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\ �jX kN�/f]SVX£|eX6}�mqzNt�X<|#k-heuvX<}�f]i��oX<dKkN�½�jX?fv�[k-t]¥�hji�kom�kon-b¡°9k-t�d]bedvf�X?W¤d�hVilk-mlk-nob�il�¡noX?�VX?t~zNm¸±*i�d[��Sjk-mlX¢}?X?m�m�d]i�Wrjmqz�f�ilk-�

*��<�', ¦�w3k���X?�-X?t6¬L|ebc�VzoW�iq}�dgi�Wrjmqz�f�ilk-�Pt�X<p,rji�t]X6d3¥c�jk���m�X<|en-X�ko�Pt�X<z-}²f�ilk-�PW#X<}~SVzo�ji�d]W¤d¢d]rV}~S�z-d�f�SjX�¥ci��jX�f�i�}�{Vzot�zoW �
X?f]X?t~d¢|jX<d�}�t�ilhji��jnGz@0Pi�}~SVzoX?m�i�d ��0CX?�,f]X<�CX<p,rVzNf]i�ko�½¦3Y�X<d]iq|eX<d3f]SjX��¨z-}²f f]SVzNf£d]rV}~SC¥c�jk���mlX6|enoX�iqd3ko�¸f]X<�Prj�Vz@��zNi�mqzNhjm�X�kot
rj�Vt]X<mliqzNhjm�Xo¬
f�SjX1dgf]rL|ebºkN��f]SVX¡dgf�z�f�i�}¡dgX?f�ko�3t]X6zo}²f�ilk-�Vd©f�SVz�f¤}�k-�Vdvf�i³f�ref]X¡W#X�f�zohLk-mliqd]W iqd�X6p,rVzNm�mlbºi�W#{Lk-tgf~zN�,f<¬*h�kNf]S
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SVzo{j{�X?�ji��jn�z�f�z£noi��oX<�f�ilW#X�i��¤z n-il�-X?�#}�X<mlmjhVref�il�Ldvf�X<zo|�f�SjX3}?zo{VzNhji�m�i³f�ilX6d*kN�Vf�SjX3}�X<mlm>¬oi��V}?mlrV|jil�jn�}<zN{Vzohji�mlilf]i�X<d
f�SjX3}�X<mlm
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RTSjX3{LzN{�X?t[z-|j|et�X<d�dgX6dH}�k-W�{VmlX?xcilfvbiqd�dgrjX6dHt�X?mqz�f]X6|�f]k©f�Sji�dK�jX?� |eX?®V�jilf]i�ko�¤ko�/z�not~zN{jS�W#kNf]il�v¬,{jt]k��ciq|ei��jn�SVzNt~|e�jX6d]d

t�X<d]rjmlf�d3k-�&f]SjX�{jt�kohjm�X?W&¬Lzo�V|&f�SjX?�P{Vt]X6dgX<�-f~d3zN�CX?xjzo}²f£zNm�nokot�ilf]SjW f]SVzNf¢iqd3�¨z-dvf¢i��P{jt~zo}�f]iq}�X��9k-t d]X<zot�}~Sji��jn��9kot£dgrL}~S
W#kNf�i³�¨d[i����jX?fv�[k-t]¥ed�t�X?{Vt]X6dgX<�-f�il�Vn©f]SjX£��Sjkom�X¢W#X?f�zNh�kom�iqdgW»kN��zo�Gkot�n-zo�jiqdgW&¦�RTSVX {Vzo{LX<t[X<�V|jd[��i³f�S¡zo�Gil�Vi³f�i�zom�zo{j{jm�i �
}<z�f]i�ko�#ko�Lf�SjX3zNm�nok-t]ilf]SjW�f]k�f�SjXT�9kot�Wrjmqz�f�ilk-��ko�/S,bc{�kNf�SjX<d]X<d*k-��f�SjX3X<�okom�ref�ilk-��ko��{VzNf]Sc�Tz@bcdHzo�V|#dgk-W#X�k-hVd]X?t��@zNf]i�ko�Vd
k-��f�SjX�noX<�jX?t~zNm/dgf]t�rV}²f�rjt]X©ko�
W#X�f~zNh�kom�i�}£�jX?fv�[k-t]¥ed<¦

� � !
����	 	 	�¡��!
	����

����� �������
RTSjX�W�X?f�zohLk-mliq}��jX?fv�[k-t]¥�zo�VzNm�bedgX6|1il�Cf�Sjiqd3��kot�¥��Tzod�k-hef�zoil�jX6|1�9t]k-W f�SjX�s/�HR�w3´��F< |Vz�f�zohVzod]X£�9t]k-W��"- N�N

