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� e�FGc2K&F W U2K1]LNPe2]JU WGW KJe2]JB�D�KJI _ eCFGQT]LD{� W Uae2D'NY� _ ]LNPe2]JU WGW KJeCF(DGBEDGF�KJI _YW K W K `aW KLDdKJeCF�KLb _ D `�_YW FGQ _ O�N W baK W D'NY�

KJ��KJeCF�D{�3��N W K `2W KLD�KJeCF�D�KJF�D(NY��DGU2]dc W Uae2D(QRe _ ]LNPI `�_ ]JF�I _ eae2K W �2F Wd_ bEQRFGQTNPe _ O _Y`a`aW N _ ]dc2KLD W KJORB�NPe�M Wd_ e�]dcaQRe s
`aW NC]LKLD�D�KLD{���'c�K�I _�� QRI _ O?M Wd_ e2]dcaQRe s1`aW NC]LKLD�DxNY� _ DGBEDGF�KJI�����N W FGc2K `aW K8� ��W KJO _ FGQTNPe �PQTD��Ce�N��*e _ DoFGc2K�UaeE��NPOTbEQRe s
NY��FGc _ F*DGBEDGF�KJI�����eE��NPOTbEQRe s D���NY� _ �2e2Q�FdK1]LNPI ` OTKJF�K `aW K8� � NY��FGc2KJI�� _YW K\U2D�KLb���N W I<NCbaKJO���]dc2KL]d�?QRe s<` U WG` NhDdKLD{�
W K _ ]dc _ MaQRORQRF�B _ e _ ORB?D�QTD{��DGB?D�F�KJI�I<NPeaQRF�N W QRe s N W bEQ _Ys e2NhD�QTD{��KJF�]h� � e `�_YW FGQT]JUaO _YW ��FGc2KJB�KJePXGN�B�eaQT]LK�� _ ]JF�N W QR  _ �
FGQTNPe `aW N ` K W FGQTKLD1FGc _ F _ OROTN���FGc2K�baKJ�¡KJOTN ` I<KJeCF�NY��bEQTDGF W QRMaUaF�KLb�¢�I<NCbEU2O _YW�_ O s N W QRFGcaI<D{����N W I<N¡b2K8O�]dc2KL]d�?QRe s N W
bEQ _Ys e2NhDGQTD{�

� evFGc2QRD']LNPI£I-UaeaQT] _ FGQTNhe �E��K `aW N ` NhD�K _ e _ O�FdK W e _ F�K _ e2b�DdNPI<KJc2N��¤QReCF�K W I<KLbEQ _ F�K W K `aW KLD�KJeCF _ FGQTNPe���N W�W Uae2D
NY��]LNPe2]JU WGW KJeCF�DGB?D�F�KJI<D{���*c2K W K¥FGQRI<K¥QRD1UaeE��NPOTbaKLb���MaUaF1e2NPF�FGc2K¥]LNPeE¦2QT]JF W KJO _ FGQTNPe � � e§��K8�¨��N W baD�����K _ M _ eE�
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�'c W NPU s c _ DGUaQRF _ MaOTKv]LNY� W K8¦�KL]JFGQTNPe�NY�*F W KJORORQTD�e2KJF�D�QReªFGc2Kv] _ F�K s N W B©NY�(D _ ��K£e2KJF�D{�o�'K¥�2e _ ORORB `aW N��¡K<FGc _ F
FGQRI<K8�®UaeE��NPOTbEQRe s D�KJePXZN�B�F�c2KkD _ I<K�� _ ]JF�N W QR  _ FGQTNPe `aW N ` K W FGQTKLD _ DvD�F _ e2b _YW b¯UaeE��NPOTbEQRe s D{�'�*caQT]dc�I _ �¡KLDvFGc2KLD�K
I<N W K�]LNPI `�_ ]JF&DGF W U2]JFGU W KLD ` NhD�D�QRMaOTK�] _ e2bEQTb _ F�KLD(��N W bEQTDGF W QRMaUaF�KLb��¡K W Q���] _ FGQTNPe�¢YbEQ _Ys e2N�DGQTD _ O s N W QRFGcaI<D{�
±�²�³�´�µ�¶ zY·�w�~ ]LNPe2]JU WGW KJeCF�DGB?D�F�KJI�� V KJF W Q2e2KJF{��F W U2K(]LNPe2]JU WGW KJe2]JB<D�KJI _ eCFGQT]LD{��M Wd_ e2]dcaQRe s�`aW NC]LKLD�D��hUaeE��NPOTbEQRe s �
KJ��KJeCF�DGF W U2]JFGU W Kh�2F W KJORORQTD{�2] _ F�K s N W B�FGc2KLN W B�� `aW NCbEU2]JF{�a� _ ]JF�N W QR  _ FGQTNPe
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 ~�� K*b�� ` ORQ _Ys K(b�� Uae£D�B?DGF�HJI<K']LNPe2]JU WGW KJeCF W K `aW �LD�KJeCF�K*baK�� _�� NPe£]LNPI `�_ ]JF�K'F�NPUaF�KLD�OTKLD�K � �L]JUaFGQTNPe2D3baK
]LK'DGBEDGF�HJI<Kh� � KLD�b�� ` ORQ _Ys KLD3DdNPeCF$O _YWGs KJI<KJeCF�UaF�Q�ORQTD��LD�]LNPI£I<K*NPUaFGQRO2baK���� W Q���] _ FGQTNPe<baK�I<NCbaHJOTKh�¡KJF{� W �L]LKJI£I<KJeCF{�
]LNPI£I<K DGU `a` N W F ` NPU W baKLD _Y`a` ORQT] _ FGQTNPe2D�baK bEQ _Ys e2NhDGFGQT]h� � N W D�SCU�� Uae,DGBEDGF�HJI<K§]LNPe2]JU WGW KJeCF�DdK§b��L]LNPI ` NhD�K
KJe `aW NCbEUaQRF�DGB?e2]dc W NPe2K baKk]LNPI ` NhD _ eCF�D ` ORU2D ` KJFGQRF�D{�*D�NPe b�� ` ORQ _Ys K§D�K�� _ ]JF�N W QTD�K baK�O _ I��JI<KkI _ eaQTH W K§KJe
`aW NCbEUaQRF&baKLD�b�� ` ORQ _Ys KLD&baK�]LKLD�]LNPI ` NhD _ eCFdD{����KJFGF�K `aW N `aW Q��JF ��KLD�F"!¥O _ M _ DdK�baKLD _ O s N W QRFGcaI<KLD�I<NCbEUaO _ Q W KLD\NPU
bEQTDGF W QRMaU#�LD(baK�bEQ _Ys e2NhD�FGQT]h�%$\NPU2D*b#�J] W QR�¡NPe2D(QT]JQ�Uae2K _ UaF W K1� _�� NPe � ` O�U�D(]JNPI `�_ ]8FdKP��baK W K `aW �LD�KJe?F�K W O&� KJe2D�KJI-MaOTK
baKLD¥K � �L]JUaFGQTNPe2D£b�� Uae DGB?D�F�HJI<K�]LNPe2]JU WGW KJeCF{��!kO&� _ QTbaK�b�� Uae2K�DGF W U2]JFGU W K�SCU2K�O&� NPe _Y`a` KJOROTK�OTK�'�F W KJQRORORQTD)(d� [ _ e2D
]LKJFGF�K\DGF W U2]JFGU W Kh�?OTK\DGBEDGF�HJI<K\KLDGF�b�� ` ORQ��\OTK&OTNPe s baK&O&� _�� K&F�KJI ` N W KJO®�EI _ QTD `�_ D'b _ e2D�O _ bEQRI<KJe2DGQTNPe�baKLD']LNPeE¦2QRF�D
�+*-,/.0,�OTKLD(]dc2NPQ � baK�F Wd_ e2DGQRFGQTNPe2D&b _ e2D*UaekDGBEDGF�HJI<K1e2NPekb��JF�K W I£QReaQTDGF�K��8� ^\_Y`a` KJOTNPe2D�S¡U2K�OTK�b�� ` ORQ _Ys K�b�� ` ORQTK�]LKLD
baKJU � bEQRI<KJe2D�QTNPe2D{�3]LK�S¡UaQ'baNPeae2K�baKLD¥DGF W U2]JFGU W KLD�M Wd_ e�]dc _ eCF�KLD£baNPeCF¥O _ F _ QROROTK _ U s I<KJeCF�K Wd_Y` QTbaKJI<KJeCF{�21&e
I<NPeCF W K�SCU2K\OTKLD*F W KJQRORORQTD$XGNPUaQTD�D�KJeCF*baKLD*I��JI<KLD `aW N `aW Q��JF �LD _ O s �JM W QTSCU2KLD(SCU2K\OTKLD(b�� ` ORQ _Ys KLD{�2KJF*e2NPF _ I£I<KJeCF�baKLD
I��JI<KLD `aW N `aW Q��JF �LD\baK�� _ ]JF�N W QTD _ FGQTNPe �3��KJO _ KJek� _ QRF&baKLD\] _ e2bEQTb _ F�D&F W HLD&QReCF � W KLD�D _ eCF�D ` NPU W O _ D�U ` K W �CQTDGQTNPe§KJe
ORQ s e2Kv��KJF�bEQTDGF W QRMaU#�LK��*baK�DGBEDGF�HJI<KLD(]LNPe2]JU WGW KJeCF�D&bEQTDGF W QRMaU#�LD��
4#¶ y{w ´ }�5 
 ~ DGBEDGF�HJI<K�]LNPe2]JU W�W KJeCF{� W �LD�K _ U¤baK V KJF W Q®�*D��JI _ eCFGQTS¡U2K baK ]LNPe2]JU WGW KJe2]LK � Wd_ QTKh� `aW NC]LKLDdDGU2D�baK
M Wd_ e2]dc2KJI<KJeCF{��b�� ` ORQ _Ys Kh��DGF W U2]JFGU W K�b��6�J���Je2KJI<KJeCF�D{�2F W KJQRORORQTD{�aFGc#�LN W QTK�baKLD(] _ F � s N W QTKLD{� `aW NCbEUaQRF{�a� _ ]JF�N W QTD _ FGQTNPe
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U2D�KJOTKLD�D1QReCF�K W OTK _ �?Q�e s D _YW K¥e2NPF�F _ ��KJe QReCF�N _ ]L]LNPUaeCF{���'c2K¥UaeE��NPOTbEQRe s NY� _ DGBEDGF�KJI4] _ e FGc2KJe M�K¥�CQTKJ��KLb _ D _
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� _ e2b©D�N�NPe W K ` K _ F�KLbEORB¡�¥�'c2QRD�K �2_ I ` OTK£QRORORU2DGF Wd_ F�KLD�FGc _ F _ e UaeE��NPOTbEQRe s�s KJe2K Wd_ ORORB shW N��(D�QRe '��*QTbEFGc (��:FGc2K

]LNPeE¦2QT]JF�bEQRI<KJe2DGQTNPe�� _ D�NPe2K `aW N shW KJDdD�KLD(Q�e '�OTKJe s FGc (v�:FGc2K�FGQRI<K�bEQRI<KJe2DGQTNPe��8�
�'c2K W K-K � QTDGF�D _ DGQRI ` OTK _ e2bkQReCFGUaQRFGQR��K `aW NC]LKLbEU W K-F�NvMaUaQROTb � _<`aW K8� � NY�Ë�*FGc2K�UaeE��NPOTbEQRe s NY� _ e2KJF

N
�*­©K

M W QTK8¦2B�I<KJeCFGQTNPekQRF*M�KJOTN������aDGQRe2]LK�QRF*��N W I<D*FGc�K1M _ D�QTD(NY�$NPFGc2K W ]LNPe2DGF W U2]JFGQTNPe2D���K1U2DdK1QRe�FGc�K�D�KLSCU2KJO®�
D z ¶ } ² · �oz ² �

•
� eaQRFGQ _ ORQR  _ FGQTNPe *

� � W K _ F�K
|P 0|

]LNPe2bEQRFGQTNPe2D�QRe
C0 � _ e2b�baK8�2e2K _ MaQ XZKL]JFGQTNPe fN : C0 → P 0 �

� A?KJF
C = C0 � E = ∅

_ e2b
→= ∅

�

•
^ KL]8U W DGQTNPe *

� � KJF
X

M�K _ ]LNY��D�KJF�NY�
C
_ e2b

t ∈ T
_ F Wd_ e2D�QRFGQTNPekNY�

N
D�U2]dc�FGc _ F •t = fN (X)

�
� � �xFGc2K W K�baNCKLDGe�� F�K � QTDGF _ ekKJ��KJeCF

e
QRe
E
�(Q�F�c •e = X

_ e2b
fN (e) = t

�

∗
] W K _ F�K _ e2KJ�"KJ�¡KJeCF

e
QRe
E
�*QRFGc •e = X

_ e2b
fN (e) = t

�
∗
FGc2KJek] W K _ F�K _ DGUaM2DdKJF

Y
NY�

|t•|
e2KJ�"]LNPe2bEQRFGQTNPe2D�QRe

C
�aD�KJF

Y = e•
�

_ e2b�K � F�KJe2b
fN

F�N¥c _ �¡K1FGc2K�MaQ XGKL]JFGQTNPe
fN : Y → t•

�
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D z ¶ · �o}hy . l `2W NCbEU2]JFo] _ e�M�K3baK8�2e2KLb�bEQ W KL]JFGORB\QRe�FGc2K3] _ F�K s N W B � � � ��MCB\FGc2K$��NPOROTN��*QRe s�W KL]JU W DGQR��K `aW NC]LKLbEU W Kh�
� KJF

O1,O2
M�K&F���N 1 $\D{�C�*QRFGc

Oi = (Ci, Ei,→i, C
0
i )
�CFGc2KJQ W�`aW NCbEU2]JF

O = (C,E,→, C0) = O1 ×O O2
_ e2b

FGc2K _ DdD�NC]JQ _ F�KLb�I<N WG` caQTDGI<D
ψi : O → Oi

_YW K s QR��KJe�MCB2*

D z ¶ } ² · �oz ² �

•
� eaQRFGQ _ ORQR  _ FGQTNPe *

� � W K _ F�K
|C0

1 | + |C0
2 |
]LNPe2bEQRFGQTNPe2D�QRe

C0 � _ e2b�baK8�2e2K�QRePXZKL]JFGQR�¡K `�_YW FGQ _ O �:Uae2]JFGQTNPe2D ψi : C0 → C0
i

QRe
D�U2]dc _ � _ B�FGc _ F(FGc2KJB�c _ ��K�bEQTD�XZNPQReCF�baNPI _ QRe2D{�

� A?KJF
C = C0 � E = ∅

_ e2b
→= ∅

�

•
^ KL]8U W DGQTNPe *

� � KJF
X

M�K _ ]LNY��D�KJF�NY�
C
� _ e2b

I ⊆ {1, 2}
_ e2NPeE��KJI ` F�B�QRe2baK � D�KJF %

∀i ∈ I,
OTKJF

ei

M�K _ ekKJ��KJeCF�NY�
Ei

DGU2]dc�FGc _ F
ψi(X) = •ei

�
� � �xFGc2K W K�baNCKLDGe�� F�K � QTDGF _ ekKJ��KJeCF

e ∈ E
�*QRFGc •e = X

_ e2b
∀i ∈ I, ψi(e) = ei

�

∗
] W K _ F�K _ e2KJ�"KJ�¡KJeCF

e
QRe
E
�*QRFGc •e = X

_ e2b
∀i ∈ I,

D�KJF
ψi(e) = ei

�

∗
FGc2KJek] W K _ F�K _ DGUaM2DdKJF

Y
NY� ∑

i∈I |e
•
i |
e2KJ�"]LNPe2bEQRFGQTNPe2D�Q�e

C
�aD�KJF

e• = Y
�

∗
K � F�KJe2b FGc2K `�_YW FGQ _ O���Uae2]JFGQTNPe2D

ψi

F�N
Y
QRe N W baK W F�Nvc _ �¡K-bEQTD�XZNPQReCF1baK8�2eaQRFGQTNPe baNPI _ QRe2D\QRe

Y_ e2b�F�N<D _ FGQTDZ��B
ψi : Y → e•i

QRePXGKL]JFGQR��K��h�
�'c2K�QRe2baK � D�KJF

I
F _ �¡KLDx� _ ORU2K

{1}
N W

{2}
F�N&MaUaQROTb�QRe

O
_ ' `aW QR� _ F�K'KJ��KJeCF)(�NY�

O1
N W

O2
� _ e2b-F _ �¡KLD�� _ ORU2K

{1, 2}F�N<MaUaQROTb _ DGBCe2]dc W NPeaQR {KJb§KJ��KJeCF{� � F�] _ e M�K `aW N��¡KLbkbEQ W KL]JFGORB�FGc _ F
×O

baK8�2e�KJb MCB `aW NC]LKLbEU W K¥n<]LN WGW KLD ` NPe2baD
F�N§F�c2K�] _ F�K s N W QT] _ O `aW N¡baU2]JFvNY� � ��� � ��UaF£FGcaQTD W KLDGUaORF£QTD<baK W QR��KLb QRe _ I<N W K�bEQ W KL]JF£I _ eae�K W QRe FGc�K�e2K � F
DGUaME��D�KL]JFGQTNPe �

����� ��� � ��� � # * -��G�,��� �"� * �
	+� ����# � ��� � !$#$% ��� -
��NPe2DGQTbaK W FGc2K�QRe2]JORU2DGQTNPe ��Uae2]JF�N W

F =⊆
NY� � � � QReCF�N � . � ��� 0�NPOROTN��*QRe s 	 i�������K W KL] _ ORO'FGc _ F

G = U
�$FGc2K

UaeE��NPOTbEQRe s N ` K Wd_ FGQTNPe�NPe�e2KJF�D��¡��N W I<D�FGc2K W Q s cCF _ bYXGNPQReCF'NY� �:Uae2]JF�N W
F
����N-baN�D�Na�C��K&U2D�K�FGc2K\]LNPe2DGF W U2]JFGQTNPe�NY�

FGc2KLN W KJI4n��®QR���2QRe§]dc _Y` � ��� ����NY�8	�� ��� W KL] _ OROTKLb QRe _Y`a` KJe2bEQ � l�� qE���*QRFGc e2NPF _ FGQTNPe2D
C 


� � � �
D 


� . � ���
F =⊆_ e2b

G = U
���'c2K��¡KJB?D�F�NPe2K�NY�xFGcaQTD�]LNPe2DGF W U2]JFGQTNPekQTD*FGc2K�UaeaQR�¡K W D _ O `aW N ` K W F�B©� ���'NY�xUaeE��NPOTbEQRe s D{�

9 | � ·��:·�|Ey ² } ¶a´ � � �«y . �'c2K�DGF _YW F�Q�e s<` NPQReCF�QTD(F�N¥�2e2b _ ] _ e�bEQTb _ F�K�]LNY�®UaeaQRF
ε : FG → ID

��N W FGcaQTD _ bYXZUae2]8�
FGQTNPe �C�*c2K W K

ID

QTD�FGc2K(QTbaKJeCFGQRF�B£��Uae2]JF�N W QRe
D 


� . � ���$�'c2K&]LNY�®UaeaQRF
ε
QTD�baK8�2e2KLb�MCB _ I<N WG` caQTDGI

εN
��N W KJ�¡K W B

N ∈
� . � ���

εN : UN → N
��l¬DGF Wd_ Q s cCFZ��N W � _YW b©]dc2NPQT]LK¥QTD�FGc2K���NPOTbEQRe s

εN = fN
� 0�N W KJ�¡K W B

N
QRe � . � ���

��K<I-U2DGF�DGc2N�� FGc _ F-FGc2K `�_ Q W
(G(N ), εN ) = (UN , fN )

QTD _ UaeaQR�¡K W D _ O _YWGW N�� � W NPI
F
F�N

N
��D�KLK ��n)%���QRe

_Y`a` KJe2bEQ � l��Çq��8�a�*caQT]dc�QTD�K �a_ ]JFGORB�FGc2K�UaeaQR�¡K W D _ O `aW N ` K W F�B©�
���'NY�$FGc2K�UaeE��NPOTbEQRe s
UN

��A?N _ DdDGUaI ` FGQTNPe����&l��
c2NPOTbaD{�

N1

N2

N1
U

N2
U

Ug

N1
f

N2
f

g
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� ��� ¶ 5:·*� ��� |aw1| � � � }hy ¶ z . l\D _ D�KL]LNPe2b£DGF�K ` QRe£FGcaQTD�]LNPe2DGF W U2]JFGQTNPe �¡��K'b2K W Q��¡K'FGc _ F
G = U

�hFGc2K�UaeE��NPOTbEQRe s
N ` K Wd_ FGQTNPeªNPe e2KJF�D{� ] _ e M�K¥FGU W e2KLb QReCF�N _ ��Uae2]JF�N W � W NPI � . � � F�N � ��� �-��N�baN�D�Na����K¥I-U2DGF�K �E` O _ QRe c2N��
I<N WG` caQTDGI<D _YW K�F Wd_ e2DZ��N W I<KLbkM?B

U
� � KJF

g : N1 → N2
M�K _ I<N WG` caQTDGI�QRe � . � ���

U(g)
��N W

Ug

�'QTD\baK8�2e2KLb
_ D*FGc2K�UaeaQTS¡U2K�I<N WG` caQTDGI � W NPI

UN1

FdN
UN2

D _ FGQTDZ�:B?QRe s �«� s �aiC�

g ◦ fN1
= fN2

◦ U(g)
��n��

�$� QTD�F�KJe2]LK _ e2bkUaeaQT]JQRF�B�NY�
U(g)

_YW K s U _YWd_ eCF�KLKLb M?B©� ��� *�F _ ��K
O = UN1

�
N = N2

_ e2b
φ = g ◦ fN1

� � F�QTD
FGc2KJe<K _ DGB-F�N�DGc2N�� FGc _ F

U
]LNPI£I-UaF�KLD3�*QRFGc£F�c2K*]LNPI ` NhDGQRFGQTNPevNY��I<N WG` c2QRD�I<D{� _ e2b¥I _Y` D�QTbaKJe?FGQRF�B�F�N1QTbaKJeCFGQRF�B��

l�ORF�K W e _ FGQR�¡KJORB��oQRF�QTD�Q�e�DGF W U2]JFGQR��K<F�N�MaUaQROTb©bEQ W KL]JFGORB
U(g)

� FGc W NPU s c _�W KL]JU W DGQTNPeªFGc _ F `aW KLD�K W �¡KLDv��n�� _ F�K _ ]dc
DGF�K ` *
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•
� eaQRFGQ _ ORQR  _ FGQTNPe *
s QR�¡KJe�MaQ XZKL]JFGQTNPe2D

fNi
: C0

i → P 0
i

�
Ug

QTD(baKJF�K W I£QRe2KLbkMCB ��n���M�KJF���KLKJe
C0

1

_ e2b
C0

2

�

•
^ KL]8U W DGQTNPe *

� OTKJF
X1

M�K _ ]JNY��DdKJF'NY�
UN1

�*c2K W K
Ug

QTD�baK8�2e�KJb �ED�N
g ◦ fN1

(X1) = fN2
◦ Ug(X1)

� _ e2b�OTKJF
e1
M�K

_ ekKJ�¡KJeCF(NY�
UN1

DGU2]dc�FGc _ F •e1 = X1
�

� FGc2KJe
g
QTD\baK8�2e2KLb§NPe

t1 = fN1
(e1)

��DGQRe2]LK-QRF&QTD\baK8�2e2KLb§NPe§QRF�D `aW K8��D�KJFË�8� _ e2b •g(t1) = g(•t1) =
g ◦ fN1

(X1) = fN2
◦ Ug(X1)

�
� D�Q�e�]JK

t2 = g(t1)
QTD*KJe _ MaOTKLb�MCB ` O _ ]LKLD(NY�

fN2
◦ Ug(X1)

�?FGc2K W K�K � QTDGF�D _ UaeaQTSCU2K1KJ�¡KJeCF
e2

QRe
UN2D�U2]dc�FGc _ F

fN2
(e2) = t2

_ e2b •e2 = Ug(X1)
�2D�N£NPe2K�I-U2DGF�baK8�2e2K

Ug(e1) = e2
�

� s QR�¡KJe�MaQ XZKL]JFGQTNPe2D
fNi

: e•i → t•i
�aK � F�KJe2b

Ug

D�N¥FGc _ F(QRF(]LNPQRe2]JQTbaKLD��*QRFGc
g
M�KJF���KLKJe

e•1
_ e�b

e•2
�

t¥·�=0� � }hy�� ¶ � . l\D _ O _ DGF�D�F�K ` �a��K�c _ �¡K�F�NvDGc2N��"FGc _ F
ε
QTD _ e _ FGU Wd_ OoF Wd_ e2DG��N W I _ FGQTNPe§NY�$�:Uae2]JF�N W

FG
QReCFdN

ID

�£l&D
FG

` K W ��N W I<D _ e UaeE��NPOTbEQRe s QRe � . � ��� FGcaQTD `aW N ` K W F�B ]LNPQRe2]JQTbaKLD��*QRFGc ��n��£�«� s ��iC�8�£�'caQTD�QTD�KJe2NPU s c
F�N `aW N��¡K�FGc2K _ bYXØU2e2]JFGQTNPe �%*-,/.0,-F�N�baK W QR��K _ NPe2K¥F�N�NPe2K¥MaQRe _ FGU Wd_ O�]LN WGW KLD ` NPe2baKJe2]LK<M�KJF���KLKJe©I<N WG` caQTDGI<D�NY�
° N W

(Occ,Nets)
_ e2b�FGc2NhD�K�NY�$°§N W

(Occ, U(Nets))
�EMCB ��qhp���QRe _Y`a` KJe2bEQ � l��ÇqE�

�'caQTD `�_YW FGQT]JUaO _YW ��N W I NY� _ bYXZUae2]JFGQTNPe �o�*c2K W K£FGc2K£OTK8�:F _ bYXGNPQReCF�QTD1FGc2K£QRe2]JORU2DGQTNPe ��Uae2]JF�N W � QTD�] _ OROTKLb _ ��	
�
� .-( . � � * 	 ! NY�2FGc2K�] _ F�K s N W B�NY�2NC]L]JU WGW KJe2]LK�e�K8FdDoQRe-FGc2K�] _ F�K s N W B�NY�2e2KJF�D{�xl&D W Q s cCF _ bYXGNPQReCF�D `aW KJDdK W ��K `aW NCbEU2]JF�D{�
NPe2K1c _ D

U(N1 ×N N2) = U(N1) ×O U(N2)
��q��

�'caQTD���NPUaOTb _ ]JFGU _ ORORB�M�K D�U��v]JQTK8e?F�F�N `aW N��¡KkFGc2K§K � QTDGF�KJe2]LK NY� _©`aW NCbEU2]JF�QRe � � � ��N W NC]L]JU WGW KJe2]LK§e2KJF�D
FGc _ F _YW K�UaeE��NPOTbEQRe s D{� ��UaF<��K�] _ e D _ B I<N W Kh� ��NPe2DGQTbaK W FGc2K ��!#* ��NY�1FGc2K _ bYXZUae2]JFGQTNPe � *&,/.0, FGc2K�e _ FGU Wd_ O
F Wd_ e2DZ��N W I _ F�QRNPe

η : ID → GF
� s QR�¡KJe c2K W K�M?B

∀O ∈ Occ , ηO : O → UO
�
η
QTD£NPMC�?QTNPU2DGORB _ e _ FGU Wd_ O

KLS¡UaQR� _ OTKJe2]LK¥� _ D�D�UaI ` FGQTNPe � $ � ��NY� _Y`a` KJe2bEQ � l-� i�QTD�D _ FGQTDZ��KLb��8�ED�N�FGc2K W KJO _ FGQTNPe�M�KJF���KLKJe
×O

_ e�b
×N

QRe ��q��
W K _ ]dc2KLD _ OROoKJOTKJI<K8e?F�D(QRe � ��� �E�(caQT]dc�BCQTKJOTbaD(FGc2K1��NPOROTN��*QRe s baK8�2eaQRFGQTNPe NY�

×O

O1 ×O O2
∼= U(O1) ×O U(O2) = U(O1 ×N O2)

�:iC�
�*c2K W K ∼=

DGF _ e2baD-��N W '�QTD�NPI<N WG` caQT]�F�Na� ( �'c2Kv� _ ]JF�FGc _ F
×O

QTD _ DGF _ e2b _YW b `aW NCbEU2]JF¥QRe � . � �r��NPOROTN���KLb MCB
_ ekUaeE��NPOTbEQRe s�s QR��KLD\K �a_ ]JFGORB�FGc2K W KL]JU W DGQR��K-baK8�2eaQRFGQTNPe NY��FGc�K `aW N¡baU2]JF&I<KJeCFGQTNPe2KLb _ F&FGc2K-KJe2b NY�3DdKL]JFGQTNPe nE�Çn
��NPM2D�K W ��K�FGc _ F `aW NC]LKLbEU W K-n¥QTD*QRe2baKLKLb�MaUaQRORF&NPe `aW NC]LKLbEU W K �h� _ e�UaeE��NPOTbEQRe s�_ O s N W QRFGcaI��8�

����� � � � � ��� � � # �	� * �,�'-
�'c2K&e2NPFGQTNPe�NY�oF W KJORORQTD�FGc _ F���K\baKJ�¡KJOTN ` QRe�FGc2K1D�KLS¡U2KJO�NPeaORB _Y`a` ORQTKLD�F�N _ �:O _YWGs K���D�UaME��]JO _ D�D'NY��D _ ��K V KJF W Q�e2KJF�D{�
FGc _ F���K�baK8�2e2K�e2N����$­ªK�DGc2N���QRe `�_YW FGQT]JUaO _YW FGc _ F�FGc2K&] _ F�K s N W QT] _ O�]LNPe2DGF W U2]JFGQTNPe2D'baKJ�¡KJOTN `a` KLbvQRe�D�KL]JFGQTNPe�nE�Çq
_ b _Y` F(F�N£FGcaQTD(DGUaME��]JO _ D�D����'c2K�I<NPFGQR� _ FGQTNPe���N W FGcaQTD(ORQ s cCF W KLDGF W QT]JFGQTNPekQTD(bEQTD�]JU2D�DdKLb�O _ F�K W �
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N = (P, T,→, P 0, ν)

D _ FGQTDZ��B?QRe s %

�h�
(P, T,→, P 0)

QTD _ ekN W bEQRe _YW B�D _ ��K1e2KJF{�
nE�
ν : P → P 0 baK8�2e2KLD _<`�_YW FGQRFGQTNPe NPe ` O _ ]LKLD{� _ e2b�F�c2K W KLDGF W QT]JFGQTNPe

ν|P 0

QTD�FGc�K�QTbaKJeCFGQRF�B2%���K-baKJe2NPF�K�MCB
p̄
FGc2K�KLSCUaQR� _ OTKJe2]LK�]JO _ D�D

ν−1(ν(p))
NY� _�` O _ ]LK

p
�

qE�
∀t ∈ T

�
ν
QTD*QRePXZKL]JFGQR�¡K�NPe •t

_ e2b�NPe
t•
� _ e2b

ν(•t) = ν(t•)
�

�'caQTD�baK8�2eaQRFGQTNPe�baKLD�K W �¡KLD�D�NPI<K\]LNPI£I<KJeCF�D{��1&M2D�K W �¡K(� W DGF�FGc _ F'KJ�¡K W B<F Wd_ e2DGQRFGQTNPe�D _ FGQTDZ��KLD
|•t| = |t•|

�3A?N-FGc2K
eCUaI-M�K W NY�'F�NP�¡KJe2D W KJI _ QRe2D-]LNPe2DGF _ eCF�QRe _ ° � $-� °§N W KLN���K W �oOTKJF

M ⊆ P
M�K _�W K _ ]dc _ MaOTKvI _YW �?QRe s NY�

N
�

NPe2K�c _ D
ν|M

QTD&MaQ XZKL]JFGQR�¡Kh� � e§NPFGc2K W ��N W baD{��OTKJF
p ∈ P 0 � _ F _ eCB�FGQRI<K-FGc2K W K-QTD\K �2_ ]JFGORB�NPe2K ` O _ ]LK-QRe ν−1(p)c2NPOTbEQRe s�_ F�NP��KJe �'A?KL]LNPe2bEORB���]LNPe2DGQTbaK W FGc2K W KLDGF W QT]JFGQTNPe NY�

N
F�N ` O _ ]LKLD�NY�

p̄
�
p ∈ P

�aFGc _ F���K�baKJe2NPF�K�MCB
N|p̄

�
�'c2KJe

N|p̄
QTD _ e _ UaF�NPI _ F�NPe ��*&, .
, _¥V KJF W Q e2KJF*�*c2K W K _ DGQRe s OTK ` O _ ]LK�c2NPOTbaD _ F�NP�¡KJe _ F _ eCB�FGQRI<Kh�3�'c2K W K8��N W Kh�

_ I-UaORFGQ���]JOTNC]d��e2KJF&] _ ekM�K W K s¡_YW baKLb _ D _ DGB?e2]dc W NPe2NPU2D `aW NCbEU2]JF\NY� _ UaF�NPI _ F _ �:��K�DGc _ ORO�]LNPI<K�M _ ]d��NPekFGcaQTD
QRe DdKL]JFGQTNPe gE��baKLbEQT] _ F�KLb F�NvO _ M�KJOTKLb e2KJF�DË�8� ��B _ MaU2DdK-NY�3��NC] _ MaUaO _YW B¡����K��*QROROxD�NPI<KJFGQRI<KLD1]LNPe2DGQTbaK W

p̄
_ D&FGc2K

DGF _ F�K1� _YW Q _ MaOTK�NY�
N|p̄

�:I<N W K W Q s N W NPU2DGORB¡�aQRF(]LN WGW KLD ` NPe2baD(F�N£FGc2K�� _ ORU2K�D�KJF(NY�$FGcaQTD(D�F _ F�K1� _YW Q _ MaOTK��8�
^ KJI _YW �2*�l&D _-shWd_Y` c �

N|p̄
c _ D s KJe2K Wd_ ORORB�DdK8�¡K Wd_ O�]LNPeae2KL]JF�KLb�]LNPI ` NPe2KJeCF�D{� 1&eaORB�NPe2K1NY��FGc2KJI ]LNPeCF _ QRe2D

FGc2K ` O _ ]LK�FGc _ FxQTD�QReaQRFGQ _ ORORB�I _YW �¡KLb�� V O _ ]LKLD$M�KJORNPe s Q�e s F�N&FGc2K�NPFGc2K W ]LNPeae2KL]JF�KLb¥]LNPI ` NPe2KJeCF�D _YW K�Uae W K _ ]dc _ MaOTKh�
_ e2b<] _ evFGcCU2D�M�K(bEQTD�] _YW b2KJb<� W NPI

N
�*QRFGc2NPUaF�]dc _ e s QRe s QRF�D�bEB?e _ I£QT]LD{���'c2K W K8��N W Kh�CQRe<FGc2K�D�KLSCU2KJO®����K _ D�DGUaI<K

FGc _ F�KJ��K W B
N|p̄

c _ D _ DGQRe s OTK�]LNPeae2KL]JF�KLbk]LNPI ` NPe2KJeCF{�

4#¶ zB-�4��:w
� ¶ � 4 9 � w . � KJF
N1,N2

M�K'F���N�° � $\D{�P�*QRFGc
Ni = (Pi, Ti,→i, P

0
i , νi)

�P��K W KLDGF W QT]JF3NPU W DdKJOR��KLD
F�N¥I<N WG` caQTDGI<D

φ : N1 → N2
FGc _ F `aW KLD�K W �¡K�FGc2K `�_YW FGQRFGQTNPe2D

ν1, ν2
��*-,/.0,�FGc _ F�D _ FGQTDZ��B

∀p1 ∈ P1, ∀p2 ∈ P2, p1 φ p2 ⇒ ν1(p1)φ ν2(p2)
��g��

�'c2K���NPOROTN��*QRe s OTKJI£I _ KJI ` c _ DGQR {KLD1FGc _ F�° � $ I<N WG` caQTDGI<D _ ]JFGU _ ORORB K Wd_ DdK�N W bEU ` ORQT] _ F�K£DGF _ F�K-� _YW Q _ MaOTKLD _ D
_ �*c2NPOTKh�

�3² � �©| ��� . �
φ : N1 → N2

��.6��# 	A� � , * ��# 	 ��� � � �
�4
 *-� ,
Ni = (Pi, Ti,→i, P

0
i , νi)

,
��, ��, . *$!"5�. � �0. *$#��).�.1���

φ
	 �'� � � �3��� 	 �

ν2
*�� *$! � � � � . � *$! � � � �A��� 	 �

ν1
,

�0,���* 5 .�! � � � �3�O� 	 �
ν1

�
φ

* � . * � , . � � . �"! . � 	 ! �A��� .
��.�# .�! � � 	 � � , * � � � �3�O�1� 	)� 	 ! ! 	 ! . 	 � � , .�# ,
� ,�� , . !��'�C� � � .

p1 ∈ P1
*�� � � �C� * � �:� . � ���

φ
��Q®� KP� � .
� � � . � � 	 �+.
��.�# .�! � � 	 ��� � . 5�. � �A� � � �3�O� .O� 	 �

ν2
� .�� ��,

�C� � � . *-!
p̄1

*�� � �)�C� * � �:� . � *$! � , . � ��# . 
7� � � Q®� Kh� � .
� �:� . � � 	 � , . � ��# . � � �3�O� .O�0,

D z ¶�¶ � . � _ ��l&DdDGUaI<K
p1 φ p2

_ e2b
p′1 φ p

′
2

�:�*c2K W K
pi, p

′
i ∈ Pi

�8�E��K1I-U2DGF(DGc2N��,FGc _ F*Q��
ν2(p2) = ν2(p

′
2)

FGc2KJe
ν1(p1) = ν1(p

′
1)
� ACQRe2]LK

φ
`aW KLD�K W �¡KLD `�_YW FGQRFGQTNPe2D�����K�c _ ��K

ν1(p1)φ ν2(p2)
_ e2b

ν1(p1)φ ν2(p
′
2) = ν2(p2)M�KJF���KLKJe

P 0
1

_ e2b
P 0

2

�I��UaF�MCB<baK8�2eaQRFGQTNPe�NY�oe2KJF�I<N WG` caQTDGI<D��CFGc2K W K&QTD�NPeaORBvNPe2K ` O _ ]LK&QRe
P 0

1

QRe W KJO _ FGQTNPe��*QRFGc
ν2(p2) ∈ P 0

2

�3A?N
ν1(p1) = ν1(p

′
1)
� 1&M2D�K W �¡K&FGc _ F�FGc2K\]LNPeC�¡K W D�K W KLDGUaORF*baNCKLDGe�� F�c2NPOTb&* 1&e2K1] _ e�c _ �¡K

p1 φ p2
�

p′1 φ p
′
2

�
ν1(p1) = ν1(p

′
1)

_ e2b
ν2(p2) 6= ν2(p

′
2)
�v�'caQTD�QTD�FGc2Kv] _ D�K£QRe `�_YW FGQT]JUaO _YW �*c2KJe

φ
bEU ` ORQT] _ F�KLD�D�NPI<K

` O _ ]LKLD{�
�:M��&l&D�D�UaI<K

φ
QTD1baK8�2e2KLb NPe

p1 ∈ P1
���*QRFGc

p1 φ p2
� � KJF

t1 ∈ p•1
��M?B ` NPQReCF1i�QRe FGc2K�baK8�2eaQRFGQTNPe©NY��e2KJF

I<N WG` caQTDGI<D{�
φ
QTD(baK8�2e2KLbkNPe

t1
_ e2b�NPe2K�c _ D

φ(t1) = t2 ∈ p•2
� � KJF

p′2
M�K�FGc2K�UaeaQTS¡U2K ` O _ ]LK�QRe

t•2
DGU2]dc�FGc _ F

ν2(p
′
2) = ν2(p2)

�I��B ` NPQReCF*g�QRe�FGc2K&baK8�2eaQRFGQTNPe�NY� e2KJF�I<N WG` caQTDGI<D{�CFGc2K W K\K � QRD�F�D _ UaeaQTS¡U2K
p′1

QRe
t•1
DGU2]dc�FGc _ F

p′1 φ p
′
2

�v�\DGQRe s � _ �8�
p′1

QTD _ ]JFGU _ ORORB FGc�K<NPeaORB ` O _ ]LK<QRe
t•1 ∩ p̄1

�vl DGQRI£QRO _YW-_YWGs UaI<KJeCF�DGc2N��(D�FGc _ F
φ
QTD _ OTD�N

baK8�2e2KLbkNPe
p̄1 ∩

•t1
��N W

t1 ∈ •p1
�7��B W KL]JU W DGQTNPe � _ e2b�DGQRe2]LK

N1|p̄1

c _ D _ DGQRe s OTK�]LNPeae2KL]JF�KLbk]LNPI ` NPe2KJe?F{�
φ
QTD

baK8�2e2KLb�NPe _ ORO ` O _ ]LKLD�NY�
p̄1
�

��]��(l\D _ MCB¡� `aW NCbEU2]JF1NY�3FGc�K `aW NCNY����N W �:M��8��Qè�
p1φp2

� _ e2b
p′1

D _ FGQTDG��KLD
ν1(p

′
1) = ν1(p1)

��FGc2K W K-K � QTDGF�D
p′2DGU2]dc�FGc _ F

ν2(p
′
2) = ν2(p2)

_ e�b
p′1φp′2

�
2ÔoÔ ÞML&NON
N�P



�{n � ,������ � .

­ªK�baK8�2e2K
Nets

_ D¥F�c2K�D�UaME��] _ F�K s N W B�NY� � . � � ��N W I<KLb�MCB�I-UaORFGQ���]JOTN¡]d��e2KJF�D _ e2b�FGc2KJQ W I<N WG` caQTDGI<D{�
$&NPFGQT]LK�FGc _ F�QRF(QTD _ OR� _ BED ` NhD�D�QRMaOTK�F�N<FGU W e _ D _ ��K1e2KJF

N
QRe?F�N _ I-UaORFGQ���]JOTNC]d��e2KJF��*QRFGc KLD�D�KJeCFGQ _ ORORB�FGc2K�D _ I<K

M�KJc _ �CQTNPU W ��DGQRI ` ORB�MCB _ babEQRe s F�N<K _ ]dc ` O _ ]LK�NY�
N

_ ]LNPI ` OTKJI<KJeCF _YW B ` O _ ]LKh�'A?N
Nets

' _ ORI<NhDGF&]LN���K W D ( _ ORO
� . � ���

D z ¶ · �o}hy . �'c2K `aW NCbEU2]JF
N1 × N2

NY��F���Nª° ��$&D<QTDvbaK8�2e2KLb _ D<FGc2KkDGF _ e2b _YW b `aW NCbEU2]JF�NY��e2KJF�D<�*c2K W K
FGc2K W KLDGUaORFGQRe s§`�_YW FGQRFGQTNPe

ν
QTD-D�QRI ` ORB FGc2KvUaeaQTNPe�NY� `�_YW FGQRFGQTNPe2D

ν1
_ e2b

ν2
� W KL] _ ORO�FGc _ F-FGc2K `aW NCbEU2]JF¥MaUaQROTbaD

FGc2K¥bEQTD�XGNPQReCF�UaeaQTNPe©NY� ` O _ ]LKLDË�8� � F\QTD�D�F Wd_ Q s cCFZ��N W � _YW b F�N�]dc2KL]d� FGc _ F
N1 × N2

W KJI _ QRe2D _ ° � $�� _ e2b FGc _ F
I<N WG` caQTDGI<D

ψi : N1 × N2 → Ni

_YW K I<N WG` caQTDGI<DkNY��° � $\D{�¬��N `aW N��¡K FGc _ F
×

_ ]JFGU _ ORORB¤baK8�2e�KJD�FGc2K
] _ F�K s N W QT] _ O `aW NCbEU2]JF�QRe

Nets
�¡��K(I-U2DGF�]dc2KL]d�¥FGc _ F�QRF�D3UaeaQR�¡K W D _ O `aW N ` K W F�B£c2NPOTbaD _ OTDdN�QRevFGcaQTD�DGUaME��] _ F�K s N W B¡�

� KJF
N

M�K _ ° � $�� _ e�b OTKJF�FGc2K
fi : N → Ni

M�K¥I<N WG` c2Q�I<D-NY�'° � $\D{�
i = 1, 2

�¥�'c2K W K<K � QTDGF�D _ UaeaQTS¡U2K
_YWGW N��

φ : N → N1 × N2
Q�e � . � � DGU2]dc�FGc _ F

fi = ψi ◦ φ
�'0 W NPI 	 5 ������K��Ce�N�� FGc _ F

φ
QTD s QR�¡KJe�MCB

φ(t) = (f1(t), f2(t))
�2NPe�F Wd_ e2D�QRFGQTNPe2D(�*c2K W K _ F(OTK _ DGF�NPe2K�NY�xFGc2K

fi

QTD(baK8�2e2KLb�� 1&e ` O _ ]LKLD{�
φ
QTD s QR��KJe�MCB

p φ (p1, ?)
Q76

p f1 p1

p φ (?, p2)
Q76

p f2 p2

�'c2K W K8��N W K
φ
QTD(]JOTK _YW ORB _ e _YWGW N��#NY�

Nets
� _ e2b

×
baK8�2e2KLD�FGc2K�] _ F�K s N W QT] _ O `aW NCbEU2]JF&NY�

Nets
�

4 � 5«y�� ´ } 5 ¶ } ; ¶ }�} �ozYz ² � } ² � ² y{w1| � · � ��� ¶ 5:·�� ��� w'. l #1� � � * � � � 	�� 2 	�� � � �
� .�! � .>! . ����° � 1 $��oQTD$e _ FGU Wd_ ORORB
_ I-UaORFGQ���]JOTNC]d��e2KJF

O = (C,E,→, C0, ν)
�*c2K W K

(C,E,→, C0)
QTD _ e�NC]L]JU WGW KJe2]LK1e2KJF{���'c2KJBvbaK8�2e2K\FGc2K\DGUaME�

] _ F�K s N W B
Occ

NY�
Nets

�¥�'c2K¥UaeE��NPOTbEQRe s NY� _ ° � $
N

QTD�]JOTK _YW ORB _ ° � 1 $-� _ e2b FGc2K _ D�D�NC]JQ _ F�KLb ��NPOTbEQRe s
fN : U(N ) → N

QTD\NY��]LNPU W DdK _ I<N WG` caQTDGI4QRe
Nets

��A?N���K _YW K�QRe s NCNCb§DGc _Y` K-F�N s KJF _ ]LNY� W K8¦�K � QTNPe NY�
Occ

QReCF�N
Nets

���'caQTD W KLD�UaORF*] _ e _ ]JFGU _ ORORB�M�K�baK W QR��KLb�K �a_ ]JFGORB _ D�M�K8��N W Kh��1�e�K1NPeaORBvc _ D�F�N¥]dc2KL]d��FGc _ F*FGc2K
UaeaQR��K W D _ O `aW N ` K W F�B�� ���&NY��° � $/UaeE��NPOTbEQRe s D�QReC��NPOR�¡KLD1° � $/I<N WG` caQTDGI<D{��� W NPI��(caQT]dc¯���\l1��c2NPOTbaD{���'c2KLD�K
DGQRI ` OTK���K W Q���] _ FGQTNPe2D _YW K�OTK8�:F(F�N¥FGc2K W K _ baK W �

" ² z��H� � ¶ 5 ¶ � ³ ~ � e�FGc2K W KJI _ QReaQRe s NY��F�c2K `�_Y` K W ����K�NPeaORB baK _ O'�*QRFGc�I-UaORFGQ���]JOTNC]d��e2KJF�D��©�'c2K W K8��N W K�FGc2K
F�K W I�'�I-UaORFGQ���]JOTNC]d��(��*QRORO e2NPF _Y`a` K _YW DGBEDGF�KJI _ FGQT] _ ORORB��

� �����������d	#%-�x��	

�'caQTD'D�KL]JFGQTNPe�]LNPeCF _ QRe2D'FGc2K\I _ QRe�]LNPeCF W QRMaUaFGQTNPe�NY��FGcaQTD `�_Y` K W *���K&QReCF W NCbEU2]LK1F W KJORORQTD'e2KJF�D _ e2b�DGFGU2bEB�D�NPI<K\NY�
FGc2KJQ W'`aW N ` K W FGQTKLD{��­©K&c _ ��K&QRe2D�QTDGF�KLb�QRe�FGc2K `aW KJ�?QTNPU2D'DdKL]JFGQTNPe�NPe��?e2N��*e W KLDGUaORF�D W KJO _ FGQRe s e2KJF�D'F�N�NC]L]JU WGW KJe2]LK
e2KJF�D3M�KL] _ U2D�K(��K(�*QRORO�e2N��¯��NPOROTN�� K �2_ ]JFGORB¥FGc2K(D _ I<K*F Wd_ ]d����N W F W KJORORQTD�e2KJF�D{�$�'c2K(e2K � F�D�KL]JFGQTNPev�*QRORO�FGc2KJe<��NC]JU2D
NPe W KJO _ FGQTNPe2D�M�KJF���KLKJekFGc2K1F�c W KLK�e2NPFGQTNPe2D *�e2KJF�D��EF W KJORORQTD(e2KJF�D{� _ e2b�NC]L]JU WGW KJe2]LK�e2KJF�D{�

����� � ��� *�� � ��# *
D z ²�´ y{z ² 5 5 �:w � ² y . �'c2Kv�:I-UaORFGQ���]JOTNC]d�2�'e2KJF

T = (C,E,→, C0, ν)
QTD _ � � . � � � .���� *�� ! . �1Q76 QRF�D _ FGQTDZ��KLD *

�h�
C0 = {c ∈ C : •c = ∅}

�
nE�'��N W KJ�¡K W B

c ∈ C0 �EFGc2K _ UaF�NPI _ F�NPe T|c̄
c _ D(e2N£]JQ W ]JUaQRF��+*&, .0,�QRF�D*¦�N�� W KJO _ FGQTNPekbaK8�2e2KLD _�`�_YW FGQ _ O�N W baK W �8�

�'c2K�baK8�2eaQRFGQTNPekNY� `aW K8�®F W KJORORQTD(e2KJF�D*QTD*I-U2]dc�OTKLD�D W KLDGF W QT]JFGQR�¡K1FGc _ e�FGc2K�baK8�2eaQRFGQTNPe NY�$NC]L]JU WGW KJe2]LK�e2KJF�D{��A ` KL]JQ��:�
QT] _ O�ORB¡� ` NPQReCF ��QTD `aW KLD�K W �¡KLb�� ` NPQReCF1n<QRD��'K _ ��KJe2KLb D�QRe2]LK

→∗ QTD�e2NPF _ eCB�I<N W K W KLSCUaQ W KLbkF�NvbaK8�2e�K _£`�_YW FGQ _ O
N W baK W � _ e2b¯��K�c _ �¡K _ M _ e2baNPe2KLb ` NPQReCF�D�q _ e2b¯i8* ]LNPeE¦2QT]JFGQRe s M Wd_ e2]dc2KLD _YW K�e2N�� _ OROTN���KLb�F�N©I<K W�s KkNPe
]LNPe2bEQRFGQTNPe2D{�

l\D _ e©N W QTKJeCF�KLb shWd_Y` c � _ e2b M?B§]LNPeCF Wd_ DGF��*QRFGc©NC]L]JU WGW KJe2]LK<e2KJF�D�� _�`aW K8�®F W KJORORQTD�e2KJF�QTD�e2NPF�e2KL]LKLD�D _YW QRORB _
`�_YW FGQ _ O�N W baK W � 0xQ s �?g s QR�¡KLD _ ]LNPUaeCF�K W ��K �2_ I ` OTK1NY� _�`aW K8�®F W KJORORQTD�e2KJF']LNPeCF _ QReaQRe s<_ ]JQ W ]JUaQRF{���\N���KJ�¡K W �?NPe2K�c _ D
FGc2K\��NPOROTN��*QRe sv`aW N ` K W F�B0*

L:Õ�ÔML:Û



��� .���� *���� �
	�� .
��� .
� �{q

e’2e 2

1e’ 1e"

1e

a

a

a

b

b

b

0xQ s U W K�g *+� � � . � � � .
��� * �'! . � ��	 ! ����*-!#*$!�.�� � * �
� � * � � � , * � 2 � �
�
	 
�� � ,

�3² � �©| � � 	F� �/! 	 � �
� � . � � � .
��� * � ! . �
T

� �:! , � 5 . �F� 	�	 � �&Q®� Kh� � ��! � ���C��
 * � . � , . � ��# .6�C� � � .
, � � �
� 	 !�� .�� �#.�! � . �7� , . � .O��� � * � � * 	 !

