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Abstract: We consider random variables of the form F' = f(V}, ..., V},) where
f is a smooth function and V;,7 € N are random variables with absolutely
continuous law p;(y). We assume that p;,i = 1,...,n are piecewise differen-
tiable and we develop a differential calculus of Malliavin type based on 0 ln p;.
This allows us to establish an integration by parts formula E(0;¢(F)G) =
E(¢(F)H;(F,G)) where H;(F,G) is a random variable constructed using the
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process.
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Formule d’intégration par parties pour des lois
de probabilité localement réguliéres et
application au calcul des sensibilités

Résumé : On considére des variables aléatoires de la forme F' = f(V, ..., V},)
ol f est une fonction réguliére et V;, 7 € N sont des variables aléatoires de lois
pi(y) absolument continues. On suppose que p;,7 = 1, ..., n sont différentiables
par morceaux et on développe un calcul différentiel du type Malliavin basé
sur Jlnp;. Ceci nous permet d’établir une formule d’intégration par parties
E(0;¢(F)G) = E(¢(F)H;(F,G)) ou H;(F,G) est une variable aléatoire dé-
pendant des opérateurs différentiels pris en F' et G. On utilise cette formule
d’intégration par parties afin de donner des algorithmes numeériques dans le
calcul des sensibilités pour des modéles & sauts.

Mots-clés : Processus de Lévy, calcul de Malliavin, termes de bord, poids
de Malliavin, algorithme de Monte-Carlo, calcul des sensibilités.
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1 Introduction

In the last years, following the pioneering papers [12], [I1] a lot of work concern-
ing the numerical applications of the stochastic variational calculus (Malliavin
calculus) has been done. This mainly concerns applications in mathematical
finance: computations of conditional expectations (which appear in the Ameri-
can option pricing, for example) and of sensitivities (the so called Greeks). The
models at hand are usually log-normal type diffusions and then one may use
the standard Malliavin calculus. But nowadays people are more and more in-
terested in jump type diffusions (see [7] for example) and then one has to use
the stochastic variational calculus corresponding to Poisson point processes.
Such a calculus has already been developped in [4] and [T4] concerning the
noise coming from the amplitudes of the jumps and in [6] and [9], [18], [17],
[21] and [20] concerning the jump moments. Recently N. Bouleau (see [5])
settled the so called error calculus based on the Dirichlet forms language, and
showed that both the approaches in [4] and in [6] fit in this frame. Another
point of view, based on chaos decomposition may be found in [10], [3], [I6],
[22], [8] and [I5].

The aim of our paper is to give a concrete application of the Malliavin
calculus approach for sensitivity computations (Greeks) for pure jump diffusion
models. We give three examples: in the first one we use the Malliavin calculus
with respect to the jump amplitudes and in the second one we differentiate
with respect to the jump moments. In the third one we differentiate with
respect to both of them.

The basic tool is an integration by parts formula which is analogues to the
one in the standard Malliavin calculus on the Wiener space. We give here an
abstract approach which, in particular, permits to treat in an unified way the
derivatives with respect to the times and the amplitudes of the jumps of Lévy
processes. More precisely we consider functionals of a finite number of random
variables V;,2 = 1,...,n. The only assumption is that for each + = 1,...,n the
conditional law of V; (with respect to V;,j # i) is absolutely continuous with
respect to the Lebesgue measure and the conditional density p; = p;(w,y) is
piecewise differentiable. Using integration by parts one may settle the duality
relation which represents the starting point in Malliavin calculus. But some
border terms will appear corresponding to the points in which p; is not contin-
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4 Viad Bally, Marie-Pierre Bavouzet, Marouen Messaoud

uous: for example, if V; has a uniform conditional law on [0, 1] the density is
pi(w,y) = 1j0,1)(y) and integration by parts produces border terms in 0 and in 1.
There is a simple idea which permits to cancel the border terms: we introduce
in our calculus some weights 7; which are null in the points of singularity of p;
- in the previous example we may take m;(y) = y*(1—y)® with some a € (0, 1).
Then we obtain a standard duality relation between the Malliavin derivative
and the Skorohod integral and the machinery settled in the Malliavin calculus
produces an integration by parts formula. But there is a difficulty hidden in
this proceedings: the differential operators involve the weights 7; and their
derivatives. In the previous example 7}(w,y) = a(y* (1 —y)* —y*(1—y)* ).
These derivatives blow up in the neighborhood of the singularity points and
this produces some non trivial integrability problems. So one has to realize an
equilibrium between the speed of convergence to zero and the speed with which
the derivatives of the weights blow up in the singularity points. This leads to
a non degeneracy condition which involves the weights and their derivatives.

The integration by parts formula is established in Section 2. Since numeri-
cal algorithms involve only functions of a finite number of variables we do not
develop here an infinite dimensional Malliavin calculus but restrict ourselves
to simple functionals. In Section 3 we use the integration by parts formula in
order to compute the Delta (derivative with respect to the initial condition)
for European options based on an asset which follows a pure jump diffusion
equation and in Section 4 we give numerical results.

2 Malliavin calculus for simple functionals

2.1 The frame

We consider a probability space (2, F, P), a sub o—algebra G C F and a
sequence of random variables V;,i € N. We denote G; = G V o(V},j # 7). Our
aim is to settle an integration by parts formula for functionals of V;, i € N,
which is analogues to the one in the Malliavin calculus. The o-algebra ¢
appears in order to describe all the randomness which is not involved in the
differential calculus.

We will work on some set A € G which will be fixed through this section. We
denote L(,)(A) the space of the random variables such that E (|F|” 1,4) < oo

INRIA



Integration by parts formula for locally smooth laws and applications to sensitivity computationsd

for all p € N, and L,4)(A) will be the space of the random variables F for
which there exists some § > 0 such that E <|F|p+5 1A) < 00. We assume that

Hypothesis 2.1 Vi € Lieoy(A), i € N.

For each i € N we consider some k; € N and some §;-measurable random
variables

a;(w) = V(W) < thw) < ... < thi(w) < th T (w) = bi(w).
We denote D;(w) = U (t/(w), 1! (w)). Notice that we may take
j=0
a; = —oo and b; = oo.

We will work with functions defined on (a;(w), b;(w)) which are smooth except
for the points tf,j =1,...,k;. We define C(D;) to be the set of the measur-
able functions f: ) x R — R such that, for every w, y — f(w,y) is k times
differentiable on D;(w) and for each j = 1,..., k;, the left hand side and the
right hand side limits f(w, t/(w)—), f(w,t!(w)+) exist and are finite (for j = 0
and j = k; + 1 we assume that the right hand side, respectively the left hand
side limit exists and is finite). We denote

ki

S8

F(w,8(w)=) = (@, B (@) 4) + (@, bi(w) =)~ flw, ai(w)+) . (1)

J:1

For f,g € C1(D;), the integration by parts formula gives
/( | fg'(wy)dy=Tfg)— /( | fr9(w,y)dy, (2)
a;,b; a;,b;

so I'; represents the contribution of the border terms - or, put it otherwise, of
the singularities of f or g.

Let n,k € N. We denote by C, the class of the G x B(R") measurable
functions f : Q x R"” — R such that I;(f) € Cx(D;), i =1,...,n, where

[l(f)(w7y) = f(UJ, Via RS V;'—lay> Vvi+1> R Vn) .

RR n° 5567



6 Viad Bally, Marie-Pierre Bavouzet, Marouen Messaoud

For a multi—inkdex a=(a,...,ap) €{1,...,n}* we denote
0
i
%af = 0%, ... 0T, /.

Moreover we denote by C, (A) the space of the functions f € C, such
that for every 0 < p <k and every a = (ay,...,0p) € {1,...,n}?,
8§f(‘/1, cee Vn) c L(Oo)(A).

The points tf ,j =1,..., k; represent singularity points for the functions at
hand (notice that f may be discontinuous in t{ ) and our main propose is to
settle a calculus adapted to such functions.

Our basic hypothesis is the following.

Hypothesis 2.2 For every i € N the conditional law of V; with respect to G;
is absolutely continuous on (a;, b;) with respect to the Lebesgue measure. This
means that there ezists a G; X B(R)-measurable function p; = p;(w, x) such that

E(O £(Vi) Liway(Vi)) = E (@ [ 1501 i) dx) ,

for every positive, G;-measurable random variable © and every positive, mea-
surable function f : R — R.
We assume that p; € Ci(D;) and 0yInp;(w,y) € L) (A).

In concrete problems, we consider random variables V; with conditional den-
sities p; and then we take tg, 1t =0,...,k;+1 to be the points of singularities
of p;. This means that we choose D; in such a way that p; satisfies hypothesis
on D;. This is the significance of D; (in the case where p; is smooth on the
whole R, we may choose D; = R).

For each i € N we consider a G; x B(R)-measurable and positive function
m Q2 x R — Ry such that m;(w,y) = 0 for y ¢ (a;,b;) and m; € Ci(D;). We
assume

Hypothesis 2.3 T; € Liso)(A) and 7, € L1y (A).

