
HAL Id: inria-00070424
https://inria.hal.science/inria-00070424

Submitted on 19 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Stabilization of a class of Delay Systems using PI
methods

Catherine Bonnet, Jonathan R. Partington

To cite this version:
Catherine Bonnet, Jonathan R. Partington. Stabilization of a class of Delay Systems using PI methods.
[Research Report] RR-5583, INRIA. 2005, pp.13. �inria-00070424�

https://inria.hal.science/inria-00070424
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
55

83
--

F
R

+
E

N
G

ap por t  
de  r ech er ch e 

Thème BIO

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Stabilization of a class of Delay Systems using PI
methods

Catherine Bonnet — Jonathan R. Partington

N° 5583

mai 2005





Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)

Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30

���������
	
�
�������������������	
��������������	
��� �!�"�#���%$&�(')���
�)*�+-,
$&����./�"0/�

1!2436587:9<;>=87@?�AB=8=87C3EDGFBAH=8243I5J24=LK@MONP249<3I;Q=8RB36AH=
∗

SUTWV�X!Y�Z�[]\L^`_badcfe]V<X�Y6cUgihkjmlkjmnmhpo:qiY<c
rGs]jmtuY
e�_W\_i_W\v

w%xzyiyBjms]e%{dY�s|Y<}~TiY<s|}~TiY��H�8�m�z�C��^�X"xzh�vm�m�C��^ �<��yWxmnmY6c

�����<�����i�m�m��� Y�cfe]qW{da)h��/e|Tihkc�s]Y<y4jCsfeUe|TiY
H∞ � cfe|xmgih�lkhk��hk�in"yis|jmyBY�s]e]hkY<c�jz�8rO[�}
jC�Ce|s]jCl�lkY�s~c���jms�yWxms �e|hk}�qilpxzsO_b[f_W\�{iY�lpxIa�cfadcfe]Y�X"c�jz�4e]Tis|Y�YU}
lpxmc|c]Y<c���{dY6xm{ � e]hkX!YUc]adcue|Y�X"c8xmc���Y�lklbxCc�s]Y�e|xzs~{dY6{�jms��iY<qde]s~xzlc]adcue|Y�X"c<���ijCs x�c]qigH}
lpxmc|c%jm�O�iY�qde|s|xml�c]adcue|Y�X"c�¡4e]TWhkc Y��WxmgilkY<c%q4c%e|j){dY6{dqW}
Y�x"yWxms|xmX�Y�e]s|h��6x�e|h�jC�/jm�

xml�l
H∞ � cue~xzgihklkh��<h��in"}�jm�:e]s|jmlkl�Y<s|c<�
¢¤£:¥H¦|§©¨ ��ª��m� {iY�lpxIa c]abcfe]Y<X�¡

H∞ � cue~xzgihkl�h�euam¡6rO[#}
jC�:e]s|jmlkl�Y<s<¡�}�jmyis|hkX�Y8�«xC}¬e|jms|h��6x�e]hkjm��¡�yWxms|xmX�Y�e]s|h��6x�e|h�jC�

∗ �®u¯�°~±«²Q³�®u´�²�µ~¶4·�°|²>¸6®f³%°|²Q¹»ºu¼]½I¾�´I¹ ¿
®u±«¼>¹ ²ÁÀ�µ~¶WÂb®u®fÃ6¼]½�Âb®u®uÃI¼�ÂiÄ6Å¬Æ¬Ç¬ÈJ½z¾GÉ Ê



���������
	
�
������
�©� 0��u'/�/� ��	
������� 0)� ���!� ���%$&�������8�����	�80)���©'
$&�%����� 0)� ����� �
���©	
��'�8� +-,

��� ����� � ��� xm�Wc}
Y�s|xmyiy4jCsfe6¡H�ijmqWc��
e|qW{dhkjm�WcPlkY<cPyis|jmyis|h��
e��6c�{dY6c}
jm�:e|s��Cl�Y<qis|c {dY eua:yBY�rO[%yBjmqis
lpx cue~xzgihkl�hpc|x�e]hkjm�

H∞
{dY�}
Y<sfe~xzhk�Wc!cfadcfe]V�X!Y6c���s|Y
e|xms|{Wc�_b[f_4\ xzyiy4xzs]e]Y��4xz�:e���e]s|jmhpc�}
lpxmc|cfY6c��/lkx

