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��
 � ½ � ¹ �^��� Y�Z\_Ku�t�u­m�u wx£��Dz�wx�\Z
GR,m

0

uvkBwaknu t\�D£�_�©D_*zomo_*«
v0

�cu­m�Z
m
£ rjrx��kBw%mom�wxq�Z�_^�7mor

u­mp§e_\rxz
t ≥ 1

¡�£ _�m
GR,m

t−1

¦�_�moZ\_��Dz�wx�\Z"�x_^t\_*z�w%m�_^��u�t"m�Z\_�µ�z�k}m
t− 1

knmo_*��k�r���moZ�u k¨�\zorlq*_^k�k*¡
mor��l_�µ�t�_

GR,m
t

w·t\_*� ©x_^znm�_�«
vt
u k¨�x_*t�_*z�w%mo_p�¢¡�wxt��"u�mKuvk¨q�rDt\t\_pq¤mo_p��mor

GR,m
t−1

moZ�zorDs\�xZ
m?®s\t��lu�z�_^q�mo_p�HAc_p�l�x_pk*§�Y�Z\_(t\_*u �xZj¦Nrxs\z�kcr��

vt
wxzo_�q�Z\rTkn_^t"s\t\u��®rxz�]7£ iLw%m¨z�w�t��lrx] ?®s�wxz3A��cu�moZ

zo_^�\£vwxq�_^]�_*tTm��®zorD] {v0, . . . , vt−1}
§

� � � ¹ � ½ 
 º ���%��

��
 � ½ � ¹ �^��� Y�Z\_�u�t\u�mouvw�£K�xz�w��\Z
GC,m

0

uvk·w knu t\�D£�_L©D_*zomo_�«
v0

�cu�moZ
m

£ rjrx��k
w%mom�wxq�Z�_^� m�r�u­mp§ _�rxz

t ≥ 1
¡B�xz�w��\Z

GC,m
t

uvk��l_�µ�t\_^� �®zorD]
GC,m

t−1

¦Ti �D_*t\_^z�w�mou t\��w�t\_^�
©x_^znm�_�«

vt
¡{w�t�� q�rxt�t\_^q�mou t\��u�m(m�r

GC,m
t−1

m�Z\z�rxs\�DZ
m
?Çs\t��lu z�_^q¤m�_^�HA(_^�\�x_^k^§ = ©D_*zomo_�«

u ∈
{v0, . . . , vt−1}

u keq�rDt\t\_pq¤mo_p�"mor
vt
�cu­m�Z��\z�rx¦�wx¦\u £�u�m}i |Γ(u)|

2mt

?®�cZ\_^zo_
Γ(u) = {w : {u,w} ∈

E(GC,m
t−1 )} A�§

°²_(�cu £ £�rx�Émo_^t~zo_*�®_*z¨mor·m�Z\_7s�w�zK�xz�w��\ZL�\z�rlq�_pkokKwxkew·z�w�t��lrD]³�Dz�wx�\ZL�\z�rlq�_^k�k^§�°V_7s�ko_�m�Z\_(�.rxz��
q*rx�ji-wxkBu�tTm�_*z�q�Z�w�t\�D_^wx¦\£�_¨�cu­m�Z��\z�_��®_^zo_^tTmouvw�£9w%mnm�wxq�Z\]�_^tDmp§GY�Z\_K_p�l�x_pk{Z�wX©x_Kwxt�u tTmoz�u�t�kouvq¨�lu zo_pq¤m�u�rDt
�cZ�u q�Z��B_)u �xt\rDzo_D§
�.rxmoZ~]�rl�l_*£vk)w�z�_a�lijt�wx]�u qx¡¢�cu­m�Z�t\_^� ©x_^znm�u q*_^kew�t���_^�l�D_^keq�rxtTm�u�tjs\rDs�kn£ i"u�t�q�z�_^wxkou t\�-moZ�_7kou��^_arx�
m�Z\_c�xz�w���Z¬§�U¨r%�B_^©x_*z moZ�_*i(z�_*��zo_pkn_^tDm�m}�.re_*«jmoz�_*]�_cq*wxko_^k^§ � t7m�Z\_cs�w�zG�Dz�wx�\Z(��zorlq�_pkok m�Z\_�mo_^zo]�u t�w�£
©D_*zomo_*«·r�� wxt�_p�l�x_eu kcq�Z�rDko_*t�z�w�t��lrx]�£ ia�®z�rx]�moZ\_�ko_�mcr���wX©Xwxu�£vw�¦�£�_K©x_*zomouvq�_pk*¡j�cZ\_^zo_pwxk.u t�m�Z\_�q�rx�ji
]�rl�l_^£{m�Z\_·m�_*z�]7u t�wx£{©x_^znm�_�«�r���w�t _^�l�D_·u kaq�Z\rDko_*t ��zorD��rDznm�u�rDt�w�£Gm�r~m�Z\_�q*s\zoz�_*tTm(�l_^�xz�_*_·rx�cmoZ\_
©%wxzou rxs�k.©D_*zomouvq�_^k^§
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Y wx¦\£�_[CRQ ��s\]�_*z�uvq*w�£¢¦Nrxs�t��\k.�®rxz�m�Z\_�]�u�t�u�]as\]
�\rx]�u�t�w%mou t\�-ko_�mc�\z�rx¦\£ _*]"§

m αR
lo αR

up αC
lo αC

upC ��§ 5D� ��b �\§Ñ� �\§Ñ���R5x� �\§ 5N5N5R5
� ��§^C.bx�Nb �\§ 5 �
C�X �\§WC^�D�x� �\§Ñ�K5KXj�
5 ��§^CcXRbNb �\§ 5x�T��X �\§ � ���x� �\§WC�� � �
X ��§^CX�x��� �\§Ñ���R5KX �\§ �D�KXNX �\§WC�XT�D�
� ��§^CRC^�D� �\§Ñ�K5R5D� �\§ �KX�5x� �\§WCNC��Kb
� ��§ �D�Nb � �\§Ñ�
CRC^� �\§ �N5D�x� �\§WC^�x�D�
� ��§ �Rbx�Nb �\§WC^�R5D� �\§ �N5HCc5 �\§ �Nbx�T�

��_^q*wx£�£�m�Z�w%m
γh(Gt)

uvk�moZ�_~knu �*_Lrx�Km�Z\_L]�u�t\u ]-w�£
h
¥Ø�lrx]�u t�w%m�u�t\� ko_�m·u t

Gt
§>°²_"µ�t�� ��rTknu�mou ©x_

q*rxt�knm�wxtTm�k
αlo

¡
αup

kns�q�Z²m�Z�w%m
αlo · t ≤ γh(Gt) ≤ αup · t wx£�]�rDknm(kos\zo_^£�iD§�Y�Z�_·s\�\�N_*za¦�rDs\t��\kq*rx]�_��®z�rx] m�Z\_¨kou��^_�r��NmoZ�_K�lrD]7u t�w�mou t\��kn_*mQzo_*mos\z�t\_p��¦Ti7knu ]��\£ _�rxtl¥´£ u�t\_�wx£��Drxz�u­m�Z\]-k*¡x�cZ\_*z�_^wDk�moZ\_

£ r%�._*z�¦�rDs\t��\kcq*rx]�_)�®z�rx]��\z�rx¦�w�¦\u £�uvknmouvqKwxzo�Ds\]�_*tTm�k^§
d~rxz�_(�\z�_^q*u ko_*£ i(Q �¬_�m

M ∈ {R,C} ¡¢w�t�� m ¦N_-w·�NrDkou­m�u�©D_au tTmo_^�x_*zp§a_\rxze_^wDq�Z
h ≥ 1

m�Z\_*z�_a_*«lu knm
�NrDkou�mou ©x_)zo_pw�£¬q*rxt�knm�wxtDm�k

αM
lo

w�t��
αM

up

?Ç�l_^��_^t��l_*tTm¨rDt
M
¡
m
w�t��

h
¦\slm�u t��l_^��_^t��l_*tTm¨rx�

t
A.�cu�moZ

αM
lo < αM

up < 1
kos�q�Z-m�Z�w%m

αM
lo · t ≤ γh(GM,m

t ) ≤ αM
up · t

w\§ w\§ k^§V_�rxz
h = 1

¡Tm�Z\_¨¦Nrxs\t��\k�w�z�_��xu ©x_^t
u tLY wx¦\£ _�CD§ �BrDs\t��\k.�®rDz

h > 1
wxzo_��luvkoq*s�k�kn_p��u t~gj_^q�mou rxt"�\§

Y�Z�_��\zorjrx��rx� m�Z\_(w�£ �xrDzou�moZ�]7uvqezo_pkns�£­m�k�w�z�_)¦�wxko_^��rxt�m�Z\_��Çwxq�mcmoZ�w�m¨t�w�mos\z�w�£¬_p�l�x_*¥=_*«l��rTkns\z�_e]�wxzn¥
m�u�t��Dw�£ _^k�q^w�t�¦N_��l_�µ�t\_^��rDtVm�Z\_·�Dz�wx�\ZV��zorlq�_pkoko_^k)s�t��l_*zaq�rxt�knuv�l_*z�w%m�u�rDtf: �<;´§�d~rxz�_7��zo_pq�uvkn_^£�iD¡?u��
f(G)

uvk-w�tji �Dz�wx�\Z m�Z\_*rDzo_*mouvq��®s�t�q¤m�u�rDt ?Ç_x§ ��§ moZ\_~kou��^_�rx�¨m�Z\_~�lrx]�u t�w%m�u�t��²ko_�m-z�_�mos�zot\_p� ¦ji w
��w�zomouvq�s\£vw�z�wx£��Drxz�u­m�Z\]'A¤¡ moZ\_�z�wxt��lrx] �\z�rjq*_^k�k��l_�µ�t\_^� ¦ji²kn_*mnmou t\�

Z0 = E (f(GM,m
t ))

¡Qwxt��
Zi?®�®rxz

i ∈ {1, . . . ,mt} A�m�r(¦N_�moZ�_K_*«j�N_^q�m�w�mou rxt-r�� f(GM,m
t )

q�rxt��lu­m�u�rDt\_^��rDt-moZ�_ � _�«l��rTkns�zo_��crx�¢moZ\_
µ�z�knm

i
_^�l�D_^k�u t�moZ\_��Dz�wx�\Z��\z�rlq�_pkok�uvkcw7]�wxznm�u�t��Dw�£ _x§!�¨r�mouvq�_em�Z�w%mcm�Z\_�kn��wxq�_)rx��wx£�£¢�Dz�wx�\Z�k.�cZ\uvq�Z

q^w�t-¦N_K�D_*t\_^z�w�mo_p�7wDq*q*rxz��lu�t��)mor�m�Z\_¨�Du�©D_*t·]�rl�l_^£
GM,m

t

uvkQ��wxznm�u­m�u�rDt\_^�-u tTmor7q�£vwxk�kn_pkD?®rDz
i Y -"�W�cM��<� Aq*rxtTm�wxu�t�u�t\��w�£ £¢m�Z\rDko_)�xz�w��\Z�k.�cZ\uvq�Z"q�rxu t�q*u �l_���§ zp§ mp§ m�Z\_)µ�z�k}m

i
_^�l�D_e_*«l��rTkns\z�_^k^§

� t"m�Z\_��®rDznm�Z�q�rD]7u t\�-ko_^q¤m�u�rDt�kc�._��cu £�£¬z�_*�N_^w�mo_p�l£�i�s�ko_)moZ\_��®rx£ £�r%�cu t\�·q�rDt�q�_^tTmoz�w%mou rxt�z�_^kos\£­m�?®�®rxz¨w
��zorjr���kn_^_x¡j�®rDzcu�t�knm�wxt�q�_D¡ :^C�;�A�§

