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K
�H{ÚãAhK��hKzrtauK§R}ws�s�hSsiv�¨�×5vÄ£�sxt�d5}�ta}�����{¥°±há{¥zrt�v t�d8h«s�q@s�t�hKg }wuSuSvw���H{¥z>�Ít�v {¥z8�>hK��hKz8�>hKzrt

��vw{|s�s�vwz �>��vruShSs�s�hSsiv�¨²��}�t�h
λk
Ê
k = 1, 2, . . . ,K

® Ò�§|vÄ£ s�{¥ì~hSsiv�¨�h~}wu�d"�Ñvw{|s�s�vwz"s�t���h~}�g�}���h«{¥z8�>hK��hKz8�>hKzrt~Ê
{|�>hKzrt�{|u~}�§¥§¥qa�H{|s�t���{¥¤>y8t�hS�¡��}�z8�>vwg�°w}���{R}�¤>§|hSs~®   z©}w�>�H{¥t�{|vwzZÊr×5vÄ£ s�{¥ì~hSse}���hm}�§|s�v¦{¥z8�>hK��hKz8�>hKzrte¤�hKt¯£¢hShKzá�H{ÚãAhK��hKzrt
s�t���h~}�gis~®FÏÍh0�>hKz8vwt�h0t�d8hSs�h0s�hK��°@{|uSh���h��±y>{¥��hKgihKzrt¦�H{|s�t���{¥¤>y>t�{|vwz8sF¤rq

F kσ (σ)
£
{¥t�d Ë8��s�t²givwgihKzrt�s

E[σk]
®FÏUh

}�§|s�vx�>hLË8z8h�}©»¥Â~º±À²�5}���}�gihKt�hK�mv�¨Ñh~}wu�dÓ��vw{|s�s�vwzÓs�t���h~}�g�Ê5}ws
ρk := λk · E[σk]

®
Ò5vw��t�d>{|s¢s�qHs�t�hKgÝ£
{¥t�dÓÈ²��oas�hK��°@{|uSh�Ê>j¢vwd8hKz«�>hK��{¥°±hKs¢t�d8h ��vw{¥zrtes�t�}�t�{|vwz5}���q¡�H{|s�t���{¥¤>y>t�{|vwz«v�¨ät�d8h�zry>g�¤�hK�
v�¨

uKy8s�t�vwgihK��s4v�¨�h~}wu�dÓuK§R}ws�s~Ê
Nk

Ê>t�va}ws�s�y>gih¦}�°�}�§¥y8h
xk
Ç
k = 1, . . . ,K

Ée}�z8�«t�d5hL{¥�m}�t�t�}�{¥z8hS�Ós�hK��°@{|uShSs~Ê>�8hLz5vwt�hS�
¤rq t�d8hX°�hSuKt�vw�

σk = (σk(1), . . . , σk(xk))
Ê�¤@q Ë8z8�H{¥z>� t�d8hXs�vw§Úy8t�{|vwz t�v }Ìs�q@s�t�hKg v�¨¦{¥zrt�hK����v�ÕÖ�H{ÚãQhK��hKzrt�{R}�§

h��±y5}�t�{|vwz8s~®�ÏÍhXd5}~°±hX¨Üvw�«t�d8hÎ�>hLË8z8hS���>��vw¤5}�¤>{¥§¥{¥t¯q
p(xk, σk(h); h = 1, . . . , xk, k = 1, . . . ,K)dσk :=���

{Nk = xk, σk(h) ≤ σk(h) ≤ σk(h)+dσk(h); h = 1, . . . , xk, k = 1, . . . ,K} � t�d5h4�>hKz8s�{¥t¯qÓÇÜced8hSvw��hKg �@®ñ�
v�¨ �#"~���NÉ !

p(xk, σk(h); h = 1, . . . , xk; k = 1, . . . ,K) =

=p0 · φ(x)
K
∏

k=1

(ρk)
xk

xk!

xk
∏

h=1

1 − F kσ (σk(h))

E[σk]
,
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x = x1 + x2 + · · · + xK
}�z8�

p0 =

(

∞
∑

z=0

ρz

z!
· φ(z)

)−1

{|s�t�d8h��>��vw¤5}�¤>{¥§¥{¥t¯qÓt�d5}�tmt�d8h�s�qHs�t�hKg {|smhKgx�>t¯q±®mced>{|sm{|s²}�§|s�vat�hL��gihK�Î}ws�t�d8h¡·�Â�¹=�iºw»½¼¥¾Äº "Ü¼ªÂw·UÃ�Âw·>Å!"´ºw· "3v�¨ t�d8h
s�q@s�t�hKg�® B¢q

φ(n) = (
∏n
i=1 f(i))−1 £¢h¡�>hKz8vwt�h©}�°±hK��qÎy8s�hL¨Üy>§ ¨Ny>z8uKt�{|vwzZÊ�hKz8uSvwy>zrt�hL��hK� hK°�hK��q@£
d8hK��h¡{¥zÌt�d8h

uSvwy>��s�hFv�¨Ñvwy>�4s�t�y8�Hq±® B¢q©�>hLË8z>{¥t�{|vwzZÊ
φ(0) = 1

®���¤�vÄ°�hF}�z@q©v�¨Ñt�d8h
σk

ga}~q©¤�h²t�}�­±hKz�t�v0gih~}�z�t�d8h���hSs�{|�Hy5}�§
s�hK��°r{|uSh
t�{¥gih�Êrs�{Úz5uKh�t�d8h��>hKz8s�{¥t¯q�¨Üy>z8uKt�{|vwzi{|sØt�d8h4s�}�gih�®   tØ{|sØ£¢vw��t�daz8vwt�{¥z>�¦t�d5}�t �-��®±Ç "~��ÉÑs�}~qHs�t�d5}�t¢µw¼76w¶L·�t�d8h
zry>g�¤�hK�ev�¨A×5vÄ£�s�{¥z¡t�d8h�s�qHs�t�hKg�Ê±t�d8hm}�t�t�}�{¥z8hS�ÎÇª}�z8�©}�§|s�v¦��hSs�{|�Hy5}�§DÉ s�hK��°r{|uShSs¢v�¨Zt�d8hSs�h�×5vÄ£�se}���h4{¥z8�>hK��hKz8�>hKzrt~®
ced>{|s
{|s4}xuSvwgxgivwzX}�t�t���{¥¤>y>t�hFt�vi}�§¥§Zt�d8h�givr�>hK§|s4s�t�y8�H{|hS�«d8hK��h�®

B¢q {¥zrt�hK����}�t�{¥z>� Ç "~��ÉFvÄ°�hK��}�§¥§
σk
Êä£¢hi��hKt�t�d8has�t�}�t�{|vwz5}���qU�H{|s�t���{¥¤>y>t�{|vwz v�¨
t�d8hizry>g�¤�hK��v�¨e×5vÄ£�s¦{¥zÍt�d8h

s�q@s�t�hKg�¨Ü��vwg h~}wu�dÓuK§R}ws�s~ÊH��{¥°±hKz«t�d5}�t�t�d8h�t�vwt�}�§Zzry>g�¤�hK��v�¨�×5vÄ£�s�{¥s
x
®ÑÏÍh��>hKz8vwt�h�t�d>{|s4}ws%!

px1,x2,...,xK
(x) =

∏K
k=1

(ρk)xk

xk! · φ(x)
∑∞

z=0
ρz

z! · φ(z)
.
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ced>{|s3hLÔ@�>��hSs�s�{|vwz��>hK�>{|uKt�sät�d8hØ¨ª}�givwy8sä{¥z8s�hKz8s�{¥t�{¥°r{¥t¯q��>��vw��hK��t¯q±Êw}wsä{¥t3�>hK��hKz8�>s�vwz¦t�d8h s�hK��°r{|uShØt�{¥gih��H{|s�t���{¥¤>y>t�{|vwz8s
vwz>§¥q©t�d>��vwy>��d�t�d8hK{Ú�4gih~}�z8s~®

.mvwt�h
t�d5}�t t�d>{|s {|s�}�§|s�v�t�d8h�s`}�gih�s�qHs�t�hKg$s�t�y8�H{|hS�i¤rq���hK§¥§¥q�Ê±{¥zad>{|s uSvwzrt�hLÔHt�v�¨��ñs�qrgxgihKt���{|u �±y8hKy8hSsÄß �#"~���ÖÊ�{Ú¨
£¢h
uSvwz8s�{|�>hK��t�d8het�vwt�}�§5s�hK��°@{|uShehLãQvw��t

i ·f(i)
¨Üvw� }mt�vwt�}�§>zry>g�¤�hK� v�¨�×5vÄ£�s

i
}�z8�0t�d8h
uSvw����hSs���vwz8�H{¥z>�¦�5}���}�gihKt�hK�

g(n) :=
∏n
i=1 i ·f(i)

®�Ò5vw§¥§|vÄ£
{¥z>��t�d>{|s�}�z5}�§¥qHs�{|s~Ê�£¢h�d5}~°±h
t�d5}�t t�d8h��H{|s�t���{¥¤>y>t�{|vwz¡v�¨Qt�d8h�t�vwt�}�§5zry>g�¤�hK��v�¨A×5vÄ£�s
{¥z«t�d8hFs�qHs�t�hKg�Ê

N
Ê>{|s
��{¥°�hKz�¤rq©t�d8h²¨Üvw§¥§|vÄ£
{¥z>�¡hLÔ@�>��hSs�s�{|vwz !