}�lkxCc]c]Y�{dY<c�cfadcfe]V�X!Y6c%{djm�:e%lkY�e]s~xz�4cu��Y<sfe%Y6cue�{dq�euabyBY
R(s)e−sT

j��
R
Y6cue s|xze]hkjm�i�iY<lQ¡Wlkx"}�lkxCc]c]Y�{dY<c

c]a:e]V<X�Y6c�s]Y�e|xzs~{��6c�Y�eJlkx}
lpxmc|c]Y�{dY6cJcfadcfe]V�X!Y6c��WY�qde|s]Y6c���r8jmqis8qi�iY�c]jmqWc � }
lpxmc|cfY�{dY�cfadcfe]V�X!Y6c��WY�qde|s]Y6c�¡}�Y<cUs|Y<c]qil�e|x�e~c��ijmqWcUyBY�s|X!Y
e]e]Y��:e%{dY�{��6{dqihks]Yqi�WYPy4xzs~xzX��
e|s]hpc]xze]hkjm��{iYPl! Y��Wc]Y�X gil�Y�{dY6c�}
jC�Ce|s��Cl�Y<qis~c
cfe|xmgihkl�hpc]xm�:e|c<�
" ¨ �6� ¦ ��# � � � c]abcfe]V<X!Y$� s]Y�e|xzs~{ic<¡�cfe|xmgihkl�h�e��

H∞
¡%}�jm�:e]s%�mlkY�qis!rO[¬¡G�«xm}
e]jms|hpc]xze]hkjm��}
jmyWs]Y<X�hkV�s|Ym¡

y4xzs~xzX��
e|s]hpc]xze]hkjm�



���������
	����������������������	��������� �"!�	��#$�%#&�'��!�("�*)+�'�
�-,$.0/�($!��
12��3�� �

4 ,B� �
�8�"0/')�G���
���

� Y�}
jC�Wc]hk{dY<s�h��/e|Tihkc�s]Y<y4jCsfeUe|TiY
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jC�:e]s|jmlkl�Y<s|c<� ? lkc]jW¡bhk� e]TWYP}<xmc]Y���TiY<s]Y

deg p
xz�W{

deg qxms]YPlkY<c|c�e]TWxm�/jCs�Y<o:qWxmlHe]j!jm�iYC¡be]TiY�Y�7dhkcfe]Y<�W}
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G(s) =

1

p(s) + q(s)e−sT

xzs|Y�e|TiY�� xm�WxzlkadcfY6{ hk�
c]Y<}
e]hkjm�©�i�9B@xm�baPY<�inmhk�iY<Y�s|h��in�jms�gih�jCl�jCnmhp}�xmlmX!jd{dY�lpc�lkY<xC{dhk�inW¡�yBjCc|cfhkgilka�x��Áe]Y<s�lkhk�iY<xms]hk�<xze]hkjm� ¡6e]jPcfq4}~T
e|s|xm�Wcf��Y�sP��qi�W}
e]hkjm�Wc�}<xz� g4Y!��jCqi�W{�h�� M @QP A ¡�}~TWxmy v O � � Y�nCh8CY TWY�s|Y!c]jmX!Y"}
jC�W{dh�e]hkjm�Wc M«�iY<}�Y<c|c]xms]axm�W{!cfq C"}�h�Y<�:eGh��!e|TiY }<xmc]Y�jz�#x��iY<qde]s~xzlWc]adcue|Y�X xz�W{"c]qDC }
hkY��:eOjme]TiY<s]��hpcfY O ��jmsOe]TiY%Y�7dhkcfe]Y<�W}
Y%jm�BrG[cfe|xmgihkl�hk��hk�in }�jm�:e]s|jmlklkY�s~cGxz�4{ qWc]Y�e|TiY<c]YPs]Y6cfqil�e|c�e|j�{dY�e]Y<s]X!hk�iYPx yWxms|xmX�Y�e]s|h��6x�e|h�jC�"jz��xml�l#cfe|xzgWh�lkh��<h��Wn
}�jm�:e]s|jmlklkY�s~cGhk�/e]TiY�yWxmsfe|hk}�qilpxzs�}�xCcfY��TiY<s]Y

deg p = deg q = 1
�
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� Y�}
jC�Wc]hk{dY<sUh��/e]TWhkc%c]Y<}
e]hkjm��{dY�lpxIa�c]adcue|Y�X"cU��h e|T/e]s~xz�Wcf��Y�s���qi�W}
e]hkjm�

G(s) = e−sT p(s)

q(s)
,

Mu� O
��TWY�s|Y

T > 0
xz�W{

p
xm�W{

q
xzs|Y s|Y<xml4yBjmlkab�ijmX!hpxzlpc�c|x�e|hkcf��abh��Wn

deg p ≤ deg q
hk�)jCs|{iY�s�e]j!{dY<xmlB��h�e]T

yWs]jCy4Y<sUc]adcue|Y�X"c M�h>� Ym�OjC�iY<c�c]qW}~T)e]TWxze
supRe s>0, |s|≥R |G(s)| < ∞ ¡d��jms%c]jmX!Y R > 0 O �� Y©�Uxz�:e%e|j Y�8�xml�qWxze]Y���jCs c]qW}~T@c]abcfe]Y<X"c�e]TWY

H∞ � cue~xzgihkl�hk��hk�in"yis|jmyBY�s]e]hkY<c�jz�OrO[%}�jm�:e]s|jmlklkY�s~c�¡de|TWx�ehpc<¡djz�J}
jm�:e|s]jCl�lkY�s~cG��h�e]T/e|s|xm�Wcu��Y<sU��qi�W}
e]hkjm�

K(s) = kp +
ki

s
,

MQv O
��TWY�s|Y

kp

xm�W{
ki

xms]Ys|Y<xzl#}�j:Y�C }
hkY��:e|c<�

G

K

-
r e1

e
+

+
-

?e�
d−

+
�

6

e2

��h�nCqis]Y!�C�G_:e|xm�W{ixzs~{��WY�Y6{dgWxm}65���jm�D;WnCqis~x�e]hkjm�
� Y }
jm�4cfhp{dY�s�e]TiY cfe|xz�4{ixzs~{ ��Y�Y6{dgWxm}65 c|}~TiY�X!Y�jz�©��h�nCqis|Y �m¡ xz�W{ s]Y6}�xzlkl%e|TWx�e

H∞ � cfe|xmgihkl�h�eua�hkcY6o:qih8�xml�Y<�Ce�e|j!e]TiYe|Tis|Y�Ye]s~xz�4cu��Y<s���qi�W}
e]hkjm�Wc
(1 + KG)−1 ¡ K(1 + GK)−1 ¡ G(1 + KG)−1 g4Y<h��in

cfe|xmgilkYm�

���9S����
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sq(s)

sq(s) + e−sT p(s)(kps + ki)
,

sp(s)e−sT

sq(s) + e−sT p(s)(kps + ki)
,

kpsq(s) + kiq(s)

sq(s) + e−sT p(s)(kps + ki)
,

xm�W{�e|TijCc]Y�e|s|xm�Wcu��Y<s���qW�W}¬e|h�jC�WcPs]Y<yis]Y6cfY<�:e%e]TiY�gBY�TWx&8bhkjmqis jz�Gx)s]Y�e|xzs~{dY6{¤{dY�lpxIa¤cfadcfe]Y�X h��
deg p <

deg q
xz�W{)jz�Jx��iY�qde|s|xml {dY�lpxIa�c]adcue|Y�X�h��

deg p = deg q
�

� Y�}�jm�Wc]hk{iY�sH;Ws~cueGe]TiY�}<xmc]YUjz� x�iY�qie]s~xzl � euabyBY%}
lkjCc]Y<{�l�jbjCy =me|TiY%�iY�7beOyis]jCy4j:cfh�e]hkjm��¡m��h�e]TijCqdeGnmh:8bh��Wnx }
jCX�yWl�Y�e]Y}~TWxzs~xm}
e]Y�s|hk�<x�e|h�jC�!jz� e|TiY 8�xml�qiY6c�jz�
kp

xz�W{
ki

c]jml:8:hk�in�e|TiYyis|jmgilkY�X�¡bxzlkl�j��%c�jm�iY�e]j"; 7
e|TiY�lkjb}<x�e|h�jC�)jm�

kp

xz�W{)e|j!{iY
e]Y<s]X!hk�iYm¡i��jms%x"; 7dY<{
kp

¡i��T4x�e�hkc%jmgde~xzhk�WxzgilkYm�
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	�� � ���2�'��3L! � �
12!$�'#&�'��!�(
G(s) = e−sT p(s)

q(s)
 12!���! deg p = deg q

�
T > 0

����3
� 1 ! �6���%� � ��	
	! �

K(s) = kp +
ki

s

�
��� / � | lim|s|→∞

q(s)
p(s)kp

| ≤ 1
� 1 !��

K(s)
3L�>!'� ����� �'� �L���
	Q��>!

