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>�?!@9ACB1DFEHGFIKJ�BML;N7OPB9Q�J�R,JSQ�@9ACBKJ
T�U�V;WSB9Q�T2GFX�Y�Z\[

G\L;]^]�V_USQ�`^B"U�BKa�?!B9U�a�?!B�b�c�dedgfefhEjikLMRlDmf,n!oepeped#E D9qr]�L;sgBKJ

tvu�wKxMy{z^|gxe} >�?^~�JU�BKJ�BML;U�a�?lU�B9]*V_USQ]^U�BKJ�B9b�Q�JQ���VhU�BKJSN^��Q�JV_b.J�L;Ar]^��B�]�L;QS?!J\��V_U�QS?!B��2N^��B
]^U�V,aKBKJ�JM��V_b!B1�!N^~�`���~�Ar~�Q�QS?!BKV_U�B9A�L;b!`�V_b!BPJ�L;Ar]^��Bv]�L;QS?���L;USsgBP`^B9��~�L;QS~�V_b�U�BKJSN^��QM�4>�?!B
A1L;~�b�~�b�Q�B9U�BKJ�QP`^V,BKJ1b!V_Qv��~�B�~�b�U�BKJSN^��Q�Jv��R�QS?!B9ACJ�B9���gBKJP�^N^Qv~�b�QS?!B�N^b!`^B9U�JSQ�L;b!`7~�b^s�QS?!B
a�?�L;b^sgB�V;�CACBML_JSN^U�B�se~��gBKJ�V_b�QS?!B���LKR���L;USsgB�`^B9�,~�L;QS~�V_b�V,aKa9N^U�Jk~�b�QS?!B�aML_J�B�V;�Cb!V_b7�
?!V_ACV_sgB9b!BKV_N!JF]^U�V,aKBKJ�J�BKJM�

>���V`7~¡ 6B9U�B9b�Q�]^?!B9b!V_ACB9b�L7ng�¢~�QS?�U�BKJ�]�BKa9Q£Q�V\a9��L_J�JS~�aML;�7��L;USsgB�`^B9��~�L;QS~�V_b!J£]^US~�b!a9~�]^��BKJMn�L;U�B
B(O7?^~��^~�Q�BK`6��¤�~�U�JSQMn*QS?!B�]^U�V_��L;�^~���~�Q�Rl`^BKaMLKR�U�L;Q�B�?�L_J�QS?!BrJ�L;ACB���V_USA¥�¢?�L;Q�B9�gB9U"QS?!BrJS]*BKBK`
V;��`7~��gB9USsgB9b!aKBk�=U�V_A¦QS?!B�JSQ�L;b!`!L;U�`§�*B9?�LK�,~�V_UM�©¨,BKaKV_b!`6n\L���L;USsgBl`^B9�,~�L;QS~�V_b�B9�gB9b�Qª`^V,BKJ
b!V_Q�Q�L;«gB�]^��L_aKB���Rª¬�Q�¢~�JSQS~�b^s_®�aKV_b!J�Q�L;b�QS��RkQS?!B�QSU�L;b!JS~�QS~�V_blU�L;Q�BKJ�^N^Q�QS?^~�J`^B(�¯V_USA1L;QS~�V_b�~�J
aKV_b!aKB9b�QSU�L;Q�BK`�V_b�L;b�~�b7°!b^~�Q�B9��R�JSA1L;���±]^U�V_]*V_USQS~�V_b�V;��QS?!BCQSU�L;b!JS~�QS~�V_b�n£RgB9Q�V_b�L;b�~�b7°!b^~�Q�B
b�N^A²�*B9UFV;�£QSU�L;b!JS~�QS~�V_b!JM³
´ªµg¶*·�¸#¹ y{º�we} [»L;USsgBr`^B9�,~�L;QS~�V_b!JMn*U�L;b!`^V_A¼QSU�BKBKJMn*�^U�L;b!a�?^~�b^sª]^U�V�aKBKJ�JMn��!N^~�`���~�Ar~�QMn��2N^��B
]^U�V,aKBKJ�JMn7A1L;USQS~�b^s�L;��Ben�a�?�L;b^sgB#V;��ACBML_JSN^U�Be�

∗ ½7¾À¿¯Á�ÂÀÃ�Â(Ä{ÄmÅÇÆÈ¿�¿ÈÉËÊ=ÌËÍËÊ=ÎkÏ6Ð£¾(Ñ�Â�ÒÔÓ;Æ�ÄmÆ�Õ�¾(ÃÔÖ{×ÈÆSÂÀÖ�Ø�ÍË¾K×SÙKÖ{ÆÈÓ;×È¾ÀÖ{Å�ÁËÏ�Ú*½lÛSÜ9Ý¢Ï»ÞÀßMÛ�Ý�à�á�Æ�â�ã;ÆÈ¿�Ó;ÂSä
â�ÆSÄ{Ææå�Ï�ç7ÍËÎËÌ�â*è6é{ê�ë=ìímîðï!í{ñgñeòæêÀóæó�ô�õ_ö{÷�ømùgúËû¯ügýeþ{ÿeø_þ����{ö��_ý����{ý�	�
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�	� w�
� � }�� BkU�L;]^]�V_USQh`^BkU�BKa�?!B9U�a�?!Bl]^U�IKJ�B9b�Q�Bk`^B9N7O�U�IKJSN^��Q�L;Q�J QSU�L{WSBKa9Q�V_US~�B9��JhJSN^U ��BKJ
]^U�V,aKBKJ�JSN!J�`^B1�2N^��B4��N^b�QS?!IKV_U�@9ACB `^B1��~�Ar~�Q�B1�!N^~�`^B B9Q#N^b�U�IKJSN^��Q�L;Q�`^B1seU�L;b!`^BKJ�`^I9�,~�L{�
QS~�V_b!Jm��[�B�]^US~�b!a9~�]�L;��~�b�Q�I9U��9Q�b!B�U�IKJS~�`^B�]�L_J�`!L;b!J¢��BKJ�QS?!IKV_U�@9ACBKJFB9N7O��ÇA��9ACBKJ¢A1L;~�J�`!L;b!J¢��L
aKV_Ar]^U�I9?!B9b!J�~�V_b���N!B#��B�a�?�L;b^sgB9ACB9b�Q#`^B²ACBKJSN^U�B�`^V_b^b!B�`^B���LCA1L;b^~�@9U�Br`^V_b�Q���BKJFseU�L;b!`^BKJ
`^I9�,~�L;QS~�V_b!J�J�BaKV_b!JSQSUSN^~�J�B9b�QF`!L;b!J�aKBaML_J�J�~�Ar]^��B`^B]^U�V�aKBKJ�JSN!J¢b!V_b7�Ç?!V_ACV_sg@9b!Be�

� b.ACV_b�QSU�Bv`^B9N7O�]^?!I9b!V_AC@9ACBKJ�`7~¡ 6I9U�B9b�Q�J�`^BKJU�IKJSN^��Q�L;Q�J#a9��L_J�JS~���N!BKJ²`^BrseU�L;b!`^BKJ#`^I(�
�,~�L;QS~�V_b!JM��[�B�]^U�B9Ar~�B9U�BKJ�Q���N!B���L���V_USACBl`^B���L�`^IKa9U�V_~�J�J�L;b!aKBl`^BKJh]^U�V_��L;�^~���~�Q�IKJ4BKJSQh��L
A��9ACB���N!B9����B���N!B�J�V_~�Q1��L��,~�Q�BKJ�J�B��l��L���N!B9����B�V_b J�� IKaML;USQ�B4`7N�aKV_Ar]*V_USQ�B9ACB9b�Qv¬�ACVMRgB9b7®��
[»Bv`^B9N7O7~�@9ACBhBKJSQ���N�� N^b!BvseU�L;b!`^Bh`^I9��~�L;QS~�V_b�b!BPJ�Bv]^U�V�`7N^~�Q�]�L_J�B9b.¬�Q�V_U�`!L;b�QÈ® `^B1�ÇL��KV_b
aKV_b!J�Q�L;b�Q�Bk��BKJ ~�b�Q�B9b!JS~�Q�IKJh`��ÔL;USUS~��gIKBenFA1L;~�J B9b�aKV_b!aKB9b�QSU�L;b�QkaKB9QSQ�Bk`^I(��V_USA1L;QS~�V_b�JSN^UPN^b!B
]^U�V_]*V_USQS~�V_bª~�b7°!b^~�ACB9b�Q��ÇL;~��^��B`^BQSU�L;b!JS~�QS~�V_b!J! =A1L;~�J¢N^bªb!V_A²�^U�B²~�b7°!b^~±³#"(�
$�¹ xMw · |&% � w�} ' U�L;b!`^BKJª`^I9�,~�L;QS~�V_b!JMn\L;US�^U�BKJ�L;��IML;Q�V_~�U�BKJMnF]^U�V�aKBKJ�J�N!JP`^B��^U�L;b!a�?!B9ACB9b�QMn
��~�Ar~�Q�B�!N^~�`^Ben^]^U�V�aKBKJ�JSN!J�`^B\�2N^��Ben^A1L;USQS~�b^s�L;��Ben�a�?�L;b^sgB9ACB9b�Q\`^B�ACBKJSN^U�B
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>�?^~�J\]�L;]*B9U\`^BML;��J��¢~�QS?lL_JSR,Ar]^Q�V_QS~�aKJ\�¯V_UFQS?!B#�2N^��B#]^U�V,aKBKJ�JF�¢?^~�a�?l~�J\`^B(°!b!BK`lL_J���V_����VM��Jm�
{Yt(n), t ≥ 0}

