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2a acb3{��}b�r}�7b3{��¡mot�r}�Gk3¤"mo]yb�mor}m���s�	r<ac�ysub3¦ltÅm~i�twk
O(r2a2

r

a+1 )
¯
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mo]G����r<{"bHvLx`�}s}m�r 2w
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r

a+1
���3���S�yr}m�p7b
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w

2

)

+ 1
­�r<{��yk�r�§�­©b3t��}]Lm#�)r}{^�y¤<mo]`t�k

�}t�¥}b[kA�
r

a + 1
≤

w

2a
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[( n
w

2

)

+ 1

]

,
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�3�����`r�m^�}{�r¡­��<k^�lbHkotu{�bH��pLicm�]yb��}�l¥<b3{�ko�}{oi<¯�µ¶��m�]ybO�H�}kob�r}§�tu�j¥<b3{�knt�r}��kobH�}{���]"¤

mo]`bO�3r}�`knmo{���t��Lm�twkEm�]`�¡m©mo]`b�kot�À3b r}§�mo]`b�s�t�knm#a�x`knm^pGbOsur¡­©b3{Emo]`�}��m�]yb��Lx`a�p7b3{©r�§"{�b3�<xys��}{�­©r}{��ykEr�§
­©b3t��}]Lm w

2a

¤`­#tÅm�]¬�<¿ k^t���knr<acb w
2a

pys�rj��»lkH¯y\^]ytwk^�}t�¥}bHkH¤lknt�actusw��{�s�i�morcm�]yb)�	r}s�s�t�kotur<���H�}kob2�

2a

a + 1
≤

w

r
log2(

n

w
).
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µ¶���<b3�ybH{��}sK¤¡tum�a��Ji�pGb mo]yb �H�}kob#mo]G�¡m2m�]yb�kotuÀHb

L = 2` r�§Wm�]yb s�t�knm�k2mor�p7b��ybH��sumE­#tumo]�twk2�`r�m�b3¦y�}��m�sui
2

r

a+1
¯
¾¬b �`{�k~mc�lbH�}s�­#tumo]²mo]yb+�3�<knb�­#]yb3�

` < r
a+1

¯�µ¶�®mo]`��mc�H�}kob}¤'­�b����y�ys�iS¾¬�}�}�ybH{H¿ kqa�b3mo]yrl�¸¤
­#tumo]�mo]yb��	r<�`k~m�{��}tu�Lm©r�§'ÀHb3{�r}t��y�

`
pytÅm�k©r�§�m�]yb��`��{omotw��sWknx`ack5�·tu�Gk~m�bH�}��r�§ r

a+1

�©�lx`{ot��y��bH�}��]�a�bH{o�<b
r}�7b3{��¡m�tur<��¤"]`b3�`�3b�»}bHb3�yt��y�Cs�t�knm�kqr�§��3r}�`knm��}�<m�knt�À3b<¯%djrG¤"m�]yb�m~­©rC{�b3a���t��yt��y��sutwknm�kH¤%��m�mo]yb�b3�`�±r�§
mo]`b�{�bH�3xy{�kot�r}��¤'­#tus�s#r}�ys�iS]`�J¥}b

(a − 1)`
pytum�kcbHvLx`�}sEm�r¼ÀHb3{�r`¯%\^]yb3�²mo]yb��y{�r}p`�}pytus�tum~i¼m�r¼]G�J¥}b��

�	r<sus�twknt�r}�Sp7b	m~­©b3b3�¬m�]ybHkob�m~­©r�sutwk~m�k�twk 2(a+1)`

2r

¯"µP§^m�]yb���s��}r<{otumo]`a §·��t�swk����`�¬m�]yb3{�b�twk��yrC�3r}s�sutwknt�r}�"¤
mo]`b3��mo]yb�­#]yr<sub��y{�rl�	b[kok�t�k#knm��}{nm�bH��§¨{or<a mo]yb)p7b3�<tu�`�ytu�`�`¤y��]yrjr<kot��y�q�}�yr�m�]yb3{#kob	m#r�§%pytÅm�k^morcp7b)knb3m
mor¼À3bH{orG¯%djt��`�	b�mo]`b��	r<ac�ysub3¦ltÅm~iSr�§�p`xytusw�lt��y�¼mo]yb�m~­�r �`�`��s©s�t�knm�kqt�k

O(`2a2`)
¤%mo]yb�mor}m���s^�	rLk~m�t�k

O(`2r+a−a`)
¯"Ä �<��t���¤W§¨r<{�mo]ytwk)�	r<a��`sub3¦jtum~i�m�r�]`r}sw�¸¤Wmo]yb�kot�À3bcr�§�mo]yb�s�t�knm�a�xGk~m)p7b�kna���s�s�b3{Omo]`�}�

2
r

a+1
¯7\^]`b��3r}�Lmo{���{�i�­©r}xysw�°�3r}{�{ob[kn�7r}�G��m�r�]G�J¥Lt��y��acr<{ob�mo]`�}�°r}�`bq�	r<sus�twknt�r}�Ct���m�]ybqbH�`�¸¤W­#]ytw��]

­©r}��¿ m#]yb3s��+tuac�y{�r¡¥jtu�y�qmo]`b��	r}ac�ys�b	¦ltum~i}¯
djb[�	r}�G�lsui<¤l­�b��ybH��s"­#tÅm�]�m�]yb��H�}kobO­#]`b3�

` > r
a+1

¯���b3{�b�mo]`b�k~m�{���mob3�<i�twk^mor��y{�b3�G��{�bOb[�}��]�sutwknm
x`kotu�`���q�y{�bH�	r<ac�yxlm���mot�r}��k~m�b3��¤lpji�À3bH{or<tu�`����§¨b3­´pytÅm�k^tu�+�qbH�}��]�sutwknmH¯l¾¬b�ko]`�}sus¸�lbH�yr�m�b�pji

α
m�]yt�k

�jxya�p7b3{�r�§�pytum�k©���G���3��sw�	x`s���mob�tum�k�r}�lm�tua��}s`¥¡��s�xyb}¯LÄ#§ m�b3{©À3b3{�r}t��y�
α
pytum�kH¤}m�]yb�kotuÀHb�r�§¸m�]yb s�twk~m�k2twkEt��

�J¥}bH{��}�}b
2`−α ¯<µ¶�cm�]yb��3r}�Lmob3¦Lm�r�§Wmo]yb�]`�}ko]c§¨xy�`�	mot�r}��¤<mo]`t�k��y{�bH�	r<ac�yxlm���mot�r}��knmobH��t�kE�GbH{n§¨r<{oacbH�cpjix`kotu�`��m~­©r�knx`pysutwknm�k©���`��acbH{o�<tu�y��mo]ybHa¹x`knt��y��mo]yb�pytu{omo]G�y�Jic�`��{��}�lrJ¦¸¯}\^]`b3��¾S���<�yb3{[¿ k���s��}r<{otumo]ya

twk����y�`sut�bH��mor�kob	m#m�r�À3bH{orqmo]yb
r′ = r − α

{�b3a���t��yt��y�cpytÅm�k3¯Gµ~�lbH�}sus�i
α
twk#��]yrLknbH��m�rf�ym�morcm�]yb)�ybH­

�`�}{��}a�b3mobH{�k©r�§%¾¬�}�}�ybH{H¿ k^��s��}r<{otumo]ya��j­©bOaqx`knm�]`�J¥}b
` − α = r′

a+1

¯`djr}s�¥jtu�`�qm�]ybHkobOm~­�rcb[v<xG�¡mot�r}�Gk
�}t�¥}b[kA�

α =
`(a + 1) − r

a

�}�`�
r′ =

a + 1

a
(r − `),

���G�+mo]yb�mor}m���s��	rLk~mOr�§2¾S���<�yb3{[¿ k���s��}r<{otumo]ya twk
O(r′2a2

r
′

a+1 )
¯¸³�r�m�b�m�]`�¡mO�y{obH�`��{�t��y����s�s'mo]ybqsutwk~m�k3¤

­#tumo]�mo]`bEpyt�{nm�]`�y�Ji��`��{��}�lrJ¦¸¤	�3r<knm�k
O(2a2

`

2 )
¤[knr^m�]yb3{�b2act��}]Lm"p7bE���	r<�`�	bH{o�Om�]`�¡m�m�]ytwk"knmob3��pGb[�	r}acb[k

�y{�b3�7r}�`�yb3{����LmH¯2djr<su¥jt��y�¬mo]yb+t��ybHvLx`�}sutumot�bHk�m�b3s�s�k�xGk�mo]`��m�mo]ytwkct�k�r}�ys�iSmo]ybC�H�}kob+­#]yb3�
` > 2r

a+2
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a + 1

�	r<xys���]`�J¥}bOp7b3b3��x`kobH��§¨r}{©mo]`b���mnm��}��» �·kob3b
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a
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2a
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≤

w

r
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w

)

.
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n
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w
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r
�·�yr�m�bH�

Poly (r)
��¤`mo]ybH� n

w

twk���swkor��Gr<suij�yr<a�tw��s¸t��
r���G��­©b)]`�J¥}b��

2a

a + 1
≤ Poly (r) log2 (Poly (r)) .

�y{�r}a.m�]ytwkq­©b+�lbH�lxG�	b
a = Poly (log2 r)
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