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Commande de systémes mécaniques sous-actionnés via
I’approche par fonctions transverses

Résumé : Nous proposons une méthode de synthése de commandes pour une classe de sys-
témes mécaniques sous-actionnés invariants par rapport & une opération de groupe (de Lie)
définie sur ’espace de configuration. De nombreux systémes de ce type ont déja fait 1’objet
d’études en automatique, comme certains manipulateurs plan, ainsi que des corps rigides
(satellites sous-actionnés, glisseurs, etc). A partir de approche par fonctions transverses
que nous avons proposé pour la commande des systémes non-holondmes (sans dérive), nous
développons dans ce rapport une méthode de synthése de retours d’état réguliers qui per-
mettent de stabiliser (dans un sens pratique), toute trajectoire de 1’espace de configuration,
admissible ou non.

Mots-clés : fonction transverse, stabilisation de trajectoires, systéme mécanique, systéme
sous-actionné
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1 Introduction

This paper addresses the control of underactuated (mechanical) systems the dynamics of
which can be modeled in the form

m = (1)

with g the system’s configuration (e.g. position and orientation) belonging to an n-dimensional
connected Lie group G, {Xi,...,X,} a left-invariant basis of the group’s Lie algebra g,
v € R™ a vector of instantaneous velocities, p a smooth vector-valued function (typically
containing terms associated with Coriolis and centrifugal forces), {ey,..., e} independent
vectors of R", and v = (u1,...,u) the vector of control inputs (homogeneous to acceler-
ations, i.e. forces and torques after division/normalization by the system’s mass/inertia)
produced by actuators. Such a system is invariant on the Lie group G in the sense that,
given an initial velocity v(0) then, whatever the input function ¢ — wu(t) (¢ > 0) applied
to the system, the associated trajectory originated at some point g; is the same as the one
originated at another point go, modulo a fized translation on the group. This property is
a consequence of the non-dependence of the system’s dynamical equations (the second set
of equations) upon the system’s configuration g. When m = n, the system is said to be
completely, or fully, actuated. In this case, it is conceptually possible to simplify the sec-
ond set of equations into ¥ = u. This corresponds to pre-compensating the drift vector ¢.
Otherwise, when m < n, the system is underactuated. In this latter case, some of the cou-
pling Coriolis forces cannot be directly compensated by the actuators. The system’s state
is the couple (g,v). It is simple to verify that a fully actuated system is small-time locally
controllable (STLC) in the sense of Sussmann [22], whereas an underactuated system may,
or may not, possess this property (see [13, 5] for more details).

A reference trajectory g,(t) (t > 0) on G is said to be admissible if it satisfies the system’s
equations for some velocity v, (t) and input u,.(¢). Traditionally, trajectory stabilization
for underactuated systems has focused on admissible trajectories. A particular case of an
admissible trajectory of System (1) is a fixed configuration on G. By application of Brockett’s
theorem [4], it is well known that the asymptotic stability of such a configuration cannot be
achieved with a continuous pure-state feedback when m < n. It can however be obtained
with a continuous time-varying feedback [7] when classical sufficient conditions for the system
to be STLC are satisfied, and explicit feedback laws of this type have been proposed for a
certain number of mechanical systems (see e.g. [20, 8, 17, 16]). Hybrid (continuous/discrete)
feedback laws have also been considered [9, 5, 15]. The asymptotic stabilization of specific
non-constant admissible trajectories has been addressed in several studies [6, 12, 1], but it
has been proven in [14], under mild assumptions, that the property of admissibility is not by
itself sufficient to ensure the existence of a continuous (possibly time-varying) asymptotical
stabilizer. This result points out the difficulty /impossibility to guarantee the convergence
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4 Morin Eamp; Samson

of the tracking error to zero when other properties of the reference trajectory (in terms of
persistent excitation, for instance) cannot be asserted in advance.

