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Modelisation des dérivées topologiques pour des
problémes de contact.
Résumé : La forme de la dérivée topologique est établie pour une classe de problémes

unilatéraux en mécanique du solide. Des méthodes numériques sont proposées et testées
pour calculer cette dérivée.

Mots-clés :  optimisation de formes, derivée topologique, probléme de contact, inegalité
variationnelle, analyse asymptotique, fonctionnelle de I’énergie.
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1 Introduction

We describe briefly the contents of the report. The problem of topology optimisation is
considered for free boundary problems of thin obstacle types. The formulae for the first
term of asymptotics for energy functionals are derived. The precision of obtained terms is
verified numerically. The topological differentiability of solutions to variational inequalities
is established. In particular, the so-called outer asymptotic expansion for solutions of contact
problems in elasticity with respect to singular perturbation of geometrical domain depending
on small parameter are derived by an application of nonsmooth analysis. Such results lead
to the topological derivatives of shape functionals for contact problems. The topological
derivatives are used in numerical methods of simultaneous shape and topology optimisation.

In the engineering literature there are many results concerning the shape optimization
of contact problems in elasticity. The boundary variations technique for such problems is
desribed in [32] in the framework of nonsmooth analysis combined with the speed method.
Nonsmooth analysis is necessary since the shape differentiability of solutions to contact prob-
lems is obtained only in the framework of Hadamard differentiability of metric projections
onto polyhedric sets in the appropriate Sobolev spaces. However, to our best knowledge,
there is no numerical methods for simultaneous shape and topology optimization [38] of
contact problems. The main difficulty in analysis of contact problems is associated with the
nonlinearity of the nonpenetration condition over the contact zone which makes the bound-
ary value problem nonsmooth. In the paper we propose a metod for numerical evaluation
of topological derivatives for such problems. The notion of topological derivative of a shape
functional is introduced in [33], [34]. The knowledge of topological derivatives is required
for the optimality conditions of simultaneous shape and topology optimisation. The topo-
logical derivative of a given shape functional can be determined from the variations of the
shape functional created by the variations of the topology of geometrical domains. The
topology variations are defined by nucleation of small holes or cavities or more generally
small defects in geometrical domains. The modern mathematical background for evaluation
of such derivatives by the asymptotique analysis techniques of boundary value problems is
established in [27]. In [27] the error estimates for asymptotic approximations of solutions to
boundary value problems in singularly perturbed geometrical domains are provided in the
weighted Holder spaces. The asymptotic approximations of solutions are used in order to
established the explicit formulae for the topological derivatives of shape functionals.

The main idea we use to derive the topological derivatives for contact problems is the
modification of the energy functional by an appropriate correction term and subsequent
minimisation of the resulting energy functional over the cone of admissible displacements.
Such an approach leads to the outer approximations of solutions to variational inequalities.
The following step in asymptotic approximation of solutions is an application of self adjoint
extensions of elliptic operators [28] with asymptotic point conditions for the contact prob-
lems which results in the asymptotically exact approximations. We point out that in the
framework of self adjoint extensions studied in [28] for linear problems, the approximate
solutions with asymptotic point conditions at the centre of the hole O are critical points
of the appropriate energy functional. We restrict ourselves to the case of outer approxima-
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4 Sokolowski € Zochowski

tions of solutions. Such an approach is justified, by the applications to numerical methods
of topology optimisation. For linear problems, outer approximations are used e.g., in [§],
see also [, for derivation of topological derivatives for isotropic elasticity. However, the
complete asymptotic analysis necessary to justify the derivation of topological derivatives
for general linear boundary value problems is performed in [27].

In the paper we derive useful formulae for the correction terms of the energy function-
als. We restrict ourselves to two dimensional problems and to singular perturbations of
geometrical domains in the form of small discs. Two representative problems are considered
including the Signorini problem and the frictionless contact problem in linear elasticity.

The correction terms are derived in such a form, that the numerical verification of its
precision is straighforward. On the other hand, the terms are directly used to establish the
topological differentiability of solutions to variational inequalities. As a result, the one term
outer expansion of solutions is derived for a class of nonlinear problems. Outer expansion
means that the expansion is precise far from the hole, the expansion precise near the hole is
called inner expansion and usually the matching procedure is applied [9], [20] to construct the
global asymptotic approximation of solutions to boundary problems in singularly perturbed
geometrical domains.

The topological differentiability of the energy functional for scalar Signorini problem is
obtained in [B] under some regularity assumptions. We obtain the results on the topological
differentiabilty of solutions to Signorini problem and to the contact problem in elasticity
in the framework of nonsmooth analysis. It means that we establish the first order outer
asymptotic approximation of the solutions to the variational inequality in the singularly per-
turbed geometrical domains. Such an approximation is constructed by replacing the exact
energy functional by its asymptotic approximation and by subsequent minimization of the
approximate energy over the convex cone. Equivalently, it means that the approximate bi-
linear form is constructed and the variational inequality is considered for such a form. Since
the singular perturbation of geometrical domain is replaced by the regular perturbation of
the bilinear form, we can apply the well established technique of conical differentiability of
solutions to variational inequalities to derive the required outer approximation of solutions.
Actually, our approach consists of two steps. First, the energy functional is analysed in the
domains including small holes. The first term of asymptotics is identified for the energy func-
tional, and the form of the term is selected in such a way that the numerical computations
are easy to perform. We provide results of computations in order to compare the different
equivalent forms of the correction terms of the energy functionals. In the second step, for
the approximate of energy functional, the minimization problem over a convex cone in the
energy space is considered. This problem leads to variational inequality depending on the
small parameter p, which admits the unique solution for the parameter p € (0, pmin]. The
parameter p describes the size of the opening B(p) in the domain Q, = Q\ B(p), and pmin is
sufficiently small to assure the existence of an unique solution for the variational inequality.
The new result of the paper is the proof, that the solutions of variational inequalities are
Hadamard differentiable with respect to p, at p = 0+. The conical differential of solution
to variational inequality is given by a unique solution of an auxiliary variational inequality.