These will be the weights used in our calculus. In the standard Malliavin
calculus they appear as re-normalization constants. On the other hand, p;
may have discontinuities in tf ,J=1,..., k; and this will produce some border
terms in the integration by parts formula - see (). We may choose ; in order
to cancel these border terms (as well as the border terms in a; and b;).

INRIA



Integration by parts formula for locally smooth laws and applications to sensitivity computations?

2.2 Differential operators

In this section we introduce the differential operators which represent the ana-
logues of the Malliavin derivative and of the Skorohod integral.

Simple functionals. A random variable F' is called a simple functional if
there exists some n and some G x B(R")-measurable function f: Q x R* — R
such that

F=fwV,.,V,).

We denote by S, 1) the space of the simple functionals such that f € C, ; and
Sin.iy(A) will be the space of the simple functionals such that f € C, ,(A).
of

We will use the notation Oy, F' := a—(w, Vieoo oy, Vo), i=1,...,n.
T

Simple processes. A simple process of length n is a sequence of random
variables U = (U;);<, such that

U,(w) = U, (w, ‘/1(0‘))7 O] Vn(w)) )

where u; : @ x R" — R, i € N are G x B(R")-measurable functions. We denote
by Pk (respectively P, r)(A)) the space of the simple processes of length
n such that u; € Cop, @ = 1,...,n (respectively u; € Cpix(A), i = 1,...,n).
Notice that if U € P, ) then U; € Sppy and if U € Ppp(A) then U; €
Sty (A)-

On the space of the simple processes we consider the scalar product

n

(UV), = miw Vi) Ui(w) Vi(w).

i=1

We define now the differential operators which appear in Malliavin’s calculus.
00 The Malliavin derivative D : S, 1) — P : if F = f(w,V4,...,V,)
then
of
DF = (DZF)ZSn S P(n,O) .

RR n° 5567



8 Viad Bally, Marie-Pierre Bavouzet, Marouen Messaoud

00 The Malliavin covarience matrix. Given F' = (F',... F%),
F'= fY(w,Vi,...,V,) € Sn1) the Malliavin covariance matrix is

o = (DF' DFT) =" m,(w,V,) pf 0 (w, Va, .., Va)

p=1

This is a symmetric positive definite matrix.
[0 The Skorohod integral. We define d : P, 1y — S 0):
for U = (U;),<;<, such that U;(w) = u;(w, V1, ..., V,), we define

0
5Z(U> = (837 (ﬂ-l ul) + (7Ti ul) 8111}72) (w7 ‘/17 ct Vn) )

00 The border term operator. For I' = f(w,Vi,...,V,) € S and
U= (u(w,Vi,...,Va))i1 n € Pno) we define

.....

ZF J(f X wg) X X p;)

= ZZ ((f X uz)(wa ‘/17 sy ‘/j—h tg_7 ‘/j—i-b R Vn)(ﬁlpl>(w7 tg_)
i=1 j=1

_(f X uz)(wy ‘/17 ceey ‘/}—17 tz_‘_v ‘/j-i-ly ey Vn)(ﬂ-lpl)(w7 tg_‘_))

+ Z(f X ui)(wy ‘/17 ey V}'—l) bi_7 V}-i—b ey Vn)(ﬂ-zpz)(wy bz_)

- Z(f X U’Z)(w7 ‘/17 IO ‘/}—17 a’i_l_? ‘/}-l-la sy Vn)(ﬂ-lpl)(wv a'z_l_)

Remark 2.1 If we choose 7; such that

Tilw, 1) = m(w, /=) =0,i=1,...,n,j=1,..., k (3)
mi(w,a;+) = m(w,b;—) =0,1=1,...,n,

INRIA



Integration by parts formula for locally smooth laws and applications to sensitivity computations9

then [F,Ulx = 0 for every F' € Sp1y and U € P,1y. So there will be no
border terms in the duality formula and in the integration by parts formula.
This is - one possible - reason of being of the weights. The other one concerns
re-normalization.

In our frame the duality between § and D is given by the following Proposition.

Proposition 2.1 Let F' € S,y and U € Py, 1y. Suppose that for every i =
1,....n
E(|F6(U)|14) + E(m(w, Vi) |D;F x Ui] 14) < 0. (4)

Then B(|[F,Ux| 14) < 0o and
E(DF,U)_ 14) = B(F §(U) 14) + E([F, U], 1.1) . (5)
If @) holds true then
E(DF,U)_ 14) = E(F §(U) 14).
Proof. Since m; = 0 on (a;, b;)¢, we have
E((DF,U)_ 14)

=E() E(mi(w,V;) DiF x U; | Gi) 14)
=1

n b;
=E <1A Z/ (Wiuiaif)(wv‘/la"'a‘/i—1>y>‘/i+l>'">Vn)pi(w7y)dy) .
i=1 Y%

RR n° 5567



10 Viad Bally, Marie-Pierre Bavouzet, Marouen Messaoud

Using integration by parts (see (2))) we obtain

b;
/ O f x (7Tz' Uz) X Pj

ki

= jgo/(tg7tg+l) &f X (ﬂ'i ul) X D
ki
=Ty (Li(f x us) mipi) — Z/J p J < (0s(miui) X pi + (m5w;) X Op;))

j:(] (tl 7;+1)
b;
= Di(Li(f X wi)mips) — / [ x (0;(m; us) + mw;0lnp;) X p; .
By (@) we have
/<|uiaif\ 7))@, Vs Vit 1, Vi, - Va) dy < 00,
R

/(|f(al(7rz uz) + T uzalnpz)| X pl)(w7 ‘/17 sy ‘/i—layv ‘/H-la sy VN)dy < 00,
R

for almost every w € A. So the above integrals make sense. Since
Uy (L;(f X w;) m; p;) is the sum of these two integrals we also obtain
E (|0 (L;(f x u;) mipi)| 1a) < oo so that E (|[F,Ul.| 14) < 0.
Using the definition of p; we come back to expectations and we obtain

b;
/ (ﬂ-i U; alf)(wv ‘/19 R ‘/i—layv ‘/H-la RN Vn)pl(w7y) dy

=EF6U)|G)+TiLi(f xw)mp:).

One sums over ¢ and the proof is complete. m

Corollary 2.1 Let Q) € S;,1)(A) which satisfies

E(]-A (|7TZQ|+|8Vz(7T2Q)|)1+n) <OO,i=1,...,7’L, (6)
for some n > 0. Then, for every F' € S, 1)(A), U € Pn1)(A), one has
E(Q(DF,U)z14) =E(Fo(QU)14) + E([F,QUJ, 14) . (7)

INRIA



Integration by parts formula for locally smooth laws and applications to sensitivity computationsll

Proof. We just have to check that F' and U=QU satisfy (). We have
10:(Q U)| < [0v; (m Q)] [Us] + |m: Q| (10w Ui + |Ui] [0Inpi]) -

Since U € Py1)(A), one has U;, Ov,U; € Lio)A, and by hypothesis 222
Olnp; € Lix)A. So, using (@), 6;(QU) € Ly A and since F' € Li)A, we
obtain E (F'§;(QU)|) < oc.

We have D, F, U; € Lix)A and 7; Q € L14)A, so E (m; |D:F x (QU;)|) < oo.
[

The Ornstein Uhlenbeck operator: We introduce now L := 6(D) :
S2) = Smo) *

n

LF = —Z (03 (m; i f) + m; Oif Olnpy) (w, Vi, ..., Vp)

i=1

= —Z((7T2+7T28111pl)81f—|—ﬂ'18l2f) (w,Vl,...,Vn).

i=1
As an immediate consequence of the duality relation (B) we obtain:

Lemma 2.1 Let F,G € S, 2) and A € G. Suppose that for every
1=1,...,n

Then E (|[F, DG],| 14) < o0, E(|[G, DF],| 14) < 00 and

E(F LG 14) + E([F, DG, 14) = E(< DF, DG >, 1,)
=E(GLF1,4) +E([G,DF], 14).

We denote by CF(R?) the space of the functions ¢ : R? — R which are k times
differentiable and such that ¢ and its derivatives of order less or equal to &
have polynomial growth. The standard differential calculus gives the following
chain rules.