~�JFL�]^N^U�B²�^~�USQS?�i�L;US«gVM�h]^U�V,aKBKJ�J¢�¢~�QS?�~�b^~�QS~�L;��JSQ�L;Q�B
Y0(n) = n

L;b!`h�^~�USQS?
U�L;Q�B

λYt(n)
L;Q�QS~�ACB

t
��5�?!B9b

n
~�J¢b!V_Q�JS]*BKa9~¡°�BK`6n

Yt 687:9= Yt(1)
�

>�?!B£�2N^��B�]^U�V,aKBKJ�J6~�J»L�ACV,`^B9�e��V_U6A1L;b�R]^?!B9b!V_ACB9b!V_b�L;b!`"]�B9USQ�L;~�b!J6Q�V�J�B9�gB9U�L;�&��N!B9N^~�b^s
J�R,JSQ�B9ACJ�L;b!`��^U�L;b!a�?^~�b^sl]^U�V,aKBKJ�J�BKJM�4¤!V_U�B(O!L;Ar]^��Ben

Yt

U�B9]^U�BKJ�B9b�Q�J�QS?!B1Q�V_Q�L;��b�N^A#��B9UrV;�
b!V,`^BKJ���V_UrU�L;b!`^V_A�QSU�BKBKJr�¢~�QS?!V_N^Q1`^B9��B9QS~�V_b!JM� QS?!B QSU�BKB �*B9se~�b!Jr�¢~�QS? L�JS~�b^se��B U�V,V_QCL;b!`
QS?!B9bkb!B9��b!V�`^BKJL;USUS~��gB�L;Q�L;����b!V�`^BKJ\�¢~�QS?k~�b�Q�B9b!JS~�QR

λ
�F¤!V_ULva9��L_J�JS~�aML;��~�b�QSU�V,`7N!a9QS~�V_blQ�V

�^U�L;b!a�?^~�b^s1]^U�V,aKBKJ�J�BKJMn^J�BKB<;�D>=��
>�?!B�A1L;~�b.ACV_QS~��_L;QS~�V_b�V;��QS?^~�J]�L;]*B9U��L_J²Q�V N^b!`^B9U�JSQ�L;b!`lQS?!BCL_JSR,Ar]^Q�V_QS~�ar�*B9?�LK�,~�V_U

V;�FU�L;b!`^V_A QSU�BKBKJCL_J�~�b?;A@B=���CFVm��B9�gB9UMn�L_JSR�Ar]^Q�V_QS~�aKJrV;�Fb!V_b7�Ç?!V_ACV_sgB9b!BKV_N!Jr]^U�V�aKBKJ�J�BKJ�~�J
��N^~�Q�B1`7~ED1a9N^��QrL;b!`���Bv��L;b�Q�Q�V�N^b!`^B9U�JSQ�L;b!`.°!U�J�Q²?!VM��JS~�Ar]^��Bv]^U�V�aKBKJ�J�BKJ"�*B9?�LK�gBe�4>�?!B
�!N^~�`���~�Ar~�Q�J\L;b!`���L;USsgB#`^B9�,~�L;QS~�V_b!J�L_JSR�Ar]^Q�V_QS~�aKJF]^U�BKJ�B9b�Q�BK`4?!B9U�B#JS?!VM� b!B9� ]^?!B9b!V_ACB9b!V_b
QS?�L;Q���B"�*B9��~�B9�gB#L;U�B²JS?�L;U�BK`h��RhA1L;b�R ]^U�V�aKBKJ�J�BKJ�JS~�Ar~���L;U�Q�VCQS?!B�2N^��B]^U�V,aKBKJ�JMn^~�b!a9��N!`7~�b^s
U�L;b!`^V_A QSU�BKBKJM�C¤!V_U�L ]^U�BKJ�B9b�Q�L;QS~�V_b�V;����L;USsgBC`^B9��~�L;QS~�V_b!J²��B1U�B(�¯B9UQ�V�; fF=�L;b!`lU�B(�¯B9U�B9b!aKBKJ
QS?!B9U�B9~�b��

Z�seU�BML;Q�L;ACV_N^b�Q£V;�!U�BKJ�BML;U�a�?#?�L_JË��BKB9b�`^V_b!B�L;U�V_N^b!`#QS?!B��2N^��B�]^U�V�aKBKJ�JMnmACVeJ�QS��RU�B9��L;Q�BK`
Q�VHG�~�b�L;USRk¨,BML;U�a�?�>�U�BKBKJ  IG�¨,> "(��¤�V_U\B(O!L;Ar]^��Ben�QS?!B²A1L;USQS~�b^s�L;��B�`^B(°!b!BK`4~�b  J%7�Ôo "�aML;b4�*B
��~�b^«gBK`�Q�VFQS?!B�J�V;��aML;����BK`KG�¨,>�A1L;USQS~�b^s�L;��B  ¯J�BKBL;�DMdB= "(�£¨,V_ACB�U�B(��B9U�B9b!aKBKJ2L;U�B±]^U�Vm��~�`^BK`rL;Q�QS?!B
B9b!`PV;�»QS?!BF]�L;]�B9UM� C\VM��B9�gB9UMn7��BL;b�L;��R�MMBFJS]*BKa9~¡°�a��¯BML;QSN^U�BKJ��¢?^~�a�?�n�N^] Q�V�V_N^U�«,b!VM�¢��BK`7sgBen
L;U�B�b!V_QF`7~�J�a9N!J�J�BK` ~�bªQS?!B"��~�Q�B9U�L;QSN^U�Be�

N�b�Q�B9U�BKJSQS~�b^s�]�BKa9N^��~�L;US~�QS~�BKJ2V;��QS?!B���L;USsgB�`^B9�,~�L;QS~�V_b!J�V;��QS?!B±�2N^��B�]^U�V,aKBKJ�J�]^U�BKJ�B9b�Q�BK`�?!B9U�Ben
QS?�L;Q��B�QS?^~�b^«�L;U�BraKV_ArACV_bl�¢~�QS?�V_QS?!B9U�^U�L;b!a�?^~�b^sª]^U�V,aKBKJ�J�BKJMn*~�J°!U�JSQ�QS?�L;QQS?!B9U�B�~�J�b!V
¬�QR�]^~�aML;�¡®rJS]*BKBK`�V;����L;USsgBr`^B9�,~�L;QS~�V_b�nËL;b!`lJ�BKaKV_b!`�QS?�L;QQS?!B���L;USsgBr`^B9�,~�L;QS~�V_b.B9�gB9b�Q²~�J�b!V_Q
�^N^~���QFV_bªQS?!B�¢?!V_��B~�b�Q�B9US�_L;�

[0, T ]
��V_U���L;USsgB

T
n7�^N^Q�QS?!B]^U�V,aKBKJ�J¢~�J�¬�Q�¢~�JSQ�BK`,®²V_b�L�°!b^~�Q�B

~�b�Q�B9US�_L;�ËV;��QS~�ACB²L;Q�QS?!B���B9se~�b^b^~�b^s!n�L;b!`hQS?!B9bªaKV_b�QS~�b�N!BKJ ��N^~�Q�BF¬�b!V_USA1L;����R�®��

)�*PO Q�RS4T.VUSWX1 YZ.�[\[^]�_`3aWX.�4+]cbd.�3eU`WX1 YZ.�[\[B.c[
>�?!B��2N^��B4]^U�V�aKBKJ�Jv~�JPa9��VeJ�B9��R�aKV_b^b!BKa9Q�BK`�Q�V�L;b!V_QS?!B9U b!V_b7�Ç?!V_ACV_sgB9b!BKV_N!Jh]^U�V,aKBKJ�JM��[»B9Q
Xn

�*BhQS?!B�JSN^A�V;�
n
B(O7]*V_b!B9b�QS~�L;�\�_L;US~�L;�^��BKJ

E1, . . . , En

�¢~�QS? U�BKJS]*BKa9QS~��gBh]�L;U�L;ACB9Q�B9U�J
λ, . . . , nλ

�
Xn 687:9= E1 + · · · + En.
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>�?!B"U�B9��L;QS~�V_b!JS?^~�]ª�*B9Q���BKB9b
Yt
L;b!`

Xn
~�J¢se~��gB9bª��R

Xn ≥ t ⇐⇒ Yt ≤ n ∀t ≥ 0,∀n ≥ 1.
 ÈDe�Ôo "

5.B²�¢~����»J�BKB²QS?�L;QFaKV_b!JS~�`^B9US~�b^s
Xn

~�J�?!B9��]7�=N^�Ë�¢?!B9b�?!B9N^US~�JSQS~�aML;����RªaML;��a9N^��L;QS~�b^s a�?�L;b^sgBKJ�V;�
ACBML_J�N^U�BKJ��¯V_U

Yt

�
>�?!B"`7~�JSQSUS~��^N^QS~�V_b�V;�

Yt

~�JFL�sgBKV_ACB9QSUS~�a²V_b!B

IP [Yt = k] = e−λt
(

1 − e−λt
)k−1

,
~¡�

k ≥ 1.
 ÈDe�A% "

>�?!B�`7~�JSQSUS~��^N^QS~�V_b.V;�
Yt(n)

~�J�B ��N�L;��~�bk��LK� Q�VPQS?!B#JSN^A¥V;�
n
~�b!`^B9]�B9b!`^B9b�Q��2N^��B#]^U�V,aKBKJ�J

Yt(1)
?!B9b!aKB"QS?!B`7~�JSQSUS~��^N^QS~�V_b4~�J�L�b!B9s�L;QS~��gB"�^~�b!V_Ar~�L;�

IP [Yt(n) = k] =

(

n − 1

k − 1

)

e−nλt
(

1 − e−λt
)k−1

,
~¡�

k ≥ n.
 ÈDe� q "

CFB9b!aKB�QS?!B9U�B�~�J2b!V"A1L{WÈV_U�a�?�L;����B9b^sgBF~�b1QS?!B�aML;��a9N^��L;QS~�V_b V;�6QS?!B���L;USsgB�`^B9�,~�L;QS~�V_b!J�`^BKaMLKR
U�L;Q�B���V_U�QS?!B��2N^��B�]^U�V,aKBKJ�JM��Nb!`^BKBK`6ngQS?!B�]^U�V_��L;�^~���~�Q�RrQ�V�seU�Vm� �ÇL_JSQ�B9U�QS?�L;b�¬�N!JSN�L;�¡®�~�J2BML_JS~���R
aML;��a9N^��L;Q�BK`ª�¯V_U¢��L;USsgB

t
n^Be� s!�

IP
[

Yt ≥ eaλt
]

' exp{−e(a−1)λt} ∀a > 0,
 ÈDe�Ôd "

?!B9b!aKB"QS?!B"`^BKaMLKR U�L;Q�B~�J
exp{(a − 1)λt}

n7�ÇL;U�seU�BML;Q�B9U  <��V_U
a > 1

"�QS?�L;bªQS?!B"N!JSN�L;����~�b!BML;U
V_b!Be�
	\VM�"n_QS?^~�J�aML;��a9N^��L;QS~�V_b1`^V,BKJ£b!V_Q£se~��gB�L;b�R#~�b!JS~�se?�Q2V_b�QS?!B���LMR#QS?^~�J�`^B9�,~�L;QS~�V_bCV,aKa9N^U�JM�
>�?^~�J�~�J¢�¢?�L;Q���B"~�b�Q�B9b!`ªQ�VrJ�?!VM��~�bªQS?^~�J�]�L;]�B9UM�

)�*��  ]�W���.�3/.����+]cb��+1 _S[�� .c-/]����T1 W
>�?!B1A1L;~�b�U�BKJSN^��Q�V;��QS?!BC]�L;]*B9UMnËT2U�V_]�VeJS~�QS~�V_b�%7��Den£JSQ�L;Q�BKJ"U�V_N^se?^��R�QS?�L;Q²QS?!BC]^U�V_��L;�^~���~�QR
��V_U±QS?!B��2N^��B�]^U�V,aKBKJ�J±Q�V��V_����VM��L]�L;QS?

t → C(eλt − 1)
��V_U

t ∈ [0, T ]
~�J�V;�*QS?!B\V_U�`^B9U

e−C �
>�?^~�J�~�J�aKV_?!B9U�B9b�QF�¢~�QS?  ÈDe�Ôd "(�2Q�L;«gB

C = exp{(a − 1)λt}
�±>�?!B9U�B(��V_U�Ben������������� "!$#%�'&)($�+*-,/.

 0(��-��1*��QS?!BV_b^��RhaKV_b!`7~�QS~�V_b�~�J���V_U
C = C(T )

Q�VCsgV�Q�Vr~�b7°!b^~�Q�R �¢~�QS?
T
�

>�?!B1a�?�L;b^sgB V;��ACBML_JSN^U�B1]^U�V�`7N!aKBK`���R�QS?!BCA1L;USQS~�b^s�L;��B `^B(°!b!BK`�~�b  J%7�Ôo ""J�?!VM��J#QS?!B
QR�]^~�aML;����B9?�LM��~�V_U�V;�*J�N!a�?PL��L;USsgB�`^B9��~�L;QS~�V_bPB9�gB9b�QM��>�?!B�QSU�L;b!JS~�QS~�V_b1U�L;Q�B�L_aKaKB9��B9U�L;Q�BKJ��¯U�V_A
nλ

~�b1JSQ�L;Q�B
n
Q�V

nλ+C
�ËGFBKaML;���!QS?�L;Q

n
B9�gV_���gBKJ±�=U�V_A D�Q�V

CeλT �£¤!V_U�JSA1L;��� n  
n � C

"(n
QS?^~�J#~�J#Lª�gB9USRl��L;USsgBv`^B(��V_USA1L;QS~�V_b L;b!`�QS?!Br¬aKVeJSQÈ®� =~Ç� Be�hQS?!B1aKV_b�QSUS~��^N^QS~�V_b�Q�V�QS?!Bv`^BKaMLKR
U�L;Q�B

C
"�Q�V4`^V�J�V�~�J²�gB9USRl?^~�se?� =QS?!B1V_U�`^B9U�~�J

log C
"(�h¤!V_U���L;USsgB

n
 
n � C

"(nËQS?!BPaKVeJSQ
~�J\L;��ACVeJSQ�b�N^���  =QS?!B#V_U�`^B9U�~�J

(Cn−1)2/2
"(�¢>�?!BKJ�B#L;]^]^U�VMO,~�A1L;QS~�V_b!JaML;b4��B"`^B9US~��gBK`��¯U�V_A

B ��N�L;QS~�V_b  ¯Z��A@ "(�

Ê=Ì�Í»Ê¯Î
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>�?!B9U�B(�¯V_U�Ben#QS?!B9U�B�~�J�V_b^��R�L�JSA1L;���#�=U�L_a9QS~�V_b V;�1QSU�L;b!JS~�QS~�V_b!JkQS?�L;QlL;U�B�JS~�seb^~¡°�aML;b�QS��R
a�?�L;b^sgBK`6� Q�L;«�~�b^sl~�b�Q�V�L_aKaKV_N^b�Q1QS?!B