INRIA



Topological derivatives for contact problems 5

The auxiliary variational inequality is explicitely determined. In particular, such a result on
conical differentiability can be used for simultaneous shape and topology optimization for
contact problems in the way proposed in [38].

The procedure we use in the paper can be described in the following way.

First, let us consider the Signorini problem. It is a classical free boundary problem with
an obstacle on the boundary I';. The solution u(2) of such a problem with the domain of
integration Q C IR? satisfies the variational inequality

u=u() e K : QVU-V(v—u)ZOVUEK (1)

where
KQ)={ve H(Q)v=gonTy, v>0o0nT,}. (2)

For the domain €2,, with the small hole B(p) in the form of a disc B(p) = {z : |z — O| <
p} C Q, O is the centre of the hole, the solution of the Signorini problem is denoted by
u = u(,), such a solution is unique for small p. We assume in the sequel that O is the
origin. In addition, u(£2,) satisfies the homogeneous Neumann condition on the boundary
', of the hole B(p).

We are interested in the asymptotic behaviour of u(2,) € H'(€2,) for p — 0+. The energy
functional for €2,, p > 0, p small enough,

e@) =5 [ Ivu@)I?

admits the asymptotic expansion [[B], p. 755, (4.28)]
p> 2 3—6
£(2,) = £@) + LT [Vu@: 0)1 + 05"~
for some 0 < § < 1. The first order correction term p?b(u(Q), u(2)) = —p27|Vu(Q; O)|?

in the energy functional can be represented in the equivalent form of a line integral over a
circle 'r = {z : |x — O] = R} with the centre at O

(f omae) s (f s

Therefore, we can define the new energy functional defined on €2 and depending on the small
parameter p,

1
2m RS

b(u,u) =

1
Bolpiw) = 5 [ IVl do+ pb(u.w)

The functional Ey(p;w) substantially differs from the energy defined for selfadjoint exten-
sions of elliptic operators, which includes the so-called separated asymptotics [24], [28], and
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6 Sokolowski € Zochowski

leads to asymptotically exact approximation of u({2,) in the linear case. Minimizing the
functional Ey(p;w) over the set K = K(Q2) leads to the solution u, which is an outer
approximation of the solution u(€,). For the outer approximation we have the following
expansion in H'((2), with respect to the small parameter,

up = u(Q) + pq + o(p?) . (3)

Expansion (@) follows by an application of the conical differentiability of solutions to varia-
tional inequalities.

Remark 1 From the results of ([Zl}], Chapters 2 and 4) it follows that we have the following
properties of the asymptotic approximations U for the problem in a ball.
For the equation

—Au=0 in B;(O)\wz:, u=g onS(0), I u=0 on duw
The following estimate hold true
lu—Us HF2(S1(O))|| + (100 (u = U); HT2(S1(0))|| < ene' " |lg; HFV2(S1(0))]]

where k > 0, ¢, — 00 as k — 0+; ¢, depends only on | and w; 1 € IN = {1,2,...} can be
taken arbitrary.

Here U stands for the asymptotic approzimation of u, and w is a hole, w. = cw, the origin
0 e w.

The same estimate holds [Z5] with | + 1/2 replaced by I 4+ o for any o € (0,1).

Now, let us consider the asymptotic analysis of solutions to variational inequalities in
the abstract setting.
We consider the variational inequality

u, € K+ alp;up,v—u,) >0 Yve K,
where the bilinear form is given by
a(p; u,v) = a(0;u,v) + p°b(u, v)

and p > 0 is a small parameter. The bilinear form a(p;u,v) is determined by asymptotic
analysis of the appropriate energy functional depending on the problem. The parameter p
measures the size of small defect in the geometrical domain of integration Q, for solutions
of the variational inequality. In particular, we show that the perturbation b(u,v) can be
expressed in two different ways.

e as the pointwise values of some differential expression;

e or equivalently, as a line integral over a circle in the domain of integration.

INRIA
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Numerical examples confirm that the second expression is more suitable for the numerical
methods.

The paper contains two parts. In the second part the formulae are derived for the
perturbation b(u,v) for two different two dimensional problems by an application of the
asymptotic analysis.

In the first part of the paper, for the variational inequality depending on the small
parameter p > 0, the expansion of solutions is derived for p > 0 sufficiently small

u, =u+ p°q+o(p®) .

The term ¢ is called the topological derivative of the solution u(Q) to the variational in-
equality. In fact, our construction results in the first term of asymptotics of solutions to
variational inequalities, which is asymptotically exact far from the geometrical singularity.
However, we do not require any additional regularity on the unknown solutions in order to
derive the above expansion. Such a regularity is usually required in the existing literature,
and in general cannot be verified. We refer the reader to [2], [3], [4], [5], [T9], [20], [21], [22],
[23] for the related results on asymptotic analysis of energy functionals and of variational
inequalities. Self adjoint extensions of elliptic operators are analysed in [7], [14], [29], for
problems with geometrical singularities. Applications of such asymptotic analysis to shape
optimization are given in [27], [28], [34], [38], [8].

1.1 Signorini problem

We establish the conical differentiability of solutions to Signorini problem with respect to
the small parameter. The obtained expansion of solutions to the Signorini problem can
be interpreted as the first order outer asymptotic expansion in the spirit e.g., of [27]. So,
this way, we can define the topological derivatives of some shape functionals, including the
energy functional, for variational inequalities. To our best knowledge this is the first result
in this direction derived without any assumptions on the strict complementarity conditions
for the unknown solutions to the obstacle problems.