���
{N = n} = G−1 ρn

g(n)
,
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£
d8hK��h�t�d8h�z8vw��ga}�§¥{¥ìÄ}�t�{|vwzXuSvwz8s�t�}�zrt

G :=
∞
∑

z=0

ρz

g(z)
.

ÏÍh�£
{¥§¥§ s�t�y8�Hq³t�d5hxuSvwz8�H{¥t�{|vwzÍy>z8�>hK�F£
d>{|u�dUt�d>{|sFs�t�}�t�{|vwz5}���q �H{|s�t���{¥¤>y>t�{|vwzÍhLÔH{|s�t�s²{¥zÍvwy>�Fs�qHs�t�hKg�®0Ò8��vwg
t�d8h²§R}ws�t�hLÔH�>��hSs�s�{|vwzZÊ>{¥t
{|s�vw¤r°@{|vwy8s�t�d5}�t�t�d8h²¨Üvw§¥§|vÄ£
{¥z>�ag�y8s�t
¤�hFs�}�t�{|s+Ë5hS� !

∞
∑

z=0

ρz

g(z)
<∞.
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i · f(i) > Rmin ∀ i
ÊH£¢h�d5}~°±h

1

g(z)
<

1

(Rmin)z
∀ z.

ced8hKzÌÇª����É¢¤�hSuSvwgihSs%!

∞
∑

z=0

ρz

g(z)
<

∞
∑

z=0

(

ρ

Rmin

)z

.
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ρ < Rmin
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t�d5}�t�¨ªvw§¥§|vÄ£�s~Ê�£¢he¨Üy>��t�d8hK�Ø�>��vruShShS�at�v��>��vÄ°�h�t�d5}�tØt�d>{|sØ{|s�}�§|s�v¦}0·�¶�Ã`¶`Å�ÅSºw¹�84uSvwz8�H{¥t�{|vwzZ®ÑÏÍhe��hK§¥qxvwzit�d8h4}²�>��{|vw��{
­rz8vÄ£
§|hS�H��h²t�d5}�tet�d8h²s�t�vru�d5}ws�t�{|um�>��vruShSs�s
v�¨3t�d8hmzry>g�¤�hK��v�¨ä×5vÄ£�se{|se{Úz5s�hKz8s�{¥t�{¥°±hw®Øced8hKzá£¢h�}���h�}�¤>§|h²t�v0}��>�>§¥q
­rz8vÄ£
zÓs�t�}�t�hKgihKzrt�s�¨Üvw�
t�d5h�l }���­±vÄ°r{R}�z��>��vruShSs�s~®
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Å#"´º "Ü¼ªÂw·�ºw¹ 8¡Àw¼DÅ#"Ü¹L¼ �# "Ü¼ÜÂ�·³¼ �Fº�·�À©Âw·8»�8i¼ �

ρ < Rmin
�

0¢¹�ÂÄÂ����   t {|s�¤�hSs�t¢t�v¦�>��vÄ°�h�t�d8h�����vw��v�s�{¥t�{|vwz©Ë8��s�t ¨ªvw� t�d8hms�{¥z>��§|hLÕÖuK§R}ws�seu~}ws�h�®�ced8hKz©t�d8h�hLÔHt�hKz8s�{|vwz¡t�v¦g�y>§¥t�{¥�>§|h
uK§R}ws�s�hSsZ{|säh~}ws�q�®Ñj¢vwz8s�{|�>hK��{¥z>�²}�s�{¥z>��§|h uK§R}ws�säv�¨H×5vÄ£�sä£
{¥t�d�}�����{¥°�}�§±��}�t�h

λ
}�z8�¦hLÔ@��vwz5hLz@t�{R}�§@s�hK��°r{|uShØ��h��ry>{¥��hKgihKzrt

£
{¥t�dÍgih~}�z
E[σ]
Ê3{¥t¦{|s¦vw¤r°@{|vwy8s¦t�d5}�t¦t�d8has�t�vru�d5}ws�t�{|ui�>��vruShSs�s�uSvw����hSs���vwz8�>s�t�v³}á¤>{¥��t�dHÕÖ�>h~}�t�d]�>��vruShSs�s¦£
{¥t�d

s�t�}�t�hLÕÖ�>hK��hKz8�>hKzrt
s�hK��°@{|uSh�ÇÜ�>h~}�t�d�ÉØ��}�t�hSs~®�ced8h�s�hK��°@{|uSh���}�t�hm}��8�>��v�}wu�d8hSs¢t�d8h4§¥{¥gx{¥t
Rmin/E[σ]

}ws�t�d8h4zry>g�¤�hK�
v�¨Ñ×5vÄ£�s4t�hLz5�>s4t�va{¥zHË8z>{¥t¯q�®�Ò5vw�4¤�vwt�dXuSvwzr°�hKz>{|hKz8uSh0}�z8�Ó��hKz8hK��}�§¥{¥t¯q�£¢hFga}~q�uSvwz8s�{|�>hK�²}�t4Ë8��s�t4��v�s�{¥t�{¥°±hF¤>{¥��t�d
��}�t�hSs

{λn, n ≥ 0}
}�z8�¡�>h~}�t�d¡��}�t�hSs

{µn, n ≥ 1}
Ê±£
{¥t�d¡t�d5h�§¥{¥gx{¥t�s

λ = lim(λn)
Ê
µ = lim(µn)

}�z8�
d = λ/µ

®
¬mhLË8z8hFt�d8h�s�y>gis

S1 =
∞
∑

n=1

µ1 · · ·µn
λ1 · · ·λn

, S2 = 1 +
∞
∑

n=1

λ0 · · ·λn−1

µ1 · · ·µn
.

�
uSuSvw���H{¥z>�¦t�vFt�d8h�uSvwz8�H{¥t�{|vwz8s���{¥°�hKza{¥za����vw��v�s�{¥t�{|vwz��H®#"�}�z8�¡j¢vw��vw§¥§R}���qF�H®ñ�Fv�¨ �ñ� �ÖÊ±t�d8h
�>��vruShSs�s {|s���hSuKy>����hKzrt�{Úã
S1 = ∞

}�z8��hK����vr�H{|u¦{Úã�Ê5}w�>�H{¥t�{|vwz5}�§¥§¥q±Ê
S2 < ∞

®   t�{|s�z8vwt4d5}�����t�vas�hSh�t�d5}�t4t�d8hSs�h¦uSvwz8�H{¥t�{|vwz8s²}���hFs`}�t�{|s+Ë5hS�
£
d8hKz

d < 1
ÇÜ{ª®àh�®

ρ < Rmin
ÉLÊH£
d>{¥§|hFuSvwzr°±hK��s�h���hK§R}�t�{|vwz8s�d8vw§|�«¨Üvw�

d > 1
®

Ò5vw�
d = 1

Ç
ρ = Rmin

É¢£¢h�u~}�zÓs�d8vÄ£*t�d5}�t�t�d8hFlX}���­±vÄ°¡�8��vruKhSs�s
{|s
��hSuKy>����hLz@t~Ê5s�{¥z8uSh

∞
∑

n=1

µ1 · · ·µn
λ1 · · ·λn

>

∞
∑

n=1

1 = ∞.

.�vwt�h4t�d5}�t¢y>z>§|hSs�sehLÔ@�>§¥{|uK{¥t¢°�}�§¥y8hSs ¨Üvw��t�d8h²}�����{¥°�}�§A}�z8�©s�hK��°@{|uSh4��}�t�hSse}���hms���hSuK{ÚË5hS�QÊ@£¢h�u~}�z>z8vwt¢¨Ny>��t�d8hK�e�>hSuK{|�>h
}�z8�Xt�d8h��>��vruShSs�s�ga}~qÓ¤�h0hK{¥t�d8hK����v�s�{¥t�{¥°±h0vw�²zry>§¥§Ñ��hSuKy>����hKzrt~® ��vÄ£ehK°�hK�~ÊA£¢hxu~}�z �>��vÄ°±h�t�d5}�tm¨ªvw��}©uSvwz8s�t�}�zrt
}�����{¥°w}�§A��}�t�h�}�z8�ás�hK��°@{|uSh���}�t�hKs
�>hK��{¥°±hS�©¤rqXÇ " ��ÉLÊ|Ç " ��ÉLÊHt�d8h²l }���­�v¿°r{R}�z©�8��vruKhSs�s¢{|s²·( r»N» ¸¯¹�¶�Ã� r¹L¹�¶K· "ªÊ>s�v�t�d5}�tet�d8h
��hKz8hK��}�§3z8vwzHÕÖl }���­�vÄ°@{R}�z³�>��vruShSs�smu~}�z>z8vwt�¤�h¦hK����vr�H{|u�®4Ò8vw��t�d>{|s~Ê5{Útms�yHÛauShSs4t�v¡s�d8vÄ£6t�d5}�t�t�d8h�s�hK��{|hSs��>hLË8z8hS�
¤rq

∞
∑

n=1

µn

µ1 · · ·µn

{|sØ�H{¥°�hK����hKzrtÄ®Øory>¤8s�t�{¥t�y8t�{¥z>�¦t�d8h�s�hK��°r{|uSh
��}�t�hSs
µn = n ·f(n)/E[σ]

Êr}�z8�a}¿¨Nt�hK� hK§¥{¥gx{¥z5}�t�{|vwz©v�¨�t�d8h
t�hK��gis NoW
Eb

Ê
E[σ]
£¢h���hKt�¤�vwt�d�{¥z�t�d8h²y>�>§¥{¥z>­�}�z8���>vÄ£
z>§¥{¥z>­�}���v�s�{¥t�{¥°±hFs�hK��{|hSs�v�¨Ñt�d8h²¨Üvw§¥§|vÄ£
{¥z>�a��hKz8hK��}�§Q¨ªvw��g !

