the “necessary” grid points when simulating plasma
beams with small structures that move rapidly through the phase space.

The use of adaptive multiresolution techniques for dealing with the numerical treatment
of transport PDE’s has already a substantial history, from adaptive mesh refinement [4] to
wavelet-like techniques [27, 28]. In such techniques, a key issue is to design the adaptive
discretization in such a way that

1. The error between the numerical solution and the exact solution is rigorously controlled
by a prescribed tolerance. We refer in particular to [I8], in which this goal is achieved
in the context of finite volume schemes for hyperbolic conservation laws.

2. The adaptive discretization for achieving this prescribed accuracy has optimal com-
plezity. A possible benchmark to properly define and evaluate this notion of optimality
is provided by nonlinear approximation theory, which describes the optimal trade-off
between accuracy and complexity in terms of specific Besov-Sobolev smoothness prop-
erties of the solution, see in particular |21, 22, [T5, 9].

INRIA
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In this paper, we propose a new adaptive semi-Lagrangian scheme, in which the first above
described objective is achieved. We also give theoretical heuristics and numerical evidence
that the adaptive grids generated by this scheme have optimal complexity. In this scheme,
the adaptive mesh is evolved together with the solution but always remains into a particular
class of hierarchical finite element triangulations. The notion of good adaptation of a mesh
M to a given function g is meant here in the sense that the interpolation error (I — Pys)g is
smaller in the L° norm than a prescribed tolerance €. But whereas the design of M is well
understood when ¢ is known, predicting the mesh for a to-be-computed solution is a more
difficult task. In our algorithm this is executed in two steps: the first step uses the adaptive
mesh at the previous time step together with the numerical transport flow in order to design
a new adaptive mesh, and the second step slightly corrects this mesh by local refinement
or coarsening based on the a posteriori analysis of the numerical solution obtained by the
semi-Lagrangian approach on the intermediate mesh. This second step is crucial in order to
control the accuracy of the numerical scheme, which depends on both the time step At and
the tolerance e.

The starting point of our work was a first version of a multiresolution adaptive semi-
Lagrangian scheme proposed by Sonnendriicker and Cohen, which was implemented in 2003
at the Cemracs summer school in Luminy, see [I3], yet without any rigorous analysis. Re-
garding the error estimates, we mainly drew our inspiration from the proof of convergence
given by Besse in [6] for a uniform version of the semi-Lagrangian scheme, but had to change
the spirit of it. We shall briefly explain why. The uniform scheme formally reads as

fo = it = PuSacfl,

where P;, denotes the interpolation operator on the finite element space of uniform mesh
size h, and Besse decomposes the numerical error into

AT = fEFN = [f () = Sacf (t™)] + (I — Pu)Sacf (") + PulSarf(t") — Sacfyl].

Once given an estimate for the time discretization error ||f(#"*1) — Saif(t")|| L, the key
point is to make use of the C? smoothness which is assumed for the exact solution, in order
to estimate the projection error |[(I — P,)Sa¢f(t")||ze. In contrast, denoting by A™ the
mesh associated to the adaptive numerical solution f™, the adaptive scheme formally reads
as

fn — fn+1 = P]wn+ISAtfn,

where the mesh M"*! has been obtained from M™ by the above mentionned strategy. In
order to incorporate this strategy in our analysis, we had to decompose the numerical error
according to

FE) = [ = [FE) = Sacf(t")] + (I = Pyp+1)Sacf™ + [Sacf(t") = Sacf"].

Unlike in the first decomposition, the interpolation error is now considered on Sa;f™ which
is less smooth than Sa;f(t"). We are then left to study the regularity of the numerical so-
lutions and for this purpose, we introduce a discrete curvature measure | - |, that stands for
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6 Martin Campos Pinto & Michel Mehrenberger

a weak equivalent of the Sobolev W?2'! semi-norm for continuous piecewise affine functions
of R2. Qur resulting error estimates are then established under the sole assumption that
the initial data is in W N W' while those of [6] assume C? smoothness. Note that for
solutions with local singularities such as filamentations - for which adaptive discretizations
are obviously needed - the C? norm is much higher than the W' norm.

Our paper starts in §2 with a brief reminder of the main properties of the exact solu-
tions and of the time splitting scheme Sa; of Cheng and Knorr. A new estimate is given
for the corresponding time discretization error which only involves the W!>° smoothness.
The strategy for generating the adaptive meshes is then described in §3l together with the
numerical scheme, and the main convergence result is stated, together with some remarks
on the optimality of the method. Several properties of the adaptive meshes are established
in §@ which are used in the proof of the convergence result given in §8 Several numerical
tests are given in §6 which illustrate the effectiveness of our approach.

2 The continuous problem and its time discretization

Here is a more precise description of our problem. Following Besse in [6], we consider that
the plasma is 1-periodic in the x direction. In other words, (LI)-(@T3) hold for = € [0, 1]
with boundary conditions

f(t,0,0) = f(t,1,v) (2.6)

and
E(t,0) = E(t,1). (2.7)

According to the Poisson equation ([L2), the latter is equivalent to

/p(t, z)dz = //f(t, z,v)dzdv—1=0 (2.8)

(unless specified, the integrals in = and v are always taken respectively over [0,1] and all
R), which means that the plasma is globally neutral, and also implies that the global mass
is conserved. Finally, we see that the electric field is defined up to a constant, so that we
cannot have a well-posed problem unless we add a zero-mean electrostatic condition

/E(tmc) dz = 0. (2.9)
A classical way to read the Poisson equation ([L2) is to introduce the electrostatic potential

¢ = (t,z) such that E(t,x) = —0,¢(t,x). Denoting by G = G(x,y) the Green function
associated to our problem, that is to say, for y € [0, 1], the solution of

07.G(y) = 8(- —y) on [0,1]

INRIA
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with periodic boundary conditions G(0,y) = G(1,y), we obtain

E(t,z) = /K(gmy) (/f(t,ym) dv — 1) dy (2.10)
where "
K(z,y) = —0,G(x,y) :{ y;l ;f 2222? (2.11)

2.1 Existence of solutions

Let 2 = [0, 1] x R. In our context, theorem 5 of Cooper and Klimas [I7] reads as follows.

Theorem 2.1. If fo € C(Q) is positive, 1-periodic in xz, compactly supported in v, and

satisfies
//fo(:v,v)dxdv —-1=0,

then there exists a unique solution (f, F) of (LI)-(3), @B)-@3) on [0,T]. In addition,
this solution is constant along the characteristic curves (LA) and it satisfies both I0) and
the Ampere low

HE(t,x) = —/f(t,z,v)v dv+7 (2.12)

where the mean current density 7 is a constant defined by

j://f(t,x,v)vdvdx://fo(:v,v)vdvdx. (2.13)

2.2 Smoothness of the solutions

It is now well known that the solutions of the Vlasov-Poisson system satisfy uniform smooth-
ness estimates for large (but finite) times. As an example of such result, the following lemma
is found in [36].

Lemma 2.2. If fo € W™P(Q) satisfies the hypothesis of theorem 1), the solution satisfies
for any final time T':
feL=(0, T Wmr(Q)).

In order to establish an error estimate for the time discretization, we shall need that the
solution and the electric field have some regularity, and a sufficient requirement is that fj is
Lipschitz - for the adaptive scheme to be well posed, we will later ask fy to be also in W21,
More precisely, we shall make use of the following lemma (in the sequel, the capital letter C
will denote a constant which value may vary at each occurence, and which usually depends
on some final time T and on the initial solution fy):
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Lemma 2.3. If fo € W1°°(Q) satisfies the hypothesis of theorem [Zl, then for any final
time T < 0o, the solution has a bounded support in the v direction

Q(T) :=sup{|v| : Jz, It € [0, T), f(¢t,z,v) >0} < Q(0) + 2T (2.14)
and it satisfies
I £l oo (o, 75w 12 () < C(T)
0t f Il o< (0, 7); 2 (22)) < O(T)
1Bl Lo riwa oy < C(T) (2.15)
0Bl Lo (o, ;W 0,1))) < C(T)
102 Ell Lo (o1 0.)) < CO(T)

Proof. Because these smoothness estimates are very simple to obtain in the one dimensional
case, we recall how they follow from the Vlasov-Poisson system. To begin with, we observe
that

1Bl L= (o, 11:w15 (f0.17)) < C(T) (2.16)

and
10cE| Lo (0,77, ([0,17)) < C(T) (2.17)

are established as soon as fy € C(Q) (and they in fact are proved in [I7]). Indeed, we see
that the conservation of f along the characteristic curves (L)) yields

0 < f < |follL=(o (2.18)

and

T
Q(T) - Q(0) < ( Sll)pﬂ/ |0:V (t;0, 2, v)| dt < T||E|| o0 (j0,77;2([0,1]))- (2.19)
z,v)E 0

Using successively ([ZI0), @I8) and (ZH), we have then
IE@lqoay < K1 ( [[ el dsdo+1) <2 (2.20)

and &T4) follows from ([ZTY) together with this last bound. We derive then respectively
from the Poisson (LZ) and the Ampere ([ZI2) equations

102 E|| o< (jo,17: 2 (0,1])) < Q(T) || foll Lo () + 1

and
0:E | Lo (0, 73;2 ([0,1])) < Q(T)? |l foll L= () + 7

which proves [ZI8) and @TI7). Now if fo € WH°(Q), letting

{ (X)) = (X V)(sitoro) { eals) = [X(s) = X'(s)]
(X', V/)(3) = (X, V) (538,20 euls) = V(s) = V(5)],

INRIA
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we have

|f(t7x7v) - f(t7xlvvl)| = |f0(X(0)ﬂ V(O)) - fO(X/(O)ﬂ V/(O))|
S |fO|W1x°°(Q) (eLE + ev)(o)

Computing from () that |é,(s)| < e,(s) and
léu(s)| < [E(s, X(s)) = E(s, X' ()] < 102l o172 ((0,17)) €(8)

we see that (ZI6) together with a Gronwall argument yield

(ex + €4)(0) = (eg + €4)(t) — /0 (éx + €4)(s)ds

< (eq +e)(t) + (14 C(T)) / (e + €0)(5) ds
< O(T)(er + ev)(T)
<CT) (jz '] + o —']).

