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p�l¤v~mZo`v~|Zp�l}p�v~l%�Sp�[]|Sv~o�i�z1lti`¥9\;y;z1m}gq\�p�i?psg`ok\2�sz�ik\;��ikv�iqW}\�psgqgqmZ\�v�����v<vh��l<mZ[]\2okp�y;z1�	y2v�l}�Zp¬ikp�v~lZp�l}�
z�l}�'�'[]v�ok\+��\2l}\2o�z1����f~�Sikv�ikWZ\]v�lZ\+v1�!oqv~¥Zm}g�iqlZ\Dgqg?�p�iqW#oq\Dg�|9\;y i7ikv�z�y \;o�i�z1p�l�l<mZ[�¥S\;o7v��!z~�h �\;okgq\
y2v�l}�Zp¬ikp�v~l}g�¦�[]\Dz�gqmZoq\;[]\2lti�lZv�psg�\~�/[]vh�h\2��p�lZ�¤\2okokv�o�g2�'\2iky1©�©�© ¨ ©�V	v�v�mZo�¡<lZv����\;�Z��\��/iqWZ\�|ZmZ¥Z��p�gqWZ\D�
!v�ok¡�y2��vtg�\Dgji?iqv&ikWZ\]y v�ltikoqv~�	z1|}|Zoqvtz�y�W�z1lS�½oq\Dg�mZ��ikg7�h\Dgqy2oqp�¥S\D��WZ\;oq\�psg :  <«©7VXWZ\2ok\�z1ok\��9WZv�!\2 ~\2oD�
p�[]|Sv~o�i�z1lti?�hp��U\2ok\2l}y2\;g?�p¬ikW¤�W}z�i7´\�W}z® �\��Zv�lZ\
	!p�l�ikWZp�g?ok\ ��\2ok\2lSy \��SiqW}\�y v~l}y \;|hi`v���iqo�z1l}gq �\;okgq\
��m}l}y£ikp�v~l}g�psg`z1¥Sg�\;l~i�¦Kz&lZv1ikp�v~l½v1��z&�hf<l}z1[]psy�v~gky p����sz�ikv�oXp�g`m}gq\;��p�lSgjik\;z��S¨£�ZikWZ\�|Zokv�|9\2oqiqp�\;g�v��Ngqfhgj¢
ik\2[&gJv~l��%p�\(��okv�m}|}gJz1ok\(lZv�i�\��h|Z��psy p�iq\2��f+\��h|Z��v�p�iq\;�%�tz�l}�]v�lZ��f�iqWZ\`y;z�gq\(v1�%z~�h[]p�gkg�p�¥Z��\�iqo�z�wj\Dy£ikv�okp�\Dg
psg�y v~l}gqp��h\;oq\D�'©
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G
�h\2lZv�iq\#zTy v~lZlZ\Dy£iq\D� �%p�\��~oqv~mZ| v1��µSlZp¬ik\ �hp�[]\2l}gqp�v�l

n
�`z�l}�

•
ikWZ\ z~gqgqvhy psz�ik\;� ��okv�m}|

v~|S\;okz1iqp�v�l%©+VXWZ\+lZ\2mhikokz���\2��\2[]\2lti���v�o7ikWZp�g�v~|S\;okz1iqp�v�l p�g��h\;lZv1ik\;�#z�g
e
�%p«© \~©

∀g ∈ G : g • e =
e • g = g

©TVXWZ\�p�l< �\;okgq\
g−1 v��

g ∈ G
p�g�iqW}\Q¦FmZlZpsrtmZ\D¨�\2��\2[]\;l~i]p�l

G
gqm}y�W�ikW}z�i

g • g−1 =
g−1 • g = e

©?VXW}\���\ �§i&¦�ok\;gq|%©`okp���Wti�¨�iqo�z1l}gq��z1iqp�v�l�v~|S\;okz1iqv�o?v�l
G

psg7�h\2lZv�iq\D��z�g
l
¦Foq\Dg�|%©

r
¨£�'p«© \~©

∀(σ, τ) ∈ G2 : lσ(τ) = rτ (σ) = σ • τ
©XVXWZ\�ikz�lZ��\;lti`g�|}z~y \�v1�

G
z�i(ikWZ\�|9v�p�l~i

g
p�g(�Z\2lZv�iq\;��z~g

Gg

© �  �\Dy£ikv�o(µS\2�s� ¦F 9© �j© ¨#v�l
G

p�g�z#¦Fgq[+v<v�iqWS¨`[&z1|Z|Zp�lZ���WZpsy�W z�gkgqv<y2p�z1iq\Dg`z1l \2��\2[]\2lti
g

p�l
G�p�iqW�z� �\;y iqv~oJp�l

Gg

© �  U© �j©
X

v�l
G

p�g���\2�§i�¢ p�l< �z1okpsz1ltiJp.�
∀(σ, τ) ∈ G2, dlσ(τ)X(τ) = X(σ • τ)

�
�p�iqW

df
�h\;lZv1ikp�lZ�+ikWZ\��hp��9\;oq\;l~ikp�z��Uv1�/ikWZ\���mZl}y iqp�v�l

f
©JVXWZ\��%p�\�z1����\2¥}okz�v1�/ikWZ\���okv�m}|

G / v1�	��\ �§iq¢p�l< �z1okp�z�l~i� U© �j© / psg(�h\;lZv1ik\;�½z�g
g
©�VXWZ\�z~�®wjv�p�ltiXok\2|}oq\Dg�\;l~i�z�ikp�v~l�v��

G
\;rtmZp�|Z|S\D�½�p¬ikW

•
p�g(�Z\2lZv�iq\;�

z~g � �'��pK© \�©
∀σ ∈ G,

� �
(σ) := dIσ(e)

�	�p�iqW
Iσ : G → G

�h\2µ}lZ\;�Q¥<f
Iσ(g) := σ • g • σ−1 ©

A!f½\��<ik\2l}gqp�v~l¤v1��ikWZ\]�h\ µ}l}p¬ikp�v~l�v1� � �'�U´\+�h\ µ}l}\ � �
(σ)X(g) := dlg(e)

� �
(σ)X(e)

©�x �
X ∈ g

�
exp(tX)

psg�iqWZ\�g�v~��mZiqp�v�l�z1i�iqp�[]\
t
v��

ġ = X(g)
�p¬ikW�ikWZ\?p�lZp�iqpsz1�Uy v~l}�hp¬ikp�v~l

g(0) = e
© � �hoqp��§iq��\;gkg

y2v�ltiqokv���gqfhgjik\2[
ġ =

∑m

i=1 Xi(g)vi

v�l
G

p�g�gkz1ps��iqv½¥S\���\2�§i�¢ p�l< �z1okp�z�lti7v~l
G

p¬�!iqW}\�y v�ltikoqv~�� 9© �j©
Xi

z1ok\���\ �§iq¢«p�l< �z1okp�z�l~iD©%07p� ~\2l#z��Fz�[+p���f
Y := {Y1, . . . , Yp}

v��´ �\Dy£ikv�o?µ}\2�s�Zg7v�l
G

z1l}� z� ~\;y£ikv�o
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v ∈ R
p
�U!\��h\;lZv1ik\�¥<f

