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�Q�����x���i������� ZQzik rGz5r�d Z�w���Z3gXZ3k#w9�V��k#w9Y[Z3�DrGkf����rGk�efUXZQ��Z�Z�{S��wGu ��u�rGgoefk rG��r9��gXrGgiUXrG�nr9 
gXrGY�lnu¡Y[rG�il��nZ[Y¡w9gil�zihi�7w9e rGk dx¢�TVUXZ¡u�rGgoefk rG�D�7w���d�{iZ3kfl�£�Z�{¤�)l�efU�efUilnd�w9zizik r�wGu U¥w9���nrx��e r
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��l�Y�l�e d¼¢
½¬¾�¿5À Á�Â ��Ã���� Y[rG�il��nZ°Y¡w9gil�zihi�7w9e rGkx¶�gXrGgiUXrG�nrGgXrGY�lnu�dfcSdfe Z3Y¬¶ie#wGd �o ��ÄhigXu3eflnrGg,¶Xefk#w9gXdf£�Z3k d#Z
�ÄhigXu3eflnrGg,¢

Å�Æ5Ç9ÈÊÉ=Ë5Ì#ÍÏÎ�Ç9Ð%É,Ñ�Ò­Ò­Ó�É�Ô9Õ9Õ�Ì#Í�ÖÏÒf×�Ñ�Ø�ÖÏÇ9ÒÚÙ�ÍÏÒ­ÓGÛÏÇNÕ¼ÍÏÌ>Ü#ÍÝÐ%Þ¥ßMàÚá5â�ãIä



� ��� ��������������� ����! � '¡��(�� � �`�����"�	�����������q* �	����!#'�(�� �V����(���*
�	��$·!#� �q* �����
	1����� �������"�q*��


�� ����� � � \NrGhXd zik rGz5r�d rGgXdDhigXZNY[j3efUXr1{irG�nrG��lnZ|{iZ|dfcFgoefUXW�d ZN{iZ�k Z3e rGhik d){=±²j3e#w9eDz5rGhikD�nZ�d
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u�Z3efe Z[w9zizik rFu UXZ[z�Z3kfY[Z3efe Z3g1e�{=±²Z>§Sj�u3hie Z3k�higXZ·e��Gu UXZ�{iZ·Y¡w9gil�zihi�7w9eflnrGg;Z3ex¶M{Xw9gXd|�nZ·Y��3Y[Z
e Z3Y�zXd¼¶1{iZNu�rGgoefk��G�nZ3k)�7w�dfl�efh�w9eflnrGg ©�lÏ¢²Z�¢Úz�r�dfl�eflnrGg Z3eVrGkflnZ3goe#w9eflnrGg�«D{iZ��7w°zi�7w9e Z>��rGkfY[ZNY[rG�il��nZ
m1hil)d Z3kfe�{iZ�dfhiziz5rGkfe�w9h¥�ik#wGd·Y¡w9gil�zihi�7w9e Z3hikx¢��MZ�u�rGgoefk��G�nZ�wGu3efl´�¨{iZ¦�7wªdfl�efh�w9eflnrGg¯{iZ �7w
zi�7w9e Z>��rGkfY[Z�w9hi��Y[Z3g1e Z°�nZ�d�uxw9z�wGu3l�e j�d�{Sh�dfcSdfe W3Y[Z¨{iZN��w���rGg¬d l���gil´³�uxw9efl�£�Z�¢! qg¬z�w9kfeflnu3hi��lnZ3kx¶
l��Dz5Z3kfY[Z3e·{=±ÊwGd#dfhik Z3k��7w�k jxw9��lnd#w9eflnrGg¯{iZQ�7w¬e��Gu#UXZ {iZQY¡w9gil�zihi�7w9eflnrGg¥Y��3Y[Z¦�nrGk d m1hXZ¦u�Z3���nZ> 
u3lIgXj�u�Z�d dfl�e Z�¶Ú{iZ[�7w z�w9kfe�{iZ[�7w¬zi�7w9e­�ÄrGkfY[Z¡Y[rG�il��nZ�¶�{iZ�d�Y[rGhi£�Z3Y[Z3goe d·Z3g;Y¡w9k u UXZ w9kfkflnW3k Z
rGh/{iZ�d°Y¡w9gX»|hi£Fk Z�dx¢#"N±²Z�dfe�j3�ow9�nZ3Y[Z3goe�hig;j3�nj3Y[Z3g1e·Z�d#d Z3goeflnZ3� z�rGhik�efk#w9l�e Z3k��nZ[zik rG�i�nW3Y[Z
{=±²j3£Fl�e Z3Y[Z3goeN{iZ�d)�ihie j�Z�d�w9kfeflnu3hi�7w9l�k Z�dN{Sh��ik#wGd)Y¡w9gil�zihi�7w9e Z3hikx¢
$ Â �x� À �&% � �¦� Y¡w9gil�zihi�7w9e Z3hik)Y[rG�il��nZ�¶idfcSdfe W3Y[Z�gXrGgS ÏUXrG�nrGgXrGY[Z�¶S�ÄrGgXu3eflnrGg�{iZ�e��Gu UXZ�¶1��rGgXu> 
eflnrGg�efk#w9gXdf£�Z3k d Z�¢
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Y[rGk Z���Z3gXZ3k#w9�ÚeÝcFz5Z�dNr9�q��Z�Z�{S��wGu �Sd[©Äd Z�Z�Z�¢ �X¢���9�9 � ��rGkNw¦dfhikf£�Z3cX«>¶�efUXZ�hiefl���l��¼w9eflnrGg¤r9��efUXZ�d#Z
e Z�u#UigilnmohXZ�d��ÄrGk�Y[rG�il��nZ Y¡w9gil�zihi�7w9e rGk d�U�wGd�d Z3�n{irGY �5Z�Z3g�Z>§Szi�nrGk Z�{=¢¤TVUXZ¦Y[Z3efUXrF{id·zik r9 
z5r�d Z�{ d r¦�Ïw9k°l�g efUXZ���l�e Z3k#w9efhik Z¡eÝcFzilnuxw9����cªk Z3��cªrGg efUXZ "� �� ���� �
 u�rGg1efk rG� r9�VefUXZ�zi�7w9e­�ÄrGkfY¬±²d
d l�efh�w9eflnrGg,¢�µXrGk�l�gXdfe#w9gXu�Z�¶�l�g���9E? � ¶�efUXZ[higilnu3cFu3�nZ> Ï��l���Z¦zi�7w9e­��rGkfY lnd�u�rGg1efk rG���nZ�{/l�g¤z�r�d l�eflnrGg
£Fl7w�l�gizihie­ ÝrGhiefzihieI��l�gXZxw9kfl��¼w9eflnrGgQe Z�u Uigilnm1hXZ�dx¶�l�g ��9x~i¶�� � d rGY[Z°©�e � r�w9e�Y[r�d e%«Úu�rGY��il�g�w9eflnrGgXd
r9� z�r�dfl�eflnrGg w9gX{ªrGkflnZ3goe#w9eflnrGg £�w9kfl7w9�i�nZ�d°w9k Z�u�rGg1efk rG���nZ�{ e r w¡{iZ�dfl�k Z�{�£�w9��hXZ�£1l7w¡efUXZ�d#Z3�nZ�u> 
eflnrGgQr9�,wGd#d r1u3l7w9e Z�{¡l�gX{iZ3z�Z3gX{iZ3g1e"!Ýe#wGd �Fd�##¶�l�g$��91= � efUXZ�u�rGgoefk rG���nZ3kDlndIrG�ie#w9l�gXZ�{[£Fl7w��Mw9��k#w9gi��Z
gXZ�u�Z�d#d#w9kfc�u�rGgX{Sl�eflnrGgXd���rGk�w�u�rGgXdfefk#w9l�gXZ�{�rGziefl�Y�l��¼w9eflnrGg�zik rG�i�nZ3Y¬¢DTVUXZ�d#Z°e Z�u Uigilnm1hXZ�d�³XgX{
efUXZ3l�kIsvhXd efl´³�uxw9eflnrGg¹l�g�efUXZ¨�ÏwGu3e�efU�w9ex¶��ÄrGkNd rGY[Z�w9zizi��lnuxw9eflnrGgXd¼¶�l�e�lnd�gXrGe�gXZ�u�Z�d d#w9kfc�e rQu�rGgS 
efk rG� ��rGefU�efUXZ[z5r�dfl�eflnrGg/w9gX{¤rGkflnZ3g1e#w9eflnrGg¥r9�VefUXZ¡zi�7w9e­�ÄrGkfY¬¢¬a1hXu#U;lnd�efUXZ¡uxwGd Z��)UXZ3g,¶���rGk
Z>§Xw9Y�zi�nZ�¶�efUXZDY¡w9gil�zihi�7w9eflnrGg[e#wGdf��{ir1Z�d�gXrGeÚk Z�m1hil�k ZVefUXZ zi�7w9e­��rGkfY e rNz�Z3k­��rGkfY Y¡w9gX»|hi£1k Z�d
©�lÏ¢²Z�¢���rGkf�Dw9k {&%���wGu#�1�Vw9k {¬efk#w9gXdfl�eflnrGgXd>«>¶Sw9gX{&%9rGkV�)UXZ3g gXr�s­rGl�g1e ��l�Y�l�e)d Z3£�Z3k Z3��cQk Z�{ShXu�Z�dDefUXZ
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Y¡w9gil�zihi�7w9e rGkx±²d rGz�Z3k#w9eflnrGg�w9��dfz�wGu�Z�¢ ��r¼� Z3£�Z3kx¶���rGk�rGefUXZ3kIw9zizi��lnuxw9eflnrGgXdx¶1efUXZ�d ZDY[Z3efUXr1{id��)l����
�Ïw9l����5Z�uxw9hXd Z�efUXZ3c uxw9gigXrGe�zik Z3£�Z3g1e�efUXZ[rFu�u3hikfk Z3gXu�Z¡r9�)efUXZ[d#r9 Ýuxw9���nZ�{ !Ý�Fgil´�ÄZ> ÝZ�{S��Z�#[Z � Z�u3e
©O��rGk·uxw9k­ Ï��l���Z¡zi�7w9e­��rGkfY[d��ÄrGk�Z>§iw9Y�zi�nZ¼«>¶IrGk�efUXZ¦u�rG����lndflnrGg/�)l�efU¹sfrGl�goe���l�Y�l�e dx¢ "DrGgoefk rG����l�gi�
efUXZ|zi�7w9e­��rGkfY¸l�g��5rGefU¬z5r�dfl�eflnrGg�w9gX{¬rGkflnZ3g1e#w9eflnrGg�lnd)gXZ�u�Z�d d%w9kfc¦e r[wx£�rGln{¬efUXZ�d Z|zik rG�i�nZ3Y[d¼¢

TVUXZ�zik Z�d#Z3goe)z�w9z5Z3k)w9l�Y[d�w9eVzik Z�d Z3g1efl�gi�¡w�u�rGgoefk rG�,{iZ�dfl���g �Äk#w9Y[Z3� rGkf�Ql�g¦£FlnZ3��r9��Z>§iZ> 
u3hiefl�gi��w·Y¡w9gil�zihi�7w9eflnrGgªe#wGdf��w9gX{=¶  �� ����� (  ���� ����� � ¶�d e#w9�il���l���l�gi� %9u�rGgoefk rG����l�gi��efUXZ�d l�efh�w� 
eflnrGg�r9�qefUXZ�dfhiziz5rGkfefl�gi�¡gXrGgiUXrG�nrGgXrGY�lnu�zi�7w9e­��rGkfY¬¢)TVUXZ�k Zxw9��l��¼w9eflnrGgªr9�qefUXZ�Y¡w9gil�zihi�7w9eflnrGg
e#wGd �¦lndNd Z3e|wGd�efUXZ�zikfl�Y[Z�rG�SsfZ�u3efl�£�Z�¢��Nd�d hXu U,¶�l�e�hXdfh�w9����c¬k Z�m1hil�k Z�d|w�zik Z�u3lnd Z�z�r�d l�eflnrGgil�gi�
r9�qefUXZ�Y¡w9gil�zihi�7w9e rGkx±²dNZ3gX{F ÝZ � Z�u3e rGkx¢��Dc�u�rGgoefk#wGdfex¶�dfhXu Uªw·zik Z�u3lndflnrGg�lnd�d Z3�n{irGY gXZ�u�Z�d d#w9kfc
©ÄrGk¨Z3£�Z3g {iZ�dfl�k#w9�i�nZ¼«���rGk|efUXZ�z5r�dfl�eflnrGgil�gi�¬r9�IefUXZ·zi�7w9e­��rGkfY¬¶5�5Z�uxw9hXd Z·dfY¡w9���qZ3kfk rGk d�w9e|efUilnd
�nZ3£�Z3� uxw9g¤��Z�u�rGY�z5Z3gXd#w9e Z�{��ocªhXdfl�gi�¬efUXZ�Y¡w9gil�zihi�7w9e rGkx±²d�{iZ3��k Z�Z�d�r9�D�Äk Z�Z�{irGY¬¢¡µXrGk�efUilnd
k ZxwGd#rGg,¶iefUXZ°u�rGgoefk rG��rG�Ss­Z�u3efl�£�Z¨�ÄrGk)efUXZ¨zi�7w9e­��rGkfYºlnd�UXZ3k Z°Z>§Fzik Z�d#d Z�{ l�g¬efUXZ|��rGkfYºr9�qw[d Z�u> 
rGgX{Xw9kfc u�r�dfe¨�)UXr�d#Z[Z>§iwGu3e�Y�l�gil�Y�l��¼w9eflnrGg;lnd¨gXrGe�w dfefkflnu3e°k Z�m1hil�k Z3Y[Z3goex¢¦�&gXrGY�l�g�w9� k rG�nZ
{iZ3£�rGe Z�{�e r[efUilndNd Z�u�rGgX{Xw9kfc�Y�l�gil�Y�l��¼w9eflnrGg�lnd�e r��ikfl�gi�¦efUXZ°zi�7w9e­��rGkfY¸e r¦w�{irGY¡w9l�g��)UXZ3k Z
efUXZ�Y¡w9gil�zihi�7w9eflnrGg�e#wGdf�[uxw9g �5Z�dfhXu�u�Z�d df��hi����c[uxw9kfkflnZ�{ rGhiex¢qTVUXZNzik rGz�r�d#Z�{¦w9zizik r�wGu#U¦k Z3��lnZ�d
rGgªw�zik Z3£FlnrGhXd��DrGkf���oc�e � r¦r9�ÚefUXZ·w9hiefUXrGk dNrGg�efUXZ�d e#w9�il���l��¼w9eflnrGg�r9��gXrGgiUXrG�nrGgXrGY�lnu·dfcSd­ 
e Z3Y[d¼¶Mw9gX{ªY[rGk Z�dfz5Z�u3l´³�uxw9����c�rGgªefUXZ ���  ���(������)(E� �R$%���/��� ��� ©�ex¢ �f¢ «�w9zizik r�wGu#U � J ¶�9x� � ¢�TVUXZ
��Z3c¬Z3�nZ3Y[Z3g1e|lnd�efUXZ�z�r�d#dfl��il���l�eÝc¬e rQu�rGgXu�Z3ziefh�w9����c�wGd d#r1u3l7w9e Z·w9g�rGY�giln{Sl�k Z�u3eflnrGg�w9� �)��� "� �� �
� ��� �Äk#w9Y[Z¨�)l�efUªw���k#w9Y[Z�u U�w9k#wGu3e Z3kfl���l�gi�¦efUXZ�dfl�efh�w9eflnrGg�r9�Iw·gXrGgiUXrG�nrGgXrGY�lnu�£�Z3Uilnu3�nZ�¢DTVUXZ
zik rGz5Z3kfeÝcQu�rGgo£�Z3c�Z�{¦�oc[efUXZ�efk#w9gXdf£�Z3k d Z��ÄhigXu3eflnrGgQhXd Z�{¡e r�{iZ>³XgXZ�efUilndDu�rGY�z�w9gilnrGgQ�Äk#w9Y[Z�lnd
efU�w9eqefUXZV£�Z3Uilnu3�nZ�±²dq��k#w9Y[ZVlndÚ�5rGhigX{·e r|dfe#w�c·u3�nr�d ZVe rNl�e dqu�rGY�z�w9gilnrGg,¶o�)U�w9e Z3£�Z3kIefUXZVY[rGeflnrGg
r9�)efUXZQ�7w9efe Z3k��Äk#w9Y[Z�¢�^�rGk Z�rx£�Z3kx¶qefUXZQ{Slndfe#w9gXu�Z¡�5Z3eÝ�DZ�Z3g;efUXZQeÝ�Dr¬�Äk#w9Y[Z�d�uxw9g;�5Z�Y[rF{Sl´ 
³�Z�{ªw9e��)l����Ï¶=w9gX{¹k Z3gX{iZ3k Z�{ w9kf�il�efk#w9kfl���c�dfY¡w9����£1l7w[efUXZ�u#UXrGlnu�Z�r9��efUXZ�efk#w9gXdf£�Z3k d Z��ÄhigXu3eflnrGg
z�w9k#w9Y[Z3e Z3k d¼¢¦t g�rGk {iZ3k�e r¬u�rGgoefk rG�DefUXZ�£�Z3Uilnu3�nZ�¶�l�e°efUXZ3g;d h �¡u�Z�d°e r¬u�rGg1efk rG� efUXZQrGY�giln{Sl´ 
k Z�u3eflnrGg�w9�Du�rGY�z�w9gilnrGg¤�Äk#w9Y[Z�¶�w Y�hXu U/ZxwGdflnZ3k°e#wGdf�5¢[TVUilnd�w9zizik r�wGu#U;Z>§Szi�nrGl�e d°efUXZ[d efk rGgi�
u�rGg1efk rG���7w9�il���l�eÝc¹zik rGz�Z3kfeflnZ�d�r9�ÚgXrGgiUXrG�nrGgXrGY�lnu�dfcSdfe Z3Y[dx¶�w9gX{�Z�dfz�Z�u3l7w9����c efUXZ°��wGu3e�efU�w9eNw9goc
©�gXrGe·gXZ�u�Z�d d%w9kfl���c/wG{SY�lnd dfl��i�nZ¼«�d Y[r1rGefU�efk#w�sfZ�u3e rGkfc;r9�Nd l�efh�w9eflnrGgXd�uxw9g/�5Z�w9zizik r�§Sl�Y¡w9e Z3��c
��rG���nrx�DZ�{=¶q�)l�efU¥w9kf�il�efk#w9kfl���c���rFr1{�zik Z�u3lndflnrGg,¶q�oc/w¬gXrGgiUXrG�nrGgXrGY�lnu ©Äu�rGgoefk rG���7w9�i�nZ¼«·Y[rG�il��nZ
k rG�5rGe �Ê�S¶ 9x� � ¢ � Uil��nZ¦d efhX{SlnZ�d·l�g/efUilnd�{Sl�k Z�u3eflnrGg¥U�wx£�Z¬w9��k ZxwG{Sc;�5Z�Z3g¥u�rGgX{ShXu3e Z�{�l�g�efUXZ
u�rGg1e Z>§Fe|r9�Iefk#w�sfZ�u3e rGkfc¬zi�7w9gigil�gi�X¶�� Z·w9k Z�gXrGe¨w��Vw9k Z·r9� dfl�Y�l��7w9k¨w9efe Z3Y�zie d�l�g�efUXZ�u�rGgoe Z>§Se
r9�ÚgXrGgiUXrG�nrGgXrGY�lnu°Y[rG�il��nZ�Y¡w9gil�zihi�7w9e rGk d�w9gX{�©�k ZxwGu3efl�£�Z¼«V�ÄZ�Z�{S��wGu#��u�rGgoefk rG�Ï¢

TVUXZ�z�w9z5Z3kVlnd)rGkf�ow9gil��xZ�{¬wGd �ÄrG���nr¼��dx¢ � ZNk Z�uxw9���5l�g¬aFZ�u3eflnrGg���d rGY[Z|u3�7wGd d lnuxw9��k Z3�7w9eflnrGgXd
u�rGgXu�Z3kfgil�gi�¹efUXZ��Fl�gXZ3Y¡w9eflnu[Y[rF{iZ3��l�gi�¹r9�VY[rG�il��nZ[Y¡w9gil�zihi�7w9e rGk dx¶qw9gX{�w¦��Z3� k Z�dfhi��e d�u�rGgS 
u�Z3kfgil�gi��efUXZ�efk#w9gXdf£�Z3k d#Zq�ÄhigXu3eflnrGg·w9zizik r�wGu#U,¢�TVUXZI��Z3gXZ3k#w9�1u�rGg1efk rG�1�Äk#w9Y[Z3� rGkf�¨lndMzik Z�d Z3goe Z�{
l�g;aFZ�u3eflnrGg * ¢���zizi��lnuxw9eflnrGg�Z>§Xw9Y�zi�nZ�d�w9k Z���l�£�Z3g l�g�aFZ�u3eflnrGg IX¶Mw9gX{ªl�����hXdfefk#w9e Z�{�efUik rGhi��U
d l�Y�hi�7w9eflnrGg¯k Z�dfhi��e d¼¢;T�r dfl�Y�zi��l´��c;efUXZ�Z>§Fz5r�dfl�eflnrGg,¶IefUXZ zik Z�d Z3goe#w9eflnrGg r9��efUXZ¦�Äk#w9Y[Z3� rGkf�
l�g¯aFZ�u3eflnrGgXd[�S¶ * ¶�w9gX{ IX¶Úlnd·{irGgXZQ�ÄrGk�efUXZ dfhi�S Ýu3�7wGd d·r9��zi�7w9g�w9k·Y¡w9gil�zihi�7w9e rGk d�Y[rGhigoe Z�{
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rGg higilnu3cSu3�nZ> Ï��l���Z[zi�7w9e­��rGkfY[dx¢ �Nrx�DZ3£�Z3kx¶MefUXZ�u�rGg1efk rG�Dw9zizik r�wGu U/Z>§Fe Z3gX{id � $��' ���� ( � $��' �� �
��� ( �)UXZ3g�efUXZ�Z3gX{F ÝZ � Z�u3e rGk|r9��efUXZ�Y¡w9gil�zihi�7w9eflnrGg�w9kfY Z3£�rG��£�Z�dNl�g�efUXZ°efUik Z�Z> Ý{Sl�Y[Z3gXdflnrGg�w9�
uxw9kfe Z�d l7w9g�dfz�wGu�Z�¢��NhXZ|e r�efUXZ|��Z3gXZ3k#w9��l�e c¬r9��efUXZ|ex¢ �f¢Iw9zizik r�wGu U,¶�efUXZ¨zik Z�d Z3g1e�Y[Z3efUXr1{¹w9�nd r
w9zizi��lnZ�dDe r�Y¡w9goc¡rGefUXZ3kDgXrGgiUXrG�nrGgXrGY�lnu|zi�7w9e­�ÄrGkfY[d¼¶o�)l�efU¦£�Z3kfc[Y�l�gXrGkDY[r1{Sl´³�uxw9eflnrGgXdx¢ITVUilnd
z5rGl�goe�lnd�{Slnd u3hXd#d Z�{¬l�g¹Y[rGk Z�{iZ3e#w9l��nd�l�gªaFZ�u3eflnrGg�~S¶�w9gX{¬l�����hXdfefk#w9e Z�{¹efUik rGhi��U�efUXZ�Z>§Xw9Y�zi�nZ
r9��w·uxw9k­ Ï��l���Z°zi�7w9e­��rGkfY¬¢