∞
∑

n=1

(α− β)(2α− β) · · · (nα− β)

αn · n!
,

Çª����É

£
d8hK��h
α
Ê
β ∈ R

+ Ê�£
{¥t�d a > b
®�ÏÍh�uSvwgx�5}���h�t�d>{|s²}��±}�{¥z8s�tmt�d8haÆ@ºw¹=�iÂw·5¼ÜÃ�s�hK��{|hKs ∑∞

n=1
1
n

Ê�£
d>{|u�dX£¢h¦­@z8vÄ£
{|s��H{¥°�hK����hKzrt~® c�}�­@{¥z>�it�d8h�s�v�ÕÖu~}�§¥§|hS���ñuSvwgx�5}���{|s�vwzÓt�hSs�t4v�¨�t�d8h¦��z8�«­@{¥z8�QßH{¥z �ñ�C")�ÖÊH£¢h�d5}~°�h

(n+ 1)α− β

nα
≥

n

n+ 1
,

£
d>{|u�d�{|s�h��ry>{¥°w}�§|hKzrt�t�v

nα+ (n+ 1)(α− β) ≥ 0.

ced>{|s
d8vw§|�>s
∀ n
Ê8s�v0t�d8hFs�hK��{|hSs��H{¥°±hK����hSs�}�z8�

S2 = ∞
®Øced>{|s�uSvwz8uK§¥y8�>hSs4t�d8h��>��vrv�¨�¨ªvw�
t�d8hFs�{¥z>��§|hLÕÖuK§R}ws�s4u~}ws�h�®

�<�3ÿ��<#
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{|s�ha�>hSuSs���{¥¤�hat�d8hahK°±vw§¥y>t�{|vwzÌv�¨
t�d8h¡s�q@s�t�hKg�¤rqÎuSvwz8s�{|�>hK��{¥z>� }
s�{¥z>��§|h�s�t�}�t�h¦¨ªvw�mt�d8h�zry>g�¤�hK��v�¨Ø×5vÄ£�sm{¥zXt�d8h0s�q@s�t�hKg�®�ÏUh�d5}~°±h�t�d8h0}�������hK�±}�t�hi}�����{¥°w}�§Ñ��}�t�h

λ =
∑K

k=1 λk
®

ced8h¦}�������hK�±}�t�h¦s�hK��°@{|uSh²��}�t�h�{|s�u~}�§|uKy>§R}�t�hS��¤5}ws�hS�«vwz�t�d8h�gih~}�zÓs�hK��°@{|uSh�s�{¥ì~hFv�¨�}�×5vÄ£*{¥z«t�d8hFs�qHs�t�hKg !

E[σ] =
K
∑

k=1

λk
∑K

j=1 λj
E[σk].

Çª�'-rÉ

ced8hKzZÊ�¨Üvw�«}Ít�vwt�}�§²zry>g�¤�hK��v�¨
n
×5vÄ£�sá{¥z t�d8h s�qHs�t�hKg�t�d8hÎ}�������hK�±}�t�hÎs�hK��°@{|uSh³��}�t�hÎ}��±}�{¥z d5}ws©t�d8h³¨Üvw��g

µn = n·f(n)
E[σ]

®�Ò5vw�
n → ∞

ÊAt�d8hxs�hK��°r{|uSh���}�t�h�{|sF}wuSuSvw���H{¥z>��§¥q
µ = Rmin

E[σ]

ÊA£
d8hK��hi}��±}�{¥z
µ1 > µ2 > · · · > µ

®
k�z8h�s�d8vwy>§|�«s�hSh²z8vÄ£�t�d5}�t
¤rq©s�{¥gx�>§¥q¡��hS�>hLË8z>{¥z>�at�d8h²°w}�§¥y8hSs

λ, µn
ÊH£¢hmd5}Ä°�h�hLÔ>}wuKt�§¥q©t�d8h�s�}�gih�s�{¥t�y5}�t�{|vwzÓ}ws

{¥z«t�d8hFs�{¥z>��§|hLÕÖuK§R}ws�s4u~}ws�hF}�z8�«t�d8hFs�}�gihFuSvwz8uK§Úy5s�{|vwz8s�}��>�>§¥q±®
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hK����vr�H{|uK{¥t¯q©uSvwz8�H{¥t�{|vwzZ® ��vÄ£¢hK°±hK�~Ê
�>hSs��>{¥t�h�t�d8h4¨ª}wuKt¢t�d5}�t¢t�d8hmlX}���­±vÄ°@{R}�zá}�z8�¡z8vwzHÕÖl }���­�vÄ°@{R}�z©d5}~°±h4t�d8hms�}�gihms�t�}�t�{|vwz5}���q¡�H{|s�t���{¥¤>y>t�{|vwzZÊH£¢hmu~}�z
vwz>§¥q¡uSvwzw��hSuKt�y>��h²t�d5}�t
t�d8hmz8vwzHÕÖl }���­�vÄ°@{R}�z«�>��vruShSs�se{|s
hK����vr�H{|u²£
d8hKz«t�d8h²uSvw����hSs���vwz8�H{¥z>�alX}���­±vÄ°a�>��vruShSs�se{|sÄ®
ced>{|s3{|s3t�d8h ��h~}ws�vwz�£¢h d5}~°±h¢}~°�vw{|�>hS��t�d8h y8s�h�v�¨8t�d8h�t�hK��g �àhK����vr�H{|u�ß�{¥z�t�d8he}�z>z8vwy>z8uShKgihKzrt�v�¨8t�d8h¢����vw��v�s�{¥t�{|vwzZ®
��¶ �xº�¹ � 
 �	� �   z t�d8h lX}���­�vÄ°@{R}�z�uS}ws�h�Ê4t�d>{|s«����vw��v�s�{¥t�{|vwz6u~}�z*}�§|s�v]¤�hX°@{|hK£¢hS��}ws�}Ìs���hKuK{R}�§Fu~}ws�h v�¨�t�d8h
hK����vr�H{|uK{ÚtâqÍt�d8hSvw��hKg �>��hSs�hKzrt�hS�Ì{¥z �ñ������¨ªvw�0}�z8vwzHÕ´d8vwgivw��hKz8h~vwy8s4�ry5}ws�{ÚÕ´¤>{¥��t�dHÕÖ�>h~}�t�d6Ç � B¢¬FÉF�>��vruShSs�s~®Îk�z8h
u~}�zx�>hK��{¥°�he{¥t�¤@q�uSvwz8s�{|�>hK��{¥z>��t�d8h
}�¤8s�hKz8uSh
v�¨��>d5}ws�hSsÑ{¥z0t�d8hes�qHs�t�hKg�Ê�s�vmt�d5}�tÑt�d8h�� Be¬ ��hS�Hy8uShSsÑt�v�}ms�t�}�z8�8}����
¤>{¥��t�dHÕÖ�>h~}�t�dÍ�>��vruShSs�s~® ��vÄ£¢hK°±hK�~Ê3}©g�y8u�dÍs�{¥gx�>§|hK���>��vrv�¨e{|s¦}�gihKz5}�¤>§|hid8hK��h�Ê3}�z8� £¢ha}���hi}�¤>§|hxt�vá�>��vÄ°±h0t�d8h
�à{Ú¨�}�z8��vwz>§¥q©{Ú¨Äß>uK§R}�y8s�h²¨Üvw��t�d8h�hK����vr�H{|uK{¥t¯q�uSvwz8�H{¥t�{|vwzZ® lXvw��hSvÄ°�hK�~Ê>z8vwt�h�t�d5}�t4hLÔ>uShK�>t
¨ªvw�
t�d8hFh��±y5}�§¥{¥t¯qáu~}ws�h²{¥z
t�d>{|s²uSvwz8�H{¥t�{|vwzZÊQt�d8h0����vw��v�s�{¥t�{|vwzÎd8vw§|�>s²z8v¡ga}�t�t�hK��£
d5}�t²t�d8h�{¥z>{¥t�{R}�§Ñt��`}�z8s�{¥t�{|vwz ��}�t�hSs²{¥zXt�d8h0s�h��±y8hKz8uShSsF}���h
ÇN°r{¥ì�®�t�d8hKqá�>vwzZß t�d5}~°±h²t�vx¤�h²givwz5vwt�vwz8h¦s�h��±y8hKz8uShSsLÉL®
����vÄ°@{|�>hS�Ít�d5}�t0}�z]h��ry>{¥§¥{¥¤>��{¥y>g)�H{|s�t���{¥¤>y>t�{|vwz hLÔ@{|s�t�s~Êä£ehau~}�z]h~}ws�{¥§¥qU�>hK��{¥°±hit�d8hagih~}�zÌt�vwt�}�§�zry>g�¤�hL�0v�¨

×5vÄ£�s
{¥z�t�d8hFs�qHs�t�hKg }ws

E[N ] = G−1
∞
∑

n=1

n · ρn

g(n)
.