In order to introduce the Signorini problem in 2, we need the bilinear form a(-, -) defined
over the domain of integration ©,, the convex set K(Q,) C H'($,), the linear form L(:)
which is assumed to be zero in what follows. We are going to define the variational inequality
over the space H'(Q,), where Q, = Q\ B(p), with the small ball B(p) = {z € R?|||z— 0| <
p} excluded from (2, here the origin O is the centre of the ball. So, the variational inequality
reads :

Find u(Q,) € K(Q,) = {v € H'(Q,)lv =g onTov >0 on Iy} such that a(u,v —u) >
L(v —u) for all v € K(Q,).

The unique solution u(£2,) of the variational inequality depends on the small parameter p.
In order to analyse the dependence of the solution u(£2,) on p we proceed in the following
way. The bilinear form

a(u,v) = Vu - Vudz
Q,
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defined on the variable geometrical domain €2, is linearized using the asymptotic expansions
technique for the energy functionals. The linearized bilinear form is denoted by a(p;-,-)
and contains in two dimensions the term of order zero with respect to p and the first order
perturbation depending on p?. In Section Bl the following bilinear form is identified as the
first order perturbation

1 1
b(w7v):_7r—]%ff5 FwaldS/FvaldS_w—RG Fwagds/FRvmgds.

The bilinear form b(w,v) is continuous on the space H!(Q2), where I'p = OB(R), and the
ball B(R) C Q. Thus, the bilinear form a(-,-) is replaced in the variational inequality over
Q by the integral expression, depending only on p as a small parameter,

a(p;w,v) = / Vw - Vodz + p*b(w,v) , (4)
Q

a(p;w,v) is defined over the domain of integration Q C IR? with the smooth boundary
00 =Ty UT,, with w, v in the energy space H'(Q2). We denote

Hi (Q)={ve H'(Q)v=0 onTy}

and note that {K(Q) — K(Q)} C Hf (), however K (Q) C H'(Q), nevertheless the tangent
cone Tk (v) C Hf (Q) for all v € K(Q).
Thus, the singular perturbation of the geometrical domain (2, is replaced in the variational
inequality under considerations by the regular perturbation of the bilinear form. For such
regular perturbation the standard sensitivity analysis of variational inequalities over poly-
hedric sets in Dirichlet spaces applies (see e.g., [31], [T2]) and the first order expansion of
the solution with respect to the small parameter is obtained. We refer the reader to [5] for
the direct asymptotic analysis of the energy functional for the Signorini problem.

We show that for p small enough, bilinear form ) is elliptique (coercive) on the space
HY, (). To this end we observe that

2 2 2 2
P P 2 2 2
_— d d < — d ds = 5
T </1‘sz1 s> —I—(/FRw:cg s> _WRG/FRw S/FR(Il—I—:cz) s (5)
2p? 2 2p° 2
=75 er dsSC(Q)ﬁ/QHVwH dx
hence

2
o) > (1-C2) [ Vulfde > 1 [ [Vl do
R Q 2 Q

’2
ciently small we can consider the variational inequality with the bilinear form a(p; w, v) over

for p € [O L %}, which completes the proof of the coercitivity. Therefore, for p suffi-

INRIA



Topological derivatives for contact problems 9

the convex set ().
Let u, denotes the unique solution of the following variational inequality

u, €K : alppw,v—w)>0 YvekK. (6)

Theorem 1 For p sufficiently small we have the following expansion of the solution u,,
with respect to the parameter p, at 0+,

u, = u+ p°q+o(p?) , (7)

where the outer topological derivative q of the solution u = u(Q) to the Signorini problem is
given by the unique solution of the following variational inequality

q€Sk(u)={veH (V>0 onZ(u), alu,v)=0} (8)
a(g,v—q) +b(u,v—q) >0 Yo e Sk(u) . (9)

The coincidence set Z(u) = {x € Tslu(z) = 0} is well defined [T for any function u €
HY(Q), and u € K CV = H'(Q) is the solution of the variational inequality for p = 0.

Proof. The result follows by an abstract result on the differentiability of metric projection
onto the polyhedric convex set in Dirichlet space. To apply the result for the Signorini
problem we have to verify that the set K satisfy property ([I2) given below. First, we
introduce the notation. Given ug € K we define

Ck(ug) ={veV; 3t >0 suchthat wuo+tve K}, (10)
Tk (ug) = Ck (uo) - (11)

Tk (up) is called the tangent cone to K C V at ug € K. For the convex sets with unilateral
constraints in function spaces, the tangent cones are determined in [31]. The space H'(f2)
is a Dirichlet space, and the so-called capacity can be introduced in such a space. However,
we are going to define all necessary objects without referring to the capacity of sets. For any
positive measure p of finite energy [31] living on the coincidence set = = {a € T's|ug(xz) = 0}
we introduce the cone

D) =t = (v € HE, @, 0) = ] = [ vau=0)

It is shown in [31] that in the Dirichlet space, which applies to the Sobolev space H%O(Q),
the folowing condition is satisfied for all ug € K and all positive measures p of finite energy
living on =,

Tk (uo) N O(p) = Cr (uo) N O(p) - (12)

We denote ug = u(€2) and define the positive measure p of finite energy

(p,v) = / Vug - Vudz .
Q

RR n° 5599



10 Sokolowski € Zochowski

Thus, applying the results of [3T] we have
Sk (ug) =Tk (up) NO(p) ={v € H%U(Q)h} >0 onZ(u), a(ug,v)=0}

Since the convex set K C H(Q) is polyhedric, the Hadamard differential of metric projection
at up € K in the space H'(1) is given by the metric projection onto the cone Sk (ug). We
can use an abstract result given by Theorem [ proved in [[32], Theorem 4.14, Section 4.2]
for the sensitivity analysis of solutions to variational inequalities. Theorem Plis used for (B
with t = p? and a;(-,-) = a(p;-,-). The mapping II in (IH) is conically differentiable, with
the differential II'h given by the unique solution to the variational inequality

I'h € Sk(up) :  a(ll’hy,vo —I'h) > (h,v —T'h) Vv € Sk(ug) ,

and with (A'w,v) = b(w,v) for all w,v € V. Furthermore, we have f; = 0. Hence all
assumptions of Theorem B are verified and by ([I8) with (), for the variational inequality
(@), the expansion (@) follows. This completes the proof.