� � �)���V��!#��� �����®'������%!#�"!%������� ���q�����#� *

�MZ3eNhXdN³Xk d eNl�g1efk r1{ShXu�Z�d#rGY[Z�gXrGe#w9eflnrGg,¢
In

lndNefUXZ�ln{iZ3goefl�eÝcªY¡w9efkfl´§ wGd d rFu3l7w9e Z�{¹�)l�efU
R

n ¢
R ; θ < ¶ S

¶Xw9gX{
R̄ ; θ < ¶�w9k Z|efUXZ¨k rGe#w9eflnrGg¬Y¡w9efkflnu�Z�dN{iZ>³XgXZ�{��1c��

R ; θ <	� 

cos θ � sin θ

sin θ cos θ � , S � R ; π 
 2 <�� 

0 � 1

1 0 � , R̄ ; θ <�� 

R ; θ < 0

0 1 �
TVUXZ¦��rG���nrx�)l�gi�;gXrGe#w9eflnrGg¯lnd�hXd Z�{�e r {iZ�d#u3kfl���Z efUXZ¬u�rGgS³X��hik#w9eflnrGg r9��efUXZ�zi�7w9g�w9k¡Y[rG�il��nZ
Y¡w9gil�zihi�7w9e rGkN{iZ3zilnu3e Z�{�rGg¬µ�l��X¢ 9�¢� q

lnd�efUXZ|£�Z�u3e rGk�r9�ÚZ3l�efUXZ3k�zikflndfY¡w9eflnu°rGk�k Z3£�rG��hie ZVsfrGl�goe�u�r1rGk {Sl�g�w9e Z�d�r9��efUXZ|Y¡w9gil�zihS 
�7w9e rGk�w9kfY¬¢�t e d�{Sl�Y[Z3gXdflnrGg¬lnd

nq
¢�

F0 ��� O, ��ı0 , ��0 � lnd�w�³i§iZ�{¦�Äk#w9Y[Z¨l�g�efUXZ¨zi�7w9gXZ�¢�
Fb ��� B, �� ıb , ��b � lndDw���k#w9Y[Z�w9efe#wGu UXZ�{Qe r¨efUXZ)Y[rG�il��nZ)zi�7w9e­��rGkfY&l�g[efUXZ�zi�7w9gXZ�¢qtÏ��efUXZ
Y[rG�il��nZ[zi�7w9e­��rGkfY lnd°r9�)efUXZ�higilnu3cSu3�nZ�e c1z5Z�©�w9gX{¤efU1hXd°gXrGgiUXrG�nrGgXrGY�lnu¼«>¶Ú�DZ[l�Y�z5r�d Z
efU�w9e°efUXZ[l�gXd e#w9goe#w9gXZ�rGhXd�£�Z3�nr1u3l�e cªr9�)efUXZ�z5rGl�goe

B
�°¢ kx¢ ex¢�©��)l�efU�k Z�dfz5Z�u3e°e ro«

F0

lnd
w9�nrGgi�[efUXZ¨higil�e�£�Z�u3e rGk ��ıb ¢�
Fe ��� E, �� ıe , ��e � lnd�w��Äk#w9Y[Z°w9efe#wGu UXZ�{¬e r[efUXZ¨Y¡w9gil�zihi�7w9e rGkx±²d�Z3gX{F ÝZ � Z�u3e rGkx¢� :Nl�£�Z3g�eÝ� r w9kf�il�efk#w9kfc��Äk#w9Y[Z�d

Fa ��� A, ��ıa , ��a � w9gX{
Fb ��� B, �� ıb , ��b � ¶�efUXZ ! d l�efh�w� eflnrGg #·r9�

Fb

�°¢ kx¢ ex¢
Fa

lnd°{iZ>³XgXZ�{�wGd|efUXZ�Z3�nZ3Y[Z3g1e
rab � SE ; 2 <�� R

2 � S1
©��)l�efU

S1 � R 
 2πZ
« ��l�£�Z3g¬�1c

rab � 

pab

θab �
�)l�efU

pab � ; xab, yab < T efUXZ�u�rGY�z5rGgXZ3goe d�r9� �����AB
l�g efUXZ���wGdflnd¨r9�

Fa
¶Mw9gX{

θab

efUXZ
rGkflnZ3goe Z�{ w9gi���nZ��5Z3eÝ� Z�Z3g ��ıa w9gX{ �� ıb ¢ � UXZ3g

Fa
lnd[efUXZ ³i§SZ�{¥��k#w9Y[Z

F0

{iZ>³XgXZ�{

')( ß ' ã



���������	��
��	�
����������
���������������������
����� ��!�#"�$%
� &�'���)( =

w9��r¼£�Z�¶
rab � r0b
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u�rGgXd ln{iZ3k�efUXZ°Y[rG�il��nZ�zi�7w9e­�ÄrGkfY¬¢)TVUXZ�u�rGY�z�rGgXZ3g1e d|r9��efUXZ¨£�Z3�nr1u3l�e c�r9�qefUXZ°z5rGl�goe
B

�°¢ kx¢ ex¢
F0

¶iZ>§Szik Z�d d Z�{ l�g
Fb

¶�w9k Z¨{iZ3gXrGe Z�{¹wGd
vb,1

w9gX{
vb,2

¶SlÏ¢²Z�¢

d � ���OB

dt
� vb,1 �� ıb ! vb,2 ��b

TVUXZ�w9gi��hi�7w9k�£�Z3�nr1u3l�e c�r9��efUXZ|�Äk#w9Y[Z
Fb

�°¢ kx¢ ex¢
F0

lnd�{iZ3gXrGe Z�{�wGd
ωb

¶SlÏ¢²Z�¢

dθb

dt
� ωb

')( ß ' ã



���������	��
��	�
����������
���������������������
����� ��!�#"�$%
� &�'���)( J

�Dc d Z3efefl�gi�
ub : � ; vb,1, vb,2, ωb < ¶�rGgXZ¨ZxwGdfl���cQ£�Z3kfl´³�Z�d�efU�w9e

�
rb � R̄ ; θb < ub

© * «
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lnd°rGgoe ro«>¢
� UXZ3g¦efUXZ�Y[rG�il��nZ|zi�7w9e­��rGkfY lndVrGY�giln{Sl�k Z�u3eflnrGg�w9�Ï¶iefUilndVzik rGz�Z3kfe c¡lndVd#w9eflnd­³�Z�{¡��rGk)w9g1c��ÄhigXu> 
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��� ��� ����� � �/��� ���� �
%�R�  �� �
Fb̄ ; α <  D()(/�E� �  �� � ��������� ����� � �����%��
�������� � � ���	 �� �

Fb

� (��) �
 
 � �  
u�rGY�z�w9gilnrGg���k#w9Y[Z �	�

Fb �
µik rGY&�)U�w9e�zik Z�u�Z�{iZ�d¼¶o�)U�w9e Z3£�Z3k efUXZ)Y[rGeflnrGgQr9�

Fb̄ ; α < ¶1efUXZ�{Slndfe#w9gXu�Z)�5Z3eÝ�DZ�Z3g
Fb

w9gX{
Fb̄ ; α < gXZ3£�Z3kNZ>§Su�Z�Z�{id

supα

{
γ ; f ; α < , e < ¶5w���rGhigX{��)Uilnu U¹uxw9g¹��Z°Y¡wG{iZ�w9kf�il�efk#w9kfl���c¬dfY¡w9���

©��ihie·{Sl � Z3k Z3goe���k rGY �xZ3k ro«�£1l7w�efUXZ¦u UXrGlnu�Z r9�
ε1

w9gX{
ε2

l�g�©	9x��«3¢¹TVUXZ3k Z>�ÄrGk Z�¶Iw��Dwxc;r9�
u�rGg1efk rG����l�gi�

Fb

u�rGgXdflndfe dVl�g�u�rGgoefk rG����l�gi�Ql�e d)u�rGY�z�w9gilnrGg��Äk#w9Y[Z
Fb̄ ; α < ¶Xw�Y�hXu#U�ZxwGdflnZ3kVe#wGdf�

d l�gXu�Z
Fb̄ ; α < lnd�rGY�giln{Sl�k Z�u3eflnrGg�w9�Ï¢

� + ��������������'�'��������=�

p�kflnrGk�e r�wG{i{Sk Z�d dfl�gi��efUXZ)u�rGgoefk rG��{iZ�d l���g[lnd dfhXZVl�e d Z3�´�f¶�rGgXZ)Y�hXdfeIdfz5Z�u3l´�Äc�u�rGgoefk rG��rG�Ss­Z�u3efl�£�Z�d
l�g�k Z3�7w9eflnrGgªe r¦efUXZ�e#wGdf�SdN�)Uilnu UªefUXZ�Y[rG�il��nZ�Y¡w9gil�zihi�7w9e rGk¨lnd�Y[Zxw9g1e|e rQz5Z3k­��rGkfY¬¢Nt g�efUilnd

ß�ß¸Ó�P!Q�QRQRS
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k Z�d z�Z�u3ex¶�l�e�lnd�hXd#Z>��hi�,e r¡U�w�£�Z�l�g�Y�l�gX{¬efUXZ�k Z�dfz5Z�u3efl�£�Z°k rG�nZ�d�zi�7w�c�Z�{¹�oc�efUXZ°Y¡w9gil�zihi�7w9e rGkx¶
rGg rGgXZ�U�w9gX{=¶Mw9gX{�efUXZ�dfhiziz5rGkfefl�gi� Y[rG�il��nZ·zi�7w9e­�ÄrGkfY¬¶,rGgªefUXZ·rGefUXZ3k¨U�w9gX{=¢�t g¤wQeÝcFzilnuxw9�
w9zizi��lnuxw9eflnrGg,¶�w°e rFrG�=rGk)w�d Z3gXd rGkVlndDY[rGhigoe Z�{�rGg efUXZNY¡w9gil�zihi�7w9e rGkx±²d�Z3gX{F ÝZ � Z�u3e rGk)l�g�rGk {iZ3k
e r�z5Z3k­�ÄrGkfY w�e#wGd �¨l�go£�rG��£Fl�gi�Nzik Z�u3lnd#Z Y[r¼£�Z3Y[Z3goe dql�gXd ln{iZDw���l�Y�l�e Z�{�{irGY¡w9l�g�r9��w9zizi��lnuxw9eflnrGg,¢
� Z·�)l�����uxw9���qefUilnd|e#wGd �¹efUXZ !ÝY¡w9gil�zihi�7w9eflnrGg¤e#wGd � ##¢�tÝg Y¡w9g1c�uxwGd#Z�dx¶=l�e|lnd|zik Z>�ÄZ3k#w9�i�nZ[efU�w9e
efUXZ�Y[rG�il��nZNzi�7w9e­�ÄrGkfY dfe#wxcFdDY[rGeflnrGgi�nZ�d dV{Shikfl�gi�·efUXZ|Z>§SZ�u3hieflnrGg�r9�,efUXZNY¡w9gil�zihi�7w9eflnrGg�e#wGdf�5¢
TVUXZ3k Z¦w9k ZQd#Z3£�Z3k#w9�Ik ZxwGd rGgXd��ÄrGk�efUilndx¶ÚdfhXu U�wGd�efUXZ¡l�Y�z�Z3k­��Z�u3eflnrGg/r9�)efUXZ[³X��e Z3kfl�gi��r9��z5Z3k­ 
efhikf��w9eflnrGgXdNk Z�dfhi��efl�gi�¡��k rGY Y[rx£Fl�gi�¦rGgªw9g�higXZ3£�Z3g¹e Z3kfk#w9l�g,¶�rGkNZ3gXZ3kf��c¬d#w�£Fl�gi�X¢��Nrx� Z3£�Z3kx¶
Y[r¼£1l�gi��efUXZ�d hiziz�rGkfefl�gi��zi�7w9e­�ÄrGkfY�Y¡w�c¦w9�nd r°�5Z)hXd Z>�Ähi�Ï¶1rGkDZ3£�Z3gQ�5Z�u�rGY[Z�gXZ�u�Z�d d#w9kfc�¶1�)UXZ3g
efUXZQdfl��xZ¡r9�)efUXZQY¡w9gil�zihi�7w9e rGkx±²d·rGz�Z3k#w9eflnrGg�w9�Vdfz�wGu�Z[lnd�gXrGe�d h �¡u3lnZ3goe·e r�u�r¼£�Z3k�efUXZ¡k#w9gi��Z
k Z�m1hil�k Z�{ e r¬u�rGY�zi�nZ3e Z¡efUXZ�Y¡w9gil�zihi�7w9eflnrGg/e#wGdf��rGg/w �7w9kf��Z¡rG�SsfZ�u3ex¶MrGk°�)UXZ3g;efUilnd°rG�SsfZ�u3e
Y[r¼£�Z�d�w9gX{�e Z3gX{id�e r��nZxw�£�Z¨efUXZ°k Z3��lnrGg¬k ZxwGu U�w9�i�nZ��oc efUXZ¨Y¡w9gil�zihi�7w9e rGkx±²dNZ3gX{F ÝZ � Z�u3e rGkx¢

TVUXZ°��Z3gXZ3k#w9�Mln{iZxw[lnd�efU�w9e�efUXZ°zikfl�Y[Z°k rG�nZ�r9�qefUXZ¨Y[rG�il��nZ�zi�7w9e­��rGkfY¸lnd�e r[{Slndfzi�7wGu�Z�efUXZ
Y¡w9gil�zihi�7w9e rGk|d r[wGd�e r[u�rGY�z�Z3gXd%w9e Z¨��rGk�l�e d���l�Y�l�e Z�{¹{irGY¡w9l�g¹r9��rGz�Z3k#w9eflnrGg,¶�l�g�dfhXu#U�w·�Vw�c
efU�w9e·efUXZQY¡w9gil�zihi�7w9eflnrGg¥e#wGdf��uxw9g��5ZQuxw9kfkflnZ�{�rGhie��)l�efUXrGhie�l�goe Z3kfkfhizieflnrGg,¢ " �nZxw9kf��c�¶IefUilnd
rG�SsfZ�u3efl�£�Z�lndI�nrFr�d Z3kIefU�w9g¦efUXZNrGgXZ�d Z3eDrGgQefUXZ�Y¡w9gil�zihi�7w9e rGkx¶Xw9gX{[l�e)w9�nd r°z5rGl�goe dVrGhieVw°�Fl�gX{
r9� !Ý�ik#w9l�g�%��nZ3��d�#°rGk !ÝY¡wGdfe Z3k %9df�7wx£�Z�##¶Xg�w9efhik#w9�M{iZ�u�rGhizi��l�gi� w9gX{�UilnZ3k#w9k u U1c���Z3e � Z�Z3g¹efUXZ|eÝ� r
Y[Z�u#U�w9gilnuxw9��dfhi�Xd cFdfe Z3Y[d¼¢

����� � 	���� � 	 � 
 �
	�� ����� � � ��� � � � ���
�º�Dw�c/e r�efk#w9gXdf�7w9e Z efUXZ�w9��r¼£�Z�u�rGgXdfln{iZ3k#w9eflnrGgXd�l�g���Z3gXZ3k#w9�)Y¡w9efUXZ3Y¡w9eflnuxw9��e Z3kfY[dx¶�k Z3Y· 
l�gilnd#u�Z3goe[r9�|w�u3�7wGd d lnuxw9��w9zizik r�wGu UB{iZ3£�Z3�nrGz5Z�{/�ÄrGk·efUXZ¦efk Zxw9efY[Z3goe¦r9��k Z�{ShigX{Xw9gXu3c�l�g�efUXZ
uxwGd#Z�r9�,Y¡w9gil�zihi�7w9e rGk dDY[rGhigoe Z�{ rGgQw|³i§iZ�{¡d hiziz�rGkfe|©Äd Z�Z�Z�¢ �X¢���9 I � ��rGkIl�gXd e#w9gXu�Z¼«>¶1u�rGgXdflnd e d
l�g¹u�rGgXdfln{iZ3kfl�gi�QefUXZ�zik rG�i�nZ3Y r9��Y�l�gil�Y�l���l�gi��w�d Z�u�rGgX{Xw9kfc¬u�r�dfe���higXu3eflnrGg,¶�£1l7w�efUXZ�u�rGgoefk rG�
r9� efUXZ�Y[rG�il��nZ·zi�7w9e­��rGkfY¬¶5higX{iZ3k|efUXZ·u�rGgXdfefk#w9l�goe°r9�VZ3gS�ÄrGk u3l�gi�¬w¦d Z3e|r9�"!Ý£Fl�kfefh�w9����l�gi��w9��Z�d�#
�)Uilnu#U¹u#U�w9k#wGu3e Z3kfl��xZ�efUXZ¨Y¡w9gil�zihi�7w9eflnrGg�e#wGdf�5¶S£1l7w�efUXZ°u�rGgoefk rG��r9��efUXZ¨Y¡w9gil�zihi�7w9e rGkx¢V^�rGk Z
zik Z�u3lnd#Z3��c�¶i� Z¨�)l����MwGd#dfhiY[Z¨efU�w9e)efUXZ°r¼£�Z3k#w9���Mu�rGgoefk rG��rG�Ss­Z�u3efl�£�Z°uxw9g���ZN�nrFr�d Z3��c���dfe#w9e Z�{¹wGd
��rG���nrx��d���l�£�Z3g¬efUXZ¨{Shik#w9eflnrGg

T
r9�ÚefUXZ¨e#wGdf�¦Z>§SZ�u3hieflnrGg �

P0 :
�
t ��� 0, T � , ^¹l�gil�Y�l��xZ

hs ; rb, t < higX{iZ3k�efUXZ�u�rGgXdfefk#w9l�goe�efU�w9e
em ; q, rb, t <	� 0

�)l�efU
em

w9gX{
hs

�5Z3l�gi�;wGu�u�Z�d dfl��i�nZ¬e rªY[ZxwGdfhik Z3Y[Z3goeª©ÄrGk¡u�rGY��il�gXZ�{BY[ZxwGdfhik Z3Y[Z3goe w9gX{
Z�d efl�Y¡w9eflnrGg�«>¢�TVUXZ�£�Z�u3e rGk­ Ï£�w9��hXZ�{���higXu3eflnrGg

em
u U�w9k#wGu3e Z3kfl��xZ�d|efUXZ�Y¡w9gil�zihi�7w9eflnrGg�e#wGd ��¢)t e

rG�1£1lnrGhXd ��c�{iZ3z�Z3gX{id·rGg;efUXZ¡Y¡w9gil�zihi�7w9e rGkx±²dNsfrGl�goe�u�rFrGk {Sl�g�w9e Z�d
q
¢�t e d�{iZ3z�Z3gX{iZ3gXu�Z¦hiz5rGg

�
	 ÈÊÓ9ÛvÒIÖÏÇ�Ò *>Ð ÍÏÈ Ð#Ñ ,ÊÒ­É
q
Ð%ÓG×

rb

*%Ð#Í�ØNÉ�Þ)Ì�Ì%ÖÏÇ�,ÊØ�Ë,È²ÖÏÇ°ÖÏÈÊÞ)Ò���
XÍÏÌ%Ñ ,ÊÒ­Þ
P0

ÛvÐ%Ó9Ó�Ì%Ö�Ñ�Ò É�Ì ,-*>Òf×¨È Ó�ÉÄÖÝÐ%Ó�ÖÝÐ��
Ó9Ò­Ì%Ô9É ,²Ø���Ò���ÛvÒvÕ�Ö���Ì��SÛvÌ%Ô�ÍÏÉ�Ò���Ë,Ç�Ò­ÓVÖÏÇ9ÒMÈÊÓ9È²ÖÏÈ Ð ,�ÛvÌ%ÓG×¼ÈÊÖÏÈÊÌ%Ó9É

rb � 0 � Ð%Ó9× q � 0 � Ð ÍÏÒ�É�Ì ,ÊÔ�ÖÏÈÊÌ>Ó�É�ÖÏÌqÖÏÇ9ÈÊÉ�Õ¼ÍÏÌ>Ñ�, ÒvÞ�� ä
Æ5Ç9ÒvÍÏÒ�� Ì%ÍÏÒ��

P0

É�Ç�Ì>Ô�, ×°Ì>Ó�,²Ø°Ñ�Ò/*xÈÊÒvË5Òf×�Ð%É�Ð#Ó���Ð#ÉÄØ�Þ)Õ¼ÖÏÌ%ÖÏÈ Û
��Ì%Ñ���ÒfÛ ÖÏÈ *3ÒVÕ�Ô�ÍÏÉ�Ô9Ò­×°ÖÏÇ¼ÍÏÌ>Ô9Ü%Ç¨ÖÏÇ9ÒV×¼Ò� GÓ�È²ÖÏÈ Ì%Ó
Ì!�

ub

Ð%Ó9×
uq

ä

')( ß ' ã
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efUXZ Y[rG�il��nZ¬zi�7w9e­�ÄrGkfY¬±²dQdfl�efh�w9eflnrGg
rb

u�rGY[Z�d��Äk rGY efU�w9e�efUilnd�zi�7w9e­��rGkfY®lnd¡w9�nd rªefUXZ¬��wGd Z
r9�NefUXZ�Y¡w9gil�zihi�7w9e rGkx¢¯TVUXZ l�gX{iZ3z5Z3gX{iZ3goeQefl�Y[Z> Ï£Gw9kfl7w9�i�nZ

t
lnd·hXd Z�{�e rªz�w9k#w9Y[Z3e Z3kfl��xZ¬efUXZ

z5r�d dfl��i�nZ�Z3£�rG��hieflnrGg�r9�,efUXZ�Y¡w9gil�zihi�7w9eflnrGg�rG�SsfZ�u3efl�£�Z�¶SwGd � Z3���,wGd z�r�d#dfl��i�nZ�£�w9kfl7w9eflnrGgXdVr9�,efUXZ
Z3g1£1l�k rGgiY[Z3g1e¹©�k Z�dfhi��efl�gi�X¶I�ÄrGk·l�gXdfe#w9gXu�Z�¶���k rGY efUXZ¦Y[rGeflnrGg¯r9�|w9g¥rG�SsfZ�u3e %�e#w9kf��Z3e[efk#wGu ��Z�{
�1c�efUXZ¬Z3gX{F ÝZ � Z�u3e rGk%«>¢�TVUXZ�d Z�u�rGgX{Xw9kfc¯rG�Ss­Z�u3efl�£�Z¹u�rGgXu�Z3kfgil�gi��efUXZ�Y�l�gil�Y�l��¼w9eflnrGg r9�

hslnd�hXdfh�w9����cª�nZ�d d�{iZ3Y¡w9gX{Sl�gi��efU�w9g�efUXZ¡Y¡w9gil�zihi�7w9eflnrGg�e#wGdf�ª��Z�uxw9hXd Z�¶�l�g¤Y¡w9g1c�uxwGd Z�dx¶MefUXZ
! Z>§XwGu3e�#|Y�l�gil�Y�l��¼w9eflnrGg�r9�ÚefUilndV�ÄhigXu3eflnrGg¬lnd)gXrGe�w·dfefkflnu3e)k Z�m1hil�k Z3Y[Z3goex¢