� � ¹j½ � ¹ ��� �
	 ���"�
c = Z0, . . . , Zn

-h�
�a�O�����%���������^�$�>����� |Zi+1−Zi| ≤ 1
!"�K�$�����

i ∈ {0, . . . , n−
1} ���(�H�"� � � [|Zn − c| > λ

√
n] ≤ 2e−λ2/2 �

� t w�£ £�rxs\z-wx�\�\£ u q^w%mou rxt�k
c = E (f(GM,m

t ))
¡
n = mt

w�t��
λ = O(log t)

§ � t rDz��\_*z7mor�w��\��£�i
Y�Z�_*rxz�_*] �\§^C�rxt\_�t\_*_p�\k(mor²�\zor%©D_·m�Z�w%m |Zi+1 − Zi| ≤ 1

§ gjs�q�Z u�t�_��Ts�w�£ u�m}iV�®rD£�£ r%��k(�®zorD] moZ\_
ko]�rjr�moZ�t\_^k�ker��

f
?®u=§ _D§ |f(G) − f(H)| ≤ 1

u��
G
w�t��

H
�\u �9_*z���§ z^§ m^§(moZ\_��\z�_^ko_*t�q�_7r��.w"kou�t��x£ _

_p�l�x_<A�w�t��(moZ\_�wx¦\u £�u�m}i�mor��l_^]�rxt�knmoz�w%m�_{m�Z\_c_�«luvk}m�_*t�q*_.rx�Nwe]�_^wDkns\z�_.�\zo_pkn_^zo©ju t\�¨¦�u |}_pq¤mou rxt�¦N_�m}�._*_^t
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i + 1
¥´¦\£�rlq�¶lkeu�t wLk�w�]�_

i
¥=¦\£ rlq�¶9§·Y�Z\u k�u k)rD¦T©ju rxs�k)u t²moZ\_-z�w�t��lrx]'�Dz�wx�\Z²�\zorlq*_^k�k�wxk)_^�\�x_^k�wxzo_

u t�ko_*zomo_p��u�t��\_*�N_*t��l_^tTmo£ ix§ � t-moZ�_Kq*wDkn_crx�¢moZ\_eq�rD�Tia]�rj�\_*£Nu­m.u kBq�rxtj©D_*t\u _*tTmGmorau �\_*tTmou��®ia_pwxq�Z-�Dz�wx�\Z
�cu�moZ moZ\_·��zorx|}_^q¤m�u�rDt�r��¨wL��wxznm�u q*s\£vw�z�m}ij�N_·r���M3���.i��N�
�1���%�I����¡�u=§ _x§~w�t rDz��\_*z�_^��q�rD£�£ _^q�mou rxt r��

mt£vw�¦N_*£ £ _^�7��w�u z�k�r��9��rDu�tTm�k$?Çko_*_ : X�;�A�§!�¬_�m
C1

wxt��
C2

¦�_�m}�.r�kns�q�Z�q*rxtlµ��xs\z�w%m�u�rDt�k moZ�w�m{w�z�_.uv�l_^tDm�u q^w�£
s���m�r�m�Z\_

i
m�ZV��w�u z^§agls\�\�NrDko_am�Z\_

i + 1
¥Øk}m)��w�u z)u k {a, b} u t C1

w�t�� {a, c} u�t C2
§ � �

C1
t\_^©x_*z

s�kn_pk)��rDu�tTm
b
w��Tw�u t�m�Z\_*t�m�Z\_-u�]-wx�x_�r��

C1
s\t��l_^z�moZ�_-]7_pwxkos\z�_7��zo_pkn_^zo©ju t\��¦�u |}_pq¤mou rxt �cu £ £Q¦�_·w

q*rxtlµ��xs\z�w%m�u�rDt
C ′ u �\_*tTmouvq*wx£lmor C1

_�«\q�_^�lmQmoZ�w%m{��wxu�z {a, b} uvkQz�_*�\£vwxq*_^�7¦ji(��wxu�z {a, c} § � � b u k{s�kn_p�u t w"�®rD£�£ r%�cu t\�L��w�u z9?;kowXi {d, b} A�r�� C1
m�Z\_*t

C ′ �cu £ £{Z�wX©D_ {a, c} u t�knmo_^wD��r�� {a, b} w�t�� {d, c}u t�knmo_pwx��r�� {d, b} ¡lw�t���kor7rxt¬§{gju ]�u�£vw�z�q*rxt�knmoz�s�q�mou rxt�u k��\z�_^ko_*tTm�_^��u�t : ��;´§
_�u t�w�£ £ i·�B_)�cu £�£?t\_*_p��m�Z\_)�®rx£ £ r%�cu�t\�

�B¹ � � � 	�� !
Zn
� � �
�O�����%���������^�e�K���$���H�"�h�e���R� ���JMh�K�4���L���H�)�

c1, c2 > 0
���HMh�T���4���

µn = E (Zn) ∈
[c1n, c2n]

�>���4���T!"�����3�NM3�ai����3�����H�L�S�R���
j > 0

� ���H�"�1� ���R� ���)�]2H�<�����)������Mh�K�4���L���H�
K
�����

ε
���HMh� ���4�K�

|(Zn)j − (µn)j | ≤ Knj−ε � ��� �^� � �

� � ½¬½	� ��� �
Zn

u k�w�]-w�zomou t\�Dwx£�_D¡9moZ\_^t²¦ji�Y�Z�_*rxz�_*] �\§^CD¡
µn − λ

√
n ≤ Zn ≤ µn + λ

√
n
�cZ�_*z�_

��§ £=§ r�§ ��§��._�wxk�kns�]7_
λ = o(

√
n)
§]_\z�rx]/m�Z\uvkc�B_�wx£ koraZ�wX©x_x¡j�®rDzc_^wDq�Z�µ\«l_p��u tTmo_*�D_*z

j > 0
¡

(µn)j(1 − λ
√

n
µn

)j ≤ (Zn)j ≤ (µn)j(1 + λ
√

n
µn

)j §

Y�Z�_�zo_pkns\£�m�t\r%�±�®rx£ £�r%��k ?Ç�\z�r%©Tuv�l_p�
K

uvk�q�Z\rTkn_^t�¦\u �-_*t�rxs\�DZPA�knu t�q*_x¡lm�Z\_(wxk�kos\]��lmou rxt�k�rDt
λ
w�t��

µn
_*tTm�wxu�£9m�Z�w%m

(1 + λ
√

n
µn

)j u kcw�m.]�rDknm 1 + j2λ
√

n
µn

¡l�cZ\_*z�_^wDk
(1− λ

√
n

µn
)j u kcw�m�£ _^wDk}m 1− 2jλ

√
n

µn
2
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Y�Z�_~w�£ �xrxz�u�moZ\] ��zo_pkn_^tDm�_^� u�t m�Z\uvk·kn_pq¤m�u�rDt uvk·w�©D_*z�i knu ]��\£ _ � µ�z�knm�w%mnm�_*]��lm �Lkorx£ slmou rxt �®rDz-moZ\_
��zorD¦\£�_^]³w�m�Z�w�t��¬§ =¨£­m�Z\rxs\�DZLu�tL]-wxtTi�q*wDkn_pk�u­mK�\rT_pk�t\rxm�£�_pwx��mor�w�©x_*z�i�ko]-w�£ £?�lrD]7u t�w�mou t\�·kn_*m^¡
u�m�z�_*�\z�_^ko_*tTm�k�w7t�w�mos\z�w�£¢¦N_*t�q�Z�]�wxzo¶��®rDz¨w�tji-]�rxz�_)zo_*µ�t\_p��Z\_^s\z�u knmouvq�§

��( � ½ ���Ç� ��� 	 � �._��®rDzo_�moZ\_¨µ�z�knm.knmo_^�·r��¢m�Z\_)w�£ �xrxz�u�moZ\]�moZ\_K�xz�w��\Z·q*rxt�kouvk}m�kQr��?waknu t\�D£�_�©D_*zomo_*«
v0wxt�� S = {v0}

§*=.meknmo_*�
t
u��GmoZ�_(t\_^�c£�i"�x_^t\_*z�w%m�_^�"©D_*zomo_�«

vt
�lrj_^kKt\rxm¨Z�wX©x_aw�tji�t�_*u �xZj¦�rDs\z�k�u t

S ?Çu;§ _x§ Γ(vt) ∩ S = ∅ AQm�Z\_*t vt
u k¨wx�\�l_p�·m�r S §

� tVmoZ�_��®rxzomoZ�q*rx]�u�t��"�\u k�q�s�k�kou�rDt
m

uvk�w�µ\«l_^�²��rTknu�mou ©x_�u tTmo_*�D_*zp§ �¬_�m
Xt

�\_*t\rxmo_7moZ\_·kou �*_�r��.moZ\_
�\rx]�u�t�w%mou t\��kn_*m S q*rx]��\slm�_^��¦ji =�£ �xrDzou�moZ\] Ce¦N_��®rDzo_

vt
uvkcwx���l_^��mor7moZ�_�q�s\z�zo_^tTm.�Dz�wx�\Z�wxt���£ _�m

µt = E (Xt)
§[_\rDz��xz�w��\Z�kK�x_^t\_*z�w%m�_^�Vwxq*q*rxz��lu t\�·m�r�m�Z\_

GR,m
t

]�rj�\_*£=¡¢moZ\_��\z�rx¦�w�¦\u £�u�m}i"moZ�w%m
vt]�uvkoko_^k.m�Z\_��lrD]7u t�w�mou t\�-kn_*m�uvk

(1 − Xt

t )m §]U�_*t�q�_��._)q^w�t��czou�mo_
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µt+1 = µt + E [(1 − Xt

t )m]
§

�?_�m
x = x(m)

¦N_�m�Z\_(s�t\u��Ts\_7knrD£�s\mou rxt~rx��m�Z\_7_��Ts�w%m�u�rDt
x = (1 − x)m u t

(0, 1)
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m�Z\_�©%w�£ s\_^k�rx�
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m
§

�B¹ � � � ��� �K�'��� � 1
2 < ρ < 1
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�3�HM3�

���4�K�P!"�K� �����
t > 0

� |µt − xt| ≤ Ctρ
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� � ½¬½	� � °²_�q�£vw�u ]/m�Z�w%mcm�Z\_��lu��N_^zo_^t�q�_ |µt − xt| k�w%m�u knµ�_^kcw7z�_^q*s\zoz�_*t�q�_er���moZ\_)�®rDzo]

|µt+1 − x(t+ 1)| ≤ |µt − xt| +O
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√

log t
t

) §

Y�Z�u kBq*w�t-¦N_��\z�r%©x_p�7¦Tiau�t��ls�q¤m�u�rDt·rxt
t
§
�.i7�\_�µ�t\u�mou rxt

X1 = 1
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t )m]− (1−x)m| §GY�Z\_K�lu��9_*z�_*t�q*_ E [(1− Xt

t )m]−
(1−x)m q*w�t-¦N_¨z�_*�cz�u�mnmo_^t·wxk −m

t (µt −xt)+ {E [(1− Xt

t )m]− 1+mµt

t − (1−x)m +1−mx} §U¨_*t�q*_

|µt+1 − x(t + 1)| = |(1 − m
t )(µt − xt) + {E [(1 − Xt

t )m] − 1 +mµt

t − (1 − x)m + 1 −mx}| §
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E [(1 − Xt

t )m] − 1 +mµt

t = (1 − µt

t )m − 1 +mµt

t +O(
√

log t
t )

§

wxt�� m�Z\_~�®s\t�q¤mou rxt
f(z) = (1 − z)m − 1 + mz

kow�mouvk}µ�_pk |f(z1) − f(z2)| ≤ m|z1 − z2|
¡c�®rxz

z1, z2 ∈ [0, 1]
§
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Xt ∼ xt
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Pt
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t
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P1 = 0
wxt��

R1 = 1
A¤§

��( � ½ ���Ç� ��� � � �._��®rDzo_�moZ\_¨µ�z�knm.knmo_^�·r��¢m�Z\_)w�£ �xrxz�u�moZ\]�moZ\_K�xz�w��\Z·q*rxt�kouvk}m�kQr��?waknu t\�D£�_�©D_*zomo_*«
v0wxt�� R = {v0}

§]=��Émo_*z
vt
uvkcq�z�_^w�mo_^��w�t���q*rxt\t�_^q¤m�_^��mor

m
t�_*u �xZj¦�rDs\z�k*¡ju��

Γ(vt) ∩ P 6= ∅ moZ\_^t vtuvk�]�r%©x_p�-mor
V \ S §Bb¨m�Z\_*z��cu ko_ vt

uvkcwx���l_^��mor R u­�
Γ(vt) ∩R = ∅ ¡lr�moZ�_*z��cu ko_ vt

uvkcwx�\�\_^��mor Pwxt���w�£ £¢©x_*zomouvq�_pk�u�t
Γ(vt) ∩ R wxzo_e]�r%©x_^��mor

V \ S §

Y�Z�_e_*«l��_pq¤m�w�mou rxt�k
πt = E (Pt)

w�t��
ρt = E (Rt)

k�w%mouvkn�®i�Q

πt+1 = πt + E [(1 − Pt

t )m] −E [(1 − Pt

t − Rt

t )m],

ρt+1 = ρt + E [(1 − Rt

t − Pt

t )m] −mE [Rt

t (1 − Pt

t )m−1].

