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Abstract: In this research report, we aim at extracting tree crowns from remotely
sensed images using marked point processes of discs and ellipses. Our approach is
indeed to consider that the data are some realizations of a marked point process.
Once a geometrical object is defined, we sample a marked point process defined by a
density with a Reversible Jump Markov Chain Monte Carlo dynamics and simulated
annealing to get the maximum a posteriori estimator of the tree crown distribution
on the image.

In a first part, we propose to review the basis of marked point processes and some of
their examples used in forestry statistic inference. Then, we present two new models,
with discs and ellipses, and discuss some improvements made in the optimization or
in the simulation.

Results are shown on high resolution aerial images of poplars provided by the French
Forest Inventory (IFN), and synthetic images simulated with AMAP software (Bion-
atics, Digiplante project).

Key-words: Marked point process, RIMCMC, simulated annealing, automatic
feature extraction, forests, tree crowns, aerial images.

Unité de recherche INRIA Sophia Antipolis

2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)
Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65



Processus ponctuels en foresterie : une application a la
détection de houppiers

Résumé : Dans ce rapport de recherche, notre but est d’extraire des houppiers
a partir d’images aériennes de foréts a l'aide de processus ponctuels marqués de
disques et d’ellipses. Notre approche consiste, en effet, a modéliser les données
comme des réalisations de tels processus. Une fois 'objet géométrique de référence
choisi, nous échantillonnons le processus objet défini par une densité grace a un al-
gorithme MCMC & sauts réversibles, optimisé par un recuit simulé afin d’extraire le
maximum a posteriori de cette densité. Cette configuration optimale nous donnera
I'extraction recherchée.

Dans une premiére partie, nous proposons de revenir quelque peu sur les processus
ponctuels marqués et leur application dans la foresterie. Puis, nous présentons deux
nouveaux modeéles d’extraction de houppiers a base de disques et d’ellipses, et dis-
cutons de quelques améliorations au niveau de la simulation et de 'optimisation de
notre algorithme.

Nous présentons des résultats obtenus sur des images aériennes trés haute résolu-
tion fournies par 'Inventaire Forestier National (IFN), ainsi que sur des images
synthétiques simulées avec le logiciel AMAP (Bionatics, projet Digiplante).

Mots-clés : Processus ponctuels marqués, RIMCMC, recuit simulé, extraction
d’attributs, foréts, houppiers, images aériennes.
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1 Introduction

Aerial and satellite imagery has a key role to play in forestry management. The in-
creasing availability of data and their high spatial resolution, which is now submetric,
allow developing automatic tools to analyze and monitor forests by evaluating ac-
curately the vegetation resources. Some tools already exist for this purpose, using
pixel-based methods or texture information and classification based on parameters
such as covariance matrices (see [Gou98, LBN199, Lar99]). However, few works
take advantage of the high data resolution. Nowadays, it is possible to study forests
at the scale of trees. That is why we propose to use object processes for tree crown
extraction.

1.1 Economical concerns

Digitized aerial photographs and satellite images of forests are convenient data to
develop computerized assessments of forestry resources. First, automatic tools could
help forest managers with species classification. This work is currently done thanks
to a quite heavy analysis of these images by specialists, and some ground verifica-
tions. Then, we could also tackle the problem of the extraction of a single tree crown,
and also assess some parameters such as the number of tree crowns, the distribu-
tion of their diameters or the stem density, which are of important economical and
environmental concerns.

1.2 The proposed stochastic geometry approach

Basically, our approach consists in modelling the forestry images as realizations of a
marked point process of trees. This stochastic framework aims at finding the best
configuration of an unknown number of geometrical objects in the image, with re-
spect to a probability density defined a priori. This density takes into account both
the data, in order to fit the objects to the feature we want to extract, and the inter-
actions between these objects, to favour or penalize some arrangements. In the case
of tree crown extraction, we modeled the trees as ellipses, which are also defined by
the position of their centre, their orientation, and their minor and major axes. After
simulation, we obtain a collection of objects and have access to several statistics such
as the number of trees in the stand, their position and their diameter.

In a first part of this report, we propose to review some key points of marked point
processes and their application in forestry statistics inference. Then, we present two

RR n° 5544



6 Perrin & Descombes € Zerubia

new models, with discs and ellipses. Some tests have been performed on digitized
aerial photographs of poplars stands, courtesy of the French Forest Inventory (IFN),
working on the infrared component which enhances the chlorophyll matter of vege-
tation. Other ones have been performed on synthetic images simulated with AMAP
software, by courtesy of Digiplante project.

INRIA
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2 Marked point processes and their application in forestry

In this part we propose a review of the point process framework and its application
to forestry. First we recall some definitions and give practical examples of point
processes. Then, we exhibit a Markov Chain Monte Carlo sampler, the Reversible
Jump MCMC algorithm, that we use in our model. People familiar with that part
can directly jump to the third subsection which tackles the applications of point
processes to forestry.

2.1 Definitions and first examples
2.1.1 Point process

Let X be a point process (cf [vLO00] for more details) living in P = [0, X /] x [0, Y], a
bounded set of R?. X is a measurable mapping from a probability space (2,4, P) to
configurations of points of P, in other words a random variable whose realizations
are random configurations of points. These configurations, noted x in the following,
belong to a space (¥,B(P¥),u(.)), where ¥ contains all configurations of a finite
number of points of P.

2.1.2 Marked point process

A marked point process living in S = P x K, a bounded set of R?, is a point process
where some marks are added to the positions of points. Note that we do not deal
with points anymore, but with objects : a configuration of objects is a finite set of
marked points. X is the space of the marks defining the objects geometry, while P
is the space of the object position. A marked point process X is still a measurable
mapping from a probability space (£2,A,P) to configurations of points of S.

The marks are some parameters that fully describe the object, for example on
a geometric point. Circles are described by the position of their center and their
radius, ellipses by the position of their center, their major and minor axis, and their
orientation (see Fig. (1)).

2.1.3 Poisson point process

Let v(.) be a measure on S. X is a Poisson point process with intensity measure
v(.) if for each Borel set B € S, the random variable N(B) that counts the number
of points of X falling in B follows a Poisson law with mean v(B), and if for any k

RR n° 5544



8 Perrin & Descombes € Zerubia

Figure 1: Position and marks of an ellipse.

disjoint Borel sets By € S, N(By) are independent random variables.

To sample a configuration x, ie. a realization of a Poisson point process, a two-
step algorithm is performed :

1. generate n = N(S), the number of points of the configuration x in S, with
respect to the discrete Poisson law of parameter v(S).

2. generate n points v(.)-distributed on S independently.

If v(.) is proportional to the Lebesgue measure Ag(.) of S, the Poisson process
is called homogeneous, or stationary. This induces a complete spatial randomness,
given the fact that the positions of the points are uniformly and independently dis-
tributed. Fig. (2) shows two realizations of such an homogeneous Poisson process.

Otherwise, the process is an inhomogeneous or general Poisson process. If v(.)
has a density /(.) with respect to the Lebesgue measure Ag(.), this density is called
the intensity function. Fig. (3) gives us two realizations of such an inhomogeneous
Poisson process.

INRIA
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Figure 2: Realizations of two homogeneous Poisson processes of mean 100. Top : a
point process. Bottom : a marked point process of discs.
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Figure 3: Realizations of two inhomogeneous Poisson processes of mean 100. Top :
a point process with an intensity function ! (x = {x1,x2}) x x7 which favours the

points at the right handside. Bottom

: a marked point process of discs with an

intensity function [ (x = {x1,x2}) x x1.x2.r which favours the discs at the bottom

right with a large radius.
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2.1.4 Density and reference measure of a marked point process
We now consider the probability distribution p(.) of a Poisson point process on S.

This gives us a probability measure on W.

Then, if the probability distribution of a marked point process X , written Px (.)
is uniformly continuous with respect to u(.), we can define its unnormalized density
f(.) with respect to this dominating reference measure as :

Px(dx) =  F(x)u(dx) 1)

where Z is the normalizing constant :
z= [ 16xdu

2.1.5 Strauss point process

This leads to several examples of point processes in the literature. A broad family of
point processes is the exponential family model, where the density f(.) has the form

f(X) — e<49,t(x)> (2)

< .,. > is a scalar product, 6 a vector of a parameter space © (typically © C R"*),
and ¢(.) a map from ¥ to R".

The Strauss process [Str75] belongs to this family. Let n(x) be the number
of points in a configuration x, and s(x) the number of pairs of points in x that are
separated by a distance smaller than a fixed real number r, the density of the Strauss

point process is :
f(X) — 601n(x)+6’23(x)

The natural parameter space © for this point process to be integrable (ie. for Z to
be finite) is the open subset :

0={0eR :6, <0}

which induces a repulsion between points of the process. Given this parameter space,
the process is a non-regular [GM98] family which affects likelihood inference for the
model.

RR n° 5544
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Figure 4: Realizations of two Strauss processes. Top : unconditional Strauss Process
with 03 < 0 which penalizes clustering. Bottom : conditional point process with
n(x) = 100 and 6 > 0 which favours clustering.
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This can be resolved by adding a condition on the process, ie. by fixing the
total number of points : n(x) = k. The new process is a conditional Strauss point
process, with only one parameter : the parameter 6y, which can now be positive and
also favour the clustering of points.

Fig. (4) gives two realizations of Strauss point processes, the second one being
the conditional process.

2.1.6 Energy formulation of the density

An interesting formulation of the probability density of a configuration x is given by
its Gibbs energy U(x) :

U(x) = —log (f(x)) 3)
For exponential family models, U(x) equals to the negative scalar product detailed
in (2).

This energy formulation will be useful for the discussions that will be proposed
later in this report. They will be based on this formulation, for example by speaking
about a configuration which minimizes the energy of the model, we will refer to the
maximum of the density.

2.2 Simulation and Optimization

Once the probability distribution P x(.) of a marked point process has been defined
(1), the issue is to generate a realization of it. Obtaining a configuration x which is
Px(.) -distributed can be done with Markov Chain Monte Carlo algorithms.