Y (g)v
iqWZ\� �\;y iqv~o(µ}\;��� ∑p

i=1 Yi(g)vi

¦�iqWZpsg?lZv1i�z�iqp�v�l�psg7z1��oq\Dz��hf�m}g�\D��p�l
��rS©(¦��D¨q¨£©

�/\ i
X = {X1, . . . , Xn}

�Z\2lZv�iq\�z]¥}z~g�psg�v1�
g
©!x �

(g1(t), v1(t))
z�l}�

(g2(t), v2(t))
¦
t ≥ 0

¨�z�oq\
ij!v&g�v~��mZiqp�v�l}g´iqv

ġ = X(g)v
�<iqWZ\;lª¦�¥<f�v~[+p�i�ikp�l}�]iqWZ\�ikp�[]\�p�l}�h\��}¨

d

dt
(g1 • g−1

2 ) = X(g1 • g−1
2 )

� � X(g2)(v1 − v2)
¦K��¨

�p�iqW � � X iqWZ\?¦�p�lt ~\2oqiqp�¥Z��\D¨9[&z�ikoqp �<¢« �z1��mZ\D�(��mZlSy£iqp�v�l��Z\ µ}lZ\D��¥<f
∀σ ∈ G, ∀u ∈ R

n,
� �

(σ)X(e)u =
X(e)

� � X(σ)u
© � y2y2v�o��hp�lZ��iqv�iqW}p�gX�h\2µ}lZp�iqp�v�l%� � � X(e) = In

�<�p�iqW
In

iqWZ\7ps�h\2ltiqp�ijf&[&z�ikoqp ��z�gkg�v�¢
y2p�z1iq\D���p�iqW

R
n
© 5#\�W}z® �\�z1�sgqv

d

dt
(g−1

1 • g2) = X(g−1
1 • g2)(u2 −

� � X(g−1
2 • g1)u1)

¦  ¨

�/\ i��
G : (g1, g2) 7→

�
G(g1, g2)

�h\;lZv1ik\#z �hpsgji�z1l}y2\ v~l
G

�`��\ �§iq¢«p�l< ®z�oqpsz1lti��© oD© iD© iqWZ\#��okv�m}|
v~|S\;okz1iqp�v�l

•
�SpK© \�©�gqm}y�W�iqW}z1i

∀g1 ∈ G,
�

G(g2, g3) =
�

G(g1 • g2, g1 • g3)
©�VXWZ\2l%�S��v�o?z1l<f

γ ≥ 0
�

!\��h\2lZv�iq\7¥<f A
G(γ) := {g ∈ G :

�
G(g, e) ≤ γ}

ikWZ\�y ��v~gq\;�&¥}z����Uv��/okz~�hp�m}g
γ

z�l}��y2\2ltiq\;o
e
p�l

G
©
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k

�h\2lZv�iq\�ikWZ\
k
¢³�hp�[]\;l}g�p�v�lSz1�9iqv~oqm}g;�h�p�iqW

T = R/2πZ
�


 X = {X1, . . . , Xn}
�h\;lZv1ik\�z�¥Sz�gqp�gXv��

g
�


 f
�Z\2lZv�iq\�z]g�[]v<v1ikW���mZlSy£iqp�v�l½��okv�[

T
n−m

¦
m < n

¨�ikv�z�l}\2p���W<¥Sv~mZokWZv<v<�
U ⊂ G

v1�
e
©

VXW}\2l%�}iqWZ\;oq\�\ �<psg�ikg(z][&z�ikoqp �<¢« �z���mZ\D����m}l}y£ikp�v~l
C

gqm}y�W�iqWSz�i;�9z1��v�lZ��z�l<f��hp��9\;oq\;l~ikp�z�¥Z��\�|}z�ikW
θ(t)v~l

T
n−m

�Zv�lZ\�W}z~g

ḟ(θ) = X(f(θ))C(θ)θ̇

= X1(f(θ))C1(θ)θ̇ + X2(f(θ))C2(θ)θ̇

¦ Dt¨

�p�iqW
X1 = {X1, . . . , Xm}

z1l}�
X2 = {Xm+1, . . . , Xn}

©NVXWZ\X��mZlSy£iqp�v�l
f

p�g�gqz�p���iqv�¥9\(���q°�± � %�����#
� ° � � � ���B� %�� 
 �

X1, . . . , Xm

p��
C2(θ)

psg%p�lt ~\2oqiqp�¥Z��\
∀θ ∈ T

n−m
©�VXWZ\Jikokz�l}g� ~\2o�g�\���mZlSy£iqp�v�l�iqWZ\;v�ok\2[

�~p� ~\2l�p�l :��D�K<}z�gkg�\;o�i�g%ikWZ\X\��hpsgjik\2l}y2\´v��9gqm}y�W���mZlSy£iqp�v�lSg2�1�WSz�iq\; �\;o/ikWZ\�g�p�¯2\!v1�
U

��|Zokv� tps�h\D��iqWSz�iNiqWZ\
�/p�\�z1����\2¥}okz+��\;lZ\2o�z�ik\;��¥<f�ikWZ\��Fz�[]p���f

X1 p�g`\;rtm}z��'iqv
g
©�x i?z1�sgqv&|Zoqv� <ps�h\;g`z&��\;lZ\2o�z1�%\ �h|Zoq\Dgqgqp�v�l
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v���iqWZ\�|Zok\;gq\2lti7g�iqm}�Zf�© M`v�´\; �\;o;�S´\�µSl}�¤p�i?m}gq\ ��m}�	ikv��~p� ~\�z�y v~ltiqokv��	�Z\;gqp��~l¤oq\Dg�m}�¬i`p�l¤ikWZpsg?y;z�gq\
¦F�p¬ikW�lZv�y2��z�p�[ v1�'v~oqp���p�l}z1��p�ijf�z�i�iqWZpsg���\2 ~\2�§¨£�~|Zoqp�v�o�iqv�ikoq\Dz�ikp�lZ��ikWZ\`[]v~oq\(�hp*H�y mZ��iXmZl}�h\;okz~y£iqmSz�iq\D�
y;z�gq\��1p�l]v�o��h\2oNikv�|Zokv���ok\;gkgqp� ~\2��f�p�ltiqokvh�hm}y2\´ikWZ\`gqv���mhiqp�v�l+ikW}z�iJ!\�|Zokv�|9v~gq\´��v~oNiqWZ\`��z1i�iq\;o�y2z~g�\~��z1lS�
W}\2��|]iqWZ\?oq\Dz��h\;oJz1|Z|Zok\;y2p�z1iq\XikWZ\`gqp�[]p���z�oqp�iqp�\;g´z1l}�&�hp��U\2ok\2l}y2\;g�¥9\ ij!\2\;l]iqWZ\`ij´v�y2v�ltiqokv��}gqv���mhikp�v~l}g2©
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VXW}\�gqfhgjik\2[ � gX\;rtm}z�ikp�v~l}g�z1ok\���p� �\;l�¥<f
{

ġ = X(g)v
v̇ = u

¦K��¨

,´v~l}gqp��h\;o7z�ikokz1wj\;y£ikv�okf�v��´ok\ ��\;oq\;l}y \]y v~lhµ}��m}okz1iqp�v�l}g
gr(t)

�/z1l}� �h\2l}v1iq\]¥<f
vr(t)

iqWZ\&z�gkgqv<y2p�z1iq\D�
 ~\2��vhy p�ijf& �\;y iqv~o�¦Fz�gkgqmZ[]\;���hp.�U\2ok\2ltikp�z�¥Z��\®¨£�hp«© \~©