This shows that f(t) indeed has uniform Lipschitz smoothness on [0, T, so that || f1| Lo (0,77, ()
is bounded, whereas

10cf (D)l L) < QD)0 f ()l Lo () + 1E] Lo (jo,1) 100 f ()| Lo (02)

follows readily from the Vlasov equation ((LT]). Turning to the electric field, we first see by dif-
ferentiating the Poisson equation (C2) with respect to = and ¢ that |02, E|| L (jo,1);2([0,1]))
and ||(9me(75)||Loo([07T];Loo([071])) are respectively bounded by Q(T)||amf||Loo([07T];Loo(Q)) and
Q(T)||6tf||Loo([01T];Loo(Q)), while the bound on ||6t2tE||Lm([oﬁT];Lm([oyl])) is obtained by differ-
entiating the Ampere equation [ZIZ) with respect to ¢. O

2.3 Time discretization

Following [T6], [40] and [6], we now describe a simple and accurate time splitting advection
scheme Sa;. We recall that At is a uniform time step and write ¢ = nAt.

r and v transport operators. To any given advection field F : Q2 — R?, we associate
a transport operator 7 : g — g o F ! defined for any continuous function g. In particular,
two one-directional advections are considered in the time splitting scheme:

Fu: (z,0) — (z+ vAt/2,v) (2.21)

and }
Fo(h): (z,v) = (x,v+ AtE(h)(z)), (2.22)
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10 Martin Campos Pinto & Michel Mehrenberger

where h and E(h) respectively denote an auxiliary density function and the associated electric
field

E(h)(z) = /K(gmy) (/ h(y,v)dv — 1) dy. (2.23)

We then let
T.:9g—goF,',  Ty(h):g—goF,(h)" (2.24)

be the linear transport operators associated to F, and F,(h) and finally denote by 7, the
nonlinear transport operator

7,:9— Tu(9)9- (2.25)
The time splitting scheme Sa; approximates then f(t"*') by
Sacf(t") :i= LT, T f(t"), (2.26)

which corresponds to (CH) with
Xttt 2, 0) =z — oAt + A2 )2 E(T, f(t"))(z — vAt/2) (2.27)
- - 2.27
V(s zv) = v — At E(T,f(t"))(z — vAt/2).

The following lemma establishes that the associated global time discretization error decays
like At2.

Lemma 2.4. If fy is in WH°(Q), then
LFE) = Sacf(t")llL= < C(T)AL.
The proof is given in the appendix.

Remark 2.5. A similar result is shown in [6], with the stronger assumption that fy is in
C%(Q).

Remark 2.6. The choice of using this time splitting scheme is mostly motivated by its
simplicity (and its accuracy as well). It should be emphasized, hovewer, that the adaptive
space discretization scheme that we next describe can be applied to other types of time
discretizations. For example, one could consider a unique transport operator of the form

T:9—goF(g)™"

which combines the advection in the 2 and v variables.

3 The numerical scheme

Our adaptive scheme basically consists of three Lagrange-Projection steps which respectively
follow the three advection steps of the time splitting. For each of them, the mesh M on
which the intermediate solution f;* is known is first “transported” into a new one M/ |, in
such a way that determining f/, := Pyp  7; f;" amounts to the computation of 7; f;"* at the
nodes of M ;. We shall now specify the rules for designing these adaptive meshes.

INRIA
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3.1 Adaptive discretization

Our space discretization is based on hierarchical finite elements. Following the rather classi-
cal idea of combining good adaption qualities and a very simple underlying structure, we will
consider a particular class of adaptive triangulations that are associated to graded dyadic
quadrangulations and which can also be seen as a particular case of the so called “newest
vertex bisection” method described in [9] (we refer to [I5] or [41] for more informations about
hierarchical bases).

Adaptive dyadic quadrangulations. Let us first denote by Q, the uniform quadrangu-
lation made of all dyadic, square cells of resolution level ¢ € N

Que={ 2+ 127 x k27 (k+1)27] : jkeZ}

and by Q := U;Qy the set of all dyadic quadrangles. Here no level is supposed to be lower
than a prescribed £y > 0, and we shall consider that Q, := 0 for any ¢ < £o. We observe
then that the cells are embedded, so that each O, can be seen as a refinement of the smaller
set Qp_1, and we obtain a quadtree structure by defining for any given a € Q of level ¢(«)
its children cells as

Cla):=={B€Quayt1 : BCal,

and its parent cell as 3 € Qy(,)—1 such that o C 3. We also define the ancestor cells of « as

Al@):={pe |J @ :B8>a}.

£<l(x)
We will then call A C Q a consistent tree if it satisfies

Qr CA and U C(B) Cc A for any o € A.
BeA(a)

This second properties implies that no cell of A is partially refined, so that any o € A
satisfies C(a) N A =0 or C(a) C A. As a consequence, we observe that the leaves of A, that
is the set

LA):={aeA : Clao)nA=10},

forms a partition of the phase space (except for the edges). We will say that M C Q is an
adaptive quadrangulation if there is a consistent tree A such that M = L£(A). In addition,
M will be called graded if its local resolution has no “jumps”, or in other words, if two
neighboring cells o and (3 (sharing at least one edge) satisfy |£(«) — £(3)| < 1.

Remark 3.1. Imposing this graded condition is a reasonable requirement, since for any
adaptive quadrangulation M, there exists a graded refinement M’ of M that satisfies
#(M') < C#(M) with C an absolute constant (see lemma 2.4 in [20] for a proof).
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12 Martin Campos Pinto & Michel Mehrenberger

Conforming triangulations. To any graded adaptive quadrangulation M of the above
type, we shall now derive a conforming triangulation for the P; interpolation be well defined.
We recall that a triangulation is said to be conforming if any edge of any triangle is either
a subset of the boundary (when there is one), or an edge of another triangle. To do this,
we construct a first triangulation M, by splitting each cell o € M in two triangles, with the
following rule: if « is an upper left or a lower right child (of its parent cell), it is splitted into
its lower left and upper right halves, and the splitting is symetric in the other two cases.
For this rule be applied to the cells of the lowest level ¢y, we can always consider a fictious
lower level £y — 1, so that each cell of level ¢; has a parent cell (nevertheless, the way they
are splitted does not matter much for the sequel).

We can observe on figure [l that the resulting M; is nonconforming: since M is not uniform,
it contains at least one cell « sharing an edge with two cells 5 and A such that ¢(5) = £(\) =
¢(a) + 1. And if we denote by §; and \; the two triangles resulting from the splitting of
and X that share an edge with «, it is readily seen that they are not conforming with the
adjacent triangle resulting from the splitting of a. But since M is graded, this is the only
possible configuration where the triangles are nonconforming, and we see that a conforming
triangulation M, is simply obtained by merging any such couple of triangles (5, A¢).

Al B
A At
M M, M,

Figure 1: splitting of nonuniform cells and merging of nonconforming triangles.

To emphasize the simple structure of the original quadrangulation M compared to the
associated conforming triangulation M, such a couple is represented on figure 2

Piecewise affine interpolations. Because we are interested in L°° error estimates, it
will be helpful that the projection operators cannot increase the L>° norm. We shall here
consider P; Lagrange interpolation which obviously meets this requirement. Denoting by
N (M) the vertices of M;, and by

Vipi={geC® : gxell, VK € M, }

the associated finite element space, we let then Py, be the natural P interpolation associated
to the conforming triangulation M;. We may recall that for any continuous function g, Pysg
is the unique element of V}; that satisfies

Pyg=g on N(My).

INRIA
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M M,

Figure 2: one graded quadrangulation and its associated conforming triangulation.

Remark 3.2. It is possible to use higher order P) Lagrange interpolation operators P},
associated to the same triangulation. They lead to similar adaptive scheme which might
exhibit better results in practice, but for which we do not have a satisfactory error analysis.

3.2 Mesh operations

We now present the two mesh algorithms that appear in the adaptive scheme. In the sequel,
the word “mesh” will always refer to an adaptive quadrangulation, graded if nothing else is
mentionned. We begin by introducing two functionals that play a paramount role in the
design of the meshes.

Discrete curvatures. In order to guarantee small interpolation errors, we will need to
control the amount of curvature of the numerical solutions. For this purpose, we associate
to any mesh M and any function g the quantity

w(g, M) := sup curv(yg, o) (3.28)
aeM

where curv(g, a) is a quantity which is equal to |g|w=2.1(q) for g € W?!. This quantity will
be precisely defined in ([BH) and its definition will be extended to functions g which are
not in W2 but are continuous and piecewise affine on some arbitrary triangulation. The
discrete curvature controls the error of P; interpolation in the following sense: there exists
a uniform constant C' such that for all « € M and for K a triangle of M, contained in «,
we have

llg = Prrgllpoe () < Ceurv(g, ). (3.29)

We postpone to §4.2 the proof of this estimate.
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Weighted Lipschitz semi-norm. In parallel with the local curvatures, we will need to
control a second quantity, namely

7(g, M) := sup 2725(a)|g|wl,m(a). (3.30)
aeM

We now describe the main mesh algorithms.

Mesh adaptation. Given a function g for which p and 7 are finite (such as a function
of W21 N W or a piecewise affine functions) and a prescribed tolerance ¢ > 0, we are
interested in constructing a mesh A.(g), the smallest as possible, such that

19, A= (9)) + At (g, Ac(g)) <e. (3.31)
Since this is achieved by asking that
v(g, @) := curv(g, o) + At 2725(0‘)|g|w1,m(a) <eg/2 (3.32)

holds for any o € A.(g), a natural solution consists of performing adaptive splitting: starting
from the root quadrangulation Qy,, any cell a for which [B32) does not hold is refined into
its four children cells, and this is performed recursively, so that the resulting A, is the
smallest (non graded) mesh satisfying ([B31) (for sake of simplicity, we choose not to impose
a maximal level L for the cells). We let then A.(g) be the smallest graded refinement of A..
Since A.(g) and M do not differ very much in practice, a more efficient algorithm (yielding
the same mesh) consists of applying the above refinement process not on Qy, but rather on
an intermediate mesh M constructed by derefining M in the following way: starting from
the maximum level £(M) of M, we set Afppy =M and for any { < L(M), let

A=A\ {a€C(B) : ta)="¢ C(B) C L) and v(g,f) <e/2)

up to M := A7 . This algorithm clearly guarantees ([B31) and should allows us to control
the cardinality of the resulting meshes (see paragraph B3 and §6).

Mesh transport. Given an advection field F, we now give a strategy for “transporting”
any mesh M into a new one, denoted T (M, F), on which 4t will be easy to control the error
resulting from the interpolation of g o F~', as soon as g is known (for a precise statement
of this important property, we refer to corollary B4l and lemma ELT3). Strictly speaking,
T(-,F) is mot a transport operator, since the new meshes always belong to the class of
graded dyadic quadrangulations, but it looks like a transport operator. The method indeed
consists of looking backwards at the local resolution of M: for any cell a € Q, we let its
backward level in M be the integer

(M, F,a) :==max{{(8) : B M, F (c,) €} <LM), (3.33)
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where ¢, = (Za,vq) is the center of a. Here 3 denotes the closure of the cell 3. Setting
then A@O := Qy,, we proceed as for A, by iterative splitting and obtain A}, by refining in
A} each cell whose backward level is larger than its own level. In other terms, we let

A=A U{BeC(a) : a€A}, *(M,F,a)>{l(a) }.

This is done up to the highest level £(M) of M, and we finally let T(M, ) be the smallest
graded refinement of the non graded T(M, F) := L(AE( ). An interesting property (stated
in lemma ET2) is that for the advection fields used in our scheme, the cardinality of the
resulting mesh T(M, F) is of the same order as that of M.