2.2.1 Stability of a point process

A point process is said to be locally stable if its Papangelou conditional intensity
satisfies :

) = L) < oy (1)

with M > 0 finite, for all x € ¥ and u € S.

RR n° 5544
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When (4) holds, Ruelle’s condition holds and also the integrability of the density
with respect to a reference Poisson measure is ensured. Moreover, his condition is
required to prove the convergence properties of Monte Carlo schemes [GM9S].

2.2.2 Markov Chain Monte Carlo samplers

Basically, MCMC samplers consist in building a Markov chain (X;) on (¥, B(¥), u(.)),
which converges ergodically to Px(.) . As we do not know a priori the total number

of objects of the final configuration, we will have to jump between the dimensions of

the configuration space, that is why the Reversible Jump MCMC algorithm of Geyer

and Mpoller [GM94] is well adapted for our application.

This algorithm, based on Metropolis Hastings samplers, has been initially pro-
posed in [GM94], then reviewed and generalized by Green in [Gre95]. Its other
name is Metropolis Hastings Green algorithm (see [GM94] or [GM98] for more
details).

2.2.3 Reversible Jump Markov Chain Monte Carlo algorithm

In [Gre95], Green proposes an algorithm that builds a Markov chain (X;) which
converges ergodically to Px(.) . This algorithm can be summarized in 3 steps, and
the convergence relies on some conditions.

INRIA
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Algorithm RJMCMC
For a given state X; =x :

1. Let Q(x,.) = Y,,,Qm(x,.) be the sum of several

proposition kernels. Choose the kernel m with {)robabz'lity

Pm(X) = Qm(x, ¥), and then generate y ~ %

2. Compute Green’s ratio :
R, (x,y) = 5—F——=

where fm(X,y) is detailed hereafter.

3. With probability «,, = min(1,R), accept the move
and set Xyy1 =y. Otherwise, stay at Xiy1 = X.

Green’s ratio is computed thanks to the introduction of a function f,,(.,.) which
itself relies on the existence of a symmetric measure &, (dx,dy) on B(¥) x B(¥)
which dominates Px (dx)Q,(x,dy). If for each kernel, we find such a symmetric
measure &,(.,.), then f,,(.,.) is the Radon Nikodym derivative :

P (d%)Qum(x, dy)
Jmlo6,¥) = =8 ax, dy)

The choice of the acceptance ratio ensures the P x(.) -reversibility of the Markov
chain X;. The other properties, such as the irreducibility, the Harris recurrence and
the geometric ergodicity, are obtained if the stability condition (4) holds. This was
proved by Geyer and Mgller [GM98] in the case of a birth and death kernel, but
needs to be proved again for other kernels.

(5)

As soon as we design new proposition kernels, we will have to prove the ergodic
convergence of the Markov chain to Px(.) .

RR n° 5544



16 Perrin & Descombes € Zerubia

2.2.4 Bayesian modelling

Under some conditions, it is possible to write the density f(.) using Bayes rule :

fr(x)L0x)
f()

Basically, it requires first to define a likelihood £(J|x), which represents the prob-
ability for the data Jto be this one, knowing the configuration x, and then a prior
density f,(x). All the prior knowledge we have on the kind of configurations we are
looking for will be considered in the definition of this density.

fx) = f(x|7) = o fp(x)L(J[x). (6)

In our application, this requires to be able to give a statistical model for the
image. We also have to be able to know what the pixel distribution is inside and
outside these objects, which is not so obvious in remote sensing images that can
contain crops, buildings, lakes ...

The object detection consists then in finding the configuration of objects that
maximizes this density, or minimizes the associated energy. To obtain this configu-
ration, we use the Maximum A Posteriori estimator (MAP).

2.2.5 Simulated annealing

In order to find the MAP of the density f(.), a simulated annealing scheme is possi-
ble. Indeed, starting from any configuration of objects xg, we would like to get one
of the global maxima of f(.).

The solution is to sample fTLt() instead of f(.). T} is a temperature parameter
which tends to zero as t tends to co. A logarithmic decrease ensures the convergence
to a sum of Diracs located in the global maxima of f(.). In practice, as it is not
possible to use a logarithmic decrease, we use a geometric one. Thus it becomes very
important to enhance the mixing of the Markov chain with well-chosen proposition
kernels, in order to avoid local maxima of f(.).

2.3 Point processes in forestry statistics

Point processes have been widely used in forestry statistics problems, since this is the
field of application in which spatial statistics are the most developed [PS00]. Tree
crown extraction was performed using marked point processes on LIDAR images in

INRIA
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[And03], but this is the only application of marked point processes for extraction in
the literature. Most of the time, point processes are used once this extraction has
been done : other automatic methods or manual methods collect some data on the
tree characteristics (position, tree height and diameter, ...), and people try to model
them by means of marked point processes. The most attractive point process models
in that prospect are Cox and Gibbs processes.

The Cox process [SKM95], also known as the doubly stochastic Poisson process,
can be seen as a two-step random mechanism. First we choose a distribution on the
space of non-negative locally finite measures on S, of density /(.) with respect to
the Lebesgue measure. Then, we sample the inhomogeneous Poisson process with
intensity /(.). This is also a generalization of Poisson process, made by supposing
that the intensity measure is itself random. One example is the Matern’s cluster
process, where the points z; of the configuration x form some clusters centered at
other points u;, obtained in a first step with an homogeneous Poisson process. The
random intensity function is also piecewise constant arount these base points (see

Fig. (5)).

The Gibbs process offers more flexibility in the density, because it consists in
weighting the Poisson distribution with a density function f(.), generally defined as
a sum of interactions between the objects of the configuration. When the number of
objects of the configuration is not fixed, they are defined with respect to a reference
Poisson process. For example, the density of Gibbs process with pairwise interactions,
to which the Strauss process belongs, is :

Fo) = esp [ =3 b m)

1<J

The model that we designed belongs to the family of Gibbs processes.

RR n° 5544
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Figure 5: Matern point process : the base points are rhombus, and the dotted circle

the area where the intensity is strictly positive.
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3 Disc model

We use marked point processes to extract tree crowns from digital images. As de-
tailed above, we have first to define the state space S, then to define a reference
measure p(.) and a density f(.) for our marked point process. Let Jbe the image,
ie. the observed data, and x a configuration of objects of S.

3.1 Description of the disc model
3.1.1 State space

Figure 6: Position and marks of a disc.

This first model consists of a marked point process of discs. Thus, the state space
S is a bounded set of R? :

S=PxX= [O,XM] X [O,YM] X [Rm,RM] (7)

where Xj; and Yj, are respectively the height and the length of the image J, and
(Rpm, Ryy) the minimum and the maximum radius of our objects. We will see that
finding good values for these two radii is essential in order to avoid sub-detection or
over-detection of trees in the image, and we will see how we can estimate, or more

RR n° 5544



20 Perrin & Descombes € Zerubia

precisely calibrate them.

In the following, an object = € S will be also noted x = (p,r), where p € P is the
position of its center and r € X its radius (see Fig. (6)).

3.1.2 Prior term

> Discussion

Prior term gives a general aspect of the solution we desire. According to the ge-
ometric properties of the tree stands, Cox process or Gibbs process can be chosen.
Working on plantations of poplars, it’s obvious that Gibbs processes are recom-
mended because they enable us to model the periodic pattern of the alignments.

Thus, the two basic rules we introduced in the prior term are :

e a repulsive term between two overlapping objects (see [PDZO03]) in order to
avoid over-detection. Indeed, a single tree must be extracted by one and only
one marked point of the configuration.

e an attractive term that favours regular alignments in the configuration. These
alignments are defined by two vectors, which can be calculated using the Fourier
transform of the image.

In the following, we will use the energy formulation presented in (3), saying that
the prior density f,(x) can be defined by means of a prior energy Up,(x) :

Up(x) = —log (fp(x)) (8)

> Repulsive interaction
First, we have to define a symmetric neighbourhood relation between objects of

S to define the overlapping rule. Then, we will discuss the penalization we associate
to each pair of overlapping objects.

INRIA
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Definition Overlapping objects

Two objects ©1 = (p1,71) and xo = (pa,7r2) are over-
lapping, and we write x1 ~y x2, if d(p1,p2) <11+ 79. This
means that the intersection of their silhouette is not empty
on P.

Then, as we would like the pairs of overlapping objects to be penalized, we have
to add a positive weight U, (x) to the prior energy Up(x) in (8) :

Up(x)= Y Un(w1,23) >0

T1~r X2

Moreover, it would be interesting to penalize more or less these cliques depending on
the way their objects overlap (see Fig. (7)). Indeed, in dense forest areas, it will often
occur that two discs overlap, because trees are very close from each other. That is
why we define an overlapping coefficient.

Definition Overlapping coefficient

Let ©1 = (p1,m1) and zy = (p2,7m2) be two overlap-
ping objects (r1 ~, x2). The overlapping coefficient,
A(z1,z9) € [0,1], is defined as :

Ap(x1 Nx9)

A = ————
(21,2) max (77}, 7r3)

where A\p(x1 Nxy) is the Lebesgue measure on P of the inter-
section of the silhouettes.

Eventually, we take a parameter -+, > 0 that ponders the positive contribution to
the energy, which is written as follows :

Up(x) = Y Alwi,z)) (9)

Tinr X

> Attractive interaction

Tree plantations look like grids, with two specific orientations and regular inter-
objects distances. It’s also important to enhance this property in the prior model,
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Figure 7: Different levels of repulsion between overlapping objects.

by adding an attractive interaction between two objects presenting such a property.
Suppose we have the two vectors that characterize these alignments, denoted v; and
Vs (see Fig. (8)), we can now define a symmetric neighbourhood relation on S.

Definition Aligned objects

Two objects x1 = (p1,71) and o = (p2,72) are aligned,
and we write T1 ~4 o, if pa € Ui:{1,2} Be (p1 + V7)), where
B(A) is the closed ball of center A € P and of radius €
(e = 3 in our model). Note that this relation is symmetric.