� UXZ3g¹efUXZ¨Y[rG�il��nZ�zi�7w9e­��rGkfY¸lnd�UXrG�nrGgXrGY�lnu�¶�d#r[efU�w9e�efUXZ°Y[rG�il��nZ�Y¡w9gil�zihi�7w9e rGk|uxw9g��5Z
£FlnZ3� Z�{ªwGd|w9g�Z>§Se Z3gX{iZ�{�Y¡w9gil�zihi�7w9e rGk�w9kfY �)l�efUª{Sl�Y ; q < ! {Sl�Y ; rb < {iZ3��k Z�Z�d|r9�q�Äk Z�Z�{irGY¬¶
p�k rG�i�nZ3Y

P0

uxw9gª��Z·d rG��£�Z�{�higX{iZ3k¨k Z3�7w9efl�£�Z3��c�Y�l��n{¤wGd#dfhiY�zieflnrGgXd|hiz�rGg
hs

w9gX{
em

¢°µ�rGk
Z>§Xw9Y�zi�nZ�¶5l´�

hs ; rb, t < wG{SY�l�e d�w[higilnm1hXZ·Y�l�gil�Y�hiY
r ��; t < �ÄrGk|ZxwGu U

t
¶=w9gX{ªl´�IefUXZ���higXu3eflnrGg

; q, t < �� � em ; q, r ��; t < , t < lnd  ��� � ()(�� � 
�� ��9 I � d r�efU�w9e�efUXZ3k Z�Z>§Slndfe d�w¡d rG��hieflnrGg
q ��; t < e r�efUXZ

Z�m1h�w9eflnrGg
em ; q, r � ; t < , t < � 0

¶�pqk rG�i�nZ3Y
P0

lnd�d rG��£�Z�{��1c�w9goc¬u�rGg1efk rG���7wx� ; uq, ub < �)Uilnu U
Z3gXd hik Z�d·efUXZ�u�rGgo£�Z3kf��Z3gXu�Z¬r9� ; q ; t < , rb ; t < < e rªefUXZ � ���  �
 efk#w�sfZ�u3e rGkfc ; q �&; t < , r ��; t < < ¢�a1l�gXu�Z
efUXZ�Y¡w9zizil�gi� ; uq, ub < �� � ; �q, �rb < lnd�rGgoe rQl�g¬efUilnd�uxwGd#Z�¶iefUXZ�Z>§Slndfe Z3gXu�Z�r9�Iw¡dfY[r1rGefU�ln{iZxw9�
efk#w�sfZ�u3e rGkfc·lndIdfh �¡u3lnZ3g1eIe r°Z3gXd hik Z�efUXZ�Z>§Slndfe Z3gXu�Z�r9�MwN��Z�Z�{S��wGu ��u�rGgoefk rG���)Uilnu U wGdfcFY�zie rGefl´ 
uxw9����c·dfe#w9�il���l��xZ�dIefUilndqefk#w�s­Z�u3e rGkfc�¢IaFZ�Z�¶��ÄrGkql�gXd e#w9gXu�Z�¶���9 IX¶ " U�w9z,¢OI � «��ÄrGkqefUXZ){iZ3e Z3kfY�l�g�w9eflnrGg
r9�,dfhXu#U¡u�rGgoefk rG���7w���dI�Äk rGY efUXZ�Y[ZxwGdfhik Z3Y[Z3g1eDr9�

em
w9gX{

hs
¶Fw9gX{[efUXZ�uxw9�nu3hi�7w9eflnrGg r9�=efUXZ3l�k

{iZ3kfl�£�w9efl�£�Z�dx¢
tÝg¬efUXZ�uxwGd Z°r9�Iw·gXrGgiUXrG�nrGgXrGY�lnu�zi�7w9e­��rGkfY¬¶XefUXZ�d l�efh�w9eflnrGg�lnd�d l���gil´³�uxw9goef��c¬Y[rGk Z�u�rGY· 

zi��lnuxw9e Z�{=¢�TVUXZ�{Sl��¡u3hi��eÝc�lnd|eÝ�Dr9�ÄrG�n{ �|lO«�efUXZ·ln{iZxw9�qefk#w�sfZ�u3e rGkfc
r ��; t < wGd d rFu3l7w9e Z�{ª�)l�efU�efUXZ

Y�l�gil�Y�l��¼w9eflnrGg�r9�)efUXZ[d Z�u�rGgX{Xw9kfc u�r�dfe
hs

U�wGd�gXr¬k ZxwGd rGg;r9�V�5Z3l�gi� �E�  D(�� ��
 � �ÄrGk°efUXZ[gXrGgS 
UXrG�nrGgXrGY�lnu�zi�7w9e­��rGkfY¬¶�w9gX{
l�lO«[Z3£�Z3g l´�°efUilnd¦efk#w�sfZ�u3e rGkfcB� Z3k Z���ZxwGdfl��i�nZ�¶�efUXZ�{iZ�dfl���g r9��w
��Z�Z�{S��wGu �ªu�rGgoefk rG�q�7wx�&uxw9z�w9�i�nZ�r9�DZ3gXd hikfl�gi��l�e d°wGdfc1Y�zie rGeflnu�d e#w9�il���l��¼w9eflnrGg � rGhi�n{¤dfefl����Ú�5Z
zik rG�i�nZ3Y¡w9eflnu�¶Ú{ShXZ¡e r�efUXZ[gXrGgS ÝZ>§Slndfe Z3gXu�Z¡r9� $%�!� �D���R(  �
 dfe#w9�il���l��xZ3k d��ÄrGk�efUXZ�d Z[dfcSdfe Z3Y[dx¶�wGd
z5rGl�goe Z�{�rGhie�l�g�� I � ¶�� ? � ¢�µXrGk�efUXZ�d ZQk ZxwGd rGgXdx¶qpqk rG�i�nZ3Y

P0

uxw9gigXrGe�u�rGgXdfefl�efhie Z�¶IwGd�dfhXu#U,¶
w¹dfhil�e#w9�i�nZQ��rGkfY�hi�7w9eflnrGg¥��rGk�efUXZ u�rGg1efk rG��rG�Ss­Z�u3efl�£�Z�dx¢ t e�lnd·e r1r¹k Z�dfefkflnu3efl�£�Z¦l�g�efUXZ¦d#Z3gXd Z
efU�w9e�l�e�{irFZ�d�gXrGe�higX{iZ3kf��lnZ�efUXZ�Z>§Slndfe Z3gXu�Z�r9��w[u�rGgoefk rG�Úd rG��hieflnrGg,¢)tÝg¹rGk {iZ3k�e r¡u3l�k u3hiY�£�Z3goe
efUXZNw9��r¼£�Z3Y[Z3goeflnrGgigXZ�{¬{Sl��¡u3hi��eflnZ�d¼¶1�DZ�zik rGz5r�d Z�e r°k Z3zi�7wGu�ZNpqk rG�i�nZ3Y

P0

�1c[efUXZ)��rG���nrx�)l�gi�
rGgXZ�¶X�)Uilnu U¹w9zizi��lnZ�d�Z�moh�w9����c � Z3���Me r·efUXZ°rGY�giln{Sl�k Z�u3eflnrGg�w9�Úw9gX{¬gXrGgiUXrG�nrGgXrGY�lnu�uxwGd Z�d �
P :

�
t � � 0, T � , ^�l�gil�Y�l��xZ

hs ; r̄b, t < higX{iZ3k�efUXZ°u�rGgXd efk#w9l�goe�efU�w9e
em ; q, rb, t <	� 0

�)l�efU
r̄b

¶9��l�£�Z3g·�oc¦©	9�9¼«>¶9efUXZDdfl�efh�w9eflnrGg�r9�XefUXZ u�rGY�z�w9gilnrGg��Äk#w9Y[Z
Fb̄ ; α < wGd#d r1u3l7w9e Z�{��)l�efU

Fb©O��rGk�d#rGY[Z¨efk#w9gXdf£�Z3k d Z���higXu3eflnrGg�«>¢�a1l�gXu�Z
Fb̄ ; α < lnd�rGY�giln{Sl�k Z�u3eflnrGgig�w9�Ï¶

r̄b

lnd�gXrGeNdfhi�SsfZ�u3e Z�{
e r¡gXrGgiUXrG�nrGgXrGY�lnu·u�rGgXdfefk#w9l�goe dx¶=w9gX{¹pqk rG�i�nZ3Y

P
uxw9g¹�5Z�wG{i{Sk Z�d d#Z�{��)l�efU¹efUXZ�e Z�u#UigilnmohXZ�d

{iZ3£�Z3�nrGz5Z�{��ÄrGk�efUXZ¡u�rGgoefk rG�)r9��Y¡w9gil�zihi�7w9e rGk[w9kfY[dx¢¬TVUilnd�cFlnZ3�n{id�efUXZ[�ÄrG���nr¼�)l�gi��e � r9 Ýdfe Z3z
w9zizik r�wGu#U¬��rGk)efUXZ°u�rGgoefk rG��{iZ�dfl���g,¢

ß�ß¸Ó�P!Q�QRQRS
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�5� ¾ 5 , � aFZ3�nZ�u3eflnrGg�r9�ÚefUXZ¨efUXZ¨Y¡w9gil�zihi�7w9eflnrGg¹e#wGdf�
em

w9gX{�{iZ3e Z3kfY�l�g�w9eflnrGg¹r9�
uq

¢
tv{iZxw9����c�¶

em
dfUXrGhi�n{Q��Z�u UXr�d Z3g dfhXu U¦efU�w9eDefUXZ�u�rGgXdfefk#w9l�g1e

em ; q, rb, t <�� 0
lndDZ�m1hil�£Gw9�nZ3g1eDe r

efUXZ�k Zxw9��l��¼w9eflnrGg�r9�,efUXZ�Y¡w9gil�zihi�7w9eflnrGg�rG�SsfZ�u3efl�£�Z�¢�t g¡zik#wGu3eflnu�Z�UXrx� Z3£�Z3kx¶�d rGY[Z�zik Z�uxw9hieflnrGgXd
Y�hXdfe���ZIe#w9��Z3g�l�g·rGk {iZ3k�e rNw�£�rGln{�efUXZ Z>§Szi�nr�dflnrGg·r9�SefUXZDu�rGgoefk rG�Xw9e�efUXZ u3k r�d d l�gi��r9��s wGu�rG�il7w9g
d l�gi��hi�7w9kfl�eflnZ�dx¶¨w9gX{ w9�nd r���l�£�ZªefUXZªzikflnrGkfl�eÝc e r�efUXZ¤w�£�rGln{Xw9gXu�Z¤r9�NsfrGl�goe���l�Y�l�e d¬r¼£�Z3k�efUXZ
Z>§iZ�u3hieflnrGg¯r9��efUXZ Y¡w9gil�zihi�7w9eflnrGgBe#wGdf��¢ � Z zik rGz�r�d#Z e r�d#Z3�nZ�u3e

em
rGg¥efUXZ¦��wGdflnd�r9�NefUXZ

��rG���nrx�)l�gi�¡kfhi�nZ�d �
9�¢

em
lnd

nq
 Ý{Sl�Y[Z3gXd lnrGg�w9��w9gX{�efUXZ�d#moh�w9k Z	!ns wGu�rG�il7w9g #)Y¡w9efkfl´§ 
 em
 q ; q, rb, t < lndql�go£�Z3kfefl��i�nZ

�ÄrGk�w9g1c¤©
q, t

«>¶�w9gX{¬w9goc
rb

l�g¬d rGY[Z !Ý�7w9kf��Z�#¨{irGY¡w9l�g
Dr ; t < ¶

�S¢)��Z�Z3zil�gi�ªw9��� u�rGY�z�rGgXZ3g1e d�r9�
em

�5rGhigX{iZ�{�Z3gXdfhik Z�d�efU�w9e�efUXZ[Y¡w9gil�zihi�7w9e rGkx±²d�sfrGl�goe d
w9k Z�w��Vw�c �Äk rGY efUXZ3l�k���l�Y�l�e dx¶

* ¢)��Z�Z3zil�gi�[w9���5u�rGY�z5rGgXZ3goe d�r9�
em

Z�m1h�w9��e r �xZ3k r�lndVZ�mohil�£�w9�nZ3goeVe r�efUXZ�z�Z3k­��Z�u3eVk Zxw9��l��¼w� 
eflnrGg¹r9�ÚefUXZ°Y¡w9gil�zihi�7w9eflnrGgªrG�Ss­Z�u3efl�£�Z�¶�zik rx£Fln{iZ�{¬efU�w9e ; q ; t < , rb ; t < < �5Z3�nrGgi��d�e r¡d#rGY[Z
{irGY¡w9l�g

Oq ; t < � Or ; t < ¢
y�hi�nZ�9�lndDl�gXdfzil�k Z�{¡�1c[efUXZ�zik rGz�Z3kfe cQr9�

ρ
  wG{SY�lnd d l��il���l�eÝc¡l�g1efk r1{ShXu�Z�{ l�g¦efUXZNu�rGgoe Z>§SeVr9�,efUXZ

e#wGd �o ��ÄhigXu3eflnrGg/w9zizik r�wGu#U ��9 I � ¢�tÝg;z�w9kfeflnu3hi�7w9kx¶ÚefUXZ¡l�g1£�Z3kfefl��il���l�eÝc;r9��efUXZ°sfwGu�rG�il7w9g/Y¡w9efkfl´§
 em
 q ; q, rb, t < w9���nr¼��d°e r�{iZ3kfl�£�Z�u�rGgoefk rG�I�7w���d
uq

��rGk|efUXZ[w9kfY¬¶=� Z3����{iZ>³XgXZ�{;wGd|�nrGgi��wGd
rbk Z3Y¡w9l�gXd°l�g

Dr ; t < ¶,efU�w9e|Z3gXd hik Z·efUXZ�u�rGg1£�Z3kf��Z3gXu�Z¡r9�
em

e r �xZ3k ri¢ � l�efUªefUXZ·gXrGe#w9eflnrGg¤r9�
aFZ�u3eflnrGg��S¢Ê�S¶XdfhXu U�w·u�rGgoefk rG�M�7wx� lndx¶F��rGk�Z>§iw9Y�zi�nZ�¶�{iZ>³XgXZ�{��oc

uq � 
 � em

� q ; q, rb, t < � � 1


Gem ; q, rb, t < � � em

� rb

; q, rb, t < ub � � em

� t ; q, rb, t < � ©	91=�«

�)l�efU
G

{iZ3gXrGefl�gi�;w ��hikf�)l�e �3 Ýdfe#w9�i�nZ�Y¡w9efkfl´§=¢�t gX{iZ�Z�{=¶�efUXZ¬w9zizi��lnuxw9eflnrGgBr9�NefUilnd�u�rGgoefk rG�
cFlnZ3�n{id�efUXZQu3�nr�d Z�{F Ï�nrFrGz�Z�moh�w9eflnrGg �

em � Gem
w9gX{=¶ÚefUXZ3k Z>��rGk Z�¶ÚefUXZ¦Z>§Fz5rGgXZ3goefl7w9�)u�rGgo£�Z3k­ 

��Z3gXu�Z¨r9�
em

e r �xZ3k ri¢�TVUilnd)u�rGg1£�Z3kf��Z3gXu�Z�¶Xu�rGY��il�gXZ�{��)l�efU¬y�hi�nZ¨�S¶1��h�w9k#w9g1e Z�Z�d�efUXZ¨w�£�rGln{F 
w9gXu�Z·r9��efUXZ�sfrGl�goe|��l�Y�l�e dx¢|µ�l�g�w9����c�¶=y�hi�nZ * Z>§Szik Z�d d Z�dNefU�w9e|efUXZ�k Z3��hi�7w9eflnrGg¤r9�

em
e r �xZ3k r

Y�hXdfe��5Z¨u�rGUXZ3k Z3goe��)l�efU¬efUXZ¨k Zxw9��l��¼w9eflnrGg¹r9��efUXZ¨Y¡w9gil�zihi�7w9eflnrGgªrG�Ss­Z�u3efl�£�Z�¢
�5� ¾ 5 3 � aFZ3�nZ�u3eflnrGg�r9�ÚefUXZ°d Z�u�rGgX{Xw9kfc�u�r�dfe

hs
¢

t g/£1lnZ3� r9��y�hi�nZ�d 9 w9gX{ * ¶qefUXZ rG�Ss­Z�u3efl�£�Z¦lnd�e rªd Z3�nZ�u3e
hs

dfhXu#U�efU�w9e�l�e d·Y�l�gil�Y�l��¼w9eflnrGg
l�Y�zi��lnZ�d[efU�w9e

rb ; t < �5Z3�nrGgi��d�e r
Dr ; t < ©Äd rªefU�w9e

uq
lnd�� Z3����{iZ>³XgXZ�{�«>¶Vw9gX{¥z5r�d dfl��i��c�w9�nd r

l�gXd ln{iZ
Or ; t < ©Äd r¦efU�w9e¨efUXZ�Y¡w9gil�zihi�7w9eflnrGg;rG�SsfZ�u3efl�£�Z�uxw9g��5Z�wGu UilnZ3£�Z�{�«>¢·µXrGk°Z>§Xw9Y�zi�nZ�¶=l´�

Dr ; t < lnd|w9g¹rGz5Z3g�d Z3e��)Uilnu Uª£�w9kflnZ�d�u�rGg1efl�gohXrGhXdf��c¹�)l�efU¹efl�Y[Z�¶=w�z5r�d dfl��i�nZ�u UXrGlnu�Z·u�rGgXdflndfe d
l�g[{iZ>³Xgil�gi�

hs
�1c

hs ; r̄b, t <�� ; { γ ; r̄b, r �&; t < < < 2 ¶��)l�efU
r �&; t < � Dr ; t < k Z3zik Z�d Z3g1efl�gi��w|{iZ�dfl�k Z�{

d l�efh�w9eflnrGg��ÄrGk)efUXZ°Y[rG�il��nZ¨zi�7w9e­�ÄrGkfY`w9e)efl�Y[Z
t
¢ItÝg�efUilnd�uxwGd#Z�¶iefUXZ !ÝY�l�gil�Y�l��¼w9eflnrGg #�r9�

hs
lnd

')( ß ' ã
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Z�m1hil�£�w9�nZ3goeNe r
r̄b ; t < � r � ; t < w9gX{=¶�dfl�gXu�Z°efUXZ�{Slndfe#w9gXu�Z��5Z3eÝ�DZ�Z3g

r̄b

w9gX{
rb

lnd���rGhigX{iZ�{��oc
w�£Gw9��hXZ¡�)Uilnu U�uxw9g��5Z�Y¡wG{iZ¦w9kf�il�efk#w9kfl���c¤d Y¡w9���N©�efUik rGhi��U/efUXZ¡u UXrGlnu�Z¦r9�)efUXZ[efk#w9gXdf£�Z3k d#Z
�ÄhigXu3eflnrGg�«>¶SrGgXZ�uxw9g¦��h�w9k#w9goe Z�Z|l�g¦efUilndD�Dwxc¡efU�w9eDefUXZ�{Slndfe#w9gXu�ZN�5Z3eÝ�DZ�Z3g

rb ; t < w9gX{
r ��; t < lnd

w9���Vw�cSd�dfY¡w9���Ï¢
� Z¨gXrx� {Slnd#u3hXd d)l�g�Y[rGk Z°{iZ3e#w9l��nd�z�r�d d l��i�nZ¨u UXrGlnu�Z�d)��rGk

em
w9gX{

hs
¢

��� � � ��� � ����������� � 	�� ����� 	�� 	��
	 � 	 � ��� � 
�� �
� � ��� � � ����� � ��� 	 � ��	��
TVUXZ�rG�Ss­Z�u3efl�£�Z�lnd�e r�{iZ>³XgXZ�d rGY[Z

nq
 Ý{Sl�Y[Z3gXdflnrGg�w9��e#wGd �o ��ÄhigXu3eflnrGg

em
d#w9eflndf��cFl�gi��y�hi�nZ�d 9
	 *

r9�ÚefUXZ|zik Z3£FlnrGhXd�d Z�u3eflnrGg,¢�� z5r�d dfl��i�nZ°w9zizik r�wGu U�u�rGgXdflndfe d)l�g¹d Z3efefl�gi�

em ; q, rb, t <�� 
 � h� q ; q, rb, t < � T ©	9E?�«

�)l�efU
h

{iZ3gXrGefl�gi�¯w�d Y[r1rGefU z�r�d l�efl�£�Z¹u�r�dfeQ�ÄhigXu3eflnrGg �)UXr�d#Z�Y�l�gil�Y�l��¼w9eflnrGg��°¢ kx¢ ex¢
q

lnd
Z�m1hil�£�w9�nZ3goeIe r �xZ3k rGl�gi��l�e d {iZ3kfl�£Gw9efl�£�Z 
 h
 q ¢ÚµXrGkDZ>§iw9Y�zi�nZ�¶1l´�

h
lndDw°dfefkflnu3ef��c�u�rGg1£�Z>§[��higXu3eflnrGg

r9�
q

�ÄrGk[w9g1c ; rb, t < ¶ql�e·U�wGd�w�higilnm1hXZ¦Y�l�gil�Y�hiY
q ��; rb, t < ¶Iw9gX{

em ; q, rb, t < � 0
l´�Nw9gX{

rGgi��c¹l´�
q � q ��; rb, t < ¢°TVUXZ3g,¶=efUXZ�wGdfcFY�zie rGeflnu�dfe#w9�il���l��¼w9eflnrGg¤r9�

em
e r �xZ3k r¦lnd¨Z�m1hil�£Gw9�nZ3g1e

e r¡��Z�Z3zil�gi�
h

Y�l�gil�Y¡w9�Ï¢N� z5r�d dfl��il���l�eÝc¬u�rGgXd lndfe d�l�gªu UXrFr�dfl�gi�
h

wGd�efUXZ�dfhiY r9��efUik Z�Z�u�r�d e
�ÄhigXu3eflnrGgXd

h ; q, rb, t <	� hp ; q, rb, t < ! h` ; q, t < ! hr ; q, t < ©	9 J «
TVUXZ���higXu3eflnrGg

hp
lndDwGd#d r1u3l7w9e Z�{¡�)l�efU¦y�hi�nZ * ¢Út eIY�hXd e �5Z�Z�m1h�w9��e r �xZ3k r�l´��w9gX{QrGgi��c[l´�=efUXZ

Y¡w9gil�zihi�7w9eflnrGg�rG�Ss­Z�u3efl�£�Z°lnd)z�Z3k­��Z�u3ef��c¬wGu UilnZ3£�Z�{=¢ T�w9��Z�¶S��rGk�l�gXdfe#w9gXu�Z

hp ; q, rb, t <�� 1

2

�
ep ; q, rb, t <

�
2

©�����«

�)l�efU
ep

w[dfY[rFrGefU�£�Z�u3e rGk­ ��ÄhigXu3eflnrGgªefUXZ �xZ3k rGl�gi� r9���)Uilnu Uªu�rGkfk Z�dfz�rGgX{id�e r¡Z3gS��rGk u3l�gi�¦efUXZ
£Fl�kfefh�w9�,��l�gi��w9��Z�d�wGd d rFu3l7w9e Z�{��)l�efU�efUXZ¨Y¡w9gil�zihi�7w9eflnrGgªrG�SsfZ�u3efl�£�Z�¢

