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i = 1, · · · , n
° � b�·x~�l�n3qa��� w ¡_~z��npb�nz]_b�~zbatMw�sMv

∪i=2,··· ,n(B1 ∩ Bi)
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k = 1, . . . , n
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(
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Cx±_~pnp]_b�~p`�su~zbu£D��ban
O = (O1, O2, O3, 1)

¡Db�np]_b´q*smsu~��kw vx��nzb�l�su{Ynp]_b´qa��`�b�~z� � l"su�knzw q���� qabavQnpb�~�°¯�"l
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




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4 · · ·
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2
4 · · ·
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





\�]xb�qasu� ��w v_b��u~pw�n�j´s�{:nz]_b�lpb¯�>suw vQnzl+w `´�x��w b�lÁnp]D��n�np]_w¢l
4× (n + 1)

`���nz~pw�®�`�±xlon�¡Db�s�{ ~z�uv;'�lo`���� � ba~
nz]x��vOª_°ÁcÁsMvxlpb�ÂQ±_bavQnz��jM£mnp]_b0�kbanpb�~p`�w vx��vQnzl�su{
�u���Gw�nzl
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\�]_b¯����v_w¢lo]xw�v_t'�kb*nzba~z`´w vx�uvMn�lJsu{
3× 3

lo±x¡_`���np~zw¢q*b�l²tuw �ub�bSÂM±D��npw suvDlJ� w�v;'mw v_t'q���� w�¡x~z��npw suv��DsMw�vQn
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n − 2

q*sM��±x`´vDl´��n��¼npw `�bu£Á¶Áb�]x�N�ub
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3
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q*suvDl�nz~z�uw�vQnzl�su{$np]_b�{³sM~p`
Tx34;12y, (x = 1, 2), (y = 3, · · · , n)

{³su~@q���� w�¡x~z��npw suv:£Jw8° bu°¹qasuvxlonp~���w vQnzl�q*sM`�¡_w v_w v_t¼nz]_b�su�_npw¢qa���
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T234;12y~zb�lp�>b�q2nzw��Mba� ju° =rb�~pbM£

C
y
i = Q1

jQ
y
k
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�u���Ãnz]_b�tu~zw �xla°





H2
6×2 J6×6 .. 06×6

.. .. .. ..

Hn
6×2 06×6 .. J6×6

















−O1

−O2

X2
6×1

..

Xn
6×1













=





Y 2
6×1

..

Y n
6×1



 ,
9|ª�;

Û Û á�E$F
F
G
H



- � ��� �"��	 ��� �����
	����1�
����� �����;�

w
j k V

y
i W

y
i+ + +

0 R
y
3,1� + �

0 R
y
3,2ª + �

0 −O3 + t
y
3� � +

R
y
3,1 0� � �

R
y
3,2 0� � �

−O3 + t
y
3 0, � +

−O2R
y
3,1 + O3R

y
2,1 −O1R

y
3,1 + O3R

y
1,1- � �

−O2R
y
3,2 + O3R

y
2,2 −O1R

y
3,2 + O3R

y
1,2* � �

−O2t
y
3 + O3t

y
2 −O1t

y
3 + O3t

y
1

\ �u¡_��b +�4ÁcÁsu±_�_� b�������~zw �u¡_� b�l+w�v�nzbavxlpsu~�l
T134;12y

��vx�
T234;12y

{³sM~r�´qabavQnp~����Gq���`�ba~��_°

H i =

















0 V i
4

0 V i
5

0 V i
6

V i
4 0

V i
5 0

V i
6 0

















, J =

















0 0 0 0 1 0
0 0 0 0 0 1
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 0 0

















,

X i =

















λiO3(t
i
1 −O1)

λiO3(t
i
2 −O2)

λiO3R
i
1,1

λiO3R
i
1,2

λiO3R
i
2,1

λiO3R
i
2,2

















, Y i =

















V i
7

V i
8

V i
9

W i
7

W i
8

W i
9

















� b�~pb�¶�~pw�npb5)²ÂQ±x��npw suv 9|ª�;��ul+{³su� � s�¶rl
4
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�x~pb��Qw su±Dl�lonpb��:£¿sMv_� j¼tu~zw¢�_l�¶Áb�~pb�±xlpb���¶�]_sQlob��_~zs���bSq2npw suv¾w�v�nz]_b�w�`��utub�]x�u�½lpsu`�b�s��ub�~p�¢���»¶�w�np]
sMv_b0su{
nz]_b�tM~pw¢�_l
936ºnz]_b0·D~zlon"tu~zw¢� 8 ;*°�¸ºv»su~��kba~rnps@`��"'Mb�np]xb�qa�u��w ¡_~���npw suv�qasu`��_� b*npbM£D¶+b0v_s�¶�lp]_s�¶
]xs�¶­nps�w�vDq*� ±x�kb3�u�_�kw�npw suvD���Ãtu~zw �xla£m¶�]_w¢q�]��ks´v_sun+]x�N�Mb¯�uvQj�s��Mba~z� �u��¶�wynz]Anz]_b�·x~�l�n�tu~zw �:£Q¡x±kn+¶�w�np]
lpsu`�b3s�{ np]_b�sunp]_b�~zl�°