	 _�µ�t\_
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up

wDk
p+ r

¡��cZ�_*z�_
p = p(m)

w�t��
r = r(m)

kow�mouvk}�®i

r = (1−p)m−p
1+m(1−p)m−1 ,

p = (1 − p)m − (1 − p− r)m.

�B¹ � � ��� � �K�[�K� � 1
2 < ρ < 1
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C1

�����
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t > 0
� |πt − pt| ≤ C1t

ρ ���(� |ρt − rt| ≤ C2t
ρ � ��� �^� �
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|πt+1 − p(t+1)| = |πt − pt+E [(1− Pt

t )m]− (1− p)m−{E [(1− Pt

t + Rt

t )m]− (1− p− r)m}| §

Y�Z�_��\z�rTrx�¢u kBq�rx]��\£ _�m�_^�-¦ji��l_^q*rx]��NrDkou�t\�)m�Z\_K�\u �9_*z�_*t�q*_^k
E [(1− Pt

t )m]− (1−p)m wxt��
E [(1−

Pt

t − Rt

t )m] − (1 − p− r)m u t���w�zom�k.m�Z�w%m¨wxzo_)�\z�rx�Nrxzomou rxt�wx£�m�r-_*u�moZ\_^z
Pt − πt

rDz
πt − pt

§
Y�Z�_ez�_^kos\£�m¨w�¦Nrxslm

ρt
uvk��\z�r%©x_^��knu ]�u�£vw�z�£ i�w%�Ém�_*zct\rxmouvq�u t\�7moZ�w�m

r
k�w%m�u knµ�_^kcQ

r = (1 − p− r)m −mr(1 − p)m−1 §
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�?_�m
X2

t
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t
§

� � ¹j½ � ¹ ��� �
	
X2

t ∼ (p+ r)t
�0� ��� �^� �

� � ½¬½	� � Y�Z�_*rxz�_*]��l§WC�u ]7��£�u _^k�moZ�w�m�moZ\_7kns�]
p+ r

uvk¨w\§ w\§ k^§B©D_*z�i�q�£ rDko_�m�r |S|
t = Pt

t + Rt

t

§�Y�Z\_
z�_^kos\£�m��®rx£ £�r%��k^§

2

Y�Z�_e©%wx£�s\_pkcr��
p+ r

�®rxz
m ≤ 7

w�z�_Kz�_*�Nrxzomo_p��u t�moZ\_�q*rx£ s\]�t�£vw�¦N_*£ £�_p�
αR

up
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=¨£��Drxz�u­m�Z\] Cx¡e�l_^k�q�z�u ¦�_p�ªu t¯gj_pq¤mou rxt 5\¡)q*wxtª¦�_ wxt�w�£ ilkn_p� u�t±moZ�_²q*rx�ji ]7rl�l_^£�wxk��B_^£�£=§ Y�Z\_
_*«l��_pq¤mo_p��q�Z�wxt\�x_Ku�t�moZ\_e©%w�z�u wx¦\£ _

Xt
q*wxt�¦N_eq*rx]��\slm�_^�·¦ji-¶D_*_*��u�t\�(moz�wxq�¶7r��¬m�Z\_emorxm�w�£9�l_^�xz�_*_¨rx�

m�Z\_��lrD]7u t�w�mou t\�-kn_*m^¡
Dt

§ � t���w�zomouvq�s\£vw�z.moZ�_)�®rx£ £�r%�cu t\��zo_^£ w�mou rxt�koZ\u ��k.Z\rx£v�

E (Xt+1) = E (Xt) + E [(1 − Dt

2mt )
m],

E (Dt+1) = (1 + 1
2t )E (Dt) +mE [(1 − Dt

2mt )
m].

�¨r�mGkns�zo�\z�uvknu t\�x£ i�w�t7w�t�wx£�ilkou k�knu ]�u�£vw�z�m�r¨m�Z\_�rxt\_��l_^k�q�z�u ¦�_p��u t(m�Z\_��\zo_^©ju�rDs�k ko_^q�mou rxt�k�u ]��\£�u _^k�m�Z�w%m
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rx��wx£�£¢t�_*u �xZj¦�rDs\z�k�r��
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GC,m
t−1

¡\w�£ £N©D_*zomouvq�_pkB�cZ�rDko_e�l_^�xz�_*_eZ�wxk
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i ∈ {0, . . . , n} ¡�m�Z\_�_*«l��_pq¤mo_p� q�Z�wxt\�x_�mor

Y i
t

u k7w����\zorX«lu ]-w%mo_^£�i
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t
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∣
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Xt ∼ xt
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x
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v0
w�t�� R0 = {v0}

§
=��Émo_^z

vt
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Γ(vt)∩P = ∅ ¡ vt
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|}s�k}m·¦N_��®rDzo_
vt

uvk�wx�\�l_p� m�r�u­mp¡Bw�t��
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t
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t
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i
!"���O�����IM3�

∑

j>i j|Vj | ≥ d
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i>i0
|Vi|

�

� � ½¬½	� ��� �
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� � � ��� � � � � ������� � � �!� � � � � ����� �
� � � ������� � � � ��� � � � ��� ��� � � � �����
� � � � � ��� � � ������� � � �!����� � � ��� � �

� ����
�� ����� 
	� � � � 
 
 � � � 
���� 
 ��� ��� � � �	������	
	
m h = 2 h = 3 h = 4 h = 5� � � ��� � �
� � � �����!� � � ����� �
� � � ����� � � ������� � � ��� � �
� � � ��� � � � � ��� ��� � � ������� � � ��� � �
� � � ��� � � � � ������� � � ������� � � �������
� � � �����!� � � ������� � � ����� � � � ��� � �

� tamoZ�_�q^wxko_{rx�N�lrD]7u t�w�mou t\�eko_�m�ke?
h = 1

A �B_�q*wxt(µ�t��aknmoz�rxt��x_*z £�r%�._*z�¦Nrxs\t���k��®rxz�moZ\_�]�u t\u�]-wx£\knu �*_
γ1

rx�?w��lrD]7u t�w�mou t\�ako_�mp§�Y�Z�_Kw�z��xs�]7_^tTm{u k{¦�wxko_^�·rxt�moZ�_¨µ�z�knm{]�rx]�_*tTmB]�_*moZ\rl�·¦ji7�\z�r%©Tu t\��m�Z�w%m
rx��wx£�£ kn_*m�kcrx��w��Du�©D_*tLknu �*_

s
¡\m�Z\_(ko_�m�rx��©D_*zomouvq�_^k {1, ...., s} u k�m�Z\_�]�rDknm�£ u�¶D_*£ i·mor·�\rx]�u�t�w%mo_D§ _�rxz

m ≥ 2
moZ�_�£�r%�._*zc¦Nrxs�t��\kKu�t~Y�w�¦\£ _OC(wxzo_)m�Z\rDko_�_^knm�wx¦\£ u koZ\_^��u t"moZ\uvkK�.wXiD§.Y�Z\_(�\zorjrx�Çk�w�z�_��xu ©x_^t

u t�gl_^q¤m�u�rDt�k �j§WCx§WCx¡ �j§WCx§Ñ�)¦�_^£�r%� �®rDz{m�Z\_es�w�z�w�t��·�\zo_*�®_*z�_*tTmouvw�£9w%mom�wDq�Z\]�_*tTmB�\z�rlq�_pkoko_^k{zo_pkn�N_^q�mou ©x_*£ ix§
_�rxz

m = 1
moZ\_)£ r%�B_^z{¦Nrxs\t��\k.u�t"Y wx¦\£ _�C)q�rx]�_¨�®zorD]�w(�\z�_^q*u ko_Kwxt�w�£ ilknuvkBr��¢moZ�_Km�zo_^_eknmoz�s�q�mos\z�_¨rx�

m�Z\_��xz�w���Z��\z�rlq�_^k�k � �®s\znm�Z\_*z��\_�m�wxu�£?u k��Du�©D_*t�u�t~gj_pq¤mou rxtBb\§

Õ Õ
Ú�k *�*¤á��
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7 �
	 �
	 �{½j¼(¹ ��� ½ �38 ¾�� �´½ �·� � ¹ � �l�	
 � ½ � ¹ �p�

�B¹ � � � � �(�4���1� � �R� ���I� �e!3�
��M��)�I�K�
f(x, y) : IR → IR

� ���HM3� ���H��� �H!"���T�3�NM3� 2H�<�����%���<�����H�L�S�R���
m
�

���4���1�[� �N� ���)���a2H�<�����%���<�[�h�h�K�g�P�
�[-3���
d = d(m)

�0�R�Ii����3�B- �
f(m, d) = 1

�]���HMh� ���4���D� ��� �^� � ���H�"�1�
� � �(� �N�K� ���(���%�����'���"� ���

GR,m
t

� !*���:9.�[�����O�<���
dt
�

�(�H� ����� �H�"� � !
d
!"�������H��i��3�3�P!"�"������� �H����� !

m
���1�*�N���<��� ���@���H��!"�K���^���>����� �S�R-"�^�<;

m = > ? @ A B C
d(m) D � >,BFE�GH@ D � =IE6BJEI? D � =H@KE�E�= D � =J>6AJG6= D � =�=IDF>LC D � DIGIE�CFB D � DJE�GIE,B

� � ½¬½	� � � t moZ\_��\z�rTrx���B_�wxk�kns�]7_�moZ�w�mam�Z\_
t
©x_^znm�u q*_^k�u t

GR,m
t

wxzo_�£ wx¦�_^£�£ _^�
1, 2, . . . , t

§ Y�Z\_
wxzo�Ds\]�_*tTm�u k�wDk.�®rx£ £�r%��kcQ
?Çu A �?_�m S∗ = [s] = {1, ..., s} ¡j£ _�m |S| = s