TVUXZ°u�r�dfeV�ÄhigXu3eflnrGg
h`

lnd�wGd d#r1u3l7w9e Z�{��)l�efU¹y�hi�nZ°�S¶ilÏ¢²Z�¢ql�e�lnd)efUXZ3k Z¨e r�Z3gXdfhik Z¨efU�w9e�efUXZ
sfrGl�goeV��l�Y�l�e d)uxw9gigXrGe)�5ZNk ZxwGu UXZ�{¬wGdD�nrGgi�¡wGd

em
k Z3Y¡w9l�gXdV�5rGhigX{iZ�{=¢�TVUilndD�ÄhigXu3eflnrGg d UXrGhi�n{

efU1hXd���k r¼� higo�5rGhigX{iZ�{¬�)UXZ3gªw9goc�r9�qefUXZ
qi

±²d�e Z3gX{id�e rQw·u�rGkfk Z�dfz�rGgX{Sl�gi��sfrGl�goe���l�Y�l�ex¢  g
efUXZ�rGefUXZ3k�U�w9gX{=¶,l�g £FlnZ3�&r9�Dy�hi�nZ * ¶,l�e¨lnd°{iZ�dfl�k#w9�i�nZ[efU�w9e¨efUilnd�u�r�dfe°{irFZ�d|gXrGe�w � Z�u3e¨efUXZ
k Zxw9��l��¼w9eflnrGg¹r9��efUXZ|Y¡w9gil�zihi�7w9eflnrGg¹rG�SsfZ�u3efl�£�Z[©�lÏ¢²Z�¢qefUXZ|£�w9gilndfUil�gi�[r9�

hp
« �)UXZ3g�efUXZ

qi
±²d�w9k Z

�Ïw9k|�Äk rGY	efUXZ3l�k°��l�Y�l�e dx¢ �,Z3e
q �i , q �i ; i � 1, . . . , nq < {iZ3gXrGe Z�efUXZ·�nr¼� Z3k·w9gX{ hiziz�Z3k¨��l�Y�l�e d

��rGk)efUXZVsfrGl�goe�£�w9kfl7w9�i�nZ
qi

¶i� Z°zik rGz�r�d Z

h` ; q <�� 1

2

nq�
i 
 1

αi f2

i ; q < ; αi � 0 < ©���9¼«
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�)l�efU
fi ; i � 1, . . . , nq < k Zxw9�´ Ï£Gw9��hXZ�{¹u�rGgo£�Z>§ �ÄhigXu3eflnrGgXd�{iZ>³XgXZ�{��1c��

fi ; qi <��
���� ���
� q �i � δi � qi � 2

qi � q �i l´�
qi � q �i ! δi ; 0 
 δi 
 ; q �i � q �i < 
 2 <

0
l´�

q �i ! δi � qi � q �i � δi� q �i � δi � qi � 2
q �i � qi

l´�
qi � q �i � δi

©�����«

\NrGe Z|efU�w9e
h`

lnd����nrG��w9����c u�rGg1£�Z>§5¶�w9gX{�efU�w9e

h` ; q <�� 0 ��� � h`

� q ; q <�� 0 �	� qi ��� q �i ! δi, q �i � δi � ,
�
i

µ�l�g�w9����c�¶
hr

lnd�w � � ��$%
� ��R��
E &������� u�r�dfe°��higXu3eflnrGg,¶�u�rGgo£�Z>§¤�°¢ kx¢ ex¢
q

��rGk�w9g1c¹³i§iZ�{
t
¶,�)UXr�d Z

k rG�nZ°lndVe r�UXZ3��z�Z3gXdfhikfl�gi�[efUXZ�d#w9eflnd­�ÏwGu3eflnrGg¬r9�Úy�hi�nZ 9�¢"�Dc¦u#UXr1r�dfl�gi�

hr ; q, t <�� 1

2
; q � q̂ ; t < < T Γ ; t < ; q � q̂ ; t < < ©�� * «

�)l�efU
Γ ; t < w�z5r�dfl�efl�£�Z¨dfcFY�Y[Z3efkflnu¨Y¡w9efkfl´§¬w9gX{

q̂ ; . < d rGY[ZN�ÄhigXu3eflnrGg¬efUXZ¨u#UXrGlnu�Z°r9���)Uilnu#U¬lnd
{Slnd#u3hXd d Z�{¬w���l�efef�nZ|�ÄhikfefUXZ3kx¶XrGgXZ°rG�ie#w9l�gXd�l�g�£1lnZ3� r9��©	9E?�« 	�©�� * «

em � 
 � ep

� q �
T

ep !

 � h`

� q �
T

! Γ ; t < ; q � q̂ ; t < < ©��DI1«
w9gX{

� em

� q � 
 � ep

� q �
T � ep

� q ! � 2h`

� q2 ! Γ ; t < !
nq�

k 
 1

ep,k � 2ep,k

� q2

©���~�«

� l�efU
h`

{iZ>³XgXZ�{��oc
©���9¼«Ý %©�����«�¶MefUXZ·³Xk d e°eÝ�Dr¬Y¡w9efkflnu�Z�d�l�g¤efUXZ[kfl���U1e­ ÏU�w9gX{;dfln{iZ¡r9�Q©���~�«
w9k Z|z5r�dfl�efl�£�Z�¢�TVUXZ3k Z>��rGk Z

� em

� q � Γ ; t < !
nq�

k 
 1

ep,k � 2ep,k

� q2

©�����«

a1l�gXu�Z
ep

lnd¨w¡d Y[r1rGefU¹��higXu3eflnrGg,¶5efUXZ�l�go£�Z3kfefl��il���l�e c�r9� 
 em
 q rGgªw9g1c�u�rGY�z�wGu3e°d Z3e·©Äy�hi�nZ 9¼«
uxw9g·�5Z rG�ie#w9l�gXZ�{·�1c�u#UXr1r�dfl�gi�

Γ ; t < !Ýz�r�d l�efl�£�ZDZ3gXrGhi��U ##¢ÚTVUXZVu UXrGlnu�Z)r9�
q̂ ; . < {Sl�k Z�u3ef��c·w � Z�u3e d

efUXZ|d#w9eflndf��wGu3eflnrGg�r9��y�hi�nZ * ¢qtÝg�rGk {iZ3kVe r·��l�Y�l�eVefUXZ°wG{S£�Z3k d ZNk rG�nZ¨r9�
hr

l�g�efUilnd k Z�d z�Z�u3ex¶S�DZ
zik rGz5r�d Z|e r[u�rGY�zihie Z

q̂ ; t < �ocQ³X��e Z3kfl�gi�¡efUXZ¨Y[ZxwGd hik Z�{·s­rGl�g1e�£�Z�u3e rGk
q ; t < wGu�u�rGk {Sl�gi�[e r� �

q̂ � � σ
q̂ � q � t �

ξ ��
 q̂ � q � t � 
 ; σ � 0 , ξ � 0 <
q̂ ; 0 < � q ; 0 <

©��&=�«

TVUilnd Z3gXdfhik Z�d efU�w9eIlO« ���
q̂ ; t < � lnd�higil´��rGkfY���c���rGhigX{iZ�{=¶1l�lO« �

q̂ ; t < � q ; t < � lndId Y¡w9�����)UXZ3g � �
q ; t < �lnd dfY¡w9����l�e d Z3�´�­¶Fw9gX{¡l�l�lO« ; q̂ ; t <�� q ; t < < ¶Fw9gX{QefUohXd

hr ; q ; t < , t < ¶Fe Z3gX{Qe r �xZ3k r��)UXZ3g �
q ; t < e Z3gX{id

e r��xZ3k ri¢

')( ß ' ã
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@���@���, � ¾ � Â . Ã��i� ¿ � Â ��� À�� � . ���10 Â .
TVUXZ¡u UXrGlnu�Z¡r9�VefUXZ[d Z�u�rGgX{Xw9kfc u�r�dfe­ ��ÄhigXu3eflnrGg

hs
�)l����Ir9�Äe Z3g k Z�dfhi��e¨�Äk rGY"efUXZ¡w9efe Z3Y�zie�e r

d%w9eflnd­��c¬d#Z3£�Z3k#w9��k Z�m1hil�k Z3Y[Z3goe d|�)Uilnu#U�Y¡wxc��5Z�¶�l�gªd rGY[Z�uxwGd Z�dx¶�u�rGY�zi�nZ3Y[Z3goe#w9kfc��ihie°w9�nd ri¶
l�g rGefUXZ3k¬uxwGd#Z�dx¶¨w9goe#w9��rGgilndfeflnu�¢  gXZ r9�·efUXZ3Y¬¶|r9��z�w9kfeflnu3hi�7w9k�zik#wGu3eflnuxw9�°k Z3�nZ3£Gw9gXu�Z;w9gX{
l�Y�z5rGkfe#w9gXu�Z�¶Úlnd°e r¹Y[rx£�ZQefUXZ[Y[rG�il��nZQzi�7w9e­��rGkfY�d r�efU�w9e�efUXZQY¡w9gil�zihi�7w9eflnrGg�e#wGdf�¤uxw9g��5Z
uxw9kfkflnZ�{�rGhie��)l�efUXrGhie|efUXZ�Y¡w9gil�zihi�7w9e rGkx±²dDs­rGl�g1e dNu�rG����ln{Sl�gi�¦l�goe rQefUXZ3l�kNU�w9k {S�Dw9k Z���l�Y�l�e dx¢��
u�r�d e­ ���higXu3eflnrGg �)UXr�d Z·Y�l�gil�Y�l��¼w9eflnrGg/Z3gXdfhik Z�d|efUilnd¨k Z�m1hil�k Z3Y[Z3goe°�)l����q�5Z·{iZ3gXrGe Z�{�wGd

hs,1
¢

�VeMefUilndM�nZ3£�Z3�Fr9�S��Z3gXZ3k#w9��l�e c�¶�l�e,lndMU�w9k {S��c¨z�r�d d l��i�nZqe r�dfz5Z�u3l´�Äc�efUilndM��higXu3eflnrGg���hikfefUXZ3kx¢�t gX{iZ�Z�{=¶
efUXZ3k Z�Y¡w�c¬�5Z�d#Z3£�Z3k#w9�M�DwxcFdNe r[��hi�´³X����efUXZ�w9�5rx£�Z3Y[Z3g1eflnrGgXZ�{ªk Z�mohil�k Z3Y[Z3g1ex¶�{iZ3z5Z3gX{Sl�gi� rGg
efUXZNzik rGz5Z3kfeflnZ�d)r9��efUXZNY¡w9gil�zihi�7w9e rGk�©�l�e dVgohiY���Z3k�r9�Ú{=¢²ri¢ �­¢�¶1��rGkVl�gXdfe#w9gXu�Z�¶SefUXZ|Z>§Flndfe Z3gXu�Z|r9�
k Z3£�rG��hie Z�s­rGl�g1e d�gXrGeNdfhi�Ss­Z�u3e Z�{¬e r���l�Y�l�e dx¶�¢�¢�¢ «>¶XefUXZ�g�w9efhik Z°r9�qefUXZ¨Y¡w9gil�zihi�7w9eflnrGg�e#wGdf��¶�w9gX{
w9�nd#r°efUXZ�u�rGY�zi�nZ3e Z3gXZ�d#d)r9�5efUXZ�l�gS��rGkfY¡w9eflnrGgQzik r¼£1ln{iZ�{¦�oc�efUXZ|w�£�w9l��7w9�i�nZNd Z3gXd rGk dVw9��rGhie efUXZ
d l�efh�w9eflnrGg�r9��efUXZ�Y[rG�il��nZ�zi�7w9e­��rGkfY �°¢ kx¢ ex¢�l�e dNZ3go£Fl�k rGgiY[Z3goex¢
 Ú§Xw9Y�zi�nZ�d|r9�q��higXu3eflnrGgXd

hs,1�)l����MUXrx� Z3£�Z3k���Z|zik r¼£1ln{iZ�{�l�g�efUXZ¨gXZ>§Se�d Z�u3eflnrGg,¢
� d Z�u�rGgX{¤eÝcFzilnuxw9�Ik Z�m1hil�k Z3Y[Z3goe�lnd¨e r���Z�Z3z¤efUXZ¡zi�7w9e­�ÄrGkfY"Y[rGeflnrGgi�nZ�d#d��)UXZ3gXZ3£�Z3k�efUilnd

lnd¦z5r�d dfl��i�nZ�¶��ÄrGk¦l�gXdfe#w9gXu�Zª�)UXZ3g�efUXZ�Y¡w9gil�zihi�7w9e rGkx±²d�sfrGl�goe d¬w9k Z$!Ï�Ïw9k¬w��Vw�c #¹�Äk rGY efUXZ3l�k
��l�Y�l�e d¼¢qTVUXZN��hi�´³X����Y[Z3g1e�r9��efUilnd�k Z�mohil�k Z3Y[Z3g1e�uxw9g���ZNU�w9gX{S�nZ�{�£Fl7w�efUXZ|Y�l�gil�Y�l��¼w9eflnrGg�r9��w
u�r�d e­ ���higXu3eflnrGg

hs,2
r9� efUXZ���rGkfY®©�k Z3Y�l�gilnd u�Z3goe°r9� efUXZ�k Z3��hi�7w9kfl��¼w9eflnrGgª�ÄhigXu3eflnrGg

hr
Z3£�rG��Z�{

zik Z3£FlnrGhXdf��cX«
hs,2 ; r̄b, t < � ; { γ ; r̄b, r̂ ; t < < < 2 � ; { γ ; e, r̃b ; r̄b, t < < < 2 ©���?�«

�)l�efU
r̃b ; r̄b, t <�� r̄ � 1

b r̂ ; t < u�rGY�zihie Z�{¹wGu�u�rGk {Sl�gi�¡e r
�
r̃b � R̄ ; θ̃b < ; û ; t < � �){

r̃ � 1
b

ūb <� R̄ ; θ̃b < û ; t < � 

I2 Sp̃b

0 1 � ūb

û ; t < � � 1

ξ � dγ � e,r̃b � t �	� �Nl7w9� � σi � r̃b ; t < ; σ1,2,3 � 0 , ξ � 0 <
r̃b ; 0 <�� 0

©�� J «

TVUXZVu�r�dfe
hs,2

lndÚY�l�gil�Y¡w9�i�)UXZ3g
r̃b � 0

¢ÚtÝg�£1lnZ3�¥r9�q©�� J «>¶�efUXZVd#w9eflnd­�ÏwGu3eflnrGg·r9��efUilndqZ�moh�w9��l�e c
rGg�w�efl�Y[Z> Ïl�g1e Z3kf£Gw9��l�Y�zi��lnZ�d)efU�w9e

ūb � 0
rGg�efUilnd)efl�Y[Z> Ïl�g1e Z3kf£Gw9�Ï¢ µik rGY ©	9 * «3¶SrGk�©	9 I1«3¶SefUilnd

l�g/efhikfg/l�Y�zi��lnZ�d·efU�w9e�efUXZQ£�Z3�nrFu3l�eÝc
ub

r9��efUXZ¦Y[rG�il��nZ¦zi�7w9e­�ÄrGkfY lnd�Z�moh�w9�De r �xZ3k ri¢ªTVUilnd
u�rGg1£�Z3cFdQefUXZ¬ln{iZxw¤r9�|UXr¼� efUXZ�Y�l�gil�Y�l��¼w9eflnrGg r9�

hs,2
lnd¡k Z3�7w9e Z�{Be r efUXZ�zik Z�r1u�u3hiz�w9eflnrGg

r9��zik Z3£�Z3g1efl�gi�¤efUXZQY[rG�il��nZQzi�7w9e­��rGkfY���k rGY�Y[rx£Fl�gi�X¢ ��r¼� Z3£�Z3kx¶ dfhXu U¯w¬��higXu3eflnrGg�lnd�gXrGex¶
�1c�l�e d Z3�´�f¶�£�Z3kfc/hXd Z>�Ähi�Ï¶�dfl�gXu�Z�rGgXZ�uxw9g¥kfl���U1e­��hi����c¥w9kf��hXZ efU�w9e�l�e[dfh �¡u�Z�d·e r d Z3e

ub � 0

ß�ß¸Ó�P!Q�QRQRS
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e r¹��Z�Z3z/efUXZ¡zi�7w9e­��rGkfY Y[rGeflnrGgi�nZ�d#dx¢¹TVUXZQk Zxw9�DhXd Z>��hi��gXZ�d#d�r9��efUilnd��ÄhigXu3eflnrGg;k Z�dfhi��e d��Äk rGY
l�e d�u�rGY��il�g�w9eflnrGgB�)l�efU�w9gXrGefUXZ3k�u�r�dfe­ ��ÄhigXu3eflnrGg,¶ql�g�rGk {iZ3k�e r�Z3gX{F Ïhiz��)l�efU¥w�u�rGgoefk rG�)�7wx�
u�rGg1e#w9l�gil�gi��w[e Z3kfY`�)Uilnu#U�e Z3gX{idNe r df�nr¼� {ir¼�)g efUXZ�Y[rG�il��nZ�zi�7w9e­��rGkfY¬¢¨µXrGk�l�gXd e#w9gXu�Z�¶5l�e d
u�rGY��il�g�w9eflnrGgB�)l�efU�efUXZ�u�rGgoefk rG��rG�Ss­Z�u3efl�£�Z k Z3zik Z�d Z3g1e Z�{¥�oc/efUXZ¦�ÄhigXu3eflnrGg

hs,1
{Slnd u3hXd#d Z�{

zik Z3£FlnrGhXdf��c¦c1lnZ3�n{id�efUXZ|�ÄrG���nr¼�)l�gi�Qd Z�u�rGgX{Xw9kfc�u�r�dfe­ ��ÄhigXu3eflnrGg
hs
�

hs ; r̄b, t < � Ψ ; t < hs,1 ; r̄b, t < ! ; 1 � Ψ ; t < < hs,2 ; r̄b, t < © * ��«
�)l�efU

Ψ ; t < ��� 0, 1 � {iZ3gXrGefl�gi��w|�DZ3l���Uoe ��higXu3eflnrGgQ�)UXr�d Z�{iZ3kfl�£�w9efl�£�Z�lndq�5rGhigX{iZ�{=¢  Ú§Xw9Y�zi�nZ�d
r9�|dfhXu UBw¹�ÄhigXu3eflnrGg¥�)l����)�5Z ��l�£�Z3g���hikfefUXZ3kx¢�^�rGk Z ��Z3gXZ3k#w9����c�¶

hs
�)l����)�5ZQefUXZ �DZ3l���Uoe Z�{

d hiY r9��d Z3£�Z3k#w9�De Z3kfY[dx¶qZxwGu U�r9��efUXZ3Y wGd d rFu3l7w9e Z�{¤�)l�efU¥w�{iZ�d l�k#w9�i�nZ[��Zxw9efhik ZQu�rGgXu�Z3kfgil�gi�
efUXZ¨d l�efh�w9eflnrGg¹r9�ÚefUXZ|Y[rG�il��nZ°zi�7w9e­��rGkfY¬¶ilÏ¢²Z�¢

hs ; r̄b, t <�� �
i

Ψi ; t < hs,i ; r̄b, t <

@���@�� 3 A Â . �x� Â % Â � �1C ¾ � Â �O0 % ¾ 5 %��S� � Â ���
:|l�£�Z3g¥w�d Z�u�rGgX{Xw9kfc�u�r�dfe­ ��ÄhigXu3eflnrGg

hs
¶qefUXZ�mohXZ�d eflnrGg/lnd�efUXZ3g¥e rª{iZ3e Z3kfY�l�gXZ�w���Z�Z�{S��wGu �

u�rGg1efk rG�
ūb

efUXZQw9zizi��lnuxw9eflnrGg¥r9�)�)Uilnu U/�ikfl�gi��d·w9gX{¤Y¡w9l�goe#w9l�g�efUXZ¡£Gw9��hXZQr9�VefUilnd��ÄhigXu3eflnrGg
!ÝgXZxw9k�#[l�e d�Y�l�gil�Y�hiY¬¢¬t g¤efUXZQuxwGd Z��)UXZ3k Z

hs
{ir1Z�d�gXrGe�{iZ3z5Z3gX{�rGg�efl�Y[Z¦w9gX{;wG{SY�l�e d·w

higilnm1hXZ�Y�l�gil�Y�l���l�gi�¹w9kf��hiY[Z3goe
r �

©�wGd°wQk Z�dfhi��e°r9� efUXZ�dfefkflnu3e¨u�rGgo£�Z>§Sl�eÝc r9�IefUXZ��ÄhigXu3eflnrGg,¶
��rGk)l�gXdfe#w9gXu�Z¼«>¶�w�z�r�d d l��i�nZ¨u�rGgoefk rG�,�7wx� lnd

ūb ��� 
 � hs

� r̄b
; r̄b < � T

hs ; r̄b < © * 9¼«

t gX{iZ�Z�{=¶Gdfl�gXu�Z �
hs ; r̄b <�� 
 hs
 r̄b

; r̄b < ūb

¶�efUilnd�u�rGg1efk rG�1cFlnZ3�n{id,l�g�u3�nr�d Z�{°�nrFrGz �
hs ��� � 
 hs
 r̄b

; r̄b <
�
2hs© � 0

«>¶9�)Uilnu#U�l�g�efhikfg�l�Y�zi��lnZ�d�efU�w9e � 
 hs
 r̄b
; r̄b <

�
2hs ; r̄b < e Z3gX{id�e r �xZ3k ri¶�w9gX{�efU�w9e

hs
{iZ�u3k ZxwGd Z�d

e r�d rGY[Z¹��l�Y�l�e £Gw9��hXZ¥© � 0
«>¢ tÏ��efUilndQ��l�Y�l�e�£�w9��hXZ¹lnd gXrGeQe r�Z�m1h�w9�Ne r �xZ3k ri¶�efUXZ3g 
 hs
 r̄bgXZ�u�Z�d#d#w9kfl���cQe Z3gX{id�e r��xZ3k ri¶Xd r·efU�w9e

hs
e Z3gX{id�e r·l�e d�Y�l�gil�Y�hiY¬¢ITVUXZ3k Z>��rGk Z�¶X�)U�w9e Z3£�Z3k�efUXZ

£�w9��hXZ¨r9�ÚefUXZ¨Y�l�gil�Y�hiY r9�
hs

¶SefUXZ°w9�5rx£�Z°u�rGg1efk rG�MY¡w9��Z�d
r̄b

u�rGg1£�Z3kf��Z°e r·efUXZ¨Y�l�gil�Y�l���l�gi�
d l�efh�w9eflnrGg

r �
¢�\NrGe Z�efU�w9e|efUXZ�uxw9�nu3hi�7w9eflnrGg�r9� efUilnd¨u�rGgoefk rG�I{irFZ�d|gXrGe|k Z�mohil�k Z·efUXZ·Z>§Szi��lnu3l�e

{iZ3e Z3kfY�l�g�w9eflnrGg/r9�
r �

¢·TVUXZ·Y[ZxwGdfhik Z3Y[Z3g1e�r9�
hs ; r̄b < w9gX{ªl�e d|��k#wG{SlnZ3g1e 
 hs
 r̄b