3.3 Description of the adaptive scheme

We are now able to write the precise form of the numerical scheme (up to some definitions
that are stated below). Since every intermediate numerical solution f* belongs to some
finite element space Vi, the reader should be aware that a complete numerical solution is
a pair of the form (M™, f™), and the adaptive numerical scheme is represented by a mapping

SAt,s . (M",f") N (MnJrl’fnJrl).

For the sake of simplicity we shall write in the sequel f"*1 = Sa, . f", keeping in mind that
the scheme actually operates on the couple (M™, f™).

The initialization step. Using the adaption algorithm A., which can be viewed as a
compression algorithm, we define the first solution pair (MY, f°) as

M = A.(fo) and 1= Py fo. (3.34)

We shall denote for the sequel S? : g — Py_(g)9.

The four steps adaptive scheme. For any time step n > 1, we let then

M =T(M"™, F,) and = Pup T " (3.35a)
My = T(M}, Fr) and f3 = Pup Tt T f1 (3.35b)
My = A (f3) and f3 = Pup f3' (3.35¢)
M= T(M3, Fy) and = Py T 3 (3.354d)

where F, and 7, are defined in section 3, F)' is an approximation of the advection field
Fo(f) of ZZA) which is defined below, 7. is the associated transport operator, and T,41
is a soft truncation in the v-direction which is also defined below.

Summing up, we have

S =Sare ™ = Punoy T Py Prp Tt T Prn To f = (Sace)" 'S fo.
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The numerical electric field £E" and the advection field F;'. Rather than strictly
following the time splitting scheme (Z26), which would amount in the application of 7,
T,(f1) and again 7., we slightly modify F,(f*) into ", and apply 7,” : g — g o (F1)~*
instead of 7, (f7*). This is due to two different reasons: the first one is that the forthcoming
error analysis is based on estimations of local curvature measures that are established for
piecewise affine functions, and E(g) being not piecewise affine (even if g is), the associated
transport operator 7, (g) does not preserve the piecewise affine structure. The second reason
lies in the lack of conservativity of the scheme, which derives from the lack of conservativity
of the P interpolations. Since [ f{* may differ from [[ fo, the condition (ZH) has no reason
to be fulfilled by f7*, which makes E(fI*) nonperiodic, as well as F,(fI'). As a consequence,
we first correct E(fI) into the Lipschitz 1-periodic electric field E™ by setting

E"(z) = B(ff){z}) + {«}E()(0) — E(f) (D) (3.36)

where {x} is the fractional part of z, and then let E™ be the piecewise affine interpolation
of E™ on

"= N, (M7), (3.37)
where the set
N.(M) = | ) 0(az) (3.38)
aeM

is nothing but the projection on the z axis of the nodes of a given mesh M. The advection

field F;' is then defined by
Fii(z,v) = (z,v + AtE™(x)),

which should be seen as a correction of F, (1) : (z,v) — (x,v + AtE(f])(z)).

Remark 3.3. Applying 7.” (or F) amounts to computing { E™(z;)}z,er». According to

B306), 23) and writing p = [ f* dv — 1, this is equivalent to determining the values

1 1 1

E(fi)(z:) = /0 K(zi,y)pi(y) dy = /O ypi'(y) dy — / pi(y) dy, (3.39)
where the second equality comes from (ZIT)). Now because any vertex of any affine piece of
f1 is of the form (z;,v) with z; € I'", a little algebra shows that p7 is quadratic between two
nodes of I'™. Moreover, we see that its computational cost is on the order of #(M7"), and
since #(I'™) < #(M7), it follows from (B3J) that applying 7, achieves a computational
cost of order #(M7").

Remark 3.4. In fact, we will need in the sequel (see lemma ELT3) that the “intermediate”
field E™ is in W2°°. Rather surprinsingly, this is also ensured by @36). As a matter of
fact, we have

1
(E™)'(0%) = (E™)'(07) = E(f)'(0%) — E(f1")(07) = /0 F10,0) = f71(1,v)dv = 0

since f1' is, by construction, 1-periodic in x.
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Soft truncation in v. We end this section by discussing the issue of controlling the
support of the numerical solutions in the v direction, that is quantity

S, (f™) :=sup{|v| : Iz, f"(z,v) > 0}. (3.40)

In section LA the quantity Q(t) was defined to bound the support of the exact solutions,
and it has been shown that Q(¢") < Q(0) + 2¢t". But turning to f™, we observe that X, (f")
can grow by a coarse mesh step 27 at each interpolation step, so that there is no reason
for ¥, (f™) to be bounded independently of the time step At. Nevertheless, an priori bound
is required in order to estimate the numerical electric field E™ (apart from the fact that it
also provides a maximal size of the computational mesh) as it will appear below. To remedy
this problem, we let @, := Q(0) + 2nAt and then

Qn:=2"%([2Q, ] +1) > Q, + 2% (3.41)

be the lowest multiple of 27% larger than Qn + 2=%o, In particular, it satisfies Qn <
Qn + 2 -27% (the reasons for choosing such a @,, will appear later on, see in particular the
remarks below). The soft truncation operator T,, is then defined as

0 if v >Q,+27%
g(m, _Qn)(Qn + 2_% + ’U)Qéo 1f - Qn - 2_60 S v < _Qn
_ ¢ - 42
Tng(@0) =0 oei0) it —Qn<v<On (3.42)
9(2, Qn)(Qn + 270 —v)2% it Qn<v<Q,+2"

Using this operator, we shall establish in §8] that any numerical solution has its support
bounded by R
Y, = Q0) + 2T +7-27% <%, (fo) + 2T +7. (3.43)

Remark 3.5. Since Q, > Q(t"), it is readily seen that f(¢") vanishes outside €, :=
R x [—Qn, Qr] and outside £2,, := R x [—Qpn, Qx] as well, since ,, C 2, follows from BATI).

Remark 3.6. Qn being a multiple of 2~% implies that any dyadic quadrangular cell (of any
mesh M) is either in ©Q,, or in (€2,,)°. This also holds for the triangles of M, and therefore
any continuous g satisfies the localized maximum principles

1PrYll e,y < N9l peqa,y and [1PMgllpoane < N9l (@) (3.44)

Moreover, we have for any n, M and g
(Prm9)ja, = Prl9a,), (129), = T(9)0,) and (Tng)g, = 9q, - (3.45)

3.4 Main Theorem

Here is our a priori global error estimate between the adaptive solutions and the exact ones.
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Theorem 3.7. If the initial data fo € WH(Q) NW?21(Q) meets the hypothesis of theorem
23, then for any final time T = N At there is a constant C = C(T, fo) for which the adaptive
numerical solution f~ := (Sa;c)VSUfy satisfies

IF(T) = | < C (A +2/A1) (3.46)
provided € and At verify
eV/? < At < [8(E foll = + D)7, (3-47)

with ¥, defined in (EZ3).

Remark 3.8. The above condition ¢ < At? can be replaced by ¢ < CAt? for some constant
C. In addition, we observe that balancing (B8] gives ¢ = At? and

IF(T) = fN]|L= < C(T) At? = C(T) /3.

As mentionned in the introduction, the proof of theorem B is based on decomposing
the numerical error into

FED) == [ = Sacf (t")] + (Sae — Saee) f™ + [Sacf (") — Saf"]

Apart from the first term which is the time discretization error estimated in lemma 24l and
the third term which must be treated carefully since Sa; is a nonlinear transport operator,
we see that the error analysis relies on the study of the error term || (Sat —Sat.e) f"|| L. This
term can be seen as a space discretization error that decomposes into the four interpolation
errors corresponding to the four steps of the scheme, namely ||(I — Pam)7Ze f"|| 2, [[(1 —
Prp )T [ Loy I|(I = Pagp ) f3 |z and [|(I — Pygnsr) T f3|| o Section Bl is devoted to
finding a priori estimates for these interpolation errors.

3.5 Towards a complexity result

As a matter of fact, the above theorem is not completely satisfactory since it does not
provide any estimate of the computational cost of the scheme, and therefore fails in proving
a real gain of efficiency of the adaptive method compared to the uniform one. In both cases,
the complexity is shown to be of the same order than the cardinality of the computational
meshes. More precisely, denoting by N the maximal cardinality of all the meshes used in the
scheme, the complexity of one time step is of order N in the uniform case, and according to
the description of the mesh operations A., T, and the remark B3 about the computational
cost of E™, it is of order Nlog N in the adaptive one. The natural question is thus: does the
adaptive scheme offers a better trade-off between N and the L™ error ?

In [6], Besse shows that the L™ error e, induced by the uniform scheme decays like h*/3 =
At?, h being the uniform space step. In this case N ~ h~2 and we therefore obtain

eq < C N72/3, (3.48)
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According to remark B8 we see that the L°° error e, induced by our adaptive scheme decays
like £2/3 = At?, and we are left to understand the correlation between the parameter ¢ and
the maximum cardinality N of the adaptive meshes. This correlation can be heuristically
described as follows: ideally, the adaptive splitting strategy A.(g) aims at building a mesh
such that the total curvature on each triangle K of the adaptive triangulation is exactly of
the order ¢ in order to control the interpolation error in the L°° norm. We indeed look for
the smallest possible mesh such that

lg — Prgll e (x) < Clglw2 (k) < Ce, (3.49)

according to (B29) (in this heuristic argument, we have neglected the influence of the term
At7(g,A:(g)) on the complexity of the adaptive mesh). Let us therefore assume for a while
that the total curvature |gly2.1 (k) is not only bounded by above by ¢, but also by below,
say by ce with c a fixed constant. It would then readily follow that

N < C|g|W2,1(Q)<€71. (3.50)

Therefore, provided that we can prove that the W?2! norm (or rather its weak version
defined further by ([E54)) of the numerical solution remains bounded, we would obtain an
error estimate of the type

eq < C N2/, (3.51)

Note that this is not identical to [BZ4R), since it is achieved for solutions which are only in
W21(Q) instead of C%(Q2). It thus reveals that the adaptive scheme might perform substan-
tially better than the uniform scheme when the exact solution is not C? or has very large
C? norm.

At the present stage, we do not know how to rigourously establish (851]) which may actually
not hold without some slight additional assumptions. For example, it is proved in the survey
article of DeVore [22] that similar adaptive splitting strategies have the optimal convergence
rate provided that the second derivatives are not only bounded in L' but also in Llog L.
Nevertheless, this raises the issue of estimating the growth of the total curvature |f"|,(q)
of the numerical solution. A partial result obtained in [IT] constructs for any given trian-
gulation 7 a total curvature measure | - |7 (o) that is diminished by the P; interpolation
associated to any uniform refinement of 7.