RR n° 5567



12 Viad Bally, Marie-Pierre Bavouzet, Marouen Messaoud

Lemma 2.2 i) Let ¢ € Co(RY) and F = (F',... . F?), F' € 8§4,1)(A). Then
gb(F) S S(nyl)(A) and

D(F) =Y 9x¢(F) DF*. 8)

it) If ¢ € CH(R?) and F' € Sn2)(A) then ¢(F) € Sn2)(A) and

d d
LO(F) =Y 0p(F)LF* = Y " 9} ¢(F) (DF* DF") .

kp=1
i) Let F € S(1)(A) and U € Py, 1)(A). Then FU € P, 1)(A) and
S(FU)=Fo(U)—(DF,U), .
In particular if F' € S¢,1)(A) and G € Sp2)(A) then F DG € Py, 1)(A) and
(F DG)=F LG — (DF,DG)_ . 9)

Remark 2.2 Let us define L2, (A) to be the closure of Py, ) with respect to
the norm associated to the scalar product (U, V) = E((U,V)_). If [F, U], is not
null, then the operator D : Sg,1) C L*(Q) — Py C L2, (A) is not closable.
Suppose for example that V| is exponentially distributed and V;, i = 2,...,n
are arbitrary and independent of Vi. We take my =1 and 7; = 0,1 =2,... n.
So we make our calculus with respect to Vi only. In this case a; = 0,b; =
0o and there are no points t.. Take now F, = f,(Vi) with f,(z) = 1 —
nx for 0 < x < 1/n and f,(x) = 0 for x > 1/n. Take also ui(x) = 1 —
x for 0 < x < 1 and ui(x) = 0 for x > 1 and write the duality formula
E((DF,,U) ) =E(F,0(U)) + E([F,, Ulx). Since [F,,U], =1 and F,, — 0 in
L%(Q), we obtain lim E((DF,,U),) =1, and so DF, - 0 in L2 (A). This
proves that D 1s nnot C>glosotble.

But if [F, U], =0 for every F,U (this happens for example if we choose m; to
satisfy (3)), then the duality formula {3) guarantees that D and ¢ are closable.
But we stay here in the level of the simple functionals and we do not discuss
the extension to the infinite dimensional frame.

INRIA



Integration by parts formula for locally smooth laws and applications to sensitivity computationsl3

Remark 2.3 The above differential operators and the duality formula (3) rep-
resent an abstract version of the operators introduced in Malliavin calculus and
of the duality formula used there. In order to see it we consider the simple ez-
ample of the Fuler scheme for a diffusion process, corresponding to the time
grid 0 = sg < s1 < ...< 8, =Ss. This is a simple functional depending on the
increments of the Brownian motion B, that is V; = B(s;) — B(si_1),

1 = 1,...,n. The variables on which the calculus is based are independent
Gaussian variables. It follows that

pilw,y) = (27 (si — si_1)) % exp (—=y*/2(si — si—1)). Since p; is smooth on
the whole R and has null limit at infinity, there will be no border terms com-
ing on, so we take a; = —00,b; = 00 and k; = 0. If F = f(V4,...,V,), then
DiF = 0;f(Vi,...,V,) = D,F 15,y s (5) where D.F is the standard Malliavin
derivative. We take m; = s; — s;_1 so that

(DF,DG), =Y m D;F DG = / D,FD,Gdu.
0

i=1

We notice that here the weights are used in order to obtain the Lebesque mea-
sure. Moreover, we have 0, Inp;(y) = —y/(s; — s;_1) and so

n

5i(U) = =Y (Oui(Va, ..., Vo) (s = sim1) — w(Va, ..., Vo) Vi)

i=1

So we find out the standard Malliavin calculus.

Remark 2.4 If [F,G], = 0, the calculus presented here fits in the frame in-
troduced by Bouleau in [4]: in the notation there, the bilinear form

(F,G) — (DF,DG)_ leads to an error structure. A variety of examples and
applications of these structures are discussed. That frame mainly focus on
the error calculus but examples of applications to sensitivity computations are
given as well and an integration by parts formula is derived. This works well
wn the particular case of a one dimensional functional. Moreover, the differen-
tial calculus is based on a single noise V; as in the Corollary[Z2 below (so the
weights m; do not come in in the non degeneracy condition). In a more general
frame, the non degeracy condition involves the weights m;, i € N and a more
detailed analysis has to be done (see the following section).

RR n° 5567



14 Viad Bally, Marie-Pierre Bavouzet, Marouen Messaoud

2.3 The integration by parts formula
We consider F' = (F!,... F9) € S(n 1y(A) and we define

Op(A) = {G =0p xQ:Q € S{,(A),Q; satisfy (@)} .

We think to G € O¢(A) as to a random direction in which F'is non degenerated
(in Malliavin’s sense).
The basic integration by parts formula is the following.

Theorem 2.1 Let F = (F',... , F?%) ¢ S(dmz)(A) and G € Op(A),
d

d
G =o0rxQ. Then ¢ <Z Q" DF’), [gb(F),ZQi DF', € L4y (A) and for
i=1 i=1

every ¢ € CL(R?) one has

E((Vo(F),G) 14) = E <¢(F)5 (Z Q' DFi) 1A>
d
E ([¢<F>,Z@i DF, 1A> . (10)
Proof. Using (§),
(D¢(F),DF")_ Za]gb ) (DF/, DF*) =" 0;¢(F) o}

Since G = or x (), we obtain

wa wa Z aF—Z@ZZam

= Z Q' (Do(F), DF'),

Notice that ¢(F) € Sp1)(A) and DF' € Py, 1y(A). Since Q; satisfy (@), one
may use the duality formula () and we obtain (I0). m

INRIA



Integration by parts formula for locally smooth laws and applications to sensitivity computationslb

We give now a non degeneracy condition on or which guarantees that all
the directions are non degenerated for F.

We assume that det op # 0 on A and we denote by v = a;l. We also
assume that 7, (det vr)?, 7] det yp, m 7 (det yr)® € L14)(A), for every
[ =1,...,n. This means that there exists n > 0 such that

B[14 (] (detyp)* + || (detyp + |m| (detyr)) ™| <00 (11)

Lemma 2.3 Assume that ({I1) holds true and F € S(dnyz)(A).
Then S(dn’l)(A) C Or(A).

Proof. Let G € S(dnyl)(A). Then G = o x Q with Q = v X G. We write

v = G x detvyp, where % is the algebric complement. It follows that

d
Q' = detyp x §' with §" =Y G/ 5.
j=1

Let us check that (@) holds true for Q°, i = 1,...,d. Since m € L(xo)(A)
and D;F' € L(,)(A) one has 67, det o € L(o)(A). And since
G’ € L(w)(A), then we have S* € L()(A). Moreover, by (I,
m det YF € L(1+)(A), SO 7 QZ = (71'1 det 'VF) St e L(H_)(A).

We now check that D;(m Q") € L4)(A). We write

Do} = | DiF  DiFY + > m, Di(DyF* DyFY) .
k=1
Since F € SflmQ)(A), we have D;F" DiF7, Dy(DF' D7) € Loy (A) and

consequently Dla? = 01 + Oy with 0y, 03 € L()(A). Then D;(detop) =
p+vm and DS = p; + v w with w, v, p;, v; € L) (A).
Using ([[Tl), we obtain

Dl(ﬂ'l QZ) = 7Tl, det YF Sl — T (det ’}/F)2 Dl(det O'F) SZ + m det YF DISZ
=m detyp S* —m (det yr)? (n+vm) S'+m det yr (p; + v )
€ Lat)(4),

and the proof is complete. m
As a consequence we obtain
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Theorem 2.2 Let F = (F',... F9) ¢ S(dmz)(A) and G € Sp1)(A). Suppose
that ({I1) holds true. Then

d d
J <G > DFJ‘) |6(F).G ) i DFY

J=1 Jj=1

¢ € C)(RY) one has

€ La+)(A) and for every

™

E(0:¢(F)G14) =E

O(F) 6 (G > DFJ’) 1A]

J=1

d
$(F),G > i DF’

j=1

+E 14,

for everyi=1,...,d.
Suppose that 7,1 =1, ..,n satisfy (3). Then

E(9;0(F) G14) = E(¢(F) Hy(F,G) 14) .
with

d
Hi(F,G)=4¢ (G > DFJ’) =

J=1

(G4 LF? = (D(G~}), DF7) ) .

d
—

J

Proof. We take G = 0,...,0,G,0,...,0) with G on the place i, so that
9i6(F) G = <V<;S(F), é> In view of Lemma B33, G € O(A) and

G =op x Q, with Q7 = G'y%? . One employes Theorem [Z1] and concludes. In
order to obtain the second equality in the expression of H;(F,G) one employes

@. =

There is one particular situation in which the non degeneracy condition ([T
does not involve the weights: if F' is one dimensional and if the integration
by parts formula is based on a single random variable V;. Then we have the
following corollary.

Corollary 2.2 Let F' = f(V1,...,V,) € Sn2)(A) and G € S(,1)(A). Suppose
that that there exists some l € {1,...,n} such that

E [1 4 (D) 0] < oo (12)
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for somen > 0. Consider the weights w; = 0 for ¢ # | and m; an arbitrary func-
tion which verifies m € Liooy(A) and m; € Layy(A). Thend(Gyrp DF), [¢(F),Gyr DF], €
L14)(A) and for every ¢ € C)(R) one has

E(¢'(F) G1a) = E(¢(F) 0(Gyr DF) 14) + E([¢(F), Gyr DF]x 14) . (13)
Proof. Notice that op = m(V;) |D/F|>. We comme back to the proof of
Theorem ZT] and we write G = QQ o with

Q = ——%— ifm(V) |[DF*#£0,

(V1) |DiF|

=0 if 7,(V)) |DiF|° =0.