∀t > 0, ġr(t) = X(gr(t))vr(t)
VXW}\�\;��\;[+\;lti

g̃(t) := gr(t)
−1 • g(t)

y�WSz1o�z�y£ik\2okp�¯;\;gXikWZ\�iqo�z�y�¡<p�l}��\2okokv�o`z1i?ikp�[]\
t
© A!f½m}gqp�l}�#¦  ¨

v~lZ\�v�¥hi�z1p�l}g!iqW}\���v�����v��p�lZ�6����� � � � ² � ����� 	
{

˙̃g = X(g̃)(v −
� � X(g̃−1)vr)

v̇ = u

¦�L~¨

z�l}�
(g̃, v) = (e, vr)

psg�z�gqv���mhiqp�v�l#ikv½iqWZpsg�y v~ltiqokv��Jgqf<g�iq\;[½��z~gqgqvhy psz�iq\D���p�iqWQikWZ\�y v~ltiqokv���p�lZ|Zmhi
u = v̇r

© VXWZ\Qy v~ltiqokv��`|}oqv~¥Z��\;[�p�g�lZv� ikv g�ikz�¥Zp���p�¯2\ iqWZpsg½g�v~��mhikp�v~l%© �%\2i
V
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G
�'gqm}y�W½iqWSz�i`��v~o7gqv�[]\�y2v�l}g�ikz�ltikg

γ, αm, αM , βm, βM > 0
�

z�l}����v�o(z1l<f
g ∈

A
G(γ)

�
u��

: αm

� 2
G(g, e) ≤ V (g) ≤ αM

� 2
G(g, e)

u��
: βmV (g) ≤

n
∑

i=1

(dV (g)Xi(g))2 ≤ βMV (g)

¦�F1¨

�/\ i�m}g�oq\;[&z1ok¡�iqW}z1i�g�mSy�WQz���m}l}y£ikp�v~l�z1��!z®fhg�\��hpsgji�g2�/��v�o�p�l}g�ikz�l}y \&p�lQiqWZ\���v�ok[ v1��z�rtm}z��Zokz1iqpsy
��m}l}y£ikp�v~l��W}\2l½´v~oq¡<p�lZ���p�iqW�z&gqfhgjik\2[ v���y v<v~ok�hp�l}z1iq\;g;©

� � »��J» ���§�	� »�
���	���

u := − k(v −
� � X(g̃−1)vr − v?(g̃)) +

� � X(g̃−1)v̇r

+ d(Fvr
+ v?)(g̃)

(

X(g̃)(v −
� � X(g̃−1)vr)

)

¦F�~¨

� �+�$� k > 0 � Fvr
(g̃) :=

� � X (g̃−1)vr �
°�±��

v?
i (g̃) := −kidV (g̃)Xi(g̃) (ki > 0; i = 1, . . . , n)

¦$N~¨
���B� ± � ���B� 
 ������@k°8��� � � ±���� ��������� ° O8O&� ���?� � � �$�)� � ² � ����� ����� � 2 O � ±��2±����F° �+� ² � �³°�@�� � ���=� � �$�)� �����G� ��� � ±
(g̃, v) = (e, vr)

�
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��� ±���� ���	��
� ±������q°���� � °��������������h°�±�����° ��� ² � ����� � F

� � � ��
 	JVXWZ\�y v~l~ikoqv~��¦F�~¨�psgX¥ZmZp��¬i���v~����v��p�l}��z]y �sz�gkg�psy2z��S¥Sz�y�¡hgjik\2|Z|}p�lZ��|Zokv<y2\;�hm}oq\~©�a�v�ok\?|Zok\;y2p�gq\2��f��
ikWZ\� �z1okp�z�¥Z��\

ξ̃
�h\ µSlZ\;��¥<f

ξ̃ := v −
� � X (g̃−1)vr − v?(g̃)

¦j�D�~¨
gkz�ikp�g�µ}\Dg�ikWZ\½\;rtm}z1��p�ijf ˙̃ξ = −kξ̃

z1��v�lZ�#z1l<fªg�v~��mZiqp�v�lTv��(iqW}\�y2v�ltiqokv�����\D��gqf<g�iq\;[½©TVXWZ\2ok\ ��v~oq\~�
ξ̃\ �h|Sv~lZ\2ltiqpsz1����f�y v~lt ~\2ok��\Dg�ikv&¯2\;oqv&z1lS�'�}p�l½ tp�\2 v��X¦$L~¨£� ˙̃g ≈ X(g̃)v?(g̃)

�}�p�iqW
v?

p�ikgq\2����y�WZv~gq\2l½p�l
v~ok�Z\2o�ikv�f<p�\;���+ikWZ\`\ �h|Sv~lZ\2ltiqpsz1�9gji�z1¥Zp���p�¯Dz�iqp�v�l&v��

g̃ = e
�WZ\2l]ikWZpsg�ok\2�sz�ikp�v~l&p�g!z�g�iqokp�y i�\;rtm}z���p�ijf�© �

[]v~oq\!y v�[]|Z��\ ik\�z1l}��oqp���v~oqv~m}g%|Zokv<v1�Sy2v�l}gqpsgji�g	p�l]g�WZv��p�lZ�`iqW}z1i�ikWZ\!��mZl}y iqp�v�l]�h\ µ}l}\;��¥tf
Ṽ (g̃, ξ̃) :=

V (g̃) + µ‖ξ̃‖2 �U�p�iqW
µ > 0

�sz1ok��\�\;lZv�mZ�~W%�Up�g�z��%f~z�|ZmZlZv� ���mZl}y iqp�v�l���v�o?iqWZ\]y v~l~ikoqv~����\;��gqfhgjik\2[½�
z�l}��iqW}z1i

Ṽ
�h\;y2oq\Dz�gq\;g´mZlZp���v�ok[+��f�\ �h|Sv~lZ\2ltiqpsz1����f&iqv]¯2\;oqv]z1��v�l}��ikWZ\�gqv���mhiqp�v�l}gXv��/ikWZp�g`g�fhg�iq\2[½©

� � �	���J���2�´��
Q"'�	��*½�2
;���!�����2���e�� � �X
 ��"	" �� ���������������������	��� "/$&"��
�	�(��"

x³lA�W}z�i���v�����v�(g;�
G

psg½z
3
¢³�hp�[]\2l}gqp�v~l}z1�7�%p�\ �~oqv~mZ| ¦

n = 3
¨¤¦���p�¡�\

R
3 � SE(2)

�7z1l}�
SO(3)

�
��v~o]\��Zz1[]|Z��\D¨�z1l}�T´\½y v~l}gqp��h\;o&g�fhg�iq\2[&g+�p�iqW ij´vQy v~l~ikoqv~�´p�lZ|ZmZikg&gqm}y�W�ikW}z�iD�J��v�o&gqv�[]\�¥}z�gqp�g
X = {X1, X2, X3}

v1�
g

¦Kz1l}��g�v~[]\(|Svtgqgqp�¥Z��\�y�W}z�lZ��\(v��/y v~l~ikoqv~�}p�lZ|Zmhi�gk¨Xd<fhg�iq\;[ ¦��D¨�p�g´��p� �\;l�¥<f