Then, as we would like the pairs of aligned objects to be favoured, we add a negative
weight for each of them, pondered by a parameter 7, < 0 and a quality function
Q(x1,z9) that quantifies the quality of the alignment :

Qar,an) = o (i (1773 0 ) € 0.1

where o(z, d) is the reward function proposed in [ODZ03a] :

1 (1+d?
"<x’d>=ﬁ(1+—x2‘1)
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The total contribution of the pairs of attracted objects is written as follows :

Ua) =70 Y Qai,aj) (10)

Ti~aT;

Alignment

Figure 8: Attractive interaction between two aligned objects.

> Parameter space and stability of the prior model

The global energy of the prior model is given, using (9) and (10), by

UP(X) =Vr Z A(.ﬁb‘i,.ilij) + Y Z Q(x’iaxj) ) (7r77a) € Rt xR~ (11)

TinrZ; Ti~aTj

The question of stability is essential at this point in order to sample this process. So,
as defined in (11), is our prior model stable with respect to (4) ? The answer is no.
The logarithm of the Papangelou derivative is not majored by any constant M > 0
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because of the attractive term in the density which can diverge :
log (Ap(x,u)) = — A (Up(x))[
= Z ‘A(xlau) — Ya Z Q(ZL’Z,U)
—Ya Z Uzi,u) =G

TiroqU

VAN

Indeed, we could think of a sequence of configurations x,, for which the associated
G, — +00. For example, x, could be composed of exactly n objects, all located in
a ball of radius € and center x € P. Adding a marked point u = (py,r,) such that
TPy, = v; would create n new pairs of ~4-neighbours. It is also not possible to find
a constant M > 0 that bounds the G,, for all x,,.

As a conclusion, for stability reasons, we have to avoid extreme closeness of
objects. This can be done by adding an hard core term in our prior process. Thus,
an infinite energy is given to pairs of too-close objects (see [vL00]) :

| oo if H(wi, ) € x| d(zi, ) <
Un(x) = { 0 otherwise (12)

where 7 is set to one. And the global prior energy becomes :

Up(x) = Ur(x) + Ua(x) + Un(x) (13)

Thus, the minimum distance between two objects of the configuration is 1, which
corresponds to one pixel on the image. It is significative in the sense that we do
not expect to detect two trees with an inter-distance on the ground less than the
resolution of the image. Note that due to the hard-core energy, the stability is now
ensured, because the number of objects of any configuration with a positive prior
density f,(.) is bounded :

f p(X U{u})
A = 2L <M, 14
p(X, u) fp(x) = p ( )
We could now work on a smaller space of the configurations, considering that
the configurations which present some hard core repulsion will have a null density,
and will be of no interest for us in our optimization. From now on, ¥ will also only
contain the configurations that have a finite energy U,(x).
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3.1.3 Likelihood

The likelihood of the data Jgiven a configuration x, written L(J|x), can be defined
if our images are predictible. This means that we are supposed to predict the data
from the configuration of extracted objects x.

In some images like in Fig. (9), this is possible to define such a likelihood using
a Gaussian mixture (see [PDZ03]). Each pixel of the image is associated to one of
the two Gaussian classes :

e C; = N(pui,0;) for the pixels inside at least one of the objects of the configura-
tion,
e C, = N(puo,0,) for the pixels outside.

But for images like in Fig. (10), this kind of likelihood is not appropriate anymore.
We will discuss later this problem.

3.1.4 Conclusion : stability and probablity measure

As a conclusion, the density of our disc marked point process can be written as :

f(x) = fp(x)-L(J]x)

The stability condition (4) is obtained because the prior term f,(x) is stable (14)
and the likelihood is bounded : mg < L(J|x) < My (see [PDZ03]). Thus, we can
write the following inequality :

M
Feu{u)) _ o Myme
f(x) M,
Moreover, as we define this marked point process with respect to an homogeneous
Poisson process, the probability distribution Px(.) is given by :

Ax,u) =

(15)

Px(ix) = - F(x)u(dx)

where Z is the normalizing constant, and u(dx) the distribution of the reference
Poisson process of intensity measure v(.).

In order to control the expectation of the number of points of the reference pro-
cess, we weight this measure with a parameter (3, stating that the intensity measure
v(.) = BAs(.), where Ag(.) is the Lebesgue measure on S. We will see in the section
about the simulations of the prior model how this parameter § appears.
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300

250

0

1 1 !
0 50 100 150 200 250

Figure 9: Top left : an image of a forest. Top right : its histogram. Bottom : the
KMeans binary image associated to it.
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200 250

Figure 10: An image where a mixture of two Gaussians is a poor model

3.2 MCMC sampler

Here we present the different sub-kernels of our MCMC sampler. We develop neither

the birth and death nor the non-jumping transformations anymore (see [PDZ03]),

but we expose the new split and merge and the birth and death in a neighbourhood.

All the density f(.) that compose the different Green’s ratios are obviously replaced
1

by fT¢(.) in a simulated annealing scheme.

Note that the moves detailed hereafter do not consider the reduced workspace
of configurations, which only contains finite energy configurations. In order to stay
in this space ¥ during the simulation, we propose to add one rule : from a state
Xy = x € ¥, if the proposed configuration X;;; = y presents some hard core
repulsion (y ¢ W), we stay at x.

3.2.1 Birth and Death and non jumping transformations

> Birth and Death of an object

The birth or death kernel @pp consists in proposing with a probability pp to uni-
formly add in S an object to the current configuration x, or with probability pp to
remove at random one object of the configuration (see Fig. (11)). Here we only recall
the Green’s ratios, from which are infered the acceptance ratios. All details about
them can be found in [PDZ03]. For the birth of an object v € S in the configuration
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X, the ratio is :

X1

X2

X4

O

BIRTH X1

X3

X5

DEATH

X2

TRANSLATION

DILATION

X1

X5

N\

X4
u
X3
X5
X4
X5

O
O
) ~

Figure 11: Birth and Death and non jumping kernels.

Rpp(x,y = xU{u})

_pp fly) v(S)

p f(x)n(x)+1 (16)
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and for a death :

Ran(x.y = x\ {uh) = LA (1)

where n(x) is the number of objects of the configuration x.

> Non jumping transformations

The non-jumping kernels consist in proposing to a uniformly-chosen object of the
configuration x a translation, a dilation, or both of them (see Fig. (11)). The Green’s
ratio of all these sub-kernels is :

)

Ryy(xy =x\{u} U{v}) = 70 (18)

where u € x has been transformed in v € S by the kernel.

3.2.2 Split and Merge revisited

The split and merge kernel has been developed in order to avoid sub-detection or
over-detection of trees. Indeed, without this kernel we could be stuck in a local
minimum of the energy U(x) in the simulated annealing, because there is no simple
move (non-jumping transformation or birth or death) which enables the Markov
chain to go from one “bad” state x to a “good” one y (see Fig. (12)).

Basically, if the split and merge kernel Qgas(x,.) is chosen, with a probability
pum (x) detailed below a merge Q (X, .) is proposed, and with a probability ps(x) a
split Qs(x,.) is proposed :

Qsm(x,.) = pu(x)Qum(x,.) +ps(x)Qs(x,.)

> Merge

As the objects will tend to occupy most of the pixels of the tree class thanks to
the likelihood term of the density, but will not compulsorily overlap themselves be-
cause of the repulsive energy in the prior term, a merge has to be proposed if two
objects are ’close enough’. Let us now define what 'close enough’ means.
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1 x4 MERGE % x4

Figure 12: Split and Merge of objects

Definition Mergeable objects

Two objects x1 = (p1,71) and x93 = (p2,7r2) are mergeable,
and we write x1 ~m x2, if d(p1,p2) <ri+re+p, withp =1
in our model.

A merge will consist of two steps. First, we uniformly choose one pair among the
n~, (x) pairs of mergeable objects in x. Suppose that this pair is composed of
x; = (pi,r;) and z; = (p;, ;). Then, the map of merging transformation TgNmzj (zm)
gives us the new object y € .S according to :

pitp; it
V= Ty (2m) = (TJ’TJH"‘)

where z,, is a random variable uniformly distributed in Z,, = [0, Rar — %] The
position p, of the center of the new object y will also be the middle of the posi-
tions of the two former ones, and a dilation will be proposed to the radius. We fix
Mz, = MNZpn).
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The associated proposition kernel is, VB € B(W¥) :

1 1
Qi B) = Y [ oy =\ e} OATEL, o G DAE)
(19
> Split

The split is the opposite. First, we uniformly choose one object x; = (p;,r;) in
the configuration x, and we propose to replace it by two mergeable objects y; and
y2 according to Tzsi(zxy, Zry2s)

[y1,y2] = T3 (Zays 2ry 25) = [(Di + 2ay, Ti — 20 + 25), (Di — Zay,Ti — 2r — 25))]
where z, is a random variable uniformly distributed in Z, = [0,r; — Rp], 25 a

random variable uniformly distributed in Z; = [0, min(r; — 2, — Ry, Ry — 75 + 2¢)],
and zzy = (24, 2zy) a double random variable uniformly distributed in :

Zzy = {Z |pz + 2z and pi—2¢€ Br.;—z.,—l—%(pi) mﬂ)}

In other words, Z,, is the biggest set included in B, , +2 (pi) NP for which p; is
the center of symmetry. We fix Mz, = XN(Z;), Mz, = MN(Zs), and Mz,, = Ap(Zzy)-

The associated proposition kernel is : VB € B(W¥),

1 1
Qs B) = =5 3 T ], 190 = XMEUATE (o220 DAl A(d2r)A2)
(20)
with Z = Z,y x Z, X Z,.