; r̄b < ¶,zi��hXd|efUXZ
zik rGz5Z3kfeÝc�r9�qu�rGgo£�Z>§Sl�eÝc¬r9�ÚefUXZ|�ÄhigXu3eflnrGg,¶�w9k Z°dfh �¡u3lnZ3g1e�© svhXd e)��l���Z|�ÄrGkNw9goc¦��k#wG{SlnZ3goe­ Ï��wGd Z�{
Y�l�gil�Y�l��¼w9eflnrGgªw9����rGkfl�efUiYQ«>¢

TVUXZNuxwGd#Z�r9��w�efl�Y[Z> Ý{iZ3z5Z3gX{iZ3goe)�ÄhigXu3eflnrGg
hs

lndDY[rGk Z|{Sl��¡u3hi��ex¢�tÝg¦efUilnd)uxwGd Z�¶1efUXZNefl�Y[Z
{iZ3kfl�£�w9efl�£�Z°r9�

hs ; r̄b, t < w9�nrGgi�¡efUXZ|efk#w�s­Z�u3e rGkflnZ�dNr9��efUXZ|Y[rG�il��nZ�Y¡w9gil�zihi�7w9e rGk�lnd)��l�£�Z3g��oc

�
hs � aT ; r̄b, t < ūb ! � hs

� t ; r̄b, t < © * ��«

')( ß ' ã
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�)l�efU

aT ; r̄b, t <�� � hs

� r ; r̄b, t < © *�* «
�Ndq�nrGgi��wGd 
 hs
 r̄b

; r̄b, t < �
0
¶Fw¨u�rGgoefk rG��£Gw9��hXZ)�ÄrGk

ūb

�)Uilnu UQY¡w9��Z�d
hs

{iZ�u3k ZxwGd Z�©�lÏ¢²Z�¢ �
hs 
 0

«
uxw9g¤w9���Vw�cSd|��Z��ÄrGhigX{=¢ �Nrx�DZ3£�Z3kx¶,�)UXZ3g 
 hs
 r̄b

; r̄b, t < ; r̄b, t < � 0
_B�)Uilnu#U¤u�rGkfk Z�dfz5rGgX{id|e r w

gXZ�u�Z�d#d#w9kfc[u�rGgX{Sl�eflnrGg¦�ÄrGk
r̄b

e r���ZNw¨�nrFuxw9��Y�l�gil�Y�l��xZ3k°©ÄrGkDY¡w�§Fl�Y�l��xZ3k%«Ir9�
hs

_ efUXZNu�rGgoefk rG�
U�wGd�gXr�l�g �XhXZ3gXu�Z¦rGg�efUXZ¡£Gw9kfl7w9eflnrGg�r9�)efUXZ��ÄhigXu3eflnrGg�w9g1c Y[rGk Z�¢¬TVUilnd�l�Y�zi��lnZ�d�efU�w9e�efUXZ
Y�l�gil�Y�l��¼w9eflnrGg�r9�

hs
w9e�w9���Mefl�Y[Z> Ïl�gXdfe#w9goe dNuxw9gigXrGe��5Z|��h�w9k#w9goe Z�Z�{�l�g¬efUilnd�uxwGd Z�¢�TVUXZ°efl�Y[Z

Z3£�rG��hieflnrGg¬r9�
hs

�)l����5efUXZ3g�{iZ3z�Z3gX{ rGg efUXZ|u UXrGlnu�Z¨r9��efUXZNu�rGg1efk rG�=�7w��°¶Xw9gX{¦efUXZNzik rGz�Z3kfeflnZ�d
r9�

hs
l�e d Z3�´�f¢ � Z�zik rGz5r�d Z��5Z3�nrx� w9g Z>§Fzik Z�d#dflnrGg¡��rGk

ūb

�)Uilnu#U,¶XwGd d rFu3l7w9e Z�{¡�)l�efU�w�d hil�e#w9�i�nZ
{iZ�u�rGY�z5r�dfl�eflnrGg¬r9��efUXZ ! {Skfl´��eVe Z3kfY�# 
 hs
 t ¶1lnd	!Ý��l7w9�i�nZ�#|e r�z�Z3k­��rGkfY � Z3���=l�g Y¡w9g1c¦dfl�efh�w9eflnrGgXd¼¢

tÝg��)U�w9e|�ÄrG���nr¼��dx¶5efUXZ�w9kf��hiY[Z3goe d
r̄b

w9gX{
t
r9�)w9�����ÄhigXu3eflnrGgXd|�)l����Ú��Z·rGY�l�efe Z�{���rGk�efUXZ

d%w9��Z¨r9��k ZxwG{Xw9�il���l�e c�¢
"DrGgXdfln{iZ3k�w·{iZ�u�rGY�z5r�dfl�eflnrGg¹r9� 
 hs
 t l�g�efUXZ|��rGkfY

� hs

� t � aT b1 ! b2

© * I1«
�)l�efU

b1

w9gX{
b2

d rGY[ZN�ÄhigXu3eflnrGgXd�r9�
r̄b

w9gX{
t
¢qTVUXZ3g,¶il�g¬£FlnZ3� r9��© * ��«>¶

�
hs � aT ; ūb ! b1 < ! b2

© * ~�«
TVUilnd¡{iZ�u�rGY�z�r�dfl�eflnrGg
lndx¶Dr9�|u�rGhik d Z�¶DgXrGe[higilnm1hXZ�¢¯t eQw9��k ZxwG{Sc¯w9ziz�Zxw9k d���k rGY®efUXZ¹w9��r¼£�Z
k Z3�7w9eflnrGg¹efU�w9e�w�{iZ�u�rGY�z5r�dfl�eflnrGg��)l�efU

b2 � 0
Y�hXd e���Z¨��wx£�rGk#w9�i�nZ°e r�efUXZ¨Y�l�gil�Y�l��¼w9eflnrGgªr9�

hs
¢���r¼� Z3£�Z3kx¶5efUilndNu UXrGlnu�Z�r9�

b2

lnd�gXrGe|w9���Dw�cSdNz�r�d#dfl��i�nZ�¶��5Z�uxw9hXd Z 
 hs
 t Y¡w�c���Z°{Sl � Z3k Z3goe
�Äk rGY��xZ3k r¦�)UXZ3g 
 hs
 r̄b

� 0
¢�TVUXZ·k Z3�7w9eflnrGgB© * ~�«�w9�nd#r�dfUXrx��d|efU�w9e

b1

u�rGgoe#w9l�gXd¨efUXZ�z�w9kfe°r9�
 hs
 t �)Uilnu U¥uxw9g/��Z ! Z>§iwGu3ef��c #[zik Z> Ýu�rGY�z�Z3gXd%w9e Z�{;�1c efUXZQu�rGg1efk rG�Ï¢#�MZ3e�hXd�efUXZ3g/u�rGgXd ln{iZ3k
efUXZ[zik rG�i�nZ3Y r9�DY�l�gil�Y�l���l�gi�

1

2
; ūb ! b1 < T K � 1 ; ūb ! b1 < ©��)l�efU

K � 0
«|�°¢ kx¢ e

ūb

¶MhigX{iZ3k
efUXZ¦u�rGgXdfefk#w9l�g1e�efU�w9e �

hs � ��; aT Da < ¢�TVUXZ¡ln{iZxwS¶q�5Z3Uil�gX{;efUilnd�zik rG�i�nZ3Y¬¶�lnd�e r¹lO«¨Y¡w9��Z
hs

{iZ�u3k ZxwGd Z¡�)l�efU¯w¬k#w9e Z�©�z�w9kfef��cX«°d z�Z�u3l´³�Z�{;�oc¤efUXZQY¡w9efkfl´§
D

©�efUilnd�lnd�efUXZQk rG�nZQr9��efUXZ
u�rGgXd efk#w9l�goe%«>¶=w9gX{¬l�lO«�w9Y[rGgi�¡efUXZ�u�rGg1efk rG�ndNc1lnZ3�n{Sl�gi�QefUilnd�k#w9e Z�r9�q{iZ�u3k ZxwGd#Z�r9�

hs
¶Xzilnu#��efUXZ

rGgXZI�)UXr�d Z�{Sl � Z3k Z3gXu�ZI�)l�efU�efUXZ�zik Z> Ýu�rGY�z5Z3gXd#w9eflnrGg·r9� 
 hs
 t efUik rGhi��U�efUXZIe Z3kfY
b1

lnd,Y�l�gil�Y¡w9�
l�gªefUXZ�� Z3l���U1e Z�{ gXrGkfY wGd d rFu3l7w9e Z�{��)l�efUªefUXZ�z5r�dfl�efl�£�Z�Y¡w9efkfl´§

K � 1
¢°TVUilnd|Y�l�gil�Y�l��¼w9eflnrGg

rG�SsfZ�u3efl�£�Z lnd�k Z3�7w9e Z�{�e rªZ3gXZ3kf��c/d#wx£1l�gi�X¢�tÝe[w9�nd rªu�rGkfk Z�dfz5rGgX{id·e r�efUXZQzik Z�rFu�u3hiz�w9eflnrGgBr9�
��l�Y�l�efl�gi��efUXZ�g1hiY��5Z3k�r9�iY¡w9gX»|hi£Fk Z�d�{Shikfl�gi��efk#w9gXdflnZ3goe�ziU�wGd Z�dx¶��)UXZ3g�efUXZIY[rG�il��nZ�zi�7w9e­��rGkfY
lnd�gXrGgiUXrG�nrGgXrGY�lnu�¶q�oc¤u#UXr1r�d l�gi�

K
wG{iZ�m1h�w9e Z3��c�¢�^¹rGk ZQ{iZ3e#w9l��nd·w9�5rGhie�efUilnd�lnd dfhXZQuxw9g��5Z

��rGhigX{ l�g ��9 � ¢�µ�rGk�l�gXdfe#w9gXu�Z�¶i�1c¦u#UXr1r�dfl�gi�

K ; α <�� H̄ ; α < K̄H̄ ; α < T © * ��«

ß�ß¸Ó�P!Q�QRQRS
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�)l�efU
H̄ ; α < efUXZ�Y¡w9efkfl´§�{iZ>³XgXZ�{�l�g�©	9x~�«Nw9gX{

K̄ � �Nl7w9� � k̄b, k̄b, k̄α � w¡u�rGgXd e#w9goe|z�r�d l�efl�£�Z
Y¡w9efkfl´§=¶�rGgXZ�U�wGd

ūT
b K ; α <�� 1ūb � ; 1 
 k̄b <

�
ub

�
2 ! ; 1 
 k̄α < �α2

¢VTVUilnd��7w9efe Z3k�k Z3�7w9eflnrGg¹l�g�efhikfg
d hi����Z�dfe d¡e r;u UXrFr�d Z

k̄b

dfY¡w9���nZ3k¦efU�w9g
k̄α

l�g rGk {iZ3kQe r�z�Z3g�w9��l��xZ¹efUXZ�dfl��xZ¹r9�°zi�7w9e­�ÄrGkfY¬±²d
£�Z3�nrFu3l�eÝc

ub

Y[rGk Z�efU�w9gªefUXZ·dfl��xZ�r9�IefUXZ·u�rGY�zihie Z�{ w9hS§Fl���l7w9kfc�u�rGgoefk rG� �
α
¢ �Dc¬hXdfl�gi��© * ~�«�¶

efUXZ|�7w9��k#w9gi��l7w9gªwGd d rFu3l7w9e Z�{��)l�efU¬efUXZ°w���rGk Z3Y[Z3goeflnrGgXZ�{¹Y�l�gil�Y�l��¼w9eflnrGg¹zik rG�i�nZ3Y¸lnd

L ; ūb <	� 1

2
; ūb ! b1 < T K � 1 ; ūb ! b1 < ! λ

�
aT ; ūb ! b1 < ! b2 ! ; aT Da <��

�)l�efU
λ

efUXZ �Mw9��k#w9gi��Z�z�w9k#w9Y[Z3e Z3kx¢ITVUXZ¨rGziefl�Y¡w9��l�e c¬u�rGgX{Sl�eflnrGg

� L� ūb
; ūb <�� 0

cFlnZ3�n{id
ūb � � b1 � λKa

¶�w9gX{ª�1cªhXdfl�gi�¬efUilnd°Z>§Szik Z�d dflnrGg l�g¤efUXZ¡u�rGgXdfefk#w9l�goe�Z�m1h�w9eflnrGg�l�e
��rG���nrx��d�efU�w9e

λ � aT Da ! b2

aT KaTVUXZ3k Z>��rGk Z�¶iefUXZ°d#rG��hieflnrGg¬e r·efUXZ�w9�5rx£�Z¨Y�l�gil�Y�l��¼w9eflnrGg�zik rG�i�nZ3Yºlnd

ūb ��� b1 � aT Da

aT Ka
Ka � b2

aT Ka
Ka

TVUXZ�k Z3��hi�7w9kfl��¼w9eflnrGg�r9�MefUilndVZ>§Szik Z�d dflnrGg,¶Fl�g rGk {iZ3kDe r·Z3gXdfhik Z�efU�w9e
ūb

lndI�DZ3���,{iZ>³XgXZ�{¦�)UXZ3g
 hs
 r̄b
� 0

©�lÏ¢²Z�¢D�)UXZ3g
a � 0

«>¶��nZxwG{id�©�w9Y[rGgi�¦rGefUXZ3k�z5r�d dfl��il���l�eflnZ�d%«Ve r�efUXZ¨��rG���nrx�)l�gi�¦u�rGgoefk rG�
Z>§Szik Z�d dflnrGg

ūb ��� b̂1 � aT Da ! b̂2

aT Ka ! µ
Ka

© * =�«
�)l�efU

µ
{iZ3gXrGefl�gi�;w�dfY¡w9���Vz�r�d l�efl�£�ZQg1hiY��5Z3kx¶Dw9gX{

b̂i
©��)l�efU

i � 1, 2
«�d rGY[Z � ��� �D���!�'�����

Z�d efl�Y¡w9eflnrGg¤r9�
bi

efUXZ·u UXrGlnu�Z¡r9�I�)Uilnu U¤lnd|{Slnd u3hXd#d Z�{���Z3�nr¼�°¢�µik rGY © * ~�«�¶�efUXZ[w9zizi��lnuxw9eflnrGg
r9�ÚefUXZ¨u�rGgoefk rG���7w�� © * =�«DcFlnZ3�n{idx¶Sl�g¬u3�nr�d Z�{F Ï�nrFrGz

�
hs ��� aT Ka

aTKa ! µ
aT Da ! � hs

� t �6; aT b̂1 ! aT Ka

aT Ka ! µ
b̂2 < © * ?�«

�MZ3e�hXdÚgXr¼�¯u�rGY�Y[Z3goeIrGg·efUXZVu UXrGlnu�Z)r9� ; b̂1, b̂2 < l�g�k Z3�7w9eflnrGg��)l�efU·z�r�d#dfl��i�nZV{iZ�u�rGY�z�r�dfl�eflnrGgXd
; b1, b2 < r9� 
 hs
 t ¢

A C Â 0�� ¾ , ���Ähi���=zik Z> Ýu�rGY�z�Z3gXd%w9eflnrGg¹r9� 
 hs
 t �oc d Z3efefl�gi�¹©
b̂1 � b1, b̂2 � b2

«>¢
t g�efUilnd�uxwGd Z�¶XefUXZ|k Z3�7w9eflnrGgXd�© * I1«)w9gX{�© * ?�«Vc1lnZ3�n{

�
hs ��� aT Ka

aT Ka ! µ
aT Da ! µ

aT Ka ! µ
b2

© *�J «

')( ß ' ã
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TVUilnd�Z�m1h�w9eflnrGg/dfUXr¼��d�efU�w9e�efUXZ¡l�g1efk r1{ShXu3eflnrGg¥r9�)efUXZQk Z3��hi�7w9kfl���l�gi�ªu�rGgXd e#w9goe
µ

zik Z3£�Z3goe d
efUXZ�{iZ�dfl�k Z�{¡u�rGgXd efk#w9l�goeD��k rGY ��Z3l�gi��d#w9eflnd­³�Z�{QZ>§iwGu3ef��c�¢qTVUilnd �DwGdDZ>§Fz5Z�u3e Z�{=¢qt e w9�nd r°z5rGl�goe d
rGhieIefUXZV��wGu3eIefU�w9e�efUXZ)zik Z> Ýu�rGY�z5Z3gXd#w9eflnrGg¦r9� 
 hs
 t lndDw9���XefUXZ)Y[rGk Z�Z��¡u3lnZ3g1ex¶1l�g¡e Z3kfY[dIr9�5efUXZ
Y�l�gil�Y�l��¼w9eflnrGg�r9�

hs
¶9efU�w9e �

b2

� lnd�dfY¡w9���Ï¢�t gX{iZ�Z�{=¶��)UXZ3g
b2 � 0

¶9efUXZ3g
hs

lndMgXrGgS Ïl�gXu3k ZxwGdfl�gi�X¶
w9gX{

a
¶Úw9gX{ efUohXd 
 hs
 r̄b

¶Mu�rGg1£�Z3kf��Z¡e r �xZ3k ri¢QtÝ�
hs

lnd�dfefkflnu3ef��c u�rGgo£�Z>§¤�)l�efU¤k Z�d z�Z�u3e°e r¬efUXZ
£�w9kfl7w9�i�nZ

r̄b

w9gX{ {ir1Z�d|gXrGe°{iZ3z5Z3gX{ rGgªefl�Y[Z�¶,efUilnd|l�gªefhikfg l�Y�zi��lnZ�d¨efU�w9e
hs

u�rGgo£�Z3kf��Z�d�e r
l�e dNY�l�gil�Y�hiY¬¢ � UXZ3g

b2

�
0
¶5l�eNlndNgXr¦�nrGgi��Z3k¨z5r�d dfl��i�nZ�e r¦Z3gXd hik Z�efU�w9e

hs
u�rGgo£�Z3kf��Z�d�e r

w�Y�l�gil�Y�hiY¬¢�\NZ3£�Z3kfefUXZ3�nZ�d dx¶�efUXZ���rG���nrx�)l�gi��k Z3�7w9eflnrGg ©��)Uilnu U/lnd�w¬{Sl�k Z�u3e�u�rGgXd Z�m1hXZ3gXu�Z¡r9�
© *�J «f«

; aT Da < ; aT Ka < � µb2
� � �

hs � 0
l�gX{Slnuxw9e Z�dQefU�w9e¡efUXZ�{iZ�u3k ZxwGd Z�r9�

hs
lnd¡w9����efUXZ¬Y[rGk Z���l���Z3��c¥efU�w9e �

b2

� lnd¡dfY¡w9���Ï¢ � UXZ3g
b2

uxw9gigXrGe[�5ZQe#w9��Z3g¯Z�m1h�w9�Ve r �xZ3k ri¶ w¹z5r�d dfl��i�nZ dfl�Y�zi�nZ�{iZ�u�rGY�z5r�dfl�eflnrGg ; b1, b2 < r9� 
 hs
 t ¶
u�rGUXZ3k Z3g1e��)l�efU¬efUXZ|kfhi�nZ�r9����Z�Z3zil�gi� �

b2

� d Y¡w9���Ï¶ilndx¶F��rGk)l�gXdfe#w9gXu�Z

b1 � � hs

� t
1�

a
�
2 ! ν

a � b2 � � hs

� t
ν�

a
�
2 ! ν

©�Io��«
�)l�efU

ν
{iZ3gXrGefl�gi�Qw·dfY¡w9���,z5r�dfl�efl�£�Z¨g1hiY��5Z3kx¢

A C Â 0�� ¾ 3 �ÚgXr·zik Z> Ýu�rGY�z5Z3gXd#w9eflnrGg¹r9� 
 hs
 t �1c d#Z3efefl�gi��©
b̂1 � 0, b̂2 � 0

«>¢
"DrGY�Y[rGg�u�rGgXd Z�m1hXZ3gXu�Z�d�r9�ÚefUilnd�u#UXrGlnu�Z�w9k Z�w��nZ�d d !Ýk ZxwGu3efl�£�Z�#�u�rGgoefk rG�Úw9gX{¹w�{iZ3��k#wG{Xw9eflnrGg
r9�)z5Z3k­�ÄrGkfY¡w9gXu�Z�¶�l�g;e Z3kfY[d�r9�)Y�l�gil�Y�l���l�gi�

hs
¢  g;efUXZ¡rGefUXZ3k�U�w9gX{=¶qw �5Z3gXZ>³�u3l7w9�Vu�rGhigS 

e Z3kfz�w9kfe°r9� efUilnd|�nr�d d|r9�Ik ZxwGu3efl�£1l�e c¹lnd¨wQk Z�{ShXu3eflnrGg¤r9�IefUXZ·u�rGgoefk rG� Z � rGkfex¢°TVUilnd|Z � Z�u3e¨uxw9g
�5Z¦��rGk Z�d Z�Z3g���k rGY efUXZ�u�rGgXdfefk#w9l�gXZ�{BrGziefl�Y�l��¼w9eflnrGg
zik rG�i�nZ3Y u�rGgXdfln{iZ3k Z�{¥��rGk�efUXZ�u�rGgoefk rG�
{iZ�d l���g,¶�w��Äe Z3k�k Z3Y¡w9kf�1l�gi�QefU�w9e�d Z3efefl�gi�

b1 � 0
cFlnZ3�n{id�efUXZ°Y�l�gil�Y�l��¼w9eflnrGgªr9�

ūT
b K � 1ūb

¢ t g
£FlnZ3� r9��© * ?�«>¶iefUXZ|£�w9kfl7w9eflnrGg¹r9�

hs
lnd)efUXZ3g¬��l�£�Z3g¬�1c

�
hs ��� aT Ka

aT Ka ! µ
aT Da ! � hs

� t
©�I!9¼«

A C Â 0�� ¾ @ ��zik Z> Ýu�rGY�z5Z3gXd#w9eflnrGg¬r9� 
 hs
 t u�rGY��il�gXZ�{¬�)l�efU w�k Z�{ShXu3eflnrGg�r9�MefUXZ|u�rGgoefk rG�=Z � rGkfex¶
�1c¦d#Z3efefl�gi� ; b̂1 � 0, b̂2 � 
 hs
 t < ¢TVUilndQu UXrGlnu�Z¹u�rGkfk Z�dfz�rGgX{idQe r efUXZ¬{iZ�u�rGY�z5r�dfl�eflnrGg ; b1 � 0, b2 � 
 hs
 t < r9� 
 hs
 t ¢
tÝgBefUilnd
uxwGd#Z�¶VefUXZ�u�rGgoefk rG�|Z � rGkfe¡lndQk Z�{ShXu�Z�{ ©O��rGk¡efUXZ¹d#w9Y[Z¬k ZxwGd rGgXd wGd[l�g
efUXZ¬zik Z3£FlnrGhXdQuxwGd#Z¼«
w9e|efUXZ�Z>§Sz�Z3gXd#Z�r9�VefUXZ�zik Z> Ýu�rGY�z�Z3gXd%w9eflnrGg;r9� 
 hs
 t ¶,�)Uilnu U¤lnd|gXrGe�wGu#UilnZ3£�Z�{¤Z>§iwGu3ef��c�¶�w9gX{=¶
d hi�Xd Z�mohXZ3g1ef��c�¶Xw9e efUXZ|Z>§Sz�Z3gXd#Z�r9�MefUXZNY�l�gil�Y�l��¼w9eflnrGg¬r9�

hs
¢qTVUilndVu�rGgoefk rG�,d#rG��hieflnrGg uxw9g �5Z

d#Z�Z3g�wGdVl�g1e Z3kfY[Z�{Sl7w9kfc ��Z3e � Z�Z3g " UXrGlnu�Z�d 9¨w9gX{¬�S¢  �1£1lnrGhXdf��c�¶XefUXZ3k Z|lnd�w9�nd r�w�u�rGg1efl�gohihiY
r9�Dz�r�d#dfl��il���l�eflnZ�d|l�go£�rG��£Fl�gi�¬z�w9kfefl7w9�qzik Z> Ýu�rGY�z5Z3gXd#w9eflnrGg;r9� 
 hs
 t ¶=ZxwGu U�r9�DefUXZ3Y wGu UilnZ3£Fl�gi�¹w
{Sl � Z3k Z3goeVu�rGY�zik rGY�lnd Z�l�g¡e Z3kfY[dVr9�,u�rGgoefk rG�=Z3gXZ3kf��c[Z>§Sz�Z3gX{Sl�efhik Z|w9gX{[Y�l�gil�Y�l��¼w9eflnrGg�r9�

hs
¢
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µik rGY efUXZ3k Z�¶ w�{iZ�Z3z5Z3k�w9g�w9��cSdflnd�r9�NefUXZ¦u�rGg1efk rG�)zik rGz�Z3kfeflnZ�d[k Z�mohil�k Z�d·e rªdfz5Z�u3l´��c�efUXZ
�ÄhigXu3eflnrGg

hs
�ÄhikfefUXZ3kx¶�wGd)l�����hXdfefk#w9e Z�{��oc�w9g�Z>§iw9Y�zi�nZ°efk Zxw9e Z�{�l�g¬efUXZ|gXZ>§Se�d Z�u3eflnrGg,¢