ġ = X(g)v
v̇1 = u1

v̇2 = u2

v̇3 = av1v2

¦����D¨

�p�iqW
a 6= 0

©Nx i�p�gXl}v1i(�hp*H&y2mZ��i�iqv+ �\2okp���f��h¥<f�z1|Z|}��psy2z1iqp�v�l�v��J: ���=< �hikW}z�iXiqW}\;gq\�gqfhgjik\2[&gXz1ok\�dZV��3,?©
5#\��p����(gqWZv� ��m}o�ikWZ\2oD�´ <pszQz#gq\2��\;y iqp�v�l�v1�]¦Fy �sz�gkgqp�y;z1�§¨�\ �Zz1[]|Z��\;g;�JiqWSz�i�gq\2 �\;okz��XmZl}�h\;okz~y£iqmSz�iq\D�
[]\Dy�W}z1lZpsy2z��Sgqfhgjik\2[&g�y;z1l&¥9\?[]vh�h\2��\;�]¥<f+iqW}\;gq\`\;rtm}z1iqp�v�l}g;©35 p¬ikW�iqW}\`lZv�ikz�ikp�v~l&v1�	d<\Dy£ikp�v~l D}�~iqWZ\
z~gqgqvhy psz�ik\;��\;oqokv�o�gqfhgjik\2[ �© o;© i;©Jz�ikokz1wj\;y£ikv�okf&v1��oq\2��\2ok\2l}y2\�y2v�lhµS��mZo�z�ikp�v~l}g

gr

psg














˙̃g = X(g̃)(v −
� � X(g̃−1)vr)

v̇1 = u1

v̇2 = u2

v̇3 = av1v2

¦��D��¨

z�l}�#iqW}\�|Zokv�¥Z��\2[ psg�iqv �h\ ik\2ok[+p�lZ\�z���\2\;�Z¥}z�y�¡Qy v~l~ikoqv~�J�sz® �W}p�y�W ¦F|Zokz~y£ikp�y;z1����fZ¨�g�ikz�¥Zp���p�¯2\;g�iqWZ\
|9v�p�lti

g̃ = e
��v�o(ikWZpsg?gqfhgjik\2[½©`�%\2i?m}g`µ}o�gji?p�ltiqokvh�hm}y2\�ij!v�z1m��hp���psz1okf�\Drtm}z�ikp�v~l}g(�WZvtg�\�g�v~��mhikp�v~l}g

�p����%¥S\�mSg�\D��p�l�iqWZ\�y2v�ltiqokv��'�h\Dg�p���l
{

ṗ1 = ϑ1 (p1 ∈ R)

ḣ1 = X1(h1)ϑ1 (h1 ∈ G)

¦��  ¨

VXW}\�gqv���mhikp�v~l}g!iqv]ikWZ\;gq\�\;rtm}z�ikp�v~l}g�z1ok\7��p� �\2l�¥<f

p1(t) = p1(0) +

∫ t

0

ϑ1(s) ds

h1(t) = h1(0) • exp ((p1(t) − p1(0))X1)

¦���Dt¨

Q	QSR�T�U�U�V�U



� � � ���§±��7°'� O���� °'� ��� ±

VXW}\��sz�g�i]oq\;��z1iqp�v�lTp�l}�hpsy2z1iq\Dg�ikW}z�i&p�i�g�m H&y2\;g�iqWSz�i
h1(0)

¥9\���y2��vtg�\���iqv
e

z1lS�
|
∫ t

0
ϑ1(s)ds|

¥9\
m}lZp¬��v~oq[]��f�¥9v�mZlS�h\;��¥<f�z&gq[&z1���'|Svtg�p�iqp� �\�l<mZ[�¥S\;o���v�o

h1(t)
iqv&ok\2[&z1p�l��qy ��v~gq\��7iqv

e
¦
∀t

¨ ©´�%\2i(m}g
�Z\ µ}lZ\

ḡ := g̃ • h−1
1

©��Zv�o
g̃
ikv]oq\;[]z�p�l½y ��v~gq\7iqv

e
�Zp�i`g�m H&y2\;g!ikW}z�i

h1
z�l}�

ḡ
g�ikz®f�y ��v~gq\?ikv

e
© 5 \

gqWZv� lZ\ �ti�WZv� ikv��h\Dg�p���l�z�g�[]v<v1ikW¤��\;\;�h¥}z~y�¡�y v�ltikoqv~�/�sz® �W}p�y�W#z�y�WZp�\2 ~\;g�ikWZpsg2�U�W}z1iq\2 ~\2o?iqWZ\
ok\ ��\;oq\;l}y \?iqo�z�wj\Dy£ikv�okf�©

x³l½ <p�\; v��X¦��D��¨ �%¦j�  ¨£�Sz1l}�#¦K�~¨£�hikWZ\�iqp�[]\��h\2okp� �z1iqp� �\7v1�
ḡ
psg��~p� ~\2l�¥<f

˙̄g = X(ḡ)
� � X (h1)









v̄1

v2

v3



−
� � X(g̃−1)vr





¦��D��¨

�p�iqW
v̄1 := v1 − ϑ1

©J,´v~l}gqp��h\;o(z1�sg�v�iqW}\���v�����v��p�lZ�&g�\2i�v1�N\;rtm}z�ikp�v~l}g






ṗ1 = ϑ1

v̇2 = u2

v̇3 = av1v2 = aϑ1v2 + av̄1v2

¦�� L~¨

A!f�g�\2i�iqp�lZ�
y := (p1, v2, v3)

T
�
Y1(y) := (1, 0, ay2)

T
�9z1l}�

Y2 := (0, 1, 0)T
�SiqWZ\Dg�\�\Dr~mSz�iqp�v�lSg(y2z�l

z���gqv+¥S\��okp¬iqiq\;l½z~g
ẏ = Y1(y)ϑ1 + Y2u2 + (0, 0, av̄1v2)

T ¦��KF1¨
A!f lZv1ikp�y2p�lZ�QikW}z�i

Y1
z�l}�

Y2
y2v�p�l}y ps�h\��p�iqW ikWZ\¤y v~l~ikoqv~�� U© �j© v1�7iqWZ\

3
¢³�hp�[]\;l}g�p�v�lSz1��y�W}z1p�lZ\D�

gqfhgjik\2[ �p¬ikW�ij´v&p�lZ|ZmZikg+¦�mZ|½ikv&iqWZ\�|}z1o�z1[]\ ik\2o
a

�WZpsy�W�p�g�l}v1i`lZ\Dy \Dgqgkz1okp���f�\Drtm}z1�'ikv�v�l}\D¨£�9z1l}�
¥<f�p�ltiq\2ok|Zok\ ikp�lZ�

ϑ1
z1l}�

u2
z~g�y2v�ltiqokv��<p�lZ|Zmhi�g2�1iqWZ\�gqf<g�iq\;[ ¦j��F1¨/[&z®f�¥S\�gq\2\;l�z�gNz�y�W}z�p�lZ\D��gqfhgjik\2[

gqmZ¥hwj\Dy£ik\;��iqv�z1l¤z~�Z�hp�iqp� �\�|9\2oqiqmZok¥}z1iqp�v�l�¦§ikWZ\��sz�g�i`ik\2ok[ p�l�ikWZ\�okp��~Wti�¢ W}z1l}�½gqp��Z\�v1�NikWZ\�|Zok\2 <p�v�m}g
ok\2�sz�ikp�v~lS¨£©7x i�p�g7z1�sg�v�´\;���N¡<lZv��l�¦Fz�l}�¤\Dz�gqf�ikv� ~\2okp¬��fZ¨�iqW}z1i`iqW}\;gq\� U© �j©�z�oq\���\2�§i�¢ p�l< �z1okp�z�lti?�© o;© i;©
ikWZ\���okv�m}|�v�|9\2o�z�ikp�v~l