¡\moZ\_^t

� �
(S dom. S) ≤ � � (S∗ dom. S∗

)
§

?Çu�u�A0_\rDz
s ≤ dt

¡\moZ\_^zo_�uvkcw-q�rDt�k}m�w�tTm
c < 1

kns�q�Z�m�Z�w%mcm�Z\_�_�«l�N_^q�mo_^��tjs\]a¦�_^zcr��G�lrx]�u t�w%m�u�t\�-ko_�m�k
rx��kou��^_

s
uvk�w%mc]�rDknm

(

t
s

) � �
(S∗ dom. S∗

) = O(ct)
§

Y�Z�_cµ�z�k}m{]�rD]7_^tTm{]�_�moZ�rj��u ]��\£ u�_pkQm�Z�w%mBw�§ w�§ k^§ moZ\_^zo_�uvkQt�r��lrx]�u t�w%m�u�t\�akn_*m S r��¬kou��^_¨w%mB]7rTk}m
dt
§

� � ½¬½	�{½	�"M �ON � °²_�z�_*�Tw�z��(m�Z\_
m
rxslmo¥=_p�l�x_pk

(e1, ..., em)
r��¬w�tjia©x_*zomo_*«�wDkG£vw�¦N_*£ £�_p�-w�t���rDz��l_^zo_p�

koremoZ�w�m{w�£ £
t
©D_*zomo_*«��xz�w��\Z�k

G
Z�wX©x_.moZ�_�kowx]7_��\z�rx¦�w�¦\u £�u�m}i�u tam�Z\_cs�wxzG�xz�w��\Za�\zorlq*_^k�k�u�_D§ � �

(G) =
1/((t− 1)!)m §D?QPG_*zomo_*« v0 Z�wDk m £�rjrD��khA�§
+eu ©x_^t�w·��w�zomou�mou rxt

(S,S)
r��

[t]
�cu­m�Z |S| = s

¡9£ _�m
u
¦N_(m�Z\_�kn]-w�£ £ _^knmK_*£ _*]�_^tDm

u = vi ∈ S kns�q�Z
m�Z�w%m{moZ\_Kt\_�«jm{©D_*zomo_�«

v = vi+1 ∈ S u t-m�Z\_�t�w�mos\z�w�£�rxz��l_*z�u�t��
1, 2, . . . , t

§ � �
u
�lrj_^kQt\r�m{_*«lu knmQmoZ�_*t

S = S∗ §
°²_�ko�.wx�

u, v
mor-�Du�©D_¨m�Z\_���w�zomou�mou rxt

(S ′,S ′)
�cZ\_*z�_ S ′ = S − v + u,S ′ = S − u+ v

§G°V_��\z�r%©x_
m�Z�w%m

� �
(S dom. S) ≤ � � (S ′ dom. S ′)

§

ÿ���Õ¬ÿÉü
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°²_��lr�m�Z\uvkK¦ji~koZ\r%�cu t\�-moZ�w%m)�®rxze_*©D_*z�i��Dz�wx�\Z
G ∈ {S dom. S} �®rxze�cZ\uvq�Z~moZ�_�ko��w����l_pk}m�zor%ilkm�Z\_��lrD]7u t�wxt�q�_)�\z�rx�N_*zom}ix¡ju _x§

G 6∈ {S ′ dom. S ′} ? G uvkc�xrjrl�·¦�slm��xrj_^k�¦�wx��rxtLkn��w����\u�t���AQmoZ\_^zo_
uvk�w~s\t�u��Ts\_�¦�wx� �xz�w��\Z

H = H(G)
?
H 6∈ {S dom. S} A��cZ�u q�Z ¦�_pq�rx]�_pk(�DrTrl� rDt ko�.wx�\�\u t\�

?
H ∈ {S ′ dom. S ′} A¤§ Y�Zjs�k(moZ�_"ko_�m�r��K�xrjrl� �xz�w��\Z�k(uvk7r��¨t\rDtl¥Ø�l_^q*zo_pwxkou�t\�Vknu �*_ ?Çwxt�� Z\_^t�q�_

��zorD¦�w�¦\u £ u­m}i4ABrxt"kn��w����\u�t���§
d~rxz�_{�®rDzo]-w�£ £ ix¡�£ _�m

G(t) = GR,m
t

�l_^t\r�m�_Bm�Z\_�ko��wxq*_.rx��s�wxzG�xz�w��\Za�\z�rjq*_^k�kn_pk�w%�Émo_^z�moZ\_
t
¥=moZ�©x_^znm�_�«

Z�wxk ¦�_^_*tawD�\�l_p�¢§��?_�m S ¦N_.moZ\_��luvk}m�u�t\�Ds\uvknZ\_p�(ko_�mp§*�¬_*m����~�l_*t�r�mo_BmoZ�_.kos\¦�ko_�m�r��
G
�cZ\uvq�Z(uvk��xrjrl�

�®rDzc¦�rxmoZ S w�t�� S ′ ?Çu�_D§���� = {G : S dom. S} ∩ {G : S ′ dom. S ′} A.w�t��"kou�]�u £ wxzo£ i���� , ��� , ���Q¡kor-m�Z�w%m���� u k¨moZ\_7kn_*m¨r��Q�Dz�wx�\Z�kc�cZ�u q�Z�wxzo_(�xrjrl���®rxz
S
¦�slmet�r�m S ′ _*m�q�§KY�ZTs�k���� , ��� , ��� , ���uvk�w(��w�zomou�mou rxt·rx�

G
§G°V_)�l_�µ�t\_O?®¦N_*£ r%�$A{warxt\_*¥=rDt\_¨]-wx�

φ : G → G
kos�q�Z·m�Z�w%m

φ(
���

) ⊆ ���.§ � m
�®rD£�£ r%��kBmoZ�w�m

|{G : S dom. S}| = | ��� | + | ��� |
= | ��� | + |φ(

���
)|

≤ | ��� | + | ��� | = |{G : S ′ dom. S ′}|.
° u�moZ korx]�_�wx¦\s�ko_�rx�Kt\rxm�w�mou rxt¬¡Q�._Lwxk�knrlq*u w�mo_�rDslm

(x)
moZ\_Lko_��Ts\_^t�q�_�r��erxslmo¥=_p�l�x_pk(rx�K©x_^znm�_�«

x�cu�moZ�moZ\_a](s\£�mou�¥Økn_*merx�Gmo_*z�]�u�t�w�£�©x_*zomouvq�_pk*¡9w�t��~knu ]�u�£vw�z�£ i��®rDzKu t
(x)

?®moZ\_�ko_��Ts\_*t�q�_(rx�{u tl¥=_p�l�x_pk�rx�
x
rDz��\_*z�_^�·t�w%mos�z�wx£�£ i4A{�cu�moZ�m�Z\_*u z�u t\u­m�u wx£¢©x_^znm�u q*_^k^§

�]�K�4���)���HM��%�I��� � !
φ
� �¬_*m

[t] = (1, 2, ..., u − 1, u, v, v + 1, ..., t)
�cZ\_*z�_

u, v
w�z�_ moZ�_ ko�.wx�

��w�u z^§Ï`Brxt�kouv�l_*z.moZ�_e�Dz�wx�\Z
G
§

�?_�m
i(x) =

u t
(x) ∩ [v + 1, ..., n]

w�t��
o(x) =

rDslm
(x) =

rxslm
(x) ∩ [1, ..., v]

§
�?_�m

i′(u) = i(v), i′(v) = i(u)
§

�]���"�����4��� ���4���1�T� � �(� �3�����
(v, u)

� �?_�m
o′(u) = o(v), o′(v) = o(u)

§
`BrDt�knmoz�s�q¤m

φ(G) = H(G)
�®z�rx]

G
¦ji�z�_*�\£vwxq*u�t��

i(x), o(x)
¦Ti

i′(x), o′(x), x = u, v
§QY�Z\_��xz�w��\Z

H
uvkcs\t\u �Ts\_*£ i�wxk�korjq*u w�mo_p�·�cu�moZ

G
¡�wxk.�._�q*wxt�z�_^q*rxt�knmoz�s�q¤m

G
�®zorD]

H
§

�]���"� ���4�K� ���4���1�����1�[�3�������
(v, u)

�
�?_�mcm�Z\_
(v, u)

_^�l�D_^k�¦N_ {ek, k ∈ K} �cZ\_*z�_ K u�t��\_�«l_^k�m�Z\_*u z
rlq^q�s\z�zo_^t�q�_pk.u�t

(e1, ..., em)
§ �¬_*m {fk}

¦N_)moZ\_)rDslmn¥´_^�l�D_^k�rx�
u
�cu�moZ�moZ\_�k�w�]�_)u t��l_�«�kn_*m^§

�?_�m
o′(u) = o(v) − {ek} + {fk}

¡\£ _�m
o′(v) = o(u) + {ek} − {fk}

§
Y�Zjs�k

v
¶x_*_^��k�u�m�k�rxs\m�_^�l�D_^k.mor

u
¡�w�t��

u
¶x_^_*��k�u�m�k�rxslmc_^�\�x_^k��cu�moZ�m�Z\_�kowx]�_e£vw�¦N_*£vk^§

� � moZ\_^zo_)uvkct\r
(v, u)

_^�l�D_)wxt��
G ∈ ����m�Z\_*t H �.wDk�¦�wx��¦\slmc¦N_^q�rD]�_^k��xrjrl� ?®u _x§

H ∈ ����§]_\rxzp¡u t
H
¡
u
?®t\r%��u t~m�Z\_a�\rx]"§eko_�m�A�Z�wxkcm�Z\_

v
_p�l�x_pkc�®z�rx]

G
¡¬w�t��

v
?Çt\r�£ rxt��x_*zKu�t~moZ\_��lrx]"§)kn_*m3A

�Dr�m�moZ�_
u
_^�l�D_^k.�®z�rx]

G
§

� �9m�Z\_*z�_�uvkBw
(v, u)

_p�l�x_Kw�t��
G ∈ ���Q¡DmoZ�_*t u �lrx]�u t�w%m�_^k v w%�Ém�_*zQm�Z\_¨ko�.wx�¬¡�|}s�k}m�wxk v �lrx]�u t�w%m�_^�

u
¦N_��®rxz�_x§aY�Z\_au t�_p�l�x_pk¨Z�wX©x_(¦N_*_^t²ko��w��\�N_^�Lr%©D_*zKmor��\z�_^ko_*z�©x_(wxtTiL�lrD]�u�t�wxt�q�_7�cZ\uvq�Z

v
]-wx�l_

Õ Õ
Ú�k *�*¤á��
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�����g���S�

�cu�moZ�moZ\_^] ?®t\r%��]-wD�l_(¦ji
u
A�§�Y�Z\_a_p�l�x_7kn_*m {fk}

��wxkKt\r�met\_^q*_^k�kowxzoi��®rxz
G
mor�¦�_7�xrjrl�¢¡¢wxk

v�\rx]�u�t�w%mo_p�
u
wxt��

u
�\u �at\r�mQ�lrD]�u�t�w�mo_cw�tjij¦Nrj�\ix§ � �

v
�lrx]�u t�w%m�_^�7w�tjij¦�rl�li(_*£vkn_.�cu­m�Z

o(v)−{ek}m�Z\_*t
u
knmou £�£ �lrj_^k�u�m��cu­m�Z

o′(u) = o(v) − {ek} + {fk}
§GY�Zjs�k

H
u k��xrjrl�¢§

� � ½¬½	�c½	��M � �ON � �?_�m
S∗ = [s]

§G°V_�Z�wX©D_¨m�Z�w%m

� �
(∃ �\rx]�u�t�w%mou t\�-ko_�m

S, |S| = s) ≤
(

t

s

) � �
(S∗ dom. S∗

).

�?_�m
s = dt

moZ�_*t
(

t

s

)

≤
(

1

dd(1 − d)(1−d)

)t

,

wxt��

� �
(S∗ dom. S∗

) =
∏t−1

v=s

(

1 −
(

1 − s
v

)m)

= exp
∑t−1

s log
(

1 −
(

1 − s
v

)m)

= exp(1 + o(1))
∫ t

s+1 log
(

1 −
(

1 − s
v

)m)

dv

= exp(1 + o(1)) dt
∫ 1

d x
−2 log (1− (1 − x)

m
) dx.

