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dB`Mqu_B[]`fNyY]WXY\[]O>N �cª[jJ�c�_B[]O>b]_Mqr�XwfWB_�quN�cpo>Y�wZO^Y]o3b]cp�;O>w��XW2[]JMO��EqrN4cp��[]iv_fcpqr_
H0
¦
> [jY

cp_v[jO3bxqro�[jc�iv_ �c�[]J®qr_�O�X[]O>b]_Mqr� @�Ov¦ ��¦��f�pqvY\O>b B ¥�O3�ew ceYKN�iZwZO3�pO>w �BW�cp_v[jb]iZwZ`�o�cp_f��[jJfO�wZc�t;iv��O2N�irN�O>_v[ivt;O3bjqu[]ivb
µ
qu_Mw [jJfO�¥�O3�ew'cp_v[jO3_MY]cª[mW

ε(t)
¦ > �K[]JMO�Y]WZYm[jO3N cpY�bjO3tMb]O^Y\O>_v[]O^w c�_�[]JfO wZO>_MY\c�[mW N�qu[]bjcª

��ivb]N&`f�eql[jc�iv_ �c�[]J c�_Mcª[jcpqr�EYm[xql[]O
ρ0
cª[xY�wZWX_MquN�ceo3Y �cp���nir�;O>W�[]JfO®[jc�N�O9wZO>t;O3_MwZO>_v[ UfojJfb��ZwZcp_f�vO3b

O^dv`�ql[]cpir_��

i
∂

∂t
ρ(x, t) = [H0 − ε(t)µ, ρ(x, t)]

@m� B
ρ(x, t = 0) = ρ0(x).

�EO3bjO %O2`MY]O>w []JfO�o3ir_B�rO>_v[jc�iv_
~ = 1

¦
� O
cp_v[jb]ifwZ`Mo�OE[]JfO2�$cpir`f�Xcp���pO
Y\t�qro�OEbjO3tfbjO>Y]O3_B[jqu[]cpir_$�v�BW�wZO3¥M_fcp_f�&[]JfO2Y]o>qu�equb�tfbjiZwZ`Mo�[

〈〈a, b〉〉 =
Tr(a†b)

qr_Mw9[]JfO�qrYjY\ifo�ceql[]O^w¨_firbjN
‖a‖〉〉 =

√
〈〈a, a〉〉

¦S>£_MYm[jO>qrw�iu��[jJfO�o3irN�N&`Z[xql[]ivbjY�qr�;i¬�rOv��%O
wZO3¥M_fO�[jJfO�irt;O3bxql[jirbjY

H
qu_Mw

M
[jJMql[2qro�[Eiv_9wZO>_MY]cª[mW�N�qu[]bjcpo3O>Yn�XW

Hρ = [H0, ρ]
�
Mρ = [µ, ρ]

¦
¢�dB`Mqu[]cpir_ @\� B �;O>o3irN�O>Y

i
∂

∂t
ρ(x, t) = (H− ε(t)M) ρ(x, t)

@@� B
ρ(x, t = 0) = ρ0(x).

IKJfO�o�iv_v[jb]iv� �riBqu�ho3qu_'�;O�O3Ztfb]O^Y]Y]O>w�[]Jfbjir`M�rJ []JMO�cp_v[jb]iZwf`Mo�[jc�iv_ ir�Kqr_ iv�MY]O3bj�lqu�f�pO4irt;O>bjqu[]ivb
A
�BW�[]JfO2bjO>dB`fcpb]O>N�O3_v[�[]JMqu[�[jJfO.dB`Mqu_B[]c�[£W

〈A(t)〉 = Re〈〈A, ρ〉〉
�;O�N�qlZcpN4c=;3O^w @

Re
wZO>_fiu[jc�_f��[jJfO

bjO>qr�htMqub][&iu�nq9o�irN�tf�pO�'_B`fN&�;O3b B ¦�IKJfcpY���irbjN&`f�eql[]cpir_�o>qu_��;O���`fb][]JMO3b&bjO�¥M_MO>w�qrY�cp_ �p�^{ � �JfO3bjO
qr_�c�_MwfO�

y(t) = y(〈A1(t)〉, ..., 〈AK(t)〉)
qr�r�rbjO3�vql[]cp_f�&Y]O3�vO3bjqr��ir��Y\O3bj�lqr�f�pO>YhceYKo�ir_�Y\cewZO3bjO>w�irb�O3�rO3_

��`fb][]JfO>b(�BW�wfO�¥M_fcp_f�
y(t) = y(

∫ t

0
ε2(s)ds, 〈A1(t)〉, ..., 〈AK(t)〉)

�JfO3bjO�%Ohcp_v[]bjiZwZ`Mo3O O3XtM��ceo�c�[]�pWE[jJfO
wZO>t;O3_MwZO>_Mo�O%ir_.[]JMO��eqrY]O3b��M`MO3_Mo3Or¦<&fivb(_fir[jqu[]cpir_Mqr�vo�iv_B�rO>_fc�O>_Mo�O %O �cp���XwZO>_fiu[jO

F (t) =
∫ t

0
ε2(s)ds

¦

����� ��� �"! #�$&%(')�"*+'-,.�/$10 243
�%ir_MY]cpwfO3b�[]JfO�Y\cpN�tf�pO�Y\c�[]`Mqu[]cpir_

y(t) = y(
∫ t

0
ε2(s)ds, 〈A(t)〉)

�JfO>b]O�ir_f�pW9ir_fO�ir�MY]O3bj�lqu�M��O�ceY
o3ir_MY]cpwZO>b]O^w�cH¦ Or¦p�

K = 1
qr�;i¬�rOv¦ � O.ir�Z[xqucp_

dy(t)

dt
= D1y · ε(t) +D2y ·Re〈〈A,

(H− ε(t)M) ρ(x, t)

i
〉〉
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�JfO>b]O
Dj

cpY�[]JMO�tMqrb\[jcpqr�KwZO3bjc��uql[]cp�rO �cª[jJ�bjO>Y]t�O^o�[�[ji []JfO
j
�@[]J��lqrb]cequ�f�pOr¦)IKJfceY�o3qu_·�;O ��`Mb\[jJfO3b

O3XtMb]O>YjY]O>w qrY
dy(t)

dt
= f(F (t), ρ) + ε(t)g(F (t), ρ)

@ � B
> [�ceY4Y]O3O>_�[]JMqu[>�)O�fo3O3tZ[4��irb�[jJfO�t;ircp_v[jY �JfO>b]O

g
�uqu_fceY\JfO^Y @ �JfceojJ �cp���K�;O®o3qr���pO>w·Y]c�_f�v`f�equbjcª[jc�O^Y

qr_Mw �cp�p�$�;O2[jb]O^ql[jO>w�Y]O3tMqrbjqu[]O>��W B �ºivbEqu_BW wZO^Y\cpbjO>w�[jbjqlkmO>o�[]ivb]W ỹ �c�[]J ỹ(0) = y(0)
�f[]JfO&o�iv_MwZc�[]cpir_

y(t) ≡ ỹ(t)
`M_fcpdB`fO>��W wfO�[]O>b]N�cp_fO>YK[]JfO2¥MO>�pw

ε(t)
�BW�[jJfO2��irbjN&`f�eq

ε(t) =
dey(t)

dt
− f(F (t), ρ)

g(F (t), ρ)
.

@¶} B
&Mb]ivN

dF/dt = ε2(t)
iv_fO2ir�Z[xqucp_MY�[]J�ql[ @�} B ceY�c�_��¶qro�[Eq����
¢ ir_ F ir��[]JfO2��irbjN

dF/dt = Y(F, ρ)
@H{ B

[jJMql[�cpY []i.�;OnY]ir�p�rO^wEkmircp_v[]�pW �c�[]J @H� B cp_�irbxwZO3b)[ji.O3_MY]`fbjO�qvwZJfO3bjO3_�o�O�[ji2[]JfOntfbjO>Yjo�bjc��;O^w�[jbjqlkmO^o�[]ivb]W
ỹ
¦
UZquN�Oho�iv_MY]cpwZO>bjqu[]cpir_MY¡qutftM��W
cª�Zir_f�pW �O>qu�rO>b¡tfbjirt;O3b][]cpO>Y$qubjO)b]O^dv`Mc�bjO>w¡��[mWBtMcpo>qu�p��WE[]JfOhcp_Mo�bjO>qvY\O��lwZO^o�b]O>qrY\O

ir�
y(t)

�JMcpoxJ®o>qu_��;O.O3_Z��ivbjo3O>w�[]Jfbjir`f�vJ�[jJfO�o�ir_�wZcª[jc�iv_
dy/dt ≥ 0