C
°!U�J�QCV_b!BKJMn2QS?^~�J�A1L;«gBªLk]^U�V_]*V_USQS~�V_b

e−λT QS?�L;Q
~�J"L_J�R�Ar]^Q�V_QS~�aML;����R�b�N^���Ç��>»N^USb^~�b^sªQS?^~�J]^U�V_]*V_USQS~�V_b�V;��b�N^A²�*B9U"~�b�Q�Vh]^U�V_]*V_USQS~�V_b�V;��QS~�ACBen
V_b!BraML;��a9N^��L;Q�BKJ#BML_JS~���RkQS?�L;Q"QS?!B��!N^~�`l��~�Ar~�Q²a9U�VeJ�J�BKJQS?!B���B9�gB9�

C
L;QQS~�ACB

T ′ = λ−1 log 2 =QS?!B�J�V_��N^QS~�V_b.V;�
C(eλt − 1) = C

"(� CFB9b!aKB�QS?!B9U�B�~�JL1°^O^BK`4QS~�ACB  
T ′ `^V�BKJ�b!V_Q`^B9]*B9b!`

V_b
C
b!V_U�V_b

T
"±��V_U�QS?!B��L;USsgB#`^B9��~�L;QS~�V_b!J���B9?�LM��~�V_UMn�QS?!B9bªQS?!B]^U�V,aKBKJ�J�¬aKV_b�QS~�b�N!BKJÈ®"�¢~�QS?

L;b�L;��ACVeJ�Q�N^b^ACV�`7~¡°�BK`���B9?�LM��~�V_UM�
>�?^~�J±�*B9?�LK�,~�V_U±~�J�N^b!`^B9U�JSQ�L;b!`!L;�^��BF~¡����B�aKV_b!J�~�`^B9U�QS?!B��2N^��B�]^U�V,aKBKJ�J�L_J�QS?!B�b�N^A²�*B9U�V;�

b!V,`^BKJ�~�bkL�QSU�BKBe� N�Q¢~�JFBML_JS~�B9U�Q�V1L_aKaKB9��B9U�L;Q�B#QS?!BU�B9]^��~�aML;QS~�V_b�V;�±LrJSA1L;����b�N^A²�*B9U\V;��b!V,`^BKJ
QS?�L;b1LF��L;USsgB�b�N^A²�*B9UM� CFB9b!aKB�QS?!B�se��V_��L;��L_aKaKB9��B9U�L;QS~�V_b1~�J�aKV_b!aKB9b�QSU�L;Q�BK`CV_brQS?!B��*B9se~�b^b^~�b^s!n
�¢?!B9b QS?!B9U�B"L;U�BF��B9��b!V,`^BKJM�£>�?^~�J¢B(O7]^��L;b�L;QS~�V_bh~�J�ACBML;b^~�b^se��BKJ�J¢A1L;QS?!B9A1L;QS~�aML;����R  =QS?!B9U�B�~�J
b!V#¬�se��V_��L;�£L_aKaKB9��B9U�L;QS~�V_b7® "��^N^Q�QS?^~�J�~�J¢QS?!B~�`^BML7�

5.B"L;b�L;��R�MMBK`hV_b^��RPQS?!B"L_aKaKB9��B9U�L;QS~�V_b�aML_J�Be��5�?!B9bªaKV_Ar~�b^sCQ�V�QS?!B`^BKaKB9��B9U�L;QS~�V_b  
C →

0
"(n^QS?!B"��B9?�LM��~�V_UF~�J�B9�gB9b4JS~�Ar]^��B9UM�±QS?!B�°!U�JSQ�QSU�L;b!J�~�QS~�V_b�~�J�JSQ�V_]^]*BK`�L_J¢��V_b^s L_J¢b!BKaKBKJ�J�L;USRgn
QS?!B9bPQS?!B\]^U�V�aKBKJ�J±sgV,BKJ�V_b L;��ACVeJSQ�b!V_USA1L;����Rg�2>�?^~�J�aML_J�BF~�J�V_b^��R1JS«gB9Q�a�?!BK`P~�b Z�]^]*B9b!`7~¡OvZ
L_JFL�aKV_ArACB9b�QFV;��B ��N�L;QS~�V_b  ¯Z#�Ôd "(�

>�?!BrJSQSUSN!a9QSN^U�BrV;��QS?!B�U�B9]*V_USQ�~�J�QS?!B��¯V_����Vm�¢~�b^s!��ZF]^]*B9b!`7~¡OkZ�J�?!VM��J�?!VM��QS?!B#U�BKJ�N^��Q
aML;b �*B�?!B9N^US~�J�QS~�aML;����R1��V_N^b!`P�¢?^~���BF]^U�V,V;��J�L;U�BFse~��gB9b�n7~�bª¨,BKa9QS~�V_b�o²�¯V_U�QS?!B\�!N^~�`P��~�Ar~�Q�L;b!`
~�b4¨,BKa9QS~�V_b %#�¯V_U¢QS?!B"��L;USsgB"`^B9��~�L;QS~�V_b!J\L_JSR,Ar]^Q�V_QS~�aKJM�

� � ���#$�� ��$��¥$S�

>�?!BF�2N^��B\]^U�V,aKBKJ�J�aML;b �*BFaKV_b!J�~�`^B9U�BK`ªL_J�QS?!B\QS~�ACB(�ÇU�B9�gB9U�J�BK`hV;�ËQS?!BFi��;i��
∞
��N!B9N!BF�¢~�QS?

b!V#B9b�QSU�L;b!aKBe��>�?!B9U�B(�¯V_U�BFA1L;b�RCQ�V,V_��J�L;U�BFJS~�Ar~���L;UM��¤�~�U�JSQMn�~�Q±~�J�BML_JS~���RCa�?!BKa�«gBK` QS?�L;QMn��¯V_U�L;���
c > −1

h(x, t) = (1 + ce−λt)−x

~�J�JS]�L_aKB(�ÇQS~�ACB?�L;USACV_b^~�a"�"� UM� QM�2QS?!B��2N^��B]^U�V,aKBKJ�J¢sgB9b!B9U�L;Q�V_UM�2>�?^~�J�ACBML;b!J

(1 + ce−λt)−Yt

~�JFL�A1L;USQS~�b^s�L;��Be�±>�?!B"`^BKaKV_Ar]*VeJS~�QS~�V_b

(1 + w)−x =

∞
∑

n=0

(−1)n

n!

(x + n − 1)!

(x − 1)!
wn
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� �����"�������/��	X���
��� �

R,~�B9��`^J£QS?!B�A1L;USQS~�b^s�L;��BKJ
e−nλtYt(Yt+1) . . . (Yt+n−1)

��i4VeJ�Q�N!J�B(�=N^�!L;U�B�QS?!B�A1L;USQS~�b^s�L;��BKJ
��V_U

n = 1
L;b!`

n = 2
�

Yte
−λt,

 �o7��D "

Yt(Yt + 1)e−2λt.
 �o7�Ôo "

NQ»~�J£BML_JS~���R#a�?!BKa�«gBK`�QS?�L;Q£QS?!BKJ�B�A1L;USQS~�b^s�L;��BKJ±L;U�B�N^b^~¡�¯V_USAr��R#��V_N^b!`^BK`6n_?!B9b!aKB�aKV_b��gB9USsgB�L7� JM�
L;b!`�~�b

L1
� NQ�~�J���B9���Ë«,b!VM�¢b4QS?�L;Q�QS?!B°!U�J�QFV_b!B"aKV_b��gB9USsgBKJFQ�VPL;b4B(O7]�V_b!B9b�QS~�L;�»UM� �*���¢~�QS?