Y r�rx¦lm�w�u t
(m, d)

wDk��xu ©x_*t��._)q*rx]��\slm�_)moZ\_�£vw�z��x_pk}m
d
kos�q�Z�m�Z�w%m

(

1

dd(1 − d)(1−d)

)

exp d

∫ 1

d

x−2 log (1 − (1 − x)
m

) dx < 1.

2
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	 � � �{½j¼(¹ ��� ½ �38 ¾�� �´½ �·� � ¹ 
 � ¹ �´¹ � ¹ 89� �;��(��l�*�p�\� �*� ¹ 89� 
�� ½ � ¹ �p�

�B¹ � � ��� �(�4���1� � �R� ���I� �e!3�
��M��)�I�K�
f(x, y) : IR → IR

� ���HM3� ���H��� �H!"���T�3�NM3� 2H�<�����%���<�����H�L�S�R���
m
�

���4���1�[� �N� ���)���a2H�<�����%���<�[�h�h�K�g�P�
�[-3���
d = d(m)

�0�R�Ii����3�B- �
f(m, d) = 1

�]���HMh� ���4���D� ��� �^� � ���H�"�1�
� � �(� �N�K� ���(���%�����'���"� ���

GC,m
t

� !*���:9c����� �O�<���
dt
�

�(�H� ����� �H�"� � !
d
!"�������H��i��3�3�P!"�"������� �H����� !

m
���1�*�N���<��� ���@���H��!"�K���^���>����� �S�R-"�^�<;

m = > ? @ A B C
d(m) D � =�C ?KC G D � =�DIDIGIE D � D�C<DIGIG D � D�A @I@L? D � DH@K?IG6= D � DI?6BIBJ? D � DJ?6=J?6D

� � ½¬½	� � Y�Z\_{w�z��xs�]7_^tTm¬u k9m�Z\_Bk�w�]�_QwDk9moZ\_{rxt\_Qs�kn_p�¨�®rDz¬m�Z\_Qs�wxz¬�xz�w��\Z)�\z�rlq�_pkok9u _x§ �B_Q��zor%©D_ m�Z�w%m
�®rDzQw�tjiako_�m

S
rx�9kou��^_

s
moZ�_*t � �

(S dom. S) ≤ � � (S∗ dom. S
∗
)
�cZ\_*z�_

S∗ = [s] = {1, ..., s} §�=Kk

ÿ���Õ¬ÿÉü
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¦N_��®rDzo_D¡D�._K�\r�moZ�u k.¦ji�]7r%©ju t\��m�Z\_K©D_*zomouvq�_pkQr��¢m�Z\_)�lrx]�u t�w%m�u�t\�7kn_*m
S
�\r%�ctT��w�z��¢§���r%� Z\r%�._*©D_*zp¡

u tLm�Z\_aq^wxko_��cZ\_*z�_�moZ�_*z�_(uvk¨w
(v, u)

_p�l�x_D¡Nko��w��\�\u t\�-_p�l�x_pk�¦N_�m}�._*_*t~moZ\_a©x_*zomouvq�_pk
u, v

q^w�t�wx£­m�_*z
m�Z\_��\z�rx¦�wx¦\u £�u�m}i·r���moZ�_��xz�w��\Z�k^¡lu _x§ � �

(G) 6= � � (φ(G))
¡9w�t��"korx]�_�q*w�z�_)u k�t\_*_p�l_^��mor�r%©D_*z�q�rx]�_

m�Z\uvk¨�\z�rx¦�£�_^]�§ � t~rxz��l_^z�mor��x_*mKw·�\z�_^q*u ko_�©%w�£ s\_(�®rxz � �
(G)

�._(�.rxz�¶�u tLm�Z\_ak�q*wx£�_*¥;�®z�_*_�]�rl�l_^£ rx�
�.rD£�£ rx¦�wDk¨wxt����cu rxz��\wxt¬§T=��®s\£�£Q�\_^k�q�z�u��lm�u�rDt�rx�QmoZ\_7]�rl�l_*£Qq^w�t�¦N_a�®rxs\t��Vu tf:Ñ�.;´§(Y�Z\_�koq^w�£ _�¥=�®zo_^_
]�rl�l_^£?�lu��N_^z�k�ko£ u��DZDm�£�i·�®zorD] rxs�zc�\zo_*�®_*z�_*tTmouvw�£¬w�mnm�wxq�Z\]�_*tTmT?®��s\zo_�q*rx�ji4AB]7rl�l_^£¬u t"moZ�w�m�£�rjrx��kcw�z�_
wx£�£ r%�._^�¢§a°V_-q�rDt�kou �l_^z)moZ\_-q^wxko_

m = 1
¡?wDkemoZ\_��D_*t\_^z�wx£�q^wxko_auvk)_^wDknu £ i��l_*z�u ©x_^�~�®zorD] moZ�u k^§�°V_

Z�wX©x_

� �
(vt

q�Z�rTrTkn_pk
u) =

�l_*�
(u, t− 1)

2t− 1
� �

(vt
q�Z\rjrDko_^k

vt) =
1

2t− 1
,

�cZ�_*z�_
deg(v, t)

uvkcm�Z\_(�l_^�xz�_*_�r��G©D_*zomo_�«
v
w�m�moZ�_�_*t��"rx�Qk}m�_*�

t
§D_\rDzcµ\«l_^�

t = n
m�Z\_(k�q*w�£ _�¥=�®z�_*_

]�rl�l_^£Qu k��®rxz�](s\£vw%m�_^�²wxk�wLq�rDtlµ��Ds\z�w�mou rxtV]7rl�l_^£Qrxt²m�Z\_·_^�\�x_�_*t��\��rDu�tTm�k^¡?£vw�¦N_*£ £ _^�
1, ..., 2n

§'=
��w�u zou t\� P r��BmoZ\_-_^t��l�Nrxu tTm�k��l_pkoq*zou ¦N_^kKmoZ\_·ko_�m�rx�._p�l�x_pk*¡?wxt��²w�t²_^�l�D_7uvk�q�rD]��\£�_*mo_p�Vw�m(k}m�_*�

ku tLm�Z\_(£ u�t�_^w�zKrxz��l_*z
1, ..., 2n

u­�Gm�Z\_7£ wxzo�D_*z��Nrxu tTmKu tLmoZ\_a��w�u z�u�t\��u k
k
§ +eu ©x_^t�w-�Nrxu tDm

k
¡NmoZ\_a£�_*�Ém

��w�zomouvw�£?��w�u zou t\� L u k¨moZ�_a��wxznm�u wx£?��wxu�z�u t\�·rxt
1, ..., k

¡�m�Z\_(z�u �xZTmK��wxznm�u wx£?��wxu�z�u t\� R uvk�m�Z\_7��w�zomouvw�£
��w�u zou t\�7rxt

k + 1, ..., 2n
¦Nr�m�Z�rx���cZ�u q�Z�]-wXi·Z�wX©x_)korx]�_�q�rx]��\£ _�m�_^��_^�l�D_^k^§>=¯�®s\znm�Z\_*z¨]�w�m�q�Z\u t\�

rx� s\t���w�u zo_p���Nrxu tTm�kc¦N_�m}�._*_^t�m�Z\_���wxznm�u wx£¢��w�u zou t\�Tk.q*rx]��\£ _�m�_^k P §{gj_^_�:Ñ�<;?�®rxzc]�rxz�_��l_�m�w�u £;§
=Kk7s�kns�w�£c£ _�m

i′(x), x = u, v
¦N_�m�Z\_j?®]�rl�lu�µ�_^�HAau tl¥Ø�l_*�Dzo_^_ ?Çrxz-wxk�knrlq*u w�mo_^� kn_*m�rx�¨u tl¥=_p�l�x_pkhA(r��

©D_*zomo_*«
x
§�Y�Zjs�k

i′(x)
uvkcm�Z\_�u tl¥´�\_*�xz�_*_�_*«\q�_*�\m�moZ�w�m

i′(u)
�lrj_^k�t�r�m¨u t�q�£ s��l_(moZ\_(_^�l�D_

(v, u)
u��Qu­m

_*«lu knm�k^§#�?_�m
i′(u) = a1, i

′(v) = a2
§cY�Zjs�kcm�Z\_�u tl¥´�\_*�xz�_*_�rx�

u
u k
a1 + 1

u­�
(v, u)

_�«luvk}m�k¨wxt��
a1

u��
t�r�m^§!�?_�m

G(a1, a2)
¦N_Kw��Dz�wx�\Z-�cu­m�Z-moZ�_^ko_¨u tl¥´�\_*�xz�_*_pkQw%m

u, v
z�_^ko��_pq¤mou ©x_^£�iD§�Y r(k�wX©x_crDt·t\r�m�w%m�u�rDt

�._¨£ _�m
ai
¦�_KmoZ�_K]as\£­m�u­¥Øko_�mcr�� �\u knmou t\�xs�u koZ\_^��u�t\¥=_p�l�x_pkBwDk{�._*£ £¢wxk{moZ\_�ko_�mcknu �*_D§�°²z�u­m�u�t\�

G(a2, a1)]�_pw�t�k(moZ\_�u tl¥=_p�l�x_pk�rx�
u, v

rxmoZ\_^z(m�Z�w�t
(v, u)

Z�wX©D_�¦N_*_*t kn��w��\�N_^�¬¡Qw�t��
φ(G(a1, a2))

]�_pw�t�k
m�Z\_�rxslmo¥=_p�l�x_pk¨rxmoZ\_^zemoZ�wxt

(v, u)
w�t��Vu�m�k�q�rDzoz�_^ko�Nrxt��lu t\�·£vw�¦N_*£ £ _^�V_^�l�D_R?Çk3Aew%m

u
Z�wX©x_�w�£vknr�¦N_*_*t

ko��w��\�N_^�¢§�°²_Ks�ko_
a1 + a2

�®rxz�kn_*m.s�t\u�rDt¬¡j�\z�_^ko_*z�©Tu t\��]as\£�mou �\£�uvq�u�m}ix§GY�Z\_e]�_^wxt\u�t��(�cu £�£¢w�£ ��wXijk{¦�_
q*£�_pw�z.�®z�rx]/m�Z\_�q�rDtDm�_�«jm^§
�?_�m

u = xk
¦�_amoZ\_

k
¥=moZ~©D_*zomo_*«9¡Nw�t���knr

v = xk+1
§)gjs��\��rTkn_(moZ�w�m

xk
moZ�_

k
¥=moZ~z�u �xZTmK_^t��l�Nrxu tDm

Z�wxk�£vw�¦N_*£
2k + s+ a1 + 1

wxt���moZ\_
(k + 1)

¥=moZ"z�u��DZDm�_*t��l��rDu�tTm�Z�wDk�£ wx¦�_^£
2(k + 1) + s+ a1 + a2u t�moZ�_·£�u t\_pw�z�rDz��l_^z^§ � ��moZ\_^zo_�u k(t\r~_^�\�x_