◦
v~l

R
3 �h\2µ}lZ\D��¥<f

∀(x, y) ∈ R
3 × R

3, x ◦ y :=





x1 + y1

x2 + y2

x3 + y3 + ay1x2





¦��;�~¨

a�v�ok\2v� �\;o;�1iqWZ\� U© �j©
Y1

�
Y2

�Zz�l}�
Y3 = [Y2, Y1] = (0, 0, a)T

y2v�l}g�iqp�iqmhik\�z�¥}z~g�psg´v1�%ikWZ\��%p�\7z����~\2¥Zo�z
�~\2lZ\;okz1iq\D��¥<f

Y1
z�l}�

Y2
© A!f+z�|Z|Z��p�y;z�iqp�v�l�v1�'iqW}\(iqo�z1lSg� ~\2o�g�\X��mZlSy£iqp�v�l�iqWZ\;v�ok\2[S:��D�K<'v�lZ\`�Z\;�hm}y2\;g

ikWZ\`\ �hp�g�iq\;l}y \?v1�/z���m}l}y£ikp�v~l
f
�~��oqv~[

T
ikv

R
3 �t�W}p�y�W�psg�iqo�z1l}gq �\;okgkz1�hikv

Y1
z�l}�

Y2
�<p«© \~©Ngqm}y�W&ikW}z�i

ḟ(θ) = Y (f(θ))c(θ)θ̇ =

3
∑

i=1

Yi(f(θ))ci(θ)θ̇
¦�� N~¨

�p�iqWQ¦§ikWZpsgXp�g!ikWZ\�p�[]|9v�oqikz1ltiX|Sv~p�lti£¨
c3(θ) 6= 0

�
∀θ ∈ T

©�A!f]iqWZ\�gkz1[]\?iqWZ\;v�ok\2[½�Zg�mSy�W�z���mZl}y£ikp�v~l
psg��h\2µ}lZ\;��¥<f

f(θ) = exp((ε1 sin θ)Y1 + (ε2 cos θ)Y2)

=





ε1 sin θ
ε2 cos θ

aε1ε2

4 sin 2θ





¦«�1�~¨
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��� ±���� ���	��
� ±������q°���� � °��������������h°�±�����° ��� ² � ����� � N

�p�iqW
ε1, ε2 > 0

©Qx³l}�h\;\;�'��v�lZ\�\;z�gqp���fQ �\;oqp�µ}\Dg���okv�[ iqWZpsg+\��h|Zok\;gkg�p�v�lQikW}z�i+iqW}\�ok\2�sz�ikp�v~l ¦j�=N~¨�psg
gkz�ikp�g�µ}\D���p�iqW

c1(θ) = ε1 cos θ, c2(θ) = −ε2 sin θ, c3 = −(ε1ε2)/2
VXW}\½z�|Z|Z��p�y;z�ikp�v~l%�Jikv ikWZ\�g�fhg�iq\;[ ¦j��F1¨£�´v1�7iqWZ\�z�|Z|Zokv~z�y�WT|Zoqv~|Svtg�\D��p�l :��D�K<���v�o]ikWZ\�y v�ltikoqv~�!v��
�Zoqp��§iq��\;gkg�g�fhg�iq\;[]gXp�l< �z1okp�z�l~i�v~l��/p�\���okv�m}|}g´iqWZ\;l�ftp�\2�s�Zg!ikv]�Z\ µ}lZ\�ikWZ\�lZ\;A �z1okpsz1¥Z��\

z := y ◦ (f(θ))−1

=





y1 − f1(θ)
y2 − f2(θ)

y3 − f3(θ) − af1(θ)(y2 − f2(θ))





¦«�h�D¨

�Jp¬ikWZ\2oJ¥<f�z�|Z|Z��p�y;z�ikp�v~l�v��SikWZ\�oq\;��z1iqp�v�l½¦j�D�~¨	p�l9:��;�K< ��v~o�¥<f��hp�oq\Dy£i�y2z���y2mZ�sz�iqp�v�l/��iqWZ\Xikp�[]\2¢ �h\;oqp� �z�ikp� ~\
v��

z
psg���p� �\;l�¥<f

ż = ∆(f1(θ), z)Y (f(θ))





ϑ1 − c1(θ)θ̇

u2 − c2(θ)θ̇

−c3θ̇ + v̄1v2





¦«����¨

�p�iqW

∆(f1, z) =





1 0 0
0 1 0

az2 −af1 1





v~o;�h\DrtmZp� �z���\;l~ik��f~�






ż1 = ϑ1 − c1(θ)θ̇

ż2 = u2 − c2(θ)θ̇

ż3 = −ac3θ̇ + av̄1v2 − af1(θ)(u2 − c2(θ)θ̇) + ay2(ϑ1 − c1(θ)θ̇)

¦«�  ¨

VXW}\?p�[]|Sv~o�i�z1lti´�Fz~y£iD�Zz�i!iqWZpsgX|Sv~p�ltiD�hp�g´iqWSz�i;�<ikW}z1l}¡<g´ikv�ikWZ\7iqo�z1l}gq �\;okgkz1��p¬ijf�|Zokv�|9\2oqijf+v��
f

¦F�WZpsy�W
p�[]|Z��p�\DgXiqW}z1i

c3
psg(�hp��9\;oq\;lti���oqv~[ ¯2\;oqv<¨£�

ϑ1
�
u2

�Sz1lS�
θ̇
y;z1l½¥S\�mSg�\D��ikv&[&z1¡�\

z
��v~����v� ¥}z~g�psy2z�����f

z�l<f��h\;gqp�oq\D��ikokz1wj\;y£ikv�okf�© �Zv~o�p�l}g�ikz�l}y \~�hv�lZ\�y;z1l½y�WZv<v~gq\

ϑ1 = c1(θ)θ̇ − k1z1 (k1 > 0)

= c1(θ)θ̇ − k1(p1 − f1(θ))

¦«��Dt¨

gqv�z~g(ikv�\��h|9v�lZ\;ltiqpsz1����f½gji�z1¥Zp���p�¯;\
z1

ikv�¯2\;oqv�z���v~lZ�&ikWZ\+gqv���mhikp�v~l}g(v���iqWZ\+y v�ltikoqv~����\;��gqfhgjik\2[½© A!f
��m}o�ikWZ\2o(gq\ iqiqp�lZ�

p1(0) = f1(θ(0))
�}iqWZ\;l

∀t,

{

p1(t) = f1(θ(t))

ϑ1(t) = c1(θ(t))θ̇(t)

¦«����¨

7 lSy \?iqWZpsg(y�WZv~p�y2\?psgX[&z��h\~�~ikWZ\�iqW}oq\;\7ok\2[&z�p�lZp�lZ�]y v~l~ikoqv~�Sp�lZ|ZmZikg�¦Fl}z1[]\2��f
u1

�
u2

�}z�l}�
θ̇
¨´y;z1l�¥S\

mSg�\D��ikv�[+v~lZp�iqv�oNikWZ\� �\Dy£ikv�o
(v̄1, v2, v3)

T
z1|}|S\Dz1okp�lZ��p�l+iqWZ\�okp��~Wti�¢ W}z1l}��g�ps�h\�v��N¦��D��¨ ©�VXW}\Xy2v�ltiqokv��
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�D� � � ���§±��7°'� O���� °'� ��� ±

g�iqo�z�ik\2�~f]iqW}z1i(´\�|Zokv�|9v~gq\?W}\2ok\7psgXikv+\ �h|Sv~lZ\2ltiqpsz1����f�gji�z1¥Zp���p�¯;\

ξ̄ :=





v̄1

z2

z3



−
� � X(ḡ−1)vr − v?(ḡ)

¦K�8L~¨

ikv½¯2\2okvQ¦Fy v~[]|}z1ok\��p�iqW ¦��;�~¨�¨£�/�p�iqW
v?