* ��, ¦ �£z�f~z¢|eX6d]}?t]i�hji��jn3t�X<zo}�f]i�ko�Vd<¬@}�koW#{�korj�L|jd�zo�V|�X<� M?bcW#X<d��[X<t]X[|ek����jm�k-zo|jX<|©zN�V|dvf�kot�X<|©m�kc}<zNm�mlb©rVd]i��jn¢z3t�X?mqz�f�ilk-�VzNm
|jzNf�zohVzod]X�W¤zN�VzonoX?W#X<�-f3d]bedvf�X?W·°9{�k-dgf]not�X6`! � ±²¦LRTSjX"�"- N�N»|jzNf�zohVzod]X�}�ko�,f~zNi��Vd�W#X�f~zNh�kom�i�}�|Vz�f�z¤}?ko�V}?X?t��ji��jn��N�#�
d]X<p,rjX<�V}�X6|k-t]n,zN�jiqdgW¤d<¦�RTSjX��jX?fv�[k-t]¥���XThjrji�m³fH�9t�koW dgrV}~S#|jzNf�z£i�d
f�SjX?t�X��9k-t]X�z©}�k-�Vd]X?�Vd]rVd
kN�7korjt�}?rjt�t]X<�-f*¥c�jk���m�X<|en-X
k-��f�SjX©W�X?f�zohLk-mliqdgW¤d�kN�*zNm�m7f]Sjk,dgX©k-t]n,zN�jiqdgW¤d<¦�� d�z�}?ko�Vd]X<p,rjX<�V}�X-¬edgX6p-rVX?�V}?X<d�kN�
t]X6zo}²f�ilk-�Vd[{jt]X6dgX<�,fTi��¡f]SjX©�jX?fv�[k-t]¥
W¤z@b¤SVz@�-X¢h�X?X?�1kohLdgX<t]�-X<|¤i����jk#k-t]n,zN�jiqdgW&¦
R�k#z@�ok-i�|#f�Sjiqd�}�ko�j®Vnorjt~z�f�ilk-�½¬,ko�jX©}?zo�GBv®Vm³f�X?t D¢f]SVX©}?ko�Vd]X?�LdgrVd[�jX?fv�[k-t]¥
hcbBzo�Bk-t]n,zN�jiqd]W�kN�©il�,f�X?t�X<dgf<¬�¥oX?X<{ji��jnºko�jm�b i��ãf]SjXP|jzNf�z-dgX?f#t�X<z-}²f�ilk-�Vd¤}?zNf�zNm�bedgX6|EhcbBX?� M<b,W#X6d�f]SjXPk-t]n,zN�jiqd]W i�d
}?ko�Vd]i�|jX?t�X<|�f]kGh�XzNhVmlX©f�k�dgbc�,f]SVX�f]i7M?X-¦[´�Xz-|eko{ef¢z¤|ji�.7X?t�X?�,f dgf]t~z�f�X?nob�h,b&}~Sjkck-d]i��jn�f]k¤{�X?t]�9kot�W korVt3W#kNf]il��dgX6zNt~}~S
k-��f�SjX�}�k-�VdgX<�Vd]rVd��jX�fv��kot�¥GzN�V|�f]k¤{�k-d�d]ilhjm�b¤®Vmlf]X<tTf]SjX�t�X<d]rjmlf�dTi��1z#d]X<}?ko�V|1dvf�X?{½¬LzNm�mlk���i��jn��9kot�X<z-dgi�X?t�}?koW#{VzNt~z�f�il�-X
zo�VzNm�bedgiqd�hLX?fv�[X<X?�&kot�n-zo�ji�d]W¤d?¦

0Ck-t]X<k��oX?t6¬N��X¢rVd]X¢zo��zo|j|ji³f�ilk-�VzNmLil�e�9k-t]W¤zNf]i�ko�¤{jt�X<d]X?�,f[i��$�"- N�NGK-f]SVX �jkof]i�ko�¤ko�½{jt]i�W¤zNt�b&%�d]X<}�k-�V|jzot]b�W#X�f~zNh�k �
m�i³f�X<d<¦ Z«�L|eX?X6|/¬7il�Cf�SjX'�"- N�N»t�X��9X?t�X?�L}�X�{VzNf]Sc�Tz@b¡|eiqzNn-t�zoW#d�°9W¤zN{Ld�±�¬�k-�jm�b1{Vt]i�W¤zNt�b¡W#X�f~zNh�kom�i³f�X<d£zNt�X�t�X?{jt�X<d]X?�,f]X6|
zo�V|G}�k-�j�jX6}²fKt�X<z-}²f]i�ko�LdHf]k-noX?f]SjX<t<¬-��SjX?t�X<z-dKd]X<}�k-�V|jzot]b�W�X?f�zohLk-mlilf]X6d[zot]X��jkof�|et~z@���P°9X<�oX<�¤f]Sjk-rjnoS#f�SjX?b#{Vzotgf�i�}?il{Lz�f]X
i��Pf�SjX#t]X6zo}²f�ilk-�L±²¦�� fvbc{jiq}?zNm*X?xezoW#{jmlX�kN�[z1d]X<}�k-�V|jzot]b1W#X�f�zohLk-mlilf]X�iqd¢f�SjX¤�HRTs W#k-mlX6}�rjm�X�i���zo���HRTs �«}�k-�Vd]rjW#il�jn
t�X<z-}²f]i�ko��¦&° \ hVd]X?t��oX�f]SVzNf<¬�rV�jmli�¥oX�f�SjX¤�jkNf�ilk-��ko��rVhji�p,rjilf]k-rVd�}�k-W#{Lk-rj�V| *l�@�-, ¬½f]SVX¤�jkNf�ilk-��ko�[{jt�ilW¤zot]b&%�d]X<}?ko�V|VzNt�b
W#X�f~zNh�kom�i³f�X#i�d£t�X?mqz�f]i��oX�f]k&z¡t]X6zo}²f�ilk-�½¦Ê±(�©X?X?{Vil�jn&zNm�mHW#X�f~zNh�kom�i³f�X<d£il��f]SVX��VX�fv��kot�¥1m�X<z-|jd f]k1f]SVX#}?t]X6z�f�ilk-�PkN�TzNt]f]X�
�¨z-}²f]rLzNmHm�il�j¥ed�h�X�fv��X?X<��t�X<z-}²f�ilk-�Vd©zN�V|�f]SVX¤hji�z-d©il�,f�t]ke|erV}?X<|�}?zo��m�X<z-|Pf�kCil�Vz-}?}?rjt�zNf]X�t]X6dgrVm³f~d�dgrV}~Sºzod�}?ko�Vd]iq|eX?t�il�Vn
W#X�f~zNh�kom�i�}�jX�fv��kot�¥ed¢z-d¢d]W#zomlm � �[k-t]mq|1�jX�fv��kot�¥ed¢zod£d]Sjk����Cil� * ��,>¦£´ i³f�SV|et~z@��il�Vn¡d]X<}�k-�V|jzot]b¡W�X?f�zohLk-mlilf]X6d¢W¤z@b&�jkNf
h�X©f]SjX�h�X<dgf¢dgf]t~z�f]X<nob#f�k#z-|eko{jf<¬jhjrjf3i³f3t�X?{jt�X<d]X?�,f~d�z#d]ilW#{jm�X��Tz@b¤kN�Hz@�okoiq|ei��jn�f�Sjiqd�hjiqzod<¦