Çª����É

Ò>��vwg �#"~���ØÇÜced8hSvw��hKg �H®���É £¢h²}�§|s�v�d5}~°±h�t�d5}�t~ÊH��{¥°�hKz�}�uKhK��t`}�{Úz«t�vwt�}�§Az@y>g�¤�hK�
v�¨ä×5vÄ£�s~Ê@t�d8hm�>��vw¤5}�¤>{¥§¥{¥t¯q©t�d5}�t
}²×5vÄ£ ¤�hK§|vwz>��s�t�v�}FuShK��t�}�{¥záuK§|}ws�s�h��±y5}�§|s t�d5h
¨Ü��}wuKt�{|vwz ρk

ρ

v�¨Q{¥t�s §|v�}w�a{¥zat�d8h�s�qHs�t�hKg�®�ced8hK��hL¨ªvw��h4£¢h�uSvwz8uK§¥y8�>h
t�d5}�t%!

E[Nk] =
ρk
ρ
E[N ].

ced8h0hLÔH��hSuKt�hS�Îs�v���vwy>��z t�{¥gihxv�¨e}áuK§R}ws�s+Õ
k
×5vÄ£ {¥z t�d8hxs�qHs�t�hKg�{|s²t�d8hKzÎh~}ws�{Ú§¥qX�>hK��{¥°±hS� ¤rqX}��>�>§¥q@{¥z>� �Q{¥t�t�§|h�ßàs

§R}~£FÊ
E[Tk] = E[Nk]/λk

®mÒ8vw��}�§¥§�givr�>hK§|s²�H{|s�uKy8s�s�hK�³d8hK��h�Ê�t�d>{|s�}�§¥s�v¡h��ry5}�§|s�t�d8h�gih~}�zXt���}�z5s+¨ÜhK�mt�{¥gih�ÊAs�{¥z8uSh
×5vÄ£�s
{¥gxgihS�H{R}�t�hK§¥q«��hSuShK{¥°±hFs�hK��°@{|uShF}�z8�«§|h~}~°�h�t�d8hFs�qHs�t�hKg2y>��vwzÓuSvwgx�>§|hKt�{|vwzZ®ØÏÍhF}�����{¥°±h¦}�t%!

E[Tk] = E[σk]

∑∞
j=0

ρj(j+1)
g(j+1)

∑∞
j=0

ρj

g(j)

.
Çª����É

j¢vwz8s�{|�>hK��z8vÄ£�t�d8hFu~}ws�h²£
d8hK��hF}�z�y>�>��hK�
¤�vwy>z8�«{|s�s�hKt�vwz«t�d8h²zry>g�¤�hK�4v�¨�}�§¥§|vÄ£¢hS�á×5vÄ£�s
{¥z«t�d5h�s�qHs�t�hKg�Ê
s�}~q

Nmax = M
® B¢§|vru�­�hS��×5v¿£�sm}���h�uK§|h~}���hS�Q®4ced>{|s�ga}~q«¤�h¦z8hSuShSs�s�}���q«{¥zXvw���>hK�mt�vauSvwz8s�t���}�{¥zrtmt�d8h¦t���}�z8s+¨ªhK�

t�{¥gih�Ê5}�z8�«t�dry8s�hKz8s�y>��h¦}�gx{¥z>{¥ga}�§��±y5}�§¥{¥t¯qáv�¨�s�hK��°@{|uSh²t�va}wuSuShK�>t�hS�«×5vÄ£�s~®
Ò5vw�
t�d>{|s
s�q@s�t�hKg�ÊHt�d8h�s�}�gihm¨ªvw��g�y>§R}«Çª�C"ÄÉe}��>�>§¥{|hSs�£
{¥t�d

G(M) :=
∑M

z=0
ρz

g(z)

®Øced8h�u~}�§¥§Q¤>§|vru�­r{¥z>�i�>��vw¤5}¿Õ
¤>{¥§¥{¥t¯q©{|s�t�d8hKz

PB =
�Ø�

{N = M}
Ê>{¥����hSs���hSuKt�{¥°±hFv�¨Ñt�d8hFuK§R}ws�s~®Øced>{|s4h��ry5}�§|s�t�d8h²¨N��}wuKt�{|vwz³v�¨Ñt�{¥gih�t�d8hFs�q@s�t�hKg

{|s ¨Ny>§¥§´Ê@s�{¥z8uSh�£¢h�d5}~°�hm��vw{|s�s�vwz«}�����{¥°�}�§|s²ÇN{´®àh�®Ñt�d8h�£¢hK§¥§ÚÕ´­@z8vÄ£
z«���²o@c3�*�>��vw��hK��t¯q�ÊHs�hKh �ñ�C" �NÉL®   t {|s���h~}w�H{¥§¥q¡s�hShKz
t�d5}�t�t�d8h�¤>§|vru�­r{¥z>�a�>��vw¤5}�¤>{¥§¥{¥t¯q±Ê8¤�hKt�t�hK�4�>hKz8vwt�hS��d8hK��h¦}ws

B(M)
Ê8u~}�z�¤�hFhLÔ@�>��hSs�s�hS�«�H{¥��hSuKt�§¥qá{¥z�t�hK��gis4v�¨Ñt�d8h

z8vw��ga}�§¥{¥ìÄ}�t�{|vwzXuSvwz8s�t�}�zrt�}ws%!

B(M) = 1 −
G(M − 1)

G(M)
.
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" - ������Â1 ���Â1 "NÅ`¼ªÀw¼RÅ��
	�� 	�» "��iºw·
����� �����0¶L»½¼ �
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t�d8hFhLÔH��hSuKt�hS�«t���}�z8s+¨ªhK�4�>hK§|}Äqáv�¨�}xuK§R}ws�s+Õ
k
×5vÄ£6t�d5}�t

E[Tk] =
E[Nk]

λk · (1 − PB)
.

Çª� ��É

ÏUhF}�����{¥°±h¦}¿¨Nt�hK�4s�vwgih�t�hS�H{|vwy8s4u~}�§|uKy>§R}�t�{|vwz8sm}�t%!

E[Tk] = E[σk]

∑M−1
j=0

ρj(j+1)
g(j+1)

∑M−1
j=0

ρj

g(j)

.
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Ò�{¥z5}�§¥§¥q�Ê8}�zá{¥gx��vw��t�}�zrt���hSs�y>§¥t�uSvwz8uShK��z8s
t�d8h²uSvwz8�H{¥t�{|vwz5}�§Zt���}�z8s+¨ªhK�et�{¥gih�v�¨Ñ}¦×5vÄ£�£
d8v�s�h²s�hK��°@{|uShm��h��±y>{¥��hLÕ
gihKzrt�{|s3­@z8vÄ£
z0�>hKt�hK��gx{¥z>{|s�t�{|u~}�§¥§¥q±®Ñced8h���hSs�y>§¥t3{|sÑs�t�}�t�hS��{¥z �#"~� �>vwz>§¥q�¨Üvw��t�d8h�z8vwzHÕ´¤>§|vru�­r{¥z>�Fs�q@s�t�hKg�® ��vÄ£¢hK°±hK�~Ê
{¥t4}�§|s�va}��>�>§¥{|hSs�t�vi}xs�qHs�t�hKg2£
{¥t�d�¤>§|vru�­r{¥z>�8®ØÏÍhm¨Üvw��g�y>§R}�t�hF{¥t
{¥z�t�d8h²¨Üvw§¥§|vÄ£
{¥z>�at�d8hSvw��hKg !
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Âw¼DÅ�ÅSÂw·UÅ�8�Å#"Ö¶ � ��¼ "NÆ º "´Â "´ºw»Ñ»¥ÂÄº�À
ρ
º�·�À
�iº ��¼/�  ,� � ·8¼ "Ö¶aÂw¹

¼D· � ·8¼ "Ö¶á·  � ��¶L¹ÓÂ ��º�À*�0¼ " "Ö¶�À �eÂ��ÑÅ ��"NÆH¶ �a¶�º�·"ÅKÂ��SÂ1 @¹`· "Ü¼ �a¶ÓÂ���º �eÂ
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Â
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c > 0
�Ø¼DÅ�µ�¼76�¶K· � 8

E[T (c)] = c
E[T ]

E[σ]
,

�ÑÆH¶L¹�¶
E[T ]

¼DÅ4"NÆH¶ �a¶�º�·ÍÅKÂ��SÂ1 @¹`· "Ü¼/�a¶x¼N· º³Ã�Âw¹L¹�¶`Å´Á>Âw·�À�¼D·rµÓÅ`¼N·rµw»|¶aÃS»Úº�Å`Å0Å�8�Å#"Ö¶ � ��¼ "NÆ "NÆH¶xÅKº �i¶©¶L·>Å~¶F� �L»|¶
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�ÑÅ²ºw·�À ��¼ "NÆ �a¶�º�·áÅS¶L¹ 6~¼ªÃ`¶
¹�¶ 
� r¼N¹�¶F�a¶L· "