(v, u)
£ _�m(m�Z\_

(k − 1)
¥=moZ z�u��DZTm�_*t��l�Nrxu tTm(Z�wX©D_-£ wx¦�_^£

2(k− 1) + s+ 2
wxt��·u��?m�Z\_*z�_Kuvk�w

(v, u)
_^�l�D_K£ _�m�u�m�Z�wX©x_¨£vw�¦N_*£

2(k− 1) + s+ 1
§GY�ZTs�kB©D_*zomo_*«

uZ�wxkcu tl¥Ø�l_*�Dzo_^_
a1

u t"moZ�_�µ�z�k}m¨q^wxko_�w�t��
a1 + 1

u�t"m�Z\_(ko_^q�rDt��"q*wDkn_D§ � tL_*u�moZ�_*z¨q^wxko_�©x_*zomo_*«
v
Z�wxk

u tl¥Ø�l_*�Dzo_^_
a2

wxt��·m�Z\_*z�_�w�z�_
s
s\tl¥´��wxu�z�_^��£ wx¦�_^£ kcu t�moZ\_�£ _��Ém���w�zomouvw�£¢��wxu�z�u�t��arx��©D_*zomo_�«

xk−1
§

_�rxz
t
_^©x_*t?¡%£�_*m

Φ(t)
�\_*t\rxmo_BmoZ\_�tjs\](¦N_*z�rx����wxu�z�u�t��Dk r��

t
��rDu�tTm�k^¡�w�t���m�ZTs�k

Φ(t) = t!/((t/2)!2t/2)
§

°²_ q*wxt>�cz�u­m�_²�lr%�ct>moZ\_��\z�rx¦�w�¦\u £�u�m}i r��amoZ\_��xz�w���Z
G(a1, a2)

u�t±moZ�_Vm}�.r q*wxko_^k�wxk��®rD£�£ r%��k�Q
� �

(G(a1, a2)) = FLFR,L/Φ(2n)
�cZ\_*z�_

FL
u k(moZ\_�tjs\](¦N_*z7r��K£�_*�Ém7��wxznm�u wx£{��wxu�z�u t\�Dk(r��

2(k +
1) + s+ a1 + a2

£vw�¦N_*£vk¨wxt��
FR,L

uvkcmoZ�_(uvkcmoZ�_�tjs\](¦N_*zKr��Gq�rx]��\£ _�m�u�rDt�k��cu�moZ"m�Z\_(z�u �xZTm���w�zomouvw�£

Õ Õ
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��w�u zou t\�7rxt
2n− (2(k + 1) + s+ a1 + a2)

£ wx¦�_^£ k^§ � t�_*u�moZ\_^z¨q*wDkn_

FR,L =

(

2n− (2(k + 1) + s+ a1 + a2)

s+ a1 + a2

)

(s+ a1 + a2)!Φ(2(n− ((k+ 1) + s+ a1 + a2))).
? C.A

� ��moZ�_*z�_euvkct\r
(v, u)

_^�\�x_emoZ\_^t

FL = (2k + s− 1)(2k + s− 2)(2k + s− 3)

(

2k + s− 4

s

)

Φ(2(k − 2)),
?;�RA

wxt���u­��moZ\_^zo_�uvkcw
(v, u)

_^�l�D_Km�Z\_*t

FL = (2k + s− 2)(2k + s− 3)(a1 + 1)

(

2k + s− 4

s

)

Φ(2(k − 2)).
?I5�A

Y�Z�_�µ�z�knm�m}�.r�mo_*z�]-k�rxt�m�Z\_·z�u��DZTm�wxzo_��®rDz
xk−1, xk = u

q�rD]7��£�_*mou t\�~w"��w�u z�u�t\�~wxt��VmoZ\_·moZ\u z��
uvk¨�®rxz

xk+1 = v
§�°²_(m�Z\_*t²q�Z\rjrDko_

s
�Nrxu tDm�k��®rDzemoZ\_7£�_*�Émn¥´zou �xZTme��w�u zou t\��w�t�����w�u z¨m�Z\_7zo_^]�wxu�t�u�t\�

�Nrxu tTm�k�rDt�m�Z\_)£�_*�Ém^§
_�zorD]/moZ�_�w�¦Nr%©x_)_�«l�\z�_^k�knu rxt�kB�._�kn_^_)moZ�w�m�u­��moZ�_*z�_�u kct�r7_p�l�x_

(v, u)
u t
G
m�Z\_*tL_*«j��zo_pkokou�rDt�ka? C<A¤¡

?=�NA.w�z�_)s\t�q�Z�wxt\�x_p��rDt�ko��w��\�\u t\��w�t�� � �
(G) =

� �
(φ(G))

§ � ��moZ\_^zo_�uvkcw�t�_^�\�x_
(v, u)

moZ\_^t
� �

(G(a1, a2)) = c(a1 + 1)
?IX�A

� �
(φ(G(a1, a2))) =

� �
(G(a2, a1)) = c(a2 + 1)

?=�NA
�cZ�_*z�_

c
uvk��xu ©x_*tªwx¦�r%©D_x§�°V_�kn_^_~m�Z�w%m"u­�

a2 < a1
�._Vq*wxt\t\rxm�s�ko_~m�Z\_Vs�w�z��\zorjrx���cu­m�Z\rxslm

]�rl�lu�µ�q*w�mou rxt¬§
��_^q*wx£�£�m�Z�w%m ���¯uvk�m�Z\_~kn_*m·r��)�xz�w��\Z�k��cZ\u q�Z wxzo_"�xrjrl� �®rxz

S
?
S
�lrD]�u�t�w�mo_pk

S
A�¦\slm�¦�wx� �®rxz

S′ = S + u − v
?
S′ �\rT_pk�t\rxma�lrD]7u t�w�mo_ S′ A¤§�bKs\z(wx�\�\z�rDwDq�ZVuvk�m�r~��w�zomou�mou rxt ��� u tDm�r�ko_�m�k

C�cZ�u q�Z�Z�wX©x_em�Z\_��\z�rx�N_*zom}i � �
(C) ≤ � � (φ(C))

§ � t���zo_^��w�z�w%m�u�rDt·�®rxz�m�Z\uvkc�B_)t\rxmo_RQ
�?_�m

σ = dn/ logne ¡\£�_*m

BI = {G : ∃i ≥ σ
kos�q�Z�m�Z�w%m

G
Z�wxkcw�mc£�_pwxknm��7_p�l�x_pk

(xi+1, xi)}
BII = {G : ∃j > i ≥ σ

kns�q�Z�m�Z�w%m
G
Z�wxkcwxt�_p�l�x_

(xi+1, xi)
wxt��"w%mc£ _^wxknm¨�a_^�l�D_^k

(xj , xi+1)}.
��wDkn_p�-rxt�moZ\_�wx£�]�rDknmckns\z�_e]�w�«lu�]as\]��l_*�Dzo_^_¨rx� ©x_^znm�_�«

x
w%m�knmo_*�

n
rx�

(n/x)1/2c log3 n
?;kn_^_K_^��§

:Ñ�.;´¡�: b<;�AK�®rxz�w�£ £
x ≥ σ

�B_-ko_*_7moZ�w%m � �
(BI) = O(log n/n)

w�t���moZ�w�m � �
(BII) = O(log6 n/n)

§
Y r7m�wx¶x_�wx�l©%wxtDm�w��D_Krx�?moZ�u k^¡\�._et�r�mo_)m�Z�w%m

� �
(S dom. S) ≤ � � (S ∪ [σ] dom. S \ [σ]).

Y�Zjs�k��._)t\_*_p��rxt\£ i�q�rDt�kou �l_^z�kn��w���kBrDt
[σ + 1, ..., n]

wDk
[σ]

uvk�wx£���wXilk{u t�moZ\_��lrD]�u�t�w�mou t\�-kn_*m^§
�?_�m

Au = {G ∈ ��� : ∃(v, u)
_p�l�x_)u t

G} ∩ (BI ∪ BII),

ÿ���Õ¬ÿÉü
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£ _�m
Bu =

��� ∩ (BI ∪ BII),
wxt���£�_*m

Cu = {G ∈ ��� :
t�r-_^�l�D_

(v, u)}.
Y�Z�_��\z�rTrx���®rDz

C
�®rD£�£ r%��kQ�lu zo_pq¤m�£�i(�®zorD] m�Z\_¨s�wxz{q*wDkn_�wDk � �

(G) =
� �

(φ(G))
§�=�£vkor�� �

(∪uBu) =
O(log6 n/n)

§�Y�Z\_��\z�rjr����®rxz
A
uvkQkou�]��\£ u�µ�_^��¦ji�m�Z\_�_^©x_*tTm

BI
wDk�moZ\_^zo_¨u kG_*«\wxq¤m�£�iarxt\_

(v, u)
_p�l�x_

m�r-q�rxt�knuv�l_*zp§
_�rxz

G(a1, a2) ∈ A
�B_)�l_*µ�t\_emoZ\_�]�u t\u ]�wx£¢�xz�w��\Z

G(α1, α2)
r��
G
wxkB�®rx£ £ r%��k�Q!�¬_*m

a2 = α2 + β2�cZ�_*z�_V_^©x_*z�i _^�l�D_�rx�
α2

uvk�t\_^q*_^k�kowxzoi �®rxz
S
mor �lrx]�u t�w%m�_

S
u�t

G
§³Y�Zjs�k�u­�

e ∈ α2
m�Z\_*t

G(a1, α2 − e)
�lrj_pk¨t\rxmKk�w%mouvkn�®i

S
�\rx]�u�t�w%mo_pk

S
¡9¦\slm

G(a1, α2)
�lrj_^k^§ � mKuvk �Ts\u�mo_a��rTkokou�¦�£�_�m�Z�w%m

α2 = ∅ _*��§�rDt\£ i-rxslm (v) �lrD]7u t�w�mo_^k�korx]�_�m�Z\u t\�(rDz v �lrD]7u t�w�mo_^kBu�m�ko_*£��}§ �¬_�m α1 = a1 + β2
§!)Q©x_^zoi

G(a1, a2)
Z�wxkcw�m�£�_pwxknm�rDt\_)]�u�t\u ]-w�£¬�Dz�wx�\Z¬§�°²_)�®rxz�]/moZ\_�ko_�m

G(a1, a2) = {G(α1 − I, α2 + I) : I ⊆ α1}.
Y�Zjs�k

G(a1, a2) = {G(α1, α2), ..., G(a1, a2), ..., G(∅, α1 + α2)}
§G°²_�q�£vw�u ]/moZ�w�m

?®u�A +eu�©D_*t
G(a1, a2) ∈ A

moZ\_^t
G(α1, α2)

u k�s\t\u �Ds�_x§
?Çu�u�A

G(a1, a2) ⊆ A
§

?®u u�u�A � �
G(a, b), G(a′, b′)

wxzo_��luvk}m�u�t�q¤m�]�u�t�u�]-w�£?�xz�w��\Z�kBm�Z\_*t

G(a, b) ∩ G(a′, b′) = ∅.
?Çu�©4A�Y�Z\_�ko_�m�k

G(α1, α2)
��wxznm�u­m�u�rDt

A
§

�?_�m
G(a1, a2)

Z�wX©x_.m}�Br)�luvk}m�u�t�q¤m{]�u t\u�]-wx£l�xz�w��\Z�k
G(α1, α2), G(α′

1, α
′
2)
wxt���m�Zjs�k

α2 6= ∅ § =¨k α2uvkB]7u t\u ]-w�£�moZ\_^zo_Ku k.knrD]�_¨_^�\�x_
e = (x, v) ∈ α2

kos�q�Z�moZ�w�m
v
uvkQm�Z\_KrDt\£ ia©D_*zomo_�«�r��

S
�\rx]�u�t�w%mou t\�

x
§�Y�Zjs�k

α′
2

](s�k}mawx£ kor"Z�wX©x_-wxtV_p�l�x_
e′ = (x, v)

�®rDz
v
mor~�\rx]�u�t�w%mo_

x
§�Y�Z\_-_^©x_^tDm

BII
m�Z�w%m

(v, u)
_�«lu knm�kKw�t���m�Z�w%m)�luvk}m�u�t�q�mK��wxz�wx£�£ _*£?_^�l�D_^k

e, e′
mor
v
wx£ kor-_�«luvk}m¨Z�wxk�¦N_*_^t~_�«\q*£�s��\_^���®z�rx]