�	��p� �\;l�¥<f ¦$N~¨£�/iqWZ\]��m}l}y£ikp�v~l#y2v�l}gqp��Z\2ok\;� p�l iqWZ\�y;z�gq\�v��
��m}����z�y£ikm}z�ikp�v~l%© 7 lZ\�\Dz�gqp���f� ~\2okp¬µ}\Dg!iqW}z1i(iqW}\�iqp�[+\2¢ �Z\2okp� �z�ikp� ~\�v1�

ξ̄
z���v~lZ�+iqWZ\�g�fhg�iq\2[ � g(gqv���mhiqp�v�l}g

WSz�g!iqW}\���v�����v��p�lZ�]gjikoqm}y iqmZok\�	














˙̄ξ1 = u1 + ε1θ̇
2 sin θ − ε1θ̈ cos θ + r1 + ξ̄1s1

(

˙̄ξ2

˙̄ξ3

)

= M(θ)

(

u2

θ̇

)

+

(

r2

r3

)

+ ξ̄1

(

s2

s3

)

¦«��F1¨

�p�iqW
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M(θ) :=

(

1 ε2 sin θ
−aε1 sin θ aε1ε2

2 cos 2θ

)
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ri, si (i = 1, 2, 3)
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ḡ, ξ̄2, ξ̄3, θ, vr

�'z1lS�
v̇r
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ξ̄1
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(

u2

θ̇

)

:= (M(θ))−1

(

−k

(

ξ̄2

ξ̄3

)

−

(

r2

r3

))

u1 := −ε1θ̇
2 sin θ + ε1θ

(2) cos θ − r1 − ξ̄1s1 − kξ̄1 − ξ̄2s2 − ξ̄3s3
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� �+�$� k > 0 � θ(0)
��� � ° � � � °�±S²�%®° �G� � � °�±/�

θ(2) ���B� 
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ḡ, ξ̄, θ, vr, v̇r �

°1±��
v̈r � �
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dt
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ξ̄ = 0
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z~g

˙̄g = X(ḡ)
� � X(h1)



T (f1)(v
?(ḡ) + ξ̄) +





0
f2

f3



+
(

T (f1)
� � X(ḡ−1) −

� � X(g̃−1)
)

vr
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T (f1) :=





1 0 0
0 1 0
0 af1 1
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h1(t) = h1(0) • exp((f1(θ(t)) − f1(θ(0)))X1)
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h1(0)
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e
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maxθ ‖f(θ)‖
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˙̃g = X(g̃)v?(g̃)
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g̃ = e
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h1(0) := e � θ(0) = ±π/2 � °�±�� � ��� η

��� ± � ����° � � ° ��� #
K

�� ±����$� � ± ��� ��� ���h°��

maxθ(‖f(θ)‖ +
�

G(h1, e) + ‖I3 −
� � X (h1)‖) ≤ η(ε) � �+�$� ε := ‖(ε1, ε2)‖

� ���)�2± � 
�� �¤°�±}²
� � ± � � °1±��

Kr �
�$�)��� �� 2�� � � �

ε0, γg, γv , β > 0
��� ���0���h°�� � 
�� ��°1±}²E�?� 
 ��� �2±���� �$�k°�������� � �£²

gr

��� �������h°��
‖vr‖ ≤ Kr �

°�±/� 
�� ��°�±S²
ε ∈ (0, ε0] �
�

G(g̃(0), e) ≤ γg

‖(v − vr)(0)‖ ≤ γv

}

=⇒
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G(g̃, e)
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βη(ε)
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 ‖v̇r(t)‖
°�±/�

‖v̈r(t)‖
°��?� @ ��� ±/�8��� � ���B� ±

‖v(t)‖
°�±/���$�)�>� � ±���� �'� �§± O�� � �

u1(t) � u2(t) �
°�±/�

θ̇(t) � °'� ��@ �'� ±����?� �
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ε1
z1l}�

ε2
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ε ∈ (0, ε0]
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˙̄g = L1 + L2 + L3 + L4
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L1 = X(ḡ)v?(ḡ)

L2 = X(ḡ)(
� � X(h1)T (f1) − I3)v

?(ḡ)

L3 = X(ḡ)
� � X(h1)(T (f1)

� � X(ḡ−1) −
� � X(g̃−1))vr + X(ḡ)

� � X(h1)(0, f2, f3)
T

L4 = X(ḡ)
� � X(h1)T (f1)ξ̄

Q	QSR�T�U�U�V�U



�®� � � ���§±��7°'� O���� °'� ��� ±

�/\ i
γ

�h\;lZv1ik\�z1l<f¤y v~l}gji�z1lti�g�mSy�W�ikW}z�i�iqW}\&|Zoqv~|S\;o�ikp�\Dg
P1

z�l}�
P2

p�l�¦�F1¨�z�oq\]gqz1iqpsgjµS\;����v�o
g ∈A

G(γ)
©JVXW}\2l%�<��v~o

ḡ ∈
A

G(γ)
�<iqWZ\��h\;oqp� �z�iqp� �\Dg

dV (ḡ)Li

v��
V (ḡ)

z���v~lZ�
Li (i = 1, . . . , 4)
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dV (ḡ)L1 ≤ −βmkmV (ḡ)
dV (ḡ)L2 ≤ α2(η + η2)(ε)V (ḡ)

dV (ḡ)L3 ≤ α3(η + η2)(ε) (1 + Krζ(ḡ)) V
1

2 (ḡ)

dV (ḡ)L4 ≤ α4(1 + η)2(ε)‖ξ̄(0)‖ exp(−kt)V
1

2 (ḡ)
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ζ
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α1, . . . , α4
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v��

η
�}z�l}��iqWZ\��Z\ µ}lZp�iqp�v�l�¦  �®¨�v��

T (f1)
©´VXWZ\�ikWZp�ok��p�lZ\;rtm}z���p�ijf�psg(z1�sg�v]¥}z~g�\D��v�l�iqWZ\Dg�\�ok\2�sz�ikp�v~l}g2�

ikWZ\��Fz�y iXiqW}z1i
‖vr‖ ≤ Kr

�}z�l}��iqWZ\�ok\2�sz�ikp�v~l
g̃ = ḡh1

�WZpsy�W�p�[]|Z��p�\DgXiqW}z1i
� � X(g̃−1) =

� � X(h−1
1 )

� � X(ḡ−1)
��p�l}z1����f��1ikWZ\��sz�g�iJp�lZ\Drtm}z1��p¬ijf���v�����v�(g���okv�[ ¦�F1¨Nz�l}�½¦K�'Nt¨£©IA!f�m}gqp�l}�?ikWZ\`z~gqgqmZ[]|hiqp�v�l

θ(0) = ±π/2
�

z�l}��iqWZ\��Fz~y£i�iqWSz�i
�

G(ḡ, e) ≤
�

G(g̃, e) +
�

G(h1, e) ≤
�

G(g̃, e) + η(ε)
¦  �~¨

v~lZ\�g�W}v�(g���okv�[ ¦K�8L~¨�iqW}z1i;�Z�W}\2l
g̃(0)

z1l}�
v(0)

gkz�iqpsg���f&iqWZ\�[&z1wjv�o�z�iqp�v�lSg´p�lª¦  � ¨��

‖ξ̄(0)‖ ≤ α5 ((1 + Kr)γg + (1 + η(ε))γv + (1 + Kr + η(ε))η(ε))
dhp�l}y2\

η(ε)
 �z�lZp�gqWZ\Dg�z�i

ε = 0
�%v�l}\]�Z\;�hm}y2\;g7��okv�[ ikWZ\&z1¥9v� �\+p�l}\;rtm}z1��p�ijf��/z�l}��p�lQ <p�\;�v1�&¦  Dt¨ �

ikW}z�iD�h��v�o
ε0, γg, γv
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ε ∈ (0, ε0]