���)� *�+,�.-0/21436587:9�;
`cX<�oX?t~zNm��9k-t]W¤zNmTW#ke|eX?mqd#SVz@�-X�h�X?X?�¶i��¶rLdgX¡f]kµdgf]rV|ebEW�X?f�zohLk-mliq}1�jX�fv��kot�¥ed?¦ RTSjXC}~Sjk-i�}?X¡ko�£z��9kot�W¤zNmTW#ke|eX?m

d]X?X<W#df]kº|eX<{LX<�V|EW¤zoil�jm�bºko�Ef]SjX1�Vz�f�rjt�X¡ko�3f]SjX1Scbc{Lkof]SjX6dgX6dk-�jX¡��iqd]SjX<df]k�f]X6dvfC°¨p,rVzomlilf�zNf]i��oX�k-t�p,rVzo�,f]ilf�z�f�il�-Xo¬
dgf�zNf]iq}©kot¢|ebc�VzoW#i�}6±TzN�V|1ko�1f�SjXd]i/M<X�kN�
f]SjX��VX�fv��kot�¥Grj�V|eX<t¢dgf]rV|eb-¦ � i/.�X<t]X<�-f�i�zom½X<p,rVzNf]i�ko�Vd¢dgX<X?W ��X?m�m�z-|jzN{ef�X<|¡f]k
dgf]rV|jb�|ebc�VzoW#i�}�z-dg{�X<}�f�d�ko�/�oX?t�bd]W¤zNm�mV�jX?fv�[k-t]¥ed*��SjX<t]X6zod*not~zN{VSVd*X?�Vzohjm�X�f]SjX dvf~z�f]iq}3dgf]rV|jb�ko���-X?t�bmqzNt�noXT�jX�fv��kot�¥ed?¦
Y�X�fv��X?X<�&f]SjX6dgX�fv�[k¤X<�V|jd kN�*f]SjX�dg{�X<}�f]t�rjW&¬�d]X?W#i � p,rVzo�,f]ilf�z�f�il�-X�W#kc|jX?mqd3SVz@�-X�hLX<X?�P{jt�ko{�k-d]X<|&zoW�k-�jn¤��Sjiq}~SPs*X�f�t]i
�jX?f�d�zNm�mlk�� �9kot�f�SjX�d]ilW�rjm�zNf]i�ko�µzN�L|µ|ebc�VzNW#iq}?zNm[zN�Vzomlbed]i�d©ko�Td]W¤zNm�mK�jX?fv�[k-t]¥ed4*Ê�o�-, ¬
zo�V|º}�k-�Vdvf�t�zoil�,f��>hVz-dgX6|ªW#ke|eX<m�d
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{jt�k��ci�|jXzGW¤z�f�SjX?W¤zNf]iq}?zNm��9t~zNW#X?��kot�¥�X<�VzNhjm�i��jnGf�k¡|eX6}�koW#{�k-d]X�f]SVX��jX?fv�[k-t]¥1i��-f�kG�9rj�L}²f]i�ko�LzNm*dvf~z�f]X6d dgf�zotgf�il�VnGko�jm�b
�9t�koW�i��e�9k-t]W¤z�f�ilk-�¡k-�1dgf]k-i�}~SVilk-W�X?f]t�b�*l�6�', ¦
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E

E

F
F

F

Rext

P
i�norjt�X¡��K Ì7ÈÊÉ�Ñ~Ô¨Õ(È Õ(ËTÚ²Ô>Ñ~É6ö,ÏeïvÓ²×�ÉNÓ²Ç@å@Ö�Ú²Ô>Ñ~É6ö#Ñ~å@Ö�Ô¨Ë]Ñ~ï«Õ(ÈÊÓ²å�Ú²Ô(Ñ~É@ö��lÓ²Ô
Õ(ö@ËTæ(ËvÕ�Ó��7Ô(ËgÑ~ï«Õ>ÈÊÓ²å6æ {R1 : A + B ↔ C + D, R2 : B ↔

E, R3 : D ↔ F} ��� ö@Ë�Û�ËgÔ9Õ(Ëvð Rext
ÈÊåTÕ>ö6Ë
Ô¨Ë]Ñ~ï«Õ(ÈÊÓ²å£Ú²Ô(Ñ~É@ö3Ô(ËvÉ@Ô¨Ëvæ>Ëvå�Õ>æ�Ñ~ÙÊÙNÔ(ËgÑ~ï«Õ>ÈÊÓ²å6æ�ö@Ñ~É@ÉNËgå6ÈÊå@Ú[Ó²Ç<Õ>æ(ÈÊÖ@Ë�Õ(ö@Ë*æ��6æ¨Õ>Ëv×µÇ@å@Ö6ËgÔ/æ¨Õ>Ç6Ö��3Ñ~å@Ö

É@Ô¨Ó<Ö@Ç6ïgÈÊå6Ú ��Ô¨Ëvæ>É � ïvÓ²å@æ>Ç@×�ÈÊå6Ú �/ïvÓ²×�ÉNÓ²Ç@å@Ö6æ�Ç@æ(ËvÖ �lÔ(Ëvæ>É � Ó²Ç6Õ(É@Ç6Õ ��Ò	�3Õ>ö6ËHæ
�<æ(Õ(Ëg× �

�¢d3korjt�n-k-zNm/iqdTf�k#|jX<zNm���i³f�S1mqzNt�noX£�jX?fv�[k-t]¥edTzN�V|1��kot�¥¤��i³f�S&f]SjX�m�X<z-dvf�{�k-d�dgi�hjm�X ���;#E	���#E	¸¬�not~zN{jS¡W�ke|eX<m�d¢dgX<X?W
zo{j{jt�ko{jt�i�zNf]X�d]il�L}�XHf�SjX?b£t]X<{jt�X<d]X?�,f<¬6il�korjt½k-{ji��jilk-�½¬6f]SjX[ko�jm�b �9kot�W#zomliqd]W¼X?�LzNhjm�il�Vn�f]k3��kot�¥¢��ilf]S�oX?t�b¢mqzNt�noXH�VX�fv��kot�¥cd
W¤zN¥ci��jn��jk�zod�dgrjW#{ef�ilk-�Vd�zohLk-ref[dgf]X<z-|eb � dgf�zNf]X3�Vkot�k-{ef]i�W¤zNm�i³fvb-¦
Z«�¤{Vt]X<�,i�korLdHnoX<�jkoW#X�«d�}?zNm�X3dgf]rV|ei�X<d8* T$,>¬,not~zN{VSVdHSVz@�-X
h�X?X<��rVd]X<|W¤zNi��jmlb©�9k-t
f]ko{�kom�kon-i�}<zNm,zN�Vzomlbed]X<d�t]X<n-zNt~|em�X<d�d½ko�jf]SjXT�VzNf]rjt�XKko�Vf�SjX?i�tH}�koW#{�ko�jX<�,f�dT°9t�X<z-}²f]i�ko�Ld?¬�}�k-W#{Lk-rj�V|jd
zo�V|CX?� M?bcW#X<d~±²¦3´�X{jt�ko{�k-d]X�f�k�X?�Vt]iq}~S&f]SjX�not~zN{jSCW#ke|eX<m�d£zN�V|1f~zN¥-X�il�,f�k¡}�k-�Vd]i�|eX<t�zNf]i�ko�Cd]koW#X�kN�Hf�SjX��9X6z�f�rjt]X6d¢ko�
d]rV}~S&}�koW#{�ko�jX<�,f�d<¦

Pjk-t]W¤zomlm�bo¬�z¤not~zN{jS
G
iqd¢|eX?®V�jX<|ªzod3z¤{LzNi�t

(V, E)
¬L��ilf]S

V
z¤dgX?f ko�����#E�!	������zN�V|

E ⊆ V × V
zGdgX?f¢kN�8� ��� ���~¦

RTSjX£X<|jnoX<d�t�X?{jt�X<d]X?�,f[f]SjX©t�X?mqz�f]i�ko�LdKh�X�fv��X?X<�Gf]SVX£�-X?t]f]iq}�X6d[zo�V|GW¤z@b¤h�X£|ei�t�X<}²f�X<|�kotTrj�V|ei�t�X<}²f�X<|/¦HRTSjX©�-X?t]f]iq}�X<d�zN�L|
X6|enoX6dTkN��f�SjX�not~zN{VS1}<zN�1hLX�mqzNh�X?m�mlX6|/¦
RTSjX&W#k-dgf�i��,f]rjilf]i��oX&n-t�zo{jS t�X?{jt�X<d]X?�,f�zNf]i�ko�µko�£z�W�X?f�zohLk-mliq}��VX�fv��kot�¥�iqd�{jt�k��,iq|eX6| hcb zªhVil{Vzotgf�i³f�X¡n-t�zo{jS½¦ �

hji�{Vzotgf�i³f�X n-t�zo{jS�SVz-d�fv��k�fvb,{�X<d�ko���oX<tgf�i�}?X<d[��Sjiq}~S�i���f�SjX�}�ko�,f�X�xcf�ko��W#X�f~zNh�kom�i�} �jX�fv��kot�¥edKt�X?{Vt]X6dgX<�-f6¬ct]X6dg{�X<}�f]i��oX?m�bo¬
t�X<z-}²f]i�ko�LdKzN�L|�}~SjX<W�iq}?zom�}?koW#{�korj�V|Vd?¦HRTSjX©}�k-W�{�korV�V|Gn-t�zo{jS¤i�dTz�}�koW#{Vz-}²fT�oX<t�d]ilk-�¤kN�½f�SjX£hjil{LzNt]f]ilf]X£not~zN{jS¤��SjX<t]X
k-�jmlbº}�k-W#{Lk-rj�V|º�oX<tgf�i�}?X<d�zot]XG¥-X?{efzo�V|ºi��e�9kot�W¤z�f]i�ko�µk-��f]SjX¡t]X6zo}²f�ilk-�Vd�iqd�dgf]kot�X<|µz-d�X<|jnoXGmqzNh�X?mqd?¦CRTSjX�t]X6zo}²f�ilk-�
n-t�zo{jS¤i�dKf]SVX d]b,W#W#X�f�t]iq}3t�X?{Vt]X6dgX<�-f~z�f�ilk-��ko��z}?koW#{Lk-rj�V|¤n-t�zo{jSP°R	�H��-H�¬jt�X<z-}²f]i�ko�#�-X?t]f]iq}�X<d[zNt�X¢¥-X?{efTzN�V|#i��e�9kot�W¤z�f�ilk-�
k-�¤f]SjX©}�k-W#{Lk-rj�V|jd[i�dTdgf]k-t]X6|Gzod[X<|en-X¢mqzNh�X?mqd�±�¦1P�i�norVt]X�� d]Sjk��3dHf�SjX<d]X¢f�Sjt�X?X¢W#ke|eX<m�d<¦K\ �jX£d]Sjk-rjm�|GW�X<�,f]i�ko�Gf�SVz�f�il�
f�SjX�}?koW#{�korj�V|�not~zN{jS½¬@X6|enoX6d�zot]XK|jt�z@����k-�jmlb©h�X�fv��X?X<��d]rjhVdgf]t~z�f]X6d�zo�V|�{jt�ke|erV}�f�d�°¨zN�L|��jkNf*h�X�fv��X?X?��fv�[k£dgrjhLdvf�t�zNf]X<d
k-tKh�X�fv��X?X?�Gfv�[k�{Vt]ke|erV}�f�d[kN�/f�SjX d�zNW#X3t�X<z-}²f]i�ko��±²¦*R�k�hLX£zNhjm�X3f�k�|eX<t]i��oX�f�SjX }?koW#{�korj�V|Gnot~zN{jS#�9t�koW f]SjX£hji�{VzNt]f]ilf]X
n-t�zo{jS½¬oz�d]ilW#{jm�X3d]kom�ref]i�ko�¤}�k-�Vd]i�dgf�d*i��Gzo|j|jil�jn�X6|enoXTmqzNh�X?mqd*f]k�f]SjX�hji�{Vzotgf�i³f�X�not~zN{jS�il�L|ei�}<z�f�il�jn©f�SjX3t�X?mqz�f�il�-X�{�k-d]ilf]i�ko�Vd
ko�Lf�SjX3}�k-W�{�korV�V|jd*��ilf]S¤t�X<d]{LX6}²f*f]k�z©t�X<z-}²f]i�ko��¦�s�t�X<}<zNref�ilk-��W�rVdvfKzom�d]k©hLXTf~zN¥-X?�#}�ko�L}�X?t��ji��jn�}�k-W�{�korV�V|jd*m�il�j¥-X<|�f]k
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� Ã���� � �e� ¿PÃ �o�*���@� ¿�� � ¿PÃ�� � � Ã � ���
� X�f