4 Some properties of the adaptive discretization

Not surprisingly, our analysis of the discretization is driven by interpolation error estimates
of the form
(I = Par)gll= < Clglx,m (4.52)

where the semi-norm |- | x s makes use of the local curvatures of the function g. If g € W21
for instance, it is shown below that inequality [5Z) holds with

l9lx.00 = sup |glw=1(x)- (4.53)
KeM,

t
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In the following, we denote by V' the space of all continuous functions which are piecewise
affine on an arbitrary conforming triangulation.
4.1 Smoothness of piecewise affine functions

In the context of P; approximations, we would like to apply inequality (52) to the functions
of V, but this cannot be achieved with @X3). Indeed, the second derivatives of any such
g are Dirac distributions supported on the edges of the associated triangulation, and hence
are not in L'. Nevertheless, we see that on any bounded open domain w they have a finite

total mass
/ 07,9 = sup / Dyg 0z
w p €CF(w) w

lellzee <1
(y and z denoting either = or v). We can therefore relax the W?! semi-norm into

9l oy = / 102,91 + 02,9] + 102,01, (4.54)

and consider the space W* of any g such that |g|w~ = [g|lw-(q) is finite. Since u, :=
02,9 + 102,9] + |07,9| is a Borel measure, we extend the definition of |g|y«(.) to any
measurable set w as piy(w). In the following we shall only consider the situation where w
is a closed curve or polygonal, in which case u4(w) possibly includes non-zero contributions
from the edges of w.

Definition of discrete curvatures. The new space W* (that can be seen as the functions
of bounded total curvature, in analogy to the functions of bounded total variation) now
contains V' and we can define the functional curv(-, «) involved in (B28) by

curv(g, ) := [glw+(a)- (4.55)

In order to simplify the forthcoming analysis of the discretization errors, we shall introduce
another semi-norm for the piecewise affine functions: denoting by £(g) the edges of any
g € V, we let the discrete curvature of g on any closed polygonal domain (or curve) w be
defined by

9y = D Nl Dyl (4.56)

v€€(9)
where | - | is the one-dimensional Hausdorff measure, [Dgl, is the (constant) jump of the
gradient vector (9.g,0,9) on the edge v and || - || denotes the £? norm in R2. Denoting by

n = (n,,n,) the normal unit vector to v (up to its sign), we can observe that the continuity
of g yields
[6mg]'y n, = [avg]'y ng (457)
and hence
[Dgly = [Ong]ly n = [0z9 Ny + Opg 0yl 0. (4.58)
The equivalence between ([@54) and (E5H) is established by the following lemma.
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Lemma 4.1. For any closed polygonal domain w and any g € V, we have

19lk(w) < 191wy < 3/2 19 x(w)- (4.59)

Proof. We shall consider a particular closed polygonal w that only contains one edge v of
E(g); the general case follows easily. After a little algebra, we find in this case that

Hy i = (|[029]y 0o + (029, no| + [[D0g]y 10 |) 6, (4.60)

and from (@358), we see that [g|,w) = [V] |[029]y Do + [0vg]y 0y |. The left inequality of E5ED)
is then obvious. Assuming that n, # 0 (which is always possible, up to a swap between x
and v), it follows that

™ glws ) = |[0xgly 02| + [[B2g]y 0| + [[Dug]y 0o
[&EQ]W‘ (lnwl + |nv| + n5|nm|_1)
8xg]7‘|nm|_l(1 + [nzn,|)

< 3/2([0sg] |0z |7 = 3/217 7 gl

where the first equality is (E80), the second one is [ERT) and the last [?77] is @3R). This

proves the right inequality of (ERJ) and completes the proof. O
a b c a b
T Y2
d c

Figure 3: two type of edges for computing discrete curvatures.

Remark 4.2. When g belongs to some P; finite element space Vi, the quantity curv(g, «)
is very straightforward to compute. As a matter of fact, we first verify that up to some local
refinements, there are only two types of edges in the cell o where j1,4 is non-zero, namely v,
and v, represented on figure B, According to (E0), we have then

o la(a) —2006) + g(o)] if 7 = 71
9w = 1a(7) = { 3lg(a) — g(b) + 9(c) — g(d)| i 5 =2

and curv(g, a) amounts to the sum of these curvatures.
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4.2 Properties of the interpolation operators
We first recall a classical approximation result.

Lemma 4.3 (local interpolation error). For any open triangle K and any g € W*, the
local affine interpolation Py satisfies

lg = PrgllLex) < Clglw-(x) (4.61)
where the constant C depends on the shape of K, but not on its size.

Proof. This estimate is a classical finite element result. Its proof relies on two main steps:
the first one is the continuous embedding

191l Lo (x) < Cllgllw2 (k) (4.62)

and the second one is the equivalence between |g — Pk g|lw21(x) and |g|w21(x) (see for
instance [34] or [14]). This proves ([EBI) with the W*! semi-norm, now introducing the
mollifier p,, = 77 21{(4,0):|z|+|0|<y} and letting 1) tend to zero in g, = g * p, € W' shows
that (EL6T) also holds. Finally, one easily check the invariance of C' by the isotropic scaling
K = AK using the change of variable gy(x,v) = g(z/\, v/\). O

According to this estimate, it is readily seen that inequality ([E5E2) indeed holds with ([EE3),
now because any triangle in M; overlaps at most two quadrangles in M, we see that ([E52)
also holds when |g|x s is the quantity u(M,g) given by ([B28). Let us write this as a
corollary.

Corollary 4.4 (adaptive interpolation error). For any graded mesh M and any g € W*,
the piecewise affine interpolation Py satisfies

lg — Prgllne < Cu(M, g) (4.63)
where C is an absolute constant.

Remark 4.5. Using this simple estimate, we see that the initial numerical solution f° given
by @3 satisfies || f° — fol|L~ < Ce for any fo € W*.

We will also need that the interpolation operators do not increase the W1> semi-norm,
with the following convention:

|glwioe = (1029l Loe + [|Dugl| Lo

We shall underline that this is not an obvious property, for it is not satisfied with any
adaptive triangulation.

Lemma 4.6 (Lipschitz diminishing). For any mesh M and any g € W, the interpo-
lation operator Py; satisfies
|Prrglwree < |glwee. (4.64)
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Proof. Let K be a triangle of M;: either it comes from a simple quadrangle splitting, or it has
been obtained by merging two nonconforming triangles K; and K3 of M;. In the first case,
K has two edges parallel with the 2 and the v axis, and it is readily seen that |0, Prg| £ (k)
and [|0y P9l L (k) are respectively bounded by [|0.g| (k) and |0y gl 1= (k), so that
|Prrglwo (k) < |glwe (i) (4.65)

is obvious. In the second case, we let § := Pix, k.19 be the interpolation of g on the
conforming subset { K1, K5} of M,. If the edge between K and K is parallel to the z axis,
we have 0.9k, = 0.0k,

8acjt)Mg\K = (281.@\1(1 - vg\Kl + 8@.&|K2) /2
dwPrgix = (0udik, + 0udiK,) /2.
Since 0, Pyg and 0, Pyrg are constant on K, this yields
| Prrglwice (i) = 102 Prgll Lo (i) + 100 Prgll oo (k)

< max(|0z Py gk + 0uPrgik |, [0 Prg i — 0uPrrg k)
<029l Lo (r0) + 1008l oo (1) = |Glwrioo (1)

and a symmetric argument shows that this inequality also holds in the case when the edge
between K7 and K> is parallel to the v axis. Using then ([6H), we have in any case

|Prglwee (k) < |glwree (k) = max |Gl i,y < max lglw e (r;) = glwee (k)

which completes the proof. O
We finally state the following lemma, which proof does not raise any particular difficulty.

Lemma 4.7 (u- and 7-stability). For any mesh M and any g € V, the interpolation
operator Py satisfies
u(Prg, M) < Cu(g, M) (4.66)

and
7(Pag, M) < Cr(g, M) (4.67)

for some absolute constants C.

4.3 Smoothness of the transported densities

We shall now give some estimates concerning the smoothness of the densities transported by
7, and 7, (we recall that the latter is defined in section 533 and calls for both interpolation
grid I and intermediate field £™). The main result is:
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Lemma 4.8. If g is piecewise affine, then T,g and 1.'g also are. In addition, we have on
any cell o

|,ng|W1v°°(a) < (1+ At/2) |9|W1,ac(f;1(a)) (4.68)
|7;ng|W1,oo(a) < (1 + At|En|W1,oo) |g|W1,oo((]:ZL)71(a)) (469)
|7;g|*(a) < (1 + At/2)2 |g|*(]:;1(o¢))' (470)

If, in addition, o belongs to some graded mesh M wverifying
N, (M) cCT", (4.71)
the transported density T.'g satisfies

17 gl w(0) < (14 At|En|lew)2|9|*((f3)71(a))

. . (4.72)
+5- 272 ALY E 2.0 00| Lo (7)1 ()

V2 ]—"(K’)
f(K) /< 71
73
\
v
K/
K
K;
Xy Ti+1 X

Figure 4: piecewise affine advection.

Proof. In order to study both 7, and 7" at the same time, we shall consider, for a given
interpolation grid I' C R and a function G € W2°°(R), the generic transport operator

T=TT,G):g—goF ! (4.73)
associated to the advection field

F=F(, G) D (z,v) = (z,v 4+ G(x)), (4.74)
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where G is the affine interpolation of G' on T'. Within this context, 7. is obtained by
setting G(x) = AtE"(z) and T = '™, while 7, is obtained by swapping  and v, and setting
G(x) = G(z) = xAt/2 for any grid T'. For sake of simplicity, we shall consider that g is in
some Vjr, with M’ a graded mesh (this is in fact the only case we are interested in, but
the above estimates hold for any g € V). Denoting then by z; the points of ', we can split
each triangle K € M/ (where g is affine) into pieces of the form K; = K N |x;, 41 x R.
It is then readily seen that 7 ¢ is continuous and affine on each F(K;). Let us divide the
associated edges into three types: those (like v; in figure Hl) which come from a vertical edge
of some K € M/, those (like 2) which come from a non-vertical edge of some K, and those
(like v3) which come from a vertical edge of some K; but are not of the first type. On each
affine piece of 7 g, we have

D(T g)(z,v) = (0,9 — G'(2)0yg, Dug) (F(z,v)) (4.75)
so that on any bounded «, we have
1T glwre(a) < (14 G [L=) |glwroe (71 (ay)

which proves [@68) and ([EE9). Let now ~y be an edge associated to 7g such that yNa # (.
If it is a second type edge, we see that the only jump in XTH) comes from D(g), so that

DTl < (1 +1E |) D@10, (4.76)

and a little geometry also shows that |y| < (1+|G'||z=) |[F~1(v)|. If v is a third type edge,
the jump in [@ZH) now comes from G’, so that

DTNl < 1009l Lo (-1 (0 | 1G],

where z; is such that v C {z;} x R, and if finally v is a first type edge, both D(g) and G’
have a jump in (ETH), so that

DTy < A+ NG =)D (@) F-1 )l + 1009l L (72 () [IG']a,

, (4.77)

, (4.78)
where z; is like above. In these two last cases, we clearly have
W= F7 1< A+ (G ) [F7H )]

We then denote respectively by a, and «, the intervals which are the projections of o on
the x and the v-axis: the three different cases gather into

79ty = Iy al [[D(Tg) |

<A+ 162 Y A F L@ D@ (079)
)
+ law] 109l oo (7-1(a)) Z 1G]]

T; €0y
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where the first sum is taken over the edges of 7 g, and the second one over those of g. In the
case where 7 is seen as 7, G’ is the constant At/2 and hence has no jump, so [ETY) reads
as [@T0). In order to prove @73, we first observe that |w,| = 27¢(%). Denoting then by 2~
(respectively z 1) the first node of I'™ lower than inf(«,) (respectively greater than sup(a,)),
we infer from condition (BZ7I) and the graded structure of M that |z — 2| < 5274 Tt
follows that

+

</ (") (2)] da < 5 - 2@ | B [yae

> E™ .