#¿b*n
Ck

�kb�v_s�nzb�np]_bA~pb�tuw suv�su¡kn���w v_b���¡mj�lpw `�±_��nz�uv_basM±xl�qa�u��w ¡_~���npw suv½¶�w�np]
k
tu~zw �xla° � bAv_s�¶

bSl�nzw�`���npb'np]_b��>sMlpb�s�{Ánp]_b
k + 1th

tu~zw �»¡QjOn��"'mw v_t�w vQnpsO�uq�q*su±xvMn¯np]_b�tM~pw¢���>suw vMn�l¯{|��� ��w v_t�¶�wynz]_w�v
nz]_b3~pb�tuw suv

Ck ∩Bk+1
°1+"lpw�v_t'np]xw l�bSl�nzw�`���nzb����DsQlobM£Qnp]_b�qa�u��w ¡_~���nzw�sMv@~pb�tuw suv�w lÁnp]xbav�b*®mnpb�vx�kb��Anps

Ck+1 = Ck ∪Bk+1 = ∪n
i=0Bi

°� +j�b�lonpw `���npw v_t�sMv_b�tu~zw �@��n���npw `�bu£k¶+b¯q���vAw�npb�~z��npw �ub���j�qa�u��w ¡_~���nzb
nz]_b�¶�]_su� b´~pb�tuw suv¼skq�q*±_�_w b��¾¡mjOnp]_b�±xv_w�sMv¾su{Á��� �Ytu~zw¢�_la° C
w�tM±_~pb���lo]_s�¶rl�ba®k�u`��_��bSl�s�{²nz]_b�lo±Dq�]
q���� w�¡x~z��npb��A~pb�tuw suv:£m{³sM~r�'·Dlo]_¦8b�jub3��vx�O��lo�x]_ba~zw q����:q���nz�M�kw su�knz~pw¢q¯lpjkl�nzba`O°

� b'vxs�¶�b*®k�_�¢��w v�np]_b´�>sMlpb�b�lonpw `���nzw�sMv»�_~zsmqab��k±x~pbM°�cÁsMvxlow¢�kb�~rnp]x~pb�b´q���� w�¡_~���nzb��O~��Njklr�x�Mlplpw�vxt
nz]_~zsu±_tM]Onp]_b'tu~zw ��¶�]_sQlob0�>sMlpb�w¢l�nzs@¡>b'q*sM`��_±knpbS�G°7#¿b*n"±Dl"�x�u~z�u`�b*npb�~pw �ab�tMbav_b�~pw¢q�ªu¬µ�>suw vMn�lrsMv
nz]_b�lpb�~��Njml��Ml

Ai + λiBi

°�
3v_s�¶�� b��_tub�s�{
np]_b0�kw¢lonz��vDq*b�l
dij

¡>b*n�¶+bab�v�np]_b0�Mlplpskq*w¢��npbS�@tM~pw¢�A�>suw vQnzl
¶�w � �:¡Db�±DlobS�@nzs�qasu`��_±knzb0�kba�_np]xl

λi

£_¡mjAlosM���mw v_t 4

|Ai + λiBi −Aj − λjBj |
2 = d2

ij for (i, j) = (l, m, n)
� s�¶ ¶+bO]x�N�ub�np]x~pb�b»ÂM±D�u�k~���nzw q�b�ÂQ±x��npw suvxl�¶�w�np]­nz]_~zbabO±_v;'mv_s�¶�vxl�° � b�±xlpb»�½�DsM��jmv_sM`´w¢���

lpsu� �ub�~�nps�tuban�np]_b@np]_b�su~zb*npw¢qa�u�Y`���®kw�`'±_`Àsu{ -�lpsu� ±knzw�sMvxl"9Önz]_baj½q*sM`´b�w vW�x��w ~�l3s�{�low tuvk¦§~zb � bSq2npbS�
�_ba�knz]xl�;*°�\�]_b�q*sM~p~zb�q*nr�DsQlob�w¢lrw¢�kb�vMnzwy·Db��O¡mj�±Dlow v_t@sMv_b�su~�n�¶+s@�u�x�kwynzw�sMvx��� �DsMw�vQn�lr�ul"w�v3(B+ +
2§°��"l
`�b�vMnzw�sMv_b���w vOnp]_b��x~pb��Qw su±Dl�lobSq2npw suv¿£_¶Áb�tMb*nrn�¶+s������ w �Olpsu� ±knpw suvxl�{³su~�nz]_b��DsQlobM£x¶�w�np]���~zb�~zba�¢��npbS�
nzs3suv_b���v_sunp]_b�~$¡Qj'�"~zb � bSq2nzw�sMv'w v�nz]_b�su�knzw q����_qabavQnpb�~�° � b�~zb�lpsu� �ubÁnp]_w¢lY��`'¡_w�tM±_w�n�j0�ul$�kw¢lpqa±xlplpb��'w v
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C
w tu±_~zb � 4'}$sMlpb")²l�nzw�`���npw suvWs�{r�Ov_b�¶ tu~zw ��±xlpw�vxt»b*®kw¢l�nzw�v_t»q���� w�¡x~z��npw suv:°���; � bAlp]_s�¶#nz]_b@v_b�¶
tM~pw¢�G£M¶�]_sMlpb��DsQlob"]x�ul$nzs0¡>brb�lonpw `���npbS�G£m��vx�´nz]_brb*®kw¢l�nzw�vxt�qa�u��w ¡_~���npw suv´~zbatuw suv 9|±xlow v_t�qasuvm�uba®�]m±_� � l
su{Gnp]_b¯tu~zw ���>suw vQnzl ;2°$¡ ; � b�lo]xs�¶=nz]_b��DsQlobSlJs�{¿ª0�_~pb��mw�sM±xlo� j�qa��� w ¡_~z��npbS��tu~zw �_lÁ��vx��np]_b¯b�lonpw `���npbS�
�>sMlpb3s�{
np]_b3v_b�¶«tM~pw¢�G°