The difficulties evoked above, for the asymptotic stabilization of admissible reference tra-
jectories, are not specific to underactuated mechanical systems. They are also encountered
with non-holonomic (driftless) systems. In this latter context, we have proposed in [1§]
a control approach which circumvents them by slightly weakening the objective of asymp-
totic stabilization. The smooth feedback control laws derived with this approach yield the
practical stability of any (not necessarily admissible) reference trajectory, and ensure the
ultimate boundedness of the tracking error by a pre-specified arbitrary small value. Note
that, in the case of a non-admissible trajectory, this is as good a result as one can hope for.
While underactuated mechanical systems are significantly different from (and more difficult
to control than) non-holonomic systems, we show in this paper that the approach proposed
in [18], based on the use of transverse functions, can be adapted to them in order practically
stabilize any trajectory on G with a smooth control law. The property of smoothness is,
in our opinion, important because it is related to the issue of good numerical conditioning
and, more generally, to the one of robustness with respect to a certain number of adverse
conditions (measurement noise, modeling errors, etc...). To our knowledge, the published
work closest to the control approach and results described here is [3]. There are, however,
important differences with what we have done: in this reference, the concept of transverse
functions is absent (a notion of a dynamic oscillator is used instead), the properties of sys-
tems on Lie groups are not explicitely exploited, and only the case of admissible trajectories
is considered.

2 Notation and recalls

2.1 Systems on Lie groups

Let G denote a connected Lie group of finite dimension n, and e the associated group
operation. The neutral element for this operation is denoted as e, i.e. Vg € G : gee =
eeg = g. The inverse g~! of g € G is the (unique) element in G such that ge g=! =
g ! eg=ec. The left (resp. right) translation operator on G is denoted as [ (resp. r), i.e.
V(o,7) € G* : l,(1) = r;(0) = o e 7. The tangent space of G at the point g is denoted as
Gy. A vector field (v.f.) on G is a (smooth) mapping which associates an element g in G
with a vector in Gy. A v.f. X on G is left-invariant iff V(0,7) € G?, dl, ()X (1) = X(ce7T),
with df denoting the differential of the function f. The Lie algebra of the group G —of left-
invariant v.f.— is denoted as g. The adjoint representation of G equipped with e is denoted
as Ad, i.e. Vo € G, Ad(o) := dI,(e), with I, : G — G defined by I,(g) := cegeo 1.
By extension of the definition of Ad, we define Ad(c)X(g) := dlz(e)Ad(0)X(e). If X € g,
exp(tX) is the solution at time ¢ of § = X (g) with the initial condition ¢g(0) = e. A driftless
control system ¢ = > 1" X;(g)v; on G is said to be left-invariant on G if the control v.f.
X, are left-invariant. Given a family YV := {Y3,...,Y,} of vector fields on G and a vector
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Control of underactuated mechanical systems 5

v € RP, we denote by Y (g)v the vector field >%_; Y;(g)v; (this notation is already used in
Eq. (1)).

Let X = {Xy,...,X,} denote a basis of g. If (g1(¢),v1(¢)) and (g2(t), v2(t)) (t > 0) are
two solutions to ¢ = X (g)v, then (by omitting the time index)

o) = X(g1 0 05 AT (g2) 01 — 2) ©

with Ad” the (invertible) matrix-valued function defined by Vo € G, Vu € R", Ad(c)X (e)u =
X (e)AdX (0)u. According to this definition, Ad¥ (e) = I,, with I,, the identity matrix asso-
ciated with R™. We have also

1

Lo 0 g) = X(g7" 0 )2~ AT (5" @ g1)u) Q

Let dg : (g1,92) — dg(g1,92) denote a distance on G, left-invariant w.r.t. the group
operation e, i.e. such that Vg1 € G, dg(g2,93) = da(g1 ® 92,91 @ g3). Then, for any v > 0,
we denote by Ba(y) := {g € G : dg(g,¢e) < v} the closed ball of radius v and center e in G.

2.2 Transverse Functions
Let

_ T* denote the k-dimensional torus, with T = R/27Z,
_ X ={Xy,...,X,} denote a basis of g,
[ denote a smooth function from T"~™ (m < n) to a neighbourhood U C G of e.