]�L;U�L;ACB9Q�B9UrD²~¡�
Y0 = 1

��¨�~�b!aKB²QS?!B²��LK� V;�
Yt(n)

~�J\B ��N�L;�»Q�VvQS?!B²JSN^A�V;�
n
~�b!`^B9]*B9b!`^B9b�Q

�2N^��B�]^U�V,aKBKJ�J�BKJ\�*B9se~�b^b^~�b^s�L;Q
0
n*QS?!B�A1L;USQS~�b^s�L;��B

Yt(n)e−λt aKV_b��gB9USsgBKJ"Q�V QS?!B�J�N^A¥V;�
n~Ç� ~Ç� `6�±B(O,]*V_b!B9b�QS~�L;��UM� �*���¢~�QS?ª]�L;U�L;ACB9Q�B9U�De�

>�?!B.�!N^~�` ��~�Ar~�Q�~�J4V_�^Q�L;~�b!BK`���R�L;]^]^��R�~�b^s���V�V_��� J4~�b!B ��N�L;��~�QR�Q�V�QS?!B�A1L;USQS~�b^s�L;��B
Yt(n)e−λt − n

�

IP

[

sup
t≤T

|Yt(n)e−λt − n| ≥ nα

]

≤
IE

[

|YT (n)e−λT − n|
]

nα
.

�\JS~�b^s
IE [|X|] ≤

√

IE [X2]
L;b!`ªQS?!BA1L;USQS~�b^s�L;��BKJ  �o7��D "¢L;b!`  �o7�Ôo "(n!V_b!BsgB9Q�J

IP

[

sup
t≤T

|Yt(n)e−λt − n| ≥ nα

]

≤ n
1

2
−α.

 �o7�A% "
>�?^~�Jh~�b!B ��N�L;��~�QR§~�JhJSQSU�V_b^sgB9UªQS?�L;b�QS?!B�N!JSN�L;���!N^~�`���~�Ar~�Q ��V_USA²N^��L;QS~�V_b�n"�¢?!B9U�BlV_b!B

a9��L_J�JS~�aML;����Rra�?!V,VeJ�BKJ
α = 1

� � ��aKV_N^U�J�B�QS?^~�J±`^V,BKJ�b!V_Q2��V,V_«���~�«gB�a9��L_J�JS~�aML;�^�!N^~�`r��~�Ar~�Q�Jmn�JS~�b!aKB
QS?!B�J�aML;��~�b^s�~�J�b!V_Q¢X�N^��B9U�� J¢J�aML;��~�b^s!n7�^N^Q�QS?^~�J�~�J�]^U�BKa9~�J�B9��R1�¢?�L;Q�~�J�b!BKaKBKJ�J�L;USR1�¯V_U�QS?!B\��L;USsgB
`^B9�,~�L;QS~�V_b!JFL_J�R�Ar]^Q�V_QS~�aKJM�

i4V_U�BKVm�gB9UMn6V_b!B#aML;b�JS?!VM� QS?�L;Q\QS?!B�J�aML;��BK`�]^U�V,aKBKJ�J
Zt 687:9= n−1(Yt(n) − n)

aKV_b��gB9USsgBKJ
Q�VvQS?!B#�!N^~�`�B ��N�L;QS~�V_b

y′ = λ(1 + y)
�¢~�QS?�~�b^~�QS~�L;�2aKV_b!`7~�QS~�V_b

y(0) = 0
�>�?!B�J�V_��N^QS~�V_b�~�J

y(t) = eλt − 1
� � b4L²�!N^~�`h��~�Ar~�Q�J�aML;��Ben^��BJS?!V_N^��`ªQS?!B9bh?�LK�gB

Yt(n) ' n(eλt − 1) + n =
neλt �2>�?^~�J¢~�J¢]^U�BKa9~�J�B9��RP�¢?�L;QFJSQ�L;Q�BKJ�T�U�V_]*VeJS~�QS~�V_b4o7��De�
� y ¹��2¹ w��<x�� ¹�	�
������� % 
��=º %�� ���<x���� #/� ,/.�.

α > 1/2 ��� # � ,/.�. T ≥ 0 �
lim

n→∞
IP

[

sup
t≤T

|Yt(n)e−λt − n| ≥ nα

]

= 0.

�\B(°!b!B
Xk(n) 687:9= En + · · · + En+k

n6�¢?^~�a�?�~�JQS?!B�¬�~�A1L;sgB(®1V;�
Yt(n)

�1>�?!B9b�T2U�V_]�V;�
J�~�QS~�V_b�o7��D aML;b���BvQSU�L;b!JS��L;Q�BK`�Q�V

Xk(n)
��~�L�QS?!BPU�B9��L;QS~�V_b� ÈDe�Ôo "(�likV_U�BP]^U�BKa9~�J�B9��Rgn  �o7�A% "

�*BKaKV_ACBKJ

IP

[

sup
n≤k≤eλT

∣

∣

∣

∣

Xk(n) − λ−1 log

(

k

n

)
∣

∣

∣

∣

≥ λ−1nα−1

]

≤ n
1

2
−α.

 �o7� q "
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� � �¢	���� �����$�����$�
 ( �
� *+) � -/]�_���. 1��
	 .
]�[\R/WX.
¤�V_����VM�¢~�b^s1QS?!B"?!B9N^US~�JSQS~�aKJ�V;��Z�]^]*B9b!`7~¡OhZ#n,��V_U�L�se~��gB9b�aKV_b!JSQ�L;b�Q

C ≥ 0
n^��B"J�B9Q

f(n) 687:9=

n
∑

i=1

log
i + C

i
, ∀n ≥ 0.

 J%7��D "

L;b!`ª��B"`^B(°!b!BQS?!B�]^U�V,aKBKJ�J

Mt 687:9= exp {f(Yt − 1) − λCt} .
 J%7�Ôo "

� b!B²a�?!BKa�«7J�QS?�L;Q
Mt

~�J�L�A1L;USQS~�b^s�L;��B

d

ds
IE [Mt+s|Ft] =

(

λYt

(

ef(Yt)−f(Yt−1) − 1
)

− λC
)

exp{f(Yt − 1) − λCt}

=

(

λYt

(

C + Yt

Yt
− 1

)

− λC

)

Mt = 0

NQ�~�J�QS?!B9bªa9��L_J�JS~�aML;�*Q�V�`^B(°!b!BL#b!B9�§]^U�V_��L;�^~���~�Q�R ACBML_JSN^U�Ben,QS?!B�¬�Q��¢~�JSQ�BK`,®�]^U�V_��L;�^~���~�Q�Rgn!��R
IP∗ [A] 6 7 9= IE

[ D N
{A}Mt

]

, ∀A ∈ Ft.�Fb!`^B9U2QS?^~�J±Q��¢~�JSQ�BK`r]^U�V_��L;�^~���~�QRgn,QS?!B�]^U�V,aKBKJ�J
Yt

~�J2JSQS~�����i�L;US«gVM�,~�L;b1�¢~�QS?C~�b�Q�B9b!JS~�Q�R
λ(C +

Yt)
�£�¯V_U�L;b�R ��V_N^b!`^BK` �¯N^b!a9QS~�V_b

h
n

d

ds
IE∗ [h(Yt+s)|Ft] = M−1

t

d

ds
IE [h(Yt+sMt+s)|Ft]

= λYt

(

ef(Yt+1)−f(Yt)h(Yt + 1) − h(Yt)
)

− λCh(Yt)

= λ(C + Yt) (h(Yt + 1) − h(Yt)))
>�?^~�JFACBML;b!JFQS?�L;QMn�N^b!`^B9U

IP∗ n Yt(1)
?�L_JFQS?!B²JÀL;ACB"��LK� L_J

Yt(C + 1) − C
N^b!`^B9U

IP
��Z\J

�¢~����»��B�N!J�B(�¯N^�6��L;Q�B9UMn^QS?^~�J¢R,~�B9��`^JMn^aKV_A#�^~�b^~�b^sv�¢~�QS?ªQS?!B\�!N^~�`ª~�b!B ��N�L;��~�QR�o7�A%7�

IP∗

[

sup
t≤T

|(Yt(1) + C)e−λt − C − 1| < (C + 1)α

]

 J%7�A% "

= IP

[

sup
t≤T

|Yt(C + 1)e−λt − (C + 1)| < (C + 1)α

]

≥ 1 − (C + 1)
1

2
−α.