T|s
	 �

T
� 	 ��! 	)� .
�3*-!"5 	 �	5 . � *-! �6�:! � � �/!

s
� . �"! .O�&�>��� � � * �A� 	A� � . � 	 �>! 	)� .
� ,

D z ¶�¶ � . l\D�DGUaI<K ` O _ ]LK
c
NY�$e2KJF

T
QTD*�2OROTKLb�F��*QT]LK�MCB�D�NPI<K�D�KLSCU2KJe2]LK

s
NY�$F Wd_ e2DGQRFGQTNPe2D&NY�

T
�3�'c2K�] _ e2NPeaQT] _ O

`aW NYXZKL]JFGQTNPe§NY�
s
NPe�F Wd_ e2D�QRFGQTNPe2D&NY�

T|c̄
QTD(NY�3]LNPU W D�K _ � _ ORQTb W UaekNY��FGcaQTD _ UaF�NPI _ F�NPe �'l�e2b�FGcaQTD&D�KLSCU2KJe2]LK1�2OROTD

F��*QT]LK ` O _ ]LK
c
�a�*caQT]dck]LNPeCF Wd_ bEQT]JF�D�FGc2K1� _ ]JF(FGc _ F

T|c̄
c _ D*e2N<]JQ W ]JUaQRF{�

2

9�¶ ���*� ��zY|Ey�� ¶ � (�y{z ² 5 5#�«w � ² y . � e _ e�NC]L]JU WGW KJe2]LK\e2KJF{�?KJ�¡K W B<K8�¡KJeCF�M�KJOTNPe s D _ F�OTK _ D�F�F�N�NPe2K\]LNPeE� s U Wd_ FGQTNPe �
_ e2b D�N<QTD W K _ ]dc _ MaOTKh�&�'caQTD&QTD�e2NPF s U _YWË_ eCF�KLKLb _ eCB?I<N W K�QRe _£`aW KË�®F W KJO�ORQTD\e�K8F¥��D�KLK

T1
QRek� s �/�h�8��D�N<��K�I-U2DGF

W K8�2e2K1NPU W baK8�2eaQRFGQTNPe �3­©K\baK8�2e2K _ ��	 ! ��.�� � �:� * 	 !
κ
NY� _-`aW K8�®F W KJORORQTD*e2KJF

T = (C,E,→, C0, ν)
_ D _ DGU2ME�®e2KJF

NY�
T
D _ FGQTDZ�:B?QRe s

�h�
C0 ⊆ κ

�
nE�

∀e ∈ E ∩ κ, •e ⊆ κ
_ e2b

e• ⊆ κ
*�K _ ]dckKJ�¡KJeCF(c _ D _ ORO QRF�D(] _ U2D�KLD _ e2b�]LNPe2D�KLS¡U2KJe2]LKLD��

qE�
∀c ∈ C ∩ κ, |•c ∩ κ| = 1

N W
c ∈ C0 *�K _ ]dc ]LNPe2bEQRFGQTNPe QTD1KJQRFGc2K W I£QReaQRI _ O3N W c _ D1NPe�K�NY��Q�FdD ` NhD�DGQRMaOTK

] _ U2D�KLD��
i2�

∀c ∈ C ∩ κ, |c• ∩ κ| ≤ 1
*�K _ ]dck]LNPe2bEQRFGQTNPe F W Q shs K W D _ F(I<NhDGF(NPe2K�KJ�¡KJeCF{�

gE�*FGc2K W KLDGF W QT]JFGQTNPe NY�
T
F�N£e2NCbaKLD(NY�

κ
QTD _�`�_YW FGQ _ OoN W baK W �

1e’ 1e"

1e
e 2 e’2

a

a

a

b

b

b

0�Q s U W K 5 *�� ! � , .0! . � 	 �	�M.�,�� � � �����O�0. � 	 �>! 	)� .O� � � � * � � ��*-!/.6� , . � � ��� � 	 � � � .�� � * � .�# .�! � � 	 �2� ��	 ! ��.�� � �:� * 	 !"�
����� � ��* � *-!/. 	 ! � , . � �A��� 	 ! .0,

�'caQTD�baK8�2eaQRFGQTNPe<QTD$]JOTNhDdK�F�N\FGc2K'NPe2K'QReCF W NCbEU2]LKLb¥��N W 1 $\D{� _Y`�_YW F$� W NPI¨FGc2K�� _ ]JF$FGc _ F
|•c| ≤ 1

QTD$e2NPF _ UaF�NPI _ FGQT]
_ eCBCI<N W K&QRe _�`aW K8�®F W KJORORQTD�e2KJF{��A?N-NPe2K&I-U2DGF�e2NPF�NPeaORBvD�NPOR�¡K�]LNPeE¦2QT]JF�D���N W � _YW b§� ` NPQReCF�iC��MaUaF _ OTD�N�M _ ]d�C� _YW b2D
� ` NPQReCF*q��8�CF�N s KJF _ � _ ORQTb�]LNPeE¦�QR]JFZ��� W KLK 1 $-�Cl&e2bvFGc2K W KLS¡UaQ W KJI<KJeCF'FGc _ F _ ]LNPeE� s U Wd_ FGQTNPe�QTD%'�] _ U2D _ ORORBv]JOTNhDdKLb (
QTD�e2N��/D `aW K _ b©NPe�nE�oq _ e2b i2�£�'c2K£O _ DGF ` NPQReCF�QTD�DGU shs KLD�F�KLb MCB§OTKJI£I _ nE� _ e2b QTD1QRe2b2KJKLb©e2KL]LKLD�D _YW B DGQRe2]LK
` NPQReCF�D ��F�Nvi _ OTNPe2K�baN�e2NPF s U _YWd_ eCF�KLK�FGcaQTD `aW N ` K W F�B ��D�KLK _ ]LNPUaeCF�K W ��K �2_ I ` OTK�QRe � s � 5 �8��­¤QRFGc§FGc2K _ M�N��¡K
baK8�2eaQRFGQTNPe ��QRF1QRD1DGF Wd_ Q s cCFG��N W � _YW b F�N�]dc2KL]d�kFGc _ F _ DdKLS¡U2KJe2]LK

s
QTD _vW Uae NY�

T
Q76�QRF1]LN WGW KLD ` NPe2baD1F�N _ ORQRe2K _YW

K � F�KJe2DGQTNPe NY�3D�NPI<K�]LNPeE� s U Wd_ FGQTNPe
κ
NY�

T
��l�e2bkD�N _ e KJ��KJeCF&NY� _¥`aW K8�®F W KJORORQTD&e2KJF�QTD W K _ ]dc _ MaOTK�Q76 QRF(M�KJOTNPe s D

ÔoÔ ÞML&NON
N�P



�Ji � ,������ � .

F�N _ ]LNPeE� s U Wd_ FGQTNPe �\­ªK�FGcCU2D\baK8�2e2K _ � � .
��� * � ! . ����� $�� _ D _<`aW K8�®F W KJORORQTD1e2KJF&�*c2K W K�K _ ]dc KJ�¡KJeCF&M�KJOTNPe s D _ F
OTK _ DGF*F�N<NPe2K1�2eaQRF�K�]LNPeE� s U Wd_ FGQTNPe���D�KLK1� s �K�-��N W K �a_ I ` OTKLDË�8�

2e1e

e 3

a b

gf

c d

4e

1e
2e

3e

ih

ba c

gd f

1e 3e

4e

i

ba c

h

gd f

T 2 T 3T 1

0�Q s U W K ��*
T1

* �2�0� � . � � � .
��� * �2! . �7� ��� ! 	 �"�5� � .
��� *��>! . ��� . 5 . ! �
e4

*��>��! � .�� ��, ����� .
, ��, . 	 � , . � ! . � �&� � .&� � .���� *��
! . � ���2�A��� . 5 .�! � � � � . � . � ��, ���
��.
, � !

T2
�
e1

��! �
e3

� � .'! 	 � � ��� � �A��� � � .
� �:� . � , ,/, ��� ��*$! � 	 !)(�* � ���
T3

� * � �C� � �3�
��! 	 !�� *$! � � � � 	 !)(�* � ���

#(d, f, g)
�+� ���

⊥⊥(d, f)
�
⊥⊥(f, g)

��! �
⊥⊥(d, g)

,�� .�# 	 5
*$!/.
e2

*$!
T3

� 	 .O� !�� � ��*-.�� � �
5��A� * � � � . �M�	� 
�. � � .6��� � 2 � 	

T1

 , * � , *��2! 	 �J��� � .
� � *��&! . � ,

9�¶ � }��ozYz ² � } ³ | � ·�} ¶ ��
 �:}hy . 0 W NPI FGc2K baK8�2eaQRFGQTNPe2D _ M�N���Kh�\NPe2K D�KLKLD�FGc _ F�M�NPFGc 13$\D _ e2b � $\D _YW K
shWd_Y` caQT] _ O*DGF W U2]JFGU W KLD£KJe2]LNCbEQRe s � _ I£QRORQRKLD£NY�&]LNPeE� s U Wd_ FGQTNPe2D{�3QRe�bEQ76�K W KJeCF�� _ BED{�§� $\D�N36�K W FGc2K _ bE� _ eCF _Ys K
NY��M�KJQRe s I<N W K£]LNPI `�_ ]JF{�R�R� _ F�FGc2K£K �?` KJe2DdK¥NY� _ I<N W K£]LNPI ` OTK � bEQTD ` O _ B§NY�']LNPeE� s U Wd_ FGQTNPe�D{� � e `�_YW FGQT]JUaO _YW �
FGc2K'� _ I£QRORQ _YW ] _ U2D _ ORQRF�B��C]LNPeE¦2QT]JF _ e2b<]LNPe2]JU WGW KJe2]JB W KJO _ FGQTNPe2D�c _ �¡K*e2N�DGQRI ` OTK shWd_Y` caQT] _ O�]dc _YWd_ ]JF�K W QR  _ FGQTNhe ��D�KLK
T2

QRe�� s � �h�8� 02N W K �a_ I ` OTKh��] _ U2D _ ORQRF�BªQTD '�]LNPeCF�K � F£baK ` KJe2baKJeCF * ("F���N KJ��KJeCFdD�I _ B©M�K�]LNPe2]JU WGW KJeCF£QRe�NPe2K
]LNPeE� s U Wd_ FGQTNPe � _ e2b _Y`a` K _YW�_ D&] _ U2D _ ORORB W KJO _ F�KLb QRe _ e2NPFGc2K W �&��NvbaK8�2e2K�]LNPeE¦2QT]JF _ e2b ]LNPe2]JU WGW KJe2]JB�����K�FGcCU2D
c _ ��K�F�N _ M2DGF Wd_ ]JF(FGc2K�]LNPeCF�K � F{�

� KJF
x1, x2, . . . , xn

M�K
n
e2NCbaKLD�NY�

T
�PFGc2KJB _YW K ��	 ! � � �
� .�! �'QRe

T
�hbaKJe2NPF�KLb¥M?B

⊥⊥(x1, x2, . . . , xn)
�hQ 6�FGc2K W K

K � QTDGF�D _ ]LNPeE� s U Wd_ FGQTNPe
κ
�*c2K W K�FGc2KJB _Y`a` K _YW�_ D\]LNPe2]JU WGW KJeCF�e2NCbaKLD{�1�'c2K-e2NPFGQTNPe NY��]LNY��D�KJF<��NY��]LNPe2baQ�F�QRNPe�DË�

baK W QR��KLDx� W NPI¨FGcaQTD$baK8�2eaQRFGQTNPe � 1&M2D�K W �¡K�FGc _ F�]LNPe2]JU WGW KJe2]JB¥] _ e�e2N\OTNPe s K W M�K'baK W QR�¡KLb-� W NPI `�_ Q W �*QTD�K W KJO _ FGQTNPe2D{�
MCB�]LNPeCF Wd_ DGFx�*QRFGc 1 $&D*��D�KLK

T3
QRe-� s �)�h�8� � e�FGc2K�D _ I<K�� _ B¡�

x1, x2, . . . , xn

_YW K�QRe¥]LNPeE¦2QT]JF{�
#(x1, x2, . . . , xn)

�
Q76�FGc2K W K(QTD�e2N�]LNPeE� s U Wd_ FGQTNPe�]LNPeCF _ QReaQRe s¥_ ORO�NY��FGc2KJI���l s¡_ QRe �

#
] _ e2e2NPF3M�K(baKLD�] W QRM�KLb<MCB `�_ Q W �*QTDdK W KJO _ FGQTNPe2D{�

*-,/.0,�]LNPeE¦2QT]JF�QTD*e2NPF(MaQRe _YW B�QRek� $&D{�

D z ² ��� . V�W K8� � KLD _YW K¥OTKLD�D�K _ DGB F�N�baK8�2e2K shWd_Y` caQT] _ ORORB ��N W � $\D1FGc _ e ��N W 1 $\D{� � KJF
T
M�K _ � $��

T ′ QTD _
� � . �M�ªNY�

T
�
T ′ v T

��Q76
�h�

T ′ QTD _ DGUaME�®e2KJF�NY� T �
nE�

{c
]LNPe2bEQRFGQTNPe NY�

T , •c = ∅} = {c′
]LNPe2bEQRFGQTNPe NY�

T ′, •c′ = ∅}

qE�
∀e

KJ��KJeCF�NY�
T , e ∈ T ′ ⇒ [•e ⊆ T ′ _ e2b e• ⊆ T ′]

�
i2�

T ′ QTD _ F W KJORORQTD(e2KJF{�
�'c2K-O _ DGF W KLSCUaQ W KJI<KJeCF�QRI ` NhD�KLD\FGc _ F�KJ�¡K W BkKJ�¡K8e?F\QRe§FGc2K¥DGUaME�®e2KJF