Then, there exists a matrix-valued function C such that, along any differentiable path 6(t)
on T"™ ™, one has

(4)

with X' = {X;,...,X,,} and X% = {X,,,41,..., X, }. The function f is said to be transver-
sal to the v.f. X1,..., X, iff C%(9) is invertible VO € T"~™. The transverse function theorem
given in [18] asserts the existence of such functions, whatever the size of U, provided that the
Lie algebra generated by the family X! is equal to g. It also provides a general expression
for a family of such functions.

3 Control design

The control of fully-actuated mechanical systems has been extensively studied in the past
via various approaches (static feedback linearization, passivity,...) and it is not the object
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6 Morin Eamp; Samson

of the present study. However, we find it useful to give a control design result in this case
(with no claim of originality at this level), prior to treating the more difficult underactuated
case, in order to progressively introduce the solution that we propose for the latter case, and
help the reader appreciate the similarities and differences between the two control solutions.

4 Asymptotic stabilization in the full-actuation case

The system’s equations are given by

{Q = X(gv 5)

U= u

Counsider a trajectory of reference configurations g, (t), and denote by v,(t) the associated
velocity vector (assumed differentiable), i.e.

Yt >0, g.(t) = X(g-(t))v,(t)

The element §(t) := g,(t)~! e g(t) characterizes the tracking error at time t. By using (3)
one obtains the following error system:

{§ = X(g)(U_AdX(gil)Ur) (6)

Vo= u

and (g,v) = (e,v,) is a solution to this control system, associated with the control input
u = v,. The control problem is now to stabilize this solution. Let V' denote a twice
differentiable positive function on G, such that for some constants v, am,, ans, Bm, Bar > 0,
and for any g € Bg(7),

Pl : amdi(g,e) < V(g) < andi(g,e)

P25 BaV(9) < Yo(V(9)Xi(9)? < BuV (o) @)

Let us remark that such a function always exists, for instance in the form of a quadratic
function when working with a system of coordinates.

Proposition 1 Let
u:=—k(v—Ad* (G v, —v* (@) + Ad¥ (G Yo,

8
+d(Fy, +v)(3) (X3 - Ad¥ (G o) ©

with k > 0, F, (§) == Ad* (5~ )v,, and
v (g) = —kidV(9)Xi(g) (ki >0;i=1,...,n) (9)

Then, the feedback control (8) applied to the system (6) exponentially stabilizes the solution
(g,v) = (e,vr).

INRIA



Control of underactuated mechanical systems 7

Proof: The control (8) is built following a classical backstepping procedure. More precisely,
the variable £ defined by ~
£:=v—Ad¥ (5o —v"(9) (10)

satisfies the equality £ = —k& along any solution of the controlled system. Therefore, 3
exponentially converges to zero and, in view of (6), § ~ X (§)v*(§), with v* itself chosen in
order to yield the exponential stabilization of § = e when this relation is a strict equality. A
more complete and rigorous proof consists in showing that the function defined by V(g,€) =
V(g) + pl/€||?, with g > 0 large enough, is a Lyapunov function for the controlled system,
and that V decreases uniformly exponentially to zero along the solutions of this system.

5 Practical stabilization of a class of underactuated sys-
tems

In what follows, G is a 3-dimensional Lie group (n = 3) (like R3, SFE(2), and SO(3),
for example) and we consider systems with two control inputs such that, for some basis
X = {X1, X2, X3} of g (and some possible change of control inputs) System (1) is given by

g = X(g

V1 = Uz

’l'}g = U2 (1 1)
’l'}3 = Qavi1vz

with a # 0. It is not difficult to verify, by application of [22], that these systems are STLC.
We will show further, via a selection of (classical) examples, that several underactuated
mechanical systems can be modeled by these equations. With the notation of Section 4, the
associated error system w.r.t. a trajectory of reference configurations g, is

i = X@)-AdNG )