@
≤ 0 B ¦IKJfO4wZc���o3`f�ª[mW¨c�_9[jJfcpY2qutftfbjivqvojJ¨cpYE[ji�¥M_�w�q�Y\`Mcª[xqu�f�pO&bjO���O>b]O>_Mo�O�[]bxqrox�Xc�_f��[]bxqlkmO>o�[jirbjW

ỹ
[]JMqu[

wZiZO>Y%_fir[��vc��rO
bjcpY]OE[]i�Y\cp_f�r`M�pqrb%t;ircp_v[xY�iu�$[jJfO2Y\WZY\[]O>N @ � B � @H{ B c@¦ Or¦p� �JfO3bjO g(F, ρ) = 0
¦+>£_ �rO>_fO3bxqu�

Y]c�_M�r`f�equb%t;ircp_v[jY�o>qu_f_fir[%�;O�q¬�rircewZO>w�q�tfbjcpirbjc�qr_Mw�[jO>oxJf_fcedB`fO>Y %O>b]O
wfO>Y]c��v_fO>w�[ji�[jbjO>ql[KY\`MoxJ Y\c�[]`Mqu�
[jc�iv_MY4�ZY]O3O �p�3} �;��ivbKwZO^Y\cp�r_MY�[jJMql[K�piZo3qr���pW�qu��[]O3b%[jJfO
[]bxqlkmO>o�[]irbjW�[ji4o3c�bxo�`fN&�rO>_v[�[]JfO2Y]cp_f�r`f�equb%t;ivc�_B[jY
qr_Mw ���$9Z�$���$��irbnq�Y\[]`MwZW�iv_ []JfO�Y\[]ivtftfcp_f��t;ircp_v[xY�qr_Mw tfbjiZo�O^wZ`fbjO>Y%[]i�c�N�tfbji¬�rO�[]JfO>c�bnirtf[]cpN�qr��c�[mWr¦

��� � � ,-% ,"0 , %($&! �"*+'-,.�/$+0 243
	���,-� ,� 0 $�3)�"* ! ,-% 0 � ,-*
>£_ qu_�qrtftfbjivqvojJ9wZc�©;O>b]O>_v[���b]ivN []bxqrox�Xc�_f����N4iv_fiu[jir_fceo3qr���pW®o�ir_X�rO3bj�rO>_v[�qu�p�rirbjc�[]JfN�YntMc�iv_fO3O3bjO>w

cp_ �È�u�Z�;�f� ��qu_Mw�O�X[jO3_MwZO^w�cp_ �p��'
�(cp_�[jJfO �q¬�rO���`f_Mo�[]cpir_®bjO3tfbjO>Y]O3_v[xql[jc�iv_$�fqubjO2`MY]O>w�cp_�[jJfO&o�ir_B[]O3B[
ir�«[]JMO
wZO>_MY\c�[mW4N�ql[jb]c��irt;O3bxql[jirb�qrY�c�_ �È�r�Z�X�G�
�@¦ZUX`MoxJ�tfbjiZo�O^wZ`fb]O^Yhqrb]Oncp_Mo��p`MwZO>w�cp_�[]JfOE��bjqrN4O�%irbj�
ir��[jJfO�irtf[]cpN�qr�%o�iv_v[jb]iv� []J�ql[�c�_B[]bjiZwZ`Mo3O>Y&q9o�iBYm[���`f_Mo�[]cpir_Mqr� @HwZO�¥�_fO>w�qu[�q®¥M_Mqu��[]cpN�O

T B []i9�;OivtZ[]cpN�c;>O>w¡¦��
_fO.Y]`MoxJ�O�fqrN4tM��O2iu����`f_Mo�[jc�iv_Mqu�$ceY

J(ε) =

∫ T

0

αε2(t)dt− 2Re〈〈A, ρ(T )〉〉.
@H| B

�JfO>b]O
α
ceY�q�t;ivY]cª[jc��rO @Ho�ir_�Ym[xqu_v[�irb�[]cpN�O
�lqubjWXcp_f� B %O3cp�rJB[>¦XIKJfO>_$�v[]JfO�o3b]c�[]ceo3qr��t;ircp_v[jY%iu� J(ε)

qrb]O
Y]ir`f�vJv[�ql�º[]O>b&`f_MwZO>b�[jJfO�o3ir_MY\[]bxqucp_v[&iu�nYjql[]ceY\��WBcp_f� @H� B ¦��%O^o3qr`MY\O�ir�K[]JfO o�iv_MYm[jbjqrc�_B[>��q9�(qu�vbjqr_f�rON&`f��[]cptf�pc�O>b>��wZO3_fir[]O>w

χ(x, t)
cpY�cp_v[]bjiZwZ`�o�O>w cp_�[]JfO�o�iBYm[K��`f_�o�[]cpir_�qu�¡[]JMqu[n_fi� bjO>qvwfY

J2(ε) =

∫ T

0

αε2(t)dt− 2Re〈〈A, ρ(T )〉〉

+2Re

{∫ T

0

〈〈χ,
∂ρ

∂t
−

(H− ε(t)M)ρ

i
〉〉dt

}
@ 6 B
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IKJfO�o�bjc�[]ceo3qu�¡t;ivc�_B[�O^dv`�ql[]cpir_�YKqrb]O
[jJB`MYnir�Z[xqucp_fO>w �

i
∂

∂t
ρ(x, t) = (H− ε(t)M) ρ(x, t)

@ ' B
ρ(x, t = 0) = ρ0(x)

2αε(t) + 2Re〈〈χ,
Mρ

i
〉〉(t) = 0

@R9 B
i
∂

∂t
χ(x, t) = (H− ε(t)M)χ(x, t)

@m�>� B
χ(x, T ) = A.

��`fcp�pwfc�_f�&ir_�[]JfO^Y\OEbjO3�eql[jc�iv_MY3�u[]JMOEN�ir_fir[]ir_Mcponqr���virbjcª[jJfN�Y tfbjO>Yjo�bjc��;OEq.tMqub][]ceo�`M�pqrbhirbxwZO>b []i&c�[]O>bjqu[]O
cp_¨[]JfO^Y\O�o�iv`ftf�pO>w¨O>dB`Mql[jc�iv_MYn�BW¨o�ir_MY\[]bj`Mo�[]cp_f�M��qu[n[jJfO&c�[]O>bjqu[]cpir_9Ym[jO3t

k → k + 1
�;q�¥�O3�ew

εk+1(t)�c�[]J�[]JMO2cpN�t;irb][jqr_v[�tfbjirt;O>b\[mW
J(εk+1) ≤ J(εk),

@m�r� B
JfO>_Mo�OE[jJfO
_MqrN�OEir��� E
�PE
N E
� �!� 	G� �*EGFI��N�����¦ : Y]c�N�tf�pO
O�fquN�tf�pOEir�(Y]`MoxJ�qr���virbjcª[jJfN ceY @HY]O3O � �v�X�Z� ���
��ivbnqrwfwZc�[]cpir_�qu�$wZO�[xqucp�eY B �

i
∂

∂t
ρk+1(x, t) = (H− εk+1(t)M) ρk+1(x, t)

@\�^� B
ρk+1(x, t = 0) = ρ0(x)

εk+1(t) = −
1

α
Re〈〈χk,

Mρk+1

i
〉〉(t)

@\��� B
i
∂

∂t
χk+1(x, t) = (H− εk+1(t)M)χk+1(x, t)

@\�3} B
χk+1(x, T ) = A.

IKJfceY qu�p�rivb]c�[]JMN ceY�tfbji¬�rO^w �È�G���
[ji·JMq^�rO9[]JfO o3ir_X�rO3_fcpO3_v[ tfbjirt;O>b\[mW�c�_�¢�dB_$¦ @\�r� B ¦ > [ cpY�[ji��;O_fir[]O^w []JMqu[n[]JfceYntfbjirt;O>b\[mW�cpYn�rO3bjW Y]`fb]tfbjceY\cp_f��cp_�[jJfceYnJfcp�rJf�pW�_Mir_f�pc�_MO>qubEY]O�[\[jcp_f�M�MO>Y]t;O>o�ceqr���pW��JfO3_
o3ir_MY]cpwZO>b]cp_f��[jJMql[n_fi�Y]O>o3ir_Mw irbxwZO3bKcp_Z��ivb]N�ql[jc�iv_ ceY�wfc�bjO>o�[j�pW�cp_B�rir�p�rO^w�cp_ [jJfO�o�ivN4tM`Z[jqu[]cpir_MY>¦
Pniu[jOn[jJMql[ @m�¬� B qu_�w @m��� B qubjO�[]i���O�Y\iv�p�rO>w�Y]c�N&`M�ª[xqu_fO>ir`MY]��W4�;O^o3qu`�Y\OEiu�¡[]JMOEcp_v[jO3b]� wfO3t;O3_MwfO3_Mo3Oir�$[jJfO
¥�O3�ew