Then m(V)) Q = g(V4, ..., V,)/|DiF|* and, as a consequence of the hypothesis
() one has m (V) Q, Oy, (m(V)) Q) € Luty(A), i = 1,...,n. So we may use
the duality relation and conclude. m

3 Pure jump diffusions

In this section we will use the integration by parts formula presented in the
previous section for a pure jump diffusion (S;);>o. We will use the notations
from [T3]. We consider a Poisson point measure N(dt, da) on R, with positive
and finite intensity measure u(da) x dt, that is E(N([0,%] x A)) = u(A)t. We
denote by J; the counting process, that is J; := N([0,¢] x R), and we denote
by T;, « € N, the jump times of J;. We represent the above Poisson point
measure by means of a sequence 4A;, i € N, of independent random variables
of law v(da) = u(R)~! x p(da). This means that

N([0,t] x A) = card{T; <t:A; € A}.

We look at S; solution of the equation

t
St—x+z (T, A, S / g(r, S,) dr, (14)

—x—l—// (s,a,Ss-)dN(s,a) + / g(r,S,)dr, 0<t<T.

We will work under the following hypothesis:
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Hypothesis 3.1 The functions (t,x) — c(t,a,z) and © — g(t,x) are twice
differentiable and have bounded derivatives of first and second order. Moreover,
we assume that they have linear growth with respect to x, uniformly with respect
to t and a, that is |c(t,a,x)| + |g(t,z)] < K (1 + |z]).

On each set {J; = n}, S; is a simple functional of Ay,... A, and T,...,T,.
In the first subsection, we present the deterministic calculus which permits to
compute the Malliavin derivatives and in the following two subsections we give
the integration by parts formula with respect to the amplitude of the jumps
respectively to the jump times, separately. Finally in the forth sub-section we
briefly present the mixed calculus, with respect to both of them.

We stay here in the one dimensional case (i. e. S; € R) because the multi-
dimensional case is more involved from a technical point of view. Our purpose
is to illustrate the way in which the integration by parts formula works for
Poisson Point measures and to emphasize the specific difficulties. The heavy
techniques related to the multi-dimensional case would hidden these specific
points, but the machinery works in this case as well.

3.1 The deterministic equation

We fix some deterministic 0 = vy < u; < ... < u, < T and we denote by
u = (ug,...,u,). We also fix a = (ai,...,a,) € R". To these fixed numbers
we associate the deterministic equation

Jt(u) +
St =2+ Zc(ui,ai,su,)—i—/ g(r,s;)dr, 0<t<T (15)
i=1 ' 0

where Jy(u) = k if up < t < ugy1. We denote by s,(u,a) or simply by s
the solution of this equation. This is the deterministic counterpart of our
stochastic equation. On the set {.J; = n}, the solution S; of ([[4]) is represented
as Sy = si(T1, ..., T, Ay, ... Ay).

In order to solve this equation, we introduce the flow ® = &, (¢, x), 0 <
u < t, z € R solution of the ordinary integral equation

o, (t,x) :x+/ g(r,®,(r,z))dr, t>u. (16)
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The solution s of the equation (IH) is given by

So =, (17)
S = (I)ul (t, Sui> for u; <t < Uit

Suz‘+1 = Su;rl + C(U,H_l, Ai41, Su;rl)

= Dy, (Ui, Su;) + c(Wis1, Qiv1, Po, (Wit1, Su,)) -

Our aim is to compute the derivatives of s with respect to u;, a;, j =1,...,n.
We introduce first some notations. We denote by

eut(T) := exp </ut 0z g(1, @y (r, z)) dr) :

Since ®,, (1, sy,) = s, for u; < r < u;yq, we have

t
eui,t(sui) = exp (/ a:cg(T, Sr) dT) R for U <t < Ujtq -
Since .
0, P (t,x) =1 +/ 0 g(r, @y(r, ) 0p Py (1, ) dr,

it follows that
0,y (t, ) = euy(z),

and since
t
auq)u(t7 JZ‘) = —g(U,, I) + / aﬁﬂg(r7 (pU(T? l’)) 8uq)u(r, .CL’) d?” ?

we have
0u®u(t,x) = —g(u,x) ey ().
Finally we denote by

q(t, o, ) = (Oye + g 0z0)(t, o, ) + g(t,z) — g(t, z + c(t, a, x)) .
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Lemma 3.1 Suppose that hypothesis [Z1l holds true. Then si(u,a) is twice
differentiable with respect to u;,j = 1,...,n and with respect to a;,j =1,...,n
and we have the following explicit expressions of the derivatives.

A. Derivatives with respect to u;. Fort < uj, 0,,5,(u,a) = 0. More-
over

8u]‘8u]‘— = g(uj7 Suj—) ’
aujsuj = (atc + g (1 + axc))(uj’ as, S“j_) :

Foru; <t <wuj

aujst = q(uj7aj?8uj'—)€u3'7t($uj') Y (18)
8Uj SUj+1— = q(u_]7 a]? Su]—) er,uj+1 (Su])
8Ujsuj+1 = Q(uj7 aj, Suj—) (1 + amc(uj-l-lv Aj+1, Suj+1—)) Cujujin (Suj> :

Finally, forp > j+1 and v, <t < u,1; we have the recurrence relations

auj St = eup,t(sup> aujsup ) (19)

auj Supr1 = (1 + Owc(Upy1, apy1, Sup+1—)) eup,up+1(5up) auj Sup -
Denote T(f) := O,f + g0.f. The second order derivatives are given by

anguj— (g)(uj7aj’suj_)’

=T
= T(atc +g (1 + axc))(uj> as, Suj_) :

2
auj Su;
Denote

Py (t) = auj euj7t(8uj )

t
= 6Uj,t(SUj) <_8Ig(u]? SUj) _I_ q(u’]? a’j? S’LLj_) / a‘gg(r7 ST’) e’LLj,T’(SUj) dT) ‘

Then, for u; <t < ujq

853- St(uv CL) = T(q> (ujv Qj, Suj—(u7 CL)) euj',t(suj) + q(ujv as, S“j—(u7 a)) /)j(t) .
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Integration by parts formula for locally smooth laws and applications to sensitivity computations21

and

0 su;r = T(q)(ug, a5, 80, ) (14 02¢) (Uj1, @541, Supy,—) €ujgi (Suy)
+ ¢ (ug, a5, 50,-) Foc(ujin, ajins Supy,—) € (Su;)
+ q(uy, aj, $u;-) (14 050) (Wjs, @i, Suzya—) pi(uy) -
For p > 7+ 1 we denote by

Pip(t) = Ouju, t(Su,) = Cupit(Suy) O, Su, / 2g(r, s,.) Cup,r(Su,) dr .

Then, for p > j and u, <t < u,+1 we have the recurrence relations
83j S = €y, t(5u,) 85],3% + pjp(t, 1, a) Oy, 5y, ,
&i Supir
=0¢(Upr1, Gy, Supi1-) (Cupupss (Suy) Ou, Sup>2
(1 + 020) (Upt1, Qpr1s Supia—) (Pjp(Up+1) Oy Suyy + €upuy i (Su,) (923_ Sup) -
B. Derivatives with respect to a;. Fort < uj, 0,,5,,(u,a) = 0 and for

t > uj, Oq;5:(u, a) satisfies the equation

Je(u)
Oa; 8¢ = Oy, aj, 8y~ ) + Z OxC(Ui, Qi Sy~ ) Oy Suys—

i=j+1
t
+/ 029(7, 8r) Ou; sp dr . (20)

The second order derivatives satisfy

Je(u)

82jst = D2c(uj, aj, 54— ) + Z 2c(us, @iy Suy—) (Oay Sus—)? (21)

i=j+1

/ 2q(r, s,) (O jsr)er

+ Z Opc(ui, Gy Sy, )82 Su;— / 0xq(r, s;) 82 S, dr .

i=7+1
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Proof. It is clear that for ¢ < u;, s; does not depend on u; and so 9,,s; = 0.
We compute now

aujsuj_ = aujéuj—l(uj’ Suj—l) =g (uj> cbujfl(uj? S'U«j—l)) = g(uj’ Suj—) :

Then

Ou;Su; = Ouy(Su;— + c(uy, aj, 8u;-))
= Oyc(uj, aj, u;—) + (14 Opc(uj, aj, Sy;—)) Ou,Su,—
= Oc(uy, aj, Su;-) + (1 + Opc(ug, az, Su;—)) g, Su;—) -

For u; <t < wu;41 we have

an St
=04, o, (t, 5u;) = €uy1(Su;) (—g(us, Su,) + Ou, Su;)
:€Uj,t(SUj) (_g(uj> Suj) + atc(uj7 as, Suj—) + (1 + 8500(“% Qjs Suj—)) g(uja Suj_))