T ′ W KJI _ QRe2D W K _ ]dc _ MaOTKh����N�QRORORU2DGF Wd_ F�K�QRF�D
e2KL]LKLD�DGQRF�B¡��]JNPe�DGQTbaK W

T3
QRe�� s � � *�Q��

e2
QTD W KJI<N��¡KLb�� ` NPQReCF�D �8��q _YW K�D _ FGQTDZ��KLb��2MaUaF

e4
M�KL]LNPI<KLD&Uae W K _ ]dc _ MaOTKh�

1��x]LNPU W D�Kh�
v
NPe�� $\D'K � F�KJe2baD'FGc2K W KJO _ FGQTNPe

v
NPe 1 $&D�� $\NPFGQT]LK _ OTD�N�FGc _ F

T ′ v T
QRI ` ORQTKLD*FGc2K1K � QTD�F�KJe2]LK1NY�

_ e�QRePXGKL]JFGQR��K�I<N WG` caQTD�I
φ : T ′ → T

�:�*caQT]dckI<K _ e2D(c2K W K�FGc _ F
φ
QTD _ F�NPF _ O �:Uae2]JFGQTNPe��8�


�² � � 4�y � � � }�y�� ¶ � . �'c2K1baK8�2eaQRFGQTNPekNY�oF W KJO�ORQTD*e2KJF�D'e2N�� _ OROTN��(D*F�N�I<K WGs K�]LNPeE¦2QT]JFGQRe s ]LNPe2bEQRFGQTNPe2D `aW NCbEU2]LKLb
MCB�bEQ76�K W KJeCF1]LNPeE� s U Wd_ FGQTNPe2D{� �\N���KJ�¡K W ��FGcaQTD&OTK _ �¡KLD _ O _YWGs K _ I<NPUaeCF�NY��¦�K � QRMaQRORQRF�B�F�N W K `aW KJDdKJeCF _<s QR�¡KJe§D�KJF
NY�3]LNPeE� s U Wd_ F�QRNhe2D{� � �3NPe2K��*QTDGc2KLD&F�N s KJF _ UaeaQR��K W D _ OxNPMEXZKL]JF&F�N W K `aW KLD�KJeCF\FGcaQTD\D�KJF{��DdNPI<K��?QRe2b NY� s UaQTbaKJORQRe2K
QTD*e2KL]LKLD�D _YW B�F�N£QRe2bEQT] _ F�K��*c2K W K�I<K WGs KLD�DGc2NPUaOTb�M�K ` K W ��N W I<KLb��

L:Õ�ÔML:Û



��� .���� *���� �
	�� .
��� .
� �{g

­ªKvbaK8�2e2K _ ��� � *$!�. _ D _ ]LNPeE� s U Wd_ FGQTNPe
σ = (C,E,→, C0, ν)

QRe
Occ

�*c2K W K
|C0| = 1

�kA?N
σ
c _ D _

DGQRe s OTK�]JO _ D�D _ e2b FGcCU2D1]LN WGW KLD ` NPe2baD1F�N _ D�KLSCU2KJe2]LK _ ORF�K W e _ FGQRe s ]LNPe2bEQRFGQTNPe2D _ e2b§KJ�¡KJeCF�D{�1�'c2K , . * . , �
Hσ(c)NY�$]LNPe2bEQRFGQTNPe

c
QRe
σ
QTD s QR��KJe�MCB

Hσ(c) = |{c′ ∈ C, c′ →∗ c}|
� 5 �

� e _¥s KJe2K Wd_ Oo]LNPeE� s U Wd_ FGQTNPe
κ
�E��K�D�KJF

Hκ(c) , Hσ(c)
�*c2K W K

σ = κ|c̄
�aD�N

Hκ(c) = |{c′ ∈ C, ν(c′) = ν(c), c′ →∗ c}|
� �h�

l¨F W KJORORQRD\e2KJF
T

��	 #>�C� *-.O��
 * � ,
H
��N W QTD � 	A�
� . � �#� � � 	 � � . � ��N W

H
��Q76©��N W KJ��K W B�]LNPe2bEQRFGQTNPe

c
NY�

T
_ e2b KJ�¡K W B

`�_ Q W NY��DGF W QRe s D
σ, σ′

]LNPeCF _ QReaQRe s
c
QRe

T|c̄
�$NPe2Kvc _ D

Hσ(c) = Hσ′(c)
��­ªKvbaKJe2NPF�K�FGcaQTD-]LNPI£I<NPe � _ ORU2KvMCB

HT (c)
N W D�QRI ` ORB

H(c)
�*c2KJe�FGc2K W K�QRD(e2N _ I-MaQ s UaQRF�B¡�M0�Q s �K%¥QRORORU2DGF Wd_ F�KLD(FGcaQTD `aW N ` K W F�B��

e 4

21e1

e

e

e

2e e

3 3

a

b

c

a

b

d

c

0xQ s U W K % * � 
 	 � � .���� *��&! . � ���7� , . ��. � � 	 ! . *��2! 	 �
H
� ��	 #>�C� * �:! � �7� , . 	 � , . � 	 ! . *�� ,

�3² � �©| ! ��, .0� � .
��� * � ! . �
T

*�� � 	A�
� . � �#� � � 	 � � . � � 	A�
H

* �
∀c ∈ C, ∀κ, κ′

��	 ! ��.�� � �:� * 	 !�� 	 �
T

��	 ! ����*-!#*$!�.
c
�
Hκ(c) = Hκ′(c)

,

D z ¶�¶ � . �'caQTD�]LNPe2bEQRFGQTNPe�QTD�NPMC�?QTNPU2DGORB¥e2KL]LKLD�D _YW B��CD�N���K�NPeaORB¥c _ �¡K(F�N�DGc2N���QRF�QTD�DGU��v]JQTKJeCF{��l\D�DGUaI<K
T
QTD�e2NPF

��KJOROE��NPOTbaKLb _ F
c
� *&,/.0,$FGc2K W K(K � QTDGF�D�DGF W QRe s D

σ1, σ2
QRe

T|c̄
DGU2]dc£FGc _ F

Hσ1
(c) 6= Hσ2

(c)
��­ � 1 3¤��K*] _ e _ D�DGUaI<K

FGc _ F
T
QTD�]LN WGW KL]JFGORB§��NPOTbaKLb _ F _ ORO�]LNPe2bEQRFGQTNPe2D�M�KJOTN��

c
QRe

T|c̄
� � KJF

c1 → e1 → c
QRe
σ1

_ e2b
c2 → e2 → cQRe

σ2
�'ACQRe2]LK

ei
QTD W K _ ]dc _ MaOTK�QRe

T
�2FGc2K W K�K � QTDGF�D _ ]LNPeE� s U Wd_ FGQTNPe

κi

]LNPeCF _ QReaQRe s
ci, ei

_ e2b
c
QRe

T
��1&e2K�c _ D

Hσi
(ci) = Hκi

(ci)
��M�KL] _ U2D�K

T
QTD\]LN WGW KL]JFGORB���NPOTbaKLb _ F

ci
��l(babEQRe s ��F�NvM�NPFGc DGQTbaKLD\NY�3FGc2K-KLSCU _ ORQRF�B¡����K s KJF

Hσi
(c) = Hκi

(c)
��A?N

Hσ1
(c) 6= Hσ2

(c)
KJeCF _ QROTD

Hκ1
(c) 6= Hκ2

(c)
�

2

� eªFGc2KvDdKLS¡U2KJO®�x��KvNPeaORBª]LNPe2DGQTbaK W
H
��]LNPI ` ORQ _ e?F¥� $\D{���'c2KvO _ FGF�K W � _ DdD�NC]JQ _ F�KLbªF�NkFGc2KvU2DGU _ O�e�NPFGQTNPe NY�

I<N WG` caQTDGI ��NY��° � $\DË�8����N W I#FGc2K�] _ F�K s N W B
Tr

�$A?N&��K�c _ �¡K�FGc W KLK�e2KLDGF�KLb-] _ F�K s N W QTKLD *
Occ ⊂ Tr ⊂ Nets

�

���6� � %'� �
�
��-�� %'# � � - - � - � * � � ��� � � *+)I#	�
� ��* ! -
" z ² 5/5#�:w D z ¶ } ² w{w . 0�NPOROTN��*QRe s QTbaK _ D*baKJ��KJOTN ` KLb���N W NC]L]JU WGW KJe2]LK1e2KJF�D{�CF W K8ORORQTD'e2KJF�D'] _ e�M�K&U2D�KLb�F�N W K `aW KLD�KJeCF
W Uae2D�NY� _�s Q��¡KJe©e2KJF{�<�'c2K£F W KJORORQTD�e2KJF

T = (C,E,→, C0, ν)
QTD _ � � .
��� * �0� �
	�� .O���¯��� V �1NY�'e2KJF

N
Q76 FGc2K W K

K � QTDGF�D _ I<N WG` caQTDGI
φ : T → N

D _ FGQTDZ�:B?QRe s
�h�
φ
QTD _ ��NPOTbEQRe s NY�

T
�+*&,/.0, _ F�NPF _ O���Uae2]JFGQTNPekNPe

T
�8�

nE�
∀e, e′ ∈ E, [•e = •e′, φ(e) = φ(e′)] ⇒ e = e′

�
qE�

∀c, c′ ∈ C, [H(c) = H(c′), φ(c) = φ(c′)] ⇒ c = c′
�

$&NPFGQT]LK�FGc _ F�M�KJQRe s¥_ F�NPF _ O��:Uae2]JFGQTNPe �?FGc2K W KLDGF W QT]JFGQTNPe
φ : C0 → P 0 QTD _ MaQ XGKL]JFGQTNPe � _ D���KJORO _ D φ : •e→ •φ(e)_ e2b

φ : e• → φ(e)•
��N W KJ�¡K W B�KJ��KJeCF

e ∈ E
� ��B�]LNPeCF Wd_ DGF<�*QRFGc�M Wd_ e2]dcaQRe sª`aW NC]LKLD�DdKLD{��FGcaQTD<baK8�2eaQRFGQTNPe

]LNPeCF _ QRe2D _ baNPUaMaOTK `�_YW DGQRI<NPeCB�]LNPe2bEQRFGQTNPe *�MCB�nE� W KLbEUae2b _ eCF�M Wd_ e2]dcaQRe s D _YW K�KJORQRI£QRe _ F�KLb�� _ e2b�MCB�qE�EI<K WGs KLD
_YW K1QRI ` NhDdKLb��3l s¡_ QRe � _ F W KJORORQTD `aW NC]LKLD�D(QTD'��N W I _ O�ORB�FGc2K `�_ Q W

(T , φ)
�EMaUaF(��K��*QROROoNY�:F�KJekNPI£QRF(I<KJeCFGQTNPeaQRe s

φ
�

ÔoÔ ÞML&NON
N�P



� 5 � ,������ � .

��B<baK8�2eaQRFGQTNPe
φ
QTD _ ��NPOTbEQRe s NY�

T
QReCF�N

N
�?D�N-KJ�¡K W B<]LNPeE� s U Wd_ FGQTNPe

κ
NY�

T
W K `aW KLD�KJeCF�D _�W Uae�NY�

N
QRe�FGc2K

F W U2K�]LNPe2]JU WGW KJe2]JB D�KJI _ eCFGQT]LD{� _ e2b�c _ D _ ]LNPUaeCF�K WG`�_YW F\QRe
UN

�(AEN _ F W KJORORQTD `aW NC]LKLD�D&NY�
N

]LN WGW KLD ` NPe2baD\F�N _
]LNPORORKL]JFGQTNPe©NY� W Uae2D1NY�

N
� ��NPe?��K W D�KJORB¡� _vW Uae NY�

N
QTD W K `aW KLD�KJeCF�KLb§MCB _ F&I<NhDGF1NPe2K�]LNPeE� s U Wd_ FGQTNPe QRe

T
* � �

κ1
_ e2b

κ2
_YW K�QTD�NPI<N WG` caQT] _ e2b ��NPOTbaKLb§F�N

N
QRe FGc2K¥D _ I<K�� _ B��:U ` F�N�FGcaQTD�QRDdNPI<N WG` caQTDGI��8� FGc2KJe FGc2KJB _YW K

QTbaKJeCFGQT] _ O®� � e2baKLKLb��2NPe2K�c _ D
Hκ1

= Hκ2

�*caQT]dckDGc�N��(D*FGc _ F�]LNPe2bEQRFGQTNPe2D _YW K1QTbaKJeCFGQT] _ O�� ` NPQReCF\q��8�?� W NPI �*caQT]dc
KJ��KJeCF�D _YW K _ OTDdN¥QTbaKJeCFGQT] _ O�� ` NPQReCF&n��8�

� KJF�U2D1]LNPe2DGQTbaK W FGc2K W KLDGF W QT]JFGQTNPe©NY� _ � V
T
NY�

N
F�N�e2NCbaKLD1�*QRFGc c2KJQ s cCF�OTN���K W FGc _ e

h ∈ N
���'c2K�F��'N

W KJI _YW �?D _ M�N��¡K�QRe2bEQT] _ F�K-FGc _ F&FGcaQTD W KLDGF W QT]JFGQTNPe§QTD _ �2eaQRF�K-� $���DGQRe2]LK�FGc2K W KLD�F W QT]JFGQTNPe§NY�
UN

F�Nve2NCbaKLD�OTN���K W
FGc _ e

h
QTD*QRF�D�KJO��x�2eaQRF�Kh�3�'caQTD `aW N ` K W F�B�N ` KJe2D(FGc2K1� _ B�F�N W KL]JU W DGQR�¡K W K _ D�NPeaQRe s D�NPe�F W KJORORQTD `aW NC]LKLD�D�KLD{�

" � � ² � ��� ¶ 5:·*� ��� ¶ � | � ² y . l\D���N W M Wd_ e2]dcaQRe s§`aW NC]LKLD�DdKJD��$NPe2K�] _ e K _ DGQRORB MaUaQROTb�F W KJORORQTD `aW NC]LKLD�DdKJD�NY� _
e2KJF

N = (P, T,→, P 0, µ)
�*QRFGc _ D�QRI ` OTK W KL]JU W DGQTNPe ��BCQTKJOTbEQRe s M�NPFGc

T = (C,E,→, C0, ν)
_ e2bkFGc2K���NPOTbEQRe s

φ : T → N
�

D z ¶ } ² · �oz ² �

•
� eaQRFGQ _ ORQR  _ FGQTNPe *

� � W K _ F�K
|P 0|

]LNPe2bEQRFGQTNPe2D�QRe
C0 � _ e2b�baK8�2e2K _ MaQ XZKL]JFGQTNPe φ : C0 → P 0 �

� A?KJF
C = C0 � E = ∅

�
→= ∅

_ e2b
ν = Id

�

•
^ KL]8U W DGQTNPe *

� � KJF
X

M�K _ ]LNY��D�KJF�NY�
C
_ e2b

t ∈ T
_ F Wd_ e2D�QRFGQTNPekNY�

N
D�U2]dc�FGc _ F •t = φ(X)

�
� � �xFGc2K W K�baNCKLDGe�� F�K � QTDGF _ ekKJ��KJeCF

e ∈ E
�*QRFGc •e = X

_ e2b
φ(e) = t

�

∗
] W K _ F�K _ e2KJ�"KJ�¡KJeCF

e
QRe
E
�*QRFGc •e = X

_ e2b
φ(e) = t

�

∗
] W K _ F�K _ DGUaM2DdKJF

Y
NY�

|t•|
e2KJ�"]LNPe2bEQRFGQTNPe2D�QRe

C
�E�*QRFGc

Y = e•
�

K � F�KJe2b
φ
F�N£c _ ��K

φ : Y → t•
MaQ XZKL]JFGQR�¡Kh�

_ e2b�K � F�KJe2b�FGc2K `�_YW FGQRFGQTNPe
ν
F�N `aW KLD�K W �¡K

ν = φ−1 ◦ µ
�

∗
FGc2KJe �E��N W KJ�¡K W B

c ∈ Y
�

Q��
∃c′ ∈ C, φ(c′) = φ(c)

_ e2b
H(c′) = H(c)

FGc2KJe�I<K WGs K
c
_ e2b

c′
�

V�W NC]LKLbEU W K<i�QTD _ � _YW Q _ FGQTNPeªNY� `aW NC]LKJbaU W K ���:FGc _ F�MaUaQROTbaD'� V D�NY� _ e�K8F
N
�8� � F�KLD�D�KJeCFGQ _ ORORB bEQ76�K W D�MCB§FGc2K

O _ DGF�DGF�K ` D{���*c2K W K¥FGc2K�e2KJ�*ORB§] W K _ F�KLb ]LNPe2bEQRFGQTNPe2D _YW K¥I<K WGs KLb F�N�K � QTD�FGQRe s NPe2KLD _ D�D�NCNPe _ D\FGc2KJB W K `aW KLD�KJeCF
FGc2K�D _ I<K ` O _ ]LK _ e2b�c _ �¡K1F�c2K�D _ I<K1c2KJQ s cCF{�

V�W NC]LKLbEU W K£i s KJe2K Wd_ F�KLD _ F W KJORORQTD `aW NC]LKLD�D�NY�
N
��MCB ]LNPe2D�F W U2]JFGQTNPe � _ e2b ]LNPeC��K W DdKJO�B¡��QRF1QTD�K _ D�QRORB ]dc2KL]d��KLb

FGc _ F0��! ��� V NY�
N

] _ evM�K W K _ ]dc2KLb<QRevFGc _ F�� _ B¡�x�'c2K `aW NCNY� W KJORQTKLD�NPevF���N�� _ ]JF�D�*�0xQ W DGF{� _ D�D�NCNPe _ D _ DGUaM2D�KJF
NY��]LNPe2bEQRFGQTNPe2D

X
QTD�baKL]JO _YW KLb _ D '�]LNY��D�KJF{� (�FGcaQTD `aW N ` K W F�B W KJI _ QRe2D�F W U2K���N W KJ�¡K W �2�*c _ F�KJ��K W FGc2K�e2K � F�D�F�K ` D�NY�

FGc2K W KL]JU W DGQTNPe _YW Kh�-l&e2b D�KL]LNPe2bEORB¡� KJ��K W B§KJ��KJeCF
e
Q�e _ � V QTD W K _ ]dc _ MaOTKh�%*&,/.0,-M�KJOTNPe s D�F�N _ ]LNPeE� s U Wd_ FGQTNPe �

A?N£FGc2K�]LNPeae2KL]JFGQTNPe§NY� _ ekKJ�¡KJeCF
e
F�N£QRF�D�]LNY��D�KJF

X
NY� `aW K8��]LNPe2bEQRFGQTNPe�D&] _ e�� F�M�K `aW KJ�¡KJeCF�KLb�QRe�FGc2K `aW NC]LKLbEU W Kh�

�*c _ F�KJ��K W FGc2K�N W b2K W Q�e s NY��N ` K Wd_ FGQTNPe2D{�
l\D3��N W UaeE��NPOTbEQRe s D{�?��K&��NPUaOTb�ORQR��K�F�N `aW N��¡K�FGc2K\K � QTDGF�KJe2]LK\NY� _ UaeaQTS¡U2K\DGF _ FGQTNPe _YW B ` NPQReCF'NY� `aW NC]LKLbEU W K\i2�

­©K&DGF _YW F�MCB<baK8�2eaQRe s FGc�K�UaeaQTNPe�NY�o� V D{� � KJF
T1, T2

M�K\� V D'NY�
N
�C�*QRFGc W KLD ` KL]JFGQR�¡K(��NPOTbEQRe s D

φi

���'c2K�UaeaQTNPe
T = T1 ∪ T2

�EQRF�D'��NPOTbEQRe s
φ
_ e2b�I<N WG` caQTDGI<D

ψi : Ti → T
_YW K�b2KË��e2KLb�MCB�FGc2K1��NPOROTN��*QRe s

D z ¶ } ² · �oz ² �

•
� eaQRFGQ _ ORQR  _ FGQTNPe *

� � W K _ F�K
|P 0|

]LNPe2bEQRFGQTNPe2D\QRe
C0 ��baK8�2e2K _ MaQ XGKL]JFGQTNPe φ : C0 → P 0 � _ e2bkMaQ XZKL]JFGQTNPe2D ψi : C0 → C0

iD _ FGQTDZ�:B?QRe s
φi = φ ◦ ψi

�
i ∈ {1, 2}

�
� A?KJF

C = C0 � E = ∅
�
→= ∅

_ e2b
ν = Id

�
L:Õ�ÔML:Û



��� .���� *���� �
	�� .
��� .
� ���

•
^ KL]8U W DGQTNPe *

� ��N W
i ∈ {1, 2}

_ e2b
ei ∈ Ei

DGU2]dc�FGc _ F
ψi

QTD(baK8�2e2KLbkNPe •ei
MaUaF*e2NPF�NPe

ei

� Q��
∃ e ∈ E

DGU2]dckFGc _ F •e = ψi(
•ei)

_ e2b
φ(e) = φi(ei)

��D�KJF
ψi(ei) = e

� _ e2b baK8�2e2K
ψi : e•i → e•QRekN W baK W F�N `aW KLD�K W �¡K

φi = φ ◦ ψi

�
� NPFGc2K W �*QTDdK�] W K _ F�K _ e2KJ�

e ∈ E
�*QRFGc •e = ψi(

•ei), φ(e) = φi(ei), ψi(ei) = e
�

� FGc2KJe �a��N W KJ�¡K W B�]LNPe2bEQRFGQTNPe
ci ∈ e•i

∗
Q��
∃ c ∈ C, H(c) = H(ci)

_ e2b
φ(c) = φi(ci)

�aFGc2KJe _ bab
e
QRe •c

_ e2b�D�KJF
ψi(ci) = c

�

∗
NPFGc2K W �*QTDdK<] W K _ F�K _ e2KJ�

c ∈ C
�*QRFGc •c = e, φ(c) = φi(ci), ψi(ci) = c

� _ e2b©D�KJF
ν(c) =

ψi ◦ νi(ci)
�

��OTK _YW ORB�� `aW NC]LKLbEU W K¥g£B?QTKJORb2D _ � V NY�
N
� _ ��NPOTbEQRe s

φ : T → N
� _ e2b�I<N WG` caQTDGI<D

ψi : Ti → T
�'�'c2K�O _ FGF�K W

_YW K<QRePXGKL]JFGQR�¡K<F�NPF _ O��:Uae2]JFGQTNPe2D{�x�*caQT]dc `aW N���KLD
Ti v T

� _ e2b
T
QTD�FGc2K�DGI _ OROTKLDGF�� V NY�

N
c _ �CQRe s

T1, T2
_ D

`aW K8� � KLD{�3�&D�QRe s FGcaQTD `aW N ` K W F�B¡�aNPe2K1c _ D*FGc _ F _ � V NY�
N

QTD'QTDdNPI<N WG` caQT]1F�N¥FGc2K1UaeaQTNPe�NY��QRF�D(]LNPeE� s U Wd_ FGQTNPe2D{�
N W ]LNPeC�¡K W D�KJORB¡�?FGc _ F _ D�KJF*NY�$]JNPea� s U Wd_ FGQTNPe2D�baKJF�K W I£QRe2KLD _ U2eaQTS¡U2K�� V ��$\NPFGQT]LK _ OTD�N�FGc _ F*FGc2K W K�K � QTDGF'UaeaQTSCU2K
I<N WG` caQTDGI<D

ψi : Ti → T1 ∪ T2
D _ FGQTDZ��BCQRe s

φi = φ ◦ ψi

* `aW KL]JQTD�KJORB�FGc2K�NPe2KLD�NPMaF _ QRe2KLb�MCB `aW NC]LKLbEU W K-gE�
V�W NC]LKLbEU W K-g s KJe2K Wd_ ORQR {KLD(�*QRFGc2NPUaF�bEQ �v]JUaORF�B�F�N¥FGc2K1UaeaQTNPe�NY� _ e _YW MaQRF Wd_YW B�eCUaI-M�K W NY��F W KJORORQTD `2W NC]JKLDdD�KLD��

NY�
N
�
�'c2K�QReCF�K W D�KL]JFGQTNPe

T1∩T2
] _ e¥M�K'baK8�2e2KLb�QRe _ DGQRI£QRO _YW I _ eae2K W ��MCB _ DGQRI ` OTK�I<NCbEQ���] _ FGQTNPevNY� `aW NC]LKLbEU W K(gE�

N W MCB�F _ �?QRe s FGc2K�UaeaQTNPe NY�$]LNPeE� s U Wd_ FGQTNPe2D&QRe
K

K = {κ1 ∈ KT1
: ∃κ2 ∈ KT2

, ∃φ : κ1 → κ2
QTD�NPI<N WG` caQTDGI��

φ1 = φ2 ◦ φ}
� %��

" 4 ²¡¶ z ² � ��� . �
N ∈ Nets

� � , . � . . ��*���� � �5��!#*�� ��. #��)��*-#5�)� � � .
��� *��7� �
	�� .O��� 	 �
N

� 	A� � , .+� � . ��� � .
� �:� * 	 ! ,
� . � �A��� * �I� , .�F W KJORORQTD 	 �

N
	)� � , .�FGQRI<K�UaeE��NPOTbEQRe s 	 �

N
� ��! ��� .�! 	 � . *-�"���

U t
N

� 
 *-� ,.��	A�
� .O� � 	 ! � *$!�. � 	 � � *$!/.
f t
N : U t

N → N
,

U(N )
�I� , .0��!�� 	 � � *-!/. 	 �

N
� ��! �

U t(N )
�I� , .2� *$# . � �/!�� 	 � � *-!/. 	 �

N
�I� � . � * �3. � . ! � .�! ��	)� *$!/.A� � 	A� � , .��0. �

	 � � � ���0. � � 	A� *&.O� 	 �
N

, � !���� � � * � � � � � �J� , .�� , � 5�. � , . � ��# . ��	 !��M.�� � �:� * 	 ! �0. � ,

D z ¶�¶ � . ­ªK§c _ ��K `aW N��¡KLb FGc _ F�FGc2K ]LNPOROTKL]JFGQTNPe"NY�¥� V D�NY�
N

QTD�DGF _ MaOTK MCB _YW MaQRF WË_YW B¤UaeaQTNPe � _ e�b FGc _ F
T v T ∪ T ′ ��A?N¥FGc2K W K�K � QTDGF�D _ UaeaQTSCU2K�I _�� QRI _ O�� V NY�

N
��N W FGc�K `aW K8� ��W K8O _ FGQTNPe ��°§N W KLN��¡K W �2DGQRe2]LK�KJ�¡K W B

�2eaQRF�K�� V NY�
N

QRD W K _ ]dc _ MaOTK�MCB `aW NC]LKLbEU W K�i2��FGcaQTD `aW NC]LKLbEU W K�]LNPeC��K WGs KLD£F�N
U t
N

��QRF�D¥UaeaQTSCU2K�DGF _ FGQTNPe _YW B
` NPQReCF{�

3\QR�¡KJe _ e2KJF
N
��]LNPe2DGQTbaK W

K
��FGc2K�DdKJF&NY� _ OROx]LNPeE� s U Wd_ FGQTNPe2D\QRe

UN
� � ��K W B�]LNPeE� s U Wd_ FGQTNPe NY�

K
QTD _ � V

NY�
N
� _ e2b�KJ��K W B�]LNPeE� s U Wd_ FGQTNPe�QRe _ � V NY�

N
QTD'QRe

K
��A?N

U t
N

�EFGc2K\F W KJORORQTD(NY�
N
�?QTD'FGc2K1UaeaQTNPe�QRe�F�c2K1D�KJe2DdK

NY�'F W KJORORQTD `aW NC]LKLD�D�KLD-NY�*]LNPeE� s U Wd_ FGQTNPe2D�NY�
K
�aXZU2DGF�ORQR��K<FGc2K£UaeE��NPOTbEQRe s

UN
] _ e©M�K<�CQTKJ��KLb _ D�FGc2K<UaeaQTNPeªQRe

FGc2K¥DdKJe2D�K¥NY��M Wd_ e2]dcaQRe s�`aW NC]LKLD�D�KLD�NY� _ ORO�]LNPeE� s U Wd_ FGQTNPe�D�NY�
K
��l\D _ ]LNPe2D�KLS¡U�K8e�]JKh�

UN
_ e2b

U t
N

baKLD�] W QRM�K
FGc2K1D _ I<K1D�KJF(NY�x]LNPeE� s U Wd_ FGQTNPe�D{�

U t
N

] _ e _ ]JFGU _ ORORB�M�K W KL]LN���K W KLb�� W NPI
UN

MCB _ ��NPOTbEQRe s N ` K Wd_ FGQTNPe *3I<K WGs K
]LNPe2bEQRFGQTNPe2D

c, c′
D�U2]dcvFGc _ F

fN (c) = fN (c′)
_ e2b

H(c) = H(c′)
�¡QRe�N W baK W F�N�KJe2DGU W K ` NPQRe?F�q�QRevFGc2K�baK8�2e2Q�F�QRNPe

NY� _ � V ��F�c2KJe§I<K WGs K W KLbEUae2b _ eCF�KJ��KJeCF�D\�?QTNPO _ FGQRe s FGc2K `�_YW DGQRI<NPeCB ]LNPe2bEQRFGQTNPe�� ` NPQReCF�n��8�\­ªK-D�c _ ORO$K �?`aW KLDdD
FGcaQTD W KJO _ FGQTNPekI<N W K1��N W I _ ORORB�QRekD�KL]JFGQTNPe�i2�

2

" 4 ²¡¶ z ² � ��� � � ��� ² zYw{|#5 -xz ¶ - ² z�y ³ ¶ �
U t
N � � . � N ∈ Nets

� � 	A� . 5 . � � � � .
��� * �'! . �
T

*$!
Tr

��! � # 	A� �
� , * ��#

φ : T → N
�7� , . � . . ��*���� � ���/! *�� �#.'# 	A� � , *�� #

ψ : T → U t
N

� � ��, � , �:�
φ = f t

N ◦ ψ
,

	 ßYÉdÊ�Ò�Ê�âËÞY×�Ä�ÅáÞ�@vÎ�Ê®ÉL×ZÐZÆ�Æ�ÐZÆZÜ�
2Þ
@ËÐG? ÝèÊ®ÅÇÐØÏ � � 	3Î�Ê®É{×ØÐZÐGÑ�Æ1ÒLÓ�ÅÇÆ�É�?áâdÏ®ÅÇÞ
@�â<×GâËÞ�É8ÞYÅÇ×GâF?�Ê®ÐZÎ�Ê®ÐZÆ�ÐZÞLÏ®ÐZÞLÏ&Ý�ÉËÊ�â<×G?áâËÆ�Æ�ÉdÝ�ÅÇÆ�É B(ÉdÊ®ÎYÄ�ÅÇ×
Ò�Ê�âËÞ�×�Ä�ÅÇÞ
@�Î�Ê®ÉL×ZÐZÆ�Æ�ÐZÆZÜ
��� E �����2Æ�ÝèÉËÊ�B*ÐGÑ*ÒLÓ�Ï®ÄYÐ�Æ®âFB*Ð�ÉL×Z×ZÍ�Ê�Ê®ÐZÞY×ØÐxÞYÐ�Ï�ÒYÍ�Ï�Ñ�Å���ÐØÊ®ÐZÞLÏ�ÝèÉ�?áÑ�ÅÇÞ�@8ÆZÜ�È ÄYÅA?ÇÐxÆ�Ï®ÅA?A?hÊ®ÐZÎ�Ê®ÐØÆ�ÐZÞLÏ®ÅÇÞ
@3Ï®ÄYÐoÆ®â B*Ð
×ØÉ8Þ =
@8Í�Ê�âdÏ®ÅÇÉ8Þ�ÆZã'Ã�ÄYÐ�ÍYÞ�ÅÇÉ8Þ�ÅáÆ$Ï®Ä�ÐZÞ-Ñ�Ð =PÞ�ÐGÑ�É8Þ�Ï®ÄYÐZÆ�Ð�×GâdÞYÉËÞYÅÇ×Gâ ?�����ÆZã���ÐØÊ®Ð8Ü¡È�Ð'×ZÅ Ê®×ZÍ�B+=8ÐZÞLÏxÏ®Ä�ÅÇÆ�×ØÉ8ÞYÆ�Ï�Ê®Í�×ØÏ®ÅÇÉ8Þ-ÒLÓ�ÄPâËÞYÑ�?ÇÅÇÞ
@
Ð7;{Í�ÅA=Ëâ ?ÇÐZÞY×ØÐ�×G?áâËÆ�Æ�ÐØÆ �:âËÆoâ�È Ä�É�?ÇÐ8ã �1Û ÑYÑ�ÅáÞ�@'âdÞ1Ð7;{Í�ÅA=Ëâ ?ÇÐZÞLÏ�����ÅÇÞ&Ï®ÄYÐ$ÍYÞ�ÅÇÉ8Þ1Ñ�ÉLÐZÆ�Þ
� Ïo×�ÄYâËÞ�@8Ð$Ï®ÄYÐxÊ®ÐZÆ�Í�? ÏGã

ÔoÔ ÞML&NON
N�P



�&% � ,������ � .