εk+1(t)
qr_Mw�[]JfO.Ym[xql[jO

ρk+1(t)
¦ : _®qu��[]O>b]_Mqu[]cp�rO
tfb]ifo�O>wf`fb]O
ceY%[]i4cp_MY]O3b\[KbjO3�eql[jc�iv_ @\��� Bcp_v[ji®O>dB`Mql[jc�iv_ @m�¬� B �JfcpoxJ �cp���h�;O>o3irN�O�q�_fir_f�@�pc�_MO>qub�UZoxJfb��fwZc�_M�rO3b2O>dB`Mqu[]cpir_�[]i®�;O�tMb]ivtMqu�Bql[]O>w��ivb��qrbjw�cp_ [jc�N�Or¦

� �B� 	 �<0 � ��� ��� K*K ��K ���8N E N��8� H FI��NQ����� E C N��8� M����8�	� �	
 	
N N��?� ��E
� �<��F��*�������	
 N��?� M�	
NQ�=M!C�	*��NQ�RE
�
E C N��?� ��FI��NQ�R� 	G��8E
���8N �����8	
NQ�RE
�?M � M ���?MI��FL� K����P��� 	G� M�E�������� C�EGF C���FIN��?��F � EG�?MI�RK ��FL	
NQ�REG�?M EG� N��8�
��E
�8�
��F��*����������� EGN � N��?	
N N���� M K ��M���FL	 ���=��PF E�?��FIN�� � M ��E
NA	G�7HJ	 �<M�� �8	
FL	G�8N � ��K C�EGF N FL	 ��!G�������

���#" $�,.�&%����(' ! , 	 0 �*)(%4!�0 $+,-%(�"*
Pniu[jO�[jJMql[
[jJfO4o�iBYm[E��`f_�o�[]cpir_�qu��iu�hO^dB`Mql[jc�iv_ @H| B JMqrY
O�fqro�[]�pW []JfO4YjquN�O&N�c�_Mc�N�q qu_Mw�o�bjcª[jcpo>qu�t;ivc�_B[jY�qvY

Jdist(ε) =

∫ T

0

αε2(t)dt+ ‖A− ρ(T )‖〉〉
2
,

@m�^{ B
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�JfceoxJ N�O>qrY]`fbjO>Y�[jJfO�wfcpY\[jqr_Mo�O9iu�2[jJfO9¥M_Mqu��wZO3_MY]c�[£W
ρ(x, T )

[]i�[jJfO9[jqrb]�vO�[�ivt�O>bjqu[]ivb
A
¦�IKJfceY

o3ir_Mo��p`MY]c�iv_ ceY�[]bj`fO wZ`fO []i·[]JfO _firbjN1o3ir_MY]O3bj�lqu[]cpir_ tMb]ivt;O3b][]cpO>Y�iu�.[jJfO'UfojJfb��ZwZcp_f�rO>b�O>dB`Mqu[]cpir_
�JfceoxJ�qu�p��i
nY []i �bjcª[jO

Jdist = J + ‖A‖〉〉 + ‖ρ(T )‖〉〉 = J + ‖A‖〉〉 + ‖ρ0‖〉〉
qu_�w4[jJB`MY�[]i�o3ir_Mo3��`MwfO

[jJMql[
J
qu_Mw

Jdist

iv_f�pW�wZc�©;O>bn�BW q�o�iv_MYm[xqu_B[>¦
IKJfO�irtZ[jc�N�qr�«o3ir_B[]bjir�«Y\[]bxql[]O>�rW�iu��Y\O^o�[]cpiv_��Z¦È��irt;O3bxql[jO>Y%ir_ q4o�iBYm[���`f_Mo�[jc�iv_Mqu�$wZO�¥M_MO>w qu[�¥M_Mqu�

[jc�N�O
T
¦ : Y4Y\`MoxJ$�)wZ`fbjcp_f�9[]JfO�O3�rir�p`Z[jc�iv_�qu[&[jc�N�O

t < T
��[jJfceY��lqu�p`fO�ceY&_Miu[4WrO�[�qro3o3O>YjY\cp�f�pO���ivb

cpN�N4O^wZceql[]O���O3O>wf�Mqrox��cp_v[ji�[]JfO2irtZ[jc�N�c=;>qu[]cpir_�tMb]iZo3O>wZ`Mb]Or¦ �Ei��O3�rO3b^���c�[]J®q�¥MO>�pw�o�irN�tf`f[]O>w `ft�[]i
t < T

qEb]O^qrY]ir_Mqu�M��O%qu��[]O3bj_Mqu[]cp�rO�cpY�[]i
`�Y\O�q
o>qu_MwZcewfqu[]O
εref

iv_
[t, T ]

[ji�o�ivN4tM`Z[]O%[]JfO�t;O3b]��irbjN�qu_Mo3O
cp_MwZO��ql[(¥M_Mqr�r[]cpN4O

T
¦ : _�qutft;O>qr��cp_f�EojJMirceo�O ��ivb

εref

cpY$[]JMOh¥MO3�ew.ir�f[jqucp_fO^w.ql[�q�tfbjO3�Xcpir`MY$c�[]O3bxql[jc�iv_$¦
� OnqubjO%[jJB`MYh�pO>qrw&[ji.c�_B[]bjiZwZ`Mo�OK��irbhq.o�iv_v[]bjir�

ε
�X_fi
�_4ir_

[0, t]
qu_�w4q�bjO���O>b]O>_Mo�O�¥MO3�ew

εref

wZO�¥M_MO>w
iv_

[0, T ]
[]JMO2¥MO3�ew

ε(s) =

{
ε(s) for 0 ≤ s ≤ t

εref (s) for t ≤ s ≤ T.

@m�>| B
IKJfceYK¥MO3�ew ceY�[jJfO.�;O>Y\[Eq^�uqucp�pqr�f��O2o3qr_MwZcewfql[jO.ql[�[]cpN4O

t < T
¦?> [jY�t;O>b\��irbjN�qu_Mo3O�c�_�wZO�

Jdist(ε)
cpY

Jdist(ε) =

∫ t

0

αε2(t)dt+ ‖A− ρε(T )‖〉〉
2
,

@m�<6 B
�JfO>b]O

ρε(T )
ceYK[]JfO�Y\[jqu[]O.qu[K[]cpN�O

T
iu��[jJfO�Y]WXY\[]O>N

i
∂

∂t
ρε(x, t) = (H− ε(t)M) ρε(x, t)

@\��' B
ρε(x, t = 0) = ρ0(x),

: tfbjirt;O3b][mW �c�[]J®c�N�t;ivb\[xqu_v[�tMbjqvo�[]ceo3qr�«cpN4tM��ceo3qu[]cpir_MYKiv_ []JfO.O ��o3c�O>_v[Eo�ivN4tM`Z[jqu[]cpir_�iu�
Jdist(ε)

cpY
�vc��rO>_ cp_ [jJfO2��ir�p�pi��cp_f�
� �l°��h°;�$��²��H° � ��� ��� �P� N��?�5C�E
FIHJ	GF K � E
MIN�C����P��NQ�RE
�P	
�*C�E
F N��?� � EG�8NQF EG�

ε
	
�PK FL� C���F ���������5���K

εref	
M

Jfwd(ε, t; εref ) =

∫ t

0

αε2(t)dt
@\��9 B

+

∫ T

t

αεref
2(t)dt+ ‖ρref (t) − ρ(t)‖〉〉

2
.

@H�u� B
H �8��FL�

ρ
���<EG�7�<��M EG�

[0, t]
	<MD���	����
 	
��K

ρref

� M N��?� ���8�
��F�M�� �FLE�8	 � 	
NQ�REG� C�FLE �
A
H ��N����5���K

εref 

i
∂

∂t
ρref (x, t) = (H− εref (t)M) ρref (x, t)

@@�Z� B
ρref (x, t = T ) = A.