E[σ]
�
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z³¨ªvw��}¡s�qHs�t�hKg £
{¥t�d ¤>§|vru�­r{¥z>�8ÊA£
d8hK��h~}ws²{¥zXt�d5h�z8vwzHÕ´¤>§|vru�­r{¥z>��u~}ws�h�t�d8h�s�}�gih
¨Üvw��g�y>§R}whÍ}��>�>§¥q £
{¥t�d

M = ∞
}�z8�

PB = 0
ÇN��hKgihKg�¤�hK�Ót�d5}�t«{¥z ��hK§¥§¥q�ßàsÓ}�z5}�§¥qHs�{|s~Ê�£¢h ga}~q d5}~°±hU}�z

}���¤>{¥t���}���q s�hK��°@{¥uSh���h��ry>{¥��hKgihLz@t©�H{|s�t���{¥¤>y>t�{|vwz (��]Ç �ZhKgxga}Ì�H®ñ�Uv�¨ �#"~���NÉ�ÉL®�j¢vwz8s�{|�>hK�i×�vÄ£�sav�¨FuK§R}ws�s+Õ
k
£
d8v�s�h

s�hK��°r{|uSh���h��±y>{¥��hKgihKzrt4{|s4�>hKt�hK��gx{¥z>{|s�t�{|u�Ê
c
®ØÒ5vw�
t�d8hK{¥��gih~}�zÓzry>g�¤�hK��{¥zÓs�qHs�t�hKg�ÊH£¢h²d5}~°±h�t�d5}�t%!

E[Nk] =
ρk
ρ

·

∑M
n=1

nρn

g(n)
∑M

z=0
ρz

g(z)

.

B�q«}��>�>§¥qr{¥z>�
E[Tk] = E[Nk]

λk(1−PB)

ÊHt�d8h�gih~}�zÓs�v���vwy>��z«t�{¥gih�£
��{¥t�hSs

E[Tk]

c
=

1

ρ(1 − PB)
·

∑M
n=1

nρn

g(n)
∑M

z=0
ρz

g(z)

.
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E[σ]
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k
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{¥t�d �>hLÕ
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s�hK��°r{|uSh0°±vw§¥y>gih�®xced8hKzZÊZ{¥tF��hK°�h~}�§|s�t�d5}�tFt�d8h0gih~}�zÍs�vw�+vwy>��zÎt�{¥gihiv�¨
}©t���}�z8s+¨ªhK����h��ry8hSs�t�{|s��>��vw��vw��t�{|vwz5}�§ t�v
t�d8h
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:�� íAî�ïñð5î�ú�
ñø¿ð5÷�ð>ù´ó�ô´ï û�ù´î�úQ÷��	�+ó�� �Úó�ôªùÖö`ü	
ñúZö`ðªðª÷��
ø¿ù´ïñó��eö�ü�ó`÷¿ù8ôÖö�ù´ïñó���ö�
 2rö`ø	
 ö��+ú�8 �~ù´ïñú�
àù %Üúâð�ùªôÖö���ð � �Úó�ô��
ð.��ö`û¿ú �Úó�ô�ù´î¿úQï�� (	��ïàù´ú
ðÜýÄðÜù´ú�� ï��Fþ�ó`î�ú��"�

�<�3ÿ��<#



�Zºw¼N¹�¹�º "Ö¶FÅ�Æ@ºw¹L¼N·rµ��iÂ~Àr¶L» ÅF¼D·������
	 "~�

��� � ���	��

����������� � ��� � ����� �
��hK��há£¢h�hLÔ>}�gx{¥z8h«t�d8hÓÈ���o]s�hL��°r{|uShá��hK��{¥gih�v�¨�}Uj¢¬²lX� §¥{¥z>­]y>z8�>hK�¡}ÓË5z>{¥t�h«s�vwy>��uShágivr�>hK§4v�¨�}�����{¥°�}�§|s~®
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M
®²ÏUh�uSvwz8s�{|�>hK�F}¡s�{¥t�y5}�t�{|vwzÎs�{¥gx{¥§R}��²t�v¡t�d5}�t�v�¨¢}�zÎ��z>��s�hKt²givr�>hK§´ÊA{¥z t�d5}�t

t�d8hit���}�z8s�gx{|s�s�{|vwzÌv�¨4}á×5vÄ£$¨N��vwg }�s�vwy>��uSha{|s�¨ªvw§¥§|vÄ£¢hS�Í¤rqU}«��}�z8�>vwg t�d>{¥z>­Î��hK��{|vr�Ìv�¨
t�d5}�t�s�vwy>��uSh�®«ced>{|s
u~}�z¡¤�hKt�t�hK�¢givr�>hK§At�d8h�s�hLz5�H{¥z>���>��v±uShS�Hy>��h²v�¨Zz8vwz©��h~}�§ÚÕ´t�{¥gih�t���}¿Ûau�Ê@{´®àh�®Ñt�d8hms�y8uSuShSs�s�{|vwzáv�¨QË8§|h�t���}�z8s+¨ªhK��se}�z8�
t�d>{¥z>­«��hK��{|vr�>s²uSvw����hSs���vwz8�>{Úz8�©t�v¡t�d8h�}wuKt�{¥°r{¥tâq�v�¨�}i��{¥°±hKz³y8s�hK�~® B¢§|vru�­@{¥z>�¡ga}~qÓvruSuKy>�m£
d8hKzXt�d8h¦zry>g�¤�hK�²v�¨
s�vwy>��uShSsmh`Ô>uShShS�>s�t�d8h¦zry>g�¤�hK�mv�¨�}�§¥§|vÄ£¢hS�Ó×5vÄ£�s

M
®   zÓt�d8{¥smu~}ws�h�Ê5£¢h¦ga}�­±hFt�d8h�s�t�}�z8�8}����X}ws�s�y>gx�>t�{|vwzXt�d5}�t

t�d8h²¤>§|vru�­±hS��s�vwy>��uSh���vrhSs�¤5}wu�­©t�vx{¥t�s �àt�d>{¥z>­@{¥z>�i�>d5}ws�h�ß¥®
ÏÍhxuSvwz8s�{|�>hK�

K
�H{ÚãAhK��hKzrt�uK§R}ws�s�hSs¦v�¨¢×5vÄ£�sÄ®a� }wu�dÌuK§R}ws�sFuSvwz8s�{|s�t�s¦v�¨�}©Ë8z>{¥t�hi��vw�>y>§R}�t�{|vwz]v�¨

Sk
s�vwy>��uShSs

(k = 1, . . . ,K)
®�ÏÍhX}ws�s�y>gih³t�d5}�t©t�d>{¥z>­"t�{¥gihKs«v�¨¦s�vwy>��uShSs©{¥z h~}wu�d�uK§R}ws�s~Ê4}ws©£¢hK§¥§�}ws©t�d8hK{¥�ás�y8uSuShSs�s�{¥°�h

×5vÄ£�s~ßAs�hK��°@{|uSh���h��±y>{¥��hKgihKzrt�s�¨Üvw��g�{¥z8�>hK��hKz8�>hKzrt�¨´}�gx{¥§¥{|hSs�v�¨�{¥z8�>hK��hKz8�>hKzrt~Êä{|�>hKzrt�{|u~}�§¥§Úq �H{|s�t���{¥¤>y>t�hS� ��}�z8�>vwg
°w}���{R}�¤>§|hSs~®iced8hx�>{¥s�t���{¥¤>y>t�{|vwzÎ¨Üy>z8uKt�{|vwz8s�}���hi�>hKz8vwt�hS�Î¤rq

F ki
Ê
F kσ
ÊZ£
{¥t�dÎ°�}�§¥y8hSs���hL¨ªhK����{¥z>��t�vát�{¥giha}�z8�Us�{¥ì~h�Ê

��hSs���hSuKt�{¥°�hK§¥q±ÊH}�z8�©uSvw����hSs���vwz8�H{¥z>�0Ë8��s�t�givwgihKzrt�s
E[τk]
Ê
E[σk]

®�ÏÍhm}ws�s�y>gih4t�d5}�t¢t�d8hm�H{|s�t���{¥¤>y>t�{|vwz©¨Üy>z8uKt�{|vwz8s
}���hF}�¤8s�vw§¥y>t�hK§¥qáuSvwzrt�{¥zry8vwy8s4{¥z

[0,∞)
®

or{¥gx{¥§R}���§¥q t�v��#"~���ÖÊ¢£¢h�£
{¥§¥§²}�§|s�vÍs�}~q]t�d5}�t¡t�d8h³}�¤�vÄ°±hÓ�>hSs�uK��{¥�>t�{|vwz uSvw����hSs���vwz8�>s¡t�vÌ}��iÂÄÀw¼ � ¶�ÀÓ��z>��s�hKt
givr�>hK§9( (¿®xÏÍhx�>hLË8z8h¡}�z5}�§|vw��vwy8s¦§|v�}w�U�5}���}�gihKt�hK��s¦d8hK��h¡}ws