lb
zN�V|

gb
hLX£f�SjX m�ke}?zom7zo�V|¤n-mlk-hVzNm�n-zo{�}�k-�-f�t]k-mLh�korV�V|jdTzN�V|�mlX?f

M
hLX©zW#kof]il�v¦ Pjkot�X<z-}~S

c
i��

M
¬em�X�f

sc

h�X£z
�crjW�hLX<t<¦H�3� � � � #&� ��	�2 ������ke}<}�rjt�t]X<�V}�X¢kN�

M
°¨��i³f�S¡t�X<d]{LX6}²f[f]k

lb
¬
gb
zN�V|

{sc}
±Ki�dTzN�cb#W#il�VilW¤zNm/d]X�f

R
ko���oX<tgf�i�}?X<d

ko�
G
f]SVzNf3SVzod�z#d]rjhVd]X�f

R′
f]SLz�f3d]zNf]iqdv®LX<d�f]SVX©�9kom�mlk���i��jn¤}�k-�V|eilf]i�ko�Vd?K



���������
	���������
	 ����	����������������	��������! "�$#&%'� >

�-¦Tf]SjX#hji�{Vzotgf�i³f�X�n-t�zo{jS
H(M ∪ R′, EH)

��ilf]S
EH = {{c, v} ∈ M × R′|

f]SjX<t]X#X?xciqdgf�d�z&}�k-mlk-rjt
c′
kN�

v
dgrL}~S

f]SVzNf
S(c′, c) ≥ sc}

}�ko�,f~zNi��Vd�z�{LX<tg�9X6}²f3W¤z�f~}~Sjil�Vn��
�j¦T�9kot[X<zo}~S¡dgrjhLdgX?f

B
kN�

R′
dgrV}~SGf]SVzNf

B 6= ∅
zN�V|

R \B 6= ∅
¬of�SjX£mlX<�jnNf�S�kN�/f�SjX©dgSjk-tgf�X<dgfK{VzNf]S�i��

GR

h�X�fv��X?X<�
B
zN�V|

R \ B
iqd�z�f3W#k-dgf

lb
�

�V¦
|R| − |R′| ≤ gb

¦
\ hVd]X?t��oX�f]SLz�fK��SjX<�¤�jk�n-zo{Vd�zot]X3zomlm�k��[X6|�f�SjX?�

R = R′
zo�V|¤}�k-�V|eilf]i�ko�G�£W#X<zo�Vd�d]ilW#{jm�bf�SVz�f

GR

iqdK}?ko�j�jX6}²f�X<|/¦
�¢�1X?xjzNW#{jm�X£iqd�n-il�-X?��i���P
iln-rjt]X��j¦

lb �
�

lb �
�

lb �
�

gb �
�

gb �
�

gb �
�

P
i�norjt�X£� K ß<Ç@Ò@Ú²Ô(Ñ~É@ö@æ�ÈÊå@Ö@Ç@ïvËvÖ£Ò	��Ó?ïvïgÇ6Ô(Ô¨Ëvå@ïvËgæ ��Ó²Ô�Õ(ö@ËH×�Ó~Õ(È � { Ò@ÙçÑ~ï��oÏ6Ò@ÙçÑ~ï��NÏ6Ö�Ñ~Ô��3Ú²Ô(Ë ��Ï@ÙÊÈÊÚ²ö�Õ½Ú²Ô¨Ë � } �lÓ²Ô { Ò@ÙçÑ~ï��NÏ@Ò6ÙçÑ~ï��oÏ6Ú²Ô(ËvËvå,Ï�Ò6ÙÊÇ@Ë }
��Ó²Ô�Ñ�ïvÓ²ÙÊÓ²Ç@Ô¨ËvÖ£Û�ËvÔ(æ(ÈÊÓ²å � �

����� � 7 � � ��� 3	�;�� 1 � 9 �.+ � �
	
´�X��jk�� |eiqd�}�rVd�d[�9rj�V}²f�ilk-�

S
�9k-tTf]SjX©{jt�kohjm�X?W kN��W#X?f�zNh�kom�iq} �VX�fv��kot�¥cdTzo�V|�t�X<z-}²f�ilk-��W#kNf�i³�¨dTi��CdgrV}~S¡�jX�fv��kot�¥ed?¦

��zot]i�korVd[�9rj�L}²f]i�ko�Ld�kN�H|ei/.�X<t]X<�-f��VzNf]rjt�X©W¤z@bGhLX�rLdgX6|/¬j��X£{Vt]X6dgX<�-f�SjX<t]X£fv��k#{Lk,d]d]ilhVmlX©�Tz@bcd[f�k#|jX�®V�jX
S
¦