A
¡

kor
α′

2 = α2
§

°²_-t\_*«Tm��\z�r%©x_amoZ�w%m�u��
G(a1, a2) ∈ A

m�Z\_*t
G(α1, α2) ∈ A

§'=Kk
G(a1, a2) ∈ ��� moZ�_*z�_7_*«lu knm�k

w�©x_^znm�_�«
x
s\t\u �Ds�_*£ i~�lrx]�u t�w%m�_^�L¦ji

v
§(gjs\�\�NrDko_

x > v
knr�moZ�w%m

α2 6= ∅ wxt��Lm�Z�w%m a1
�lrj_^ket\r�m

u t�q*£�s��\_�wxt�_^�l�D_(�®z�rx]
x
§'=�£vknr

β2 = a2 − α2
�lrj_^k)t\rxm�u�t�q*£�s��l_·w�t²_^�l�D_7�®zorD]

x
wxkem�Z\_*z�_-w�z�_

t�r-��w�z�w�£ £�_^£¬_^�\�x_^k^§BY�Zjs�k�moZ\_^zo_�uvk�t�r·_^�l�D_)�®zorD]
x
u�t
α1 = a1 + β2

¡�kor
S′ = S − v + u

q^w�t\t�r�m
�\rx]�u�t�w%mo_

x
wxt��

G(α1, α2)
u k�¦�wD���®rxz

S′ §
Y�Z�_ez�_^knmcr���moZ\_�q*£ wxu�]-k.�®rD£�£ r%�>u tLw7kou ]7u £vw�zc]-w�t\t�_*zp§ _�u t�w�£ £ i·�B_�q*£ wxu�] moZ�w�m

� �
(G(α1, α2)) ≤

� �
(φ(G(α1, α2))).

?;�RA
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�¨r�m�_�moZ�w%m � �
(φ(G(b1, b2))) =

� �
(G(b2, b1))

wxk�moZ\_7rxslmo¥=_p�l�x_akn��w���k¨r��
u, v

w�z�_�]�_^wxkos\z�_��\z�_�¥
ko_*z�©ju�t�� ?Çko_*_ ? C.A�¡ ?=�NA A�§ � mLw�£vkor �®rx£ £�r%��k·�®zorD] ? C.A�¡ ?=�NA�m�Z�w%m"u���moZ\_^zo_Vu k�t\r

(v, u)
_^�\�x_Lm�Z\_*t

� �
(G(b1, b2)) =

� �
(G(b2, b1))

§ � ��moZ\_^zo_)uvkcw
(v, u)

_^�l�D_Km�Z\_*t��®z�rx] ?)5RA�¡g?�X�A¤¡J?;�RA
� �

(G(b1, b2)) = c(b1 + 1),
� �

(G(b2, b1)) = c(b2 + 1).
=Kk

G(α1, α2) = {G(α1, α2), ..., G(α1 − I, α2 + I), ..., G(∅, α1 + α2)}
¡\�B_)Z�wX©D_

� �
(G(α1, α2)) = c

α1
∑

j=0

(

α1

j

)

(j + 1)

= c
(

2α1 + α12
α1−1

)

,
�cZ�_*z�_^wxk

φ(G(α1, α2))
Z�wDk?m�Z\_�kowx]7_B�\z�rx¦�wx¦\u�£ u�m}i)wDk {G(α2, α1), ..., G(α2+I, α1−I), ..., G(α1+

α2, ∅)}
¡\w�t���moZjs�k

� �
(φ(G(α1, α2))) = c

α1
∑

j=0

(

α1

j

)

(α2 + α1 − j + 1)

= c
(

(α1 + α2 + 1)2α1 − α12
α1−1

)

.
Y�Zjs�k

� �
(φ(G(α1, α2))) −

� �
(G(α1, α2)) = cα22

α1 ≥ 0wDk�zo_ �Ts\u�z�_^��¦ji ?Ç��A¤§
_�u t�w�£ £ i·�B_e_�«l�\£vw�u t�moZ\_)�x_^t\_*z�w�£ u �^w%m�u�rDt·r��?moZ\uvkc�\z�rjr��¬m�r�k�q*wx£�_*¥;�®z�_*_K�xz�w��\Z�kBrx�?rxs\mn¥Ø�l_*�Dzo_^_

m ≥ 2
§

Y�Z�_�koq^w�£ _�¥=�®zo_^_e]�rl�l_^£¢moz�_^w�m�k�©x_^znm�_�«
x
wxk�w�ko_��Ts\_*t�q�_

(x(1), ..., x(m))
rx��kos\¦l¥´©x_^znm�u q*_^k�rx���l_^�xz�_*_

Cew�z�u kou t\���®z�rx]
m
q�rDt�ko_^q�s\mou ©x_¨z�u �xZTmB_^t��l�Nrxu tDm�k.r��?_p�l�x_pk{u t�m�Z\_e£�u t\_^wxz�rxz��l_*z

1, ..., 2mn
§��¬_*m�moZ\_

(v, u)
_p�l�x_cu t �Ds�_^knmou rxt�¦�_

ei = (v(i), u(j))
§�°²_�kn��w��7moZ�_c_^�l�D_^kGrx�

v(i)
w�t��

u(j)
_�«\q*_*�lm

ei
w�t��

m�Z\_�q�rDzoz�_^ko�Nrxt��lu t\�7rxslmo¥=_p�l�x_
fj
r��
u(j)

§{Y�Z�_�r�moZ�_*z¨kos\¦l¥´©x_^znm�u q*_^kcw�z�_)��w�u z�_^��q�ilq�£ u q^w�£ £�i
v(i+ k)�cu�moZ

u(j + k)
�®rxz�ko��w��\�\u t\��§

�?_�m
GS = {Gm

t } ¦N_amoZ\_-ko��wxq*_(r���koq^w�£ _�¥=�®zo_^_��xz�w���Z�k¨rx�{rxs\mn¥Ø�l_*�Dzo_^_ m §aY�Z\_7ko��wDq�_
GS

uvke©x_^zoi
q*£�rTkn_¨mor(moZ\_)kn��wxq�_Kr��¬�\z�_��®_^zo_^tTmouvw�£9w%mnm�wxq�Z\]�_^tDma?®�\s�zo_eq�rx�ji4AG��zorlq�_pkoko_^k

GC = {GC,m
t } �l_^k�q�z�u ¦�_p�u t·m�Z\uvkB��w��N_*zp§ � t�_*u�moZ\_^zB]�rl�l_^£;¡jrxt�wx�\�\u­m�u�rDt�r��¢m�Z\_erxslmo¥=_p�l�x_pk

ej , j = 1, ...,m
rx�?©x_^znm�_�«

vt
¡jmoZ\_

m�_*z�]�u�t�wx£9©x_*zomo_*«-�®rxz.moZ�_e_p�l�x_
ej
uvkcq�Z\rDko_*t·¦ji�ko_*£ _^q�mou t\��w(z�w�t��\rx]/_*t��j¥=�Nrxu tTm.rx��waz�wxt��lrD] _p�l�x_

u t"wa�l_pknu �xt�w%mo_p��ko_�mp§ � t�moZ�_)k�q*wx£�_*¥;�®z�_*_e]�rl�l_*£¢w�£ £¢_�«luvk}m�u�t��a_p�l�x_pk.wxt��·Z�w�£�� _^�\�x_^k�wxzo_eu�t�q�£ s��l_^��u t
m�Z\_�q�Z\rxuvq�_D§ � t~m�Z\_��\zo_*�®_*z�_*tTmouvw�£�w%mom�wDq�Z\]�_*tTm[?Ç�\s\z�_7q*rx�ji4A�]�rl�l_^£�rDt\£ iLrxslmo¥=_p�l�x_pk¨rx�{�\z�_*©ju�rDs�ko£�i
wD�\�l_p��©D_*zomouvq�_^k

v1, ..., vt−1
w�z�_)u�t�q*£�s��l_^�¢§QY�Zjs�k�u t�moZ\_�k�q*wx£�_*¥;�®z�_*_e]�rl�l_*£

� �
(ej

q�Z�rTrTkn_pkB�®zorD]�rxslm
(v1, ..., vt−1)) =

2m(t− 1)

2m(t− 1) + 2(j − 1) + 1
j = 1, ...,m.

Y�Zjs�k.u t·m�Z\_�koq^w�£ _�¥=�®zo_^_¨]�rl�l_*£NmoZ�_)kos\¦�ko_�m
C
rx�?�\z�_��®_^zo_^tDm�u wx£Nw�mnm�wxq�Z\]�_*tTm��xz�w��\Z�k

GC
Z�wxkB�\zorD¦�w%¥

¦�u�£ u­m}i
� �

(C) ≥
t

∏

s=2

(

1 − 1

s− 1

)m

= Ω(t−m),

ÿ���Õ¬ÿÉü
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wxt���q*rxt��\u­m�u�rDt�w�£��\z�rx¦�wx¦\u�£ u�m}i�rx�{�xz�w���Z�k¨u t
C
u kKm�Z\_7q*rxz�zo_pq¤me]7_pwxkos\z�_��®rxz

GC
§�Y�Z\_�_�«luvk}m�_*tTmouvw�£

£ r%�._*z¨¦Nrxs�t��\k[?Ç�l_^zou ©x_p�~¦N_*£ r%�$Ac�®rDzemoZ\_�kn]-wx£�£ _^knm)�\rx]�u�t�w%mou t\��kn_*meu t�m�Z\_�koq^w�£ _�¥=�®zo_^_(]�rl�l_*£�Z�wX©D_
��zorD¦�w�¦\u £ u­m}i-rx� m�Z\_)�®rxz�]

� �
(
m�Z\_*z�_�_�«luvk}m�kcw��lrx]�u t�w%m�u�t\�-ko_�m

S
r��Gknu �*_ |S| ≤ dt) = O(ct),

�®rDz
c < 1

q�rDt�knm�w�tTmp§�°²_)q�rxt�q�£ s��l_�m�Z\_ezo_pkns\£�m�k�wxzo_�©%wx£�uv�-�®rDzBm�Z\_e�\zo_*�®_*z�_*tTmouvw�£Nw%mom�wxq�Z�]7_^tTm.]�rl�l_*£=§
�?_�m

S∗ = [dt]
m�Z\_*t

� �
(S∗ dom. S∗) ≤

n
∏

v=dn+1

(

1−
(

1 −
�\_*�

(S∗, v − 1)

2m(v − 1)

)m)

,

wxt����l_*�
(S∗, v) = 2mdt(v/dt)1/2(1 + o(1))

w�£ ]�rDknm�kns\z�_*£ i-�®rDz
d > 0

q�rDt�knm�w�tTmT?Çko_*_[:Ñ�<;�A¤§QY�Zjs�k

� �
(S∗ dom. S∗) = exp

t
∑

dt+1

log(1 − (1 − (dt/v)1/2(1 + o(1)))m).