ρk := E[σk]
E[τk]

®iÒ5vw�Ft�d>{|s¦s�qHs�t�hKg�ÊZ£¢hxga}~q³¨ªvw§¥§|vÄ£
t�d8hm}�z5}�§¥qHs�{|s�{¥z �#"~����t�v��>hK��{¥°�h�t�d8h �+vw{¥zrt¢�8hLz5s�{¥t¯qav�¨Zt�d8h�zry>g�¤�hK�ev�¨Q×�vÄ£�s ¨Ü��vwg�h~}wu�dáuK§R}ws�s�t�d5}�t
}���h���hSuShK{Ú°@{¥z>�
s�hK��°r{|uSh�Ê

N
(s)
k

Ç
k = 1, . . . ,K

É
Çª}�z8�it�dry8sØt�d8h���hKga}�{¥z>{¥z>��{|�H§|he×5vÄ£�s~Ê
N

(i)
k

ÉLÊ±t�d8hK{¥�¢}�t�t�}�{¥z8hS�avw�Ø��hSs�{|�Hy5}�§5s�hK��°r{|uSh
�>hKz8vwt�hS�Ì¤rqÎt�d8ha°±hSuKt�vw�

σk = (σk(1), . . . , σk(xk))
Ê�}ws�£¢hK§¥§e}ws�t�d8hat�{¥gih©s���hKzrt�vw��t�{¥gih¡t�vÓ��vÓ{¥zÌt�d8h¡{|�H§|h

�>d5}ws�hFv�¨�t�d8h���hKga}�{¥z>{¥z>�i×5vÄ£�s
¨Ü��vwg.h~}wu�dÓuK§R}ws�s~Ê8�>hKz8vwt�hS��¤rq
τk = (τk(1), . . . , τk(Sk − xk))

®
l }�{¥zrt�}�{¥z>{¥z>�©}�zÓ}�z5}�§|vw��vwy8s4z8vwt�}�t�{|vwzX}ws
{¥z���-8®#"�Ê>£¢hF�>hLË8z8h�t�d8h�{¥zHË8z>{¥t�hSs�{¥ga}�§ä�>��vw¤5}�¤>{¥§¥{¥t¯q !

p(xk, σk(h), τk(m); h = 1, . . . , xk, m = 1, . . . , Sk − xk, k = 1, . . . ,K)dσkdτk :=
���

{N
(s)
k = xk, N

(i)
k = Sk − xk, σk(h) ≤ σk(h) ≤ σk(h) + dσk(h), τk(m) ≤ τk(m) ≤ τk(m) + dτk(m);

h = 1, . . . , xk, m = 1, . . . , Sk − xk, k = 1 . . . ,K}
®

Ò5vw��s�d5vw��t�z8hSs�s~ÊH£¢hF�>hKz8vwt�hFt�d8h��>hKz8s�{¥t¯q©¤rq
p(xk, σk, τk; k = 1, . . . ,K)

®ÑÏÍh²d5}~°±h ( � !

p(xk, σk, τk; k = 1, . . . ,K) =

p(x1, x2, . . . , xK) ·
K
∏

k=1

{

xk
∏

h=1

1 − F kσ (σk(h))

E[σk]

}{

Sk−xk
∏

h=1

1 − F ki (τk(h))

E[τk]

}

Çª����É

£
{¥t�d

p(x1, x2, . . . , xK) =

∏K
k=1

(

Sk

xk

)

ρxk

k · φ(x1 + x2 + · · · + xK)
∑S1

z1=0

∑S2
z2=0 · · ·

∑SK

zK=0
z1+z2+···+zK≤M

∏K
k=1

(

Sk

zk

)

ρzk

k · φ(z1 + z2 + · · · + zK)

Çª�C"ÄÉ

¨Üvw�
0 ≤ x1 + x2 + · · · + xK ≤ M
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t�d5}�t

p(x1, x2, . . . , xK)
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k
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∑

x1+x2+···+xK=M

∏K
k=1
k 6=m

(

Sk

xk

)(

Sm−1
xm

)

ρxk

k ρ
xm
m · φ(x1 + x2 + · · · + xK)

∑S1
z1=0 · · ·

∑Sm−1
zm=0 · · ·

∑SK
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z1+z2+···+zK≤M
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)(
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)
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k ρ
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m · φ(z1 + z2 + · · · + zK)
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1, . . . ,m− 1,m+ 1, . . . ,K, xm ≤ Sm − 1
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p(x1 + · · · + xK = M | xK+1 = 0, τK+1 = 0+) =
∑

x1+···+xK=M

(

S1

x1

)

· · ·
(

SK

xK

)

ρx1
1 · · · ρxK

K φ(x1 + · · · + xK)
∑S1

z1=0 · · ·
∑SK

zK=0
z1+···+zK≤M

(

S1

z1

)

· · ·
(

SK

zK

)

ρz11 · · · ρzK

K φ(z1 + · · · + zK)
,

£
d8hK��h�t�d8hFs�y>g ∑
x1+···+xK=M
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B =
{

xk ≥ 0 :
∑

xk = M ; xk ≤ Sk, k = 1, . . . ,K
}
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E[Tk] =
E[σk]

∑

(x∈F(S,M)) xkf(x1 + · · · + xK)p(x1, . . . , xK)
∑

(x∈F(S,M)) xkp(x1, . . . , xK)

,
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} �
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c
t�d8h

�Hy>��}�t�{|vwziv�¨�}4��hL��hKz8hK��}�t�{¥vwzauKqHuK§|h�Ê�}�z8��¤rq
nk
t�d8h¢zry>g�¤�hK��v�¨���h��±y8hSs�t�sÑv�¨�uK§R}ws�s+Õ

k
t�d5}�t�vw��{¥��{¥z5}�t�hS�i�Hy>��{¥z>�²t�d>{|s

uKq@uK§|h�®�ced8hxs�hK��°r{|uSh0��h��±y>{¥��hKgihKzrt�}�z8�Îs�v��+vwy>��zÎt�{¥gihxv�¨¢��h��±y8hSs�t�s�v�¨euK§|}ws�s+Õ
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�Hy>��{¥z>��t�d>{|sFuKq@uK§|hi}���hx�>hKz8vwt�hS�

¤rq
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(k)
i

Ê
v

(k)
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��hSs���hSuKt�{¥°±hK§¥q�Ê>£
d8hK��h
i = 1, . . . , nk

®
.mvÄ£

ak :=

∫ c

0
xkt f(x1

t + · · · + xKt )dt

{|smt�d8h�t�vwt�}�§Ø}�givwy>zrtFv�¨ £¢vw��­Ót�d5}�t�uK§R}ws�s+Õ
k

�à¤>��{¥z>��s²{¥zrt�v>ß�t�d8h0s�qHs�t�hKg��Hy>��{¥z>�át�d8h���hK��hKz8hK��}�t�{|vwzUuKqHuK§|h�®�ced>{|s
h��±y5}�§|s ∑nk

i=1 u
(k)
i
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xk · f(x1 + · · · + xK)
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∑

x∈F(S,M)

xk f(x1 + · · · + xK) p(x1, . . . , xK) =
1

E[c]
· E

{
∫ c

0
xkt f(x1

t + · · · + xkt )dt

}

=

=
E[nk]

E[c]
·

1

E[nk]
· E

{

nk
∑

i=1

u
(k)
i

}

=

=
E[nk]

E[c]
· E[σk]
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∫ c

0
xkt dt =

nk
∑

i=1

v
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i .
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∑

x∈F(S,M)

xk p(x1, . . . , xK) =
1

E[c]
· E

{
∫ c

0
xkt dt

}

=

=
E[nk]

E[c]
·

1

E[nk]
· E

{

nk
∑

i=1

v
(k)
i

}

=

=
E[nk]

E[c]
· E[vk].
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(ε)
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∑

x∈F(S,M)

xkf(x1 + · · · + xK)

E[σk]
p(x1, . . . , xK)

{|s
t�d8hF�>hK�5}���t�y>��hF��}�t�hFv�¨ÑuK§R}ws�s�Õ
k
×5vÄ£�s�{¥z«t�d8hFs�qHs�t�hKg�Ê>�>hLË8z8hS�³}ws

lim
t→∞

1

t

∫ t

0

xk(υ)f(x1(υ) + · · · + xk(υ))

E[σk]
dυ.
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E[σ]
}�z8�³§|v�}w�

ρ
Ê�£
{¥t�dÎ}

t�vwt�}�§Zga}¿Ô@{¥g�y>g zry>g�¤�hK��v�¨�}�§¥§|vÄ£¢hS�«×5vÄ£�s
M
Ê8vwz8hFvw¤>t�}�{¥z8s�t�d8h�y8s�hL¨Üy>§ZhLÔ@�>��hSs�s�{|vwz !