� �?���
Jfwd(ε, t; εref ) = Jdist(ε)

�
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� �l°$° ")IKJfOn¥�bjY\[�[�%i�[jO3bjN�Y�cp_
Jfwd(ε, t; εref )

qrb]OntfbjO>o3cpY]O3�p�pW&[]JMOn¥MbxYm[�[jO3bjN ir�
Jdist(ε)

¦XI�i&o3irN4�
tf`Z[jO []JfO®Y]O>o3ir_Mw�[]O3bjN�c�_

Jdist(ε)
�
ρ
ceY&[ji �;O O>�rir�p�rO>w'��bjirN

ρ0
�c�[]J·[]JfO ¥MO>�pw

ε
iv_

[0, T ]
[]i

iv�Z[jqrc�_
ρ(T )

¦ ��`Z[>�XY\cp_Mo3O
ρref

qr_Mw
ρ
O3�rir�p�rO �c�[]J�[jJfO
YjquN�On¥MO3�ew�ir_�[]JfO
c�_B[]O>b]�uqu�

[t, T ]
�r[jJfO3cpb�wZceYm�

[xqu_Mo3O �cp�p�v�;O%o�iv_MY\[jqu_B[$[jJfbjir`f�vJfir`Z[(O>�rir�p`Z[]cpir_�qr_Mw2[]JB`�Y
‖A− ρ(T )‖〉〉

2
= ‖ρref (T ) − ρ(T )‖〉〉

2
=

‖ρref (t) − ρ(t)‖〉〉
2 ¦fIKJX`MY %O.o3ir_Mo3��`�wZO�[]JMqu[

Jdist(ε) = Jfwd(ε, t; εref )
¦

� �B� 	 �<0 ��� M N��8�D	 K���EG��� N � M�	G�<	G���	 ���� KG��FI����� N��?� ��N ��FL	
NQ�RE
�?M E C N��?� � E
�PE
N E
� �!� 	G� �*EGFI��N���� M�
ON��8�
	 � E
�
� �FLE�8��FIN#� � 	G� � � �+M�� K N E � EG�8��N E
F N��8� ���<EG�7��NQ�RE
� E C N��?� � E
M�NSC ���P��N �RE
�P	
��� ��N HJ����� NQHJE MI�8���
���IM�MI���<� ��N ��FL	GN �REG�?M ��� E
F ���?MIN 	G����� N��+� M � 	G� �8���  FL���<��	
�7��� � H ���R��� ?	
FIN E C�N��8� ���
E
�7��NQ�RE
� ��E
� N FI� ����N �IM
� E
FL� N E N��?� E�PN ��� �	�$	
NQ�RE
� 	G��K FL���	GN � N��+�+M N E �E���	
� ��� N ��� � � �����8	
�8� M*� M E C ��E
� N FLEG� �
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	 � 	 *+,�! �"* 0 � �"! #�$�% ' 4� ,�!��' )(��� 	
IKJfO�bjO>Y]`f��[�qu�;il�rOK�rcp�rO>Y>�uqu[�qr_BW&cp_v[jO3bjN4O^wZcequbjW.[jc�N�O

t < T
[]JMO��uqu�p`fOK[]JMqu[ [jJfOEo�iBYm[ ��`f_Mo�[]cpir_Mqr�

Jfwd(ε, t; εref )
�c��p�([jqr�rO&ql[E[]cpN�O

T
cª� [jJfO&irtZ[jcpN4c=;>qu[]cpir_¨ceYEY\[]ivtft;O>w¨qu[n[jJfO&c�_�Ym[xqu_v[

t ≤ T
@Hqu_Mw

[jJfO�¥MO3�ew�ceY)tf`Z[)[ji��;O
εref

ir_
[t, T ] B ¦rPnir[]O�[]J�ql[)[]JMOK�lqr��`fO�ir� Jfwd(ε, t; εref )

ceY)b]O^qrwZcp��W&o�irN�tf`Z[jO>w
qu[�qu_BW¨[jc�N�O

t
qrY.Y\iXiv_ qrY�[]JfO�c�_X�rO3bxY\O�tfb]ivtMqu�Bql[]cpir_#@H�f� B cpY�o�irN�tf`f[]O>w ir_Mo3Or¦ : bjN�O>w �c�[]J []JfceY[jiXir�@�Birtf[]cpN4c=;>qu[]cpir_�_fO>O>w�_fir[ �qrc�[%[jc��p�;[jJfO
¥M_Mqr�;[]cpN�O

T
�f`f[�o3qr_�cp_MYm[jO>qvw�qu�pbjO>qrwfW4irt;O3bxql[jO
qu[%[jJfO

o3`fb]bjO3_B[K[]cpN�O
t
`MY]c�_f����iZo>qu�«[]bxqrox�Xc�_M�4tfb]ifo�O>wZ`Mb]O^Y%[]i�ivtZ[]cpN�c;>O�[jJfO.�lqr��`MO

Jfwd(ε, t; εref )
¦ � O.qrb]O

_fi
 c�_®t;ivY]cª[jc�iv_�[ji�o3�pqrc�N-[]JfO2��iv���pi
�c�_f�
��� �X° �
�X� � � �8� � EG��EGN EG�8�R�D	
� � E
FI��N�� � ��� ��
�� ���	� 
 � M�	 �E���	
��NQFL	 ��!
��� � PFLE�� ��K
��FL�OC�E
F N��?�SC�EGFIHJ	
FLK
��E<MINSC�������N �REG��	
�

Jfwd(εk+1, t; εref = εk)
	GN�	G�(� N ��� �

t
��� N��?� M����?M�� N��?	GN

Jfwd(εk+1, t; εk)
� M 	

� E
�PE
N E
�8�R��	
�!� � K � ��FL��	<MI����� C����P��NQ�RE
� E C
t
E
� N��?� ���8N ��FI�<	G�

[0, T ]
�

¸ºà�¾$¸65



���������
	
�������� 9

� �l°$° "�Pnir[]O�[]J�ql[
εk = εref

cpN�tf��W
χk(t) = ρref (t)

¦��(O�[&`MY&o3irN�tf`Z[jO�[]JfO�[]cpN�O�wZO>b]cp�lqu[]cp�rO�ir�
Jfwd(εk+1, t; εk)

�

d

dt
Jfwd(εk+1, t; εk) = αε2k+1(t) − αε2k(t)

−2
d

dt
Re〈〈χk(t), ρk+1(t)〉〉

= αε2k+1(t) − αε2k(t)

−2Re〈〈
d

dt
χk(t), ρk+1(t)〉〉 − 2Re〈〈χk(t),

d

dt
ρk+1(t)〉〉

= αε2k+1(t) − αε2k(t)

−2Re〈〈
(H− εk(t)M)χk(t)

i
, ρk+1(t)〉〉

−2Re〈〈χk(t),
(H− εk+1(t)M) ρk+1(t)

i
〉〉

= αε2k+1(t) − αε2k(t) + 2Re〈〈
εk(t)Mχk(t)

i
, ρk+1(t)〉〉

+2Re〈〈χk(t),
εk+1(t)Mρk+1(t)

i
〉〉

= αε2k+1(t) − αε2k(t) + 2εk(t)αεk+1(t)

−2εk+1(t)αεk+1(t) = −α [εk+1(t) − εk(t)]
2
.

@H�r� B
IKJX`MY

Jfwd(εk+1, t; εk)
ceY�q�wfO>o�bjO>qvY\cp_f����`f_Mo�[jc�iv_®iu�

t
¦

� �B� 	 �<0 � � �8� � EG��EGN EG�8�R����N��DC�E
���EGH M 	<M 	 � EGFLE
���=	
F*� E C N��?� PFL���$�RE
�+M �FLE�8��FIN#� E C
Jfwd


 MI����� �
Jdist(εk) = Jfwd(εk+1, 0; εk) ≥ Jfwd(εk+1, T ; εk) = Jdist(εk+1)

�

IKJfOhb]O^Y\`M�ª[�qu�;il�rO N�q¬W�qu�eY]i�Y]`f�v�rO>Y\[¡[]JfOh��ir�p��i
�cp_f��cp_v[]O>b]tfbjO�[xql[jc�iv_ ����irb�qu_XW�o3qu_�wZcpwMql[]O�Y]ir�p`Z[]cpir_
εk
[ %i4[jbjqlkmO>o�[]ivb]cpO>YKo3qu_��;O.o�ivN�tf`Z[]O^w �

ρk(t)
[]J�ql[nY\[jqrb\[xY%��bjirN�[]JMO.o3irbjb]O>o�[�cp_fc�[]cequ�(o�ir_�wZcª[jc�iv_

ρ0�f`Z[ �JfiBY\O�¥M_Mqr�$Ym[xql[jO
ρk(T )

N�q¬W�_fiu[�WrO3[��;O.Yjql[]ceY\�¶qro�[jirbjW�o3��iBY\O
[ji4[]JfO2[jqrb]�vO�[>�fqu_Mw�[]JMO.qvw¬kmircp_v[
Y\[jqu[]O

χk(t)
[jJMql[�tfbjirtMqr�vql[jO>Y4��qrox��Kqubxw���bjirN []JfO¨[xqubj�rO�[

A
�f`Z[�N�q¬W·_fir[�bjO>qvojJ�[jJfO�o�ivb]bjO>o�[

cp_fc�[]cequ� Ym[xql[jO
ρ0 �

[]JfO4cewZO>q cpY
[]i N�qr�rO&[]JfO�[]bxqlkmO>o�[]irbjcpO>Y
o3ircp_Mo�cewZO��BW9o3irN�tf`Z[jc�_f�
εk+1