�,Z3e�hXd�³Xg�w9����c¤k Z�uxw9���DefU�w9e·efUXZQu�rGg1efk rG�
ub

r9��efUXZQziUocSdflnuxw9�VY[rG�il��nZQzi�7w9e­�ÄrGkfY lnd�uxw9�´ 
u3hi�7w9e Z�{��Äk rGY

ūb

�oc�hXd l�gi�¦efUXZ�k Z3�7w9eflnrGgB©	9 * «�©ÄrGk[©	9 I1« «>¶�lÏ¢²Z�¢
ub � ūb

¶��)UXZ3g efUXZ�Y[rG�il��nZ
zi�7w9e­��rGkfY lnd·rGY�giln{Sl�k Z�u3eflnrGg�w9�Ï¶)w9gX{ ; vb,1, ωb,

�
α < T � H̄ ; α < � 1ūb

�)l�efU¥efUXZ¦Y¡w9efkfl´§
H̄ ; α <{iZ>³XgXZ�{�l�g ©	9x~�«3¶��)UXZ3g�efUXZQzi�7w9e­��rGkfY lnd°gXrGgiUXrG�nrGgXrGY�lnu�w9gX{�higilnu3cFu3�nZ> Ï��l���Z�¢ �MZ3e�hXd·w9�nd r

d UXrGkfef��c·u�rGY�Y[Z3g1eDrGg¡efUXZ�Z>§Flnd e Z3gXu�Z�r9�=��l�Y�l�e#w9eflnrGgXdIhiz5rGg[efUXZ�£�Z3�nrFu3l�eÝc�u�rGY�z5rGgXZ3goe dVr9�5efUXZ
zi�7w9e­��rGkfY¬¶ilÏ¢²Z�¢qhiz5rGg¬efUXZ°u�rGY�z5rGgXZ3goe d�r9�

ub

¢�� dfl�Y�zi�nZ|�Dwxc�e r·U�w9gX{S�nZ°efUXZ�d Z|��l�Y�l�e#w9eflnrGgXd
u�rGgXd lndfe dIl�g ! d#w9efhik#w9efl�gi��#�efUXZ�u�rGgoefk rG�Ï¢�t g¡efUilndDuxwGd Z�¶1l�eIlnd�hXd#Z>��hi��e r�U�wx£�Z�l�gQY�l�gX{¡efU�w9e efUXZ
d%w9efhik#w9eflnrGgªd UXrGhi�n{¹�5Z�l�Y�zi�nZ3Y[Z3goe Z�{ª�oc�{Sl�£1ln{Sl�gi�  �
�
 efUXZ�u�rGY�z�rGgXZ3g1e d°r9� ; ub,

�
α < �oc¬efUXZ

d%w9Y[Z°gohiY���Z3k[©���k Zxw9e Z3k¨rGk|Z�moh�w9��e rQrGgXZ¼«>¶5d r¦wGd�e r¦w9hi��Y[Z3goe¨efUXZ�u#U�w9gXu�Z�d¨r9��zik Z�d Z3kf£Fl�gi�
efUXZ¨d e#w9�il���l��¼w9eflnrGg�zik rGz5Z3kfeflnZ�d�r9�ÚefUXZ°u�rGgoefk rG�Ï¢

� � '�'·�#!#���V�5! ��� ���°���"'��#�q*

����� � � ������� � �
� 	�������� �����
	�� ��

TVUilnd)w9zizi��lnuxw9eflnrGg,¶i{iZ3zilnu3e Z�{ rGg µ�l��X¢��S¶Su�rGgXdflnd e dIl�g¦efk#wGu �Fl�gi�·l�gQ�5rGefUQz5r�dfl�eflnrGg¬w9gX{¦rGkflnZ3gS 
e#w9eflnrGg�w9g rG�SsfZ�u3e¡©�Y¡w9e Z3kfl7w9��l��xZ�{¤rGgªefUXZ�³X��hik Z·�oc¹efUXZ��Äk#w9Y[Z

Ft
«�Y[rx£Fl�gi��l�gªefUXZ·zi�7w9gXZ�¢

TVUXZ�Y[rG�il��nZ�Y¡w9gil�zihi�7w9e rGk°u�rGgXdflndfe dNr9� w�higilnu3cSu3�nZ> Ï��l���Z�zi�7w9e­��rGkfY`Z�mohil�ziz5Z�{��)l�efU w¡efUik Z�Z> 
sfrGl�goeVy�pIy Y¡w9gil�zihi�7w9e rGkx¢�TVUXZ¨w�§FlndDr9�MefUXZ�³Xk dfe�s­rGl�g1e lnd)w9efe#wGu UXZ�{ e r�efUXZ�zi�7w9e­�ÄrGkfYºw9eDefUXZ
z5rGl�goeDr9�Mu�r1rGk {Sl�g�w9e Z�d ; L, 0 < �°¢ kx¢ ex¢ÚefUXZ)�Äk#w9Y[Z

Fb

¢ÚTVUXZ�{Slndfe#w9gXu�Z��5Z3eÝ�DZ�Z3gQefUXZ��7wGdfe=sfrGl�goex±²d
w�§Slnd�w9gX{ efUXZ°rGkfl���l�g

E
r9�ÚefUXZ¨Z3gX{F ÝZ � Z�u3e rGkx±²d���k#w9Y[Z

Fe
lnd�{iZ3gXrGe Z�{¬�oc

Le
¢

−→ıb

−→ıe

−→t

q2

−→ıt

−→e

E

B

q1

q3

−→b

µ�l���hik Z�� ��T,k#wGu#�1l�gi�Ql�g¹a  �©���«

')( ß ' ã
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TVUXZ¡Y¡w9gil�zihi�7w9eflnrGg¥rG�Ss­Z�u3efl�£�ZQlnd�efUXZQdfe#w9�il���l��¼w9eflnrGg�r9��efUXZ[e#w9kf��Z3ex±²d·dfl�efh�w9eflnrGg��°¢ kx¢ ex¢¬efUXZ
Z3gX{F ÝZ � Z�u3e rGkx¶

ret
¶Úw9e�w¦³i§iZ�{�{iZ�d l�k Z�{ £Gw9��hXZ

r
�

et � ; X �
, 0, 0 < T ¢¦TVUXZ�k Zxw9��l��¼w9eflnrGg�r9�)efUilnd

rG�SsfZ�u3efl�£�ZNl�Y�zi��lnZ�d)efU�w9ex¶F�)U�w9e Z3£�Z3k�efUXZNe#w9kf��Z3ex±²dVY[rGeflnrGg�l�g efUXZ�k rG�5rGex±²d)Z3go£Fl�k rGgiY[Z3goex¶XefUXZ
e#w9kf��Z3e�w9ziz�Zxw9k d�e r���Z·Y[rGeflnrGgi�nZ�d#d°�)l�efU¤k Z�dfz5Z�u3e°e r efUXZ[Z3gX{F ÝZ � Z�u3e rGkx¶qw9e�w�{Slndfe#w9gXu�Z

X
�

�Äk rGY`l�ex¢¨TVUilnd|lnd¨w¡efUik Z�Z> Ý{Sl�Y[Z3gXd lnrGg�w9��£1l�kfefh�w9�Ú��l�gi��w9��Z�¢  gXZ�uxw9g¤wGd dfhiY[Z�¶���rGkNl�gXd e#w9gXu�Z�¶
efU�w9e

ret
lndNY[ZxwGdfhik Z�{�£Fl7w�efUXZ�rG�Xd Z3kf£Gw9eflnrGg r9�IefUXZ�e#w9kf��Z3e|�oc¹wQuxw9Y[Z3k#wQY[rGhigoe Z�{ªrGg�efUXZ

Z3gX{F ÝZ � Z�u3e rGkx¢ � l�efU[efUXZVgXrGe#w9eflnrGgQr9�MaFZ�u3eflnrGg * ¢Ê�S¶FwNz�r�d d l��i�nZ)u UXrGlnu�Z)��rGkqefUXZ)e#wGdf�1 ��ÄhigXu3eflnrGg
ep

wGd d rFu3l7w9e Z�{ �)l�efU¬efUilnd�Y¡w9gil�zihi�7w9eflnrGg�rG�Ss­Z�u3efl�£�Z°lnd

ep ; q, rb, t <�� r̃et : � ; r �

et < � 1ret
©�Io��«

t g�rGk {iZ3k�e r¨uxw9�nu3hi�7w9e Z)efUXZ�sfrGl�goeIu�rGg1efk rG��©	91=�«3¶�rGgXZVgXZ�Z�{id�e r¨{iZ3e Z3kfY�l�gXZ)efUXZVz�w9kfefl7w9��{iZ3kfl�£�w� 
efl�£�Z�d|r9�

ep
�°¢ kx¢ ex¢

q
¶
rb

¶5w9gX{
t
¢|a1l�gXu�Z

θ
�

et � 0
w9gX{

u
�

et � 0
¶�rGgXZ·{iZ�{ShXu�Z�d���k rGY © ?�«�w9gX{

©�Io��«VefU�w9e
�
ep � �

ret
©�I * «

a1l�gXu�Z
ret � rebrbt

¶XrGgXZ°w9�nd#r�U�wGdx¶S�oc hXdfl�gi��©�I1«)w9gX{�© J «>¶
�
ret � R̄ ; θet < ; ubt ! �){

rtb
ueb <

�)l�efU
ubt � ut � �){

rtb
ub

TVUXZ3k Z>��rGk Z
�
ret � R̄ ; θet < ; ut ! �){

rtb
; ueb � ub < < ©�I�I1«

\Nrx�°¶
reb

©�efUXZNdfl�efh�w9eflnrGg�r9�MefUXZ�Y[rG�il��nZNzi�7w9e­�ÄrGkfY �°¢ kx¢ ex¢ÚefUXZ�Y¡w9gil�zihi�7w9e rGkx±²d�Z3gX{F ÝZ � Z�u3e rGk%«
lnd�w���higXu3eflnrGg�r9�

q
rGgi��c�¶�w9gX{�l�e)lnd)l�g��ÏwGu3e�dfl�Y�zi�nZ¨e r·£�Z3kfl´�Äc¦efU�w9e

reb � �� � R ; � q1 � q3 <


L

0 � � R ; � q3 <


q2

0 � � 

Le

0 �� q1 � q3

��
©�Io~�«

TVUXZ3k Z>��rGk Z
�
reb � R̄ ; θeb < ueb� � reb

� q
�
q

©�Io��«
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w9gX{=¶i��k rGY ©�I * «  %©�I�I1«�¶

�
ep � R̄ ; θet <



ut ! �){

rtb
; R̄ ; θbe < � reb

� q
�
q � ub < � ©�I =�«

� l�efU¯efUXZ¬{iZ>³Xgil�eflnrGg dfz5Z�u3l´³�Z�{¥�oc ©	9x��«[r9�NefUXZ�z�w9kfefl7w9��{iZ3kfl�£�w9efl�£�Z�d¡r9��w��ÄhigXu3eflnrGg,¶VrGgXZ
{iZ�{ShXu�Z�d���k rGY efUXZ�w9��r¼£�Z°Z�moh�w9eflnrGg/©��oc¬w�e Z3kfY· Ï�oc1 Ïe Z3kfY ln{iZ3g1efl´³�uxw9eflnrGg�«)efU�w9e


 ep
 q � R̄ ; θet < �){
rtb

R̄ ; θbe < 
 reb
 q � 

I2 R ; θeb < Spbt

0 1 � 
 reb
 q
 ep
 rb
��� R̄ ; θet < �){

rtb
� � 
 R ; θeb < R ; θeb < Spbt

0 1 �
 ep
 t � R̄ ; θet < ut

©�I�?�«

�)l�efU
θeb ��� θbe � � ; q1 ! q3 < ¢  gXZ�ZxwGdfl���c £�Z3kfl´³�Z�d���k rGY�©�Io~�«VefU�w9e 
 reb
 q ¶�w9gX{�efUohXd 
 ep
 q ¶

w9k Z|l�g1£�Z3kfefl��i�nZ�Z3£�Z3kfcF�)UXZ3k Z°Z>§iu�Z3zie�w9e
q2 � 0

¢
�Nwx£1l�gi� {iZ3e Z3kfY�l�gXZ�{

ep
¶
em

lnd·��l�£�Z3g��oc�©	9E?�« 	�©	9 J «3¶Ú�)l�efU
hp

��l�£�Z3g��oc�©�����«3¶
hl

�oc
©���9¼« 	�©�����«�¶�w9gX{

hr
�1c ©�� * «[w9gX{ ©��&=�«3¢ TVUXZ�u�rGg1efk rG�

uq
lnd[efUXZ3g ��l�£�Z3gB�oc ©	91=�«3¢ TVUXZ

£�w9kflnrGhXd¨©Äu�rGgXdfe#w9goe%«Iz�w9k#w9Y[Z3e Z3k dVl�g1£�rG��£�Z�{ l�gQefUXZ�d ZNZ>§Szik Z�d dflnrGgXdD�)l������5ZNdfz�Z�u3l´³�Z�{¡�ÄhikfefUXZ3kx¢

2 ��, � 3 � ¾ � Â . Ã��i� ¿ � Â ��� À�� � . ���10 Â . � . Ã
� Â . �x� Â % Â � �1C ¾ � Â �O0 % ¾ 5 %��S� �ÝÂ � �
µ�rGk�efUilnd[w9zizi��lnuxw9eflnrGg,¶Il´��efUXZ¦Y[rG�il��nZ zi�7w9e­�ÄrGkfY �DZ3k Z�rGY�giln{Sl�k Z�u3eflnrGg�w9�Ï¶Vw9g�rG�o£FlnrGhXd��Vw�c
e rQZ3gXdfhik Z°efUXZ·w�£�rGln{Xw9gXu�Z·r9��efUXZ�s­rGl�g1ex±²d���l�Y�l�e d��)Uil��nZ�efk#wGu �Fl�gi�QefUXZ�e#w9kf��Z3e��DrGhi�n{�u�rGgXd lndfe
l�g/��Z�Z3zil�gi� efUXZQk Z3�7w9efl�£�Z�dfl�efh�w9eflnrGg

rtb � r � 1

t rb

��Z3e � Z�Z3g¥efUXZQzi�7w9e­�ÄrGkfY®w9gX{/efUXZ¦e#w9kf��Z3e
Z�m1h�w9�Úe r d rGY[Z�gXrGY�l�g�w9��©Äu�rGgXdfe#w9goe%«�£�w9��hXZ

r �
¢�a1l�gXu�Z�efUXZ·Y[rG�il��nZ�zi�7w9e­��rGkfY	lnd|dfhi�SsfZ�u3e Z�{

e r�gXrGgiUXrG�nrGgXrGY�lnu°u�rGg1efk#w9l�goe dx¶�efUilnd)rG�Ss­Z�u3efl�£�Z¨uxw9gigXrGe)�5Z¨wGu UilnZ3£�Z�{��)U�w9e Z3£�Z3k�efUXZ�e#w9kf��Z3ex±²d
Y[rGeflnrGg,¢��Nrx�DZ3£�Z3kx¶5rGgXZ�uxw9g�efkfc e r !ÝgXZxw9kf��c #�rG�ie#w9l�g¹efUilnd�k Z�dfhi��e��oc�u�rGgoefk rG����l�gi� efUXZ�zi�7w9e­ 
��rGkfY¬±²dNu�rGY�z�w9gilnrGg¹�Äk#w9Y[Z�l�gXdfe ZxwG{=¢�TVUilndNdfhi����Z�dfe d�e r¦u�rGgXdfln{iZ3k�efUXZ���rG���nrx�)l�gi��d Z�u�rGgX{Xw9kfc
u�r�d e­ ���higXu3eflnrGg

hs,1

hs,1 ; r̄b, t <�� 1

2
; { γ ; r � , ; rt ; t < < � 1r̄b < < 2 � 1

2
; { γ ; e, r̃ < < 2 ©�I J «

�)l�efU�{
γ

{iZ3gXrGefl�gi�¦efUXZ°{Slndfe#w9gXu�Z�{iZ>³XgXZ�{¬�oc/©���«3¶�w9gX{
r̃ � r � 1

� r � 1

t r̄b

¢  gXZ�{iZ�{ShXu�Z�d��Äk rGY
© ?�«Vw9gX{;©	9x��«DefU�w9e

�
r̃ � R̄ ; θ̃ < ; ūb � �){ � r Å r̃ � � 1ut < ©�~���«

�)l�efU
ut

{iZ>³XgXZ�{��1c �
rt � R̄ ; θt < ut

¢qµik rGY ©���«3¶

� ; { γ ; e, r̃ < < 2
� r̃ � 2 ; x̃, ỹ, γ sin θ̃ < R̄ ; θ̃ <

')( ß ' ã
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d#r·efU�w9ex¶i�oc�©�~���«>¶  Im�¢�© * ��«Dlnd�d#w9eflnd­³�Z�{¦��rGk�efUXZN��higXu3eflnrGg
hs � hs,1

�)l�efU

aT ; r̄b, t < � ; x̃, ỹ, γ sin θ̃ < R̄ ; θ̃ <
 hs
 t ; r̄b, t < � ; x̃, ỹ, γ sin θ̃ < R̄ ; θ̃ < � � �){ � r Å r̃ � � 1ut �
TVUXZ�d#Z�Z�m1h�w9eflnrGgXdNw9�nd r¡l�gX{Slnuxw9e Z°efU�w9ex¶�l�g�efUilndNuxwGd Z�¶�w[{iZ�u�rGY�z�r�dfl�eflnrGgªr9� 
 hs
 t l�g¹efUXZ¨��rGkfY
 hs
 t � aT b1 ! b2

lnd�rG�ie#w9l�gXZ�{��1c�d Z3efefl�gi�

b1 ; r̄b, t <���� �){ � r Å r̃ � � 1ut , b2 � 0
©�~�9¼«

TVUXZ¨w9zizi��lnuxw9eflnrGg¬r9��efUXZNu�rGg1efk rG�I© * =�«I�)l�efU
b̂1 � b1

w9gX{
b̂2 � b2

efUXZ3g Y¡w9��Z�d
hs

{iZ�u3k ZxwGd#Z
©�l�g�£FlnZ3� r9��© *�J «��)UXZ3g

b2 � 0
«·w9gX{=¶�l�g;�ÏwGu3ex¶�Y¡w9��Z�d·efUilnd�u�r�d e·u�rGg1£�Z3kf��Z e r �xZ3k ri¢�t g

efUilnd�uxwGd Z�¶�l�e°lnd°gXrGe�{Sl��¡u3hi��e�e r¬dfUXr¼�&efU�w9ex¶��oc¤u#UXr1r�dfl�gi�¹efUXZ�z�w9k#w9Y[Z3e Z3k d
ε1

w9gX{
ε2

r9�
efUXZQefk#w9gXdf£�Z3k d ZQ�ÄhigXu3eflnrGg¥dfY¡w9���DZ3gXrGhi��U,¶Dw9gX{�zik r¼£1ln{iZ�{�efU�w9e�lO«°efUXZQl�gil�efl7w9�)dfl�efh�w9eflnrGg¥r9�
efUXZ¦Z3gX{F ÝZ � Z�u3e rGk��°¢ kx¢ ex¢�efUXZ¡e#w9kf��Z3e·lnd�gXrGe�e rFr��Ïw9k°�Äk rGY�l�e d�ln{iZxw9�D£Gw9��hXZ�¶Úl�lO«°efUXZQl�gil�efl7w9�
d l�efh�w9eflnrGg

rtb

r9��efUXZ Y[rG�il��nZ zi�7w9e­��rGkfY®�°¢ kx¢ ex¢�efUXZ e#w9kf��Z3e�lnd·gXrGe�e rFr¹��w9k��Äk rGY
r

� ¶ w9gX{
l�l�lO«�efUXZ�Y¡w9efkfl´§

Γ
l�g1£�rG��£�Z�{ªl�g�efUXZ�k Z3��hi�7w9kfl��¼w9eflnrGg¤u�r�dfe

hr ; q, t < lnd|u#UXr�d Z3g�Z�m1h�w9��e r �xZ3k ri¶
efUXZ3g�Z>§Fz5rGgXZ3goefl7w9�qdfe#w9�il���l��¼w9eflnrGg�e r �xZ3k r¦r9�qefUXZ°efk#wGu#�1l�gi��Z3kfk rGk�©��5Z3eÝ�DZ�Z3gªefUXZ°e#w9kf��Z3e¨w9gX{
efUXZ�Z3gX{F ÝZ � Z�u3e rGk%«�lndNrG�ie#w9l�gXZ�{=¶��)l�efU�efUXZ�Y¡w9gil�zihi�7w9e rGkx±²dDs­rGl�g1e d�dfe#wxc1l�gi��w��Vw�c���k rGY efUXZ3l�k
��l�Y�l�e d¼¢�TVUilndÚk Z�d hi��eqUXrG�n{idq�)U�w9e Z3£�Z3k�efUXZVY[rGeflnrGg[r9��efUXZVe#w9kf��Z3ex¶ozik rx£Fln{iZ�{�efU�w9eql�e dÚ£�Z3�nrFu3l�eÝc
ut

lnd)Y[ZxwGdfhik Z�{�©ÄrGk�Z�d efl�Y¡w9e Z�{�«Vzik Z�u3lnd Z3��c�¢
\�r¼�°¶=efUXZ·k Zxw9��l��¼w9eflnrGg�r9�VefUXZ�d Z�u�rGgX{Xw9kfc¹e#wGd ��¶,wGd¨dfz5Z�u3l´³�Z�{¤w9�5rx£�Z�¶,l�Y�zi��lnZ�d°efU�w9e¨efUXZ