:euj,t(suj> q(uj7 aj, S“j—) )

And the same computation gives Oy, Su,,,— = €uju;,, (Su;) ¢(U5, aj, 5u,-). Fi-
nally

auj Sujp1 = (1 + 8$C(uj+17 Aj+1, Suj+1—)) 8“;‘ Sujii—

= (1 + axc(uj-‘rb aj+1, Suj+1—)) Cujujiq (Suj) q(uj’ aj, Suj—) :
We assume now that u, <t < up1, p>j + 1 and we write
auj St = 8“3’ (I)up (t7 Sup) = 6“p7t(8u1)) auj Sup

and the same computation gives 0y;5u,, 1~ = €upu, 1 (Suy) Ou;Su,- Finally we
have

Ou;Su, = O, (Sup— + c(tp, ap, 54,—)) = (1 4 0pc(tp, ap, Su,—)) Ou; Su,—

= (1 + Ouc(up, ap, Su,-)) €uporup (Sup—ir) Ouy Su,y -

And the proof is complete for the first order derivatives. The relations con-
cerning the second order derivatives are obtained by direct computations.
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B. Using the recurrence relations () one verifies that for every ¢t € [0, 7],
a; — s¢(u,a) is continuously differentiable and then one may differentiate in
the equation (IH) (this was not possible in the case of the derivatives with
respect to u; because these derivatives are not continuous). m
As an immediate consequence of the above lemma we obtain:

Corollary 3.1 Suppose that hypothesis [Z1 holds true and suppose that the
starting point x satisfies |x| < K for some K. Then for eachn € N and T > 0
there ezists a constant C,(K,T) such that for every 0 < uy < ... <wu, <T,
ae€R"and 0 <t <T,

‘max <|St| + ‘aujst} +

j=1,...n

2
0uj St

+ |0y 5| +

2
aaj St

) (u,0) < Co(K,T). (22)

Finally, we give a corollary which is useful in order to control the non degen-
eracy.

Corollary 3.2 Assume that hypothesis [ holds true and there exists a con-
stant n > 0 such that for every (t,a,z) € [0,T] x R x R one has

lq(t,a,z)] > n.

Let n € N be fized. Then there exists a constant £, > 0 such that for every
j=1,...,n and every (u,a) € [0,T]" x R"

i>nf }0ujst(u,a)‘ > e, . (24)

t>u;

Proof. Since 0, is bounded, there exists a constant C' > 0 such that e, ;(z) >
—CT f,

e or

0 <s<t<T. Then one employes ([8) and ([J). w

3.2 Integration by parts with respect to the amplitudes
of the jumps

In this section we will use the integration by parts formula for S; which will
be regarded as a simple functional of A;,7 € N. So, with the notation from
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Section 2, we have V; = A; and G = o{T; : i € N}. We recall that J;, = n on
{T,, <t <T,s1}. Then, on {J, =n},

St:St(Tl,...,Tn,Al,...,An),

where s, is defined in the previous section (see (I3)).
We assume that the hypothesis Bl and XTI (that is E (|A;|) < oo for all

p € N) hold true. Moreover we consider some gy < ¢1 < ... < x41 and we
k

denote I = U(qi, Gi+1). We assume:
i=0

Hypothesis 3.2 The law of A; is absolutely continuous on I with respect to
the Lebesgue measure and has the density p = e”, that is

B (f(A) 1,(A) = / f(y) e dy.,

for every measurable and positive function f.
The function p is assumed to be continuously differentiable and bounded on I.

So hypothesis holds true.
Since p is not differentiable on the whole R, we work with the following
weight. We take o € (0,1/2) and 5 > « and we define

m(Y) = (Gis1 —y)* (y — @) for y € (i, Giv1), ©=0,....k,
= 0 for y € (qo, @rt1)°

We make the following convention: if b = q;1 = 400 or a = gy = —00, we
define

m(y) = (y — qu)* [yl ™, for y > qp and 7(y) = (¢ —y)* |y| ™, fory < q1,

Then elementary computations show that 7 satisfies hypothesis

Let A := {J; = n}. In view of (22,
(a1,...,an) — s(Th(w),...,Th(w),aq,...,a,) is twice continuously differen-
tiable and has bounded derivatives. It follows that S; € S, 2)(A).
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The differential operators which come on in the integration by parts formula
are

D,’St = Gaist(Tl, cee ,Tn, Al, .. ,An) 5

n

LSy ==Y (n(A) 2 su(Th, ... . Tu Ay, A)

=1
+(7T/ + 7 %)(Al) 8ai8t(Tla . ,Tn, Al, RN An)) s
os, = Y_m(A) [DiSi* =) w(A) [Oase(Tr, . Ty Ary o AP
i=1 =1
1 1

fyst = = n .
TS SV (A 00 s (Ths - Ty Ay, A
i=1

And all these quantities may be computed using (20) and (ZII).
The result which is used in sensitivity computations is the following.

Proposition 3.1 Suppose that hypothesis[Z1l and[ZA hold true and moreover,
suppose that there exists a positive constant n such that for every t,a,x

i) |Oac(t, a, )| =1, (25)
1) |1 4 Opc(t,a,x)| >n.

Take o € (0,1/2) and 3 > «. Then, for every differentiable function ¢ : R —
R which has linear growth, and for everyn > 1,

E(¢,(St) a:(:St ]-{Jth}) = E(¢(St) Hn ]—{Jtzn}) >
with, on {J; =n}

Hn = Hn(St> axSt)
= (995515 YS, LSt — VS, < DSt, D(@mSt) >r —(9935} < DSt, D”)/St >r.
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Proof. Let n € N* be fixed. We already know that S; € S(,2)(A) with
A={J =n}.

Moreover, 0,S; = 0.8:(Th1,...,Tn, A1,...,A,;) and J,s; is computed by the
recurrence relations:

89080 = 17

t
Opst = (1 4 Opc(ui, @y Sy;—)) OpSu,— +/ 0eg(r,y 8p) Opspdr,  u; <t < ujgq.

Then it is easy to check that 0,s; and its derivatives with respect to a;,
i=1,...,n are bounded on the set {J, = n}, and consequently
0:5¢ € Sty (A).

e Suppose that n = 1. We will use Corollary 22, so we check that the non
degeneracy condition () holds true. One has

t
aal St = aac(ula ar, Sul—) + / 8xg(T, 37’) atn Sp dr >
ul
so that, using (Z0),

t
Ol = Buc(ur, a1, 5u)] exp ( [ oot sr>) >

for some positive constant c¢. And ([[2) follows. We use then ([3) and we notice
that by our choice of 7 the border terms are cancelled.

e Suppose now that n > 2. In this case, we will use Theorem Z2 and so we
look at the non degeneracy condition ([Il). Since 7 is bounded, this amounts
to find 0 > 0 such that forz=1,...,n

/ 1+5
B L ((1+7(A0)12) ] < oo (26)
k
We recall that 7(y) = » (gic1 — ) (¥ = 6:)* Ligugin) (¥), 50
=0

T(@y) =@ —v)* " W—a)* " (G- 2y +qm) ifye (g g)
=0 if y € (qo, @rt1)°-
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We choose ¢ > 0 such that 2a(1+6) < 1 and (1 —«a)(1+0) <1 (which is
possible because a € (0,1/2)). In particular, since p is bounded on I and A;
have finite moments of any order, this gives

E (7(A)2M) < 0o and E (|7(A;)'") < o0.

The proof of (28] is different for i =nandi=1,...,n— 1.
t
Take first i < n. One has |0, st| = |0a¢(Un, Gn, Su,—)| €xp </ O.9(r, sr)) > ¢,

so og, > ¢ 1(A,). Since A; and A, are independent,

B[ 1pemy (14 17(20)73) ™) € €28 [Ty (14 17(20D 72(A0) ]
_ C_2E (7T—2(1+5)(An)) E [(1 + |7T,(Ai)|)1+6}

< 00.

Take now i = n and write og, > 7 (A,_1) |Dn_15t|2. A simple computation
shows that

t
Oy 1St = 0aC(Up_1, Qp_1, Suil) (140z¢(un, an, s,-)) exp </ 0.9(r, s;) dr) :
Un—1
Using (Z5), we obtain 9, ,s; > ¢ > 0so that o5, > ¢* 7°(A,,_;). Consequently

B[ 1pmm (14 720D 43) "]
<C2E [Lgmn (L4 720 72(A0) ]
=c2E (720 (A, 1)) E [(1+ |7 (A,)])'°] < oo
And the proof is complete. m
Remark 3.1 Suppose now that p is differentiable on the whole R. Then we
take no weight, 1 = 1 and hypothesis (Z4,i) gives os, > ¢, on {J, = n} for all

n € N*. So the above integrability problems disappear. In particular, hypothesis
(Z3,ii) is no more necessary. This case is discussed in [1].
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3.3 Integration by parts with respect to the jump times

In this section we differentiate with respect to the jump times 7;, ¢ € N. It
is well known (see [2]) that conditionally to {.J; = n}, the law of the vector
(T4, ...,T,) is absolutely continuous with respect to the Lebesgue measure and
has the following density

n!
p(w, t1,. .. 7tn) = t_” 1{0<t1<...<tn<t}(t17 e 7tn) 1{Jt(w):n} .