Y]`MoxJ9[]J�ql[
ρk+1(t)

qrtftfbjivqroxJfO>Y&N�ir_Miu[]iv_fceo3qu�p�pW
χk(t)

¦ >£_·[]JfO®qrtftfbji^ZcpN�qu[]cpir_ �JfO3bjO�[]JfO �M`fO3_Mo3O�t;O3_Mqr�ª[mW
∫ T

0
αε2(t)

ceYE_fO>�r�pc��vc��M��O&�;O���irbjO.[jJfO4o�ir_B[]bjir�(t�qub][
‖χk(t) − ρk+1(t)‖〉〉

[jJfO�wfcpY\[jqr_Mo�O&�;O�[ %O>O3_¨[jJfO
[ %i�[]bxqlkmO>o�[]irbjcpO>Y �c��p�)wZO>o3b]O>qvY\O�`f_B[]cp��c�[jYE¥M_Mqu���lqu�p`fO�ql[E[jc�N�O

T
¦;IKJMO�Y\c�[]`�ql[]cpir_9ceY
YjojJfO>N�ql[]ceo3qr���pW

wZO>tfcpo�[]O^w cp_ &�c���¦¡�r¦

� � 	E����l��� ��������� �l�.�)0�����	2�����&�

UXc�N�cp�pqrbKo3ir_MY]cewZO3bxql[jc�iv_MY%qrY%cp_v[jb]ifwZ`Mo�O^w�qu�;il�rO�qutftf�pW�[]i�[jJfO �q¬�rO���`M_Mo�[jc�iv_���irbjN&`f�eql[jc�iv_$¦XPEiu[]O
Jfi
%O>�rO3b�[]JMqu[>��O3�rO3_¨c��)[]JMO&wZO>_MY\c�[mW N�ql[jb]c��cpYnN�ivb]O.�vO3_fO>bjqr�«[jJMqu_��q¬�rO���`f_�o�[]cpir_(�f[]JfO�qrYjY\iZo3cpqu[]O>w
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χk(t)

ρk(t)

ρk+1(t)

χk+1(t)

ρ∞(t)χ∞(t)

������������UZoxJfO3N�qu[]ceoKc��p��`�Ym[jbjqu[]cpir_4iu�;[]JfOno3ir_X�rO3bj�rO3_�o�O�iu�;[]JfO�N�iv_fiu[jir_fceoKqu�p�rivb]c�[]JfN�Y���ivb _fO>�r�pc��vc��M��O
�M`fO>_Mo�Ov¦«IKJfO�O3�riv���Xcp_f��Y\[jql[jO

ρk+1
ceY
qrtftfbjivqroxJfcp_f��N�ir_Miu[]iv_fceo3qu�p�pW�[]JMO�b]O3��O3bjO3_Mo�O�[jbjqlkmO>o�[]ivb]W

χk

¦
: [)[]JfOK_fO�X[)c�[]O>bjqu[]cpir_

χk+1
�cp���Zb]O>N�qrc�_�qu[ q
o3ir_MY\[jqr_v[)wfcpY\[jqr_Mo�O%��b]ivN

ρk+1
�;O>o>qu`MY]O%�;iu[jJ�`MY\O%[jJfO

YjquN�On¥MO3�ew
εk+1

¦BIKJfceY�Y\Jfbjcp_f�Xc�_f��wZcpY\[jqr_Mo�OE�;O3[��O3O3_�[]JfOE[ %i�[jbjqlkmO>o�[]ivb]cpO>YhO3_�Y\`fbjOn[]JfO
tfbjir�vb]O^Y]Y\cpir_
ir�X[jJfO%o3ivY\[$��`M_Mo�[jc�iv_Mqu�v[]i
�qubxw2irtZ[jc�N�qu�v�uqu�p`fO>Y>¦>IKJMcpY�ir�MY]O3bj�lql[jc�iv_�ceY�o3`fb]bjO3_B[]�pW�`MY\O^w.c�_.[jJfO�o�ir_B[]O3B[
ir� O ��o�cpO3_v[�tMqrbjqr���pO3�pc=;>ql[jcpir_®iu� [jJfO�_B`fN�O3bjcpo>qu��bjO>Y]ir�p`Z[]cpir_¨ir��dv`�qu_v[j`fN o�iv_v[jb]iv�(tfbjir�f�pO3N�Y � �v{ � ¦ >£_
[jJfO��rO3_MO3bxqu�;o3qvY\Ov�v[]JfO2wZO^o�bjO>qrY]cp_f�&oxJMqubxqro�[]O>b�ir�$[]JfO2wZceY\[jqu_�o�O
�;O�[ %O>O3_�[]JfO2o3`fb]�rO^Y�ceY �O3cp�rJv[jO>w��XW
[jJfO.¥MO>�pw �M`MO3_Mo3O&qu_Mw�[]JfO&irtZ[jc�N�qr�(o3ir`ftf�pO�iu��[jbxq¬kmO^o�[jirbjc�O^Y �cp������O�q4[]`M��O �JfiBY\O._fiv_?;3O>b]i �cpwX[jJ
ceYKbjO3�eql[jO>w�[]i4[jJfO�wZbjc��Xcp_f�4�eqrY]O3bK¥MO3�ew ��`fO3_Mo3Or¦

iv�MY\O>b]�uqu�f�pO>Y&qrb]O ��cp_fO>qrb>¦ &Mirb�[]JfO Kq^�rO3��`f_Mo�[jc�iv_·Jfi��O3�rO3b^�([jJfO�ir�MY]O3bj�lqr�f�pO>Y�O>_v[]O>b4cp_v[ji�[jJfO®o�ivY\[
��`f_Mo�[]cpir_Mqr�$qvYKdB`MqvwZbjqu[]ceoE[]O>b]N�Y>� �JMcpoxJ �cp���$cp_MwZ`Mo�O�Y]irN�O2qvwfqutZ[xql[jc�iv_MY�c�_�[]JfO2��irbjN�qr��ceY]N®¦Z�$O3[�`MY
o3ir_MY]cpwZO>b�[jJfO�wZbjc��Xcp_f�4O>�rir�p`Z[]cpir_�O>dB`Mqu[]cpir_��

i
∂

∂t
ψ(t, x) = (H0 − ε(t)µ)ψ(t, x)

@H� � B
ψ(t0, x) = ψ0(x).

&firb.q��vc��rO>_�ir�MY]O3bj�lqr�f��O
A
�«c�[jY.q^�rO>bjqr�rO>w¨N4O^qrY]`fb]O^w¨�uqu�p`fO�ceY

〈ψ|A|ψ〉
¦ � c�[]J [jJfcpY.wZO�¥M_Mcª[jc�iv_

[jJfO2[]bxqrox�Xc�_f����ivb]N&`f�eql[jc�iv_�o>qu_��;O �b]c�[\[jO3_®qvY�qu�;il�rO2qu_Mw�[jJfO�YjquN�O.o�ir_�Y\cewZO3bxql[jc�iv_MY�qrtftf�pWr¦
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�$O�[n`MYnwZO�¥�_fO2[]JfO�o�iBYm[K��`M_Mo�[]cpiv_Mqu�

Jw(ε) =

∫ T

0

αε2(t)dt− 〈ψ(T )|A|ψ(T )〉,
@H�u} B

� O
cp_v[]bjiZwZ`Mo3O
qrY%��O3��irbjOn[]JfO2qrw¬kmivc�_B[�Y\[jqu[]O @¶�(qr�rbxqu_f�vO�N&`f��[]cptf�pc�O>b B χ(x, t)
qu_Mw��rcp�rOEir_fOEO3fquN�tf�pO

ir��N4iv_fiu[jir_fceo2qu�p�rirbjc�[]JfN ���$'��-�

i
∂

∂t
ψk+1(x, t) = (H0 − εk+1(t)µ)ψk+1(x, t)

@@�r{ B
ψk+1(x, t = 0) = ψ0(x)

εk+1(t) = −
1

α
Re〈χk,

µψk+1

i
〉(t)

@@�u| B
i
∂

∂t
χk+1(x, t) = (H0 − εk+1(t)µ)χk+1(x, t)

@@�*6 B
χk+1(x, T ) = Aψk+1(T ).