¤�V_U�QS?!BJ�L;«gB"V;��JS~�Ar]^��~�a9~�Q�Rgn���B"`^B9b!V_Q�B"QS?!B��L;USsgB"`^B9�,~�L;QS~�V_b�B9�gB9b�QF��R

E �� (T,C, α) 687:9=

{

sup
t≤T

|(Yt(1) + C)e−λt − C − 1| < (C + 1)α

}

 J%7� q "
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W � 1 RS_`3
¨�~�b!aKB

Mt > 0
L7� Jmn

IP
L;b!`

IP∗ L;U�B U�BKa9~�]^U�V,aML;����R L;�!J�V_��N^Q�B9��R�aKV_b�QS~�b�N!V_N!J L;b!` IP [A] =
IE∗

[ D N
{A}M

−1
t

] ��V_U�L;���
A ∈ Ft

��>�?!B9U�B(��V_U�B���B²`^B9US~��gB\�=U�V_A n���V_U�L;b�RP~�b�Q�B9sgB9U
C ≥ 0

L;b!`
L;b�R U�BML;�

T > 0

IP [E �� (T,C, α)] = IE∗
[ D N

{E � 6 (T,C,α)}M
−1
T

]

≥ IP∗ [E �� (T,C, α)] inf
E � 6 (T,C,α)

M−1
T

 J%7�Ôd "

>�?!B°!U�JSQ�Q�B9USA ~�J¢�*V_N^b!`^BK`ª��R� J%7�A% "(�SG�V_N^b!`^J�V_bªQS?!B²J�BKaKV_b!`ªQ�B9USAªn^QS?!B"~�b7°!A²N^Aªn�aKV_ACB
�¯U�V_A QS?!B�*V_N^b!`7~�b^s1V;�

f
�£~�b!B ��N�L;��~�QS~�BKJ�Z���D � � Nb!`^BKBK`6n!V_bªQS?!B"B9�gB9b�Q

E �� (T,C, α)
n

(C + 1 − (C + 1)α)eλT − C < YT < (C + 1 + (C + 1)α)eλT − C
 J%7� � "

� V_A#�^~�b^~�b^s1�¢~�QS?ª~�b!B ��N�L;��~�QS~�BKJ�Z���D � R,~�B9��`^J

f(YT − 1) ≤ C log
(C + 1 + (C + 1)α)eλT

C
+ C ≤ λCT + 1 + (C + 1)α + C.

 J%7� f "
>�?^~�J�~�ArACBK`7~�L;Q�B9��Rhse~��gBKJ¢QS?!B���V_����VM�¢~�b^s1�*V_N^b!`ªV_b

MT

inf
E � 6 (T,C,α)

M−1
T ≥ exp {−(C + 1) − (C + 1)α}

 J%7�A@ "

¤�~�b�L;����RP��BsgB9Q�QS?!B��L;USsgB"`^B9�,~�L;QS~�V_b!J���VM��B9U��*V_N^b!`

log IP [E �� (T,C, α)] ≥ −(C + 1) − (C + 1)α + log
(

1 − (C + 1)
1

2
−α

)

.
 J%7��� "

� *�� ��USU .
W � 1 R`_S3
>�?!B\��L;USsgB�`^B9�,~�L;QS~�V_b!J�N^]^]�B9U��*V_N^b!`v~�J¢V_�^Q�L;~�b!BK` ��RCU�B9�gB9U�JS~�b^srQS?!B�B ��N�L;QS~�V_b  J%7�Ôd "(��¨�~�b!aKB
QS?!B�]^U�V_��L;�^~���~�QRª~�J��*V_N^b!`^BK`ª��R�De�

IP [E �� (T,C, α)] ≥ sup
E � 6 (T,C,α)

M−1
T

 J%7��DMp "

� V_A#�^~�b^~�b^s!n�L_J���V_U�QS?!B���Vm��B9U��*V_N^b!`6n  J%7� � "��¢~�QS?�~�b!B ��N�L;��~�QS~�BKJ! ¯Z#��D � "�R,~�B9��`^J

f(YT − 1) ≥ λCT + C − R1
 J%7��DeD "

Ê=Ì�Í»Ê¯Î
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�¢~�QS?�QS?!B�U�BKJSQ  ¯V_�^Q�L;~�b!BK`hN!JS~�b^s
log(1 − x) ≥ −x/(1 − x)

"(�

R1(T,C, α) 687:9= C
(C + 1)α−1 + (C + 1)−1e−λT

1 − (C + 1)α−1 − (C + 1)−1e−λT

 J%7��DMo "

+
C2

2((C + 1 − (C + 1)α)eλT − C − 1)
+ log(C + 1)

≤
C(C + 1)α

C + (C + 1)α
+

Ce−λT

2

1

1 − Cα−1 − e−λT
+ log(C + 1)

≤ Cα + Ce−λT + log(C + 1)

L_J�JSN^Ar~�b^s
Cα−1 ≤ 1/4

L;b!`
e−λT ≤ 1/4

�¢?^~�a�?��¢~����±�*BCQS?!BvaML_J�BCJS~�b!aKB
C
L;b!`

T
�¢~����

�*BQ�L;«gB9bk~�b!`^B(°!b^~�Q�B9��Rª��L;USsgBe� �Fb!`^B9U�QS?^~�J\aKV_b!`7~�QS~�V_b�n���B²sgB9QFQS?!B"��L;USsgB�`^B9��~�L;QS~�V_b!JFN^]^]*B9U
�*V_N^b!`

log IP [E �� (T,C, α)] ≤ −C + Cα + Ce−λT + log(C + 1).
 J%7��D % "

� *��  ]�W���.�3/.����+]cb��+1 _S[
' L;QS?!B9US~�b^sr��V_N^b!`^J  J%7��� "�L;b!`� J%7��D % "(n!V_b!B\sgB9Q�J¢QS?!B\��L;USsgB`^B9�,~�L;QS~�V_b!J�L_JSR,Ar]^Q�V_QS~�aKJM�2ikV_U�B
]^U�BKa9~�J�B9��Rgn7�¯V_U�L;���

C : R+ 7→ Z+
Q�B9b!`7~�b^sCQ�VC~�b7°!b^~�Q�Rgn^��V_U�L;���

1/2 < α < 1
n

lim
T→∞

1

C(T )
log IP [E �� (T,C(T ), α)] = −1.

 J%7��D9q "

� b!B#aML;blJS~�Ar]^��~¡�¯RhQS?!B#B9�gB9b�Q
E �� (T,C, α)

L;b!`4«gBKB9]4QS?!B�J�L;ACB#��~�Ar~�QM�F>�?!B�ACV,`7~¡°�BK`
��Vm��B9U\��V_N^b!`�~�JFV_�^Q�L;~�b!BK`4��Rªa�?�L;b^se~�b^s

α
L;b!`�QS?!B"N^]^]*B9U��*V_N^b!`ª��Rª`7~�U�BKa9QS��RªACV�`7~¡�¯R,~�b^s

QS?!B��*V_N^b!`^J  J%7��DMp "��  J%7��D % "(�vi4V_U�BKVm�gB9UMn»��BCaML;b�BML_JS~���RkU�B9��L{O�QS?!BCaKV_b!`7~�QS~�V_b.��V_U
C
Q�V �*B

~�b�Q�B9sgB9UM�±>�?!B9U�B(��V_U�B��B"sgB9Q�QS?!B���V_����VM�¢~�b^sC]^U�V_]*VeJS~�QS~�V_b��

� y ¹��2¹ w��<x�� ¹�	�� ������� z^y	� µ º µ�
 �=z7x�� ¹�	 w�� � # ��, .�.
C : R+ 7→ R+

�0� !$1 ��!� � # ��!���! �'�'& �
� #/� ,/.�. 1/2 < α < 1 �

lim
T→∞

1

C(T )
log IP

[

sup
t≤T

|(Yt(1) + C(T ))e−λt − C(T )| < Cα(T )

]

= −1.
 J%7��DMd "