�

{ḡ ∈
A

G(γ)
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V (ḡ) = αmγ2} =⇒ V̇ (ḡ) < 0
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V̇ (ḡ) :=

4
∑

i=1

dV (ḡ)Li

A!f�ok\;�Zm}y p�lZ�
ε0

z1l}�
γg
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�

G(g̃(0), e) ≤ γg =⇒
�

G(ḡ(0), e) ≤ γ
√

αm/αM

=⇒ V (ḡ(0)) ≤ αmγ2 z�l}�
ḡ(0) ∈

A
G(γ)

gqvQiqWSz�i;��¥<f�¦�F�¨�z�l}� ¦  Lt¨£�
ḡ(t) ∈

A
G(γ)

��v�o�z����
t
z�l}� �

G(ḡ(t), e)
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�
G(g̃(t), e)
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G(g̃, e)
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η(0) = 0
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η2(ε) � η(ε)
�WZ\2l

ε
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�

G(g̃, e) ≤
�

G(ḡ, e) +
�

G(h1, e) ≤
�

G(ḡ, e) + η(ε)
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G(ḡ, e)
�
‖ξ̄‖

�
‖v?‖

�~z1l}�
‖vr‖

f<p�\2�s�Zg�iqW}\�¥Sv~mZl}�h\D�hlZ\;gkgNv1�
v2
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v3

©Nd<p�l}y2\
‖v̇r‖

psgN¥Sv~mZl}�h\D�'�1ikWZ\�¥Sv~mZl}�h\D�hlZ\Dgqg
v��

u2
�
θ̇
�%z1lS�

v1
��v�����v�(g;© ��p�l}z1����f��9iqWZ\+¥9v�mZl}�Z\;�hlZ\Dgqg7v��

u1
��v�����v�(g`��okv�[ z1����iqWZ\Dg�\�¥Sv~mZl}�Zg�z1lS�
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‖v̈r‖

©

1323Q4165



��� ±���� ���	��
� ±������q°���� � °��������������h°�±�����° ��� ² � ����� � �  

� ��� ����4½
 ��"

x³lTiqWZpsg&gq\;y£ikp�v~l%��\ �Zz1[]|Z��\;g�v1�7gqfhgjik\2[&g�iqW}z1i�y2z1l ¥S\½[]vh�h\2��\;� ¥<f ¦j�~�D¨�z1ok\�|9v�p�l~ik\;� v�mhiD© VXWZ\
y2v�ltiqokv��'z�|Z|Zokv~z�y�W��h\2 ~\2��v�|9\;��p�l�iqW}\�|Zoq\; <p�v~m}g�g�\Dy£ikp�v~l�z�|Z|Z��p�\Dg!iqv]iqW}\2[ �Zp�ok\;y iq��f�©

����� � � � �  ���� � )	���4) ��
 � $� ���#�
���
�����
x³l¤iqWZ\]gqz�[]\�Xz®f�z~g(µ}o�g�i�¢ v�o��h\2o`y�WSz1p�lZ\;�¤gqfhgjik\2[&g7z1ok\�m}gq\;�½ikv�[]vh�h\2��ikWZ\�¡<p�lZ\2[&z1iqpsy�\;rtm}z1iqp�v�l}g
v��	 �z1okp�v�m}gXlZv~lZWZv~��v~lZv�[]psy`[]\;y�WSz1lZpsg�[&g;�<iqWZ\���v~����v��p�lZ�+gq\;y2v�l}�h¢«v~ok�h\;o!y�WSz1p�lZ\;��g�fhg�iq\;[







ẍ1 = u1

ẍ2 = u2

ẍ3 = u1x2

¦  F1¨

y;z1l�¥9\Jm}gq\;�7iqv`[+vh�h\;�1ikWZ\��hf<l}z�[+psy2g/v1�hz(y \;o�i�z1p�l�ltm}[�¥9\2o/v��tm}l}�h\2o�z�y iqm}z1iq\D��[+\Dy�W}z1l}p�y;z1�1gqf<g�iq\;[&g2�
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G = R
3 � g = x

�
X1(x) = (1, 0, x2)

T
�
X2 = (0, 1, 0)T

�
X3 = (0, 0, 1)T

�
z�l}�

a = −1
©NVXW}\���okv�mZ|�v�|9\2o�z�ikp�v~l

•
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X1
�
X2

�}z1l}�
X3

z1ok\���\2�§i�¢ p�l< �z1okp�z�lti
v~l

R
3 psg!iqW}\�gqz�[+\�z~g!��v�oXiqW}\�µ}okg�i�¢ v�o��h\;oXy�WSz1p�lZ\;��g�fhg�iq\;[�©Nx i(psg(�h\2µ}lZ\;��¥<f

x • y =





x1 + y1

x2 + y2

x3 + y3 + y1x2
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y�WSz1lZpsy2z��!\Drtm}z�ikp�v~l}g]p�ltikv ikWZ\¤y�W}z�p�lZ\D����v~oq[½�!z1��iqWZv~mZ��W�|Svtgqgqp�¥Z��\~�´psg]lZv�i�lZ\;y2\;gkgqz�oqf#��v�o�y2v�ltiqokv��
�Z\;gqp��~l�|Zm}oq|9v~gq\;g;©
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mxẍ − m3lα̈ sin α − m3lα̇
2 cosα = τ1

myÿ + m3lα̈ cosα − m3lα̇
2 sin α = τ2

Iα̈ − m3lẍ sin α + m3lÿ cosα = 0

¦  �~¨

�p�iqW
mx > my > m3

��z1l}�
I = I3 + m3l

2 © 7 lZ\�\;z�gqp���fQ �\;oqp�µ}\Dg�ikW}z�i+iqWZ\½z1¥9v� �\�g�fhg�iq\2[0v��
\Drtm}z�ikp�v~l}g!p�g�\DrtmZp� �z���\;l~iXikv







¨̄x = τ1

m3

− (mx

m3

− 1)ẍ
¨̄y = τ2

m3

− (
my

m3

− 1)ÿ

α̈ = δ ¨̄x sin α − δ ¨̄y cosα
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�p�iqW
δ = m3l

I3

�
x̄ := x + l cosα

�%z1lS�
ȳ := y + l sinα

© �Zokv�[ ikWZ\2ok\��'p�i?psg7lZv1i��hpPH�y2mZ�¬i�ikv�gqWZv�
ikW}z�i�ikWZpsg�g�fhg�iq\2[ y2z�l�z���gqv�¥9\��okp¬iqiq\2l�z~g





˙̄x
˙̄y
α̇



 =

(

R(α) 02×1

01×2 1

)

v̄

˙̄v =





ū1 + v̄2v̄3

ū2 − v̄1v̄3

−δū2





¦  N~¨

�p�iqW
R(α)

iqW}\´okv1i�z�iqp�v�l�[&z1iqokp ��p�l�iqWZ\!|Z�sz1lZ\´v1�Sz�lZ����\
α
��z1lS�

(ū1, ū2)
l}\2�y v~ltiqokv��� �z�oqpsz1¥Z��\;g	g�mSy�W

ikW}z�i
(τ1, τ2)

psg�\;rtm}z��Jikv¤g�v~[+\���mZl}y£ikp�v~l ¦F�h\2µ}lZ\D�ª\2 ~\2okft�W}\2ok\D¨?v1�
(ū1, ū2, α, α̇)