� O4_fiu[jO&[jJMql[�[]JMO4_fir_f�pcp_fO>qrb]c�[£W®cp_�[]JfO4iv�MY\O>b]�uqu�f�pO�cp_MwZ`Mo3O>Y2q wZO>t;O3_MwZO>_Mo�O4iu��[]JfO�qvw¬kmircp_v[.Ym[xql[jO
iv_�[jJfO2¥M_Mqr�$Y\[jqu[]O

ψk+1(T )
¦

"�� � $�,.�&%����(' ! , 	 0 �*)(%4!�0 $+,-%(�"* ��%�' ��� )4$�� �"* � %(!�
� O&cp_v[jb]ifwZ`Mo�Ov�f��ivb
q�bjO���O>b]O>_Mo�O.¥MO>�pw

εref

ir_
[0, T ]

qr_Mw¨q�¥�O3�ew
ε(s)

wfO�¥M_fO^w¨`ft¨[]i qu_9c�_B[]O>b\�
N�O>wZceqrb]W�[]cpN�O

t < T
[]JfOE�]o3qr_MwZcewfql[jO��2Y\iv��`f[]cpir_

ε
qvY�cp_ @m�^| B ¦?> [ncpY�t;ivYjY\cp�f�pO
[ji�o3ir_MY]cpwfO3b

Jw(ε) =

∫ T

0

αε2(t)dt− 〈ψε(T )|A|ψε(T )〉
@@�G' B

�c�[]J
ψε

O>�rir�p�Xc�_f�n��bjirN
ψ0

�c�[]J&¥MO3�ew
ε
¦ �ni
%O>�rO3b^�^wZ`fO�[jiE[]JfO�_fir_M��cp_fO>qrb�_Mql[j`fbjO�iu�f[]JMO%iv�MY\O>b]�uqu�f�pOr�

_fi4O ��o3c�O>_v[�tfbjiZo�O^wZ`fbjOEceYKq¬�lqucp�equ�f�pOn[ji�o�irN�tf`f[]O
Jw(ε)

qu[�[]cpN�O
t
@¶iu[jJfO3b�[jJMqu_ O3XtM��ceo�c�[]�pW�o3irN�tf`Z�

[jc�_f�
ψε

irb %ivb]�Xcp_f� �cª[jJ�[]JfO��Mqrox� �qubxw�tMb]ivtMqu�Bql[]cpir_�ir��[jJfO.ir�MY]O3bj�lqr�f�pO
A
�c�[]J�[jJfO2¥MO>�pw

εref B ¦&Mirb�[jJfceY4bjO>qrY]ir_(��N�ir_fir[]iv_fcpo qr���virbjcª[jJfN�Y&`MY]O []JfO���ir�p��i
�cp_f� c�_MO>dB`Mqu�pc�[£W'��ivb�q t;ivY]cª[jc��rO®wZO�¥M_Mcª[jO
iv�MY\O>b]�uqu�f�pO

A ≥ 0
−〈a|A|a〉 ≤ −〈b|A|b〉 − 2Re〈a− b|A|b〉,

@@�G9 B
@�[]JfO&wZc�©;O>b]O3_�o�O.iu��[�%i�dB`Mqu_B[]c�[]cpO>Y��;O>c�_f�

−〈a− b|A|a− b〉 ≤ 0 B ¦?>£_®tMqrb\[jcpo3`f�pqrb>�Zc�� �O.wfO3_fir[]O.�BW
ψεref

[jJfO�Ym[xql[jO2O3�riv���Xcp_f����bjirN
ψ0

�c�[]J�¥MO>�pw
εref

�fir_fO2JMqvY

Jw(ε) ≤

∫ T

0

αε2(t)dt− 〈ψεref
(T )|A|ψεref

(T )〉

−2Re〈ψεref
(T ) − ψε(T )|A|ψεref

(T )〉
@ �r� B
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> [nceY�[jJfO3bjO���irbjO�t;iBY]Y]cp�f��O�[ji�wZO�¥�_fO2[]JfO � HJ	
�
� C�������N �REG� 
�C�E
FIHJ	GFLK � E
MIN�C�������NQ�RE
��	G�

Jw
fwd(ε, t; εref ) =

∫ T

0

αε2(t)dt− 〈ψεref
(T )|A|ψεref

(T )〉

−2Re〈ψεref
(T ) − ψε(T )|A|ψεref

(T )〉
@ �f� B

�JfceoxJ®o3qr_®qu�eY\i4�;O �bjcª[][]O>_

Jw
fwd(ε, t; εref ) = Jw(εref ) +

∫ t

0

α
{
ε2(t) − εref

2(t)
}
dt

−2Re〈ψεref
(T ) − ψε(T )|A|ψεref

(T )〉.
@ �v� B

I�i�O3�lqr�p`Mql[jO
Jw

fwd

c�[ncpYno�iv_B�rO3_fcpO3_B[K[ji�_fiu[jO�[jJMql[

Jw
fwd(ε, t; εref ) = Jw(εref ) +

∫ t

0

α
{
ε2(t) − εref

2(t)
}
dt

−2Re〈ψε(t) − ψεref
(t), χεref

(t)〉.
@ � � B

�JfO>b]O
χεref

(t)
ceY�[jJfO�qrw¬kmivc�_B[nY\[jqu[]O.qu[K[]cpN�O

t
�rcp�rO3_��BW

i
∂

∂t
χεref

(x, t) = (H0 − εref (t)µ)χεref
(x, t)

@ �u} B
χεref

(x, T ) = Aψεref
(T ).

IKJfceY ��irbjN&`f�eq�qu�p�pi�nY�qu_ O ��o�cpO3_B[¨o3irN�tf`Z[xql[]cpir_ iu�
Jw

fwd(ε, t; εref )
¦�I�i Y\`fN�N�qubjc=;3Or�%[jJfO'o3ivY\[

��`f_Mo�[]cpir_Mqr�
Jw(ε)

[]J�ql[.o3qr_f_fiu[��;O�o�ivN�tf`Z[]O^w9O3XtM��ceo�c�[]�pW¨cpY�O�Ztf�pirc�[]O^w¨[]Jfbjir`M�rJ9c�[jY�`Mtft;O3b2�;ir`f_Mw
Jw

fwd(ε, t; εref )
¦MIKJMO2tfbjO>o3cpY]O�tfbjirt;O>b\[mW�iu�

Jw
fwd

ceYK�vc��rO>_ cp_�[]JfO2��ir�p�pi��cp_f�
��� �X° �
�X� � � �8� � EG��EGN EG�8�R�D	
� � E
FI��N�� � ����� 
�� ����� 
 � M�	 �E���	
��NQFL	 ��!
��� � PFLE�� ��K
��FL�OC�E
F N��?�SC�EGFIHJ	
FLK
��E<MINSC�������N �REG��	
�

Jw
fwd(εk+1, t; εref = εk)

	GN�	G�(� N ��� �
t
��� N��?� M����?M�� N��?	GN

Jw
fwd(εk+1, t; εk)

� M 	
� E
�PE
N E
�8�R��	
�!� � K � ��FL��	<MI����� C����P��NQ�RE
� E C

t
E
� N��?� ���8N ��FI�<	G�

[0, T ]
�
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� �l°$° "�� : Ynqu�;il�rOr� �O2O3�uqu�p`Mql[jO
[jJfO2[]cpN�O�wZO3bjc��uql[]cp�rO�ir�
Jw

fwd(εk+1, t; εk)
¦

d

dt
Jw

fwd(εk+1, t; εk) = αε2k+1(t) − αε2k(t)

−2
d

dt
Re〈ψk+1(t), χk(t)〉 = αε2k+1(t) − αε2k(t)

−2Re〈ψk+1(t),
d

dt
χk(t)〉 − 2Re〈

d

dt
ψk+1(t), χk(t)〉

= αε2k+1(t) − αε2k(t)

−2Re〈ψk+1(t),
(H0 − εk(t)µ)χk(t)

i
〉

−2Re〈
(H0 − εk+1(t)µ)ψk+1(t)

i
, χk(t)〉

= αε2k+1(t) − αε2k(t) + 2Re〈ψk+1(t),
εk(t)µχk(t)

i
〉

+2Re〈
εk+1(t)µψk+1(t)

i
, χk(t)〉

= αε2k+1(t) − αε2k(t) + 2εk(t)αεk+1(t)

−2εk+1(t)αεk+1(t) = −α [εk+1(t) − εk(t)]
2
.