For the convenience of the reader we recall here the abstract result which is a general-
ization of the implicite function theorem for variational inequalities.

Let K C V be a convex and closed subset of a Hilbert space V, and let (-,-) denote the
duality pairing between V' and V, where V' denotes the dual of V.

We shall consider the following family of variational inequalities depending on a param-
eter ¢t € [0,0), 6 > 0,

yr € K : at(ye, 0 —ye) > (foo —yr)  Yoe K . (13)

Moreover, let y: = P:(f:) be a solution to ([[3). Let us note, that for f; = 0 and y; = P:(0)
we obtain y’' = II'(—A'yo) in (@) which is the case for (@).

Theorem 2 Let us assume that

e the bilinear form ai(-,-) : V xV — IR is coercive and continuous uniformly with
respect to t € [0,0). Let Ay € L(V;V’) be the linear operator defined as follows
ay(p,0) = (A1, ) Vo, p € V; it is supposed that there exists A" € L(V; V') such that

Ar = Ao +tA +o(t) in L(V;V). (14)
e fort >0, t small enough, the following equality hols
fi=fo+tf +ot) inV’, (15)
where fi, fo, f €V’

e K CV is convex and closed, and for the solutions to the variational inequality

If =Po(f) € K:  ao(Ilf,o —1I1f) > (f,o —1If) Vo€ K (16)

INRIA



Topological derivatives for contact problems 11

the following differential stability result holds
VheV' : H(fo+eh) =1fo+ell'h+o(c) inV (17)

fore > 0, e small enough, where the mapping Il' : V' — V is continuous and positively
homogeneous and o(e) is uniform, with respect to h € V', on compact subsets of V.

Then the solutions to the variational inequality [I3)) are right—differentiable with respect to
tatt=0, i.e fort>0, t small enough,

ye =yo+ty +o(t) inV, (18)

where
y =T1(f — A'yo) . (19)

Remark 2 Let us observe, that the first order correction of energy functional, and therefore
of the bilinear form is given by equivalent expression (B3,

alpiv.0) = [ Vol do — 75 ,(©)
Q

with the energy density e,(0) = |Vv(O)|? evaluated at the origin.

1.2 Contact problem in elasticity

We establish the same result on the conical differentiability of solutions for two dimensional
contact problem in the elasticity. We consider the bounded domain 2 with the boundary
0 = TygUT,. On I'y the displacement vector of the elastic body is given, on T'. the
frictionless contact conditions are prescribed. To specify the week formulation we need an
expression for the symmetric bilinear form and for the convex set K C H' ().

The method of analysis is the same as in the case of Signorini problem. We start with the
formulation of the free boundary problem in unperturbed domain 2. The form of variational
inequality is straightforward.

1) Contact problem in (2
Find u = u(Q) = (u1,u2) and o = (0)45, 4, j = 1,2, such that

—dive =f in Q,
Co—e(u)=0 in Q,
u=20 onlIy,

[\]
(=}

~ o~ —~
NN
N =

O T — T

(V]
S

uv > 0, o, <0, o,uv =0 o =0 onl..
Here

_ _ _ [ i? _ 2
Oy = 04jVjVi, Or =0V — 0y, = {07.}1.:1 , ov = {0y},

1 .
eij(u) = 5 (uij +uji), 4,5 =1,2, e(u) = (€4)7 j—1

{Co},; = cijreore, Cijre = Cjine = Creij, Cijre € L7(N).
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12 Sokolowski € Zochowski

The Hooke’s tensor C' satisfies the ellipticity condition

cijueljibre > col&?, V€j = &j, co > 0, (24)

and we have used the summation convention over repeated indices.
When the topology of €2 is changed, we have the following contact problem in the domain
2, with the small hole B(p).
2) Contact problem in Q,
Find u = u(Q,) = (u1,u2) and 0 = (0)i;, 1,5 = 1,2, such that

~divo=f in Q,, (25)

Co—¢(u)=0 in Q,, (26)

u=20 on Ty, (27)

ov =20 onT,, (28)

uv >0, o, <0, o,ur =0 or =0 onl. . (29)

We assume for simplicity that the case of isotropic elasticity is considered, thus the symmetric
bilinear form associated with the boundary value problem @0)-(3) is given by

a(u,u) = / [t ) (enn + €22)? + palenn — e2)? + ] - (30)
Q

where the notation for isotropic elasticity is fixed in Section

The problem (Z3)-( 9) is approximated by the problem with modified bilinear form in
the following way.
3) Approximation of contact problem in (,
We determine the modified bilinear form as a sum of two terms, as it is for the energy
functional, the first term defines the elastic energy in the domain (2, the second term is a
correction term, determined in Section B4 by formula ([). The correction term is quite
complicated to evaluate, and we do not provide its explicit form, such a form is actually
defined by the formulae in Section Bl The values of the symmetric bilinear form a(p; -, -) are
given by the expression

a(p;v,v) = a(u,u) + p?b(v,v) . (31)

The derivative b(v,v) of the bilinear form a(p;v,v) with respect to p? at p = 0+ is given
by the expression

2
A+ 3u

b(v,v) = —2mey(0) (01151 - 01252) ) (32)

where all the quantities are evaluated for the displacement field v according to formulae

@), @), [[6), (1), @), we provide the line integrals which defines all terms in ([B2)
below.