> Green’s ratios of the split and merge kernel

The symmetric measure that dominates Px (dx)Qsnm(x,dy) is given in Appendix
A1, as for the details about the calculation of Green’s ratios. We obtain in the case
of a merge :

ps(y) fiy)  ne,(x)Myg,
f

RSM(X7y = X\ {$i7$j} U {y}) = pM(X) (X) 8/8n(y)MZzyMZTMZs

RR n° 5544



32 Perrin & Descombes € Zerubia

and for a split :

—x\ _ puly) fy) 86n(x)Mz,, Mz, My,
Rewoy =x\{a} Ulunwol) =% e r ) ™ n v My,

If we choose pps(x) = #&)(x) and pg(x) = %, which is understandable

because we do not need to propose a merge if there 1s no mergeable objects, the ratios
eventually become :

et Gn M () NG f) My,
Row(x,y =x\ gz} Uly)) = Fe= S B0 oM (21
and
Ron(x,y = x\ {z:} U{y1,y2}) = Moy (X) + 1) f(y) 86Mz., Mz, Mz, (22)

Ny (y) +1(y) f(X) My,

3.2.3 Birth and Death in a neighbourhood

The birth and death in a neighbourhood kernel has been first developed in [ODZ03b]
for an application to building extraction. It was shown that in an image with specific
areas of interest (with higher density of objects in some part of it), the convergence
of the Markov chain could be speeded up by a kernel that proposes some births,
and also some deaths for the reversibility, in the neighbourhood of already extracted
objects. We adapt it here and generalize it, in order to enable the birth or the death
of up to 4 objects in one single step.

Basically, if the birth and death in a neighbourhood kernel Qgpn(x,.) is chosen,
we first select uniformly one object © = (p,r) in the configuration x. Then, we check
if this object has already some ~,-neighbours located in its four neighbourhoods
B (p £ v;) (P, where i = {1,2}, and where £7v; are the four vectors of alignment.

In order to simplify the notations, we will replace the four meighbourhoods
B (p£ )P by BrE*, with (k € {1,2,3,4}). Moreover, we will only keep in
the following the sets B7<* which have a positive measure Ap(B7*) (indeed, some
neighbourhoods could be outside P).

Then, we calculate the number of free sites ny(x,x) around z, ie. the number

of neighbourhoods where there is no object inside, and the number of unique sites
ny(x,x), where there is exactly one object inside. We note chex the union of the
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balls that are free sites in the neighbourhood of = € x, and BZ€* the union of the
balls that are unique sites.

From that point, if n¢(x,x) 4+ ny.(x,x) = 0, ie. if there is neither free, nor unique
sites, we propose to stay at x. Otherwise, we calculate 8 coefficients that will be the
probability to propose up to 4 births and up to 4 deaths :

1 . .
— = ifi <
pB'(x,X) — nf(:v,x)—l—'nu(z,x) 12 < nf($,X) 7 Vi € {1’2,3’4}
: 0 otherwise
1 ep -
pp,(x,x) = nf(z,x)+ny (T,x) ifi< TL.U(LE,X) Vi€ {1,2,3,4)
0 otherwise

Note that n,(z,x) = n¢(z,x) + ny(z,x) < 4, which means that at most 4 of the
previous probabilities are positive.

Figure 13: Births or deaths of y; and ¥2 in the neighbourhood of = € x.

We thus propose some birth(s) in the free sites, and some death(s) in the unique
sites. The proposition kernel of the birth and death in a neighbourhood Qgpn(x,.)
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is, VB € B(¥) :

QBDN(X7 B) = L Z ZpBi (J]’, X)QBi (.T, X, B) + ZpDi (J]’, X)QDi ('Ta X, B) (23)
n(x)

reEX 1=1 1=1

where @p,(z,x,.) proposes the birth(s) of ¢ objects in ngex and Qp,(z,x,.) the
death(s) of i objects in BZ* (see Fig. (13)).

> Births in a neighbourhood

In this part, we detail the sub-kernel @p,(z,x,.), which proposes the birth(s) of
i objects in B?EX.

First, we choose uniformly the i sites among the i < ny(x,x) free sites. There is
Cflf(z’x) possible combinations for them, and we note C(i,n¢(z,x)) the union of all
these combinations. Let us say that J = (k1,...,k;) € €(i,ns(x,x)) has been chosen.
Then, for each site k € J elected, we add an object yx, = (2a,, 2yy » 2r,) € Br<* thanks
to the introduction of 3 random variables (g, 2y, , 2r, ) € By x K. The Lebesgue
measure of (B}€* x K) € S will be noted M}, = Ag (BF* x X).

The associated proposition kernel of the births of ¢ objects in the free neighbour-
hoods of = € x is also : VB € B(W¥),

QB.;(anaB) = il Z

ny(2,X) ge@(i,ns(z,x))
Mdzg, YA dzy, JA(dzry ) - - - Mdzay, ) A(dzy, ) A(d2ry,)

1

Mk:1 s Mki /Bkl XEX ... X B, XK

1p(y =xU{yj,---,¥j:})

> Deaths in a neighbourhood

In this part, we detail the sub-kernel Qp,(x,x,.) which proposes the death(s) of
i objects in BIEX.

First, we uniformly choose the i sites among the n,(z,x) > ¢ unique sites. There
is Oy, (zx) Possible combinations for them, and we still note C(7,ny(x,x)) the union

of all these combinations. Let us say that J = (k1,...,k;) € C(i,ny(x,x)) has been
chosen. Then, for each site k¥ € J elected, we remove the ~,-neighbour of = that

INRIA



Point processes in forestry : an application to tree crown detection 35

belongs to BF<* x K.

The associated proposition kernel of the deaths of 7 objects in the unique neigh-
bourhood of x € x is also, VB € B(¥) :

Qoex,B) = o— S sy =x\{ue o ui)

nu(,X) JEC(i,nu(x,x))

> Green’s ratio

The symmetric measure that dominates Px (dx)Qppn(X,dy) is given in Appendix
A1, as for the details about the calculation of Green’s ratios. As there could be
several ways to go from x to y, we note §(x — y) the group of objects = € x which,
by means of births or deaths in their neighbourhood, enable to obtain y. In the case
of 7 births in a neighbourhood, the Green’s ratio is written as follows :

; 1 1

B Zmes(y—ﬂc) nfu(T,y) Cru,y)

1 1

1 Mg,

(24)

RBDN(va:xu{yklv"'ayki}) =

n(x) f(y)
f

n(Y) (X) Zzeg(x—w) nfu(lm,x) Ct

() M

D 1 1 1
f(y) z€G(y—x) nfu(a:,y) C;f(z,y) Mkl"'Mki
f

. I 1
() B regiemy) mraer o

(25)

Rppn(x,y =x \ {zky,-.-, 2k, }) = y)

3.2.4 Convergence proofs

We need to prove that the RIMCMC algorithm presented above makes the Markov
chain X; ergodically converge to the target distribution Px(.) . The reversibility
is obtained thanks to the choice of the acceptance ratio at each step. Then, the
irreducibility, the Harris recurrence and the geometric ergodicity are consequences
of the stability condition (4), which has been demonstrated in (15). Details of the
proof can be found in Appendix A.1.
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3.2.5 Convergence results

In order to check the validity of the different kernels we added to the sampler, we
propose to simulate a Poisson point process and to compare the statistics we obtain
with the statistics of a Poisson point process simulated with the two-step algorithm
presented before.

Thus, we consider a Poisson point process X with density f(x) = 1 with respect
to the reference Poisson process of intensity measure v(dx) = fAg(dx). For each
Borel set B € S, the random variable N(B), that counts the number of points of
X falling in B, should be Poisson law distributed with mean v(B). Moreover, for k
Borel sets By, these random variables should be independently distributed.

We also simulate a Poisson point process lying on S = [0,100] x [0,100]. For each
Borel set B € S, the expectation of N(B) is

E[N(B)] = pv(B)

and we set 3 so as E[N(S)] = 100. As we cannot check the independence of N(By)
in general, we propose to take a particular case of four disjoint Borel sets By (see
Fig. (14)) that split S in 4 parts :

0 > 100

B1 B2

B3 B4

100

Figure 14: 4 disjoint Borel sets By, € S = [0,100] x [0,100], k € {1,2,3,4}.
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By = ]0,50[x]0,50]

B, 150, 100[x]0, 50]
B 10,50[x]50,100]
B, = ]50,100[x]50,100]

Then, we compute the mean and the variance of N(By), and also the covariance
matrix of the random variables N(By), in order to compare it with the one obtained
with a Poisson point process generated with the two-step algorithm.

On the one hand, we sample N = 500.000 realizations of a Poisson point process
of expectation N(S) = 100 with the two-step algorithm, and for each realization Xj,
we compute the associated Nx,(By) in order to get the covariance matrix :

N
Cou(N(B), N(By)) = Y (Nx;(Bx) — EIN(By)]) (Nx,(B) — E[N(By)])
i=1
On the other hand, we run our RJIMCMC sampler, and select N = 500.000 samples
of the Markov chain after having reached the equilibrium (NN, = 1.000.000 itera-
tions). These samples are taken every Nj; iterations, where N;; is detailed hereafter.
The total cost of such a simulation is also Neq + N * N iterations.

We have performed two tests with different kernels : birth and death only (Test
1), and the global kernel (Test 2). The Poisson process simulated with the two-step
algorithm will be taken as a reference.

> The two-step algorithm reference

The covariance matrix of the 4 random variables N(By) is given in Tab. (1). More-
over, Fig. (15) shows the graphs of the distribution of N(S) and some of the N(By) :
they fit well with the discrete Poisson law function of parameters v(S) = 100 and
v(By) = 25.

> Test 1 : sampler with Qpp only
First we set N;; = 20. The statistics of the random variables N(By) and N(S)

are presented in Tab. (2) (see Fig. (16)), and the covariance matrix of the 4 random
variables N(By) in Tab. (3).
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N(B1) | N(B1) | N(By) | N(By)
N(B;) | 24.9897 | -0.0208 | 0.0034 | 0.0255
N(By) | -0.0208 | 24.9983 | -0.0388 | -0.0151
N(By) | 0.0034 | -0.0388 | 24.9227 | 0.0744
N(B;) | 0.0255 | -0.0151 | 0.0744 | 25.0038

Table 1: The two-step algorithm. Covariance matrix of N(By)
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140 160
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L
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L L L L L L L
40 60 80 100 120 140 160 180 200

Figure 15: The two-step algorithm. Top Left : crosses represent the ditribution of
N;(S), compared to the Poisson law of parameter v(S) = 100 in red. Top Right :
the same with B;. Bottom Left : the same with B;. Bottom Right : the same with

Bs.
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Mean Variance
N(S) | 100.0458 | 101.0781
N(By) | 24.9747 | 25.2039
N(By) | 25.0273 | 25.2530
N(B;) | 25.0321 | 25.1387
N(By) | 25.0116 | 24.6765

Table 2: With @pp only and N;; = 20. Statistics of N(.S) and N(B).