G(s)
�

��� / � | lim|s|→∞
q(s)

p(s)kp
| > 1

�
12!�� �
12! � � ��� � ��! � �6)D����������� � ��� �
12! ��	����!�3"	�>��� 12����! ���H($���'��� �2�
� !�	�#
( ���%#�)D� �'� �L��	!�� ��	!�� ��� 3 ��� �*�����-!63

kp

�H� �F� 1 ! � ! !���� �'��� �
ki

�6)2�61 �
12���H� 1 ! � !*� �F���")D� �'� �L��	!�� ��	!
� 1 !��

K(s)
�'�������
	����!��

G(s)
�

� � ¨ ¨�� � O �is|jmX rOs]jCy4j:cfh�e]hkjm� vi���Uhk� @ K A>¡C��Y�TWx&8CY�e]TWxzeGh � | lim|s|→∞
q(s)

p(s)kp
| < 1
e]TWY��

K(s)
{ij:Y6c

�Wjze%cue~xzgihklkh��<Y
G(s)
�OSUTiY�Y6oCq4xzlkh eua y4xzs]e���jCl�lkj��%c���s]jCX SUTiY<jms|Y�X(vi���hk� @ K A �

v O �Ws]jCX rOs|jmyBjCc]h�e]hkjm�Lvi���@hk� @ K A ¡%��YETWx&8CY�e]TWxze/h�� | lim|s|→∞
q(s)

p(s)kp
| > 1

e|TiY�� e]TiYEe]s~xz�Wcf��Y�s
��qW�W}¬e|h�jC�WcGjm�He]TiY}
lkjCc]Y<{!lkjbjmy"TWx&8CY%x�e�X!j:cue ;W�ih�e]Y�lka!X"xz�ba qW�Wcue~xzgilkY�yBjmlkY<c�xz�W{ h �#e|TiY�a!TWx&8CY��ijm�iY
e|TiY��/e|TiY�a)l�hkY�h��

H∞
��_bj!e|TWx�e6¡de]TWY�}
jbY�C }
hkY��:e

kp

gBY�hk�in$; 7dY<{#¡Wh ��e]TiY<s]Y�Y�7dhkcfe|c�x
ki

nmh:8bh��in!yBjmlkY<c
jC�ilka h��/e|TiY�l�Y��Áe%TWxzl�� � yilkxm�iYPe]TiY<�/e]TiY�}�l�j:cfY6{�lkjbjmy/hkc�cfe|xmgil�YC�

�)£ � �d� � �!	"� /'�$#&%('*) �+�2��,-! �,��-,� �
12! ����($!*�L����!�������� ����� �&� �
� �(� � � ($��3L! �
� � 1 !.�2� �'� ����)D	�� �6�&��!
���

p
����3

q
����3L!�,��!�! ��� ! �

� Y�Y�7dxmX!h��iY��Wj��Le|TiY��Wxze]qis~xzl�oCqWY<cfe]hkjm�¤jz�Jcfe|xzgWh�lkh��<h��Wn
G
��h e|T@x"rO[�}
jm�:e|s]jCl�lkY�s���Tihp}~T¤TWxCc%gBY�Y��

{iY<c]h�nC�iY<{�e]j"cfe|xzgWh�lkh��<Y
G
��TiY<�

T = 0
�JSUTiY��iY�7:e%yWs]jCy4j:cfh�e]hkjm�)yWxzs]e]hpxzlkl�a�xm�Wc]��Y<s|c�e]TWhkc�o:qiY6cue|h�jC� �

��hks|cfe���Ys|Y<}<xzlklHe]TiY�cfe|xm�W{ixzs~{"�«xC}¬e�e|TWx�e

�)£ � �d� � �!	/�1032 )2��3 � �������$! 2 )2��� �����
ax2 + bx + c  �
� 1 a > 0

��� 3
b
�
c
��!���	�1 ���

� �"��� !4�2�&�'�
� �&�&! � �>��� ��� 3 ��� !�� !�,������&��!�������� � �
c < 0 5

� ���  ��� !6��	���������� � � b2 − 4ac > 0 5 ��� 3

STS ´�U2V'V'W'X



� � ���
12!��'�
� !�� ���%��!������D��� ��� 1 ���
	�� . ��'���
�+,�� ���

� ���  � ������� � !6��	 � ������� � � b2 − 4ac < 0
�

� � ¨��G¨ ���«��� ¨����
	&� ��) � �2�&��! � 1 ! .0/F�6���%� � ��	
	! �  �
� 1 � � ���2� ��!�� �6)D����� ����� K(s) = kp +
ki

s

�'�������
	Q��>!��
p(s)

q(s)