Hence, we can determine the bilinear form a(p; v, w) for all v, w, from the equality

2a(p;v,w) =a(p;v+w,v+w)—a(p;w,w) .

INRIA



Topological derivatives for contact problems 13

In the same way the bilinear form b(v, w) is determined from the formula for b(v, v).
The convex set is defined in this case by

K={ve H'(Q)?vw>0 onT.,, v=g onTlp}. (33)

Let us consider the following variational inequality which provides a sufficiently precise for
our purposes approximation u, of the solution u(f2,) to contact problem (£3)-(E9),

u, €K : alppu,v—u)>L(p;v—u) YwveK. (34)

The result obtained is the following, for simplicity we assume that the linear form L(p;-) is
independent of p.

Theorem 3 For p sufficiently small we have the following expansion of the solution u, with
respect to the parameter p at 0+,

u, = u(Q) +p*q +o(p?) in H(Q)?, (35)

where the topological derivative q of the solution u(2) to the contact problem is given by the
unique solution of the following variational inequality

q € Sk(u) ={ve(H ()’vr<0 onZ(u), a(0;u,v)=0} (36)
a(0;q,v—q)+b(u,v—q) >0 VveSk(u). (37)

The coincidence set E(u) = {x € T's|u(x).v(z) = 0} is well defined [T for any function
u € HY(Q)?, and u € K is the solution of variational inequality B3) for p = 0.

The proof of Theorem Bl is similar to the prof of Theorem [ and therefore is omitted.

Remark 3 In the linear case, it can be shown that |[u(2,) — u,| = o(p?) in the norm of
appropriate weighted space. We refer the reader to [Z7] for the related error estimates in
the Holder weighted spaces. In general, we cannot expect that u, is close to u(),) in the
vicinity of B, therefore the weighted spaces should be used for error estimates.

For the convenience of the reader we provide the explicite formulae for the terms in
b(v,v) defined by B2), we refer to section B33 for details. We have

\ 2
2mey (0) = W(T;ﬁm (/FR(vlﬂh + v22) dS) + (38)
12k 2
1—9k)(vymy — H d
7T2R6 (/FR ( Y(v1z1 — vox2) + Tz (127 — Uﬂz)] 3) +

12k 2
7T2R6 (/l;R { (1 + 9k)(v1z2 + vaz1) — ﬁ(leg +v2x?)} ds) ,
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with
12k
o= WLR?’ /FR {(1 — 9k)(v1x1 — vama) + ﬁ(le? - ngg)} ds,
12k
o192 = WLR3 /FR [(1 + 9k)(v122 + voxy) — ﬁ(leg + U2(E§):| ds,
and
9k 4
5 = = . [(lel — Uag) — @(lel vgxg)} ds,
9k 4

8y = — /FR |:(’U1.’L'2 + voxy) — @(leg + U2£L‘§)j| ds.

2 Transformations of the energy functional for a 2D Laplace
equation

2.1 Derivation using Poisson kernel

Let us consider the bulk energy functional of the form
1 2
E(u) =5 [ [[Vul”dz, (39)
2 Ja

where u satisfies inside the domain ¢ IR? the Laplace equation
Au=0 (40)

with suitable boundary conditions. Our goal is to study the influence of the small circular
hole of the variable radius p contained in the domain, for simplicity we put its center at
x = 0. we do not want to study variable domains, so we isolate this hole inside the ring
C(p,R) ={x|p<|x|| < R} and replace E(u) by the equivalent expression over Qp =
Q\ B(R), with an additional boundary integral term over I'r = 0B(R). OnT', = 0B(p) we
assume homogeneous Neumann conditions.

In the first step we modify E(u). Since

1o}
/ IVul? dz = / IVul dz + / IVul? dz = / IVl dx + / ustds,  (41)
Q Qg B(R) Qr rr on

where n is the outward normal vector on the boundary of B(R), we may concentrate on the
expression

ER(u):/F u%ds. (42)

INRIA
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Here the values of du/On on I'p are given by the Dirichlet to Neumann mapping, namely

the solution of
Av=0 in B(R), v=u on Ipg, (43)

by means of the relation du/dn = dv/on.
The function v may be constructed with the help of Poisson kernel. If the pair (r, ¢)
constitutes polar coordinates around 0, then

oro) =1 [ um,

for any r < R. We shall assume for a moment that » < R. Differentiating () gives

Z )" cosn(¢ — ¥)] dy (44)

l\DI)—l

- Ru;i (E) cosn(p — )] di
DR ()
== u(R,?/J)%[Z (%) sinn(¢ — )] dyp
— n=1
= L[y (5) st - v av

While integrating by parts we have used here the continuity of u over I'r. Applying the
following trick (for [¢| < 1):

" si _ a\n __ —ia\n
n;l sinna = o ;[(te )= (teT' )"
1 te'® te~i@
C 2 | 1—telr  1—tei
tsin «
=—— " =H(¢
1—2tcosa + t2 (@)
we arrive at 5 5
v u
- = — ) dip.
orro) = — [ R RH(G 0~ v)av (46)
We shall need also the value of Vv(0). Let us rewrite ([#4) by means of Poisson kernel,
1 (7 r
o0 = 5 [ WK - v) v, (47)
2 J_ . R
where
1—¢2
K(t,a) = (48)

1—2tcosa+t2°
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Now
10v

o
ﬁ(O): lim {g (r, gb)smgb+la—

Oxo r—0+ (b

ov
a2y 0 =l [

(r.¢)cos g — 2 2%, ) sinas} ,

v,

and

oK r

2
Jim == (5,0 =) = 5 cos(¢ — ),

0K 2
dim (55,6 — ) = —=sin( — ¢).