lpb�q*npw suv��k°B+�°$\�]_w lJ�DsQlob�bSl�nzw�`���nzw�sMv'�x~pskq*bS�k±_~zb�w l$b�`�¡>b��_�kbS�´w�v����r� � hk�"c¥��� tusM~pw�np]_`O£�nzs3su¡kn���w v
�O~zsu¡x±xl�n0�uvx�½l�n���¡_� b��DsQlob�bSl�nzw�`���npw suv�{³~psM`.np]xb@~z�Njkl�w v½np]_b�s��Mba~z� �u�_�_w v_t�~zbatMw�sMv:°�¸ºv C
w�tM±_~zb �
¶+b�lo]xs�¶ np]xb��DsQlob�b�lonpw `���nzw�sMv¾su{���v_b�¶#¡>sM��~��¾±xlow v_tOb*®kw¢l�nzw�vxt��D��~pnpw¢���Jqa�u��w ¡_~���nzw�sMv:£:¶�]_w¢q�]¾¶��ul
sM¡knz�uw�vxb���±xlow v_t´np]x~pb�b0qa��� w ¡_~z��npw suv�tu~zw �_l�°

����� � ���+*�
�% � *������ � � % � �
� b�±Dlob0¡x±_vx�k� b'�M�N��±xlonp`�bavQn!(à� ,02 nzsA~zb*·xv_b0np]_b'�DsQlob0su{²��� �¿tM~pw¢�_l
9|b*®_q*b��kn"{³sM~rnp]xb0·x~�l�n�suv_b<;���vD�
nz]_b@�_~zs���bSq2nzw�sMv¾~��Njkla°  +±_vD�k��b��u�N��±xlonp`�b�vMn´qa��v½¡>bA���x�_��w b��W��n���vmj¾lonz�utub�s�{�sM±_~����x�_~psQ�uq�] � ¶Áb
�u�_�_� jAw�n¯��{Önzba~�nz]_b0w v_w�npw¢���¿q���� w�¡_~���nzw�sMv�±Dlow v_t�`�±x�ynzw��_� b29¤q2{�°�lobSq2npw suv»�_°8+�;*£_{³sM~r~pba·xv_w v_t�np]xb0�DsQlob�su{
bS�uq�]��u�_�_wynzw�sMvx���_tM~pw¢� 9|q*{�°$lpb�q*npw suv@�k°à� ;*£Q�MlY¶Áb����D�ulJ��nYnp]_brb�vx��s�{>np]xbr¶�]_su� brqa�u��w ¡_~���nzw�sMv:° � br]x�N�Mb
�_ba�ub���sM�DbS�@¡_±xvx�k� b0�u�N��±xlonp`�b�vMnr�u��tMsu~zwynz]_`�l²{³sM~�¡Dsunp]Oq*b�vMnz~z�u�G��vx��v_suvDq*bavQnz~z�u�Ãlzq*b�vx��~zw sMl+�ul�tuw �ub�v
¡>ba� s�¶�°

���	����
 � Å�
 ���N� ?��:� Å�
 �k��� É �
�"����nz]_bO�_~zs���b�q*npw suv=~z�Njkl'�x�ulzl'np]_~zsu±_tM]¥nz]_bOsu�knzw q�����q*b�vQnpba~S°=\�]m±xl��uvmjW~z�NjWqa�uv=¡>bOb*®k�_~zb�lzlobS�
±Dlow v_t0nz]_b3su�knzw q����Ãq*b�vMnzba~���v����kw ~pbSq2nzw�sMvA�ubSq2nzsu~S°
\�]_b�su�_npw¢qa���Ãq*b�vQnpba~+w¢l+�u��~zb��M�kj�q*su`��_±_npb��A±xlpw�v_t
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q���� w�¡x~z��npw suv:°3¸ºv¾�M�_�kw�npw suv¼nps�np]_b 'mv_s�¶�� b��ktMb0s�{Jnz]_b�su�knzw q����$q*b�vMnzba~3¶+b'v_b�b��»npsD'Qvxs�¶�suv_b´`�su~zb
�>suw vQn"nzsAq*sM`´�x±knpb�np]_b��kw ~pbSq2npw suv�su{²�@lp�DbSq*w�·Dq0~��Nju° � ]_b�v¼¶+b0]x�N�Mb0`�su~zb�np]x�uv»suvxb0tu~zw �O�>suw vQnzl
� jmw�vxt@suvOnz]_b�~��Nj�¶+b0±xlpb�nz]_b'qabavQnp~zsuw¢�Os�{Ynz]_b�lpb0tu~zw¢�O�DsMw�vQnzl"nps�q*su`��_±_npb0nz]_b'�_w�~zb�q*npw suv:°r\�]_w¢l¯w l
¡>b�q���±xlpbr��~��Nj��x�Mlplpw v_t�np]_~zsu±_tM]@��loban²s�{G�>suw vQnzl²�u� lps��x�Mlplpb�l$nz]_~zsu±_tM]'nz]_baw ~ÁqabavQnp~zsuw¢�G°$\�]_brs��Mba~���� �
b�~p~zsu~S£