RTSjX�®Lt�dgf¢ko�VX�i�d¢hVzod]X<|1ko�Pzomli�no�VW�X<�,f<¦KZ«�L|eX?X6|/¬Li��Ckot~|eX<tTf]k�}?koW#{VzNt�X©t]X6zo}�f]i�ko�Vd<¬j��Sjiq}~SCi�d3��SVz�f3�9rV�V}²f�ilk-�
S
i�d

rVd]X<|��9k-t<¬½k-�jX¤}?zo�º}?koW#{Vzot]X�f]SjX¤X<� M?bcW#X<d£f�SVz�f}<z�f~zNm�bcd]X�f]SjX6dgX#t�X<z-}²f]i�ko�Ld hcb�{LX<tg�9k-t]W#i��jnCzN�ºzNm�iln-�jW#X?�,f�kN��f]SjX<ilt
d]X<p,rjX<�V}�X6d¢°9k-t�dgf]t�rV}�f]rjt�X<d~±²¦*�3�¡X?m�X?W#X?�,f[ko�

C
��korjmq|�f]SjX<��h�X£zdgX6p-rVX?�V}?X�°9k-t�dgf]t�rV}�f]rjt�X6±�¦
RTSjX �9rj�V}�f]i�ko�

S
z-d]d]i�no�Vd

z�d]X<p,rjX<�V}�X�°9k-t�dvf�t]rL}²f]rVt]X@±*zNm�iln-�jW#X?�,fKd]}?kot�X�zo�V|
s
iqd�z£rVd]X?t�� |eX?®V�jX6|f�Sjt�X<d]Sjkomq|�f�SVz�f�SLzod*f�k�hLX�W#X�fKf]k�}�k-�Vdgiq|eX<t*f]SjX

d]X<p,rjX<�V}�X6d3°¨dgf]t�rV}²f�rjt�X<d~±*dgi�W#ilmqzNt6¦�Z«��f�SjX¢}?z-dgX�ko�/��Sjkom�X��jX�fv��kot�¥ed?¬Nd]X<p,rjX<�V}�X6d�zNt�X�{jt�X��9X<t�zohjmlX�d]il�L}�X3W¤zN�cb�dvf�t]rV}�f]rjt�X<d
zot]X©�jkofT¥c�jk�����¦
RTSjX&dgX6}�k-�V|µX�xjzoW�{VmlX1i�df]SVX¡k-�jX¡��X¡z-|eko{jf�i�� f]SVi�d�{Vzo{LX<t<¦ºZ f#i�d�hVz-dgX6|µko�¶zPSji�X?t~zNt~}~Sjiq}?zNm[}�mqzod�dgil®L}?zNf]i�ko� ko�

X<� M?bcW#X<d¤|eX<�oX<mlk-{LX6| hcbµf]SVXCZ«�-f�X?t��Vz�f�ilk-�VzNm�¯¢�jilk-�Bko�£Y�i�kc}~SVX?W#i�dgf]t�bEzo�V| 0Pkom�X<}�rVm�zot#Y�i�kom�kon-bã°¨Zv¯¢Y 0PY�± *��E,>¦ãZ f
}?ko�Vd]i�dgf�d�i�� zod�dgi�no�ji��jn�f]kºX<z-}~SBX<� M?bcW#XCzº}�ke|eX&��i³f�Sã���crjW�hLX<t�d#X?xe{jt]X6d]d]i��jnªf�SjXC}~SjX?W#iqdvf�t]bEkN�¢f�SjXCt�X<zo}�f]i�ko�Bi³f
}<z�f�zomlbed]X<d<¦¤RTSji�d}�ke|eX¤iqd�¥c�jk�����z-d£f]SjX�X?� M<b,W#X*� d"- & �crjW�hLX<tG°¸�9kot -�� M?bcW#X &[k-W�W#iqd]d]i�ko�º§3rjW�hLX<t~±�¦�RTSjX#®Vt~dvf
�crjW�hLX<t�kN�cf�SjX - &ª�crjW�hLX<t�}?zo�©f�zo¥oX���zNm�rjX6d/il�

[1 . . 6]
¬6X<zo}~S©�crjW�hLX<t�d]b,W�hLk-mli7M?i��jnTf�SjX[��hVt]k,zo|©}�mqzod�dgX6d/kN�eX<� M?bcW¤z�f�i�}

z-}²f]i��ci³fvb-¦�°g�o¦½\¢xciq|ek-t]X6|erV}²f~zod]Xo¬L�j¦�R�t~zN�Vdg�9X?t~zod]Xo¬��j¦Lw¢be|et]k-m�z-dgX-¬V�L¦ � b-zod]Xo¬7�e¦�Zvdgk-W#X?t~zod]Xo¬L�V¦ � iln,zod]X6±²¦ RTSjX?��X<zo}~SCko�
f�SjX�f]Sjt�X?X#t�X?W¤zNi��ji��jn¡�crjW�hLX<t�d£ko�Kf]SVX - & �crjW�hLX<t�{jt]k��ciq|eX<d£zo|V|ei³f�ilk-�VzNmHm�X?�-X?mqd£kN��|jX�f�zoilm>¦4Pjkot©X?xezoW#{jmlX-¬/f]SVX�-%&
�crjW�hLX<t�o¦��o¦��o¦��©t]X?�9X?t~dTf]kGzo�Ck@xei�|ek-t]X6|erV}�f�zod]X¤°v�@±T��i³f�S &�w �g\£w�zod¢|eko�jk-t3not�korV{&zo�V|&§¢� �� z-d3zo}<}�X?{jf]kot¢not�korj{½¦
�¢� -%& �crjW�hLX<tTf]SjX<t]X?�9kot�X©|jX�®V�jX6d�dgrVh�}?m�z-d]d]X<dTko��t�X<zo}�f]i�ko�Vd<¦
�3��X?m�X?W#X?�,f¢ko�

C
i�d i��Cf]Sjiqd£}?zod]Xzo� - & �crjWh�X?t6¦¢RTSjX�9rj�V}²f�ilk-�

S
f]SVX?�ªz-d]d]iln-�Vd3z¡dgi�W#ilmqzNt�i³fvb1d]}?kot�X�h�X�fv��X?X?�

fv��k"- &E�,rVWh�X?t~d*f]SVzNfK}�k-t]t�X<d]{Lk-�V|jd�f]k�f]SjX�i��V|eX?x�kN�7f�SjX3|eX?X<{LX6dvf[mlX<�oX?mj|jk�����f�k���Sjiq}~S�f�SjX?b�t�X?W¤zNi���iq|eX<�-f�i�}<zNm>¦FPVkot
X?xezoW#{jmlX-¬