E[T ] = E[σ]

∑M−1
n=0

(

S−1
n

)

ρn φ(n+ 1)
∑M−1

n=0

(

S−1
n

)

ρn φ(n)
.
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(
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p(g) ·
′
∑

µe(g, g
′) =

′′
∑

µζ(g
′′, g) · p(g′′),
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g′ ∈ Γo(g)
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ζ ∈ e(g′′)
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{N(s) = g′| N(0) = g, c(0) ≥ t}
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c(0) = (ce1(0), ce2(0), . . . , cen(0))
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(N(t), ce(t); e ∈ e(N(t)))
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p(g, t) = p(g) ·
∏

e∈e(g)∩E′

µe(1 −He(x)),
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p(x1, x2) =

(

S1

x1

)(

S2

x2

)

ρx1
1 ρ

x2
2 φ(x1 + x2)

∑S1
z1=0

∑S2
z2=0

z1+z2≤M

(

S1

z1

)(

S2

z2

)

ρz11 ρ
z2
2 φ(z1 + z2)

.
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g = (x1, x2)
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({e1,s1 , e1,s2 , . . . , e1,sx1
}, {e1,i1 , e1,i2 , . . . , e1,iS1−x1

}, {e2,s1 , e2,s2 , . . . , e2,sx2
}, {e2,i1 , e2,i2 , . . . , e2,iS2−x2
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p(x1, x2) · µ1f(x1 + x2) · x1 = p(x1 − 1, x2) · λ1 · (S1 − (x1 − 1))

p(x1, x2) · λ1 · (S1 − x1) = p(x1 + 1, x2) · µ1 · f(x1 + x2) · (x1 + 1),
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p(x1, x2) · µ2f(x1 + x2) · x2 = p(x1, x2 − 1) · λ2 · (S2 − (x2 − 1))

p(x1, x2) · λ2 · (S2 − x2) = p(x1, x2 + 1) · µ2 · f(x1 + x2) · (x2 + 1),
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F(M) = {xk ≥ 0 :
∑

xk ≤M ; k = 1, . . . ,K}
Ç´È²�¢o±ÕÖ��vw{|s�s�vwz�É

F(S,M) = {xk ≥ 0 :
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xk ≤M ; xk ≤ Sk, k = 1, . . . ,K}
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x : 0 ≤ xk ≤Mk +Mc, 0 ≤
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xk ≤
∑

Mk +Mc; k = 1, . . . ,K
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ρ1/ρuSvw����hSs���vwz8� t�vX{¥z8uK��h~}ws�{¥z>�Ívw�i�>hSuK��h~}ws�{¥z>�Îgih~}�z ×5vÄ£.s�{¥ì~hSs~®ÌlXvw��hás���hSuK{ÚË5u~}�§¥§¥q±Ê t�d8h«s�hKt�t�{¥z>�Î{|si}ws�¨ªvw§¥§|vÄ£�s%!
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Ê
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Ê
λ1 = λ2 = 1
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E[τ1] = E[τ2] = 5
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0.2 ≤ ρ1/ρ ≤ 0.8
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q(xxx′,xxx)
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xxx′
}�z5�

xxx
Êw�>hKz8vwt�hS�
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xxx
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¤rq
π(xxx)
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q′(xxx,xxx′) =
π(xxx′)

π(xxx)
· q(xxx′,xxx).
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xxx = (x1, x2, . . . , xK)
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q′(xxx,xxx′) =
ρk

f(x1 + · · · + xk)(xk + 1)
· µkf(x1 + · · · + xk)(xk + 1) =

= λk.
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π(SSS − xxx,xxx) ∝ π1(SSS − xxx) · π2(xxx),
£
d8hK��h

π1, π2
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π(SSS − xxx,xxx) ∝
∏

k∈K

(λk/νk)
Sk−xk

(Sk − xk)!

(λk/µk)
xk

xk!
φ(x1 + · · · + xK).
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hLÛauK{¥hKz@t4uSvwgx�>y>t`}�t�{|vwz5}�§Ñ}�§¥��vw��{¥t�d>gis�¨Üvw�
t�d8h�È²�¢o¡givr�>hK§|sÄ®
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��z>��s�hKt�givr�>hK§|s~®áced5higa}�{¥zÍ¨ÜvruKy8s¦{|s¦vwzÍt�d8hau~}�§|uKy>§R}�t�{|vwz v�¨
t�d8hiz8vw��ga}�§¥{¥ìÄ}�t�{|vwz uKvwz5s�t�}�zrt~Ê�d8vÄ£¢hK°�hK��{¥zÍt�d8h
��vw{|s�s�vwzÓu~}ws�hFvwt�d8hK��gih~}ws�y>��hSs�u~}�z�¤�h�uSvwgx�>y>t�hS�Ó��hSuKy>��s�{¥°±hK§¥q«}ws
£¢hK§¥§´®   t�s�d8vwy>§|�«¤�h�hKgx�>d5}ws�{¥ì~hS��t�d5}�t�t�d8hSs�h
��hSuKy>��s�{¥°�hx}�§¥��vw��{¥t�d>gis¦}��>�>§¥qXvwz>§¥qÓt�v©givr�>hK§|s²£
{¥t�dÎuSvwgxgivwzÍ}wuSuShSs�s~®�k�t�d8hK�¦}wuSuShSs�s²uSvwzrt���vw§���vw§¥{|uK{|hSsFs�d8vwy>§|�
¤�h�hLÔ8}�gx{¥z8hS��s�hK�5}���}�t�hK§¥q�®
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u~}ws�h�ÊHhLÛauK{|hKzrt
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G(M) =
∑M

z=0
ρz

g(z)

Ê5}�zÓh~}ws�q¡Ë8��s�t
��hSs�y>§¥t�{|s%!

G(M) = G(M − 1) +
ρM

g(M)
,
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G(0) = 1

®¦ced>{|s²{|s�}©s�yHÛauK{|hKzrt���hSuKy>��s�{|vwz ¨Üvw��u~}�§|uKy>§R}�t�{¥z>�³}�§¥§Ñ°w}�§¥y8hSs�v�¨�t�d8h�z8vw��ga}�§¥{¥ìÄ}�t�{|vwzÌuKvwz5s�t�}�zrt~®
Ò>y>��t�d8hK�~Ê�s�{¥z8uSh

B(M) = 1−G(M−1)
G(M)

t�d8h�¤>§|vru�­r{¥z>�m�8��vw¤5}�¤>{¥§¥{¥t�{|hSs�u~}�z�¤�h�uSvwgx�>y>t�hS��¨Ü��vwg�t�d8h¢s�}�gih���hSuKy>��s�{|vwzZ®
��vÄ£¢hK°±hK�~Êr£¢h4z8vwt�h�t�d5}�t¢{¥z¡�>��}wuKt�{|uShmt�d8h4z8vw��ga}�§¥{¥ìÄ}�t�{|vwz�uSvwz8s�t�}�zrt�s¢ga}~qx¤�h��±y>{¥t�h�§R}�����h�Êr£
d>{|u�dáuSvwy>§|�¡§|h~}w�¡t�v
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{¥s�t�d8hK��hL¨Üvw��h¦v�¨�{¥zrt�hK��hSs�t
t�vx�>hK��{¥°±h¦}���hSuKy>��s�{|vwz³s�vw§|hK§¥q¡¨Üvw�
t�d5h²¤>§|vru�­@{¥z>�i�>��vw¤5}�¤>{¥§¥{¥t�{|hSs~® ÏUh�ga}~q«}��>�>§¥q©t�d8h²¨Üvw§¥§|vÄ£
{¥z>�aga}�z>{¥�>y>§R}�t�{|vwz !

B(M) =

ρM

g(M)

G(M)
=

ρM−1

g(M−1) ·
ρ

Mf(M)

G(M − 1) + ρM

g(M)

=

ρ
Mf(M)

G(M−1)+ ρM

g(M)

ρM−1

g(M−1)

.

ced8hK��hL¨Üvw��h�Ê

B(M) =

ρ
Mf(M)

1
B(M−1) + ρ

Mf(M)

,
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£
d8hK��h
M ≥ 1

}�z8�
B(0) = 1

®
lXvw��h²}~£
­@£e}����á��hSuKy>��s�{|vwz8s
u~}�zá¤�h²�>hK��{¥°±hS�¡¨ªvw�¢t�d8hmgih~}�z«zry>g�¤�hK��v�¨8��vw¤8s¢{¥zát�d8h²s�qHs�t�hKg2}�z8�©t�d8hmgih~}�z

s�v��+vwy>��zÎt�{¥gihxv�¨
}©uK§R}ws�s�Õ
k
��vw¤Z®�¬²hLË8z8h

E(M) := {E[N ] |max. jobs = M}
®�ÏUhx}�����{¥°±hi}�t²t�d8h�¨ªvw§¥§|vÄ£
{¥z>�

��hSuKy>��s�{|vwz !

E(M) =
E(M − 1) + ρ

f(M) ·B(M − 1)

1 + ρ
Mf(M) ·B(M − 1)

,
Ç - ��É

{¥zat�hK��gis¢v�¨
E(M −1)

}�z8�
B(M −1)

Ê±£
d8hK��h
E(0) = 0

®Øor{¥z8uSh
E[Nk] = ρk

ρ
E[N ]
Ê±{¥t {|s¢}�§|s�v�s�t���}�{¥��drt+¨Üvw��£e}����

t�v0uSvwgx�>y>t�h²t�d8h²gih~}�z«zry>g�¤�hK��v�¨�uK§R}ws�s�Õ
k
��vw¤8se��hSuKy>��s�{¥°±hL§¥q±® B¢q¡�>hKz8vwt�{¥z>�¡}�§|s�v�t�d8hmgih~}�z�s�v��+vwy>��zát�{¥gih�v�¨Ñ}

uK§R}ws�s+Õ
k
��vw¤Ó}ws

Tk(M) =
ρk
ρ

·
E(M)

λk(1 −B(M))
£¢h�hKz8�«y>��{¥z !