D z ¶�¶ � . ­ªK `aW NC]LKLKLb¤QRe DdKJ��K Wd_ O1D�F�K ` D{� � �
ψ
K � QTDGF�D{�

φ
_ e2b

ψ
e2KL]LKLD�D _YW QRORB�c _ �¡K QTbaKJeCFGQT] _ O�baNPI _ QRe2D�NY�

baK8�2eaQRFGQTNPe �&A?N<OTKJF
T ′ = T|dom(φ)

� _ e2b�OTKJF
π
M�K�FGc2K-] _ e2NPeaQT] _ O `2W NYXZKL]JFGQTNPek� W NPI

T
F�N

T ′ � ��B�OTKJI£I _ �h�
T ′

QTD&FGc2K W KLDGF W QT]JFGQTNPe NY�
T
F�N _ DGUaM2DdK8F1NY��QRF�D\D�F _ F�K�� _YW Q _ MaOTKLD{��D�N�MCBkbaK8�2eaQRFGQTNPe NY�

H
�
T ′ W KJI _ QRe2D _ ]LN WGW KL]JFGORB

��NPOTbaKLb�F W KJORORQTD(e2KJF{�3�'c2K W K�K � QTDGF�D _ UaeaQTSCU2K
φ′ : T ′ → N

DGU2]dc�FGc _ F
φ = φ′ ◦ π

� _ e2b�Q��
ψ
K � QTDGF�D{�?FGc2K W K�K � QTD�F�D

_ D���KJORO _ UaeaQTS¡U2K
ψ′ : T ′ → U t

N

D�U2]dc£FGc _ F
ψ = ψ′ ◦π

�$�'c2K W K8O _ FGQTNPe
φ = f t

N ◦ψ
KJeCF _ QROTD

φ′ ◦π = f t
N ◦ψ′ ◦π

�
_ e2b§DGQRe2]LK

π
QTD1NPMC�?QTNPU2DGORB _ e K ` Q��®I<N WG` caQTDGI�����K s KJF

φ′ = f t
N ◦ ψ′ ��A?N���K�] _ e DGQRI ` ORQ���B�FGc2K `aW NPMaOTKJI _ e2b

_ D�DGUaI<K1FGc _ F
φ
QTD(baK8�2e2KLb�KJ�¡K W B?�*c2K W K�NPe

T
�

� �
T
QTD _ F W KJORORQTD `aW NC]LKLD�D&NY�

N
��FGc2K�K � QTDGF�KJe2]LK _ e2b�UaeaQTSCU2KJe2KLD�D\NY�

ψ
baK W QR��KLD\bEQ W KL]JFGORB�� W NPI `aW NC]LKLbEU W K¥g

_Y`a` ORQTKLb¯F�N
T1 = T

_ e2b
T2 = U t

N

� � e FGc2Kk] _ D�K�NY� _ s KJe2K Wd_ O�F W KJORORQTD<e�K8F
T
����K `aW NC]LKLKLb¯QRe _ D�QRI£QRO _YW

I _ eae2K W\_ e2b�MaUaQROTb _ I<N WG` caQTDGI
ψ : T → U t

N

W KL]JU W DGQR�¡KJORB�NPe�KJ�¡KJeCF�D�NY�
T
� W KL] _ OROoFGc _ F�KJ�¡KJeCF�D�NY�

T
_YW K _ ORO

W K _ ]dc _ MaOTK��8�3­ªK _ baN ` F(FGc2K�e2NPF _ FGQTNPe
U t
N = (C ′, E′,→′, C ′0, ν ′)

�
l\D _ DGF _YW F ` NPQReCF{�C��K\baK8�2e2K

ψ
M�K8FØ��KLKJe

C0 _ e2b C ′0 �3ACQRe2]LK&FGc2K W KLDGF W QT]JFGQTNPe f t
N : C ′0 → P 0 QTD�MaQ XZKL]JFGQR�¡Kh�

��K1I-U2D�F*F _ �¡K

∀c ∈ C0, ∀c′ ∈ C ′0, c ψ c′ ⇔ c φ f t
N (c′)

�  ��

­©K�baKLDGQ s e�FGc2K1��NPOROTN��*QRe s DGF�K ` D*QRekN W baK W F�N<K8e�DGU W K�FGc _ F
ψ
� � .O��� � * � � . � � 	 *-� � � � �
� .�! � � 	 #���*$! 	 � � . �"! *-� * 	 !,�

W KJI _ QRe2D _ I<N WG` caQTDGI ��NY�'° � $\DË� _ e2b D _ FGQTDZ��KLD
φ = f t

N ◦ ψ
�'��B �  ��8��FGcaQTD1QTD�NPMC�?QTNPU2DGORBkF W U2K _ F1FGc2K£DGF _YW F

` NPQReCF{��­©K�DGc2N�� FGc _ FvFGcaQTD `aW N ` K W F�B ] _ e�M�K `aW N shW KLD�DGQR�¡KJORB K � F�KJe2baKLb¯F�N©]LN��¡K W�_ ORO
T
� _ e2b¯FGcCU2DvD _ FGQTDZ��B

` NPQReCF&q�QRe�FGc2K�baK8�2eaQRFGQTNPe NY� _ I<N WG` caQTDGI��
��NPe2DGQTbaK W<_ e KJ�¡KJeCF

e
NY�

T
� _ e�b _ D�D�UaI<K

ψ
QTD¥baK8�2e2KLb NPe FGc2K�]LNY��D�KJF

X = •e
MaUaF¥e2NPF _ F

e
�
ψ
QTD _

I<N WG` caQTDGI ��NPe§QRF�D1baNPI _ QRe NY��b2KË��eaQRFGQTNPe��&D�N
ψ(X) �

QTD _ ]LNY��D�KJF1NY�
U t
N

��ACQRe2]LK •φ(e) = φ(X)
QRe

N
��FGc2K W K

K � QTDGF�D _ UaeaQTSCU2K-KJ��KJeCF
e′
QRe

U t
N

DGU2]dc FGc _ F •e′ = ψ(X)
_ e2b

f t
N (e′) = φ(e)

�*��N `aW KLDdK W ��K
φ = f t

N ◦ ψ
����K

I-U2DGF�K � F�KJe2b
ψ
MCB

ψ(e) = e′
� _ e2b©D�QRe2]LK

f t
N : e′• → φ(e)•

QTD�MaQ XGKL]JFGQR��Kh�oFGc2K<K � F�KJe2DGQTNPe�NY�
ψ
M�KJF���KLKJe

e•_ e2b
e′•

QTD _ OTD�N�Q�I ` NhDdKLb�� _ D\QRe��  ��J�0��Bk]LNPe2DGF W U2]JFGQTNPe ��FGcaQTD1K � F�KJe2baKLb
ψ
D _ FGQTDZ��KLD ` NPQReCF�D �h��n _ e2b i�NY��FGc2K

baK8�2eaQRFGQTNPe NY��e2KJF\I<N WG` caQTD�I<D{��l&e2b ` NPQReCF�qvQTD1NPMaF _ QRe2KLb§�*c2KJe ��K W KLDGF W QT]JF
ψ
F�N�QRF�D1baNPI _ QRe NY��baK8�2eaQRFGQTNPe �

0�QRe _ ORORB¡� _ D _�W K8O _ FGQTNPe NPek]LNPe2bEQRFGQTNPe2D _ e2b W KJORBCQRe s NPe��  ��8�
ψ
]JOTK _YW ORB `aW KLD�K W ��KLD `�_YW FGQRFGQTNPe2D

ν
_ e2b

ν ′
�

ACQRe2]LK _ ORO�KJ��KJeCF�D�NY�
T

_YW K W K _ ]dc _ MaOTKh�
ψ
] _ e M�K�K � F�KJe2baKLb�F�N��2e _ ORORBª]LN��¡K W¥_ ORO

T
�k�'caQTD `aW N��¡KLD�M�NPFGc

K � QTDGF�KJe2]LK _ e2b�UaeaQTSCU2KJe2KLD�D�NY�
ψ
�

2

����� ��# � %'��� � � � � # * #$)
Tr

� * � #
Nets

��N I _ F�]dc _Ys¡_ QRe�e2NPF _ FGQTNPe2D<NY� _Y`a` KJe2bEQ � l-��baK8�2e2K�] _ F�K s N W QTKLD
C = Tr

_ e2b
D = Nets

� _ e2b F _ ��Kv��N W
�:Uae2]JF�N W

F : C → D
FGc2K�QRe2]JORU2DGQTNPek�:Uae2]JF�N W ��­ªK `aW N���K�FGc _ F�FGc2K�FGQRI<K�UaeE��NPOTbEQRe s N ` K Wd_ FGQTNPe§NPeke2KJF�D�] _ ekM�K

FGU W e2KLb§QReCF�N _ ��Uae2]JF�N W
G = U t : D → C

� *-,/.0,
U t : Nets → Tr

���*caQT]dc QTD\FGc2K W Q s c?F _ bYXGNPQReCF�NY�
F
�\­ªK

`aW NC]LKLKLb _ D\QRe DdKL]JFGQTNPe©nE�Çq *&FGc2K¥baK W QR� _ FGQTNPe©NY��FGc2K _ bYXZUae2]JFGQTNPe QTD\M _ DdKLb NPe FGc2K�UaeaQR�¡K W D _ O `aW N ` K W F�B DGF _ F�KLb
QRe�FGc2KLN W KJI�nE�

9 | � ·��:·�|Ey ² } ¶2´ � � �«y . l\D\��N W UaeE��NPOTbEQRe s D�� ��K¥OTNCNP�k� W DGF1��N W�_ ] _ e2bEQTb _ F�K<]LNY�®UaeaQRF
ε : FG → ID

��N W FGcaQTD
_ bYXØUae2]JFGQTNPe �3�'c�K\]LNY�®UaeaQRF

ε
QTD'baK8�2e2KLb _ D _ ]LNPOROTKL]JFGQTNPe�NY�oI<N WG` c2QRD�I<D

εN : U t
N → N

�¡��N W KJ�¡K W B
N ∈ Nets

�
l�e,NPMC�?QTNPU2D�]dc2NPQT]LK QTD�FGc2K ��NPOTbEQRe s

εN = f t
N

� 0�N W KJ��K W B
N ∈ Nets

�&��K I-U2DGF�D�c2N��4FGc _ F�FGc2K `�_ Q W
(G(N ), εN ) = (U t

N , f
t
N )

QTD _ UaeaQR�¡K W D _ O _YWGW N��¤� W NPI
F
F�N

N
��D�KLK¥��n)%���QRe _Y`a` KJe2bEQ � l-�Çq��8�?�*caQT]dc�QTD'K �a_ ]JFGORB

FGc2K1UaeaQR�¡K W D _ O `aW N ` K W F�B�NY�$FGc2K1FGQRI<K�UaeE��NPOTbEQRe s
U t
N

K �E`aW KLD�D�KLb�QRe�FGc2KLN W KJI�nE��A?N _ DdDGUaI ` FGQTNPe����\l1��c2NPOTbaD��

" � � ² � ��� ¶ 5«·�� ��� |2w£| � � � }hy ¶ z . � KJF
g : N1 → N2

M�K _ I<N WG` caQTDGI QRe
Nets

�
U t(g)

] _ e�M�K�baK8�2e2KLb _ D
FGc2K1UaeaQTSCU2K�I<N WG` caQTDGI QRe

Tr
D _ FGQTDZ��B?QRe s *

g ◦ f t
N1

= f t
N2

◦ U t(g)
� �{p��

� ��Ó\âËÒ�ÍYÆ�Ð$ÉËÝaÞYÉËÏ�â�Ï®ÅÇÉ8ÞCÜ�È�Ð$È�Ê®Å Ï®Ð
ψ(X)

Ï®Ä�Ð$Æ�ÐØÏ
{c′ ∈ C′ : ∃c ∈ X, cψ c′}

ã

L:Õ�ÔML:Û



��� .���� *���� �
	�� .
��� .
� �& 

N1

N2

N1
U

N2
U

Ug

N1
f

N2
f

g
t

t

t

t

t

0xQ s U W K  * � 	 #1#6� ���:� * 5 . � * �). � �:# � �:� * � � . � ����� , .'� *-# . �/!�� 	 � � *-!/. 	 �'��# 	A� � , * ��# ,

�$� QTD�F�KJe2]LK _ e2b UaeaQT]JQRF�B NY�
U t(g)

_YW K s U _YWd_ eCF�KLKLb©MCB FGc2KLN W KJI�nE� _ e2b�� �{p��\QTD�D�U��v]JQTK8e?F�F�N `aW N��¡K¥FGc _ F
U t

QTD(QRe2baKLKLb _ ��Uae2]JF�N W �*° N W KLN��¡K W ��QRe `aWd_ ]JFGQT]LKh��QRF�QTD ` NhD�D�QRMaOTK�F�NvbaK8�2e2K
U t(g)

W KL]JU W DGQR�¡KJORB��*QRFGc `aW NC]LKLbEU W K¥qE�
�*c2K W K

Ug

QTD W K ` O _ ]LKJb£MCB
U t

g

�
UNi

MCB
U t
Ni

�PFGc2K���NPOTbEQRe s
fNi

MCB
f t
Ni

� _ e2b��*c�K W K�FGc2K�QReC� _YW Q _ eCF(��n��oQTD W K ` O _ ]LKLb
MCB � �{p��8�

9�¶a´ z ² 
 ² }hy�� ¶ � . 0xQRe _ ORORB��\�*QRFGc _ e2N�� ]8O _ DdDGQT] _ O _YWGs UaI<KJeCF{�<� �{p�� W K8�¡K _ OTD�FGc _ F
ε
QTD _ ]JFGU _ ORORB _ e _ FGU Wd_ O

F Wd_ e2DZ��N W I _ F�QRNPekNY� ��Uae2]JF�N W
FG

QReCF�N
ID

�?�*caQT]dc _ OROTN��(D'F�N¥baK W QR��K\FGc2K1NPe2K1F�N�NPe2K\MaQRe _ F�U Wd_ O ]LN WGW KLD ` NPe2baKJe2]LK
M�KJF���KLKJe©I<N WG` caQTDGI<D�NY�'°§N W

(Tr , Nets )
_ e2b FGc2NhD�K<NY�'° N W

(Tr , U t(Nets ))
� MCB���qhp��&QRe _Y`a` KJe2bEQ � l��ÇqE�

�'caQTD(KJ�?QTbaKJe2]LKLD(FGc2K�]LNY� W K8¦�KL]JFGQTNPe§NY�
Tr

QReCF�N
Nets

�

D z ¶ · �o}hy � �
Tr

. l�e QRI ` N W F _ eCF `aW N ` K W F�B ��K<K �E` KL]JF�� W NPI F W KJORORQTD `2W NC]JKLDdD�KLD�]LNPe2]LK W e2D�FGc�K8Q W � _ ]JF�N W QR  _ �
FGQTNPe � � e2baKLKLb��aFGcaQTD `aW N ` K W F�B���N W I<D'FGc2K1c2K _YW F�NY�xI<NCbEUaO _YW ¢YbEQTDGF W QRMaU2F�KLb _ O s N W QRFGcaI<D{�2FGc _ F*��K1c _ �¡K1M _ D�KLb�NPe
UaeE��NPOTbEQRe s D-U ` F�N�e2N�� 	Çnhq
�����'c2K�]LNY� W K8¦�KL]JFGQTNPe�NY�*FGc2Kv] _ F�K s N W B©NY�*F W KJORORQTD�e2KJF�D�QReCF�NkFGc2Kv] _ F�K s N W B©NY�*e2KJF�D
BCQTKJOTbaD�bEQ W KL]JFGORB�FGcaQTD*� _ ]JF�N W Q�  _ FGQTNPe `aW N ` K W F�B��

l\D W Q s cCF _ bYXGNPQReCF�D `aW KLD�K W �¡K `aW NCbEU2]JF�D��2NPe2K�c _ D

U t(N1 ×N N2) = U t(N1) ×T U t(N2)
� �)���

�*caQT]dc _ OTD�N `aW N��¡KLD$FGc2K'K � QTD�F�KJe2]LK'NY� _�`aW NCbEU�]8F3QRe
Tr

��N W F W KJORORQTD$e2KJF�D$FGc _ F _YW K�FGQRI<K'UaeE��NPOTbEQRe s D3NY� _ e2KJF{����UaF
FGc2K�UaeaQRF

η
NY��FGc2K _ bYXØUae2]JFGQTNPe ��*&, .
,$FGc2K�e _ FGU Wd_ OEF Wd_ e2DZ��N W I _ FGQTNPe

η : ID → GF
baK8�2e2KLb�c2K W K�MCB

ηT : T → U t
T��N W KJ�¡K W B

T
QRe
Tr

�?QTD'NPMC�CQTNPU2D�ORB _ e _ FGU Wd_ O KLS¡UaQR� _ OTKJe2]LK£�
ηT

QTD�FGc2K\QTbaKJeCFGQRF�B2�8� � e�NPFGc2K W ��N W b2D{� _ D�DGUaI ` FGQTNPe
� $ � �*NY� _Y`a` KJe2bEQ � l-� i<QTD�D _ FGQTDG��KLb���D�N£FGc2K `2W NCbEU2]JF

×N

W K _ ]dc2KLD _ ORO�K8OTKJI<KJeCF�D&QRe
Tr

��­ªK�] _ e�FGcCU2D � . �"! .
FGc2K `aW NCbEU�]8F

×T

QRe
Tr

MCB

T1 ×T T2
∼= U t(T1) ×T U t(T2) = U t(T1 ×N T2)

� �{n��

l\D���N W
×O

�aFGc2K1� _ ]JF(FGc _ F
×T

QTD _ D�F _ e2b _YW b `aW NCbEU2]JF�QRe
Nets

��NPOROTN���KLb�MCB _ FGQRI<K�UaeE��NPOTbEQRe sv`aW N��?QTbaKLD
_ªW KL]8U W DGQR��K baK8�2eaQRFGQTNPe,NY�-FGc2K `aW NCbEU2]JF�QRe

Tr
�(M _ D�KLb¤NPe `aW NC]LKLbEU W K i2� � KJF

T1, T2
M�K F���N � $\D{�(�*QRFGc

Ti = (Ci, Ei,→i, C
0
i , νi)

�¡FGc2KJQ W�`aW NCbEU2]JF
T = (C,E,→, C0, ν) = T1 ×T T2

_ e�b<F�c2K _ DdD�NC]JQ _ F�KLbvI<N WG` caQTDGI<D
ψi : T → Ti

_YW K s QR��KJe�MCB2*

D z ¶ } ² · �oz ² 1

•
� eaQRFGQ _ ORQR  _ FGQTNPe *

� � W K _ F�K
|C0

1 | + |C0
2 |
]LNPe2bEQRFGQTNPe2D�QRe

C0 � _ e2b�baK8�2e2K�QRePXZKL]JFGQR�¡K `�_YW FGQ _ O �:Uae2]JFGQTNPe2D ψi : C0 → C0
i

QRe
D�U2]dc _ � _ B�FGc _ F(FGc2KJB�c _ ��K�bEQTD�XZNPQReCF�baNPI _ QRe2D{�

� A?KJF
C = C0 � E = ∅

�
→= ∅

_ e2b
ν = Id

�

•
^ KL]8U W DGQTNPe *

� � KJF
X

M�K _ ]LNY��D�KJF�NY�
C
� _ e2b

I ⊆ {1, 2}
_ e2NPeE��KJI ` F�B�QRe2baK � D�KJF %

∀i ∈ I,
OTKJF

ei

M�K _ ekKJ��KJeCF�NY�
Ei

DGU2]dc�FGc _ F
ψi(X) = •ei

�
� � �xFGc2K W K�baNCKLDGe�� F�K � QTDGF _ ekKJ��KJeCF

e ∈ E
�*QRFGc •e = X

_ e2b
∀i ∈ I, ψi(e) = ei

�
ÔoÔ ÞML&NON
N�P



nhp � ,������ � .