Z J�B ��N!B9��V;��QS?^~�J ]^U�V_]�VeJ�~�QS~�V_b�~�Jmn�U�V_N^se?^��R§JSQ�L;Q�BK`6n�QS?�L;Q QS?!B�]^U�V_��L;�^~���~�QR�Q�V�U�BML_a�?
YT ' C(T )eλT `^BKa9U�BML_J�BKJªL_J

e−C(T ) � >ËL;«,~�b^s
C(T ) = e(α−1)λT n�V_b!BksgB9Q�J QS?!BkU�B(�

J�N^��Q	 ÈDe�Ôd "(� 5�?�L;Q���Bvs�L;~�b!BK`��¢~�QS?�QS?^~�J�`^B9ACV_b!JSQSU�L;QS~�V_b�~�J"°!U�JSQ�L;b�B(O7]^��L;b�L;QS~�V_b�V;��QS?!B
��V_USA©V;��QS?^~�J�U�B9��L;QS~�V_b!JS?^~�] �*B9Q���BKB9b ~�b!a9U�BML_J�BFU�L;Q�BFL;b!`PB(O7]�V_b!B9b�QS~�L;�*`^BKa9U�BML_J�B�U�L;Q�B��¯V_U ,/! &

ÍËÍ Ódf!Ý(ÝÀÞ(Þ



DMp �����"�������/��	X���
��� �

C(T )
Q�B9b!`7~�b^s�Q�V�~�b7°!b^~�Q�Rgn¢L;b!` J�BKaKV_b!`���Bh«�b!Vm� QS?!B ��LMR�QS?^~�Jr��L;USsgBª`^B9�,~�L;QS~�V_b�B9�gB9b�Q

V,aKa9N^U�JF��R�ACBML;b�V;�2QS?!B�a�?�L;b^sgB�V;�2ACBML_JSN^U�Be� Nb�QS?!B�]^U�BKJ�B9b�Q�aML_J�Ben���B�aKV_N^��`kB9�gB9blJSQ�L;Q�B
QS?!BvaKV_b��gB9USsgB9b!aKB V;�¢QS?!B1aKV_b!`7~�QS~�V_b�L;��]^U�V_��L;�^~���~�QS~�BKJMn£�^N^Q²QS?!BC]^U�V�V;����V_N^��`.��B9b^seQS?!B9b�QS?!B
]�L;]*B9U#L;b!`.`^V,BKJb!V_Q"�^US~�b^sª�=N^USQS?!B9U²J�N^�!JSQ�L;b�QS~�L;��N^b!`^B9U�JSQ�L;b!`7~�b^s4V;�¢QS?!Br�*B9?�LK�,~�V_U²V;��QS?!B
]^U�V,aKBKJ�JM�

� ���v� ( �#$�� � � ���#	�$��!��$������¢	*
�� ( � �������������2 	������

>�?^~�JJ�BKa9QS~�V_b�J�?!VM��J"J�V_ACB�aML;��a9N^��L;QS~�V_b!JQS?�L;Q?!B9��]�Q�V `7~�J�aKVm�gB9UQS?!B�US~�se?�Q��¯N^b!a9QS~�V_b!J�QS?�L;Q
L;U�B�QS?!B9b�N!J�BK` ~�bhQS?!B"`^B9ACV_b!JSQSU�L;QS~�V_b!JM��>�?!B9U�B(�¯V_U�B"QS?!BB9Ar]^?�L_JS~�J¢~�J¢b!V_Q�V_bh]^U�Vm��~�b^s!n!�^N^Q
se~��,~�b^sCJ�V_ACB~�b!J�~�se?�Q�V_bª�¢?!B9U�B"QS?!BKJ�B��¯N^b!a9QS~�V_b!J�aKV_ACB��¯U�V_Aª�

� * ) � U/b�� 0 ���!] b �+1 _
5.B²aKV_b!JS~�`^B9U�QS?!B²]^U�V�aKBKJ�J

Xn

��[�B9Q�`^B(°!b!B
Λi

QS?!B#a9N^A²N^��L;b�QFsgB9b!B9U�L;QS~�b^sv�=N^b!a9QS~�V_b��¯V_U
EiL;b!`ªQS?!B�A1L;USQS~�b^s�L;��B

Mn = exp

{

n
∑

i=1

αiEi − Λi(αi)

}

�¢~�QS?
αi > −λi ∀i.

 ¯Z���D "

>�?!BC��L;USsgBC`^B9��~�L;QS~�V_b�U�L;Q�B��=N^b!a9QS~�V_b�~�J"V_�^Q�L;~�b!BK`.��R4QS?!B1[�B9sgB9b!`7U�BCQSU�L;b!JÈ��V_USA
Λ∗

i

V;�
Λi

n
�¢?^~�a�?ªR,~�B9��`^JFL�U�L;Q�B��¯N^b!a9QS~�V_b�V;�£QS?!B\�¯V_USA

I 6 7 9= inf
(ti)

n
∑

i=1

Λ∗
i (ti) = inf

(ti)

n
∑

i=1

− log(iλti) − 1 + iλti
 ¯Z��Ôo "

N^b!`^B9U�QS?!B"aKV_b!JSQSU�L;~�b�Q
n

∑

i=1

ti = T.
 ¯Z#�A% "

�FJS~�b^sC[ËL;seU�L;b^sgB � J�A#N^��QS~�]^��~�B9U�JMn�V_b!B�°!b!`^J�QS?�L;Q�QS?!B9U�B"B(O7~�JSQ�J
L
JSN!a�?ªQS?�L;Q

ti =
1

L + iλ

 ¯Z�� q "

>�?!B�QSU�L;b!JS~�QS~�V_bPU�L;Q�BKJ2~�b1QS?!B�Q��¢~�JSQ�BK`v]^U�V,aKBKJ�J  =~Ç� Be��JSN!a�?1QS?�L;Q
Xn = T

~�J2Q�R,]^~�aML;���¯V_U2��L;USsgB
n
L;b!`

T = T (n)
"¢L;U�B

λ̃i = t−1
i = L + λi.

 ¯Z��Ôd "
>�?!B"�eL;��N!BKJ

−1 < L < 0
aKV_USU�BKJ�]�V_b!`4Q�VvL;b�L_aKaKB9��B9U�L;QS~�V_b�V;��QS?!B#]^U�V�aKBKJ�J

Xn

n�~Ç� Be�¢Q�V
L4`^BKaKB9��B9U�L;QS~�V_b V;�

Yt

��C\B9N^US~�JSQS~�aML;����Rgn2V_b!B J�BKBKJ�QS?�L;Q�QS?^~�JrB( *BKa9Q�~�JrL_a�?^~�B9�gBK`�A1L;~�b^��R���R

Ê=Ì�Í»Ê¯Î
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����������������� ���!���"��#$�� DeD

L_a9QS~�b^svV_b�QS?!B�°!U�JSQ�Q�B9USA
1/(1 + L)

�±V_b!B²aML;bª~�b!`^BKBK`ª]^U�Vm�gBKJ�QS?�L;QFLC`^BKaKB9��B9U�L;QS~�V_bkV;�£QS?!B
�2N^��B"]^U�V�aKBKJ�J�~�J�L_a�?^~�B9�gBK`4��R JSQ�V_]^]^~�b^sCQS?!B�°!U�JSQ¢QSU�L;b!J�~�QS~�V_b��

>�?!B²U�BKJSN^��Q�JL;U�B��gB9USR�`7~¡ 6B9U�B9b�Q\��V_U
L > 0

n*aKV_USU�BKJS]*V_b!`7~�b^shQ�VPL;blL_aKaKB9��B9U�L;QS~�V_b.V;�
Yt

�
>�?!B¢°!U�JSQ�QSU�L;b!JS~�QS~�V_b!J�L;U�B�]^U�V_]�V_USQS~�V_b�L;����RrACV_U�B�¬�Q�¢~�JSQ�BK`,®�n��^N^Q�~�b7°!b^~�Q�B9��RrA1L;b�RCL_J���B��¢~����
J�BKBe�

N�bhQS?!B#J�B ��N!B9�»��B�¢~�����JSQSN!`7RvQS?!B²aML_J�B
L > 0

��¤^U�V_A�B ��N�L;QS~�V_b!J! ¯Z#�A% "�L;b!`  ¯Z�� q "(n^��B
aML;��a9N^��L;Q�B"U�V_N^se?^��RPQS?�L;Q

T ' λ−1 log(λn/L)
L;b!`hACV_U�B"]^U�BKa9~�J�B9��R

λ−1 log
λn + L + λ

L + λ
≤ T ≤ λ−1 log

λn + L

L

 ¯Z�� � "
[�B9Q±L_aKaKB9��B9U�L;Q�B

Yt
n�J�LKR#Q�V

Ceλt  =~�b!J�Q�BML_`rV;� eλt "(ne�¢~�QS? C = C(t) → ∞
��>�?^~�J�U�B9��L;QS~�V_b

V_b
YT

~�J#QSU�L;b!JS]�VeJ�BK`�Q�V
Xn ' α−1λ−1 log n = T

L;b!`6n�aKV_A#�^~�b^~�b^sl�¢~�QS?�QS?!BPU�B9��L;QS~�V_b
T ' λ−1 log(λn/L)

n^��B°!b!`
L = λC.