Tk(M) =
ρk
ρ

·
E(M − 1) + ρ

f(M) ·B(M − 1)

λk[1 −B(M)][1 + ρ
Mf(M) ·B(M − 1)]

.
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���
{N ≥ a} =

∑M
n=a

ρn

n!

G(M)
=
G(M) −G(a)

G(M)
= 1 −

G(a)

G(M)
.
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���
{N = a} =

���
{N ≥ a− 1} −

�Ø�
{N ≥ a} =

=
G(a) −G(a− 1)

G(M)
.
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¨Ü��vwg2t�d5hFhLÔ@{|s�t�hKz8uSh¦v�¨�t�d5h
φ
Õª¨Üy>z8uKt�{|vwz

{¥z«t�d8hFs�t�h~}w�HqrÕÖs�t�}�t�hFu�d5}���}wuKt�hK��{|s�t�{|uSs~®
Ò5vw��hLÔ8}�gx�>§|h�Ê�{Ú¨Ø{¥t4£¢hK��hKzZß t�¨ªvw�4t�d8h

φ
Õª¨Ny>z8uKt�{|vwzZÊ�t�d8hF¨Üvw§|vÄ£
{¥z>�©��hSuKy>����hKz8uSh���hK§R}�t�{|vwzX£¢vwy>§|�X}��>�8§Úq«¨Üvw��t�d8h

givr�H{ÚË5hS�Ó��z>��s�hKt4s�qHs�t�hKg ÇN£¢h�ga}�{¥zrt�}�{¥zÓt�d8h�z8vwt�}�t�{|vwzÓ{¥zrt���vr�Hy8uShS��{¥z���-8®ñ��É !

G(S,M) = G(S − 1k,M) + ρk ·G(S − 1k,M − 1).

Ò>y>��t�d8hK�~Ê�t�d8h¡s`}�gihi��hKuKy>��s�{|vwzÌ£
{¥t�d
ρk
��hK�>§R}wuShS�Ì¤rq

ρk/c
£¢vwy>§|�]}��>�>§¥qU{¥z]u~}ws�hat�d8h¡s�hK��°@{|uShi��}�t�ha¨Ny>z8uKt�{|vwz

��hKga}�{¥z8hS�ÓuSvwz8s�t�}�zrt~Ê
f(n) = c ∀n

®
$�zH¨Üvw��t�y>z5}�t�hK§¥q d8vÄ£¢hK°±hK�~Êät�d>{|sF�>vrhSs�zäß t¦£¢vw��­Xd8hK��h�®iÒ8y>��t�d8hK��givw��h�Ê�vwt�d8hK� B�y>ì~hKzHÕ´t¯q@��h � � �Ø��hSuKy>��s�{|vwz8s¦�>v

z8vwtÑ§|hS}w�i}�zrqr£
d8hK��h�®   zx}w�>�H{¥t�{|vwzZÊ�z8vwt�h¢t�d5}�tÑ£¢heu~}�z>z8vwt�s�{¥gx�>§¥{Ú¨Nq¦t�d>{¥z>��sÑ¤rq�uSvwz8s�{|�>hK��{¥z>�Fvwz8hes�qHs�t�hKgÙs�t�}�t�h�Ê�}ws
{¥z©t�d8h²�Ñvw{|s�s�vwz�}�����{¥°�}�§|s¢givr�>hK§´® �mhKz8uSh�ÊH{¥tes�hShKgised>{¥��d>§¥q¡y>z>§¥{¥­�hK§¥q¡t�d5}�t�}�zrqa­@{Úz5�©v�¨3��hSuKy>����hKz8uSh²��hK§R}�t�{|vwz8s�d>{¥�
hLÔ@{|s�t�se¨ªvw�
t�d8h�z8vw��ga}�§¥{¥ìÄ}�t�{|vwzXuSvwz8s�t�}�zrt~®

.mhK°�hK��t�d8hK§|hSs�sÄÊ�£¢hÍu~}�z�uSvwz8s�{|�>hK� }�zÙ}��>�>��v�}wu�dÐs�{¥gx{¥§R}��³t�v t�d8hU¨ª}�givwy8s �F}�yH¨Üga}�z@Þr�4vw¤�hK��t�sX��hSuKy>��s�{|vwz
Ç��#" � �ÖÊ��ñ�����NÉLÊ5}�z8�«t���q©t�v0��hSuKy>��s�{¥°±hK§¥qáuSvwgx�>y>t�hFt�d8h��>��vw¤5}�¤>{¥§¥{¥t¯q

Q(S, n) =
∑

x∈F(S,M)
x1+···+xK=n

p(x1, . . . , xK).

  zÎt�d>{|s�£e}~q�ÊZ£¢hi}���hxvwz>§¥q vruSuKy>�>{|hS�Î£
{¥t�dUt�d8hxs�y>g�v�¨¢t�d8hx°w}���{R}�¤>§|hSsF£
d>{|u�dÍhKzrt�hK��s¦}ws¦}�zÍ}�����y>gihKzrt¦{¥zÎt�d8h
φ
Õª¨Üy>z8uKt�{|vwzZ® �4§|s�v>ÊH£¢h�u~}�zÓs�t���}�{¥��drt�¨Üvw��£e}����H§¥q�vw¤>t�}�{¥z�t�d8h�z8vw��ga}�§¥{¥ìÄ}�t�{|vwzXuSvwz8s�t�}�zrt4s�{¥z8uSh

G(S,M)−1 = Q(S, 0).

ÏÍh��>hK°�hK§|vw�³}0��hSuKy>����hKz8uShF��hK§R}�t�{|vwz�¨ªvw�
Q(S, n)

}ws
¨Üvw§¥§|vÄ£�s%!

Q(S, n) =

S1
∑

x1=0

· · ·

Sk
∑

xk=0

· · ·

SK
∑

xK=0
x1+···+xK=n

K
∏

j=1

(

Sj
xj

)

ρ
xj

j · φ(n) =

=

S1
∑

x1=0

· · ·

Sk
∑

xk=0

· · ·

SK
∑

xK=0
x1+···+xK=n

[(

Sk − 1

xk

)

+

(

Sk − 1

xk − 1

)] K
∏

j=1,
j 6=k

(

Sj
xj

)

ρ
xj

j ρ
xk

k · φ(n) =

=

S1
∑

x1=0

· · ·

Sk−1
∑

xk=0

· · ·

SK
∑

xK=0
x1+···+xK=n

(

Sk − 1

xk

) K
∏

j=1,
j 6=k

(

Sj
xj

)

ρ
xj

j ρ
xk

k · φ(n)+

+

S1
∑

x1=0

· · ·

Sk
∑

xk=1

· · ·

SK
∑

xK=0
x1+···+xK=n

(

Sk − 1

xk − 1

) K
∏

j=1,
j 6=k

(

Sj
xj

)

ρ
xj

j ρ
xk

k · φ(n)

B�qi��hK�+¨Üvw��gx{¥z>�0t�d8hmu�d5}�z>��h²v�¨Z°�}���{R}�¤>§|h
x′k = xk− 1

{¥z¡t�d8hms�hSuSvwz8�©§|}�����hms�y>gxga}�z8�«}�¤�vÄ°�h²}�z8�¡z8vwt�{¥z>��t�d5}�t
φ(n) = φ(n−1)

f(n)

ÊH{¥t4u~}�z���h~}w�H{¥§¥q©¤�hFs�hShKz�t�d5}�t

Q(S, n) = Q(S − 1k, n) +
ρk
f(n)

Q(S − 1k, n− 1),
Çª����É
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d8hK��h�£¢h�{¥z8s�{|s�tmt�d5}�t
n ≥ 1

®mced>{|sm{|s²}a��hSuKy>��s�{|vwzX{¥zXt¯£¢vá}�����y>gihKzrt�s²£
d>{|u�dZÊAt�vw��hKt�d8hK�²£
{¥t�dXt�d8h�uSvwz8�H{¥t�{|vwz
∑M

n=1Q(S, n) = 1 ∀ S
}�z8� � }��>�>��vw�>��{R}�t�h�ßZ{¥z>{¥t�{R}�§ uSvwz8�H{¥t�{|vwz8sÄÊäu~}�zÍhK°�hKzrt�y5}�§¥§Úq ��{¥°�h0t�d8hx°w}�§¥y8hiv�¨¢t�d8h0z8vw�+Õ

ga}�§¥{¥ì~}�t�{¥vwzÍuSvwz8s�t�}�zrt~® B¢qX}��>�>��vw�>��{R}�t�h0{¥z>{¥t�{R}�§�uSvwz8�H{¥t�{|vwz8s�£¢h�gih~}�zU}�zrqÓz8vwzHÕ´ì~hK��vá°w}�§¥y8h0v�¨
Q(S, n)
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