Hence, after differentiating #7) and substitution intro #J), we obtain the final result

ou 1

& 1
8—151(0)_ ﬁ[ﬂu(R,w)coswd¢— W/FRu:clds,

ou 1

T . 1
3—172(0) = ﬁ/_wu(R,@/J)smwdzb = ﬂ_—Rg/FR uxs ds.

Let us now return to Eg(u). We consider F,.(u) given for r < Rand I', = 9B(r) b

ou g ov
B = [ Grds= | oG o (51)

After substituting (6],
—2 [ [t S om0 - v doas (52
IR A R T R R’ ’

Now we observe that H may be expressed as

H(t,a) = Hy(t, o), (53)

N | =
gl

where
Hy(t,a) = log(1 — 2t cosa + t2).

Therefore (B2) transforms to

£, ( 2W/_W/_ﬂ r<z>>¢ (3506 — ) déd,

-/ ] / o (r OHol(.6 = ) dod. o
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The function Hy(1, «) has for a = 0 an integrable singularity of the type log|«|, so we may
pass to the limit with » — R obtaining

o [ SR (R0 HA1, 6~ v) dod: (59)
Now we want to take into account the influence of the small hole B(p). Assuming the value

of u on I'g given, it will change the value of du/dn. In order to evaluate this change we
shall use the asymptotic expansion derived in [35]. Namely, if v, is the solution of

Av,=0 in B(R), v,=u on Ig, (Zv =0 on T, (56)
n
then, assuming p < %R, we have
v, = v+ s, + o(p?),
dv, _Ov  0Os, (57)
o~ o T TV
for r > %R. Here
2
_p (O 3_ .
0= 2 (o + 2 0)sin). (59
and therefore 5 5 5
el B i 9Y 0V si
o (8 1( )cos ¢ + g (0) sin (b) . (59)
Substituting this correction into (I5'_'I]) gives
2 s
38, = 45 [ ulr.) | g ) coss + 5 0)sino| rds

__r [Q(O)/” u(r, qb)cosqbdqb-%ﬁ(o)/ﬂ u(r,qb)sinqsdqs} .

r 8561 —r -7

Now passing to the limit with » — R and taking into account that v = v, we obtain in view

of (&) 2 2
</FRua:1ds) +<ARux2ds>]. (60)

This allows us to consider the following approximation. Let u, satisfies [@{) inside €2, =
Q\ B(p) and take

2

6ER(u) = T

1
B(piug) = 5 [ V| de (61)

Then we may consider u, in a fixed domain Q2 and add boundary terms

1 1 1
E(p;u,) = 5/Q HVupHde + QER(up) + §5ER(up) + o(p?). (62)
R
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This means that in fact we have to do with some function wg, satisfying #0) in Qg, for
which the bulk energy is given by

B(piwn) =5 [ [Vunl? da
S 5
‘ﬁ/_ [ %(Rw)ai;(}w)ffo(l,qb—w)d¢d¢ (63)
2 2 ’
_2£R6 (/FRwR:z:lds) +</FRwa2ds) ]

The first two terms give exact expression for the intact domain 2, and the third approximates
the influence of the small hole. All of them are quadratic forms of wg.

The representation ([E3) alows us to transform the task from solving the boundary value
problem for Laplace equation in variable domain €, to the same problem in the fixed domain
Qp, but with energy parametrized by p. In fact, since the first terms represent energy for
the whole of 2, we may even avoid using Qg (and the remeshing of Q in order to get
discretization of Qg). This results from observation that outside B(R) the function wg
coincides with w given by the solution of the boundary value problem with bulk energy

given by
(f o) o ([ ) | o

The weak form of this problem is easily obtained by taking variation of Ey(p;w), adding
external work and using boundary conditions on 0f2. As we see, modification of bulk energy
accounts to introducing source term concentrated on the fixed circle I'r and parametrized
by p.

The last formula may be expresed also in another form. Let us denote by e, (x) the
energy density at the point x,

2

1 p
Bo(piw) = 5 [ 10l do - 3255

eu(@o) = [ Vu(wo)||* -
If the function v is harmonic in B(R), then the expressions for derivatives

1 1
u/l(mo) = W/F ® )u' (1 — 561,0)d57 u/2(m0) = @/F ® )U' (w2 — 562,0) ds.
R 0 R 0

are exact. In view of this, formula (64]) can be rewritten in the equivalent form

1 1
Eo(p;w) = 3 /Q | Vwl||? do — §7Tp2 ew(0). (65)
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2.2 Numerical tests of the transformed energy approach

We consider the test problem

Au,=0 in Q,=1[0,1] x [0,1]\ B(zo, p),
0 for Tr1 = O,

1 for z; =1,
. —
P x? for x4 =0, (66)
1 for zo = 1.
0
% =0 on 90B(xg,p).

Three types of approximations are used. Here by u we denote the solution in the domain
without void.

1. Double correction: the function u, is represented in the form

up = u+8p(u) +pp + 8,(Pp)s

where s,(u) is the first correction for u. However, s,(u) disturbs the boundary condi-
tions on 02 and we introduce second corrections. The function p, solves the Laplace
equation with the boundary condition p, = —s,(u) on 02, and then again s,(p,) nul-
lifies the Neumann condition on the boundary of the void. We consider this solution
as nearly exact in €,,.

2. "Exact" solution: here the right—-hand side is augmented by the expression containing
derivatives of Dirac’s delta,

Au, = 21p*(Vé(x — o) - V).