∗
] W K _ F�K _ e2KJ�"KJ�¡KJeCF

e ∈ E
�*QRFGc •e = X

� _ e2b
∀i ∈ I

D�KJF
ψi(e) = ei

�

∗
] W K _ F�K _ DGUaM2DdKJF

Y
NY� ∑

i∈I |e
•
i | = |X|

e2KJ�"]LNPe2bEQRFGQTNPe2D�QRe
C
�aD�KJF

e• = Y
�

∗
K � F�KJe2b�FGc2K `�_YW FGQ _ O��:Uae2]JFGQTNPe2D

ψi, i ∈ I,
F�N
Y
QRe�N W baK W F�N�c _ �¡K&bEQTD�XGNPQReCF�baK8�2eaQRFGQTNPe�baNPI _ QRe2D

QRe
Y
_ e2b�F�N£D _ FGQTDZ��B

ψi : Y → e•i
QRePXGKL]JFGQR�¡K��h�

∗ ∀c ∈ Y
baK8�2e2K

ν(c)
_ D
ψ−1

i ◦ νi ◦ ψi(c)
��N W FGc2K1UaeaQTSCU2K

ψi

baK8�2e2KLb _ F
c
�

∗ ∀i ∈ I, ∀c ∈ Y
��Q��

∃c′ ∈ C, ψi(c
′) = ψi(c)

_ e2b
H(c′) = H(c)

FGc2KJe I<K WGs K¥]LNPe2bEQRFGQTNPe2D
c_ e2b

c′
�

� !������'����
(%-	��v�x��� ����% %��x��	��-������������	���	"�(% � +�% ) 
(� � ��% �(	

� ��� ��# � %'��� � � � � # * #$)
Occ

� * � #
Tr

l'F�FGcaQTD ` NPQReCF{����K£c _ �¡K£FGc W KLK£e2KLD�F�KLb©] _ F�K s N W QTKLD
Occ ⊂ Tr ⊂ Nets

����B W KLDGF W QT]JFGQRe s
Nets

F�N
Tr

QRe
FGc2K\]LNY� W K8¦�KL]JFGQTNPe�NY�

Occ
QReCF�N

Nets
�?��K\] _ e�baK W QR�¡K _ e2NPFGc2K W(_ bYXZUae2]JFGQTNPe�M�KJF���KLKJe

Occ
_ e2b

Tr
� _ ]JFGU _ ORORB

_ e2NPFGc2K W ]LNY� W K8¦�KL]JFGQTNPe��8�*A ` KL]JQ���] _ ORORB¡��F _ ��K�] _ F�K s N W QTKLD
C = Occ

_ e2b
D = Tr

�a�*QRFGc�FGc2K�QRe2]JO�U�DGQTNPe��:Uae2]JF�N W
��N W

F : Occ → Tr
_ e2b�FGc2K�UaeE��NPOTbEQRe s ��Uae2]JF�N W ��N W

G : Tr → Occ
� $&NPFGQT]LK�FGc _ F _Y`a` ORB?QRe s

U
F�N _ F W KJORORQTD

e2KJF
T
` K W ��N W I<D _ e§UaeE��NPOTbEQRe s QRe FGc2K '�]LNPeE¦2QT]JF�bEQRI<KJe2DGQTNPe � (¥DGQRe2]LK-FGQRI<K-QTD _ O W K _ bEB�UaeE��NPOTbaKLb���K _ ]dc

T|c̄
QTD _

`�_YW FGQ _ OoN W baK W NY�$e2NCbaKLDË�8��­ªK1FGcCU2D�baKJe2NPF�K�MCB
G = Uc

FGc2K W KLDGF W QT]JFGQTNPe NY�
U
F�N

Tr
�

� e FGcaQTD _ bYXØUae2]JFGQTNPe ��F�c2K�UaeaQR��K W D _ O `aW N ` K W F�B NY�"'�]LNPeE¦�QR]JF�UaeE��NPOTbEQRe s D{� (§]LN WGW KLD ` NPe2bEQRe s F�N _ D�DGUaI ` FGQTNPe
���&l��8�EBCQTKJOTbaD

∀T ∈ Tr , ∀O ∈ Occ , ∀φ : O → T , ∃!ψ : O → U c
T , φ = f c

T ◦ ψ
�
�{q��

�*c2K W K
f c
T : Uc

T → T
QTD�FGc2K¥��NPOTbEQRe s NY�

Uc(T )
QReCF�N

T
� � KJF

T1, T2
M�K£F��'N�� $\D{�oFGc2K£ORQRI£QRF `aW KLDdK W � _ FGQTNPe

FGc2KLN W KJI NPe W Q s cCF _ bYXGNPQReCF�D s QR��KLD�*

Uc(T1 ×T T2) = Uc(T1) ×O Uc(T2)
� �JiC�

l�e2b �2e _ ORORB��&U2DGQRe s FGc2K � _ ]JF�FGc _ F�FGc2K§Uae2Q�F�NY�-FGc2K _ bYXØUae2]JFGQTNPe �
ηO : O → Uc(O)

�&baK8�2e2KLD _ e _ FGU Wd_ O
KLS¡UaQR� _ OTKJe2]LK\QRe

Occ
� _ D�DGUaI ` FGQTNPe©� $ � �G�8�?��K\] _ e _ ]JFGU _ ORORB�U2D�K&FGcaQTD W KJO _ FGQTNPe�F�N�� W K��ØbaK8�2e2K\FGc2K `aW NCbEU2]JF

×OMCB

O1 ×O O2
∼= Uc(O1) ×O Uc(O2) = Uc(O1 ×T O2)

� �{g��

� �6� ��# � �G# -
� � � # *(#$) � �
	 � * � � � # * -

U

F  = 1

G  = U1
c G  = U2

t

U

F  = 2

U

F = 

E=NetsC=Occ D=Tr

G  = U

0xQ s U W K �{p * � � ����! � � * 	 !�� � .
� �:� *-!/. � �:� .�. 	A� *-.
�
Occ

�
Tr

��! �
Nets

,

3 _ FGc2K W QRe s�W KLDGUaORF�D�NPMaF _ Q�e�KJbªD�N�� _YW ����K¥c _ ��K¥FGc W KLK _ bYXZUae2]JFGQTNPe2D W KJO _ F�Q�e s ] _ F�K s N W QTKLD
C = Occ

�
D = Tr_ e2b

E = Nets
� _ D1bEQTD ` O _ B¡KJb MCB�� s U W K �{pE� � F&QTD _ ��KJOROx�Ce2N��*e � _ ]JF&FGc _ F _ bYXZUae2]JFGQTNPe2D1] _ e§M�K�]LNPI ` NhD�KLb

�G	������?]dc _Y` � � � � %E�¡FGcaI ���8�CDdN
F2 ◦F1 : Occ → Nets

_ e2b
G1 ◦G2 : Nets → Occ

baK8�2e�KJD _ e _ bYXØUae2]JFGQTNPe �
� É8Þ\ÅÇÏ®ÆoÑ�É�B(âËÅÇÞ&ÉËÝ2Ñ�ÐI=YÞYÅ Ï®ÅÇÉ8Þ

L:Õ�ÔML:Û



��� .���� *���� �
	�� .
��� .
� n$�

ACQRe2]LK
F2◦F1 = F

QTDxFGc2K�QRe2]JORU2DGQTNPe���Uae2]JF�N W �P��K�FGcCU2Dxc _ �¡K�FGc _ F
G = G1◦G2

�PU ` F�N _ e _ FGU Wd_ OaKLSCUaQR� _ OTKJe2]LK
3����
�'caQTD*F Wd_ e2D�O _ F�KLD(QReCF�N

∀N ∈ Nets , U(N ) ∼= Uc ◦ U t(N )
� � 5 �

_ e2b§e _ FGU Wd_ ORORB§FGc2K£]JN W�W KLD ` NPe2bEQRe s ��NPOTbEQRe s D�] _ e M�K¥]LNPI ` NhD�KLb&*
fN = f t

N ◦ f c
Ut
N

��U ` F�N�FGc2K¥QTD�NPI<N WG` caQTDGI
QReª� � 5 �8�

$\NPFGQT]LK1FGc _ F-� � 5 �'K �E`aW KLD�D�KLD*FGc _ F(FGc2K1FGQRI<K8�®UaeE��NPOTbEQRe s
U t(N )

NY� _ e2KJF(] _ e�M�K W KL]LN���K W KLb�MCB�' W K8��NPOTbEQRe s (
]LNPeE¦2QT]JF�D�NPe¥QRF�D���UaORO?UaeE��NPOTbEQRe s

UN
�$A ` KL]JQ���] _ ORORB¡�

f c
Ut
N

: U(N ) → U t(N )
I<K WGs KLD�]LNPe2bEQRFGQTNPe2D��*QRFGc¥FGc2K'D _ I<K

c2KJQ s cCF _ e2b W K `aW KLD�KJeCFGQRe s FGc2K\D _ I<K ` O _ ]LK1NY�
N
�CFGc2KJe�I<K WGs KLD���N W'W KJI<N��¡KJD8� W KLbEUae2b _ eCF(KJ�¡KJeCF�D W K `aW KLD�KJe?FGQRe s

FGc2K�D _ I<K�F Wd_ e2DGQRFGQTNPe�]LNPeae2KL]JF�KLb-F�N _*s QR�¡KJe-]LNY��D�KJF{�x�'caQTDoQTDoQRORORU2D�F Wd_ F�KLb�QRe�� s � �)��FGc _ F�]LNPI `�_YW KLDxFGc2K�UaeE��NPOTbEQRe s
_ e2b�FGc2K1F W KJORORQTD�NY� _ e2KJF{�

a g

d

ea

b c

b c

f

d

g

d

a

b c b c

a g

b
d

eg f

c

a

b

b b

b

a

c

g

d

e f

. . .. . .

t2 t1

t5

t6

t4t3

t1 t1t2

t3 t3

t1 t2 t1 t6

t5t4

t2 t1

t2

t3 t2 t1

t4 t5 t6

0�Q s U W K �)�:* � ! . �
N

� � 	 � ��� 
 * � ,�� � .�� �#.�! � * �A� ��	 #>� 	 ! .�! � �
� � . �7! . � ���
{a, b}, {g, c}

�:! �
{d, e, f}

, ��� �
�/!�� 	 � � *$!�.

UN
�E� 	 � � 	 # ��. � �	������! � *-� �8� � .���� *��

U t
N

�E� 	 � � 	 # � * . , �	� ,J� 	)� � � � � *-��� � � 	 ! � * � * 	 !,����. 5�.�! � �>� � . � ����.
��. �
����� , . � � � � .�� � � ��!�� * � * 	 ! � , .�� � . � � .O�0.�! ��*-!

N
�%*-!���� .�� � 	 � , � 50*$!�. � * ��� *-! � �7! ��# .O� ,

� e�F�K W I<D(NY� `aW NCbEU2]JF `aW KLD�K W � _ FGQTNPe �aFGc2K�]LNPI ` NhDGQRFGQTNPe NY� _ bYXGNPQReCF�D*B?QTKJOTbaD{�E��N W�_ eCB `�_ Q W
N1,N2

QRe
Nets

U(N1 ×N N2) = U(N1) ×O U(N2)
� ���h�

∼= Uc ◦ U t(N1 ×N N2)
� �&%��

= Uc( U t(N1) ×T U t(N2) )
� �& ��

= Uc(U t(N1)) ×O Uc(U t(N2))
��nhp��

� � �������d���'����
(% ��
4�d� ������� � %-�x��	

�'c2K�DGF _ e2b _YW b `aW NCbEU�]8F�NY�1e2KJF�D<QTD s KJe2K Wd_ ORORB�e2NPF<U2DdKLb�QRe¯QRF�D£M _ D�QT]���N W I���MaUaF<QTD Wd_ FGc2K W ]LNPe2DGF Wd_ QRe2KLb¯MCB
_ ����! ��, �
	 ! *	� �:� * 	 ! �A� .�. � � �h� �'c2K§O _ FGF�K W D ` KL]JQ���KLD��*c2K W K§DGB?e2]dc W NPeaQR  _ FGQTNPe2D�I-U2D�F�F _ �¡K ` O _ ]LKh� _ e2b �*c _ F
F Wd_ e2DGQRFGQTNPe2D�] _ eªM�Kv]LNPe2DGQTbaK W KLb _ D ' `aW QR� _ F�K (<F�N _ ]LNPI ` NPe2KJeCF{��­©K W KL] _ ORO�FGcaQTD�e2NPFGQTNPeªM�KJOTN����xQRe�N W baK W F�N
W KJO _ F�K�I<N W K `aW KL]JQTD�KJORB�FGc2K�FGQRI<K�UaeE��NPOTbEQRe s NY� _ e2KJF(F�N¥FGc2K�DGF _ e2b _YW b�e2NPFGQTNPekNY�$F W KJORORQTD�NY� _ e _ UaF�NPI _ F�NPe �

<�
 Ã�ÄYÐ3âËÑdÖ�ÉËÅÇÞ{ÏoÉËÝ2â�ÝèÍYÞY×�Ï®ÉËÊoÅÇÆoÍ�ÞYÅF;LÍYÐxÍYÎ�Ï®É*â�ÞPâdÏ®Í�Ê�â ?¡Ð<;LÍYÅA=Ëâ ?ÇÐZÞ�×ZÐ8Ü�Æ�ÐZÐ �
� 	TÜY×�ÄYâËÎCã�L$H @ �8Ü�×ZÉËÊGã �Ëã

ÔoÔ ÞML&NON
N�P



nhn � ,������ � .

����� ����� �"!$#$% � � - #$) ��� � � � � � * �,�'-
l �:I-UaORFGQ���]JOTNC]d�a� � ����.
��. � ! . �

N = (P, T,→, P 0, µ, λ,Λ)
QTD _ e2KJF\K � F�KJe2baKLb �*QRFGc _ O _ M�KJORQRe s ��Uae2]JFGQTNPe

λ
NPe

T
�aF _ �CQRe s � _ ORU2KLD*QRe�FGc2K _ O ` c _ M�KJF

Λ
��l\D _ e�QRORORU2DGF Wd_ FGQTNPe �2��K�]dc2NCNhD�K _ DGQRI ` OTK�D�BCe2]dc W NPeaQR  _ FGQTNPe _ O s KJM Wd_ NPe

O _ M�KJORD�* s QR��KJe�F���N<]LNPI ` NPe2KJeCF�D{�2FGc2K�QReCF�K W D�KL]JFGQTNPe NY�$FGc2KJQ W O _ M�KJOoDdKJF�D*b2KË��e2KLD(FGc2K '�]JNPI£I<NPe ORKJFGFdK W D{� ( _ e2b

•
_ F Wd_ e2DGQRFGQTNPe�O _ M�KJOTKLb©MCB _ ]LNPI£I<NPe�OTKJFGF�K W I-U2DGF�DGB?e2]dc W NPeaQR {K<�*QRFGc _ F WË_ e2DGQRFGQTNPe�] _YWGW BCQRe s FGc2KvD _ I<K
O _ M�KJOoQRe�FGc2K�NPFGc2K W ]LNPI ` NPe2KJeCF{�

•
_ F Wd_ e2DGQRFGQTNPe�O _ M�KJOTKLb�MCB _�`aW QR� _ F�K�OTKJFGF�K W(W KJI _ QRe2D `2W QR� _ F�Kh�

d

e f

c

g

b

a

b

a

c

g

d

e f

t6t5t4

t3 t2 t1 t3 t2 t1 t1

t4 t4 t5 t6

0�Q s U W K �{n * � #1� � � * � � � 	�� 2 ! . �
N

� � .����	� ��! � * � � � . ��	 #>� 	 � * � * 	 ! �A� � � �
	)� � � � 	 �I� �/� .
��. � ����� 	 #5� ���

N|ā,N|ḡ,N|d̄
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