#�� 1 ��� � � �
12! �'#&�'� !�( # �(�  1 ! � ! T = 0
� ��� 12!�� �

��� / �
deg p < deg q

�
K
�'�������
	����!�� p(s)

q(s)
e−sT ���� �')�� ����!��%��	�#$�6( ��	
	 T �

��� / �
deg p = deg q

����3 | lim
|s|→∞

q(s)

p(s)kp

| > 1
�
K
�'�������
	Q��>!�� p(s)

q(s)
e−sT ��� � �')�� ����!��2� 	Q#$�'($��	
	 T �

� � /�� �
12! �2� �'� ����)D	����6�&��!���� �'#&�'� !�("� ��� � 1 !���#��2!
G(s) =

e−sT

s − σ

�0� 1 ! ���6�'�.�&��	Q)2!
T1
��� �
12!�3L!�	��#

 1D����1  �
	
	93�!'�'� �L���
	Q��>! �
12!"��	����!63 	���(� ������� � � !��

cos(ωT1) =
kiω

2 + kpσω2

k2
i + k2

pω2

����3
sin(ωT1) =

ω3kp − σωki

k2
i + k2

pω2
,

 12!���! ω =

√

1
2

(

k2
p − σ2 +

√

(σ2 − k2
p)2 + 4k2

i

) �
� � �

T > T1
� �
12!"��	�&��!63 	���(��� � )D�2�6� �L��	!�� �
12��� � � �
12!�� !�� � ���
	 �'� �L���
	Q�
� #  �
��3��  ��� �21 !�����( !������ �

-,� /'� �
12! �2� �'� ����)D	� ��������! ��� �'#&�'��!�(�� ��� � 1 ! ��#��2!
G(s) =

s − α

s − β
e−sT � K(s)  �
	
	F1 ����! � 1 !

����	
	�  �
�+, � � �(� ! �'� ��!'��
� � � |kp| < 1

� 1 ���
K
�6� �L���
	Q��>!�� p(s)

q(s)
e−sT ��� �*�')�� ����!��2� 	Q# �'($��	
	 T ����3$� 1 !.���6�'�.�&��	Q)2!

T1
 1+���61

3�!'�'� �L���
	Q��>!'�$� 1 !"�'#&�'��!�( � ���')2��1 � 1 ��� �
12! ��	����!�3 	���(�
[G, K]

� !�($���
� ��)D�2�'������	!<���� ��	
	
T > T1

�
� 12��� � � �01 ! � !"��,����
� � 1 ! � !�� � ����	 �'� �L���
	Q�
� #  �
��3��  ��� � 12!�� ��( !�� ��� �
�<� � |kp| > 1

� � 1 ! ��	:�&��!63 	�>���
[G, K]

� � )D�2�'������	! ��� �"��	
	
T > 0

�

�)£ � �d� � �!	�� ��12! � � �>� �$� � . � �(� ���6�
� ����� � � � � !�	���!'� !�����!�� �'�&��!�	�# ��� � 1 !�� ��	Q��������� ��6� 1 ��	
	0� !6��1��
�%� 2 )2!�� #���!6! %�� ����) �  1+���61  ! ���'��!�� #�� !6�6��	
	�12!���! �
� 1D� ��($!�� 1 �>3���	
	�  � ����!"� ��3�� ���6�,�&! �  12!�� 1 ! � ��	
	 � 1 ! � �>�����"� � A(s) + C(s)e−sT

�  1 ! � ! A
����3

C
� � ! � !6��	 �2��	Q#�� ��( ����	 � � 	Q��!$�
� � 1 ! 	!��6����12��	 � ��	:����! ����3�� � 3�!�� ! �'("�
� ! �
12! �����-,-! #�� � ��� ����	Q)2!�� ���

h
��� �  1D����1 � 1+� � � � ��� �
�$! � !6����	
	 �
12���0�
� �6���2�6� �'��� � � �
1 � !6! �'��! �%� ��� 12!.���6�'�9�'��! � � � ���$!��+��( �
��! �'�������
	��
��#<��� �

T = 0
����12!