T; €0y

and the lemma, is proved. O

4.4 Properties of the transported meshes

In order to derive interpolation error estimates from the above inequalities, we must verify
that condition (7T indeed holds when M = M3 which is defined by (B35H). Since this
mesh is precisely constructed from F,', and hence from I'", we need a lemma for that.

Lemma 4.9. For any graded mesh M, we have
Ne(T(M, Fy')) C No(M). (4.80)

In other words, the “mesh transport operator” T associated to some v-directional advection
does not enlarge the projection of the meshes on the x-axis.

Proof. To begin with, let us prove that
N,(T(M,F")) C N, (M). (4.81)

Given a cell a € T(M, F), its parent (3 satisfies by construction £*(3) > £(3), so that there
exists a cell 3* € M containing (F)"!(cg) such that

((B") = £7(B) = €(B) +1 = (a). (4.82)

Considering the one-directional form of F;', we see that zg € 35, and this together with
(ERD) yields 8% C a,. Now because of the underlying tree structure that N, (M) inherits
from M, it follows from 9(8%) C N, (M) that 9(a,) C N, (M), and [@ET) is proved. Using
the fact that N,(M) also inherits a graded structure from M, we can verify that (EXI)

actually implies X0), and the lemma is proved. O

We are now to state a fundamental property of both operators T(-, F,) and T(-, F*). For
sake of conciseness, we again use the generic advection field EX4).
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Backward influence set. Given a dyadic cell «, we let
B(M,F,a)={BeM, BNF *a)#0}
be the cells of M that are even partly advected into a.

Lemma 4.10. Provided the advection field F satisfies
G|~ < 1/2, (4.83)
there is an absolute constant C such that

sup  #(B(M,F,a)) < C (4.84)
a€T(M,F)

for any graded mesh M. In addition, we have
LB) <tl(a)+2, for any a € T(M,F) and (€ B(M,F,a). (4.85)
The proof is given in the appendix.

Remark 4.11. Applied to F, and F!, the stability condition (R3] reads

v

At < min (17 (|E"|W1,w)-1/2) ,

which is not very restrictive. We shall indeed see in section Bl that |E"|y1.. is bounded by
some constant which only depends on T, provided that nAt¢ < T'. This actually leads to the
stability condition (BZ1) in the main theorem, which is not a CFL type condition since the
restriction on the time step is independent on the space discretization.

The second property of the mesh transport operator is that it does not increase the order
of complexity.

Lemma 4.12. Provided the advection field F satisfies X)), there is an absolute constant
C such that

#(T(M, F)) < C#(M) (4.86)
for any graded mesh M.

The proof is given in the appendix. Combining lemmae EX and EET0, we now state the
practical result that allows us to estimate the interpolation errors on the transported meshes.
Recalling that the functionals p and 7 are defined in B28) and B30), we let for any
geEV CcW nwhe

V(g7M) = /u’(gvM) + Atﬂ-(g7M) = su]% |g|W*(a) + At Su]f\)4272e(a)|g|wl’°°(a)-
ac ac
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Lemma 4.13 (stability of the transported meshes). Let us first assume that for any
T, the numerical electric field satisfies

|E" |y < C1(T) (4.87)

for any n and At such that nAt < T. The transported meshes M = T(M"™, F,), M} =
T(MP, F) and M1 = T(M3, F,) satisfy then

v(Tof", M{") < Cu(f", M") (4.88)
V(T M3) < C (L4 |E"weee) v(f7', MT) (4.89)
U T f3, M™) < Cu(fs, M3), (4.90)
provided that ,
At < min <1, m) . (4.91)

Remark 4.14. According to corollary EE4 we would only need that the transported meshes
verify a stability property with respect to the functional p. Unfortunately, our estimate
(E2) does not exactly implies this, and we therefore need to consider the “relaxed” functional
v for the stability to hold.

Proof. Since condition (@3] yields
At max(1/2, |E™ 1) < 1/2,
we have for any o € T(M, F,)

1729lx(a) < 9/4 |9\*(f;1(a)) <9/4 Z |91x(8)
BEB(M,Fz,a)

<9/4 #(B(M, Fy, ) p(M, g) < C p(M, g),

where the first inequality is ([E70), the second one follows from the definition of B(M, F,, a),
the third one from lemma BTl and the last one from @X4). Similarly, we find from E8)

and (R that

27 Toglwrc o) <3/2  sup 27 |glyn )
BEB(M,Fya)

<3/2  sup 22 Dglying < C (M, g).
BEB(M,Fy,cx)

It follows that the z-directional transport satisfies
w(T(M, Fz), Tog) < Cu(M,g) and w(T(M, Fz), Tog) < Cm(M, g),

and hence
v(T(M, Fr), To9) < Cv(M, g)
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which leads to (ERY) and @30). Turning to the v-directional transport, we first check from
lemma LY that M satisfies @X7I)). We can then apply once more lemmae EE8 and EET0, and
with similar arguments than above, find that for any cell a € MJ,

T 1 (o) < 9/4 [ I(Fmy-1(ay) + 5+ 272X AL E™ [yyace | £ oo ((F2) -1 ()
< C(1+ [E"lweee) [ p(MT, f1') + Atm (M7, f1') ].

We also clearly have
m(My', 7, f1') < C (M7, ),

and the proof is complete. O

5 Proof of the error estimate

In section [Z2] smoothness estimates were established for the exact solutions, that allowed
us to control the time discretization error. In the same spirit, we now establish some bounds
for the numerical solutions, that will next be combined with above lemma EET3 in order to
complete the error analysis. Let us recall that the adaptive scheme reads

friti= Py T f3 f3 = Puyp f3'
I3 = Pup T 1) 1 I = Pup T f",

and that the associated meshes are either transported, like M} = T(M™,F,), M} :=
T(M?, F) and M" ! := T(M%, F,), or adapted like M3 := A_(f3). We let

e = | F(t") = o (5.92)
be the numerical error at the n-th time step.
Maximum principle. Clearly, every operator used in the scheme diminishes the L*°
norm, so that

1F e < I f3 o <o S N Mz <o < lfoll oo (5.93)
Some orders of magnitude. As a first trivial consequence, we see that the numerical

error is uniformly bounded

e < |[f" o + IFE) L= < 2 follze- (5.94)

Condition A7) implies ¢ < At < 1, and since the interpolation errors estimates are about
e, we can also assume that ¢ < e™ (more precisely, replacing e™ by max(e™, ) in the sequel
will not change the results), so that we shall use

e < min(At,e") < max(At,e") < C (5.95)
where C only depends on fj.
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Support control. We recall that the soft truncation operator T, has been defined in
B22) to control the support in the v direction. In particular, for a given mesh M and
density g, we only have ¥, (Pyrg) < ¥,(g) +27%, while

So(Tng) € Qn+27% < Q,+3-27%. (5.96)
It follows that for any n, we have
So(fM) S (Tofs) +27%° < Su(ff) +27% < B (f5) +2-27%
<SSy (Ton T 1) +3-27° < Quy1 +6-27%

and
So(ff) < S(Tofm) +270 <S,(fM+270<Q,+7-27% <3, (5.97)

(we recall that ¥, := Q(0) 4 27 4 7- 2~ %0).

Bounds for the numerical electric field (part one). Equipped with (E93) and (E97),
we have a first estimate for the numerical electric field. Namely, we see from ZZ3) that

< S (F = +1 < Sl follz= + 1,
LOO

B e = H/m.,v) Q-1

and from (B30), that
|E™ [wiee < 2[E(f7)lwree <2080l follze + 1) (5.98)

Together with condition [E47) imposed on At, this estimate allows us to apply lemma ET3l

Interpolation error estimates (part one). According then to lemmae LT3 and BT, we
have for any n

(T f, My")

™~

(T f", M{") = v(T. f", T(M", Fy))
v(f",M™) = Cv(Pyn T, f3 ", M"™)
Iﬂfi?_lan) =C V(,Z;fg_lvT(M;_lafw))

(
(f??_laM??_l) - C V(PM;’z—lf;_le;_l) (599)
(

IANIA N IA

v
v

FL M) = Cu(f 7 A7)

IN A
QaQ Q a A
RN

where this last inequality follows from the property B3] of the mesh adaptation operator
A.. We emphasize that no induction argument was used, so that no constant appearing in
the above computation depend on n. Using then corollary EE4 we find

(I = Pagg )T f |z < Ce (5.100)
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and since ([99) holds for any n, we also have

and
(I — PMnJrl)lz;ngLoo <Ce. (5.102)

Estimating the lack of conservativity. We recall that one of the basic properties of the
Vlasov equation is that for any ¢, the mass of the exact solution is constant and according
to ), equal to || f(¢)||: = 1. This is not the case with the numerical solutions (remember
that the interpolations are not conservative), but we have

WA =1 <N = T f™ o + 1T = FE Do + (1T f ) — 1
<N = Pap )T f™ e + 1™ = FE) oo + [I1FE) e — 1]
< B [ = Pap) T f e + 1™ = F(E™) | 2]
<Y,(e+em) <2%,¢"

(5.103)

where the second inequality comes from the conservativity of 7., and in the third one we
use that the support of every involved functions as a volume bounded by ¥, and also that
I f(t™)]| L1 is precisely 1. The two last inequalities follow from (I00) and E35), respectively.