V1 = Uz

o = (12)
’l.}3 = Qavi1vy

and the problem is to determine a feedback control law which (practically) stabilizes the
point § = e for this system. Let us first introduce two auxiliary equations whose solutions
will be used in the control design

{pl = (p1 €R)

by = Xi(h)9, (h1€G) (13)

The solutions to these equations are given by

p1(0) +/0 U1 (s) ds (14)
h1(0) e exp ((p1(t) — p1(0))X1)

pi(t)
hi(t)
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8 Morin Eamp; Samson

The last relation indicates that it suffices that hq1(0) be “close” to e and | fot Y1(s)ds| be
uniformly bounded by a small positive number for h;(t) to remain “close” to e (Vt). Let us
define g := g e hy*. For j to remain close to e, it suffices that h; and g stay close to e. We
show next how to design a smooth feedback control law which achieves this, whatever the
reference trajectory.

In view of (12), (13), and (2), the time derivative of g is given by

§=X(7)Ad* (hy) v; — Ad* (G Yo, (15)
U3

with 91 := v; — ;. Consider also the following set of equations

o= U
U2 (5 (16)
U3 avivy = ad1ve + aviva

By setting y := (p1,v2,v3)T, Yi(y) := (1,0,ay2)T, and Y5 := (0,1,0)7, these equations can
also be written as
y=Y (y)191 + Yous + (0, 0, CLT)ﬂ)g)T (17)

By noticing that Y7 and Y2 coincide with the control v.f. of the 3-dimensional chained
system with two inputs (up to the parameter a which is not necessarily equal to one), and
by interpreting ¥; and us as control inputs, the system (17) may be seen as a chained system
subjected to an additive perturbation (the last term in the right-hand side of the previous
relation). It is also well known (and easy to verify) that these v.f. are left-invariant w.r.t.
the group operation o on R? defined by

T+ Y
V(z,y) e R*xR3 zoy:= Ta + Yo (18)
T3 + Y3 + ayix2

Moreover, the v.f. Y, Ya, and Y3 = [Y2,Y1] = (0,0,a)” constitute a basis of the Lie algebra
generated by Y7 and Y2. By application of the transverse function theorem [18] one deduces
the existence of a function f, from T to R3, which is transversal to Y7 and Y5, i.e. such that

3
F0) =Y (£(0)c(0)0 = Yi(f(0))ci(6)0 (19)
=1

with (this is the important point) c¢5(6) # 0, V0 € T. By the same theorem, such a function
is defined by

f(0) = exp((e1sinf)Y; + (g2 cos0)Ys)
e1sinf (20)

= g9 cosf
45152 5in 20

INRIA



Control of underactuated mechanical systems 9

with €1,e9 > 0. Indeed, one easily verifies from this expression that the relation (19) is
satisfied with
c1(0) =e1cos0, co(0) = —eosinf, 3= —(c162)/2

The application, to the system (17), of the approach proposed in [18] for the control of
driftless systems invariant on Lie groups then yields to define the new variable

z = yo(f(0)™"

y1 — f1(0) (21)
= Y2 — f2(0)
ys — f3(0) — afi(0)(y2 — f2(0))

Either by application of the relation (18) in [18], or by direct calculation, the time-derivative
of z is given by

191 — C1 (6‘)9
F= A0, Y (FO) | uz - ea(0)8 (22)
—c30 + vrve
with
1 0 0
A(fi,z2)=1{ 0 1 0

or, equivalently,

21 = 7.91 — C1 (0)9
22 = U2 — ?2 (9)9 . . (23)
23 = —aczl + avive — U,fl (9)(UQ — 62(9)0) + Clyg(’lgl —C (9)0)

The important fact, at this point, is that, thanks to the transversality property of f (which
implies that c3 is different from zero), ¥, us, and 6 can be used to make z follow basically
any desired trajectory. For instance, one can choose

191 = 01(0)9 — k121 (kl > O)
= c1(0)0 — k1 (p1 — f1(6))

so as to exponentially stabilize z; to zero along the solutions of the controlled system. By
further setting p1(0) = f1(6(0)), then

pi(t) = F1(6(1))
vt { 9 (t) = 1 (0(£)B (1) (%)