��!6�6��� 3 �6� ! � ����� �'��3L! �6� � 1 ! ������! � � �
��� �2�
� !'�'�
( ��	
	Q#*�'( ��	
	 �2�&�'�
���&��!
T
��� 3*� �'��!�� � � � � 3  1 ! � !6�L�6��)D���

�
� �
12!��6��( ��	:!�� ��	����!�� 1 ! �
� � �%�
��! �2)D( ��! � � �$� !  � �>������12����! ��� �2!6� � !63 ��� 12! � 1+��� 3 �'��! � � � ���
� ��3 �2�&�'�
���&��! ����	�)2!'� ���

h
� � ���2# ���  1+���61 � 1 ! � ! � ��! �>!�� ��� ��� A(s) + C(s)e−sh

	Q#��
�+, ��� � 1 !
�
( ��,L�
����'# ����� � ��� 3 � � 3�!�� !��'( �
��!  1 !�� 1 ! � �
12! �>! � �&� � ��)2�61�� 1 !������ � � ��� � �&�6� � � ��( ����!$1 ��	 ���
� 	��� ! � � �
12! ���
12!��  �
�
1 �
��� � !6�&�'�
�-, h

� � ��	Q� ��� ��� 3!� � �6� 1 ��	
	 ( �L3�! � 1 ! ���'��! ���&��������� � 1 ����� �
A(iω) + C(iω)e−iωh 12�&�����>!�� � ��� ω0

�
12!��
W (ω2

0) := A(iω0)A(−iω0)−C(iω0)C(−iω0) = 0
�

���9S����



���������
	����������������������	��������� �"!�	��#$�%#&�'��!�("�*)+�'�
�-,$.0/�($!��
12��3�� P

. � �>� � ���0. � ���2�&�'�
� ����� � � �  � O xm�W{©v O ��jmlklkj�� Y6xmc]h�lkaP��s]jCX @ � AH��h � K hkc8c]qW}~T�e|TWx�e |p(∞)
q(∞)K(∞)| <

1
e]TiY<�

[p
q
, K]
hkc)� � cue~xzgilkYL=Pe]T4x�e)hpc<¡%e]TWY�s|YEY�7dhpcue~c T0

c]qW}~T e|TWx�e
[p
q
e−sT , K]

hkc/cue~xzgilkY@��jCs)xml�l

T ∈ (0, T0)
�

J�jze|Y e|TWx�e%��TWY��
deg p < deg q

e]TWY�xzgBj�8mY}
jm�4{dh e|h�jC��hkc�xml��UxIadc�c|x�e|hkc�;WY6{#�
� O�� Y
e A(s) = sq(s) = s(s − σ)

xz�W{
C(s) = p(s)(kps + ki) = kps + ki

� � YP��jms|X

W (ω2) = A(iω)A(−iω) − C(iω)C(−iω) = ω2q(iω)q(−iω) − (k2
pω2 + k2

i )p(iω)p(−iω).
M«� O

SUTWY{iY��ijCX�hk�Wxze]jms�jm��Y6xm}~T�}
lkjCc]Y<{ � l�jbjCy e]s~xz�4cu��Y<sU��qi�W}¬e|h�jC��hkc

sq(s) + e−sT p(s)(kps + ki) = s(s − σ) + e−sT (kps + ki).

? c�e|TiY©}
lkjCc]Y<{�lkjbjmy¤hpc�cfe|xmgil�Y�xze
T = 0
¡4��Y©jmgde~xzhk����s]jCX(e|TiY©w�jCqde]TE}�s]h�e]Y<s]hkjm�/e|TWx�e

kp > σ
xz�W{

ki > 0
�

� Y�TWx&8CY�e|TWx�e
W (ω2) = ω4 + (σ2 − k2

p)ω2 − k2
i

¡d��Tihp}~T�TWxmc�x�qi�ihpo:qiY�yBjCc]h e|h8CYP�<Y�s|jW¡bnmh:8mY<�)gba

ω =

√

1

2

(

k2
p − σ2 +

√

(σ2 − k2
p)2 + 4k2

i

)

.
M R O

� Y!}�xz�@e]TiY<�E}
jC�W}
lkqW{dY©e]TWxze e|TiY�;4s|cfeP{dY<lkxIa
T1
��TWhk}~T@��hklkl8{iY<cfe|xzgWh�lkh��<Y�e|TiY }�l�j:cfY6{¤l�jbjCy@��h�lkl8g4Y