©�VXWZpsg�gqf<g�iq\;[
y;z1l�p�l�ikmZoql�¥9\�oq\;�oqp�i�ik\2l�z�g















ġ = X(g)v
v̇1 = u1

v̇2 = u2

v̇3 = −v1v2

¦�D~�~¨

�p�iqW
g1 := x̄ + cos α

δ
= x + (l + 1

δ
) cosα

�
g2 := α

�
g3 := ȳ + sin α

δ
= y + (l + 1

δ
) sin α

�
u1 := ū1 + v̄2v̄3

�
u2 := −δū2

�
v1 := v̄1

�
v2 := v̄3

�
v3 = v̄2 + v̄3/δ

�}z�l}�

X(g) :=





cosα 0 − sinα
0 1 0

sin α 0 cosα
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G = SE(2)

z1l}��iqW}\���okv�mZ|�v�|9\2o�z�iqp�v�l
�Z\ µ}lZ\D��¥tf ¦��p�iqW�z]g���p��~Wti`z1¥Zm}gq\�v1��lZv1i�z�iqp�v�l9¨

g • g′ := g + X(g)g′
©

����� �� �  � ) ) $&'!$ ��� ������� 
�� � �4) � )���� �	�
,´v~l}gqp��h\;o�z�|}��z�l}z1o�¥Svh�hfQ�p�iqWTy2\2ltiq\;o�v1�([&z~gqg

C
y2z1|Sz1¥Z��\�v1�(�~��ps�hp�lZ��z�¥Sv� ~\&iqWZ\���okv�mZlS� �p�iqW

l}v���okpsy£iqp�v�l/© � ��v�o�y \]psg�z1|Z|}��p�\;��iqv�iqWZpsg�¥9vh�hf�z�i�z�|9v�p�l~i
P

�WZv~gq\+y2v<v�o��hp�lSz�iq\Dg7�© oD© iD©+z�µ��h\D�
��o�z1[]\`z�oq\

(x̄, ȳ)
©�VXWZ\7�hpsgji�z1l}y2\(¥S\2ij´\;\2l

P
z1lS�

C
p�g�\;rtm}z1�}iqv

l
¦
6= 0

¨£�<z1l}�+ikWZ\?�Zp�ok\;y iqp�v�l]v1� −−→
PCy�WSz1o�z�y£ik\2okp�¯;\;g?iqW}\�¥Svh�hf�� g�v~oqp�\2ltikz1iqp�v�l

α
©½VXW}\�y v~[+|9v�l}\2ltikg�v��XiqWZ\&��v~oky2\&p�lQikWZ\�¥9vh�hf�� g���okz�[+\

z�oq\
(f1, f2)

�Z�p¬ikW
f1

iqW}\�|Zoqv�wj\;y iqp�v�l�v1��iqWZ\���v~oky2\7v~l −−→
PC

©´VXWZ\�z�gqf<[+|Ziqv1ikp�y�g�ikz�¥Zp���p�¯;z�ikp�v~l½v1��iqWZ\
gqp�iqm}z1iqp�v�l&v1�UikWZp�g´g�fhg�iq\;[HW}z~g�¥9\2\2l�gjikm}�hp�\;�]p�l6:��=LK<Uz�l}� : ��<}��v~o�\��Zz�[+|}��\~© 7 lZ\`\;z�gqp���f� �\2okp�µ}\;gNikW}z�i
ikWZ\]\;rtm}z1iqp�v�l}g?[]v<�Z\2��p�lZ��iqW}\+[]v�iqp�v�l#v1�JikWZp�g�m}l}�h\2o�z�y iqm}z1iq\D��gqf<g�iq\;[cz1ok\�ikWZ\&gqz�[+\]z�g?ikWZv~gq\�v��
ikWZ\�|Z�sz1l}z�o`uJuJ{ [&z�lZp�|}mZ��z1iqv~o;©�VXW}\2f�z�oq\��~p� ~\2l½¥<f ¦  N~¨ �Z�p¬ikW

ū1 := f1

m

�
ū2 := f2

m

�Sz�l}�
δ = l

J¦F�p¬ikW
m

z1l}�
J

ikWZ\�¥9v<�Zf � gX[&z�gkg�z1l}��p�lZ\2oqiqpsz~¨ ©

����
 �  ����)�� � ��+ � � � �#� � ����� ��$ ������ $&� 
 � 
�)�+ �
���4) ���
�/\ i&m}g]z�gkgqmZ[]\�ikW}z�i]ij!v�¦Kg�\2ikg+v1�k¨�ikWZokm}gjik\2o�g+|Zoqvh�hmSy \�iqv�o�rtmZ\;g�iqvQ[]vh�hp���fªiqWZ\½v~oqp�\2ltikz1iqp�v�l�v��
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ikWZ\;gq\�ikv�o�rtmZ\;g?z1ok\�z1��p��~lZ\;�½�p�iqW¤iqWZ\�µ}o�gji?ij´v�|}oqp�l}y p�|}z��	z �h\Dg(v1��ikWZ\]gqz1iq\2����p¬ik\�©`VXWZ\]z�gqf<[]|hiqv�iqpsy
g�ikz�¥Zp���p�¯;z1iqp�v�l�v1�NikWZ\+gkz�ik\2����p�iq\ � g?z�iqiqp�iqm}�h\�W}z�g`|Zok\2 <p�v~m}gq��f�¥S\;\2l�g�iqmS�hp�\D�'�9��v�o?p�l}g�ikz�l}y \~�Sp�l : �1�K< � : �'<«�
:��KF=<«�Zv~o: ��<«©JVXWZ\�!\2���¬¢ ¡<lZv��l�\;rtm}z�ikp�v~l}g!v1��iqWZpsg(gqfhgjik\2[ z�oq\

{

Ṙ = RS(v)
Jv̇ = Jv × v + (τ1, τ2, 0)T

¦�D}�D¨

�p�iqW
S(v)

ikWZ\?[&z1iqokp �&z�gkg�vhy2p�z1iq\;�]�p�iqW�iqWZ\? �\Dy£iqv~o�|Zokvh�hm}y i´p�l
R

3 �tp«© \�©�g�mSy�W&iqW}z1i
S(v) := v×x

�
J =

�?p�z��
(j1, j2, j3)

© 5 \7��mZoqiqWZ\;o�z�gkg�mZ[]\`iqW}z1i
a := j1−j2

j3
6= 0

�<gqv�ikW}z�iXikWZ\7gqfhgjik\2[ psg�dhV��3,?© �
ok\2�okp�iqp�lZ��v��	ikWZpsg(g�fhg�iq\;[ p�l�ikWZ\���v�ok[ v1�X¦j�~�D¨!��p� �\Dg



























Ṙ =
3
∑

i=1

Xi(R)vi

v̇1 = u1

v̇2 = u2

v̇3 = av1v2

¦�Dt��¨

�p�iqW
Xi(R) := RS(ei)

�
{e1, e2, e3}

iqWZ\]y2z�lZv�lZpsy2z��	¥Sz�gqp�g7v1�
R

3 � u1 := 1
j1

(τ1 + (j2 − j3)v2v3)
�

z�l}�
u2 := 1

j2
(τ2 + (j3 − j1)v1v3)

© �Zv~o(ikWZp�g7gqf<g�iq\;[½�
G = SO(3)
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