(24)

Once this choice is made, the three remaining control inputs (namely wu;, us, and 9) can be
used to monitor the vector (91, v2,v3)” appearing in the right-hand side of (15). The control
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10 Morin Eamp; Samson

strategy that we propose here is to exponentially stabilize
VU1

= 2 | —AdY (G v, —v*(9) (26)
23

to zero (compare with (10)), with v*, given by (9), the function considered in the case of
full actuation. One easily verifies that the time-derivative of ¢ along the system’s solutions
has the following structure:

uy + €102 sinf — e16cos 0 4+ r1 + & 51

&
: () ()4 () "
= == M 9 A
<€3 ( ) 0 + s + 51 s3
with M () the invertible matrix defined by

1 gosinf )

—agpsinf  “=L%2 cos 20

M(6) = (

and 7, 8; (i = 1,2,3), some functions depending upon 7,&2,83,0,v,, and 0,., but not upon
&1. There are obviously many ways to exploit this structure in order to stabilize £ to zero.
One of them is pointed out in the following lemma.

Lemma 1 Consider the smooth feedback control defined by

() = o (+(E) () o

w1 = —£10%sin0 4+ £,0® cosh — 1 — E151 — k& — Eas9 — Egs3

with k > 0, 6(0) equal to any value, and 60 the function depending upon 7,¢,0,v,, 0, and
¥y, whose value coincides with the time-derivative of the control input 6 along any solution
of the controlled system.

Then, the application of this control to the system (11) yields the following equality

Ld

S I = —kIE) (29

and thus the exponential stabilization of £ = 0.

The proof is straightforward.

We now show that the feedback control law defined in the previous lemma also ensures,
under certain conditions, the ultimate boundedness of the distance between g and the refer-
ence situation g,. By using the definitions of y, z, and £, the equation (15) can be rewritten

INRIA



Control of underactuated mechanical systems 11

as

(T(r)Ad¥ (5™ - Ad¥ (5 7) ) (30)

1 0 O

T(fy) := (0 1 0) (31)
0 CLfl 1
)X

By (14), (25), h1(t) = h1(0) e exp((f1(6(¢)) — f1(6(0)))X1). Let us assume (for the sake of
simplification) that h1(0) is chosen equal to e. Then, when maxg || f(0)|| is small, System
(30) may be seen as an “approximation” of

g=X(g)v"(9) (32)

for which the point § = e is exponentially stable. One may thus hope that it retains some of
the stability properties of (32). The following proposition, which is the main result of this
paper, gives concrete form to this hope.

Proposition 2 Let h1(0) := ¢, 6(0) = +7/2, and let n denote a class-K function such that
maxo (|| f(0)[| + de(hr,e) + I3 — Ad¥ (h)ll) < n(e) with & == ||(e1,e2)[|. Then, for any
constant K, there exists €q, 7y, Vv, 8 > 0 such that, for any reference trajectory g, such that
lor|| < K, and for any € € (0, 0],

da(9(0), €) <y

(v = v,)(0)]| < Yo } = da (g, €) is u.b. by fn(e) (33)

where “u.b.” means “ultimately bounded”. Moreover, if ||0.(t)|| and ||9,(t)|| are bounded, then
[lu(®)|| and the control inputs uq(t), ua(t), and 6(t), are bounded.

The important points of this proposition are i) the existence of an ultimate bound for
the closed-loop tracking error, %) the (theoretical) possibility of reducing this bound as
much as desired by choosing 1 and e small enough, and #7%) the possibility of specifying an
attraction domain uniform w.r.t. the reference trajectory (for a given bound on ||v,||), and
w.r.t. € € (0,g0].