In particular, for a giveni = 1, ..., n, conditionally to {J, = n} and to {7}, j #
i}, T; is uniformly distributed on [7;_;(w), T;+1(w)]. So it has the density (with
the convention Ty = 0,7, = 1)

1
Tij1(w) = Tima(w

p,-(w, u) = ) 1[Ti,1(w),Ti+1(w)} (u) du, 1= 1, e,

Since p; is not differentiable with respect to u, we have to use the following
weights:

Ti(w,u) = (Tip1(w) —w)* (u = Ti1 (W) Ly @) ma @y (), i=1,...,m

with a € (0,1/2).

In order to fit in the notation from the first section we take V; = T,
ki=2tI =T,y and t? = T;;;. We have G = 0 (A;,i € N)Vo(J;). We fix n
and we work on the set A = {J;, = n}. Then hypothesis 2T, and 2.3 hold
true and
Sy =s(T1, ..., T, Ay(w), ..., Ap(w)). So S; is a simple functional and the
function which represents S; is twice differentiable and has continuous deriva-
tives on the whole R". The differential operators are

DSy = 0y;5e(Thy ..., Tny A (w), ., Ap(w)),

o5, = Zm(w,Ti) 10u,50(Th, - .o, Ty Ay (W), -, An(W)?
i=1

L;S; = — (7‘(‘; Oy, St + T 0iist)(T1, v Ty A (w), - .,An(w)) )

And all these quantities may be computed using Lemma Bl
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Proposition 3.2 Suppose that hypothesis [T holds true. Suppose moreover
that (Z3) is satisfied, that is

lq(t,a,z)] >n >0,
|(1+ 0zc)(t,a,x)| >n >0,

1
for somen > 0. Take a € (0, 5) Then for every n > 4 and every continuously

differentiable function ¢ which has linear growth we have

E(¢'(St) 025 1(5,=ny) = E(&(Sy) Hy 1ij—ny)
with, on {J; =n}
Hn = Hn(5t7 8xSt)
= 5x5t ')/St LSt — ’ySt < DSt, D(@xSt) >7T —QcSt < DSt, D’}/St >7r .

Proof. From (22) we know that s;(u, a) and its derivatives up to order two with
respect to u;, ¢ = 1,...,n are bounded on [0, T']". It follows that S; € S, 2)(4).
Since ; are bounded, the non degeneracy condition (1) amounts to

E [1{Jt=n} 7;(1+n)] < oo and E [1{Jt:n} yg,ilﬂ) (1)) < oo,

t

for some 7 > 0.
Let us prove that E [I{Jt:n} fyé(pr") \WQ(TZ-)|1+"] < 0o. We denote

t

0 =T,—T,—1,i=1,...,nso that m; = 6{" 6" ;. We use (24)) in order to obtain
n n
2
05, = 3081 0% [Ousi(Tr, o Ty Ay A 22 ) 02, 67
i=1 =1

Since 7/(T;) = a(—d627" 8¢ + 02, 6271), we have to check that, for every i =
1,...,n

n —2(1+n)
E | (527162, + orse )" (Z 0% 5;%) < 00,
j=1
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Take ¢ = 1 and write

—2(14+n)

E (5<1x—1 5?) 1+n (Z 5;¢+1 5?) [(501 15a)1+77 (5(1 5a) 1+n)}
j=1
—E <5§a—1)(1+n)> E <62—a(1+n)) E (6?’—2a(1+17)> .

Since ¢; is exponentially distributed of parameter p(R), a necessary and suf-
ficient condition in order to have E(J;”) < oo is p < 1. Then, we choose 7
small enough such that (1 —a)(1+7) <land a(l+n) <2a(l+n) <1

(which is possible because 0 < o < 1/2), and we have E <5§a_1)(1+n)) < o0,
E (5;““*")) < o0 and E (5 2““*")) < 0. So

—2(14+n)

E |(637105)"" (Z JHJ) < o0.

We write now

(1+n)
E | (07 a5~ (Z ) < B [(6 65714 (6 67) 20+)

_E ( (a 1) (1+n)> E (5?(1%)) E (53—2a(1+n)> E (54—201(1+n)> .

Recalling that §; has finite moments of any order, by the choice of 77, we obtain

n —2(14+n)
E | (6 657 1)Hn <Z 8% 5;) <00,

j=1

Since n > 4, the same argument works for ¢ = 2,...,n, and leads to E [1{Jt —n} vst(1+")] < 00.
|
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Remark 3.2 Suppose that n = 2. Then

n —2(14+n)
(35" o)t <Z 0541 67 ) = (0p T ag) oy 2 (55 4 o))
j=1

and this quantity is not integrable for a > 0, n > 0.

Remark 3.3 For n = 1, one may use Corollary [Z2 in order to obtain an
integration by parts formula.

But forn = 2 andn = 3, we are not able to handle the non degeneracy problem.
In our numerical examples, we will use the noise coming from the amplitudes
of the jumps in order to solve the problem for n =2 and n = 3.

3.3.1 Examples

e We consider the geometrical model:
dS; = Sy (rdt+ a(t,a)dN(t,a)).
In this case ¢g(t,x) = zr and c(t,a,x) = x a(t,a). It follows that
q(t,a,x) =x0(t,a) +xra(t,a) +xr —r(x +za(t,a)) =z 0t a).

In particular, if & does not depend on the time, the model is degenerated from
the point of view of the jump times. The non degeneracy condition reads

|Oya(t,a)| > €.
On the other hand the condition |1 4 0,¢(t, a, )| > n reads
11+ aft,a)| > 7.
e We consider now a Vasicek type model:

dS; = Syrdt+ a(t,a)dN(t,a) .
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In this case g(t,2) = xr and ¢(t,a,x) = a(t,a). It follows that
q(t,a,x) = da(t,a) + xr —r(z + alt,a)) = dal(t,a) — ralt,a).
Suppose that o does not depend on the time so that d,a = 0. Then the non
degeneracy assumption reads
la(a)] > .
The condition |1 + d,¢(t,a,z)| > n reads
1+ afa)] = 7.

3.4 Mixed calculus

In this section we briefly present the differential calculus with respect to both
noises coming from the jump amplitudes and from the jump times. So the
random variables will be V; = T;,7i = 1,....nand V,\; = A;,i = 1,....n
and G = o(J;). We put together the results from the two previous sections
(and we keep the notation there). We still assume hypothesis BIland The
differential operators are

DSy =0y se(ur, ... tun, Aj(w), ..., Ap(w)), 1=1,...,n
=0 St(Th,...,Th, A, ... A,), i=n+1,...,2n.

Aj—n

We will use the weights defined in the previous sections, namely

Ti(w,u) = (Tis1(w) = u)* (u =T (W) * Ly @) T @ (w) . i=1,...m

k-1
ﬂ-l(y) = 7T(y) = (qp-l-l - y)a (y - QP>Q 1(Qp,q;)+1)(y) ) t=n+ 17 ER) 2n )
p=1
where a € (0, 3).
We have
L;S, =— (W;(TZ) Oy, 8t + mi(T) 852.815) fori=1,...,n,
LiS; = —(m(A;) 02 sy + (7 4+ 7 p/) (D) Bayse)  fori=n+1,...,2n.
2n
Finally, LS, = Z L;S;. All these quantities may be computed using the for-
i=1

mulas from the previous sections.
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Theorem 3.1 Suppose that hypothesis [Z1 and [Z3 hold true and

i)lq(t,a,z)] 2 >0,
i1) |Ouc(t,a,x)] > e >0
i11) |(1 + Oz¢)(t,a,z)] > > 0.

Then for every n > 1 and every continuously differentiable function ¢ which
has linear growth we have

E(¢/(St)8x5t ]-{Jth}) = E(¢(St) H, 1{]7::71}) 5
with, on {J; = n}

Hn = Hn(St> axSt)
= 5x5t 73t LSt — ’yst < DSt, D(@xSt) >7T —QcSt < DSt, D’}/St >7r .

Proof. We write

05, 2 (1w, To) Dusil® +7(A) 100,57 (T1, . Ty Aty Ay)
> &% (ma(w, Tn) + w(A))

for some £ > 0. Then, using the same triks as in the proves of Propositions
and BI], one shows that the non degeneracy (1) condition holds true. m

Remark 3.4 Notice that the non degeneracy condition holds true for every n
(including n = 2) because we may use the noises coming from the jump times
and the jump amplitudes in the same time.