L L L L L L L L L L L L L L
20 40 60 80 100 120 140 160 180 200 20 40 60 80 100 120 140 160 180 200

Figure 16: With Qpp only and N;; = 20. Top Left : crosses represent the distribution
of N;(S), compared to the Poisson law of parameter v(S) = 100 in red. Top Right :
the same with B;. Bottom Left : the same with By. Bottom Right : the same with
Bs.
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N(B1) | N(Bs) | N(Bs) | N(B4)
N(By) | 25.2039 | 0.0401 0.0355 0.1483
N(Bjy) | 0.0401 25.230 | -0.1389 | 0.0672
N(Bs) | 0.0355 | -0.1389 | 25.1387 | 0.2509
N(By) | 0.1483 | 0.0672 | 0.2509 | 24.6765

Table 3: With @pp only and N;; = 20. Covariance matrix of N(By).

Mean | Variance
N(S) |99.9680 | 99.9208
N(By) | 24.9852 | 24.9159
N(Bg) | 24.9926 | 24.8473
N(Bj3) | 24.9687 | 25.0660
N(By) | 25.0217 | 25.1395

Table 4: With Qpp only and N;; = 40. Statistics of N(S) and N(By).

Thus we can see that these statistics are very close to the reference ones. The
correlation is quite low, but can still reach some value greater than 0.2 because of
the correlation that exists in the Markov chain between two consecutive samples.
Indeed, in N;; = 20 iterations, most of the objects of the scene are the same because
either no move has been proposed to them, or perhaps it has been refused. We could
wait more between two samples in order to avoid this high correlation.

That is why we now set N;; = 40. The statistics of the random variables N(By)
and N(S) are in Tab. (4), while the covariance matrix of the 4 random variables
N(By) is given in Tab. (5).

This is better decorrelated.
> Test 2 : global sampler
Here we directly set N;; = 80, because the statistics obtained N;; = 20 and N;; = 40

showed that the samples were too much correlated. The statistics of the random
variables N(By) and N(S) are in Tab. (6) (see Fig. (17)) and the covariance matrix
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N(Bi) | N(Bs) | N(Bs) | N(Bs)
By) | 24.9159 | -0.0487 | 0.0678 | -0.0323
Bs) | -0.0487 | 24.8473 | -0.0212 | 0.0047
Bs) | 0.0678 | -0.0212 | 25.0660 | 0.0057
By) | -0.0323 | 0.0047 | 0.0057 | 25.1395

2122

N(

Table 5: With @pp only and N;; = 40. Covariance matrix of N(By).

of the 4 random variables N (By) is given in Tab. (7).

L L L L L L L L L L L L L L L L
20 40 60 80 100 120 140 160 180 200 20 40 60 80 100 120 140 160 180 200

Figure 17: With the full kernel and N;; = 80. Top Left : crosses represent the
distribution of N;(S), compared to the Poisson law of parameter v(S) = 100 in red.
Top Right : the same with By. Bottom Left : the same with By. Bottom Right :
the same with Bs.
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Mean Variance
N(S) | 100.0311 | 100.7981
By) | 25.0182 | 25.0858
By) | 24.9926 | 24.7570
Bs) | 24.9977 | 25.0096
By) | 25.0224 | 25.0642

Table 6: With the full kernel and N;; = 80. Statistics of N(S) and N(By).

N(B1) | N(By) | N(Bs) | N(By)
N(B1) | 25.0858 | 0.1081 | -0.0247 | 0.0949
N(Bjy) | 0.1081 | 24.7570 | 0.0270 | 0.0536
N(Bs) | -0.0247 | 0.0270 | 25.0096 | 0.1819
N(By) | 0.0949 | 0.0536 | 0.1819 | 25.0642

Table 7: With the full kernel and N;; = 80. Covariance matrix of N(By).

> Conclusion

The results obtained with a Poisson point process exhibit some satisfying statis-
tics. For example, an error in one of the Green’s ratio would have been detected
with these tests.

3.3 Results on aerial images

In this part we present some results obtained on aerial images of French forests
provided by IFN (Inventaire Forestier National). As presented above, our model
contains several parameters that should be fixed. This will be done before presenting
the results and some statistics about them. As there is no ground truth, we will try
to assess the correctness of the different extractions on our own.

3.3.1 Parameters

> State space S

We recall that S = P x X, where P = [0, Xs] x [0,Yys] corresponds to the size
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of the data. The resolution of the images is approximatively 50cm/pixel, so the
global area of interest in m? is approximatively %m?

The parameters of X = [R,,, Rys] depend on the tree size (species, age) and the
image resolution, but they can be calibrated. Most of the time, we took R, = 3 and
Ry = 7. We will see in the discussion how we can cope with bigger Ry.

X = [Rm, Rum]
Ry =3
Ry =7

Table 8: Dimensions of K

> Prior density f,(x)

The relations of repulsion and alignment, as defined before, require a parameter
that ponders them in the total prior energy. Moreover, with the Fourier transform of
the image, we can obtain the vectors v; that define the neighbourhood of alignment.
These two parameters are the only ones to settle in our model.

Up(X) = fyr ZIiNij .A(.T“ .T]) + rya Za:irva.rj Q(CL‘Z, ',Ll]) -I_ Uh(X)
v, = 1000
Ya = —10

Table 9: Prior density parameters

> Reference measure

The reference measure parameter [ is set so as the expectation of the number of
points in the Poisson process of intensity measure v(.) = 3.A(.) corresponds to the
number of points of the final configuration. In practice, with the vectors of alignment
we can approximatively estimate the density of trees per unit of area, and have a
good guess for S.

> Likelihood
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The parameters of the Gaussian classes can be obtained thanks to a K-means al-
gorithm. So for each image these parameters are different and estimated.

> Sampler probabilities

First, the mixture parameters such as pp and pp in Qpp are equal : pg = pp = 0.5.
Then, the global parameters p,,(x) that correspond to the probability to choose the
kernel Q.,(x,.) correspond to the Tab. (10).

Uniform birth and death Qgp
PBD = 11—0

Translation Qr

—_ 2
PT =15

Dilation @p
— 3
PD = 15
Translation and Dilation Qrp

PrD = %
Split and Merge Qs

— 2
PrD = 1

Birth and death in a neighbourhood Qppn
PBDN = %

Table 10: Parameters of the global kernel

3.3.2 Results

Some results are shown in Fig. (18) and Fig. (19). The images are 50cm/pixel resolu-
tion. All these results were obtained after 2 millions iterations (~ 1 minute), which
represents a fast decrease of the temperature in the simulated annealing scheme.
They were performed on a Red Hat Linux 3GHz machine. The CPU time depend
on the number of objects to be extracted, and on the size of the image.

In Fig. (19), we extracted the tree crowns on the pre-segmented area of poplars,
and pasted it on the original image to show the result.
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Figure 18: Left : original image. Right : extraction result, in 2 millions iterations
(90 seconds).
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Figure 19: Left : original image. Right : extraction result, in 2 millions iterations
(ie. 150 seconds).
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3.4 Discussions and improvement
3.4.1 About the data

We worked on grey-level images obtained by taking the red component of the digital
images. As the images provided by IFN are analogic photographs scanned by an
operator, this component does not exactly correspond to the infrared component.
But it is the one which distinguishes the best the forests from the rest of the image.

3.4.2 About the kernel

Some of the sub-kernels such as the split and merge and the birth and death in a
neighbourhood are a little bit more time consuming than the other ones, but they
have either an impact on the quality of the extraction, or on the cooling schedule we
can afford.

For example, Fig. (20) presents two extractions that were processed on the same
image and with the same parameters (2.000.000 iterations). The only difference is
that in the lefthandside result, there was no split and merge in the proposition kernel.
We have several sub-detections, which means that some discs are detecting at least
two trees. We are stuck in a local minimum of the global energy U(x), because the
only way to go from x, to x; is to join x.. The colder the temperature is, the higher
the positive energy gap is to go through (see Fig. (21)), therefore a one-step move
from x, to x; is needed to leave this mimimum. That is why split and merge kernel
is useful in our application.

Here are some statistics that we obtained simulating 10 times the above exper-
iment. The mean of the final energy and of the final number of objects extracted
show that the split and merge kernel gives us better results.

Statistic Without Qs With Qgar
Iterations 2000000 2000000
Objects detected (mean) 283.7 290.5
Final energy U(x) = 139287 | U(x) = 138283

Table 11: Some statistics to compare simulations with and without the split and
merge kernels
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Figure 20: Left : without split and merge kernel. Right : with split and merge
kernel.

3.4.3 Sampler efficiency

We can also work on the probabilities to propose the different moves in the global
kernel. As shown in Fig. (22), the acceptance ratio for each move considerably
decreases when the temperature decreases. It would also be interesting to work on
it in order to propose more often some moves when they are about to be accepted.