Proof: From (30), § = L1 + Lo + L3 + Ly with
Ly X(g)v*(9)
Ly = X(g)(AdX(m)T(f1) - Is)v*(g)
Ly = X(gAd™ (h)(T(f1)Ad¥(g7") — Ad¥(571))v, + X (9)Ad™ (h1)(0, f2, f3)"
Ly X (9)Ad™ (h1)T(f1)€

RR n° 5525



12 Morin Eamp; Samson

Let v denote any constant such that the properties P, and P in (7) are satisfied for g €
Bg (7). Then, for g € Bg(7), the derivatives dV (g)L; of V(g) along L; (i = 1,...,4) satisfy
the following relations:

dv(g)Ll S _ﬂmkmv( )

dV(g)L2 < az(n+n°)(e)V(9)

dV(g)Ls < as(n+n?)(e) (1 + K.((9) V (Q)

dV(g)La < aa(1+1)2(e)||€(0)]| exp(—kt)V 2 ()
with ¢ a smooth function, and where a1, ..., ay denote some constants. The first inequality
n (34) follows from (7) and (9). The second inequality follows from (7), (9), the definition
of n, and the definition (31) of T'(f1). The third inequality is also based on these relations,
the fact that ||v,|| < K., and the relation § = ghy which implies that

Ad* (571 = Ad* (hyh)AdY (57

Finally, the last inequality follows from (7) and (29). By using the assumption 6(0) = +7/2,
and the fact that

(34)

dc(g.€) <dc(g,e) +da(hi,e) <da(g,e) +nle) (35)
one shows from (26) that, when §(0) and v(0) satisfy the majorations in (33),

€O < a5 (1 + Kr)vg + (L+0(e))ye + (14 Kr +1(e))n(e))

Since 7(e) vanishes at ¢ = 0, one deduces from the above inequality, and in view of (34),
that, for ¢, 7,4, v» small enough, for any € € (0, 9],

{g €Bg(y) and V(g) = amy?} = V() <0 (36)
with

4
=> dV(g)L
i=1
By reducing ¢y and ~y, further, if necessary, one deduces from (7) and (35) that

dG(g( ) )<7g:>dG <’Y\/am/OCM
= V(g (0)) < amy? and g(0) € Bg(v)
so that, by (7) and (36), g(t) € Bg(y) for all ¢ and dg(g(¢),e) is bounded. Therefore
de(g(t),e) is also bounded. The ultimate bound of dg(g,e) pointed out by (33) is then

obtained by using the fact that 7(0) = 0 (so that n?(¢) < n(e) when ¢ is small), and by
using (7), (34), and the inequality

da(9,¢) < da(g,e) +dg(h,e) <da(g,e) +n(e)

The last part of the proposition is obvious. Indeed, the boundedness of dg(g,e), |||,
[v*]|, and [|v;|| yields the boundedness of va and v3. Since ||o; | is bounded, the boundedness
of ug, 6, and v; follows. Finally, the boundedness of u; follows from all these bounds and
the boundedness of ||#,]|.

INRIA



Control of underactuated mechanical systems 13

6 Examples
In this section, examples of systems that can be modeled by (11) are pointed out. The

control approach developed in the previous section applies to them directly.

6.1 Second-order chained system

In the same way as first-order chained systems are used to model the kinematic equations
of various nonholonomic mechanisms, the following second-order chained system

il = Uz
.ig = U2 (37)
fg = U1T2

can be used to model the dynamics of a certain number of underactuated mechanical systems,
like planar PPR and RRR manipulators, idealized surface vessels and underwater vehicles
[2, 11, 23, 21, 10]. It is simple to verify that this second-order chained system belongs to the
set of systems (11), with G = R?, g = 2, X;(2) = (1,0,22)T, X2 = (0,1,0)7, X5 = (0,0,1)7,
and a = —1. The group operation e w.r.t. which the v.f. X;, X5, and X3 are left-invariant
on R? is the same as for the first-order chained system. It is defined by

1+
Tey = T2 + Y2
r3 + ys + Y172

The next examples illustrate that, as for nonholonomic systems, the transformation of me-
chanical equations into the chained form, although possible, is not necessary for control
design purposes.