4 Numerical results

4.1 Malliavin estimator

In this section, we compute the Delta of two European options: call option
with payoff ¢(z) = (¢ — K); and digitial option with payoff ¢(z) = 1,>k.
The asset (S;):;>o follows a one-dimensional pure jump diffusion process. We
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use the notations from the beginning of section 3.
We deal with two different pure jump diffusion models. The first one is a
Vasicek type model:

t Jt
St::c—/r(Su—oz)du—i-ZaAi, (27)
0

i=1

and the second one is a geometrical model:

t Jt
St:x+/r5udu+aZST.A,-. (28)
0 1

i=1
In both models, we take A; ~ AN (0,1), @ > 1. That is for all i« > 1, A,
1 x?
has the dendit z) = —— e”@ with p(z) = —=—. Notice that even if
y p(z) Nor p(x) 5 p

is not bounded on R, the integration by parts formula holds by a truncature
argument.

Our aim is to compute 0,E(¢(Sr)) using the integration by parts formula
derived in the previous sections. We write

9,E(¢(Sr)) =E (¢'(Sr) 02ST)
=E (¢'(Sr) 9:57 1{s5—0)

[e.e]

+> E(¢(S7) 0St Lisp=n}) -
n=1

For n > 1, we use the integration by parts formula on {Jr = n}, and we obtain

E (¢'(S7) 0257 1(yp=ny) = E (¢(S1) Hy L1yp—n})

where H,, is a weight involving Malliavin derivatives of S; and 9, S7. Summing
over n = 1,2, ..., we obtain

.E(6(S7)) = E (¢'(Sr) 9251 11sp-0})
+ E (¢(Sr) Hyp (1, 0257) 1 p>13) -
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In order to compute the two terms in the right hand side of the above equality,
we proceed as follows. On {Jr = 0}, there is no jump on |0,7], thus Sr
and 0,57 solve some deterministic integral equation. In the examples that we
considered in this paper, the solution of these equations are explicit, so this
term is explicitly known. We may use the finite difference method. For the
computation of the second term, we use a Monte-Carlo algorithm. We simulate
a sample ((Tff)neN, (Aﬁ)neN), k =1,...,M of the times and the amplitudes
of the jumps, and we compute the corresponding J¥, Sk and H Zﬁ . Then we
write

M
1
E (¢(Sr) Hy,.(St,0:57) 1{sp1y) i > o(SE) HY 151y -
k=1

We compute now the Malliavin weights H L]}T(S:]ﬁ, 0,S%) for our examples. One
may use Lemma Bl but in the particular cases that we discuss here, we have
explicit solutions. So direct computations are much easier.

e We first study the diffusion process defined by (7). We have an explicit
expression of Sy on {Jr = n}:

Sr=ze T +a(l—e")+o Z AjemT=Ti) (29)

i=1

We may use integration by parts with respect to the jump amplitudes, to the
jump times or to both of them.

« Jump amplitudes: H, has been calculated in [I]. Since A; is Gaussian
distributed for all i, the weight is m(w,A;) = 1, and on {Jr = n}

i e?“Tj A]
Hn(STvaxST> = =

n
o> el
j=1

(30)

* Jump times: suppose that n > 4 and Jr = n. We use the weights
Wi(w, E) = (ﬂ_,_l — ﬂ)a (,_TZ — ﬂ_l)a and we have ﬂ-z{ = 0652(-14__11 5?_1 (52‘4_1 — 51),
where §; =T; —T;_;. Then

DiST = O'Ai T €_T (T=T3) s
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and
LSy = —orAje T (rm + o (641 6)% 7 (641 — ;)

= Z 7 (or)* A? e 2r(T-T0)
i=1
We denote by

Aj = a(dpad) AT

B; = A}V [2rm 4+ a(8510;) " (50— 65)] -

Then
Djos, = (or)? e *"T (Aj_16;-1 — Ajy1 0,42 + By) .

Moreover 9,57 = e "7 so that D;0,S7 =0foralli=1,...,n
We have now the expression of all the terms involved in H,,, we obtain

YA (rm o (041 6:)* ! (041 — 6))
Hn _ =1

oro

dom A erTi (Ais1 01 — Aiy1 0540 + Bi)
i=1

31
oro? » (31)

n
where ¢ = E m A2 2T

i=1
For n =1, 2, 3, we use integration by parts with respect to A; only. Then,
similar computations give:

e—rTl

O'Al ’
e We study the jump diffusion process defined by (28). On {Jr = n}, we
have

H, =

Sp=xe T ﬁ1+0A

We may not use integration by parts Wlth respect to the jump times because
St depends on 71, ..., T} by means of J; only. So we use integration by parts
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formula with respect the jump amplitudes only. On {Jr = n}, the Malliavin
weight is in this case (see [I]):

B, 1 20,
_l’_ —

. ) n A, n 1
here A, = o Bo = Ao AT - (I+oA)"
where ;(1+0Aj)2’ ;(1+0Aj) and C, ;(1+0Aj)4

5 Numerical experiments

In this section we present several numerical experiments in order to compare
the Malliavin approach to the finite difference method. We use the Geometri-
cal model and the Vasicek model and in the second model we use the Malliavin
calculus with respect to the amplitudes of the jump and to the jump times.
We also look at two types of payoff’s: call options and digital options.

The comparison is illustrated by some graphs on one hand and by empiri-
cal variance tables on the other hand. In these tables we give the empirical
variance of the two estimators denoted by Var Mall estimator and Var Diff
estimator and we compare them. We also mention in our tables the value of
the volatility o that we use and the corresponding variance of the underlying,
denoted by Variance(S;). We choose the parameter o in the following way:

e For the geometrical model, the variance of S, is
Variance(S;) = 2% e*"! <e"2” — 1) .

We take A = 1, r = 0.1, T =5 and = 100. Then, for ¢ € [0.1,0.6],
1393.69 < Variance(St) < 137264.

e For the Vasicek type model, we have
. —2rt A 02 —2rt
Variance(S;) =2ae (x —a)+ o (1—e") .
r

We take A = 1, r = 0.1, T = 5, « = 10 and = = 100. Then, for
o € [16,50](notice that the practiciens use o = 20 to 30 in the Vasicek
model), 1471.3 < Variance(St) < 8563.69.
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In all our simulations we have used a variance reduction method based on
localization (analogues to the one introduced in [I2] and [I1]). We use the
following abreviations:

e AJ: Amplitude of the jumps
o JT : Jump times

FD : Finite differences

G : Geometrical model

V : Vasicek model

Call : Call option

Dig : digital option.

Then (G/Dig/AJ) means that we are in the Geometrical model (G) with a
digital option (Dig) and we use an algorithm based on the amplitudes of the
jumps (AJ). (G/Dig/AJ) versus (G/Dig/FD) means that we compare these
two estimators.
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5.0.1 (G/Call/AJ) versus (G/Call/FD)

Delta of a call European Option Estimator , Geometric model, K=S0=100,T=5,r=0.1,A=1,06=0.2
0.925

0.92

0.915

0.91

0.905

using All Jump Amplitude
Finite Difference :

]

0.9 1

!
0 10000 20000 30000 40000

Nb MC

50000 60000 70000 80000

Figure 1: Geometrical model. Delta of an European call option using Malliavin
calculus based on the jump amplitudes, and the finite difference method.

o | Variance(St) | VarMall | VarDif f
0.1 1405.06 0.0717191 | 0.0697713
0.2 6183.72 0.345008 | 0.355809
0.3 16005.5 0.764091 | 0.752288
0.4 42590.8 1.33515 1.35804
0.5 69018.7 3.54353 2.87681
0.6 130425 4.65282 3.79088

Table 1: Variance of the Malliavin estimator of the delta and variance of the

FD for Call option.

Both the graph and the variance table show that the two methods give com-

parable results.
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5.0.2 (G/Dig/AJ) versus (G/Dig/FD)

Delta of a call European Option Estimator , Geometric model, K=S0=100,T=5,r=0.1,A=1,0=0.2
0.014

usi‘ng All Jurﬁp AmplituHe —
Finite Difference
0.012
0.01
0.008
0.006
0.004
/‘\,r I R B I R T e S
£
0.002
0 1 1 1 1 1 1 1 1 1
0 5000 10000 15000 20000 25000 30000 35000 40000 45000 50000

Nb MC

Figure 2: Geometrical model. Delta of an European digital option using Malli-
avin calculus based on the jump amplitudes, and finite difference method.

o | Variance(Sy) | VarMall VarDif f
0.1 1405.06 0.000263425 | 0.00102718
0.2 6183.72 0.000917207 | 0.00164801
0.3 16005.5 0.000885212 | 0.00117345
0.4 42590.8 0.000685313 | 0.0013196
0.5 69018.7 0.000531118 | 0.000917399
0.6 130425 0.000310461 | 0.0003307

Table 2: variance of the Malliavin estimator of the delta and variance of the
FD for Digital option.
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Both the graph and the variance table show that for a digital option the
algorithm based on the Malliavin calculus is significantly better than the one
based on the finite difference.