An heuristic method could be proposed to adapt the probabilities of the proposi-
tion kernels during the simulation. It would consist in updating each probability p;
depending on the acceptance probability of each move Q;(.,.) during N,, iterations.
In the following, we note pf the probability of proposing the sub-kernel Q;(.,.) be-
tween iteration k% N,, +1 and iteration (k+1)*N,,. Let us say that the sub-kernel
Qi(.,.) has been proposed Np(i,k) times during these N,, iterations, and accepted
N,(i,k) times. Now, considering that each kernel should be at least proposed with
a probability 0.05, the pf would become :

Ny (3,k)

Np(i7k)
Nﬂ(jrk)

J Np(3.k)

Vi€ [l,...,Ngl, pf =0.05+(1—0.05* Np) (26)
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U)/im g

-

configurations x

Figure 21: A local minimum (x,, top lefthandside image) and a global minimum (x,
top righthandside image)) of an energy and the associated graphic (bottom graph).
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Birth and Death acceptance
T T

Dilation acceptance
T T
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Figure 22: Top left : Acceptance percentage of Birth and Death kernel. Top right
: Acceptance percentage of Dilation kernel. Bottom left : Acceptance percentage of
Split and Merge kernel. Bottom right : Acceptance percentage of Birth and Death
in a neighbourhood kernel
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where Ng is the number of sub-kernels (supposed to be less than 20) that compose
the global proposition kernel. Changing the p; slightly affects our Green ratios every

k+1
k * Ny, iterations, by adding in each of them an extra factor P ;k which takes

into account these updates. As shown in Fig. (23), simple moves like dilation and
translation are the most accepted, since birth and death or split and merge tend to
rarefy at the end of the simulated annealing.

Probabilities of the kernels

— Birth and Death
T

— spl rge
— Birth and Death in a Neighbourhood

Figure 23: Evolution of the different probabilities of propositions with the adaptive
scheme.

3.4.4 Cooling schedule of the simulated annealing

A key element in our simulations is the simulated annealing scheme itself, with the
choice of the initial temperature and the decrease schedule of the temperature, as
pointed out in [Ort04] or [SGMO04] for example. The concept of critical temperature
has been pointed out, this is the temperature where the systems chooses its local
minimum of energy. Then, adaptive cooling schedules tend to make the Markov
chain spend more time at this temperature to select the correct minimum.

Moreover, the choice of the initial temperature is crucial : choosing a too small
temperature would freeze the configurations in a local minima of U(x), while choos-
ing a too high one would make us wait much longer before convergence. The idea is
actually to find a first temperature Ty that ’corresponds’ to the first configuration of

1
objects xg, which means that the statistics of x¢ should be representative of f(x)%o.
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But this problem is linked with the decrease of the temperature, because one can se-
lect a low initial temperature, then wait more time until the equilibrium is obtained,
and finally decrease the temperature at a correct speed to obtain a good extraction.

Log de la temperature en fonction des iterations
4 T T T T

T
—— geometric cooling schedule
—— adaptative cooling schedule

35
x 10°

Figure 24: Adaptive cooling schedule of the temperature, compared to the geometric
one.

Using an adaptive cooling schedule as proposed in [Ort04], we obtain better
results with the same number of iterations (3 millions), and the same starting tem-
perature 10° and final temperature 10~%. Fig. (24) presents the different cooling
schedules that we studied, while Tab. (12) gives the final energy for these different
simulations. The 3 geometric decreases have different geometric coefficient a < 1,
and also different platform lengths. The higher « is, the fewer time we spend at the
temperature Toa® (platform k).

3.4.5 Initialization x;

We always initialized our algorithm with an empty configuration. However, it could
be interesting to initialize it with a grid of objects, thanks to the periodic vectors we
have and the phase of the Fourier transform (see Fig. (25)). It is then possible to
start the simulated annealing with a colder temperature.
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Model Final Energy

Geometric decrease 1 : a = 0.999 | U(x) = 138337

Geometric decrease 2 : a =0.99 | U(x) = 138143

Geometric decrease 3 : a =0.95 | U(x) = 138146
Adaptive decrease U =137812

Table 12: Different energies obtained in 3 millions iterations, with the adaptive
cooling schedule, and with 3 geometric cooling schedules.

Figure 25: A possible initialization for the Markov chain
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3.4.6 About the prior term

We can study the importance of each part of the prior term of the density :
Up(x) = Up(x) 4 Ua(x) + Un(x)

Without the repulsion term, the marked point process tends to put a maximum
number of objects inside the trees and is of no interest to us. Hopefully, the hard
core avoids the process to explode, the total number of marked points is bounded.
Without the attractive term, it becomes more interesting to analyse what is happen-
ing. We can see that this attractive term in the density does not have a big impact
on the number of points, but only on their distribution in the state space. They are
not as well aligned as they are in the full model. Tab. (13) summarizes these results.

Statistic v = 1000 and v, =0 | v, = 1000 and ~, = —10
Iterations f 2000000 2000000
Objects detected (mean) 290.2 290.9
Ur(x) (7= = 1000) 19 27
D ziman; AT T5) 147.4 180.6
Ua(x) 0 —1806

Final energy

U(x) = 138585

U(x) = 138283

Table 13: Some statistics to compare simulations with and without the attractive
term in Up,(x)

3.4.7 Parameters

Some parameters of the model like the ones of the two Gaussian classes can be esti-
mated thanks to a K-means algorithm. We can also make some parameter estimation
for the parameters of the prior density, because our Bayesian model is very practical
to do so (see [GT92, DvLSZ01]).

However, the parameters of X = [R,,, Rys], the space of the marks, are difficult
to estimate. They have a big impact on the final configuration (see Fig. (26) and
Tab. (14)) : it is also not sufficient to set a very small R, and a very big Rys. They
have to be carefully calibrated, with a first small temperature extraction for example
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Statistic X=11,7] X = [3,10]
Iterations 2000000 2000000
Objects detected 386.9 221.2
Final energy U(x) =136271 | U(x) = 147886

Table 14: Some statistics to compare simulations with different spaces X

Figure 26: Left : an extraction of tree crowns with R,, = 1, 384 objects detected.
Right : an extraction of tree crowns with Rjs = 10, 222 objects detected.

that could give us a range of possible radius, or with other algorithms using the
Fourier transform for instance.

The split and merge kernel is not good enough to avoid clustering of very small
objects in one by tree crown like in Fig. (26), or the opposite case with a big object
that contains several trees. It is efficient when there is only two objects to merge, or
one to split into two, but when there are more than two, it is not possible. That is
why we have to find other solutions. For a too large Rjs, one possibility would be
to change the likelihood L£(J|x) as suggested in the next paragraph.
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3.4.8 Different likelihood / non Bayesian model

In the model presented above, considering that the pixels are independent with
respect to the class they belong to, the likelihood term in the density f(x) is :

L) = [1 \/%ao exp (_(yp2;3u0)2> pgi \/%Ui exp (_(%2;2%)2)

p€eC,

where y, is the grey level of the pixel p. With the final configuration of result 1
presented before, Fig. (28) presents one realization of the image with respect to this
probability distribution. We can remark that the image obtained is quite different
from the original image, some properties are missing.

One of these properties is that the distribution of the pixel values inside a tree
is not random, as suggests L(J|x). We can observe that depending on the sun
position, some of the pixels will appear brighter, and other ones darker, because of
the illumination and the geometric shape of the tree crown. That is why we propose
two other models for the likelihood, which take into account this point. Supposing
that the image is close to the Nadir position, our two new models of density are
described in Fig. (27). Both of them consist in first calculating the relative position
of the pixel inside the object x € x, and then associating to this relative position a
probability which responds to a Gaussian distribution of mean p'(p, ) and variance
af. The ué (p,x) are calculated in order to compute the integrals :

R 2r
/0 /Li(P)ﬁdT

R 9 27
| o) = i g

are respectively equal to u; and o;, the mean and the variance calculated with the
K-means algorithm. The other parameter ¢! is only measuring how far from that
model of illumination we accept to be.

and

> Linear model

In the linear model, the mean p;(p) is linear inside the tree. Let p be a pixel inside
one object of the configuration x = (py,7) € x, and dp(x) the distance in P between
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Grey level Grey level

A+B
A+B

B B

Transversal slice Transversal slice

Figure 27: Left : a linear distribution of the mean of the grey values. Right : a
spherical distribution of the mean of the grey values.

this pixel and p,. We have

o) = a2 4 5
Tx
where A < 0 and B > 0 are two constant values (see Fig. (27)). We have now to
solve the following problem, when one pixel is inside several objects, which likelihood
should we associate to him 7 We decide to give him the maximum of the different
probabilities calculated for each object = € x that contains it. So, £;(J|x) becomes :

20 = [T e own (0 T (P (1 £ 000200h)

p€eCs

> Spherical model

In the spherical model, the mean p;(p) is sinusoidal inside the tree. Let p be a
pixel inside one of the object of the configuration z = (ps,7,) € x, and dp(z) the
distance in P between this pixel and the center of the object p,. We have :

wi(p,x) = Acos (gM) +B

Tx
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Figure 28: Top left : the original image. Top right : a realization of J with £(J|x).
Bottom left : a realization of J with £;(J|x). Bottom right : a realization of J with
Ls(1x)
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where A < 0 and B > 0 are two constant (see Fig. (27)). The likelihood L4(J|x)
becomes :

) = T e enn (U528 T {2 (s € N(uit00,01)

p€Co peC;

> Results

Fig. (28) shows the impact of these two models. We can see that some work has to
be done on the modeling of the background which is brighter than the original one.
Moreover, in Fig. (29), we can see the difference between the extraction with the
former likelihood model and Rj; = 10 (see Fig. (26)). The spherical model seems
more suitable. We have no false alarms anymore, the non-detected objects could be
extracted in a second step, or in a single step if more care is taken for the choice of
ol and of which were directly set to 20 here.

Statistic Linear likelihood £;(J|x) | Spherical likelihood L4(J|x)
Iterations 2000000 2000000
Objects detected 244 284

Table 15: Some statistics with the new likelihood

> Non Bayesian model

The Bayesian model does not seem to be appropriate for most of the images, because
the pixel distribution outside the trees is unknown. Another way to proceed is to
introduce, instead of the likelihood £(J|x), a data energy term Uz(x) that would be
the sum of an attachment energy defined for every object in the configuration x :

= Uy(x) (27)

rEX

Some examples of this approach can be found in [Ort04] or [Lac04] for other
applications.

3.4.9 Multi-zone detector

Another limit in our model is that it is designed for extracting trees that come from a
single plantation in the image, because of the prior density which takes into account
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Figure 29: Left : extraction with Ry = 10 and the linear model of likelihood. Right
: extraction with Ry; = 10 and the spherical model of likelihood.

one kind of alignment with the four vectors ;. This does not mean that we cannot
extract the trees that come from different plantations, this is still possible thanks to
the likelihood. However, it is interesting to study the impact of adding one mark to
the object space that defines the type of plantation to which an object belongs.