S(1.1.1.2, 1.1.1.3) = 3
¦#R��[k - &��crjWh�X?t~d�zNt�X�}?ko�Vd]iq|eX?t�X<|�dgi�W#ilmqzNt©il�[f�SjX?i�t�d]ilW#i�m�zot]ilfvbªd�}�kot�X�i�d�zohLk��-X

z¤rLdgX<t �«|eX�®L�jX<|&}�rjf � k$.���zomlrjX
s
i�� * � ¦?¦g��,>¦�RTSjX�zo|e��zN�,f~zNnoX�ko�*f]Sjiqd |jX�®V�jilf]i�ko�Cko�Kdgi�W#ilmqzNt�ilfvb�h�X�fv��X?X?�P}?kom�korjt~d<¬ 	�H��?H

t�X<z-}²f]i�ko�Ld?¬,i�d[f�SVz�f�ilfTiqd�W#kot�X |ei�t]X6}²f�mlb¤m�il�V¥oX<|�f]k�f]SVX£�VkNf]i�ko�¡kN�½�9rV�V}²f�ilk-�½¦�y�X<z-}²f�ilk-�Vd[}?koW#{Vzot]X6|¤��i³f�S�f�SjiqdTW�X6zod]rjt�X
zot]X©m�il¥-X?m�b¤f]k#h�X©�9rj�V}²f�ilk-�VzNm�m�bGt]X<m�zNf]X6|�°(zN�V|1{�k-d�dgi�hjm�bGX?�-kom�ref]i�ko�Vzot]b¤t�X?mqz�f�X<|1zNmqdgkc±²¦
\¢f]SVX?t�d]ilW#i�m�zot]ilfvbPd]}?kot�X<d hLX?fv�[X<X?��- &��,rVWh�X?t~d SLz@�oX�hLX<X?�µ}�k-�Vdgiq|eX<t]X6|Pi��ªf�SjX#mlilf]X<t�zNf]rjt�X¤zN�V|�}�korVm�|�hLX¤rLdgX6|

i��Vdgf]X<z-|/¦ Pjkot
i��Vdvf~zN�V}?Xo¬�f�SjX�d]}?kot�XKn-il�-X?��hcb�R�koSVd�z�f�k4���A���7H * �o�',VzN�L|�s�i��,f]X?t8���F�$�/H *��?��,cf�k©z {Vzoilt
kN� - &º�crjW�hLX<t�d
iqd
z
�9rj�L}²f]i�ko�¤ko�Lf�SjXTf]kof�zomVdgi7M?X�ko�Lf�SjX3d]rjhef]t�X?X�t�kckNf�X<|�z�fHf]SVX3mlk���X<dgf�}�k-W�W#k-��zo�V}�X6dvf�kotHkN��f]SVX�{VzNi�t�i���f�SjX3m�X�xeiq}�kon-t�zo{jSjiq}
f�t]X<X �9k-t3zNm�m/X�xeiqdvf�il�jn -%& �crjW�hLX<t�d<¦

P
il�LzNm�mlb-¬3�[X�dgSVkorjmq| W#X?�,f]i�ko�ãf�SVz�f&kNf�SjX?t¡X�xeiqdvf�il�jnESjilX<t�zot�}~SVi�}<zNm¢}?m�z-d]d]i³®�}?z�f�ilk-�Vd¤ko��X?� M<b,W#X6d�°¨mli�¥oX�` &�\ s kot
&��HR�w£±T}�korVm�|1h�X�rVdgX6|¡z-d�zNmlf]X<t]�VzNf]i��oX£��z@bed[f]kG|jX�®V�jX

S
¦
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i�norjt�X¢� K
� Ô(ËvË T Ñ~å@Ö3È Õ(æ7ÙçÑ~ÒNËgÙÊæ �lÓ²Ô X = {1, . . . , 9} Ñ~å6Ö C = {{1, 3, 4}, {2, 4, 6}, {2, 8, 9}, {7, 8, 9}, {1, 5, 6}, {5, 6, 7}} � � ö@Ë�×�Ó~Õ>È �

M ÈÊå¢Õ>ö@ÈÊæ½ïgÑ~æ>Ë�ÈÊæ {Y, B, B, B, 1, . . . , 9} �

� � ������!*	~��� 	 	��[�

����� � �.+&5�	�7:; ; +,7:;��09 �,;
RTSjX©�9k-t]W¤zNm/{Vt]k-hjmlX<W���X©z-|j|et�X<d�d�i�dTf�SjX©�9kom�m�k���il�jn9K

� ¿ �e���	��
©� Ã �.2 ¿ �� N£i��oX<�1z�W#kNf�i³�
M
zo�V|&z�m�zohLX<mlm�X<|1rj�V|jilt�X<}�f]X<|¡not~zN{VS

G
¬e®V�L|1zomlm/ke}<}�rjt�t]X<�V}�X6d�kN�

M
i��

G
¦

�¢d£W#X?�,f�ilk-�jX<|CX6zNt�mli�X?t6¬jf�Sjiqd {Vt]k-hjmlX<W iqd£|ei�.7X?t�X?�,f£�9t]k-W¹dgrjhVnot~zN{jSCiqdgk-W#kot�{jSjiqdgW hLX6}?zNrLdgXf]SjX�f]k-{Lk-mlk-nob1i�d �jkNf
d]{LX6}�il®VX<|¡�9k-tTf]SjX�W#kNf�i³�v¦