 ¯Z�� f "
¤!V_U\B(O!L;Ar]^��Ben�~¡�2��B#��L;b�QMn�L_J�~�b  ÈDe�Ôd "(n

YT ' eaλT �¢~�QS?
a > 1

n�QS?!B9b
C = e(a−1)λT �5.BvJ�BKBrQS?!B1QSU�L;b!JS~�QS~�V_b!J²U�L;Q�BKJ�L;U�B1`^BKB9]^��RlACV,`7~¡°�BK`l��V_U

i
��BKJ�J²V_U²V;�¢QS?!B1JÀL;ACB1V_U�`^B9U�L_J

C
L;b!`��gB9USR�J���~�se?�QS��R�ACV�`7~¡°�BK` �¯V_U

i � C
� >�?!B9U�B(�¯V_U�B�QS?!B9U�B�L;U�B�L;b�~�b7°!b^~�Q�Bªb�N^A²�*B9U

V;��a�?�L;b^sgBK`�QSU�L;b!JS~�QS~�V_b!JCL;Q²QS?!Bv��B9se~�b^b^~�b^s!n2QS?�L;Q�L;U�Bv�gB9USR.ACV,`7~¡°�BK`6n£�^N^Q#QS?^~�J�~�J�Lªb�N^���
]^U�V_]*V_USQS~�V_b�V;�£QS?!B²QSU�L;b!JS~�QS~�V_b!J� 

C � eaλT "�L;b!`ªQS?!B²V_QS?!B9U\V_b!BKJ\L;U�B�L;��ACVeJSQ�N^b�Q�V_N!a�?!BK`6�
>�?^~�J�~�J�a9��BML;US��RªL;bhN^b!aKV_ArACV_b���L;USsgB"`^B9�,~�L;QS~�V_b!J��*B9?�LK�,~�V_UM�

¤!V_U�QS?!B"`^BKaMLMRPU�L;Q�Ben�aML;��a9N^��L;QS~�V_b!J�R,~�B9��`  ¯J�BKB� ¯Z��Ôo "��¯V_U¢QS?!B²`^B(°!b^~�QS~�V_b�V;�
Λ∗

i

"

Λ∗
i (ti) = log

(

1 +
L

λi

)

−
L

L + λi
= log

(

1 +
C

i

)

−
C

C + i

 ¯Z��A@ "
�\JS~�b^srQS?!B]^US~�Ar~�QS~��gB

∫

log

(

1 +
C

x

)

−
C

C + x
dx = x log

(

1 +
C

x

)

,

L;b!`ªQS?!B�ACV_b!V_Q�V_b^~�a9~�Q�R�V;�£QS?!B�~�b�Q�B9seU�L;b!`6n�V_b!B�sgB9Q�J
[

x log

(

1 +
C

x

)]n

0

≤ I ≤

[

x log

(

1 +
C

x

)]n+1

1?!B9b!aKB

C −
C2

2n
≤ I ≤ C

 ¯Z#��� "
>�?!B9U�B(��V_U�B��BsgB9Q

I ' C.
 ¯Z#��DMp "

>�?^~�J�U�BKJSN^��Q�~�J�B(O!L_a9QS��Rgn,�^N^Q�?!B9N^US~�J�QS~�aML;����Rgn7�¢?�L;Q�~�J�JSQ�L;Q�BK`v~�bvQS?!BF��L;USsgBF`^B9�,~�L;QS~�V_b!J�T�U�V_]*V;�
J�~�QS~�V_b^%7��De�

ÍËÍ Ódf!Ý(ÝÀÞ(Þ



DMo �����"�������/��	X���
��� �

� *$O 	 ]�Wdb�� _���]�4T.
Z��¯Q�B9U�QS?^~�J¢V_]^QS~�Ar~ MmL;QS~�V_bªJSQ�B9] QS?�L;Q�se~��gBKJ�L;��U�BML_`7RPL#a9��BML;U¢�,~�JS~�V_bPV;�ËQS?!BFQ�¢~�JSQ�BK` �*B9?�LK�,~�V_U
V;��QS?!B��2N^��B�]^U�V,aKBKJ�JMn_��B���L;b�Q2Q�V�B(O,?^~��^~�Q£QS?!B�A1L;USQS~�b^s�L;��B�QS?�L;Q��¢~����7��B�N!J�BK`#��V_U2L�US~�sgV_U�V_N!J
]^U�V,V;�S�

N�b"QS?!B±A1L;USQS~�b^s�L;��B
Mn

`^B(°!b!BK`²~�b� ¯Z#��D "(n;QS?!B
αi

L;U�B�V_�^Q�L;~�b!BK`"��V_UËL¢se~��gB9b
ti
 =U�B9]^��L_a9~�b^s

��V_USA1L;����R
Ei

"���R V_]^QS~�Ar~ MmL;QS~�V_b  =QS?!B²[�B9sgB9b!`7U�B"QSU�L;b!JÈ��V_USA "(�

αi = λi −
1

ti
= −L = −λC.

 ¯Z���DeD "

>�?!B"sgV�V,`hJSN^US]^US~�J�B�~�J¢QS?�L;Q
αi

`^V�BKJ�b!V_Q�`^B9]�B9b!`�V_b
i
�2G�B9]^��L_a9~�b^s

αi

~�b  ¯Z���D "�R�~�B9��`^J

Mn = exp

{

−λCXn −
n

∑

i=1

log
i

i + C

}

= exp {f(n) − λCXn} ,
 ¯Z#��DMo "

�¢?!B9U�B
f
~�J�`^B(°!b!BK`���R

f(n) 687:9=
n

∑

i=1

log
i + C

i
, ∀n ≥ 0.

 ¯Z���D % "

5.B�aML;bhQS?!B9bhseN!BKJ�J�QS?!BaKV_USU�BKJ�]�V_b!`7~�b^srA1L;USQS~�b^s�L;��B���V_U
Yt

��5.B�a�?�L;b^sgB
Xn

~�b�Q�V
t
L;b!`

n~�b�Q�V
Yt − 1

 =��BKaML;N!J�B�¯V_USA1L;����R
X0 = 0

"(n!J�V�QS?�L;Q

Mt 687:9= exp {f(Yt − 1) − λCt} .
 ¯Z���D9q "

� b!B"QS?!B9b�a�?!BKa�«,J�~�Q¢~�J¢~�b!`^BKBK`�L�A1L;USQS~�b^s�L;��Be�

>�?!B1b!B(O7Q�J�Q�B9]�~�J�Q�V4sgB9Q#�*V_N^b!`^J#�¯V_U
f(n)

�k¤�~�U�JSQMn£N!JS~�b^skQS?!B1ACV_b!V_Q�V_b^~�a9~�QR�V;��QS?!B
��V_s�L;US~�QS?^Aªn

[

x log x − x
]b

a−1
≤

b
∑

i=a

log i ≤
[

x log x − x
]b+1

a
, ∀a, b ≥ 1

 ¯Z���DMd "

N��
C
~�J�L�]�VeJ�~�QS~��gB~�b�Q�B9sgB9UMn

f(n) =

n+C
∑

i=n+1

log i −

C
∑

i=1

log i.

>�?!B9U�B(��V_U�Ben^N!JS~�b^s  ¯Z#��DMd "�L;b!`hQS?!B"~�b!B ��N�L;��~�QS~�BKJ
x − x2/2 ≤ log(1 + x) ≤ x

�¯V_U
x ≥ 0

n

C log
n + C

C + 1
+ C −

C2

2n
− log(C + 1) ≤ f(n) ≤ C log

n + C + 1

C
+ C

 ¯Z#��D � "
¨,V�QS?�L;Q

f(n) ' C log(n/C) + C
�
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