Thus, in the case of an image composed of several plantations of different orien-
tations, we can add a mark to the space X. If n, is the total number of different
plantations we would like to extract in the image, X becomes :

K = [Ron, Ras] % [1,1,)] (28)

We write © = (p, k) € P x X where k = (r,t), with ¢ the label of the plantation.
—

The alignment vectors that characterize a plantation of mark ¢ are now written ..
A slight change in the definition of the alignment neighbourhood relationship occurs.
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Definition Aligned objects in a multi-plantation image

Two objects 1 = (p1, k1) and xo = (p2, ko) are aligned, and
we write T1 ~q T, if t1 =ty =t € [1,n,] (same plantation)
_)

and if py € Uz’:{l,Z} Be (pl + Uf)

Two objects x; and x; can be aligned if and only if they belong to the same planta-
tion. The attractive energy of the prior term U,(x) is still :

Uax) =70 Y Qai,aj) (20)

Ti~agXj

Eventually, we add to the RIMCMC sampler a non-jumping transformation Q,(x, B)
that proposes to an object x € x a swap of plantation. The Green’s ratio is the same
as the other non-jumping transformations :

Rys(xy =x\ {u} U {v}) = % (30)

We present in the next chapter some results obtained on images simulated with
AMAP software that contains several plantations.
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4 Ellipse model

In the previous chapter, a marked point process of discs has been proposed in order
to extract tree crowns from digital images. In the case of non-disc shaped tree crown
extraction, or with more complicated images especially with a specific shadow ori-
entation, this model is quite limited. That is why we propose to extend it by using
ellipses instead of discs.

An ellipse could help us to model both the tree crown and its shadow on the
ground, which is actually what distinguishes it from the rest of the image. In this
chapter, we only tackle the description of this new marked point process and its
simulation, and give some results compared with previous ones obtained with the
disc process. The shadow is still not taken into account. This will be done in the
future.

4.1 Ellipse marked point process and its simulation

In this part, we deliberately skip the details that were previously addressed in the
disc process. We only focus on the new aspects.

4.1.1 Description of the marked point process

> State space

The state space S is now a bounded set of R® :
S=PxX=1[0,Xnm]| % [0,Ynr] X [am,an] X [bm, bas] X [0, 7] (31)

where X s and Y) are respectively the height and the length of the image I, (am, anr)
the minimum and the maximum major axis, (b,,,bys) the minimum and the maxi-
mum minor axis, and 6 € [0, 7[ the orientation of our objects, as shown in Fig. (1).
In practice we set a., = by, and apr = bas. One object is still described by two sets
of parameters in X because (a, b,6) = (b, a, ™ — ). That is why we set b > a to avoid
this redundancy.

In the following, an object x € S will be noted x = (p, k), where p € P is the
position of its center and k = (a,b,d) € K its marks.

INRIA



Point processes in forestry : an application to tree crown detection 63

> Density of the marked point process

This part is not much affected by the change of geometry of the object. The only
difference will occur in the repulsive term of the prior density, for which the overlap-
ping rule has to be generalized.

Definition Overlapping objects

Two objects x1 and x3 are overlapping, and we write
1 ~p To, if the intersection of their silhouettes is not empty
on P.

The overlapping coefficient is generalized too.

Definition Overlapping coefficient

Let ©1 = (p1,k1) and zo = (p2,k2) be two overlap-
ping objects (x1 ~, x3). The overlapping coefficient,
A(z1,x2) € [0,1], is defined as :

Ap(z1 Nx9)

Az, 29) = max (\p(z1), \p(72))

where Ap(x1 Nxg) is the Lebesque measure on P of the inter-
section of the silhouettes.

The prior energy is unchanged, as for the likelihood.

4.1.2 Simulation algorithm

The RIMCMC algorithm is the same as the one previously used in the disc model.
In this part, we review the different proposition kernels and tackle the points that
are changing in this new model.

> Uniform birth and death

The uniform birth and death kernel still proposes to the current configuration of
ellipses x a birth of an object u uniformly generated in S, or the death of an object
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u € x. The Green’s ratios are the same as before :

_ _po fly) _v(S)
Rop(xy =xUtul) = 0 ) + 1 (32)

and for a death

Ren(xy = x\ {u}) = g—i% "((3 (33)

> Non jumping transformations

The non-jumping transformations are adapted to ellipses, which means that the
dilation now proposes to change the major and the minor axis. Moreover, a rota-
tion is added. This move proposes to change the angle 6 of the ellipse. For every
non-jumping transformation, the associated Green’s ratios are :

Rys(x,y = x\ {u} U{v}) = % (34)

> Birth and Death in a neighbourhood

As the previous kernels this one remains unchanged because the neighbourhood
relationship ~, is the same. The Green’s ratios can be found in (24) and (25).

> Split and Merge

The split and merge kernel is slightly modified. First, the definition of two mergeable
objects is adapted to the new geometric shape.

Definition Mergeable objects

Two objects x1 = (p1,k1) and x9 = (pa2,k2) are mergeable,
and we write T1 ~y, x2, if d(p1,p2) < a1 + a2 + p, where a;
is the major axis of the ellipse x;.

The merge transformation map Té\;{vmxj (zm), which gives us the new object y € S,
is now :
pitp; aita; bi + b; 0; + 0,
y= gNmmj(Zaazb):(ZQJaZQJ Za,12]+zb512]
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where 2, is a random variable uniformly distributed in Z, = [0,an — ai;aj ], and z

the equivalent for the minor axis in Z, = [0, by — #]. We fix Mz, = MN(Z,) and
Mz, = A(Zp). Note that an additional rotation of § and a swap between a, and b,
are proposed if b, > a, with the choice of random variables.

The split does the opposite, which means that starting from one object z; in
the configuration x, we propose to replace it by two mergeable objects 41 and ¥
according to Ta;gi (Zwys Zals 261, Za2, 2625 20) -

[y1,92] = T2 (2ay, Zals 261 Za2, 262, 20)
Y1 = (Pi+ Zey, @i — 2Za1 + Za2, b — 261 + 282, 0; + 29)
Yo = (Pi — Zoy» @i — Za1 + Za2,bi — 261 + 262,05 — 2p)
where z,1 is a random variable uniformly distributed in Z,; = [0,a; — a,,], and

equivalently zp in Zy; = [0,b; — by,|. Here again, after the first dilation with z,;
and zy1, we could add a rotation of § if a; — 241 < b; — 251. Moreover, z,» and
zp2 are random variables distributed in a subset Z,, of Z,9 X Zpy, where Z,9 =
[0, min(a; — 241 — @m,an — a; + 241)] and Zp = [0, min(b; — 2p1 — b, bar — bi + 261)].
Indeed, after this second dilation, we should still respect a > b for both ellipses. Even-
tually, zzy = (24, 2y) is the same as before, and zperq is distributed in Zy = [—%, %]
We fix Mzal == )\(Zal); MZbl = A(Zbl), MZab == )\(Zab)a MZ.g == )\(Z@), and
My, = Np(Zey).

We do detail neither the proposition kernels, nor the symmetric measure, which
are very close to the ones of the disc process. We just give the Green’s ratios of these
moves :

X
_|_
=
X

(y) My, Mg,
(X) 325MZ¢11 MZbl MZa.bMZG MZmy
(35)

_ N (
T ne,(y) Fnly)

Rsu(x,y =\ 1,7} U (1)) .

and
_ Mo ( ) f(y) 328Mz,, Mz, Mz,,Mz,Mz,,
N () + 1(y) f(x) Mz, Mg,

X
+

=8
>

Rsm(x,y = x\{zi}U{y1,92})
(36)

4.2 Results on aerial images

We present in Fig. (31) one result obtained with the ellipse model on an image of
3 plantations simulated with AMAP. This software (see Appendix A.3) gives us the
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possibility to model our stands and offer a rendering which is very close to natural
images. We included in our model an additional mark that represents the label
related to the type of plantation for each object. The image is 403 x 410, and we
ran the algorithme during 10 millions iterations.

Number of points and cliks function of iterations
1200 T T T T

x10° Energy function of temperature
T T
1000 1
7.8
800 1

400( 1 \

721
200 4
7k
6
x

Figure 30: Left : Evolution of the number of objects (red), of mergeable objects
(blue) and of aligned pairs of objects (green) during the simulation with respect to
the number of iterations. Right : Decrease of the energy with respect to the negative
logarithm of the temperature.

From that extraction, the good point is that we have access to many statistics
such as the number of trees, the diameter distribution and the orientation of the trees
in each plantation. It is then interesting to look at the charts in Fig. (30), which
show us the evolution of some statistics during the simulation. We can see that the
total number of objects is quite fast to reach, perhaps because the parameter 5 was
well chosen. But obtaining the position and the marks of the trees takes time (see
Fig. (30), lefthandside), when we see the number of aligned cliks which gradually
increases.
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Figure 31: Top : the original AMAP image, with 3 plantations of different difficulty
levels (bottom right one at nadir with perfect alignments, top one not at nadir,
bottom left with looser alignments). Bottom : the extraction result, each ellipse
color stands for the mark of plantation that was found.
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5 Conclusion

In this report we present an algorithm to extract tree crowns in high resolution aerial
images of forests using a marked point process of discs or ellipses. This approach
is automatic, and gives precious statistics like the number of tree crowns and their
diameter distribution that are helpful in forestry resource management. The pa-
rameters can all be calibrated or estimated via an MCMCML procedure, and the
obtained results on images of poplars are quite satisfying.

In the future, we will design more accurate models for the data term of the
density, and think about a non Bayesian model in order to tackle more complicated
images. Texture informations could be added in order to extract and classify the
trees at the same time. Optimization techniques will also be studied to improve the
computational time.
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A Appendix : convergence of algorithms

A.1 Disc model

We detail here the calculations that were omitted in the chapter addressing the disc
model.

A.1.1 Split and Merge kernel

The split kernel proposes to split one selected object of the configuration x in two
objects that are mergeable with respect to ~,,, and the merge kernel proposes to
merge two mergeable objects.