@R�v{ B
IKJX`MY

Jw
fwd(εk+1, t; εk)

ceY�q�wfO>o�bjO>qvY\cp_f����`f_Mo�[jc�iv_®iu�
t
¦

� �B� 	 �<0 % � E
N � N��?	GN N��?� ���P� ���8	
� ��N��
Jw(ε) ≤ Jw

fwd(ε, t; εref )
� ��� E � ��M � ���8	
�7��N#� ��� N��8� �7��� ��N

H �8��FL�
ε
	� PFLE�	*���8��M

εref

H �+�R��� H �������8	� 8���#	GN�N��?� � EG�8�
��F�� ���P� � E C N��?� � E
�PE
N E
� �R� 	
� � E
FI��N�� � M
	
M
εk+1 − εk → 0

�

� �B� 	 �<0 /�� M 	 � E
�
�	
 N��8� � EG��E
N E
� �R����N#� E C N��?� �FLE$� ��K
��FL� � M 	#MI����P�� � EG�?M������8������� E C N��8�
K*� ��FL� 	<M�� E C

Jw
fwd(εk+1, t; εk)  Jw(εk) = Jw

fwd(εk+1, 0; εk) ≥ Jw
fwd(εk+1, T ; εk) ≥ Jw(εk+1)

�

� � �����%�����(���&� �

IKJfb]iv`f�rJ'[]JfO�cp_v[jb]ifwZ`Mo�[jc�iv_�iu�Eq��m��irb �qubxw o3ivY\[���`f_Mo�[jcpir_Mqr�ã��[jJfcpY�tMqut;O>b�wZO3N�ir_�Ym[jbjqu[]O>Y.[]J�ql[
[jJfO�N�iv_fiu[jir_fceo4qr���virbjcª[jJfN�Y�qrb]O�o��pivY]O3�pW¨bjO3�eql[]O^w9[ji�[]JfO�o��eqrYjY�ir�%[]bxqrox�Xc�_f��tfbjiZo�O^wZ`fbjO>Y>¦ : Y.Y]`MoxJ$�
[jJfOEN�ir_fir[]iv_fcpo3cª[mW�tMb]ivt;O3b][£W�ir�«[]JMOn��irbjN�O3b%qu�p�rivb]c�[]JMN�Y�qutft;O>qrbjY�qrY�q�_Mql[j`fbjqr��o�iv_MY\O^dB`fO3_Mo3O�ir�«[jJfO
cp_Mo�bjO>qvY\cp_f� �uwZO>o3b]O>qrY\cp_f� tfb]ivt;O3b][]cpO>Y�ir�%[]JfO�[jbjqvoj�Xcp_f��c�_MwfO�¡¦(IKJfO�N�iv_fiu[jir_fceo4YjoxJfO3N�O>Y.qrb]O�Y\Jfi
�_
[ji o�iv_MY\[]bj`Mo�[4qu[4qr����c�_B[]O>b]N�O>wfcpqrb]W [jc�N�O>Y�[]JfO�o3ivY\[&��`f_Mo�[]cpir_Mqr���lqu�p`fO�ir�Eq�o�`Mb]bjO3_B[2���;O>Y\[�¥MO3�ewB�
o>qu_MwZcewfql[jO�qu_Mw `MY\O4[]JfceY2c�_f��irbjN�qu[]cpir_ c�_ []JfO�ivt;O3_ �piXirt�[]i�ivtZ[]cpN�c;>O�[jJfO4¥MO3�ew���`fb\[jJfO3b^¦ &fivb
[jJfO
Y]t;O>o�c�¥�o�o>qrY]O&iu�h[]JfO�wZO3_�Y\c�[mW®N�ql[jb]c�¡�M[jJfceY�o>qu_ qu�eY\i��;O�cp_v[jO3bjtfb]O3[]O^w¨`MY]cp_f��[�%i�[jbjqlkmO^o�[]ivb]cpO>Yn[]J�ql[
Y\[jqrb\[ �¬O3_�w qu[K[jJfO&o�irbjb]O^o�[nYm[xql[]O^Y�qr_Mw �JfivY]O.wZceYm[xqu_Mo3O.cpYno3ir_v[jc�_X`fir`�Y\�pW�b]O^wZ`Mo�O^w @HwZO3t;O3_�wZc�_M��qu�eY]i
iv_�[jJfO.�eqrY]O3b �M`MO3_Mo�O B wZ`fbjcp_f�4[]JfO.ivtZ[]cpN�c;^ql[]cpir_�tfbjiZo3O>YjY3¦
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IKJfO qr`Z[]Jfivb��rbxql[]O3��`f�p��W qrox�X_fi
���O^wZ�rO wZceY]o3`MY]Y]cpir_MY�iv_�[]JfceY []ivtfceo �c�[]J R9q ;3Wvqub�R¨cpbjbjqrJfc�N�c
@¶¢�P
UZR9g)�Mg qubjcpY B qu_�w��r`f�pcpO3_¨Ufqu�pirN�ir_ @¶g)qrb]ceY��D>KQn_fcp�rO>bjY]cª[mW B ¦

�����	�K���������

�p����R�¦¡R¨cpb]bxquJfcpN�cH��
4¦¡I(`fbjcp_fceo�c@�«qu_Mw9g)¦¡s�iv`MoxJfir_$�Z�]s�O���O>b]O>_Mo�O&[]bxqlkmO>o�[jirbjW []bxqrox�Xc�_M����ivb
�piZo>qu�p��W
wZO>Y]cp�r_fO^w o3irJfO>b]O>_v[ndB`Mqu_B[]`fN#o3ir_v[jbjir�eY3� ���� E C�� � �<MI�R� 	G�����?� � � M�NQF*� � ���u�v�v{Z�B[]i�qutft;O^qub^¦

�È����s.¦��v`MwfY]ir_�qr_Mw �&¦Bsnqr�fc�[L;r�l�\I�O>qvojJMc�_f���pqvY\O>bjY []i�o�iv_v[]bjir�MN�iv��O^o�`f�pO>Y>� ����� �<M ���D��� ���O��NQNH����9*9v�Z¦
� �
� : ¦ : YjY]c�iv_$�«I2¦ �Kqu`fN�O>b\[^�;R�¦ ��O3bj�u[^�;I2¦ ��bjcªZ_fO>b>����¦��2cpO���O>b>���&¦$UXO3WB��bjc�O^w¡�«R�¦$UB[jb]O>Jf��Ov�«qr_Mw

4¦�
�O>b]�;O>b>�X���%ir_B[]bjir��iu��oxJfO3N�ceo3qr��bjO>qvo�[]cpiv_MYn�BW®��O3O>wf�Mqrox�B�@ivtZ[]cpN�c;>O>w¨tfJMqvY\O3� Y]JMqrt�O^w���O3N�[jiu�
Y]O>o�iv_Mw��eqrY]O3b�tf`f�eY\O^Y3� � �S���R���������M�rir�@¦M�G'B�Z�Xtft$¦ 9f��9 �+9v�r�Z�;�$9 9 'M¦

� } ��I2¦ � O3cp_MqvojJB[>����¦ : Jf_(�$qu_Mw�g)¦ ��`Mox�ZY\��qu`fN®�f���%iv_v[]bjir�p�pc�_M��[]JfO�Y]JMqut;O4iu��q�dB`Mqu_B[]`fN �q¬�rO��
��`f_Mo�[]cpir_$� � � 	
NQ��F �3�Z�riv�H¦?�*9 6Z�Xtft$¦�� � � �f�
�v{Z�«��9 9*9f¦

�È{���s.¦ �Kqub][]O>�pY>�BU«¦ �Kqrox�B`�Y3�r¢n¦��;O3O>�;�B�h¦BR¨ceY\iv�r`Z[jcH��
�¦��hwZil�Bcp_$�*>�¦vg)¦ �%JMb]ceYm[ji¬�«�vR�¦BR�¦XR¨`fbj_Mqu_fOv�
qu_Mw ��¦��
¦��.qutZ[jO3WX_$�r�]UXJ�qut;O>wX� tf`f�eY]O�irtZ[jc�N�c=;>ql[jc�iv_ iu�)o�irJMO3bjO3_v[KO>N�cpYjY\cpir_ ir��Jfcp�rJZ� JMqrb]N�ir_Mcpo
Y]iu�º[��E�@bxq¬WXY>� � � 	
NQ��FL���f�rir�@¦Z}v�v|f�Xtft$¦(�>|u} �;�>|r|Z�f�u�v�r�M¦

� |
��s.¦��M¦Z�(O3�XceY3��
4¦fR¨O3_f�Xcpb>�Zqr_Mw ��¦fsnqu�Mcª[ ;r�u�jUXO>��O^o�[]cp�rO��;ir_Mw wZceYjY\iZo3cpqu[]cpir_�qr_Mw�b]O^qubjbjqu_f�rO3N�O>_v[
�c�[]J�irtf[]cpN�qu�p��W�[jqrc��pirbjO>w¡�ZY\[]bjir_M�u�@¥MO3�ew��pqvY\O>b�tf`M�pY]O>Y>� � �S���R���������f�rir�@¦M�G9v�f�Btft$¦�6l�*9 �?6X���f�Z�u�v�f�r¦

�76 ���&¦XsnquN�qr�BbjceY\Jf_�qf�rR�¦XUZqr�equtMqu�uqf�rR�¦ �
qrJf��O>J$�Bqr_Mw �&¦Bsnqr�fc�[L;r�¬���%ir_B[]bjir�p�equ�fcp��c�[mW&iu�$N�ir�pO>o�`M�pqrb
Y]WXY\[]O>N�Y3� � ��� �<M ���D��� � � �f�rir�@¦M{Z�v�X_fi�¦M�f�Ztft$¦89v|r� �+9r|r|Z�«��9*9v{f¦