6.2 Planar PPR manipulator

The system and the equations are those described in [2]:

med — mslésina — mgléd?cosa = 7
myij + malécosa —malé®sina = 1 (38)
Ié& — msld sin o + mglij cos o = 0

with m, > m, > mg, and I = I3 + m3l%. One easily verifies that the above system of
equations is equivalent to

Kl

2 ps 0
i m ..
y = G-
a 0x sin o — dy cos &

RR n° 5525
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with 0 = "}:l, Z:=1x+lcosa, and § := y + [sina. From there, it is not difficult to show
that this system can also be written as

8-

ﬂ <R(a) 02><1) B
& O1x2 1
U1 + Va3 (39)
v = Uz — V10U3
—0Usa

with R(«) the rotation matrix in the plane of angle «, and (@1, 42) new control variables such
that (71, 72) is equal to some function (defined everywhere) of (@1, 2, a, &). This system
can in turn be rewritten as

g = X(gv

v = w

by = (40)
’l'}3 = —UV1V2

with g1 = T + 5= :;v—&—(l—l—%)cosa, go = @, g3 ::g+51% :y—&-(l—i—%)sina,

Uy = U1 + Va3, Uz := —0Usg, V1 := V1, Vg := U3, U3 = Uy + 53/5, and
cosae 0 —sina
X@=| 0o 1 o

sinae 0 cosa

This system belongs to the class of systems (11), with G = SFE(2) and the group operation
defined by (with a slight abuse of notation) ge ¢’ := g+ X (g9)g’.

6.3 Planar rigid body (hovercraft)

Consider a planar body with center of mass C' capable of gliding above the ground with
no friction. A force is applied to this body at a point P whose coordinates w.r.t. a fixed
frame are (Z, 7). The distance between P and C is equal to [ (# 0), and the direction of PC
characterizes the body’s orientation «. The compﬁgnts of the force in the body’s frame
are (f1, f2), with f; the projection of the force on PC'. The asymptotic stabilization of the
situation of this system has been studied in [16] and [5] for example. One easily verifies that
the equations modeling the motion of this underactuated system are the same as those of
the planar PPR manipulator. They are given by (39), with @; := %, Ug = {—2 ,and § = %
(with m and J the body’s mass and inertia).

6.4 Underactuated satellite (with thrusters)

Let us assume that two (sets of) thrusters produce torques to modify the orientation of
a rigid body floating in space, and, for the sake of simplification, that the directions of

INRIA
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these torques are aligned with the first two principal axes of the satellite. The asymptotic
stabilization of the satellite’s attitude has previously been studied, for instance, in [20],[8],
[17], or [5]. The well-known equations of this system are

R
Ju
with S(v) the matrix associated with the vector product in R?, i.e. such that S(v) := v x z,
J = Diag(j1,j2,7J3). We further assume that a := Jlj;g” # 0, so that the system is STLC. A

rewriting of this system in the form of (11) gives

RS (v)

Ju x v+ (11,72,0)T (41)

3
R = Z Xi(R)Ui

i
1.}1 = Uz (42)
1.}2 = U2
1.}3 = Qav1v3

with X;(R) := RS(e;), {e1,ea,e3} the canonical basis of R?, u; := jil(ﬁ + (Jo — J3)vaus),
and ug := %(Tg + (j3 — j1)v1vs). For this system, G = SO(3), and the group operation is
the classical matrix product.

7 Concluding remarks

A new control approach for a class of STLC underactuated mechanical systems has been
proposed. It is based on the use of transverse functions, yields smooth feedback laws,
and allows to practically stabilize any (admissible or non-admissible) reference trajectory of
configurations with pre-defined precision. Possible prolongations of this work are multiple:
extension to systems of higher dimensions, generalization of the approach to a larger class of
systems (not necessarily STLC), detailed study of the stabilization of fixed situations (the
issue of convergence to zero of the velocity vector, asymptotic stabilization via the use of
“generalized” transverse functions [19],...) and, more generally, of admissible trajectories,
robustness issues, etc.
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