{iY�;W�iY6{/g:a

cos(ωT1) = Re{− iω(iω − σ)

kpiω + ki

} =
kiω

2 + kpσω2

k2
i + k2

pω2

xm�W{
sin(ωT1) = Im{ iω(iω − σ)

kpiω + ki

} =
ω3kp − σωki

k2
i + k2

pω2

MQ� O
xm�W{#¡<e]TiYGs]jbjze

ω
gBY�hk�in%qi�ihpo:qiYm¡I��YJTWx&8mY�e|TWx�e ��jCs

T > T1
e|TiYG}
lkjCc]Y<{Plkjbjmy��h�lklmgBYOqi�4cue~xzgilkYm��SUTWhkc�hkc

gBY<}<xzqWc]Y M«c]Y�Y @ �>Aiy4xznmYUvm� O h�� W (ω2) = 0
TWxCc��Wj s|Y�yBY<xze]Y<{©s]jbjme|c�e]TiY�cfe|xzgWh�lkh��<h��Wn xz�4{©{dY6cue~xzgihkl�hk��hk�in

s|jbjze~c�xml e|Y�s|�Wx�e|YGxz�W{ xmc
W (ω2) > 0

��jms�lkxms]nCY
ω
e]TWY�TihknmTWY<cfe�s|jbjze�hpc8xzlk��xIadc�{dY<cfe|xmgih�lkhk��hk�inW��[ �W{dY�Y6{#¡

e|TiY�s|Yhkc%�ij�� cfe|xmgih�lkh�eua ��h��4{dj��%c  dyWTiY��ijCX!Y��ijC� �
R O [ �)e|Tihpc%}�xCcfYC¡ A(s) = s(s − β)

xz�W{
C(s) = (s + α)(kps + ki)

c]j�e]TWxze

W (ω2) = (1 − k2
p)ω4 + (β2 − α2k2

p − k2
i )ω2 − α2k2

i .
M � O

J�j���¡be]TiY�{iY��ijCX�hk�Wxze]jmsUjm��e|TiY�}
lkjCc]Y<{)l�jbjCy)hpcUY<o:qWxmlHe]j

(1 + kp)s
2 + (β + ki + kpα)s + αki

STS ´�U2V'V'W'X



� � ���
12!��'�
� !�� ���%��!������D��� ��� 1 ���
	�� . ��'���
�+,�� ���

SUTWY}�l�j:cfY6{�lkjbjmy/g4Y<h��Wn cue~xzgilkY�x�e
T = 0
¡de|TiY�s|YY�7dhpcue~c

kp

xz�W{
ki

c]xze]hpcu��abhk�in







1 + kp > 0
β + ki + kpα > 0
αki > 0

jms






1 + kp < 0
β + ki + kpα < 0
αki < 0

[ � −1 < kp < 1
e]TiY<�

1 − k2
p > 0

xm�W{ 1

kp

> 1
c]j e]TWxze

W (ω2) > 0
��jms"lpxzs|nmY

ω
xm�W{�e]TiY

X!jd{dqilkqWcjm�Ge]TWY }
jbY�C }
hkY��:e�jz��e]TiY"TWh�nCTiY<cfe�{dY�nCs]Y<Y©e|Y�s|X�jz�
A(s)
hpcnms|Y<x�e|Y�sPe]T4xz��e]TiY"X!jd{dqilkqWc

jm�Je]TiY�}
jbY�C }�h�Y<�Ce jz�Je]TWY©TihknmTiY6cue{dY�nCs]Y<Y�e]Y<s]X jz�
C(s)
��Tihp}~T@hkX�yWl�hkY<c�e]TWxze

[G, K]
hkcPcfe|xzgWl�Y���jCs

c]qDC }
hkY��:e|l�a�c]X"xzlkl
T
MQcfY<Y M @ �>A ¡iyWxznCY�vm� O O �J�j�� ��s]jCX w%Y�X"xzs�5�vi� vb¡b��Y�}�xm��}
jC�W}
lkqW{dY%e]TWxze�Y<o:qWxze]hkjm� M � O T4xmc�jm�ilka jC�iY�yBjCc]h�e]h:8mY%s|jbjze�xm�W{���jmse|TiY"c]xmX!Y s|Y<xCcfjC�@xmcxzgBj�8mY©e]Tihpcqi�ihpo:qiY!s]jbjzehpcP{iY<cfe|xzgWh�lkh��<h��Wn/xm�W{¤��jCs