� '
�!
4¦;I�`fbjc�_fceo�c�qr_Mw �&¦;snqr�fcª[ ;r�X�#"
`Mqr_v[]`MN Kq^�rO3��`f_Mo�[jc�iv_9o�iv_v[jb]iv���equ�fcp�pcª[mWv� �$� �8�	� �%� � �<M �p�«�rir�@¦
�u|+6X�Xtft$¦(� �+9M�f�u�v�f�v¦

� 9
� �
¦ : ��[jqu¥M_fc@�X���%ir_B[]bjir�p�pqr�fcp��c�[£W iu�hdB`Mqr_v[j`fN N�O>oxJMqr_fcpo>qu��Y]WZYm[jO3N�Yn�XW�bjiXiu[EY]tMqvo�O&wZO>o3irN�t;ivY]c��
[]cpir_®iu�)Y]`O@�_ B � �&��E
��FI�P	
�OE C(' 	GN��8�	� 	
NQ�R� 	G��� � �<MI�R�IM����rir�@¦Z}*�M�X_MiM¦M{f�Ztft$¦;�u�v{f� �Z�u�r|r�Z�f�u�v�v�Z¦

�p�>� � &�¦ : �p�;O3b][]cp_fc2qr_Mw ��¦ ��  : �pO>YjY]qr_MwZbjiM�)�\PEiu[]cpir_�Y�ir�&o�iv_v[jb]iv���equ�fcp�pcª[mW���irb �fcp�pc�_fO^qub N&`M�ª[jc��pO3�rO>�
dB`Mqu_B[]`fN Y\WZY\[]O3N�Y>� �*)L� � � �?F 	G�?M�	 ��NQ�RE
�?M E
� � ��N E � 	GN �R�+� E
� N FLEG�ã�;�rir�@¦M}*'M�M_fiM¦�'f��tft$¦��$� 9*9
�9�3}B� �f�f�u�v� �f¦

�p�r���.s.¦,�
ivY]��ir©��hU«¦hsncpo3Or� g)¦�
2qrY]tMqubxw¡�hU«¦hI�O3bxY]c��v_fcH� qr_Mw ��¦hI�qr_f_firb^�$� �'q^�rO>tMqrox�rO�[�wfqr_Mo�cp_f� �
: ojJfcpO3�Xcp_f�4oxJfO3N�ceo3qu�¡Y\O>��O^o�[jc��Xc�[£W��BW�Y]JMqutfcp_f����cp�rJB[�tf`M�pY]O>Y>¦ �+���?� � �R��	
����� �<MI�R��Mx�f�rir�@¦;�$� 9f�vtft(¦
�u�M� �Z�r�u�f�;�$9 '*9f¦
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�p�^�
�2g)¦ 
�b]iBY]Y>� ��¦�UXc�_M�rJ$�/��¦Msnqu�fc�[L;v����¦fR¨O^qrY]Or�Zqr_Mw 
4¦ �n`�qu_f���u� >£_B�rO>bjY]O�dB`Mqr_v[j`fN4�@N�O>oxJMqu_Mcpo>qu�
o�iv_v[]bjir� � : N4O^qu_MY2��irb&wZO^Y\cp�r_�qu_Mw'q�[]O>Y\[&iu�Kc�_B[]`fc�[]cpir_(� �+�����<M	� �D��� � � �$�rir�@¦$}+6Z�¡t$¦(}B{ 9 �f�
��9*9 �f¦

�p��� ����¦ �%JfO3_$�rg)¦�
�b]iBY]Y>� ��¦rsnqrN�qu�XbjcpY]Jf_Mqf� ��¦rsEqu�fc�[L;v�rqu_Mw ��¦uR9O>qrY]Or�>���%ivN4t;O3[]c�[]cp�rO�[jbjqvoj�Xcp_f��ir�
N�ir�pO>o�`M�pqrbEiv�XkmO^o�[]cp�rO>Y�wZO>Yjo�bjcp�;O>w¨�BW¨dB`Mqr_v[j`fN N�O>oxJMqr_fcpo>Y3¦ � ��� � �8� � � �����<M �p�«�vir�@¦��>�B�Z�Mtft(¦
'r�v�f� �+'r�f�>�Z�«��9*9v{Z¦

�p�3} � ��¦¬snqu�Mcª[ ;%qu_Mw � ¦	�«JB`$�x�#"
`Mqr_v[]`MN o3ir_B[]bjir�vwZO>Y]cp�r_.�XceqnqrwfqrtZ[]cp�rO [jbjqvoj�Xcp_f�M� ���������?� � � ��� �<M �p�
�rir�@¦¡�r�$9f�X_fi�¦ 6Z�M�u�v� �M¦

�p�^{
�.R�¦uUX`f�Bq Kqubxqf�j� 
�O3_fO>bjqr�r��ivb]N&`f�eql[jc�iv_�ir�M��iZo>qu�p��W.wZO^Y\cp�r_fO^w�o3irJfO>b]O>_v[)o�iv_v[jb]iv�r[]JMO3irbjW���irb)dB`Mqr_Z�
[]`MN#Y]WZYm[jO3N�Y3¦ � �������8�	� � �����<M	�p���rir�@¦¡�v��'f�X_MiM¦¡�¬{Z�Ztft$¦M|+6
'r} �X| 'u�r�f�Z�r�r�*�f¦

�p�>| ��U«¦ZUXJfc@� : ¦ � iXiZwfWr�vqr_Mw ��¦Xsnqu�fc�[L;v�¬� �
tZ[]cpN�qu�;o�ir_B[]bjir�Mir�$Y]O3�pO>o�[jcp�rOn�Xcp�fbjqu[]cpir_Mqr�fO�fo3cª[xql[jc�iv_�c�_
JMqubjN�ir_fceo
�pcp_fO>qrb�oxJMqucp_�N�ir�pO>o3`f��O^Y3� � ��� � �8�	� � �����<M �����riv�H¦?'*'f�Ztft$¦M|*' 6l� �X|G' ' �f�;�$9 ' 'M¦

�p�<6��.I2¦ �Eirbj_B`f_f���ZR�¦MR¨iu[ ;3�X`MY>�Zqr_Mw s�¦fwZO(�
cp�BcpO��£s�cpO>wZ�pOr�r� : wfqutZ[jc�_M��� ��I qr_Mw�`�Y\cp_f����O^qubj_fc�_M�u�
�piXirtMY�[ji�tfb]il�XcpwfO�O�Zt;O3bjc�N�O>_v[jqr���pW ��O>qrY]cp�f��O�Y]JMqutfcp_f��N�qvY\��tMql[][]O>b]_MY>� �&�������?� � �%�����<M ���¡�rir�@¦
�r�¬{Z�Xtft$¦ �f�>�B{ �+�f�r�3�f�f�u�v�f�r¦

�p��' ����¦)R9qvwfq¬W qr_Mw 
4¦�I�`fbjcp_fcpo3cH�¡�\PEO� ��irbjN&`f�pqu[]cpir_MY&iu�nN�ir_fir[]ir_Mcpo>qu�p��W o3ir_B�rO>b]�vO3_B[&dB`Mqr_v[]`MN
o�iv_v[]bjir�$qu�p�rivb]c�[]JMN�Y>� �*��� ���?� � � � � �<M��M�rir�@¦¡�r�$'f�X_MiM¦¡�$'f�M�u�v� �f¦

�p��9 ����¦ �
Jv[xY\`M�Bc@�%
4¦�I�`fbjc�_Mcpo3cH��qr_Mw �&¦�snqr�fc�[L;r�«� 
�O>_fO3bxqu�pc;>O>w N4iv_fiu[jir_fceo3qr���pW o�ir_X�rO3bj�rO>_v[�qr���viu�
bjcª[jJfN�Y���irbhY\iv���Xcp_f�2dB`Mqu_v[j`fNyirtZ[jcpN�qr�fo�ir_B[]bjir�XtMb]iv�f��O>N�Y3� �����%���?� � � � � �<M �p�r�rir�@¦Z�^�r�f�¬_fiM¦Z�¬�Z�
tft$¦�{v{u�*9 �Z{r{X�<6X�Z�r�r�r}M�Zqu�eY\i4tf`M�f��ceY]JfO>w�cp_ [jJfO��Ecpb][]`Mqr���riv`fbj_Mqu�«ir�)Qn��[]bxql�¶qvYm[EUZo3c�O>_Mo�Or¦

�È�u� � � ¦��;JX`4qr_Mw �&¦usnqr�fcª[ ;r�3� : bxqutMcpw&N�ir_fir[]iv_fcpo>qu�p��W�o�ir_X�rO3bj�rO>_v[�c�[]O>bjqu[]cpir_4qu�p�rirbjc�[]JfN ��irb dB`Mqr_Z�
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