Bounds for the numerical electric field (part two). Turning again to the electric
field, we see from (Z23)) and the above estimate (EI03) that

IEGfM) L < 1l +1 <2425, €™

In addition, we have

B - B0 =| [ By @) 0o

= // fi'(z,v)ded — 1‘ <238, ¢€", (5.104)

so that the definition of E™ yields

IE™ Lo < B[z < Bl + [E™(1) = E”(O)‘ <2445, €™ (5.105)
We will also need the following estimates in the sequel: in the first place, we have from

IE(T: £(£%) = Bl < INTef (#7) = flle < C(T) e, (5.106)
where the second inequality follows from the estimates in (EI03). In the second place, ([B36)

and (EI04) also give ) )
[E(fi') — E"||L= < C(T)e", (5.107)
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and in the third place, we can bound the interpolation error of E™ by
- 1 .
HEn - En”L"o < g sgp |Ii+1 - :Ci|2||(En)””Lm([wi,miJrl])
where the z; denote the points of the interpolation grid I'". We have

1E™Y e onmr = H st

o (f1") sup [ 1 lwoe (o)

Lo ([zi,zita])

the sup being taken over all the cells « € M} such that «, N [z;,x;41] # 0. According to
the construction of I'”, any such cell satisfies |z; 1 — z;| < 274, so that using the uniform
bound on the numerical support (B97), we compute

IE" = B |1 < C(T)m(f7', M) < C(T)e, (5.108)
since it is seen from lemma B and inequality (5:99) that
v(fi',M{") < Ce. (5.109)

The outter error. We are now able to give an estimate for the outter error
€out = LS (") = [l Lo (@ )e)
(we recall that Q,, was defined together with ©,, in remark B5). Using that f(¢"*") vanishes
outside 2,11, we have
Cone = I1F" oo (@i S N5l Lo @iy S M oo (@)
SN2 M poe (@nnye) < NTntr LT oo i)y S N ST I poe (2000

where the first, second and fourth inequalities follow from the diminishing property (BZ4)
of the interpolations on the set (€,,41)¢. The third (resp. the last) inequality follows from
the fact that 7, (resp. T,1) diminishes the 1> norm on (Qn41)¢. We then observe that
since any (z,v) outside €, satisfies |v| < Q,,11, we observe using Z1) and (EI0H) that

[v — AtE™(2)] > Qnir — AL|E™ ||z > Qp + 27 —4AtS, " > Q.

where this last inequality follows from ([47). This means that 7 (£2,) C Qy1, and this is
what motivated the choice of (),,. We find then

1T P2 ey < I 0
N ey + 10— Pup) Lo (5.110)
< ||fn||L00((Qn)C) +Ce<e™+Ce.

Here the third inequality is (EI00), and the last one again follows from the fact that f(t™)
vanishes outside €2,,. We therefore have the following estimate for the outter error:

ertl < e 4 Ce. (5.111)

Cout
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Lipschitz bound. According to the definition 842) of the soft truncation operator, we
have

10T T e < max (0T 7 21T 7 e 1)

< N0 L= + 2T Ml L
< 0o fi'l[L~ + C(T) €,

n+1)°)

where this last inequality follows from ||0, 7. f1*|| L~ = ||0v f1*|| L~ the above estimate (EII0)
and (B058). Because T, diminishes the |0, - ||~ semi-norm, we have on the other hand

10: Trirn T il poe < 10T f llLoe < 110 fT Nl Loe + AE™ e |90 1| o
The uniform Lipschitz bound (EO8) for E™ yields then

|Tn+17;nf{l|W1’°° = ||8rTn+17;;nf{l”L°° + ||8an+1Z;nf1n”L°°

< |fMwr [+ C(T)AL] + C(T) ™. (5.112)

According to the Lipschitz diminishing property #&4) of the interpolations together with
estimate ([{6R), we finally have

" e ST f3lwie < (14 At/2)]f3 wre
< (L4 At/2)|f3 lwree < (1+ AL/2)[Tra1 T f1 lwroe
< (14 At/2)(1 + C(T)AL)| f7 w1 + C(T) ™ (5.113)
<1+ CO(T)AY| T f" lwre + C(T) "
<A+ C(TMAY|f"lwre +C(T) ™.

Bounds for the numerical electric field (part three). Using again (Z23)) and (B36),
we see that

< B (FIT Iwree,
LOO

B e = BT e = H [ousitna

and it follows from the inside inequalities of (BIL3) that
|E™ |y2ee < C(T) (|f™ e + €). (5.114)
Interpolation error estimates (part two). Using (BI09) and @RJ), this last estimate

allows us to bound the last interpolation error by

I = Pagg )T f7 e < (T3 f7, M)
< O (14 |B" e ) v( 7, M7 (5.115)
< CT) 1+ |f"wr) e
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The inside error. Equipped with the a priori bounds for the interpolation errors (EI00)

- (E102) and (&ITH), we now focus on
e = [[f(t") — anLoo(Qn)- (5.116)

First of all, we observe from (BZ43) that T,+1 does not appear in the restriction of ftl to

QnJrl:
(Jerl)\Qn+1 = (Pagnt1 T Parp Prap T, Prap To f™) (5.117)

As announced in section B4 we write the inside error term (EIT8) as the sum of three error
terms: (i) the time discretization error

ETL = |IF () = Sacf (")~ < C(T)AE (5.118)

Qg1

which can be estimated on the entire domain ) using lemma 4 (ii) a space discretization
error
ET = (LT T = Sate) | e (@)

which slightly differs from what was proposed in section B4 but is more relevant to our aims,
and (iii) an additional “coupling term”

e = | LET () ~ LI Tf | e,
We thus have
et < gty gntt yentt, (5.119)

According to (BIT7), we decompose
E < \TT (T = Pup) To " Lo + 1 Te(T = Parg )T f7 ] 1
+17a( = Prp ) f3 | Lo + [I(1 = Pagn+1)To 3| o< (5.120)
SO+ wre)e,

the second inequality following from estimates (BI00) - (E102) and (BETTH). Turning to the
coupling error, we then observe from the linearity of 7, and 7, that

EN SNLTT(f(") = )l + 1 Ta(To = T T (") Lo~
whereas the definition of 7, and 7, yields
(7o = T T f ()L < AL E(To f(t")) = E" ||| T f (") lwr.oc

Using then (EI08) - (BI08), we have | E(T.f(t")) — E*|| 1~ < C(T)(e" + ¢), while #B]),
BE3H) and ZIH) give |7,/ (") |lwie < Clf (") |wi~ < C(T). Gathering these estimates,
we see that

EMtl <e™(1+ C(T)AY), (5.121)

which together with (LIIR)-(EI20) yields
el < e™(1+ C(T)AL) + C(T)[AL + & (1 + | f"wre)]

(the constants also depending on the initial solution fj).
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End of the proof. From the a priori estimates of both outter (EI11) and inside errors
(above), we find

"t < (14 C(T)At) + C(T)[AL 4+ (14 | f™|wr)] (5.122)
and we may also recall (EIL3):
" e < |f™lwiee (14 C(T)AL) + C(T)Ate™ (5.123)

Because assumption (§47) implies ¢ < At?, a first Gronwall argument applied to e"+! +
At|fr Ty yields sup,, <y (€™ + At f* |y~ ) < C(T)At. Tt follows that |f"|yy1. is uni-
formly bounded, so that we can apply a second Gronwall argument to (EI122) and find
estimate (B.48), which ends the proof. O

6 Numerical results

We tested our scheme with the classical semi-gaussian beam simulation, which is known
to develop thin structures in the phase space. Because the usual initial semi-gaussian data
fsg = aexp(—(v/b)?)1[_. ¢ «r is neither continuous, nor has a bounded support, we replaced
it with
fo = aexp(=(v/b)*)p(,v) = fig,

where p is a compactly supported W2 approximation of T_cxr- We set a = 5.794,
b= 0.122 and ¢ = 0.172. We also classically added an affine external electric field Fox; ()
to prevent the plasma from dispersing too much. We present below a few results given by
both adaptive and uniform schemes: according to the balancing of the main error estimates,
we let h = At3/2 for the uniform solutions fi), and e = cAt? for the adaptive ones (with
¢ = 320). For practical reasons, we imposed the constraint that the levels of the cells never
exceed a prescribed L = 10. Since the exact solution f is unknown, the accuracy of the
solutions has been evaluated using the uniform solution f; := fj(1) computed with the
finest space step h(L) := 2% = 1/1024 (because of the practical constraint on the level of
the cells, we may notice that f, is also given by the adaptive scheme when ¢ = 0). We
should also mention that the scheme implemented at the present stage differs in some points
with the one described in this article. In particular, the advection scheme does not follow
in practice the time splitting scheme Sa; but rather uses a single transport operator in the
(x,v) space. Nevertheless, we believe that since the key feature of our scheme is its mesh
evolution strategy, these changes only have a small effect on the numerical results.

Lack of conservativity. Because the scheme is not conservative, it was interesting to see
how well (or how bad) the mass of the solutions is preserved in practice (from inequality
(BE103)), we know that this is related to the numerical accuracy). On figure [ the evolution
of the global mass ratio ||fV| .1/||f2]|z: is plotted against T = NAt for different values of
At (left), and against the size N of the associated meshes for both adaptive and uniform
solutions (right). In both cases we observe that the lack of conservativity tends to zero as
the size of the meshes increases.
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Numerical accuracy. On figure [, the distance between fV and the “approached exact
solution” f¥ is plotted in log-log scale against At. Distances are drawn in L> (left) and L?,
L? (right) in order to verify that our strategy also achieves nice convergence rates in these
metrics. The computed least square slopes are slightly better than expected from estimate

(E25).

Optimal complexity. In order to appraise the relevance of section B3 and in particular
estimate (B2l), we represented on figure [l the L°° error against the computational time
(left) and the size of the meshes (right) for several executions of both adaptive and uniform
schemes. Here the decision to replace the exact f(T) with fY computed on the finest
uniform mesh of level L must be discussed: it indeed overstates the accuracy of the adaptive
solutions f% that are very close to f¥. Next to the black boxes that represent the distance

1.06 T T T T 1.05 . T T T T T
At =0.05 | . i
105 At=0.033 - E 1.04 L umfo'rm —t
At=0.025 -------- 103 F adaptive ---m- |
1.04 - At=0.02 b . s
At=0016 ---- 12l = |
1.03 - At=0.0125 ------ 7 N
1.02 | ] 101 1 uy T
‘"
1r 4
1.01
0.99 E
1
0.98 ! ! ' -

0.0e® 5.0e* 1.0e° 1.56° 2.0e® 25e° 3.0e°

Figure 5: mass ratio vs. time T for adaptive solutions (left) and vs. mesh cardinality N for
both uniform and adaptive solutions at T = 4.5 (right).
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P L X e e

65 7 X ] 6k x5 LYerror, T=45 + A

T ® error, T=45  + - e T=15 x
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Figure 6: convergence rates. Error between fV and fY in L> (left) and L', L? metrics
(right) vs. At in log-log scale for T'= 1.5 (slopes are 2.44,2.61 and 2.48 resp.) and 7' = 4.5
(slopes are 2.55,2.33 and 2.33 resp.).
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Figure 7: L°° errors vs. mesh cardinality N (left) and cpu time in minutes (right) in log-log
scale for both adaptive and uniform solutions.

eN = ||fN — fN||L~, we therefore plotted in white boxes the corrected quantities & + ¢,
where ¢ is a reasonable estimate for || f — f(T)| L~ obtained as follows: because the errors
I f}i\éz) — f(T)|| Lo resulting from the uniform scheme decay geometrically with ¢, they are

of the same order than the approached ones ||fiV, — fi'[[r~ when ¢ < L —1, so that
we find é by extrapolating those “coarse grids” approached errors. This in turn bounds
the accuracy of the adaptive solutions by above, but by prohibiting it to do better than
fL, it also gives a pessimistic idea of the adaptive schemes performances, especially when
measuring the computational time. Anyhow, the resulting “corrected error vs. cardinality”
curves decay with a slope of about -0.7 in log-log scale, which confirms estimates (B48) and
(BRI). Concerning the savings, we also see that for a given accuracy, the uniform meshes
are about 100 times as big as the adaptive ones. This ratio is unfortunately not achieved
when considering the cpu times, which is mainly due to the fact that the adaptive method
dynamically manages tree structured meshes and has therefore many overheads compared
to the uniform one. For instance, the cpu time ratio corresponding to a “corrected error”
of 0.084 ~ e~247 is only of 4.5. This rather disappointing observation should nevertheless
be moderated by the fact that we certainly did not implement our scheme in an optimal
way, and by the fact that we imposed a maximal level constraint on the cells. We finally
represented on figure B the meshes M given by the adaptive scheme (when At = 0.05 and
e as above) together with those A.(f7) obtained by “compressing” our best uniform solution
fr- This shows that our strategy generates meshes which are very close to the optimal ones.