E
£knps�¡>b�`�w�vxw�`�w �ab���w¢l�tuw �ub�v�¡>ba� s�¶�°

E =

n
∑

i=1

∑

j

(C + λijDi − [RjTj ]Pij)
2

� C
w¢l�nz]_b0qa�u`´b�~z�´q*b�vQnpba~<9|lpw vxq*b3w�nrw l���q*b�vQnp~����:qa�u`�ba~���;2£

� Di

w l�nz]_b0�kw ~pbSq2nzw�sMv�su{¿np]xb
ith

~z�Nj@lonz�u~onzw�v_t���n
C
£

� λij

w l����D��~���`�b*nzba~+nps�lpba� b�q2nrlp�DbSq*w�·Dq3�>suw vMnrsMvAnz]_b
ith

~z�NjM£
� Pij

w l+nz]_b��>suw vMnrsMvAnz]_b
jth

tu~zw¢�A� jmw�v_t�sMvAnz]_b
ith

~z�NjM£
� [Rj , Tj ]

~pb��_~zb�lpbavQnzl0np]_b�`´sunpw suv¨¡>b*n�¶+bab�vWnp]xbA~zba�_~zb�lpbavQnz��npw �ub�tM~pw¢� 9Önz]_b@·D~zlon'tM~pw¢�½su~'np]_b
tu~zw ��¶�]_w¢q�]�q*s��ub�~zl²np]xb�� �u~ptMb�lon��u~pbS��w v�np]_b�w `���tub<;+��vx�Anp]_b

jth

tM~pw¢�G°

¸§n$w l
w `��DsM~on���vQn nzs"v_sunpbÁnp]x��n nz]_b+tu~zw ���>suw vQnzl {³~zsu`���� �Qnp]_b+tu~zw �xl¿`��Nj3v_s�n$� w�b+suv��uvmj�tMw��Mbav0~��Nju°
hkw�vxqab

Di

w¢l"�A�kw�~zb�q*npw suv»�Mb�q*npsu~"wyn�]x�ul"suv_� jAn�¶+sA�kb�tu~zbabSl�s�{Y{³~zbabS�ksu`O° � b�±xlpb�nz]_b�sM~onz]_suv_sM~p`��u�
~zba�x~pbSlob�vMn���nzw�sMv:£mw�vQnp~zsk�k±xqab���w�v ( � 28°

Di = U





0
0
1





¶�]xba~zb
U
£k¶�]_w q�]Ow¢l���v

3× 3
~zs�nz��npw suv�`���np~zwy®G£_q���v�¡Db�±_�Ã�_��npb��O�Ml�lo]_s�¶�v�¡>ba� s�¶�°

U ← UR(θ) with R(θ) = Rx(θ1)Ry(θ2),

¶�]_b�~pb
Rx(θ1)

��vx�
Ry(θ2)

�u~pb´su~pnp]_sMv_su~z`����
~psunz��npw suv¼`���np~zw qab�l3~zba�_~zb�lpbavQnpw v_t�ªu¬ ~zs�nz��npw suvxl
�u~psM±_vx�O®¼�uvx�»j»��®kw l¯~pbSlo�>b�q*npw �ub���jM° � ]_bav�¶Áb'±xlpb�nz]_b�su~pnp]_sMv_su~z`����¿~zba�x~pbSlob�vMn���nzw�sMvxl"�u��tMba¡_~���w¢q
qasuvxlonp~���w vQnzl���~zb3��±knzsu`���nzw q���� ��j�n��"'Mbav�w�vQnps��Mqaq*sM±_vQnr��vx�Anp]_b0lpjkl�nzba` ¡>b�qasu`�b�l�¶+ba� ��¦§qasuvx�kw�npw suvxb��G°
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 ����� ? �:� Å�
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\�]xba~zbrw l²v_s'lpw v_tu� brsu�_npw¢qa���>q*b�vMnzba~²{³su~²vxsuvxqabavQnp~����xq���`�ba~��ul�°$\�]Q±DlJ¶+brv_babS�@�0lpba�x�u~z��npb��>suw vQn+��vD�
���kw ~pbSq2nzw�sMv¼{³sM~�b��ub�~pj��_~zs���bSq2nzw�sMv¼~��Nju°�\ ¶ÁsOtM~pw¢�»�>suw vQnzl���~zb�lo± �@qaw�b�vMn3nzs�qasu`��_±knzb'nzs��kb*·xvxb��
~��Nju°
¸ºv@nz]_b�qa�Mlob¯s�{ `�sM~pb"np]x�uv@n�¶+s'tM~pw¢���>suw vMn�l+¶Áb�±xlpb¯� b��Ml�n�lpÂQ±x�u~pbSlÁ�u�_�_~zsM�Mq�]�nps�q*su`��_±_npb�np]_b
sM�knpw `����
~z�NjM° #:b*n

C
�uvx�

D
~zba�x~pbSlob�vMn3�@�>suw vQn�sMv»np]xb'~��Nj��uvx�»w�nzl3�kw ~zb�q2nzw�sMv»~zb�lp�DbSq2npw �ub���jM° #:b*n

±Dl"]x�N�Mb
n
�DsMw�vQn�l

Qi

suvOnz]_b�~��Nju° � b']D�N�ub3nps�`�w�v_w `�w���b0nz]_b0{³sM��� s�¶�w�vxt@b*®k�_~zb�lzlow suv�nzs�q*sM`��_±knpb
D
��vD�

λi

w¢l��´�x��~���`�b*nzba~�q*sM~p~zb�lp�>suvx�kw v_t'nps´np]xb0q*� sMlpb�lon��>suw vQnrsuv�np]_b�~��Nj�nps@�´tMw��MbavA�>suw vQn
Qi

°

min
λiD

n
∑

i

|C + λiD −Qi|
2
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#¿b*n�±xl�~zba�x� �Mq*b
Qi − C

¡mj
Vi

° � b����x�_��jAnp]_b0qasuvxlonp~���w vQn
DT D = 1

° � b3]x�N�Mb
λi = V T

i D
°

min
λiD

n
∑

i

|C + λiD −Qi|
2 = min

D

n
∑

i

((V T
i D)D − Vi)

T (V T
i D)D − Vi)

= min
D

∑

((V T
i D)2DT D − 2(V T

i D)2 + V T
i Vi) = min

D

∑

(V T
i D)2 +

∑

V T
i Vi

= min
D

∑

V T
i Vi −DT (

∑

ViV
T
i )D = min

D

∑

V T
i Vi −DT SD

\�]xb»`�w�v_w `�±x` ]x�Ml�nzsW¡Db�q*su`��_±_npb��­±xvx�kba~Anp]_b¾q*suvD�kwynzw�sMv
DT D = 1

° #¿b*nA±xlA��sms '=��nAnp]_b
b�w�tMbavm����� ±_b�l

mi

s�{
S
°

min
|D|=1

(−DT SD) = −DT (S −miI)D

\�]m±xl�np]_b0b�w�tMbavm�ubSq2nzsu~rq*sM~p~zb�lp�>suvx�kw v_t'nps�nz]_b0�¢��~ztubSl�n�baw tub�vm�N�u��±xbu£xlzqa�u��bS�Anzs@v_sM~p` +u£x¶�w � �:¡Db�np]_b
� b��Ml�n�lzÂQ±x��~zb�l3lpsu� ±knpw suv�{³sM~0�ubSq2npsM~

D
° � b@±xlpb�su~pnp]xsuv_sM~p`����$~zba�_~zb�lpbavQn���npw suv¼{³su~�nz]_b@~��Njkl¯¶�w�np]

`�w v_w `��u� �D��~���`�b*nzba~�la° � b'qa�uv»~zba�_~zb�lpbavQn"��~��Nj�¶�w�np]¾��`�w�v_w `�±x`.s�{${³su±_~��x�u~z�u`´banpb�~zl�° � b'±xlob
n�¶+s@�x�u~z�u`�b*npb�~zl+nzsA~zba�_~zb�lpbavQn�nz]_b'�kw ~zb�q2nzw�sMv

Di

s�{Ynz]_b�~��Nj��Mlrw v�np]xb��_~zba�mw su±xlrq��ulpbu°&#¿b*n
Ci

¡Db
nz]_b"�>suw vQnÁq*� sMlpb�lonJnzs�np]_b¯su~zw�tMw�v�sMv

ith
~z�NjM° � b"~zba�_~zb�lpbavQn

Ci

±xlow v_t�n�¶+s��x�u~z�u`´banpb�~zl${³~zsu`
D
��vD�

n�¶+s��u�_�_wynzw�sMvx���G�x�u~z�u`�b*npb�~zl�9
s
��vx�

θ3
;��Ml�lo]xs�¶�vA¡>ba� s�¶�°

Ci = sV





1
0
0





¶�]xba~zb
V
£k¶�]_w¢q�]�w¢l��

3× 3
~zs�n���npw suv�`���np~zw�®���vx��w�n"qa��vO¡>b�±_�Ã�_��nzb��O�ul�tMw��MbavA¡>ba� s�¶�°

V ← UR(θ) with R(θ) = Rx(θ1)Ry(θ2)Rz(θ3),

¶�]xba~zb
Rx(θ1)

£
Ry(θ2)

��vx�
Rz(θ3)

�u~pb�su~pnp]xsuv_sM~p`����Á~psunz��npw suv¨`���nz~pw¢q*bSl´~pb��_~pbSlob�vQnpw v_t¾ªM¬ ~zs�¦
n���nzw�sMvxl'�u~psM±_vx��®¨��vD�WjW��®kw l'~zb�lp�DbSq2npw �ub���jM°¾�"� lps

Rx(θ1)
�uvx�

Ry(θ2)
��~zb@nz]_b�lz��`�b�~psunz��nzw�sMv

`���np~zw qab�lr±DlobS��w�v¼np]_b´±_�Ã�_��nzw�sMv»s�{
Di

°�\�]m±xl¯¶+b�]x�N�Mb0suv_� j
(θ1, θ2, θ3, s)

�Mlrnz]_b'sMv_� j�{³sM±_~��x��¦
~���`�banpba~�lÁw�v�np]_b3±_�Ã�_��npw suv�s�{
�'~��Nj´w v�v_suvxqabavQnp~����Ãqa�u`�ba~��_°Y\�]_b3q*sMlon�{³±_vxq*npw suv�nps´¡Db3`�w�vxw�`�w �ab��
w¢l�tuw �ub�v�¡>ba� s�¶�°