5.0.3 (V/Call/AJ) versus (V/Call/FD)

Delta of a Call European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,A=1,0=50

0.126

0.125

0.124

0.123

0.122

0.121

0.1

N

0.119

0.118 B

lusing All Jump Amplitude —
Finite Difference

0117 Il Il Il Il
0 10000 20000 30000 40000 50000 60000 70000 80000

Nb MC

Figure 3: Vasicek model. Delta of an European Call option using Malliavin
calculus based on the jump amplitudes, and finite difference method for a
digital.
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o Variance(Sy) | VarMall | VarDif f
15.8114 796.241 0.0106426 | 0.0300379
16.6667 897.577 0.0115955 | 0.0298567
17.6777 991.453 0.013123 | 0.0298904
18.8982 1134.11 0.0144516 | 0.0299574
20.4124 1313.42 0.0162378 | 0.029862
22.3607 1584.9 0.0178726 | 0.0298987

25 1967.53 0.0202055 | 0.0299007
28.8675 2604.22 0.0224265 | 0.0299651
35.3553 3961.31 0.0253757 | 0.0297775

20 7890.4 0.0287716 | 0.0299749

Table 3: Vasicek model. Variance of the Malliavin estimator of the delta and

variance of the FD one for Call option.

Both the graph and the variance table show that the two methods give com-

parable results.
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5.0.4 (V/Dig/AJ) versus (V/Dig/FD)

Delta of a Digital European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,A=1,0=50

0.0045 T

0.004 B

0.0035 - B

0.003 B

0.0025 - B

0.002 B

0.0015 - WH/\//\ AR AR AR LR S ot iR o i

0.001 B

0.0005 B
lusing All Jump Amplitude —— ‘
Finite Difference

0 L L L T T T
0 10000 20000 30000 40000 50000 60000 70000 80000

Nb MC

Figure 4: Vasicek model. Delta of an European Digital option using Malliavin
calculus based on the jump amplitudes, and finite difference method for a
digital option.
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o Variance(Srt) VarMall VarDif f
15.8114 796.241 7.18878e — 005 | 0.00514743
16.6667 897.577 7.3629¢e — 005 | 0.00459619
17.6777 991.453 7.85552¢ — 005 | 0.00496369
18.8982 1134.11 8.14005e — 005 | 0.00477995
20.4124 1313.42 8.1627e — 005 | 0.00386111
22.3607 1584.9 8.06193e — 005 | 0.00496369

25 1967.53 7.94341e — 005 | 0.0062497
28.8675 2604.22 7.5835e — 005 | 0.00551488
35.3553 3961.31 6.95225e — 005 | 0.00459619

20 7890.4 5.64325e — 005 | 0.00533116

Table 4: Vasicek model. Variance of the Malliavin estimator of the delta and
variance of the FD one for Digital option.

Both the graph and the variance table show that for a digital option the
algorithm based on the Malliavin calculus is significantly better than the one
based on the finite difference.
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5.0.5 (V/Call/JT) versus (V/Call/FD)

Delta of a Call European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,A=1,0=50
0.127 T

0.126

0.125

0.124

0.123

0.122

0.121

0.12

0.119

0.118

0.117 ‘ — T
Loc,using Times of Jump —— ‘
1 Finite Difference
0.116 1 1 1 1 T T
0 10000 20000 30000 40000 50000 60000 70000 80000

Nb MC

Figure 5: Vasicek model. Delta of an European Call option using Malliavin
calculus based on the jump times, and finite difference method.
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o Variance(Sy) | VarMall | VarDif f
15.8114 796.241 0.0285123 | 0.0300379
16.6667 897.577 0.0417219 | 0.0298567
17.6777 991.453 0.0400695 | 0.0298904
18.8982 1134.11 0.0410136 | 0.0299574
20.4124 1313.42 0.0433065 | 0.029862
22.3607 1584.9 0.0400481 | 0.0298987

25 1967.53 0.0407136 | 0.0299007
28.8675 2604.22 0.0362728 | 0.0299651
35.3553 3961.31 0.0343158 | 0.0297775

20 7890.4 0.0333298 | 0.0299749

Table 5: variance of the Malliavin Times of jump estimator of the delta and
variance of the FD for Call option in the Vasicek model.

Both the graph and the variance table show that the two methods give com-

parable results.
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5.0.6 (V/Dig/JT) versus (V/Dig/FD)

Delta of a Digital European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,A=1,0=50
0.0045 T

0.004 - g
0.0035 - i
0.003 - g
0.0025 - g

0.002 |-+ e

| r
\ A Nk *
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* \
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¥R Wj ¥
/ ¥

\.

0.0005 B
lusing Times of Jump —— ‘
Finite Difference
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0 10000 20000 30000 40000 50000 60000 70000 80000
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Figure 6: Vasicek model. Delta of an European Digital option using Malliavin
calculus based on the jump times, and finite difference method.
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o Variance(St) | VarMall | VarDiff
15.8114 796.241 0.00144622 | 0.00514743
16.6667 897.577 0.00254652 | 0.00459619
17.6777 991.453 0.0018011 | 0.00496369
18.8982 1134.11 0.0109864 | 0.00477995
20.4124 1313.42 0.00177648 | 0.00386111
22.3607 1584.9 0.00152777 | 0.00496369

25 1967.53 0.0013786 | 0.0062497
28.8675 2604.22 0.00100181 | 0.00551488
35.3553 3961.31 0.000617271 | 0.00459619

50 7890.4 0.000373802 | 0.00533116

Table 6: Vasicek model. Variance of the Malliavin Times of jump estimator of

the delta and variance of the FD for Digital option.

Both the graph and the variance table show that for a digital option the
algorithm based on the Malliavin calculus is significantly better than the one
based on the finite difference.
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5.0.7 (V/Call/AJ) versus (V/Call/JT) versus (V/Call/FD)

Delta of a Call European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,A=1,0=50

0.127 .
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0.125 B
0.124 o
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Figure 7: Vasicek model. Delta of an European Call option using Malliavin
calculus based on the jump times, on the jump amplitudes, and finite difference
method.
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o Variance(St) | VarMallJT | VarMallAJ | VarDif f
15.8114 796.241 0.0285123 0.0106426 | 0.0300379
16.6667 897.577 0.0417219 0.0115955 | 0.0298567
17.6777 991.453 0.0400695 0.013123 | 0.0298904
18.8982 1134.11 0.0410136 0.0144516 | 0.0299574
20.4124 1313.42 0.0433065 0.0162378 | 0.029862
22.3607 1584.9 0.0400481 0.0178726 | 0.0298987

25 1967.53 0.0407136 0.0202055 | 0.0299007
28.8675 2604.22 0.0362728 0.0224265 | 0.0299651
35.3553 3961.31 0.0343158 0.0253757 | 0.0297775

50 7890.4 0.0333298 0.0287716 | 0.0299749

Table 7: variance of the Malliavin JT estimator, AJ estimator and of the FD
for Call option in the Vasicek model.

Both the graph and the variance table show that the two methods give com-

parable results.
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5.0.8 (V/Dig/AJ) versus (V/Dig/JT) versus (V/Dig/FD)

Delta of a Digital European Option Estimator , Vasicek model, K=S0=100,T=5,r=0.1,A=1,0=50
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Figure 8: Vasicek model. Delta of an European Digital option using Malli-
avin calculus based on the jumpl amplitudes, on the jump times, and finite
difference method.
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o Variance(St) | VarMallJT | VarMallAJ | VarDif f
15.8114 796.241 0.00144622 | 7.18878¢ — 5 | 0.00514743
16.6667 897.577 0.00254652 | 7.3629e — 5 | 0.00459619

17.6777 991.453 0.0018011 | 7.85552e — 5 | 0.00496369
18.8982 1134.11 0.0109864 | 8.14005e — 5 | 0.00477995
20.4124 1313.42 0.00177648 | 8.1627e¢ — 5 | 0.00386111
22.3607 1584.9 0.00152777 | 8.06193e — 5 | 0.00496369

25 1967.53 0.0013786 | 7.94341e — 5 | 0.0062497

28.8675 2604.22 0.00100181 | 7.5835¢ — 5 | 0.00551488
35.3553 3961.31 0.000617271 | 6.95225e — 5 | 0.00459619
50 7890.4 0.000373802 | 5.64325e¢ — 5 | 0.00533116

Table 8: Vasicek model. Variance of the Malliavin JT estimator, AJ estimator
and of the FD for Digital option.

Both the graph and the variance table show that for a digital option the
algorithm based on the Malliavin calculus is significantly better than the one
based on the finite difference.

5.1 conclusions

e For a smooth payoff (as the call) the algorithms based on the Malliavin
calculus (with respect to the time moments or to the amplitudes of the
jumps) give comparable results to the finite difference method.

e For a discontinuous payoff (as in the digital options), the algorithms
based on the Malliavin calculus (with respect to the time moments or
to the amplitudes of the jumps) give significantly better results than the
finite difference method.
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