T > T1
e]TiY"}�l�j:cfY6{¤l�jbjCy

��hklkl g4Y�qW�Wcue~xzgilkY M�TiY<s]Y�xmnCxzhk�)e]TiY<s]Y�}�xm�i�ijmeUgBY�xz�ba � ��hk�W{dj�� yWTiY��ijCX!Y��ijC�  dTiY�s|Y O �[ �
kp < −1

jms
kp > 1

e]TiY<�
W (ω2) < 0

��jms�lpxzs|nmY
ω
xm�W{

[G, K]
hkcUqW�Wcue~xzgilkY��jms%xml�l

T
�

�)£ � �d� � �!	 � # � � 0 � !�����!�� �'����� ��� � ��'� � ��� �'#&�'� !�("�
G(s) = e−sT λ s−α

s−β

����3 � � �2� �'� - ���
�'#&�'� !�("�

G(s) = λe−sT

s−σ
 �
�
1 λ > 0

�6��� !6�&�'�
	Q# �6!�3�!�3�)2�6!�3 ��# � ! ��	�����
�+,
G(s)  �
� 1 λ−1G(s)

����3
K(s)

��#
λK(s)

�  1D����1 3L�>!'��� ���<��12���-,-!"�
12!��
�%��! �'����	 �'�������
	��
��# � � ���2! �'����!���� � � 1 ! ��	:�&��!63 	�>�����
#��
� � � 1 !$�6�&��!

σ = 0
� � ��� �L�6����!"� � � � !6��� !63$�
� %�' �0� !�� � - ��� )

#��
�
� � / �
G(s) =

e−sT

q(s)
 �
� 1 deg q(s) = 2

�  ! �6��� 12����! �'�������
	��
��#  �
��3L�  �21 !�����($!����1# ��!6!
. � ���2�&�'�
� ����� ' � � � ��� 3 	 !�( � ��� ' � ��� ��� %(' ) � �
#��&� � . � �'� � ���". � �(� ���'�
������� � � � ��	
	�  � ����!�� � � ��3�. / �6���%� � ��	
	! �6� �
12��� � � ! � �L��)+�'� ��!�	�����&��!����
�6�(� �'�
( ! ������� � � � ! �'��) ���6��������� � �

� 	 ��'��
�8��	 ���/0 �8�����	�80)��0 0)��	��%� � �"�#���%$&�

� Y�c]TWxzlkl }
jC�Wcfhp{dY<s�hk�/e]Tihpc%c]Y<}
e]hkjm��cfadcfe]Y�X"cU��h�e]T/e]s~xz�4cu��Y<sU��qi�W}¬e|h�jC�

G(s) =
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(I + K(s)G(s))−1 =
s(p(s) + q(s)e−sT )

s(p(s) + q(s)e−sT ) + (ki + kps)
,

G(s)(I + K(s)G(s))−1 =
sr(s)

s(p(s) + q(s)e−sT ) + (ki + kps)
,

K(s)(I + G(s)K(s))−1 =
(p(s) + q(s)e−sT )(ki + kps)

s(p(s) + q(s)e−sT ) + (ki + kps)
.

� TWY�� }
jC�Wcfhp{dY<s]hk�in e]TiY@cfe|xmgihkl�h�eua jm�
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W (ω2) := A(iω)A(−iω) − C(iω)C(−iω) = 0,

��TWY�s|Y
A(s) = sp(s) + (ki + kps)
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C(s) = sq(s)
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G(s) =

1

p(s) + q(s)e−sT
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� 1 kp

�
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deg p = deg q
��� 3 | lim

|s|→∞
p(s)/q(s)| ≤ 1
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q(s) = γs + δ
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{iY�nms|Y�Y jz�
W (ω2)

hpc�Y<o:qWxmlHe]j
(α2

0 − γ2
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cfj e]T4x�e

W (ω2)
hpcUyBjCc]h e|h8CY ��jCsUlkxms]nCY

ω
�J[ �W{dY<Y<{)��Yxzlpc]j

T4x&8mY!e]T4x�e©e|TiY)}�jbY�C }
hkY��:e©jm��e|TiY�TWh�nCTiY<cfe {dY<nms|Y�Y"e|Y�s|X hk�
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qilpxzs�}�xCcfY ��TiY�s|Y

p(s) = αs + β
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q(s) = γs + δ
¡Wx!cfe]s~xzhknmT:ef��jCs]�Uxzs~{"}�xmlk}�qilpx�e]hkjm�/nmh:8mY6c

W (ω2) = (α2 − γ2)ω4 + (−δ2 + (β + kp)
2 − 2αki)ω
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G(s) =
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αs + β + (γs + δ)e−sT

 �
�
1 α
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γ
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� ��) � �2�&��!"�
12��� |α| >
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s + 1
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U(s) =
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((αs + β) + (γs + δ)e−sT )s + kps + ki
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V (s) =
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