Y[rG�il��nZ�zi�7w9e­��rGkfY&U�wGd e r°Y[rx£�Z��)UXZ3gXZ3£�Z3kDefUXZ�e#w9kf��Z3e Y[rx£�Z�dx¢qtÝ�,rGgXZ��DrGhi�n{¡zik Z>��Z3kIe r���Z�Z3z
efUXZ�zi�7w9e­��rGkfY Y[rGeflnrGgi�nZ�d#d|higoefl��qrGgXZ·r9�IefUXZ�Y¡w9gil�zihi�7w9e rGkx±²d)s­rGl�g1e d���Z3e¨u3�nr�d Z�e r rGgXZ�r9� l�e d
��l�Y�l�e d·©��5Z>�ÄrGk Z�efUXZ�Z>§XwGu3e�Z>§iZ�u3hieflnrGg¹r9��efUXZ°Y¡w9gil�zihi�7w9eflnrGgªe#wGdf� U�wGd�e r[�5Z�w9��w9gX{irGgXZ�{�l�g
rGk {iZ3k)e r�wx£�rGln{¬w�u�rG����lnd lnrGg��)l�efU�efUXZIsfrGl�goe)��l�Y�l�e%«>¶irGgXZ¨d UXrGhi�n{�u�rGgXdfln{iZ3k�w�u�rGY��il�g�w9eflnrGg¹r9�
hs,1

�)l�efU�w9gXrGefUXZ3k�u�r�dfeD�ÄhigXu3eflnrGg,¶i��l���ZNefUXZN��higXu3eflnrGg
hs,2

dfz5Z�u3l´³�Z�{ �oc¡k Z3�7w9eflnrGgXd�©���?�«Vw9gX{
©�� J «>¢ITVUilnd)c1lnZ3�n{id�efUXZ°d Z�u�rGgX{Xw9kfc�u�r�dfe­ ��ÄhigXu3eflnrGg�r9��k Z3�7w9eflnrGg�© * ��«>¶ilÏ¢²Z�¢

hs ; r̄b, t <	� Ψ ; t < hs,1 ; r̄b, t < ! ; 1 � Ψ ; t < < hs,2 ; r̄b, t <
�)l�efU

Ψ
{iZ3gXrGefl�gi�·w¨� Z3l���Uoe �ÄhigXu3eflnrGg¡efUXZ�{iZ3e Z3kfY�l�g�w9eflnrGg�r9�5�)Uilnu U¦lnd�gXr¼�
{Slnd u3hXd d#Z�{=¢�TVUXZ

ln{iZxw¬lnd�e r�U�w�£�Z
Ψ ; t < Z�m1h�w9�Ie r$�xZ3k r¹wGd��nrGgi�ªwGd�efUXZ°sfrGl�goe d�u�r1rGk {Sl�g�w9e Z�d

q
w9k Z¡��w9k���k rGY

efUXZ3l�k���l�Y�l�e dx¶�w9gX{�e r�U�wx£�Z
Ψ ; t < dfefkflnu3ef��c¦z�r�dfl�efl�£�Z�rGefUXZ3kf�)lnd Z�¢!�,Z3e�hXd)UXrx�DZ3£�Z3k�k Z�uxw9���,efU�w9e

Ψ
uxw9gigXrGeV��Z|w¨�ÄhigXu3eflnrGg�r9�

q
©Ädfl�gXu�Z�¶SrGefUXZ3kf�)lnd Z�¶

hs
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hs
{irFZ�d·gXr¹�nrGgi��Z3k�e Z3gX{�e r �xZ3k ri¶ {ShXZ e r�efU�w9e

b2

�
0
¶Sl�e�lnd)hi��efl�Y¡w9e Z3��c�dfY¡w9��� ©Äµ�l��X¢I�i©���«f«>¢

©Äu¼«
Ψ ; t < lnd,{iZ>³XgXZ�{�wGd�w9�5rx£�Z�©Ïa1l�Y�hi�7w9eflnrGg�©���«f«>¶9w9gX{ ; b̂1, b̂2 < lnd�d Z3eMwGu�u�rGk {Sl�gi��e r A C Â 0�� ¾
3 l�g�aFZ�u3eflnrGg * ¢ * ¢Ê�S¶)lÏ¢²Z�¢ ; b̂1, b̂2 < � ; 0, 0 < ¢�� c¯u�rGY�z�w9kflnd#rGg �)l�efU efUXZ¬zik Z3£FlnrGhXd
dfl�Y�hi�7w9eflnrGg,¶�efUilnd¡u UXrGlnu�Z¹cFlnZ3�n{idQw Y�hXu U dfY[rFrGefUXZ3k¡Y[rGeflnrGg
r9�¨efUXZ�zi�7w9e­�ÄrGkfY w9gX{
u�rGgo£�Z3kf��Z3gXu�Z�e rQw�³i§SZ�{�z�r�d efhik Z�¢)TVUXZ°Y¡w9gil�zihi�7w9eflnrGg rG�Ss­Z�u3efl�£�Z�lnd�w9�ow9l�g�z5Z3k­�ÄZ�u3ef��c
wGu UilnZ3£�Z�{�w��Äe Z3k|efUXZ·efk#w9gXdflnZ3goe¨ziU�wGd#Z·lndNZ>§Sefl�gXu3ex¶Mw9��efUXrGhi��U¤efUilnd|ziU�wGd#Z��7wGd e d|�nrGgi��Z3k
©Äµ�l���I�©Äu¼«f«>¢

©Ä{�«
Ψ ; t < lndQ{iZ>³XgXZ�{ wGdQw9�5rx£�Z�¶�w9gX{ ; b̂1, b̂2 < lnd¦d Z3e¦wGu�u�rGk {Sl�gi�/e r A C Â 0�� ¾ @ l�g�aFZ�u> 
eflnrGg * ¢ * ¢Ê�S¶5lÏ¢²Z�¢ ; b̂1, b̂2 < � ; 0, 
 hs
 t < ¢¨TVUilnd|u�rGkfk Z�dfz�rGgX{id|e r�wQu�rGY�zik rGY�lnd Z·�5Z3eÝ� Z�Z3g
efUXZ¡u#UXrGlnu�Z�d�Y¡wG{iZ¡l�g�a1l�Y�hi�7w9eflnrGgXd�©���«¨w9gX{ ©Äu¼«>¶�d l�gXu�Z[l�e�w9���nr¼��d�e r¬z�w9kfefl7w9����c zik Z> 
u�rGY�z�Z3gXd%w9e Z[efUXZ¡{Skfl´�Äe�e Z3kfY 
 hs
 t l�g
© * ?�«�¢¦µ�rGk�efUilnd°e c1z5Z¡r9�)e#w9kf��Z3ex±²d�Y[rGeflnrGg,¶�efUXZ
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k Z�dfhi��efl�gi�ª��Z3U�wx£1lnrGk�r9��efUXZ¦Y[rG�il��nZ¦Y¡w9gil�zihi�7w9e rGk[lnd�gXrGe·Y�hXu U¯{Sl � Z3k Z3goe·�Äk rGY�efUXZ
rGgXZ°rG�ie#w9l�gXZ�{�l�g�a1l�Y�hi�7w9eflnrGg/©Äu¼«>¢
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� �i� M�¾ ���´���x�9� � ¾ ��� Â � ¿ 3 � µ�rGkDefUXZ|dfl�Y�hi�7w9eflnrGg�k Z�dfhi��e dDk Z3z�rGkfe Z�{�rGg µ�l��X¢ = 	�9x�S¶SefUXZ|d#w9Y[Z
u�rGg1efk rG�=z�w9k#w9Y[Z3e Z3k d�wGd�w9�5rx£�ZNU�w�£�Z°��Z�Z3g�u�rGgXdfln{iZ3k Z�{¬w9gX{ e Z�dfe Z�{¦�)l�efU�efUXZ���rGhikV{Sl � Z3k Z3goe
u#UXrGlnu�Z�dIr9�

Ψ
¶
b̂1

¶1w9gX{
b̂2

u�rGkfk Z�d z�rGgX{Sl�gi�°e r�a1l�Y�hi�7w9eflnrGgXd¨©�w�«>¶�©���«>¶�©Äu¼«>¶1w9gX{�©Ä{�«>¢ �Nrx� Z3£�Z3kx¶
efUXZ e#w9kf��Z3ex±²dÚY[rGeflnrGg·lnd�gXrx�¥Y[rGk ZDu�rGY�zi�nZ>§·w9gX{�l�e d��7w9kf��Z3kqw9Y�zi��l�efhX{iZVlndÚdfhXu#U�efU�w9ex¶o{Shikfl�gi�
d#rGY[Z�efl�Y[Z[l�goe Z3kf£�w9�ndx¶=efUXZ·zi�7w9e­��rGkfY	U�wGd¨e r¦Y[rx£�Z¡w9gX{ Z>§iZ�u3hie Z·Y¡w9gX»|hi£1k Z�d�l�g rGk {iZ3k°e r
w9���nr¼���ÄrGk�efUXZ¡efk#wGu#�1l�gi� r9��efUXZQe#w9kf��Z3e·�oc¤efUXZ¦Y¡w9gil�zihi�7w9e rGkx±²d�Z3gX{F ÝZ � Z�u3e rGkx¢ TVUXZ¦l�gil�efl7w9�
d l�efh�w9eflnrGgBr9�NefUXZ¬e#w9kf��Z3e[�°¢ kx¢ ex¢¯efUXZ�zi�7w9e­��rGkfY®lnd

rbt ; 0 < � ; 2.5, 1, 0 < T ¶Dw9gX{¥efUXZ¬l�gil�efl7w9�
u�rGgS³X��hik#w9eflnrGg¬r9�,efUXZNY¡w9gil�zihi�7w9e rGk�w9kfY�lnd

q ; 0 <�� ; 0, 0.35, 0 < T ¢�TVUXZNe#w9kf��Z3ex±²dV£�Z3�nrFu3l�eÝc
utlnd�dfz�Z�u3l´³�Z�{ l�g¹T�w9�i�nZ�9�¢

T�w9�i�nZ 9 �qT�w9kf��Z3ex±²d�£�Z3�nrFu3l�eÝc¦�ÄrGk)efk#w�sfZ�u3e rGkfc¬�
� ��� � ����� ��� �  �
 ��� ( �  �� ��� ��� ( �D��
��E� ��� ��� � �

m.s � 1
�
m.s � 1

 �� �
rad.s � 1 �

t � � 0, 5 < ut ; t <�� ; 0, 0, 0 < T
t � � 5, 27 < ut ; t <�� ; 0, 0, π2

20
cos

π � t � 5 �
2

< T
t � � 27, 37 < ut ; t <�� ; 0.2, 0, 0 < T
t � � 37, 59 < ut ; t <�� ; 0, 0, π2

20
cos

π � t � 37 �
2

< T
t � � 59, 99 < ut ; t <�� ; 0, 0.05, 0 < T
t � � 99, 105 < ut ; t <�� ; 0, 0, 0 < T
t � � 105, 115 < ut ; t <�� ; � 0.2, 0, 0 < T
t � � 115, 120 < ut ; t <�� ; 0, 0, 0 < T

µik rGY efUilndDe#w9�i�nZ�¶Xw9gX{ wGdVrGgXZ|uxw9g¬rG�Xd Z3kf£�Z|rGg�µ�l��X¢ =F¶1efUXZNefk#w�sfZ�u3e rGkfcQr9�MefUXZ¨rGkfl���l�g�r9�
efUXZ�e#w9kf��Z3ex±²d���k#w9Y[Z�lnd�u�rGY�z5r�d Z�{�r9��efUik Z�Z�d efk#w9l���Uoe|��l�gXZ�dx¢ "DrGg1efk#w9kfc�e r¡efUXZ�zik Z3£FlnrGhXd|d Z3e
r9�)dfl�Y�hi�7w9eflnrGgXdx¶�efUXZ[rGkflnZ3goe#w9eflnrGg¥r9�VefUXZ[e#w9kf��Z3e°lnd�gXr��nrGgi��Z3k�u�rGgXdfe#w9g1ex¢ TVUXZ[dfl�Y�hi�7w9eflnrGg
k Z�d hi��e d�©Äµ�l��X¢ = 	�9x��«V��wGd lnuxw9����c u�rGgS³XkfY¸efUXZ°rG�Xd Z3kf£�w9eflnrGgXd�Y¡wG{iZ°l�g�efUXZ¨zik Z3£1lnrGhXd�uxwGd Z�¢�t g
z�w9kfeflnu3hi�7w9kx¶

9�¢�TVUXZ�u#UXrGlnu�Z·©�w�«>¶o��rGkIefUXZ�u�rGg1efk rG��{iZ�d l���g,¶1cFlnZ3�n{id w9g¦Z>§Su�Z3���nZ3g1eVefk#wGu �Fl�gi��r9�=efUXZ�e#w9kf��Z3e
�oc efUXZªY¡w9gil�zihi�7w9e rGkx±²d�Z3gX{F ÝZ � Z�u3e rGkx¶¨�ihie�efUilnd¬z�Z3k­��rGkfY¡w9gXu�Z¤lnd�rG�ie#w9l�gXZ�{ w9e�efUXZ
Z>§Fz5Z3gXd Z r9�XefUXZ dfe ZxwG{Sc�Y[rGeflnrGg�r9�XefUXZ Y[rG�il��nZDzi�7w9e­�ÄrGkfY w9gX{�g1hiY[Z3k rGhXdÚY¡w9gX»|hi£1k Z�d¼¢

�S¢�TVUXZ�u#UXrGlnu�Z�©���«qk Z�{ShXu�Z�dDefUXZ�gohiY��5Z3k)r9�,efUXZ�zi�7w9e­��rGkfY¬±²dDY¡w9gX»|hi£1k Z�d¼¶1�ihieDefUXZ�zi�7w9e­ 
�ÄrGkfY¬±²d�£�Z3�nr1u3l�eflnZ�d|w9k Z�d efl����,�7w9kf��Z�{Shikfl�gi�¦d rGY[Z�r9�qefUXZ�d Z¨Y¡w9gX»|hi£Fk Z�dx¢ �VZ�dfln{iZ�dx¶�efUilnd
u�rGgoefk rG��d efk#w9e Z3��c�{irFZ�d·gXrª�nrGgi��Z3k¡Z3gXdfhik Z efUXZ¬z�Z3k­��Z�u3e�efk#wGu �Fl�gi��r9��efUXZ¬e#w9kf��Z3e��oc
efUXZ�Y¡w9gil�zihi�7w9e rGkx±²d)Z3gX{F ÝZ � Z�u3e rGkVw9����efUXZ�efl�Y[Z�¢qTVUXZ�zik rG�i�nZ3Y�rFu�u3hik dVw9eIefl�Y[Z�d �)UXZ3g
efUXZ {iZ3�7w�c�Z�{¥Y¡w9gX»|hi£�Z3kfl�gi��r9��efUXZ Y[rG�il��nZ zi�7w9e­�ÄrGkfY¬¶Il�g�rGk {iZ3k·e rªuxw9e u US ÏhizB�)l�efU
efUXZ¡Z3£�wG{Sl�gi�¹e#w9kf��Z3ex¶�zik Z3£�Z3g1e d·efUXZ[Y¡w9gil�zihi�7w9eflnrGg¥rG�Ss­Z�u3efl�£�Z¡�Äk rGY �5Z3l�gi��wGu UilnZ3£�Z�{
�)l�efUXrGhieNw�Y¡w9gil�zihi�7w9e rGkx±²dIs­rGl�g1e�u�rG����ln{Sl�gi�[l�g1e r¡rGgXZ°r9�Úl�e d)��l�Y�l�e dx¢
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* ¢ �DcNu�rGY�z�w9kflnd rGg��)l�efU " UXrGlnu�Z�©���«>¶�efUXZ�u UXrGlnu�Z�dD©Äu¼«=w9gX{¡©Ä{�«�cFlnZ3�n{¨Z3£�Z3g¨��Z3� Z3k,Y¡w9gX»|hS 
£1k Z�d°w9gX{ d Y¡w9���nZ3k¨zi�7w9e­�ÄrGkfY¬±²d¨£�Z3�nrFu3l�eflnZ�dx¢·TVUXZ[w9Y[rGhigoe�r9� efl�Y[Z�{Shikfl�gi���)Uilnu U�efUXZ
efk#wGu �Fl�gi�¹r9�VefUXZ·e#w9kf��Z3e��1c¹efUXZ�Y¡w9gil�zihi�7w9e rGkx±²d�Z3gX{F ÝZ � Z�u3e rGk�lnd¨z5Z3k­�ÄZ�u3ef��cªZ>§iZ�u3hie Z�{
lnd�gXrGe�Y�hXu#U¥{Sl � Z3k Z3g1ex¶qZ3£�Z3goefUXrGhi��U�efUXZ[�Äk Z�m1hXZ3gXu3c¤r9��efUXZ¡efl�Y[ZQl�goe Z3kf£�w9�nd·{Shikfl�gi�
�)Uilnu U z5Z3k­�ÄZ�u3eNefk#wGu �Fl�gi��lndN�nr�dfe¨{ir1Z�dNgXrGe¨d Z�Z3Y e r¦��Z���wx£�rGk#w9�i�nZ·e r¦efUXZ�u#UXrGlnu�Z¬©���«
©Äd Z�Z�µ�l��X¢ ?i©���«>¶ ?i©Äu¼«>¶�w9gX{ ?i©Ä{�«f«>¢�tÝg
efUilnd¡k Z�d z�Z�u3ex¶�w9gX{ wGd¡Z>§Sz�Z�u3e Z�{¯��k rGY efUXZ
w9g�w9��cFd lndx¶iefUXZ°u#UXrGlnu�ZQ©Ä{�«Vzik rF{ShXu�Z�d�w[df��l���Uoef��c Y[rGk Z°k ZxwGu3efl�£�Z�w9gX{¬Z � Z�u3efl�£�Z�u�rGgoefk rG�
efU�w9g¤efUXZ�u UXrGlnu�Z¹©Äu¼«>¢�TVUilnd¨lnd¨u�rGUXZ3k Z3goe��)l�efU�dfU�w9kfz5Z3k¨£Gw9kfl7w9eflnrGgXd°r9�VefUXZ·zi�7w9e­��rGkfY
£�Z3�nr1u3l�eflnZ�d¼¶�wGd)efUilnd�uxw9g¬�5Z¨rG�Xd Z3kf£�Z�{ �Äk rGY¸µ�l��X¢ J ©Äu¼«)w9gX{ J ©Ä{�«>¢
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 hs,1
 t ©�lÏ¢²Z�¢! �m�¢�© * ��«#« �)l�efU

aT ; r̄b, t < � ��; p̃ � p �1< T ; I2 Sp̃ <
 hs,1
 t � ; p̃ � p �E< T R ; � θ̄b < �pt

w9gX{¹w�z�r�d d l��i�nZ¨{iZ�u�rGY�z�r�dfl�eflnrGg�r9� 
 hs,1
 t l�g¬efUXZ¨�ÄrGkfY 
 hs,1
 t � aT b1 ! b2

lnd)��l�£�Z3g¬�oc

b1 ; r̄b, t <���� 
 R ; � θ̄b < �pt

0 � , b2 ; r̄b, t <�� 0
©�~�?�«

')( ß ' ã



���������	��
��	�
����������
���������������������
����� ��!�#"�$%
� &�'���)( I!9

��d)l�g¹efUXZ¨zik Z3£FlnrGhXd�w9zizi��lnuxw9eflnrGg,¶5rGgXZ°uxw9g¹{iZ>³XgXZ�efUXZ°d Z�u�rGgX{Xw9kfc¬u�r�dfe���higXu3eflnrGg
hs

wGd
w¡� Z3l���U1e Z�{ dfhiY®© * ��«�r9�

hs,1
w9gX{�efUXZ°�ÄhigXu3eflnrGg

hs,2
{iZ>³XgXZ�{��oc¥©���?�«3¢NTVUXZ·Z>§Fzik Z�d d lnrGgXd

��rGk·efUXZ�� Z3l���U1e[�ÄhigXu3eflnrGg
Ψ

��l�£�Z3g¥l�g
aFZ�u3eflnrGg IX¢�9�¢Ê� uxw9gBw9�nd rª�5Z hXd Z�{/��rGk·efUXZ�zik Z�d Z3goe
w9zizi��lnuxw9eflnrGg,¢

2 � 3 ��@ � 0 � � %O�S�10 Â . � ¾ � � %O�x�
µ�rGkDefUXZ¨d l�Y�hi�7w9eflnrGgXd)k Z�dfhi��e dVzik Z�d#Z3goe Z�{ �5Z3�nrx�°¶iefUXZN��Z�rGY[Z3efkflnu|z�w9k#w9Y[Z3e Z3k d�r9��efUXZ|Y[rG�il��nZ
z�w9k#w9Y[Z3e Z3k d�U�w�£�Z���Z�Z3g¬u#UXr�d Z3g¹wGdV��rG���nrx��d �� L � 0.4

Y¬¶� ; q �
1

, q �
1
<	� ; � π

3
, π

3
< k#wG{=¶Xw9gX{ ; q �

2
, q �

2
<	� ; 0.15, 0.85 < Y¬¶

TVUXZ|Y¡w9gil�zihi�7w9eflnrGg�e#wGdf�
em

lnd�{iZ�dfl���gXZ�{¬wGd){iZ�d u3kfl��5Z�{ l�g�aFZ�u3eflnrGg * ¢Ê�S¶S�)l�efU�efUXZN�ÄhigXu3eflnrGg
ep

��l�£�Z3g��oc¤©�~�~�«I�ÄrGk
X

� � 0.5
©�YQ«>¢qTVUXZ|z�w9k#w9Y[Z3e Z3k d�hXd Z�{¦l�g�efUXZ¨{iZ>³Xgil�eflnrGg�r9�

h`

©  �m�¢
©���9¼«�w9gX{;©�����«#«�w9k Z

αi � 1
w9gX{

δi � 0.05 ; q �i � q �i < ¶5w9gX{¬efUXZ�k Z3��hi�7w9kfl��¼w9eflnrGgªu�r�d e
hr

lnd
��l�£�Z3g¦�ocª©�� * «I�)l�efU

Γ ; t <	� 0.6 exp ; � t < I2

¢qµ�l�g�w9����c�¶FefUXZ��ow9l�g¦Y¡w9efkfl´§¡l�g¦efUXZ�{iZ>³Xgil�eflnrGg�r9�
uq

©  Im�¢�©	91=�«f«Vlnd
G � 3I2

¢
"DrGgXu�Z3kfgil�gi�NefUXZ uxw9�nu3hi�7w9eflnrGg�r9�XefUXZ�Y[rG�il��nZ zi�7w9e­�ÄrGkfY u�rGgoefk rG�Ï¶GefUXZI��higXu3eflnrGg

hs
lnd���l�£�Z3g

�1c¯© * ��«3¶=�)l�efU
hs,1

w9gX{
hs,2

��l�£�Z3g��oc¯©�~&=�«|w9gX{B©���?�«Ý %©�� J «Nk Z�dfz5Z�u3efl�£�Z3��c�¢�TVUXZ·k Z>��Z3k Z3gXu�Z
£�Z�u3e rGk

p � � ; X � ! L ! 0.5, 0 < T U�wGd���Z�Z3g�u UXr�d Z3g d r¡efU�w9e�efUXZ�d#w9eflnd­�ÏwGu3eflnrGg�r9�
hs,1 � 0l�Y�zi��lnZ�d¦efU�w9e

ep � 0
lndQrG�ie#w9l�gXZ�{B�ÄrGk

q � � ; 0, 0.5 < T ¢ TVUXZ¹z�w9k#w9Y[Z3e Z3k d hXd Z�{¯l�g
efUXZ
{iZ>³Xgil�eflnrGg;r9�

hs,2
w9k Z

γ � 1
¶
σi � 10

¶�w9gX{
ξ � 1

¢�TVUXZ�u�rGg1efk rG�
ūb
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TVUXZ°u�rGgoefk rG��{iZ�dfl���g¬Y[Z3efUXrF{irG�nrG��c¬{iZ�d u3kfl���Z�{¬l�g¹aFZ�u3eflnrGg * k Z3��lnZ�d�rGg�efUXZ|��wGu3e)efU�w9e

r̄blnd°efUXZ¡u�rGgS³X��hik#w9eflnrGg�r9�)w9g�rGY�giln{Sl�k Z�u3eflnrGg�w9� � ��� "� ��!� ��� �Äk#w9Y[Z
Fb̄ ; α < ¶�u3�nr�d Z�e r