E =

n
∑

i=1

∑

j

(sV





1
0
0



 + λijDi





0
0
1



− [RjTj ]Pij)
2

� � �0�
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�
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¸ºv­nz]_b¼vxsuvk¦ºq*b�vMnz~z�u�rqa�MlobM£rq*su� � w�v_bS��~zwyn�j=q*suvDl�nz~z�uw�vQnzl@~pbSÂM±xw�~zb»ªWsu~A`´sM~pb�tM~pw¢�­�>suw vMn�l@�>ba~��_wy®kb��¤£
w vxlonpbS�u�¾s�{��A{³sM~0q*bavQnz~z�u�Jqa��`�b�~z�Ml09|¶�]_ba~zb´np]_b�sM�knpw¢qa�u�Jq*bavQnzba~S£Gnp]_sM±_tu]�±_v;'mv_s�¶�v¿£:w l�n��"'Mbav�w�vQnps
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�Mqaqasu±_vQn ;*° � b´±xlpb�nz]_b´lz��`�b'v_s�n���npw suvDl¯�Ml"w v¾lpb�q*npw suv��_°8+u° C_su~3�@vxsuvk¦ºq*b�vMnz~z�u� q���`�ba~��_£Ã¶+b0·x~�l�n
q���� w�¡x~z��npbÁnp]_b�~zbatMw�sMv

∪{i=3,··· ,n}(B1∩B2∩Bi)
£Mw¤° bu° np]_b�±xv_w�sMv�s�{Dw vQnpb�~zlpb�q*npw suvxl$su{Dba�Mba~zj��DsQlplpw ¡_��b

nz~pw �_� b*nÁ{³su~z`´bS��¶�wynz]�np]xbr·x~�l�n²n�¶Ás0tM~pw¢�_lÁ��vx�´nz]_b"sunp]_b�~zl�°
\�]xw l²w l+�ksuvxbu£m�ul²�u¡Ds��Mbu£�±Dlow v_t'�u���xnp]_bSlob
tM~pw¢�_l�lpw�`'±_��nz��vxbasu±Dlo� ju°J\�]_b�q���� w�¡_~���nzw�sMv�w¢l�nz]_bavOb*®mnzbavx�kbS��nps�np]xb�¶�]_su� b�~pb�tuw suv

∪{i,j}(Bi ∩ Bj)
£

nz]x��nJw¢l
np]xb�±_v_w suv�s�{G��� �k�x��w ~z¶�w lpb�w�vQnpb�~zlpb�q*npw suvxl
su{>tM~pw¢��~zbatMw�sMvxl 9Önz]_w lJw lY¡>b�q���±xlpb+np]_brqasu`��_±kn���nzw�sMv
su{ �_~zs���bSq2nzw�sMv�~��NjklÁ~zb�ÂQ±_w ~zb�l���n�� b��ulon"�´tu~zw �A�DsMw�vQn�l��Db�~��_w�®mb�� ;*°

� b�v_s�¶µlp±_`�`���~zw���b�nz]_b@qa�u��w ¡_~���nzw�sMv¼�_~zskq*b��_±_~pbM£:��vx�u��sMtusM±xlo� j�nps�lpb�q2nzw�sMv½�_°8+u° � b�]x�N�Mb'v_s
sM�knpw¢qa�u�:q*b�vMnzba~�]_b�~pbM£_los��ks�qasuvxlpw �_ba~�np]xb¯{³sM��� s�¶�w v_t

4× n
`���np~zwy®Asu{$qasu� ��w v_bS��~��DsMw�vQn�l
4









Q1
1 R2

11Q
2
1 + R2

12Q
2
2 + t21Q

2
4 · · ·

Q1
2 R2

21Q
2
1 + R2

22Q
2
2 + t22Q

2
4 · · ·

0 R2
31Q

2
1 + R2

32Q
2
2 + t23Q

2
4 · · ·

Q1
4 Q2

4 · · ·









hmw `�w��¢��~z� j¾nzs»nz]_b�qabavQnp~����+qa�Mlob�¶Áb�qa��v¨�u�_�_� j�np]_bOq*sM��� w�vxb���~zw�n�j�qasuvxlonp~���w vQn�¡mj�bSÂQ±x��nzw�v_t¼np]_b
�_b*npb�~p`�w vx��vQnJsu{Ãb��ub�~pj

3×3
lp±_¡_`���nz~pw�®�nzs �ab�~psD° � b�n��"'ub�nz]_br·D~zlonYnp]_~zbab¯q*su� ±_`�vxlÁ��vx��qasuvxlonp~z±xq2n

nz]_~zbab�npb�vxlosM~zl��Ml+tuw �ubav�w vO\
��¡x��b0�k°
¸ºvUlobSq2npw suvg�k°à�Ww v (à� � 20¶+b¼]D�N�ub¼tMw��Mbav¹�uv«�u��tMsu~zwynz]_`(nps=q���� w�¡x~z��npb¾�=tub�v_ba~�����ªu¬ qa�u`�ba~��

9|v_suvDq*bavQnz~z�u� ;�±xlpw v_t�n�¶+s�npb�vxlosM~zl�° � b�lo� w�tM]Qnp� j¼`�sk�kwy{³j�nz]_w l'��� tusM~pw�np]_`�¡mj¾±xlpw v_t�np]x~pb�b�npb�vxlosM~zl
w vxlonpbS�u��s�{
n�¶Ás@lpbavDlosM~zl�°²\�]_b�v�¶+b0lonz�uq&'Anp]_b���w v_b��u~rlojklonpb�` ¶�w�np]¼��ª�qasu±_�x��bS�����u~pw¢��¡_� b�l��Ml�tuw �ub�v
w v�\ �u¡_� b"�k° � brsM¡xlpba~z�ub���np]D��nJ¡mj'lonz�Mq&'Qw v_t�np]xb"q*sMvxl�nz~z�uw�vQn�l
{³~psM`µ��� �knz]_b�np]x~pb�b�npbavDlosM~zl
nzsutubanp]_b�~�£
¶+b»�kw ~pbSq2nz��j=su¡kn���w v=nz]_b¼qasu±_�_� b��B����~zw¢��¡_� b�l´{³~zsu`(¡Dsunp]­nz]_bOnpb�vxlosM~zl@w�vBnp]xb¼lp�u`�b»lpq���� bu°«\�]xw l
`�sk�kw�·Dqa��npw suv�w `��_~ps��Mb��"np]_bÁvm±_`�ba~zw q����ulonz�u¡_w�� w�n�j¯su{Qnz]_bÁ�u��tMsu~zwynz]_`O°¿\�]_bJbSl�nzw�`���npw suv�s�{mnz]_bJ`�s�nzw�sMv
�Mb�q*npsu~�l¯{³~psM`.np]xb�qasu±_�x��bS�¼����~zw¢��¡_� b�l�w¢l0��� ~pbS�u�kjOba®m�x� �uw�v_bS�¼w v ( � � 2§° � b��ub�~pw�·xbS�¼sM±_~���� tusu~zw�np]_`
±Dlow v_t�low `�±x� ��npw suvxl��uvx�A~zb��u�Gb*®k�>ba~zw�`�bavQn�l 9³`�±x�ynzw q���`�ba~���lobanp±_��w�v�lpb�q*npw suv��@;2°

� s�¶ ��ban�±xl3��sms '»��n�np]_b�b*®mnzbavxlpw�sMv¼su{²np]xw l3¶+su~�'�npsO`�±_��npw �_� b��Qw ba¶rl�°'+¯low v_t�low `�±x� ��npw suvxl¯¶Áb
{³sM±_vx�G£Q�ulYw v�np]xbrq*bavQnz~z�u�xqa�MlobM£�np]x��n²v_sun²��� �_s�{>np]_bSlobrq��ulpb�lY�x~ps��mw¢�kb�±_v_w¢ÂM±xbrlosM��±knzw�sMvxl�° ¸ºv�q*sMvQnp~��ulon
nzs�nz]_b�q*b�vMnz~z�u�Gqa�ulpbu£m¶�]_b�~pb¯¶Áb3±xlpb��@np]_b�qabavQnpb�~��uvx��nz]_b�·x~�l�n�tu~zw �@nps�¡_±_w �¢���´lojklonpb�`���w v;'mw�vxt´�u���
nz]_b�`�s�npw suv�����~zw �u¡_� b�l�£:¶Áb�]_b�~pb´±xlpb�np]_b´·x~�lon��uvx�½lobSq*sMvx�»tM~pw¢�»nzsO¡_±_w � �¾np]xb@lojklonpba`O°�\�]m±xl3¶Áb
]D�N�ub

3× (n− 2)
�DsQlplpw ¡_��b�nzbavxlpsu~�la£Q~zba�_~zb�lpbavQnpbS�@¡mj

T3jk;12y , ({j, k} ∈ {1, 2, 4}), (y = 3, · · · , n)
°

\�]_b½v_ba®mnOlonpb��«su{0np]_bWq���� w�¡_~���nzw�sMv¹q�]x�uw�v:£¯�DsQlob�b�lonpw `���nzw�sMvU�uvx�¹qasu`��_±kn���npw suv«s�{0{³±x~onz]_ba~
�x~psu��b�q2nzw�sMv'~��Njkla£�w¢l²�u� lps�lo� w tu]Qnp� j��kw.->b�~pb�vQnÁq*sM`´�D��~zb���nps0q*b�vQnp~����_qa�u`�ba~��ul 9|q*{�°YlobSq2npw suv��k°à� ;*°<="ba~zbu£
nz]_b�q���� w�¡_~���nzw�sMv�~zbatMw�sMv�w¢l�ba®Qnzbavx�_b���nps

Ck+1 = ∪{i,j}(Bi ∩ Bj)
£xw8° bM°Áw�n¯q*sMvQnz��w vxl��u���:�xwy®kba�¢l�nz]x��n

�u~pb+`���n�q�]_b���nps0��n$� b��Ml�n²�¯tu~zw¢���>suw vQnzl�°
�¯l
{³su~$np]xbr�uq2nz±x���k�>sMlpb�b�lonpw `���npw suv¿£�wyn²q���v´¡Db�{³sM~p`'±_�¢��npbS�
w v�nz]_b'lz��`�b0¶��Nj��Ml�{³su~�q*b�vMnz~z�u� q���`�ba~��ul�£x¡_±_n¯`��Nj�� b��M��nps��@loban¯su{ -@losM��±_npw suvxlrnp]x��n��ksmb�l"v_s�n
qasuvQnz�uw�v�~zb � bSq2npbS���x��w ~zl ( �_£ +��62§°�¬¯w lz��`'¡_w tu±x��npw suv½qa��v�¡>bAqa�u~p~zw�bS�¼sM±kn0w v¾nz]_bAlz��`�b�`���v_v_b�~��ul
�u¡Ds��Mb"nz]_su±xtu]:£k±xlpw v_t��u�_�kw�npw suvD���G�>suw vMn�l�¡>b�lpw �kbSl+np]_b0ª�±DlobS�@{³sM~�np]_b�`�w v_w�`��u�:�DsQlob3~zsu±knzw�vxbu°
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¸ºv¥su~��kba~�nps»sM¡knz�uw�v¥�¼±_v_w¢ÂQ±_b�lpsu� ±knpw suv½{³~zsu` sM±_~�v_sMvk¦ºq*bavQnz~z�u�Áqa�u��w ¡_~���nzw�sMv½�u��tMsu~zwynz]_` 9|q2{�°½lpb�q2¦
nzw�sMvWª_°B+�;2£ np]_b@q���`�ba~���`�±xlon0¡>bAlo±���qaw�b�vQnp� j¼v_sMvk¦§qabavQnp~����8°4=rs�¶+ba�Mba~S£:b�lp�DbSq*w¢��� ��j»{³su~0sM`´vxw �kw ~zb�q2¦
nzw�sMvx��� qa��`�b�~z�Mla£knz]_b0w v_w�npw¢��� q���� w�¡x~z��npw suvOl�nzba��suvx��jO��� ��s�¶rl+nzsAqa�u��w ¡_~���nzb3�uv�w�`��utub0lp±_¡k¦§~pb�tuw suv:°Á¸ºv
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\ �u¡_� b���4²cÁsu±_�x��bS��qasmb �@q*w bavQnzl�su{¿nzbavxlpsu~�l
T1