7 Appendix
7.1 Proof of lemma 2.4

Let (z,v) be fixed in R2. Since f is constant along the characteristics, we have

f(tn-‘rlvxvv) = f(tan(tn)v V(tn))
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Figure 8: comparison of the meshes resulting from the adaptive scheme (up) and from the
compression A. of the finest uniform solution (below), at 7" = 0.05 (left) and 7' = 10.05
(right).

where (X,V)(s) = (X,V)(s;t" Tt z,v) is the integral curve solution of (L) that satis-
fies (X,V)(t"™!) = (x,v). On the other hand, denoting by X™ and V" the feet of the
numerical characteristics X (¢";t"t1, z,v) and V(t";t"*!,z,v) defined in ([Z27), we have
Sacf(™)(x,v) = f(#"*, X™, V™). According to lemma 3, f(¢") is Lipschitz as soon as fj is,
and

£ ) = SFE D) < 1FE) Wiy (X (E) = X+ V(") = V")
< O(T)max (| X (t") = X" [V (") = V"),
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so that we are left to prove
max (| X" — X(t")[,|[V" = V(t")]) < C(T)At. (7.124)

Denoting Ex (t) := E(t, X (t)) the exact field along the characteristic curve, we use again
lemma 3 together with the characteristic equation () to bound the following time deriva-
tives (for concise notations, the | - || norm here denotes || - || Lo ([0,77,z°([0,1])))

| Ex|| o (0.17) < C(T) (7.125)

1Ex |l 2= (o,71) < 10:E e + 1V ]| 2= 0,77) 02 Ell o

7.126
<N0iElloo + QT)[0:Ell0 < C(T) (7:120)

1Ex| L (po,71) < 102 Ells + 201V || oo o, 102 E | o (7127)
+ ||V2||L°°([O,T])H8§xE||oo + ||E||OOHBIEHOO < C(T)
We decompose then
X" — X(t") = X (") — X (") — vAt + At? /2 E(T, f(t"))(z — vAt/2)

At?
= 51 + 7(52 + 53)7

with
£ = X (") — X (t") — vAt + At? /2 Ex (t"F1/?)
& = E(t"™/? x —vAt/2) — Ex(t""/?)
Es = BE(T,f(t"))(z — vAt/2) — BE(t" Y2z — vAt/2)
and t"t1/2 = (n + 1/2)At. Similarly,

VP V(") = V(M — V(") — At E(T, f(t"))(z — vAt/2)
=&+ At(gg + 53)

with
E, =V — V(") — AtEx (1"TY/?),

It remains then to prove

1] < C(TAE, |&| < C(T)AL?, |&| < C(T)At? and |E4] < C(T)AL.
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For the first term, we have

tn+1

£ = / (V() —v) dt + A2 /2 Ex (£7+112)
tn
tn+1 tn+1
- / (V(t) = V(™)) dt — / int!"" Ex (t"TY?) ds dt
tn tn
tn+1
- int!" (Ex ("TY2) — Ex(s))dsdt.

tn
From (ILT26H), we see that
|Ex (t"F1/%) = Ex(s)] < [Ex|poeom|t"™/? = 5| < C(T)AL,
which yields |€1| < C(T)At3. For the second term, we write
|Eo| = | BT/, @ — vAt/2) — B2, X (t"T1/2))]

<0z BA" T 2) || oo 0.1 | X (" FH2) — 2 4+ vAL/2|

< O(T)| X (t"F1/2) — X (™Y + vAt /2
gntt

< O(T) v — V()| dt
tn+1/2
tn+1

<o) [ v - v
tn+1/2
< C(D)||Ex||pee o, At < C(T)AL?
where this last inequality comes from ([LIZH). Considering then the third term, we have

from [ZI0) and Z23)
ol =| [ K@= vat/20) [U" 5= vht/2,0) = 1@ g dvdy
< [| ey - aez - s yopad an= [ | [ awoao
where A(y, v) := f(t", y—vAt/2,v)—f(t"T1/2,y, v), the inequality coming from 1Ko (j0,1]) <

1. Denoting respectively ts := t" + At/2 — s and y,(v) := y — vs for concise notations, we
then observe that

(7.128)

dy

At/2 4
Ao = [ )0 ds

At)2

_ / —(Oef + 002 f) (s, ys (v), v) ds

At/2
= / B(s,y,v)ds,
0
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with B(s,y,v) := —E(ts, ys(v))0y f(ts, ys(v),v), this last equality coming from the Vlasov
equation. Now, instead of writing a direct majoration that would give |E3] < C(T")At (which
is not enough), we integrate by parts

[ 5Bt o) 000V 0 = = [ S0 B () wel0), )

g,
j

Bty 0)) s (1,5 (0), )]

E(ts,ys(v)) - (=80xf + 0uf)(ts, ys(v),v) dv,

which yields

/ B(s,y,v)dv = —s / 100 E(ta, 4 (0)) £t ya(0), 0)
+ E(ts, ys(v)) s f(ts, ys(v), v)] do.

From lemma B33 it is then seen that

[l - } / /f’”QB@,y,U) dsdo

Q(T)
< At? / C(T)dv < C(T)At?,
-Q(T)

which together with ([TIZR) yields |£5] < C(T)At?. For the fourth term, we finally have
&y = V(thrl) _ V(tn+1/2) + V(thrl/Q) _ V(tn) _ AtEX(thrl/Q)

< At sup
[s|<At

/B(s, y, ) dv

At/2
= / [Ex ("t —t) + Ex(t" +t)] dt — AtEx (t"+1/2)
0
At/2
- / [Ex ("t —t) — Ex(t"Y2) 4 Ex(t" +t) — Ex(t"*Y/?)] dt
0

At .
_ / it 2B (7 — 5) — Ex (t" + )] ds d,
0
which yields )
|Ea] < AP | Ex|| Lo (o.17) < C(T)AE
according to ([CIZQ), and the proof is complete. O

7.2 Proof of lemma ET0

Recalling that the construction of T(M, F) makes use of the backward level £* defined in
B33), it is readily seen that any cell o in the intermediate (non graded) mesh T(M,F)

satisfies
(M, F,a) < (o). (7.129)
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This in fact also holds for the cells of T(M, F). For proving this, let « be a cell of T(M, F)\
T(M, F), and denote by & its unique ancestor that belongs to T(M, F). Writing

; - (7.130)

we must show that any n € M containing (z*, v*) satisfies
£(n) < €(a), (7.131)

while it is readily seen from [ZI2Z9) applied to & that any 7 € M containing (Z*, 0*) satisfies

0n) < la). (7.132)
According to ([ZI3W), we first have
T =14 € ap C Oy C Ty, (7.133)
where we have used [ZI32) for the last inclusion. Observing that
max(|zs — Zal, |va — va|) < (27H®) — 274N)) /2,
we compute
0" = Y| < Jva = val +|G(2a) — G(za)|
< |v& - Ua| + |Io7 - Ia|/2
< (274 9=y . 3/4 (7.134)
< 2*5(54)(1 _ 2*(5(04)*4(07)))
< 9 (1 — 9 ()=t
where the second inequality comes from R3] and the last one comes from ([ZI32). In some
sense, the relations (CI33) and ([I34) express that 7 is ‘not too far’ from 7. And we can

observe that the level of 7 is maximal when the gradation of M is saturated around 7: more
precisely, because ([CI34)) reads

= 1 1 1
Mg — ¥ <« = = e
25 5* —v*| < 5Tyt ORIk

we can check on figure @ that we have ¢(n) < (1) + ¢(«) — £(&). Together with (LI32), this
finally yields (ZI31).

Now let (z,v) be such that F(z,v) € a. The game now consists of showing that (x,v)
is ‘not too far’ from the cell 7 defined above. Clearly, we have

r€a, and |[v+ G(z) — vyl <274 /2, (7.135)
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and it follows from the previous discussion that «, C 7, so that
T E Ny. (7.136)
Using again ([&3), we then compute
[v—v*| = |v— Vo + G(24)]

<+ G() —val +[G(za) — G(z)]

< (274 |y — 2])/2 (7.137)

<9t 3 /4

< 9—¢(m) -3/4,
where the last inequality again comes from ([ZI31). Since any cell 5 € B(M, F, ) contains
(x,v), we can verify that #(B(M,F,«)) is maximal when the gradation of the mesh is
saturated around 7, which is again the configuration represented on figure @ (with 7, Z* and
©* now replaced by 7, z* and v*). Combining this observation with ([ZI36) and (ZI137),

we find that any such 8 must be drawn in solid lines on this figure, which makes (EX4)
obvious (a closer, yet tedious look shows that the optimal constant is 7). We also clearly

have ¢(3) < ¢(n) + 2, and property ({RH) follows then from [ZI3T). O

Sl

Figure 9: maximal change of resolution in a graded mesh.

7.3 Proof of lemma

In order to prove lemma LT we let, for a given cell 3 € M,

F(M,F,B)={ aeT(M,F), Fca)€B}
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be the cells of the intermediate (non graded) mesh T(M, F) whose center is backward ad-
vected into . According to the construction of T(M, F), it is readily seen that

((B) < (), forany Be M, ac F(M,F,pB). (7.138)

The following lemma states an inverse inequality, which allows to bound the cardinality of
the sets F'(M, F, ().