Pjk-tKf�Sjiqd[{Vt]k-hjmlX<W&¬-��X¢W¤z@b¤zod�dgrVW�X¢f]SjX not~zN{jS�i�d�}�k-�j�jX<}�f]X6|GzN�V|�zNm�mL�-X?t]f]iq}�X<d[SVz@�-X¢}�k-mlk-rjt�d�f]SVzNf�zo{j{LX6zNt�il�Gf]SjX
W#kNf�i³�v¦ \¢f�SjX?t���iqdgX-¬j�[X{jt]X<{jt�kc}?X<d�dTf]SVX�not~zN{jS1f�Sjt]k���i��jnGz@�Tz@b¤f]SVX}�k-mlk-rjt�d�f]SVzNf |ekG�jkof zN{V{LX6zNt3i��Cf]SVX�W#kNf]il�v¬Lf]SjX
�-X?t]f]iq}�X<d[f�SVz�f3t�X?W¤zNi��1��i³f�S1�Vk#}?kom�korjt~dTzN�V|&d]kom��oX f]SjX�{Vt]k-hjmlX<W�i��1X6zo}~S&}�k-W�{�ko�VX?�,f�kN��f�SjX�t�X<d]rjm³f�il�Vn�n-t�zo{jS½¦
� �VzNf]rjt~zNmV�@zot]iqzN�,fHkN��f]SVX `cX<zot�}~S�s�t�kohjm�X?W»}�k-�Vd]i�dgf�d*i��½¬,noi��oX?�#z©W#kNf�i³�½zN�L|�z©mqzNh�X?m�m�X<|#not~zN{VS½¬o|eX6}�iq|eil�Vn���SjX�f�SjX?t

f�SjXGW#kNf�i³�3ke}?}?rjt~d�il�ºf�SjX�n-t�zo{jSºkot��VkNf<¦C� d�h�X��9kot�Xo¬*��X¤W¤z@b�z-d]d]rjW#X#f]SjX¡not~zN{jSºiqd�}�k-�j�jX6}²f]X6|/¬HzNm�mK�-X?t]f]iq}�X<dzNt�X
mqzNh�X?m�mlX6|G��ilf]S&}�k-mlk-rjt�d[zN�V|¡zNm�m/}�kom�korVt�d[zN{j{�X<zot[i���f�SjX£W�kof]il�v¦HZ f�iqd�X<z-dgb�f]k#d]X?X f]SjiqdT|eX<}?i�d]ilk-���-X?t~dgi�ko�¤ko�½f]SjX�`cX6zNt~}~S
s�t�kohVmlX<W�iqd£il��§3s*¦7´�X#d]Sjk����jX�xcf f]SVzNf£ilf£iqd©§3s �«}�k-W#{jmlX?f]X�X?�oX<�Pil�

G
iqd£zGf]t�X?Xo¬7��Sjiq}~SPi�W#{jmli�X<d f�SVz�f£f]SjX¤`cX6zNt~}~S

s�t�kohVmlX<W�i�d*§3s)� }?koW#{jm�X�f]X��9k-t�f�t]X<X<d<¦APVkot�f]SjX��9kom�m�k���il�jn {jt�k,ko�v¬��[XT}�k-�Vd]i�|eX<t�f�SjXT�oX<t�d]ilk-����SjX<t]X��jk£n-zN{Ld�zot]X�zNm�mlk���X<|/¦

� ������� ��
 Á � Ã �  .2 ¿ � ¿ � Ã ���?� ¿c¿ ���
´�X�SVz@�oX£f]SVX©�9kom�mlk���i��jn�{jt]k-{Lk,dgilf]i�ko��¦
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� #��?� ��H ´�X©{jt�X<d]X?�,f3z#t]X6|erV}�f]i�ko�¡�9t]k-W -�� � &�R &�\ � -Ky Y < � �v` -KR3`�°��£� &T±EK
 �!�#"��$�!%'&� `cX?f

X
��ilf]S

|X | = 3q
zN�L|1z#}?kom�mlX6}²f]i�ko�

C
kN�*� � X?m�X?W#X?�,f3d]rjhVd]X�f�dTko�

X
¦

(*)�&+�,"  .- �º� �¢kcX6d
C
}�k-�-f~zNi��¡zN�1X�xjz-}²f3}�k��-X?t[�9kot

X
¬ 	�H��-H�¬Lz#d]rjh�}?kom�mlX6}²f�ilk-�

C′ ⊆ C
dgrL}~S�f�SVz�f�X?�-X?t�b¤X?m�X?W#X?�,f3ko�

X
ke}?}?rjt~dTil�&X�xjz-}²f]m�bGk-�jX©W�X<Wh�X?t�ko�

C′ /
� X?f

X = {1, . . . , 3q}
zN�V|

C = {C1, . . . , Cn}
h�X�zN�&i��Vdvf~zN�V}?X�kN�0� � & ¦VRTSjX�i��Vdvf~zN�V}?X©�9kotTf�SjX|eX6}�iqdgi�ko�1�oX<t�d]ilk-�
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L−Ile−tRNA(Ile)

L−Isoleucine

(R)−2−Oxo−3−methyl−pentanoate

(R)−2,3−Dihydroxy−3−methylpentanoate

(S)−2−Hydroxy−3−methyl−3−oxopentanoate

1.1.1.86

2.6.1.42

6.1.1.5

Isoleucine Biosynthesis

1.1.1.86

4.2.1.9

(S)−2−Aceto−2−hydroxybutanoate

Pantothenate
and CoA biosynthesis

L−Val−tRNA(Val)

L−Valine

2−Oxoisovalerate

(R)−2,3−Dihydroxy−3−methylbutanoate

(R)−3−Hydroxy−3−methyl−2−oxobutanoate1.1.1.86

1.1.1.86

4.2.1.9

2.6.1.42

Valine Biosynthesis

6.1.1.9

1.1.1.86

(S)−2−Acetolactate

4.2.1.9

2,3−Dihydroxy−3−methylbutanoate

2−Acetolactate

L−Leu−tRNA(Leu)

1.1.1.85

2.6.1.42

6.1.1.4

Leucine Biosynthesis

4.2.1.33

4−Methyl−2oxopentanoate

2−Isopropyl−maleate

3−Isopropylmalate

2−Oxo−4−methyl−3−carboxypentanoate

L−Leucine
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