£
T2

��vx�
T4

°

nz]_b3�_~zb�lpbavxqab�su{ v_sMw lpb3w�vOq*sM~pvxba~�b*®mnp~��uq*npw suvO��vx��w vMnzba~z�DsM� ��npw suv:£Qnz]_b�~z�Njkl+�ulzloskqaw ��npb��A¶�wynz]O�_wy®kb�� l
w v»nz]x��n3~zbatuw suv¿£Ã�u~pb'±xlp±x��� ��j�vxs�n�lo± �@qaw�b�vMnz��j�vxsuvk¦ºq*b�vMnz~z�u�:9|¶�wynz]¼nz]_b�b*®_q*b��knpw suv»su{²bu° tx°0��`�±x�ynzwy¦
q���`�ba~���lpb*np±x�:£Y¶�]_w¢q�]Ww l']_w tu]_� j¾vxsuvk¦ºq*b�vMnz~z�u� ;*° C_sM~�lo� w tu]Qnp� j¾vxsuvk¦ºq*b�vMnz~z�u�²qa�u`�ba~��ul�� w8'Mb@·Dlp]_b�jubu£
lp�_]_b�~pw¢qa�u� sM~3]Qjm�>ba~z¡DsM��w¢q´qa��n��u�kw su�_np~zw q´qa�u`´b�~z�Mla£>¶+b'nz]m±xl3l�n���~pn�¡mj»~z±_v_v_w v_t�np]_b�qabavQnp~����$�ub�~zlpw suv
su{�np]_b�w�vxwynzw �u�+q���� w�¡_~���nzw�sMvW`�b*np]xsm�:°�\Ájm�_w q���� ��j�¶+b@±xlpb@{³su±x~�nzs»·x�Mb@w�`��utub�l'low `�±x�yn���v_b�su±xlp��j¾nps
q���� w�¡x~z��npb0��v¼w�`���tMb�~pb�tuw suv»�uvx��np]_b�v»±xlpb��>sMlpb0b�lonpw `���nzw�sMvOnps��M�_�Os�nz]_ba~¯w�`��utub�l"��vx�»qas��ub�~�np]_b
~zb�lonJs�{Ãnz]_brw `��utubM°
\�]_b�v:£Q¶Ábr~zba�¢��®�np]_b�q*bavQnz~z�u�x�ulzlo±x`´�_npw suv �M�_~psu��b�q*npw suv�~z�NjklY�u~pb�·x~�lonÁq*sM`´�x±knpbS�
{³~zsu`Àtu~zw �¾�DsMw�vQn�la£ ¶�wynz]_su±kn0b�vk{³su~�q*w v_t�np]_b�` nzs��x�ulzl�np]_~zsu±xtu]½��v�su�knzw q����Jq*b�vQnpba~S°���{Önzba~�nz]_w l�£ �
vxsuvk¦ºq*b�vMnz~z�u�Ã¡_±_vx�k� b0�u����±xl�nz`�bavQnrw l��>ba~p{³su~z`�b��G°
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� b�sM¡xlpba~z�ub��Anp]D��n¯`�sQl�n¯q���`�ba~��ul"qa��v�¡>b'q���� w�¡x~z��npb���±xlpw v_t@su±x~"tub�v_ba~zw¢q�qa��� w ¡_~z��npw suv���� tusM~pw�np]x`�l
9¤q*b�vMnz~z�u�$su~�v_suvk¦ºq*b�vQnp~���� ;2£:�ul3lp]_s�¶�v»w v�\
��¡x��b�ªk°�hmba�Mba~����
w lzlo±xb�l�]x�N�ub'nps�¡>b��_w lzq*±xlzlpb���nz]_su±xtu]:°
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C
w ~zlon�£:np]_b�v_sMvk¦§qabavQnp~����Yq���`�ba~��@`�sk�kba�²bavxqasu`��x�ulzlpb�l"np]_b@qabavQnp~����$suvxb'su{+q*sM±_~�lobM°!=rs�¶+ba�Mba~S£Ãnp]_b
vxsuvk¦ºq*b�vMnz~z�u�Mq���� w�¡_~���nzw�sMv0��� tusM~pw�np]_`gsu{DlobSq2nzw�sMv�ª_°B+�£�qa�uv0v_sun
¡>bÁ±DlobS���ul
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