Lemma 7.1. Provided the advection field satisfies [ERT), we have
Ua) <L(B)+1, forany Be M, acF(M,F,3) (7.139)

and there is a constant C such that

sup #(F(M,F,03)) < C (7.140)
BeM

for any graded mesh M.
Proof. Given the generic form @T74) of F, F~(c,) € 3 reads

To € By (7.141)
Vo — G(z4) € By (7.142)

and from (ZI38), we see that ([ZT4) implies o, C (.. Now according to the construction of
the mesh T(M, F), we observe that the parent cell & of « is such that some 5 € M satisfies

F(ca) € 5 (7.143)

and ¢(8) > 4(&) + 1 = £(«), hence

L(B) > (). (7.144)

Considering the dyadic structure of the cells, either o and 8 have same level and [ZI39) is
true, or £(a) > ¢(3) + 1 and then the inclusion o, C 3, leads to &, C ;. Now from (ZT43)
we have x5 € (0;, and therefore

Ba C Ba- (7.145)

This inclusion permits reasoning in the v direction only: we indeed observe that the graded
structure of M prevents vg and vj to be arbitrarily close. More precisely, we can verify that

«(B) i
g —vgl > > 270 =172 (279 4 2719) = 3/2. 27PN (1 — 27F)
=0(8)

where k := £(8) — ¢(3). On the other hand, & being the parent cell of o, we observe that
the stability condition [R3) yields

00 = vl + Gwa) = Glza)| < 1/2- 21+ 1) < 3/4- 271,
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so that we have

vp = vg| < |vg = va + G(za)| + [va = va| + |G(2a) = G(2a)| + [v5 — va + G(za)]

<1/2.2740) £ 3/4. 274 1172974 < 1/2. 2740 (1 4 3/4 4 27F),

where the second inequality comes from the above observation combined with [ZI42) and
([CIZ3), and the third one from [CZI38). It follows that 3(1—2%) is not larger than 7/4+427*
which leads to k& < 2, hence [ZI39) is proved. From ([CIZ))-([CI42), using again condition

EX3), we also have
2o — x5 <1/2-2743)
[va = vg = G(2p)| < Jva = G(za) = vg| + /2|20 — 25| < 3/4 277,
and this together with ([LI3Y) clearly implies ([CIA0) (with C = 6). O

We shall now prove lemma ELT2 Since every cell a in 'ﬁ‘(M , F) obviously belongs to at least
one set F'(M,F, (), above lemma [T gives

#(T(M, F)) < | #(F(M,F,0)) < C#(M),

BEM

and ([@38) follows from remark Bl

Acknowledgments

The authors would like to thank their respective PhD advisors Albert Cohen and Eric
Sonnendriicker for their continued support and the many helpful suggestions that made this
article possible.

References

[1] Arsen’ev, A., Global Existence of a Weak Solution of Vlasov’s system of equations,
U.S.S.R. Comp. Math. Math. Phys., 15 (1) (1975), 131-143.

[2] Batt, J., Global symmetric solutions of the initial value problem of stellar dynamics, J.
Differential Equations, 25 (3) (1977), 342-364.

[3] Boris, J.P. and Book, D.L., Flux-corrected transport. I. SHASTA, a fluid transport
algorithm that works, J. Comput. Phys., 11 (1973), 38-69.

[4] Berger, M.J. and Colella, P., Local adaptive mesh refinement for shock hydrodynamics,
J. Comput. Phys., 82 (1) (1989), 64-84.

RR n° 5519



46 Martin Campos Pinto € Michel Mehrenberger

[5] Bardos, C. and Degond, P., Global existence for the Vlasov-Poisson equation in 3
space variables with small initial data, Ann. Inst. H. Poincaré Anal. Non Linéaire, 2
(2) (1985), 101-118.

[6] Besse, N., Convergence of a semi-Lagrangian scheme for the one-dimensional Vlasov-
Poisson system, STAM J. Numer. Anal., 42 (1) (2004), 350-382 (electronic).

[7] Besse, N. and Filbet, F. and Gutnic, M. and Paun, I. and Sonnendriicker, E., An
adaptive numerical method for the Vlasov equation based on a multiresolution analysis,
Numerical Mathematics and Advanced Applications ENUMATH 2001, F. Brezzi and
A. Buffa and S. Escorsaro and A. Murli, Springer (2001), 437-446.

[8] Besse, N. and Sonnendriicker, E., Semi-Lagrangian schemes for the Vlasov equation on
an unstructured mesh of phase space, J. Comput. Phys., 191 (2) (2003), 341-376.

[9] Binev, P. and Dahmen, W. and DeVore, R., Adaptive finite element methods with
convergence rates, Numer. Math., 97 (2) (2004), 219-268.

[10] Birdsall, C.K. and Langdon, A.B., Plasma Physics via Computer Simulation, McGraw-
Hill, New York. (1985).

[11] Campos Pinto, M., A total curvature diminishing property for P; finite element inter-
polation, To appear in Mathematisches Forschunginstitut Oberwolfach Report, 34/2004.

[12] Cohen, A. and Dahmen, W. and Devore, R., Adaptive wavelet schemes for nonlinear
variational problems, SIAM J. Numer. Anal., 41 (5) (2003), 1785-1823 (electronic).

[13] Campos Pinto, M. and Mehrenberger, M., Adaptive numerical resolution of the Vlasov
equation, To appear in Numerical methods for hyperbolic and kinetic problems, CEM-
RACS 2003/IRMA Lectures in Mathematics and Theoretical Physics.

[14] Ciarlet, P.G., Basic error estimates for elliptic problems, Handbook of numerical anal-
ysis, Vol. II, North-Holland, Amsterdam (1991) 17-351.

[15] Cohen, A., Numerical analysis of wavelet methods, Studies in Mathematics and its
Applications, North-Holland Publishing Co., Amsterdam 32 (2003)

[16] Cheng, C.Z. and Knorr, G., The integration of the Vlasov equation in configuration
space, J. Comput. Phys., 22 (1976), 330-351.

[17] Cooper, J. and Klimas, A., Boundary value problems for the Vlasov-Mazwell equation
in one dimension, J. Math. Anal. Appl., 75 (2) (1980), 306-329.

[18] Cohen, A. and Kaber, S.M. and Miiller, S. and Postel, M., Fully adaptive multireso-
lution finite volume schemes for conservation laws, Math. Comp., 72 (2003), 183-225
(electronic).

INRIA



Convergence of an adaptive semi-Lagrangian scheme 47

[19] Dahmen, W., Approximation by linear combinations of multivariate B-splines, J. Ap-
prox. Theory, 31 (1981), 299-324.

[20] Dahmen, W., Adaptive approximation by multivariate smooth splines, J. Approx. The-
ory, 36 (1982), 119-140.

[21] Dahmen, W., Wavelet and multiscale methods for operator equations, Acta Numerica,
6 (1997), 55-228.

[22] DeVore, R., Nonlinear approximation, Acta Numerica, 7 (1998), 51-150.

[23] Filbet, F. and Sonnendriicker, E., Numerical methods for the Vlasov equation, Numeri-
cal Mathematics and Advanced Applications ENUMATH 2001, Springer, F. Brezzi and
A. Buffa and S. Escorsaro and A. Murli (2001).

[24] Filbet, F. and Sonnendriicker, E. and Bertrand, P., Conservative numerical schemes
for the Vlasov equation, J. Comput. Phys., 172 (1) (2001), 166-187.

[25] Glassey, R.T., The Cauchy problem in kinetic theory, Society for Industrial and Applied
Mathematics (SIAM), Philadelphia, PA (1996).

[26] Gutnic, M. and Haefele, M. and Paun, I. and Sonnendriicker, E., Vlasov simulations
on an adaptive phase-space grid, Comput. Phys. Comm., 164 (2004), 214-219.

[27] Harten, A., Adaptive multiresolution schemes for shock computations, J. Comput.
Phys., 115 (2) (1994), 319-338.

[28] Harten, A., Multiresolution algorithms for the numerical solution of hyperbolic conser-
vation laws, Comm. Pure Appl. Math., 48 (12) (1995), 1305-1342.

[29] Horst, E., On the classical solutions of the initial value problem for the unmodified
nonlinear Vlasov equation. I. General theory, Math. Methods Appl. Sci., 3 (2) (1981),
229-248.

[30] Horst, E., On the classical solutions of the initial value problem for the unmodified
nonlinear Vlasov equation. II. Special cases, Math. Methods Appl. Sci., 4 (1) (1982),
19-32.

[31] Iordanski, S. V., The Cauchy problem for the Kinetic Equation of Plasma, 35 (1964),
351-363.

[32] Lions, P.-L. and Perthame, B., Propagation of moments and regularity for the 3-
dimensional Vlasov-Poisson system, Invent. Math., 105 (2) 1991, 415-430.

[33] Mallat, S., A wavelet tour of signal processing, Academic Press Inc., San Diego, CA
(1998).

RR n° 5519



48 Martin Campos Pinto & Michel Mehrenberger

[34] Necas, J., Les méthodes directes en théorie des équations elliptiques, Masson et Cie,
Editeurs, Paris (1967), p351.

[35] Nakamura, T. and Yabe, T. Cubic interpolated propagation scheme for solving the
hyper-dimensional Vlasov-Poisson equation in phase space, Comput. Phys. Comm. 120
(1999), 122-154.

[36] Raviart, P.-A., An analysis of particle methods, Numerical methods in fluid dynamics
(Como, 1983), Lecture Notes in Math. 1127 (1985), 243-324.

[37] Roussel, O. and Schneider, K. and Tsigulin, A. and Bockhorn, H., A conservative
fully adaptive multiresolution algorithm for parabolic PDEs, J. Comput. Phys. 188 (2)
(2003), 493-523.

[38] Schaeffer, J., Global existence of smooth solutions to the Vlasov-Poisson system in
three dimensions, Comm. Partial Differential Equations 16 (8-9) (1991), 1313-1335.

[39] Sonnendriicker, E. and Filbet F. and Friedman A. and Oudet E. and Vay J. L., Vlasov
simulation of beams with a moving grid, Comput. Phys. Comm. 164 (2004) 390-395.

[40] Sonnendriicker, E. and Roche, J. and Bertrand, P. and Ghizzo, A., The semi-Lagrangian
method for the numerical resolution of the Vlasov equation, J. Comput. Phys. 149 (2)
(1999) 201-220.

[41] Yserentant, H., Hierarchical bases, ICTAM 91 (Washington, DC, 1991), STAM, Philadel-
phia, PA (1992) 256-276.

Contents
[I_Introduction 3
B Ti : bl 1 : F Zatiod 6
2.1 Existence of solutiond . . . .« .« v o e e e 7
iond . . ... e 7
2 me d etizationl . . . . . . . . . . e e e e 9
B The numerical schemd 10
B Adaptive discretizafion . . - - . . o o e 11
B.2 Mesh operationd . . . . . .. .. 13
8.3 Description of the adaptive schemd . . . . . . . . . . . . ... ... ... ... 15
B4 Main Theoreml . . . v v v oo e e e 17

INRIA



Convergence of an adaptive semi-Lagrangian scheme 49

37
7.1 Proof of lemmaﬁ ................................. 37
7.2 Proof of lemmam ................................ 41
7.3 Proof of lemmam ................................ 43

RR n° 5519



/<

Unité de recherche INRIA Lorraine
LORIA, Technopdle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-les-Nancy Cedex (France)

Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhone-Alpes : 655, avenue de I’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Editeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
http:/ /www.inria.fr

ISSN 0249-6399



	Introduction
	The continuous problem and its time discretization
	Existence of solutions
	Smoothness of the solutions
	Time discretization

	The numerical scheme
	Adaptive discretization
	Mesh operations
	Description of the adaptive scheme
	Main Theorem
	Towards a complexity result

	Some properties of the adaptive discretization
	Smoothness of piecewise affine functions
	Properties of the interpolation operators
	Smoothness of the transported densities
	Properties of the transported meshes

	Proof of the error estimate
	Numerical results
	Appendix
	Proof of lemma 2.4
	Proof of lemma 4.10
	Proof of lemma 4.12