In theory this solution is also exact in Q, up to the higher than 2 powers of p, see [24],
but of course there are difficulties with numerical approximation.

3. Solution obtained by the modification of the energy term given by (65). This should
be exact up to the higher than 2 powers of p outside the ring of the radius R > p.

The hole was positioned at &y, = [0.5,0.7] and had the radius p = 0.05. The figures
show the results of computations for different positions of the void and ratios R/p, in the
form of sections through the surface u(z1) = u(z1,29) along the line 2o = 29, i.e. going
through the middle of the hole. Other sections look very similar. We may conclude, that
the modified energy allows, in concordance with the theory developed in last subsection, to
compute accuratelly the solution outside the ring I'g.

Moreover we have seen a very good agreement of the solution with the singular right—
hand side with the nearly exact solution produced by double correction. This justifies the
use of singular solutions as an approximation of real ones, what will be exploited in the next
sections.
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flat area - position of the hole i f\
i N

|

t
08k with double correction : [
T

solution obtained via correction
0.6 term in energy - red line

0.4

solution in the intact
domain - blue line
0.2

exact -with singular source term

I
boundary of B(R)

10 20 30 40 50 60 70 80 90 100

Figure 1: Comparison of solutions for R = 1.2p. Visible slight loss of accuracy near boundary
of the ring, due to the small ratio of the radii.

flat area - position of the hole ——————— I\
1r '>‘—‘W —
| [ \

0.8 with double correction

solution obtained via correction
06 term in energy - red line

solution in the intact

domain - blue line |
0.2 ‘

exact —with singular source term

-0.21 q
/’Y
boundary of B(R) |

—0.4}- ‘ i
|
|

-0.6- | q
|
|

0.8 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100

Figure 2: The same as in Fig. [l but with R = 2.5p.
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0.7 flat area - position of the hole

0.6

solution obtained via correction
term in energy - red line

0.5

0.4

0.3

0.2

0.1k 1 L I I

Figure 3: The blow—up of the important fragment of Fig.

3 Transformations of the energy functional for the 2D
elasticity system

3.1 Using Poisson kernel for computing strain

As it turns out, similar reasoning may be carried out in case of the 2D elasticity system,
even if it is much more complicated. In absence of volume forces such a system has a form

Aug + (A + + =0,
22205 ( #)(U1/1,1 U2/1,2) (67)

pAuy + (A + ) (U1 /1,2 + Ug/22) =

where u = (u1,u2)” denotes the displacement and ), p are Lame constants. We shall use
also the usual notation for the symmetric strain tensor € = [e;;], €11 = w11, €22 = U2,
Y12 = 2€12 = Uy 3 + ug/y as well as stress tensor o = [0;;]. The Hooke’s law

o11 = (A +2p)err + Aeaa, 022 = Aerr + (A + 2p)ezr, O12 = pY12 = 2p€12
links both objects. In these terms (@) reduces to
V- o(u) =0. (68)

For such a system there exists an analog to the Poisson kernel, see [6]. It is a matrix G(x, y)
allowing us to express the values of the solution inside the circle T'r(xg) by means of its
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values on the circumference:

u(x) = 1 /FR(mO) G(x —xo,y — x0) - u(y) dsy. (69)

s

Let us denote I — identity matrix and

A+ p

k= .
A+ 3u

Then G(z,y) has a form
G(z,y) =T(z,y) + Az, y), (70)

where
( ad )2 ad_ad

oz ? Oxq1 Oxo a 1
D(z,y) = (1—-k)I+2k —log -, (71)
02d_od (24 )2 ony, ~d
Ox1 Oxa ? Oxo

TiYi—Tayz _ | T1Yy2+T2y1
1 R2 b) R2
Al y) =5 | A-KI -k : (72)
2R T1y2+Tay1 1 — T1Y1—Toys
R2 R2
and d = d(z,y) = ||z — yl|.

From now on we shall assume that xy = 0. This greatly simplifies formulae without loss of
generality.

Using the representation of displacement as given by (Ed) we may compute the values of
its derivatives at 0. Before writing down the result, we must introduce some notation. Let
us define I (k,1) and I»(k,[) as

1

1
_ L kol _ kol
Li(k1) = alh D) /FR U1 Ty ds I(k,1) 36D /FR U T dS (73)

where

27
afk,l) = RFHIH2 / cost T gsinl pdo |
0

27
B(k,1) = Rk+1+2 / cos® ¢sin' T ¢ dg |

0

whenever these expressions make sense, i.e. if k is odd and ! even or vice versa. Observe
that a(k,0) = 5(0,k) and

3 1 5 1
a(1,0) = 7R, «(3,0) = ZWRE‘, a(1,2) = Zﬂ'R5, a(5,0) = §WR7, a(3,2) = gﬁR7
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and so on. Furthermore, let
61 = 9k ([11(1,0) — I2(0,1)] — [11(3,0) — 12(0,3)]),
In terms of these symbols one may obtain, after very lengthy calculations, the formulae for

the values of strain components at the point xy = 0 which will constitute the basis of our
energy transformations:

(74)

€11 + €00 = 11(1,0) + 12(0,1),
€11 — e = 11(1,0) — I(0,1) — 01, (75)
Y12 = 11(0,1) + 12(1,0) + 62.