> Proposition kernel Qgar(.,-)

The global split and merge kernel can be seen as a sum of two proposition kernels,
that deal with the merge and with the split :

Qsm(x,.) =pu(X)Qu(x,.) +ps(x)Qs(x,.)

We have seen that both proposition kernels could be written as : VB € B(¥),

Qui(x, B) = D / 1y =%\ {6,271 U {y})A(dzm)

Zm Ti~m T

and

QB = s Y T oy, 1Y = XM 1A )N )

T;EX

So, for any x € ¥, and well chosen dy € B(¥) these kernels become :

1
QM(X7 dy =X \ {.Z‘Z,.’E]} U {y}) = nNM(X) MZm )‘(dzm)
and
1 1
QS(X’ dy = X\ {331} U {y17 yﬂ}) = ’I’L(X) MZzyMZT MZS A2(d'zacy)/\(dz'r))‘(d'zs)

We should now find a symmetric measure that dominates P x (dx)Qsn (%, dy).
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> Symmetric measure g, )
The symmetric function {gps(A, B) on B(¥) x B(¥) should always give an empty
measure to any Borel sets (A4, B) € B(¥,;) x B(¥y)if j # k+1or j+1 # k. Indeed,

it has to dominate Px (dx)Qgsn (A4, B), and Qsam (A, B) = 0 in the opposite case. We
can also write :

Esm(A,B) = Eom(Ant1, Bn) + Esp(An, Bry)
where A, = ANB(¥,), and B, = BNB(¥,). Then, we propose :
sar(Anin, Ba) = [ Laa () [ 3015, (% \ Lmaag} ULTL oy (5)}) Aldm)
1,J

and

Esnt(An, Bos1) = [P 1a(x) /R Tty O\ i} U AT Gy 210 20)1) 88X () Nz A2 ()

The functions TM (zm) and Tgfi(zxy,zr,zs) are the ones that were used in the

T;om s
split and merge description before. This measure can be easily proven to be sym-
metric, ie Espr(An+1, Bn) = Esm(Bn, Ant1). Actually, the coefficient 83 appears in
the change of variables when we want to prove the symmetry.

The reduced measure in the case of a merge between (x,y) € ¥ x ¥ is also :

Esm(dx, dy = x\ {z;, 2} U {y}) = p(dx)A(dzm)

and for the split :

Espm(dx,dy = x\ {z;} U{y1,y2}) = Sﬁu(dx))\Q(dzmy))\(dzr)/\(dzs)

> Green’s ratios of the split and merge kernel

Eventually, we can calculate the Radon Nikodym derivatives. In the case of a merge,
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we have :

P (d%)Qus (x, dy)
Esm(dx, dy)
S o

n"‘M (X)Mzm

fsm(xy =x\{zi,z;} U{y}) =

p(dx)A(dzm)
__fx®)
Ny (X)Mz,,
and for the split :
o _ Px()Qs(x,dy)
fsm(x,y =x\ {z;} U{y1,92}) = Esm(d )fdy)

n(x)Mz, MZTMZS
841 (dx)A2(dzgy) N(dz ) A(dzs)

f)
Sﬂn(X)MZmy MZTMZS

( )M(dx) Mdzzy )A(dzr )A(dzs)
)

The Green’s ratios presented in (35) and (36) can be deduced from these two
derivatives.

A.1.2 Birth and Death in a neighbourhood

The birth and death in a neighbourhood kernel proposes to add or to remove some
objects in the alignment neighbourhood of existing objects of the configuration x.

> Proposition kernel Qppn(.,-)
The global birth and death in a neighbourhood kernel can be seen as a sum of

eight sub-kernels that propose up to four births and up to four deaths in the neigh-
bourhood of an object of the configuration :

QBDN(Xv B) = L ZZpBi(‘T7X)QBi($7X’B) + ZpDi(’T7X)QDi (JZ,X,B)
n(x) -
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We have seen that these 8 proposition kernels could be written as : VB € B(W¥),

1 1 /
My, ... Mki By XK x...x By, xXK

QB.; (.CC,X, B) = 7
ng(z,x) JeC(i,ns(z,x))

Mdzg, YA dzy, JA(dzry ) - - - Mdzay, ) A(dzy, )M (d2ry,)

and

QDi(xax’B): 2'1 Z 1B(y:X\{yk1""7yki})

N (zzx) 3Ee(i,nu(m:x))

So, for any x € ¥ and appropriate dy € B(W¥), they become :

1 1
QB,;(xvxvdy:xu{ykp"'ayki}) = 7
o My - M,

Mdzz,, YN dzy, JN(dzry, ) - - - Md2ay, )JA(d2y, )M (dzr,, )
in the case of a number ¢ of births, and
1

%
nu(2,%)

QDi(x?X’dy = X\ {xkl"“ axkt}) =

in the case of a number ¢ of deaths.

> Symmetric measure {gpn (., -)

We should find a symmetric measure which gives an empty measure to any Borel
sets (A, B) € B(¥;) x B(¥y) that do not verify j = k + ¢, with s = {1,...,4}. We
can also write :

&6onv(A,B) =Y > €BpN(Ansi, Bn) + DN (An, Bnyi)
n i={1,...,4}

Then, we propose :

€8N (Ans Buyi) = / / 1o, () 1p, ., (x U {u})FA(dur) . .. A(dus)p(dx)
U J{ui,...,u; }€S
and

EBDN(Anyis Bn) = /IllAnH(X) Z 1g,(x\{z1,..., zi})pu(dx)

{z1,. @i }EX
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The reduced measure in the case of a birth in a neighbourhood between (x,y) €
¥ x ¥ is also :

éppn(dx,dy = x U {yrys- -, Uk }) = BMduy) . .. MN(du;) p(dx)

and for the death in a neighbourhood :

éBDN(an dy = x \ {‘rklv .- 7wki) = “(dx)

> Green’s ratios of the birth and death in a neighbourhood kernel

Eventually, we can calculate the Radon Nikodym derivatives. In the case of a birth
of ¢ objects :

Px(dx)Qppn(x,dy)
Espn (dx, dy)
FEAX) 155 Csegxoy) - - MdYny) - - - AMdyi,)
BNdyky ) - - - Mdy, )u(dx)

o I
 n(x) B Z nfu(z,x) C° My, ... My,

7

BN (XY = XU {Ykys- -5 Uk })

z€G(x—y) ng(z,x)

and for the death of ¢ objects :
Px(dx)Qppn(x,dy)
Espn(dx, dy)
f(x),u/(dx)ﬁ Zzeg(y—u() nfu(laz,y) leul(m )
p(dx)
_ (x) 1 1
X) Z nfu(ma Y) OYZL

z€G(y—x) u(2,y)

fBoN(%y =x\{2gy, ..., 78,) =

[y

=2

We then obtain the Green’s ratios (24) and (25).

A.1.3 Convergence of the Markov Chain

We need to prove that the Markov chain X; ergodically converges to the target dis-
tribution Px (.) in the RIMCMC algorithm, with our choice of proposition kernels.
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> Reversibility

The reversibility is obtained thanks to the choice of the acceptance ratio at each
step (see [GM98]).

> Irreducibility, small sets

The irreducibility and small sets properties is a consequence of the stability con-
dition (4).

Proposition Irreducibility and small sets

If the unnormalized density f(x) satisfies the condition
(4), then the RJMCMC algorithm with our choice of
proposition kernels simulates an irreducible Markov chain
and every bounded set is small.

Demonstration :
First, we note vo(.) the measure that is empty for every set of ¥, except ¥y = {(}.
The probability to accept a death in the uniform birth and death kernel is :

ap(xy =x\{u}) > 28 _1

Z op Mo (S) (37)

where M > 0 is the coefficient introduced in (4), chosen large enough so that the
righthandside of (37) is less than one. As the probability to propose such a death is
PBDPD, we can express the probability P¥(x, Wg) to go from a configuration x to the
set space Wy, in m > n(x) steps :

PR(x, Wg) > P (x, Wo)P "X ({0}, ®g)

n(x)
p 1 m—n(X
(piiwv(s)> (pBDPD) ()

m
PBDPB
(375)
This calculation shows that the Markov chain is vy-irreducible, since the only vy-
positive set is o = {0}, and P} (x, ¥g) > 0 whenever m > n(x).
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Then, let C,, = {x € ¥ : n(x) < m}, and ¢ = (Iﬁf(%g)m. For any m, C,, is small

with respect to the measure cvy(.) because vo(¥o) =1 and so :
?T)?(X, ‘I’()) > CI/()(\I’()) ,Vx € Cp,.

Thus, every bounded set is small.

> Harris recurrence and geometric ergodicity

The Harris recurrence and the geometric ergodicity of the Markov chain are a con-
sequence of the stability condition (4) too.

Proposition Harris recurrence and geometric ergodicity

If the unnormalized density f(x) satisfies the condition
(4), then the RJMCMC algorithm with our choice of
proposition kernels simulates a Markov chain that is Harris
recurrent and geometrically ergodic.

Demonstration :

This demonstration is longer, but could be found in [PDZ03] or [Ort04]. Moreover,
as we work on a space of configurations with a finite number of objects (because of
the hard core term), this one is a lot easier.

A.2 Ellipse model

The demonstrations of the results obtained for the Green’s ratios and for the con-
vergence of the model are very close to the ones of the disc model. That’s why we
have chosen not to present them in this report.

A.3 AMAP

We used the AMAP Digiplante’s Orchestra software in order to simulate tree stands.
This software exploits the CTRAD’s knowledge in vegetation and plant growth simu-

RR n° 5544



76 Perrin & Descombes € Zerubia

lation. It integrates the vegetation procedural growth engine which is able to generate
a 3D model of a plant at any age, taking into account its natural morphology. More-
over, this growth engine easily enables to simulate several individuals belonging to
the same specy.

We also simulated some plantations of poplars using this method, which made us
control the number of trees, their position in the image, ie. the ground truth. This
was very useful for the calibration of our model as well as for the discussion of the
results.
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