Fb

¢¡t g
efUXZ uxwGd Z�r9�¨w¹higilnu3cFu3�nZ> Ï��l���Z�zi�7w9e­��rGkfY¬¶��DZ U�w�£�Z¬d UXrx�)g¥l�gBaFZ�u3eflnrGg
�S¢ * UXrx�

r̄b

uxw9g¥�5Z
{iZ>³XgXZ�{¹�Äk rGY`efUXZ�efk#w9gXd £�Z3k d Z���higXu3eflnrGg¤w9zizik r�wGu U,¢ � Z�Z>§Szi�7w9l�gªgXZ>§FeNUXrx� efUXZ�k Z�dfhi��e d|r9�
aFZ�u3eflnrGg¡�S¢ * ©�w9gX{=¶�efUXZ3k Z>��rGk Z�¶�efUXZV�)UXrG�nZVu�rGgoefk rG��w9zizik r�wGu U�«Úuxw9g·�5ZDZ>§Se Z3gX{iZ�{·e r¨wNuxw9k­ Ï��l���Z
zi�7w9e­��rGkfY¬¢

')( ß ' ã
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� l�efU;efUXZ¡gXrGe#w9eflnrGg¥r9�NaFZ�u3eflnrGg¥�S¶ÚefUXZ¡�Fl�gXZ3Y¡w9eflnuQZ�m1h�w9eflnrGgXd·r9��w¬uxw9k­ Ï��l���Z¦zi�7w9e­��rGkfY
�°¢ kx¢ ex¢�efUXZ|³i§SZ�{¦�Äk#w9Y[Z

F0

w9k Z|��l�£�Z3g¬�1c���� ���
�
xb � vb,1 cos θb�
yb � vb,1 sin θb�
θb � vb,1ξ�
ξ � vξ

©�~ J «

�)l�efU
ξ � ; tan ϕ < 
 ` ¶ ϕ efUXZ|dfe Z�Z3kfl�gi�[w9gi���nZ|r9�MefUXZN£�Z3Uilnu3�nZ�©Äd Z�Z�µ�l��X¢ 9x���5Z3�nrx��«>¶Xw9gX{

`
efUXZ

{Slnd e#w9gXu�Z¨��Z3e � Z�Z3g¹efUXZ|��k rGg1e�w9gX{ k Zxw9k��)UXZ�Z3�ndx±�w�§F�nZ�dx¢

0
−→ı0

−→0

B
θb

ϕ

µ�l���hik Z�9x� � "Vw9k­ Ï��l���Z¨Y[rG�il��nZ�zi�7w9e­�ÄrGkfY

a1cFdfe Z3Y ©�~ J «)uxw9g¹w9�nd r·�5Z|�)kfl�efe Z3g�wGd�©Äu�rGY�z�w9k Z¨�)l�efU/© * « «
� �

rb � R̄ ; θb < ub�
ξ � vξ

©�����«

�)l�efU
ub � ; vb,1, 0, vb,1ξ < ¢ �MZ3e�hXd)gXrx� u�rGgXdfln{iZ3k�w��ÄhigXu3eflnrGg

f : α �� � f ; α <�� �� pf ; α <
θf ; α <
ξf ; α <

��
�Äk rGY

S1 � S1
e r

SE ; 2 < � R
©�lÏ¢²Z�¢

α � ; α1, α2 < «>¢ � Z°d efl����,{iZ>³XgXZ
r̄b ; α < wGd)l�g;©	9�9¼«>¶ilÏ¢²Z�¢

r̄b ; α < : � 

pb � R ; θb � θf ; α < < pf ; α <

θb � θf ; α < � � 

p̄b

θ̄b �
d#r·efU�w9e  �m�¢�©	9x��«Dlnd�dfefl����=£�w9��ln{=¶ilÏ¢²Z�¢

�
r̄b � R̄ ; θ̄b < ūb

ß�ß¸Ó�P!Q�QRQRS
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�)l�efU

ūb : � 

I2 � Spf ; α <
0 1 � 
 R̄ ; θf ; α < < � � f� α1

; α < � � f� α2

; α < � �� ub�
α1�
α2

��
a1l�gXu�Z

ub � ; vb,1, 0, vb,1ξ < ¶SefUXZ°zik Z3£1lnrGhXd�Z�m1h�w9eflnrGg¹uxw9g��5Z|�)kfl�efe Z3g�wGd

ūb : � 

I2 � Spf ; α <
0 1 � H ; α <��� vb,1�

α1�
α2

��
!


I2 � Spf ; α <
0 1 � �� 0

0

vb,1 ; ξ � ξf ; α < <

��
©���9¼«

�)l�efU

H ; α < : � ���� cos θf ; α < � 
 xf
 α1
; α < � 
 xf
 α2

; α <
sin θf ; α < � 
 yf
 α1

; α < � 
 yf
 α2
; α <

ξf ; α < � 
 θf
 α1
; α < � 
 θf
 α2

; α <

� ��� ©�����«

�MZ3e hXdDk Z�uxw9����efU�w9e
ξf

{iZ3gXrGe Z�dDefUXZ��7wGd eDu�rGY�z5rGgXZ3goe)r9�MefUXZ���higXu3eflnrGg
f
¢�a1l�gXu�Z �

ξ � vξ

¶1efUXZ
��rG���nrx�)l�gi�Qu UXrGlnu�Z�r9�ÚefUXZ°dfe Z�Z3kfl�gi�¡�)UXZ�Z3��w9gi��hi�7w9k�£�Z3�nrFu3l�eÝc �

vξ : ��� k ; ξ � ξf ; α < < ! �
ξf ; α < ; k � 0 < ©�� * «

cFlnZ3�n{idÚefUXZVZ>§Fz5rGgXZ3goefl7w9��dfe#w9�il���l��¼w9eflnrGg¡r9�
ξ � ξf ; α < e r �xZ3k ri¢ �,Z3eÚhXdÚefUohXdIwGd d hiY[ZI�Äk rGY gXrx�

rGgªefU�w9e
ξ � ξf ; α < lnd�ln{iZ3g1eflnuxw9����c Z�moh�w9�Úe r �xZ3k ri¢ � Z·{iZ�{ShXu�Z��Äk rGY ©���9¼«�efU�w9e[©Äu�rGY�z�w9k Z

�)l�efU/©	9 I1«f« �
ūb � 


I2 � Spf ; α <
0 1 � H ; α <��� vb,1�

α1�
α2

�� � H̄ ; α <��� vb,1�
α1�
α2

��
©��DI1«

d#r¤efU�w9e¦efUXZ��Äk#w9Y[Z
Fb̄ ; α < wGd d#r1u3l7w9e Z�{B�)l�efU

r̄b

uxw9gB�5Z¬£FlnZ3� Z�{�wGd w9g
rGY�giln{Sl�k Z�u3eflnrGg�w9�
�Äk#w9Y[Z)zik r¼£1ln{iZ�{�efU�w9eIefUXZ)Y¡w9efkfl´§

H ; α < ��l�£�Z3g¡�1c�©�����«�lndql�go£�Z3kfefl��i�nZ�¢ �MZ3eIhXdqY[rGY[Z3g1e#w9kfl���c
wGd#dfhiY[Z�efU�w9e efUilnd¦zik rGz5Z3kfeÝcBUXrG�n{id¼¢ TVUXZ3g,¶�dfl�gXu�Z�efUXZ¹u�rGg1efk rG��w9zizik r�wGu U�zik Z�d Z3g1e Z�{ l�g
aFZ�u3eflnrGg * rGgi��cªk Z3��lnZ�d�rGg�efUXZ��ÏwGu3e°efU�w9e�efUXZ��Äk#w9Y[Z

Fb̄ ; α < lnd�rGY�giln{Sl�k Z�u3eflnrGg�w9�°©�w9gX{¤gXrGe
rGg�efUXZ u U�w9k#wGu3e Z3kflnd eflnu�d¡r9��efUXZ Y[rG�il��nZ¦zi�7w9e­��rGkfYQ«>¶�efUXZ¦��Z�Z�{S��wGu ���7wx��d

uq
w9gX{

ūb

��l�£�Z3g
�1c¯©	91=�«�w9gX{¯© * =�«Nuxw9g�w9�ow9l�g �5Z�hXd Z�{�e r c1lnZ3�n{�efUXZ (/ �� ��� 
��D(/� ��� 
��E�R"�� ���� �� � ��( ��rGk|efUXZ
Y¡w9gil�zihi�7w9eflnrGg¡e#wGdf�

em
w9gX{·efUXZ)d Z�u�rGgX{Xw9kfc·u�r�dfe

hs
wGdÚefUXr�d Z){iZ3kfl�£�Z�{���rGkÚefUXZVhigilnu3cFu3�nZ> Ï��l���Z

zi�7w9e­��rGkfY���¢DTVUXZ°u�rGgoefk rG��l�gizihie d���rGk�efUXZ¨zi�7w9e­��rGkfY�©�lÏ¢²Z�¢
vb,1

w9gX{
vξ

«)w9k Z¨efUXZ3g¹u�rGY�zihie Z�{
wGu�u�rGk {Sl�gi�Qe r¬©�� * «)w9gX{�©��DI1«>¶il�gXd e ZxwG{¬r9��©	9 I1«Dl�g�efUXZ°uxwGd Z¨r9��w·higilnu3cSu3�nZ> Ï��l���Z°zi�7w9e­��rGkfY¬¢

� ( Ì#ÖÏÒ�Ç�ÌfË5Ò *3Ò Í ÖÏÇ9Ð#Ö��XË,Ç9Ò­Ó
K

È Ó�������� ÈÊÉDÛÝÇ�Ì>É�Ò­Ó¡Ð>ÛvÛvÌ%ÍÝ×¼È Ó�Ü�ÖÏÌ ���RS �
�XÖÏÇ9Ò�×¼Ø¼Ó9Ð%Þ)È ÛvÉIÌ!�
hs

Û­Ð%Ó[Ñ�Ò
É , ÈÊÜ%ÇxÖ0,²ØQ×�È���ÒvÍÏÒvÓxÖ �´Ì%Í�ÖÏÇ�Ò�Ö�Ë�Ì�ÖOØ�Õ�ÒvÉVÌ!�qÕ�, Ð#Ö �´Ì#ÍÏÞ)É)É�ÈÊÓGÛvÒNÖÏÇ�Ò¨Ð%É�É�ÌxÛ È Ð ÖÏÒf×¦Þ�Ð Ö�ÍÏÈ Û Ò­É

H̄ � α � Ð ÍÏÒ¨Ó9Ì#ÖVÖÏÇ9Ò
ÉÏÐ%Þ)Ò>ä

')( ß ' ã
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TVUXZ3k Z�k Z3Y¡w9l�gXdDe r�u�rGgXd ln{iZ3kDefUXZ�lnd dfhXZ�r9�,efUXZ�l�g1£�Z3kfefl��il���l�eÝcQr9�
H ; α < ©O��rGkDw9g1c

α
«>¢qTVUilnd

u�rGkfk Z�d z�rGgX{id·e rªefUXZ¦efk#w9gXdf£�Z3k d#w9��l�e c;zik rGz5Z3kfeÝc�r9��efUXZQ�ÄhigXu3eflnrGg
f
¶IwGd�{iZ>³XgXZ�{�l�g � J�� ¢��

�Ïw9Y�l���c r9��efk#w9gXdf£�Z3k d#Z|��higXu3eflnrGgXd��ÄrGk)efUXZ¨uxw9k�U�wGd)��Z�Z3g�zik rGz�r�d Z�{ l�g ��9�9 � �
�I¾ � �¤� ,�������� � ���� ��	�

ε � 0
�  �� �

η1, η2, η3

(R$����N���% ��

η1, η2, η3 � 0,
w9gX{

6η2η3 � 8η3 ! η1η2

����� ��$%���/��� ���
f
� �	� � � � � �

f ; α <	� ���� f̄1 ; α <
f̄4 ; α <

arctan ; f̄3 ; α < <
f̄2 ; α < cos3 f3 ; α <

�����
�������

f̄ : S1 � S1 � � R
4
��� �D���H� �

f̄ ; α <�� ���� ε ; sin α1 ! η2 sinα2 <
εη1 cosα1

ε2 ; η1 sin 2α1

4
� η3 cos α2 <

ε3 ; η1
sin

2 α1 cos α1

6
� η2η3 sin 2α2

4
� η3 sinα1 cos α2 <

� ���
(/ ���� (
� �R( ����� ���  ���( �D���R(  �
 ��� ��� ����������� ��� {iZ3e

H ; α < �
0
�
α
� �O����� �

H ; α < � ( � �	� � � ��� � ©�����« �
�MZ3e°hXd°k Z3Y¡w9kf� efU�w9e¨��rGk°efUXZ[��w9Y�l���c r9�D��higXu3eflnrGgXd�{iZ>³XgXZ�{¤l�g¤efUilnd��nZ3Y�Y¡wS¶�efUXZ�gXrGkfY r9�
f̄

©���l���Z·efUXZ�{Slndfe#w9gXu�Z��Äk rGY
rb

e r
r̄b

«�e Z3gX{id¨e r �xZ3k r¬wGd
ε

e Z3gX{id¨e r �xZ3k ri¢·TVUXZ3k Z>�ÄrGk Z�¶=efUXZ
{Slnd e#w9gXu�Z��Äk rGY

Fb

e r efUXZ¬u�rGY�z�w9gilnrGg
�Äk#w9Y[Z
Fb̄ ; α < uxw9g w9�nd r �5Z�k Z3gX{iZ3k Z�{ w9kf�il�efk#w9kfl���c

d Y¡w9���=l�g¬efUilnd�uxwGd Z�¶i£Fl7w�efUXZ¨u UXrGlnu�Z�r9��efUXZ°z�w9k#w9Y[Z3e Z3k
ε
¢

+ �����Ú�#(�*�!#���

�¥��k#w9Y[Z3�DrGkf����rGkÚefUXZI��Z�Z�{S��wGu ��u�rGgoefk rG��r9��Y[rG�il��nZVY¡w9gil�zihi�7w9e rGk dx¶��)l�efU[w��ÄrFu3hXdÚrGg·Y[rGeflnrGg
u�rFrGk {Sl�g�w9eflnrGg[�5Z3eÝ�DZ�Z3g¡efUXZ)Y¡w9gil�zihi�7w9e rGkVw9gX{·efUXZ�dfhiziz5rGkfefl�gi�¨Y[rG�il��nZ�zi�7w9e­��rGkfY¬¶�U�wGdq�5Z�Z3g
zik rGz5r�d Z�{=¢¨t e|w9zizi��lnZ�d|e r¦rGY�giln{Sl�k Z�u3eflnrGg�w9��zi�7w9e­��rGkfY[d°wGdN� Z3����wGdNe rQgXrGgiUXrG�nrGgXrGY�lnu�rGgXZ�d¼¢
t g¦efUilnd k Z�d z�Z�u3ex¶FefUXZNu�rGgXu�Z3zie�r9��rGY�giln{Sl�k Z�u3eflnrGg�w9�Mu�rGY�z�w9gilnrGg �Äk#w9Y[ZNwGd d#r1u3l7w9e Z�{Q�)l�efU efUXZ
�5rF{Sc�r9��efUXZ�Y[rG�il��nZ)zi�7w9e­�ÄrGkfY¬¶1w9gX{[{iZ3kfl�£�Z�{·�Äk rGY efUXZVefk#w9gXdf£�Z3k d ZV�ÄhigXu3eflnrGg¡w9zizik r�wGu U ��9x� � ¶
lnd�l�gXdfefkfhiY[Z3g1e#w9�Ï¢�t e���wGdflnuxw9����c·w9���nrx��dqe r|u�rGg1efk rG��w9goc�gXrGgiUXrG�nrGgXrGY�lnu�zi�7w9e­�ÄrGkfY&wGd�l´��l�eÚ�DZ3k Z
rGY�giln{Sl�k Z�u3eflnrGg�w9�Ï¢

µik rGY efUXZ3k Z�¶�efUXZ)u�rGgoefk rG�X{iZ�d l���g�Y[Z3efUXr1{irG�nrG��c�lndÚl�g �XhXZ3gXu�Z�{��oc�efUXZVu�rGY�zi�nZ3Y[Z3goe#w9kfl�eÝc
r9�qefUXZ�k rG�nZ�d�zi�7wxc�Z�{��1c�efUXZ°Y¡w9gil�zihi�7w9e rGk°w9gX{¬efUXZ�Y[rG�il��nZ�zi�7w9e­��rGkfY¬¢�TVUXZ°ln{iZxw[lnd�efU�w9e¨w
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Y¡w9gil�zihi�7w9eflnrGg�e#wGdf�5¶i�)Uilnu U�efUXZ¨Y¡w9gil�zihi�7w9e rGkNlnd�l�g�u U�w9kf��Z�r9�qz5Z3k­�ÄrGkfY�l�gi�Ql�gX{iZ3z�Z3gX{iZ3g1ef��c
r9��efUXZ�Y[rG�il��nZªzi�7w9e­�ÄrGkfY¬±²d�Y[rGeflnrGg,¶NlndQ³Xk dfe¬dfz5Z�u3l´³�Z�{ l�g efUXZ��ÄrGkfY r9�·w;e#wGdf�1 ��ÄhigXu3eflnrGg
�)Uilnu#U¬U�wGd)e r·�5Z|k Z3��hi�7w9e Z�{�e r��xZ3k ri¢�TVUilndV�ÄhigXu3eflnrGg�Y�hXd e�w9�nd r·l�gXu�rGkfz5rGk#w9e Z¨e Z3kfY[d)�)Uilnu U
w9���nr¼� e r[higXu�rGgX{Sl�eflnrGg�w9����c�w�£�rGln{�u�rG����lndflnrGgXd��)l�efU�efUXZ�Y¡w9gil�zihi�7w9e rGkx±²dDs­rGl�g1e���l�Y�l�e dx¶�wGd��DZ3���
wGd !Ýk Z3��hi�7w9kfl���l�gi��#�e Z3kfY[d¨�)UXr�d#Z·k rG�nZ·lnd¨e r Z3gXdfhik Z·efU�w9e°efUXZ[wGd d rFu3l7w9e Z�{ªu�rGgoefk rG��zik rG�i�nZ3Y
lndQ� Z3���´ Ýu�rGgX{Sl�eflnrGgigXZ�{ ©�l�gBefUXZ�d Z3gXd Z�r9�°efUXZ !Ýe#wGdf�1  wG{SY�lnd dfl��il���l�e c #¹{iZ>³XgXZ�{ l�g���9 I � «>¢ �Nd
��rGk·efUXZ�zi�7w9e­��rGkfY¬±²d�Y[rGeflnrGg,¶Il�e�lnd�{iZ3e Z3kfY�l�gXZ�{B�oc¥wªd Z�u�rGgX{Xw9kfc�u�r�dfe­ ���higXu3eflnrGgBefU�w9e�efUXZ
u�rGg1efk rG�Vw9efe Z3Y�zie d�e r¹Y�l�gil�Y�l��xZ�©�w¬e Z�u Uigilnm1hXZ¦k Z3Y�l�gilnd u�Z3goe�r9��w�Y[Z3efUXrF{�hXd#Z�{ ��rGk�e#wGdf�1 
k Z�{ShigX{Xw9gXu3cX«>¢)TVUilnd)�ÄhigXu3eflnrGg,¶��)Uilnu U¹{iZ3z5Z3gX{idNrGg�efUXZ¨Y[rG�il��nZ�zi�7w9e­�ÄrGkfY¬±²dNdfl�efh�w9eflnrGg,¶�uxw9g
�5Z�w|�DZ3l���Uoe Z�{¦dfhiY&r9�,d Z3£�Z3k#w9��Y[rGk Z�Z3�nZ3Y[Z3goe#w9kfc��ÄhigXu3eflnrGgXdx¶FZxwGu U¦r9�5efUXZ3Y u�rGkfk Z�dfz�rGgX{Sl�gi�
e rNw�d z�Z�u3l´³�u�¶Gd rGY[Z3efl�Y[Z�dqw9goe#w9��rGgilnd eflnu�¶orG�SsfZ�u3efl�£�Z�¢�TVUXZI��wGu3e�efU�w9e�efUXZ Z>§XwGu3e�Y�l�gil�Y�l��¼w9eflnrGg
r9��efUilndÚ�ÄhigXu3eflnrGg�lnd�r9��e Z3g�hig�wGu#UilnZ3£Gw9�i�nZ�lndÚgXrGeqgXZ�u�Z�d d#w9kfl���c�z�Z3g�w9��l���l�gi����Z�uxw9hXd ZVefUXZVzik Z�u3lnd#Z
z5r�dfl�eflnrGgil�gi��r9�VefUXZ¡Y[rG�il��nZ¡zi�7w9e­��rGkfY lnd�hXdfh�w9����c gXrGe�k Z�m1hil�k Z�{¤l�g;zik#wGu3eflnu�Z�¢�µik rGY efUXZ�d#Z
��Z3gXZ3k#w9�D{iZ�dfl���g�kfhi�nZ�d¼¶MY¡w9g1c Y[rGeflnrGg;u�rFrGk {Sl�g�w9eflnrGg/dfefk#w9e Z3��lnZ�d�uxw9g��5Z�� rGkf��Z�{/rGhiex¢ � Z
U�wx£�ZVefkflnZ�{�e r|l�����hXdfefk#w9e Z)d rGY[ZVr9��efUXZ3Y £Fl7w�e � r|e#w9kf��Z3eqefk#wGu#�1l�gi�°Z>§Xw9Y�zi�nZ�dIw9gX{·dfl�Y�hi�7w9eflnrGg
k Z�d hi��e dx¢¤µ�l�g�w9����c�¶q� Z �)lnd U/e r�Y[Z3g1eflnrGg¥efU�w9e�efUilnd·� rGkf��U�wGd·�5Z�Z3g¥u�rGgX{ShXu3e Z�{��)l�efU�efUXZ
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