�?_�m
x = (dt/v)1/2 §B`BZ\rjrDkou t\� d kns�q�Z�m�Z�w%m

1

dd(1 − d)1−d
exp 2d

∫ 1

√
d

x−3 log(1 − (1 − x)m) dx < 1

�Du�©D_^kBmoZ�_�zo_ �Ds�u�z�_^��£�r%�._*z�¦Nrxs\t��¢§�PQw�£ s\_^k�rx�
(m, d)

wxzo_e�xu ©x_^t�u t�moZ\_)m�w�¦\£ _x§

2

� # ���c�c�

_�rxz
m = 1

m�Z\_��xz�w��\Z ��zorlq�_pkoko_^k(s\t��l_^z-q�rxt�knuv�l_*z�w%m�u�rDt �x_^t\_*z�w%m�_�w�q*rxt\t�_^q¤m�_^� �xz�w��\Z �cu�moZ�rxslm
q*ilq�£ _^k^§)gjs�q�Z�k}m�zos�q¤mos�z�wx£ �\z�rx�N_*zom}i"q*w�tV¦�_7_�«l�\£ rxu�mo_p�"mor�rx¦lm�w�u t�u ]��\zor%©D_^�"£ r%�B_^z¨¦Nrxs\t��\k¨rDt

γ1
§

° u�moZ�rxslm�£�rTkok{r��¬�D_*t\_^z�wx£�u�m}ix¡Tw�tjia©D_*zomo_*«7u t�kos�q�Z-�xz�w���Z�kGm�Z�w%m.Z�wxk.w%m.£�_pwxknm{rxt\_Kt\_*u �xZj¦Nrxs\z
u ∈ V1]as�knme¦N_���w�zomerx�.w�]�u�t\u ](s�] knu �*_��lrD]7u t�w�mou t\��ko_�mp§(Y�Z\_�tjs\](¦N_*z)rx�Bkns�q�Z�©x_^znm�u q*_^keuvkK��zo_pq�uvkn_^£�i

t−|V1|−|I | �cZ\_^zo_ |I | uvk�moZ\_�tjs\](¦N_*zGrx��©x_^znm�u q*_^k moZ�w%mGZ�wX©x_.t\ret\_*u �xZj¦Nrxs\z�u t V1
§�Y�Z\_cq^w�z��lu�t�w�£ u­m}i

rx�
I
q*wxt-¦�_¨_^knmou ]�w�mo_p�-u�t-¦Nr�m�Z·]�rl�l_*£vkQ©juvw)_*u�moZ\_^zBw�]-w�zomou t\�Tw�£ _�w�z��xs\]�_*tTm{kou�]�u £ wxzGmor�moZ\rTkn_�s�kn_p�

u t��\z�_*©ju�rDs�k�ko_^q�mou rxt�k)rDz�moZ\z�rxs��xZVmoZ\_-m�_^q�Z\t�u��Ts\_-_*«j��£�rDu­m�_^�²u�t : b�;{morL_^knmou ]-w%m�_ |Vi|
§�Y�Z\_·£ r%�B_^z

¦Nrxs�t��\k�u t"Y�w�¦�£�_OCe�®rxz
m = 1

q�rx]�_)�®z�rx]/m�Z\uvk�w�z��xs\]�_^tDmp§
°²_�_^t���moZ\uvk)gj_^q�mou rxtLz�_*�Nrxzomou t\�-rxtLkorx]�_(kou�]��\£ _�_*]��\u z�u q^w�£¬z�_^kos\£�m�k��cZ�u q�ZLZ\_^£��L��slm¨m�Z\_�]-w%m�Z\_�¥
]-w�mouvq*w�£�w�t�wx£�ilkou k��N_*zo�®rxz�]�_^��knr)�ÇwxzQu tDm�r�q�rDtDm�_�«jm^§ � m{uvkQ�._*£ £\¶jt\r%�ctB: �.;�moZ�w%m{]�u t\u�]as\] knu �*_��lrD]�u­¥
t�w%mou t\�)kn_*m�kGq^w�t7¦�_.�®rxs�t��(_�E·q�u _*tTmo£ i�u t(m�zo_^_^k^§ °²_�u�]��\£ _*]�_*tTm�_^�-`Brjq�¶%wXijt\_._�mQw�£&� k�wx£��Drxz�u­m�Z\] w�t��
m�_^knmo_p��u�m�kc�N_*zo�®rxz�]-w�t�q*_x§>_\rDzc�lu �9_*z�_*tTm�©%w�£ s\_pk�r��

t
¡��B_)z�_*�N_^w%m�_^�l£ i-z�w�t�moZ\_)m}�.ra�Dz�wx�\Z��\zorlq*_^k�kn_pk

Õ Õ
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Y�w�¦\£ _aXHQ]= ©x_*z�w��D_¨©%w�£ s\_pk�rx¦lm�w�u t\_^��r%©x_^z*Cp�x�D�(_*«j�N_*z�u ]7_^tTm�k.�®rxzc_pwxq�Z�©%w�£ s\_)r��
t
§

t γ1(G
R
1,t)/t γ1(G

C
1,t)/tC^�D�x�D� 5 ��XT�l§ �D�N5 �x�KX�5\§WCp� �

���D�x�D� �<X�bx�\§ 5 �NbNb �j§ 5x�4C
5x�D�x�D� CNCX�K5N5�§ �Rb bRbD�x�\§Ñ�KbNb
XD�D�x�D� C�XT�Nbx��§ 5RbKX CRC�� ���l§WC��x�
���D�x�D� Ccb ���x�\§ XRXRb CcX �
C�X�§ � �K5
. . .C^�D�x�D�x� 5 ��XT�
CD§ �x�N5HCp� �x�KXj��X�§Ñ�
Cp�

s��·moramou ]�_
t
¡\w�t��·moZ\_^t�wx�\�\£ u�_p�-moZ�_KrD�lmou ]-w�£¢w�£ �xrDzou�moZ\] ]�_*tTm�u�rDt\_^��w�¦Nr%©x_D§�Y�w�¦\£ _*X(z�_*�Nrxzom�kBmoZ\_

wX©D_*z�w��D_Q©%w�£ s\_^k��._�rx¦lm�w�u t\_^�¢§�Y�Z\_�£ _^wxknmQk��Ts�wxzo_�w����\zorX«lu ]-w%mou rxt(£�u t\_^k�r%©D_*z�moZ�_B�®s�£�£�ko_�mGrx�9�\w�m�wK�B_
q*rx£ £�_pq¤m�_^��w�z�_�?;q�rj_"E·q�u _*tTm�k�zorDs\t��l_p�·m�ram�Z\_�knu�«jmoZL�l_pq�u ]�wx£¢�\£vwxq�_<A

y = 0.374509x− 0.214185
�®rDz

m�Z\_�z�w�t��lrD]��xz�w���Z�q^wxko_x¡�wxt��
y = 0.294294x+ 0.32284

�®rxz�moZ\_��\s�zo_�q*rx�ji�q*wDkn_D§{Y�Z\_pkn_�z�_^kos\£�m�k
u t��luvq*w�mo_�m�Z�w%m�rDs\z�w�£ �xrDzou�moZ\]-k�wxzo_-w�¦�£�_7morL�D_�m�¦N_�momo_*zazo_pkns�£­m�ke�®rxz��xz�w���Z�k)�x_^t\_*z�w%m�_^�²wxq*q*rxz��lu t\�
m�r~m�Z\_��\s�zo_�q�rx�ji²�\z�rjq*_^k�k ?

αC
up = 0.3333

AKmoZ�wxt �®rDz(�xz�w���Z�k��D_*t\_^z�w�mo_^��¦jiVmoZ\_�r�m�Z\_*za�\z�rjq*_^k�k
?
αR

up = 0.5
A¤§7°²_7£ _^wX©D_�m�Z\_7µ�t��lu t\�"r��.u�]��\z�r%©x_p�~w�£ �xrDzou�moZ\]-ke_^ko�N_^q�uvw�£ £ iLu�tVmoZ\_�z�w�t��\rx] �xz�w���Z

��zorlq�_pkokerDz�u�t��\_*_^�²¦N_�momo_*z(£�r%�._*z)¦Nrxs\t���k�u�t�_^u­m�Z\_*z�]�rl�l_^£ k�wDk�w�t²u�tTm�_*z�_^knmou t\�"rx�N_*t��\z�rx¦\£ _*]'rx�
m�Z\uvkc�BrDzo¶9§

�
�c$%�����c
98.�c�

:^C�;��(§�=¨£�rDt¬¡���§�U�§¢gj�N_*t�q*_*zp¡9wxt��"y�§ ){z����Tk*§ ���H��� �1�R-3�N-���� � ���)�IM � �����4�.�%§��DrxZ�tL° u�£ _*i��/gjrxt�k*¡
Cp�x�T�l§

: ��;
	�§ =�£ �*rDs\¦\u=¡Gy�§���§?°�w�t?¡Qw�t�� ba§V_\z�u�_p�l_*zp§�dL_pkok�w��D_�¥´rx�lm�u�]-wx£{q�rDt\t\_^q�mo_p� �lrx]�u t�w%m�u�t���kn_*m�k
u t>]�rD¦\u�£ _�wx�ªZ�rjq�t\_�m}�.rxz�¶lk*§ � t��0�1�cM � ? �1�G� ��� � �P�S�������K� �a& ���$2
����� �@�N-����^� �
� Y �H�cM
 �"�%����� �K������� �]���$2��
�%�����x¡\�\� Cp� ����Cp�KX�¡T���D�D�\§

: 5K; =(§ �.wxz�wx¦��xkouDwxt�����§�=¨£�¦N_*zom^§ )Q]�_*z��x_^t�q�_Br���k�q*wx£�u t\��u t(z�w�t��\rx]¯t\_�m}�.rxz�¶lk*§H&(M��I�"�(Mh�*¡x�KbD�4QÑ���D���
�4Cp�\¡ C^�x�D�\§

: XN; )¨§�=(§��B_^t��l_^z.wxt�� )�§l��§\`.w�tlµ�_*£v�¢§?Y�Z\_)wxkoij]7�\mor�m�u q�tTs�](¦N_*z.r��?£vw�¦N_*£ _^�-�Dz�wx�\Z�k{�cu­m�Z��xu ©x_^t
�\_*�xz�_*_�ko_��Ts\_^t�q�_pk*§�� � �¬¡P= ��XHQÑ���D���
5x� �l¡4C^� ��b�§

: ��; �e§ �.rD£�£ rx¦��Dk*¡�ba§��cu�rDz���w�t¬¡���§�gj�N_*t�q*_*zp¡�w�t�� +7§NY?s�kot��D�lix§QY�Z\_��\_*�xz�_*_�ko_��Ts\_^t�q�_�rx��w�k�q*w�£ _�¥
�®z�_*_�z�w�t��lrx]/�Dz�wx�\Z���zorlq�_pkok^§ �*&
��¡ Ccb4QÑ� �����\���x��¡D���D�4CD§

: �K; =(§ �.zorl�l_^z^¡%��§�	)s\]-w�zp¡�_.§�d~w��DZ\rxs\£=¡Xy�§���w��DZ�wX©%w�t¬¡�g9§%��w�|nw��xrD��w�£vw�t?¡p��§�gTm�w%m�w\¡K=�§%Y rx]�¶ju�t�k*¡
wxt�����§l° u _*t�_*zp§ +ez�wx�\Z�knmoz�s�q�mos\z�_)u�t�moZ�_��B_^¦¬§ � t��0�1�cM � G ���d+f+ +�¡l���B5D�x����5D�x�\¡j���x�D�\§

ÿ���Õ¬ÿÉü
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: �<; )¨§¢`Brlq�¶%wXijt\_x¡�g¢§ +erjrl�l]-w�t¬¡Nw�t��~g¢§PU�_p�l_�m�t\u _*]�u;§D= £�u t\_^wxzKwx£��Drxz�u­m�Z\]/�®rxz¨moZ\_a�lrx]�u t�w%m�u�rDt
tjs\]a¦�_^z�r���wamoz�_*_x§ � �]��¡HXHQ XHC ��XNX�¡PCp� ���\§

: bK;(`K§?`Brjrx�N_*zp§�Y�Z\_�w��x_7kn�N_^q*u­µNqa�l_^�xz�_*_7�lu knmoz�u ¦\slmou rxtVr��Q�._*¦l¥´�xz�w���Z�k*§�gjs\¦�]7u�mnm�_^��mor~`Brx]a¦\u­¥
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