Let us recall also the expression for the elastic energy density at the same point,
1

ey(0)=-0:e=

) [\ + p) (11 + €22)® + pulens — €22)® + pia]. (76)

N =

3.2 Rationale behind the notation and another derivation

The origin of symbols I;(k,1), I2(k,l) and their role in calculation of strains may be ex-
plained also in another way, leading to a general procedure. To this means we shall use the
formal series method. We assume displacement around xy = 0 in the form of the power
series

oo k
k—1_.1
u1 = ap,0 + a1,001 + ap,1T2 + ... = E E ak—11T{ Zg,
k=0 1=0
ud
ok (77)
k—1_1
Ug = bo)o + b170$1 + b071$2 +...= E E bk—l,l Ty Ty .
k=0 1=0

We are interested in a possibly accurate computation of

e11 = u11(0) = a1,
€22 = Ug/2(0) = bo,1 , (78)
Y2 = 1/2(0) +u2/1(0) = ao,1 + b1y -
Since the equations (B7) must be satisfied at « = 0, after differentiating the series and
substitution we have
2p(az,0 + ao2) + (A4 p)(2a20 + b1,1) =0, (79)
2u(bao + bo2) + A+ p)(ary + 2bp2) =0.

Differentiating the first equation in (7)) with respect to x; and the second with respect to
2 we obtain in a similar way
n(6as,0 + 2a1,2) + (A + p)(6azo + 2b21) =0,

80
(2021 + 6bo3) + (A + p)(2a12 + 6bg3) = (80)
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By summnig the above we get
3as,0 + a2 +ba1 4+ 3bp3 = 0. (81)

Similar relations may be obtained for higher coefficients of both series, by more differentia-
tions.
In the first step we shall compute €11 + e22. We integrate ([{Z) over I'r getting

/ up z1ds = a(1,0)a1,0 + a(3,0)as0 + «(1,2)ar 2 + . ..
T'r

(82)
/ ws w3 ds = B0, 1)bo + B0, 3)bos + B2, Vot + ...
T'r
Adding these relations and using properties of functions «, 3 gives
R2
11(1, 0) —|— IQ (O, 1) = (1110 —|— b011 + —(30,310 + a172 —|— b211 + 3b073) —|— e (83)

4

The term in parenthesis vanishes due to ®Il) and in a similar way one can check that farther
terms disappear as well. This gives ezact relation

€11 + €22 = a1,0 + bo,1 = I1(1,0) + 12(0,1) (84)

as expected. On the way we have seen the origin of I;(1,0) and I2(0,1), which appear
naturally due to integration of the series.
In the next step we compute the difference

€11 — €22 =0A1,0 — bo,l-

Proceeding similarly as above we get

R2
11(1,0) - IQ(O, 1) =4aio — b011 + T(3a310 + ai 2 — b211 - 3b073) + ... (85)
and by substracting the equations in (B)
u(3a370 +aj2 —bag — 3b073) + ()\ + u)(3a3,0 —a12+ba1 — 3b0)3) =0. (86)

This is insufficient to cancel farther terms in (8H) and we need additional equations. To this
end we compute higher order integrals

/ Uy x? ds = a(3,0)a1,0 + a(5,0)as,0 + a(3,2)a12 + . ..
I'r

(87)
/ ug 5 ds = B3(0, 3)bo,1 + B(0,5)bo,3 + B(2,3)b2,1 + . ..
I'r
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From the above follows

R2
I (370) — 12(07 3) = ai,0 —bo,1 + 7(5(13)0 +aj2—bay — 5b073) + ... (88)

where again we see the origins of definitions for I;(3,0) and I5(0, 3).

Combining (BY) with [BH) as well as ([Bf) gives, after some calculations, the second formula
in ([@). In the same way one can get the third formula for v12 = ag1 + b1,0.

Observe, that if displacement components were harmonic, then the corrections d; and do
would vanish, as we have seen in section concerning the Laplace equation. In practice, as
we shall see from numerical experiments, they are very small, but not negligible.

We have presented this alternative derivation because it may have some advantages. The
knowledge of Poisson kernel is not required, and anisotropic nonhomogeneous equations fall
into the same schema, assuming sufficient differentiability of volume forces. In such a case
on the right-hand side of equations there appear series representing these forces.

3.3 Distortion of the stress field caused by small circular hole

We shall recall here some formulae describing the stress field around circular hole in the
infinite 2-D elastic medium. If we assume that at infinity only o1; is not zero, and the hole
B(p) is centered around origin, then the stresses for r > p have the form

1 2 2
O = 5011 [(1- BT (-4m+ 3T—4)0052¢] ;
1 2 P
Opp = 5011[(1+T—2)—(1+3T—4)6082(ﬂ ) (89)
2 4

1 .
orp = —50u(l+ zf—z - 3%) $in 26 .

Here (7, ¢) constitute the polar coordinate system around origin and the c—components are
give in the orthogonal coordinates defined by {e,, ey}, with base versors at any given point
directed along radius and perpendicularly to it, anticlockwise.

Using these expressions we may immediately construct the solution corresponding to
nonzero og2 at infinity, by substituting ¢ := ¢ + 5, 011 := 022 (exchange of axis):

1 0 2ot

Oprp = 50'22 [(1 — /r'_2) — (1 — 47'_2 + 3T—4)COS2¢] 5
1 2 4

0o0 = 5021+ 55) + (1+35) cos26] (90)
1 2 4

oo = 5om(l+ 2% - 3%) sin 26 .

Furthermore, we may exploit the fact that the pure shear stress oi5 is equivalent to
simultaneous stretching and compression with the same intensity 015 and —o12, but along
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the axis rotated by the angle w/4. Thus we make substitutions ¢ := ¢ + 7, 11 := 012, then
¢:=¢— 7%, 011 := —o12 in (BY) and add both solutions together obtaining:
2 4
P pt.
O = 012(1 — 4T—2 + 37°_4) sin2¢,
ot
Opo 2012(1+3T—4)sin2¢, (91)

L0
ore = o12(1 + 21"_2 - 3r_4) cos 2¢.

Let us now denote

1
or = 5(011 + 022), orr = 5(011 — 092). (92)

Then adding (8Y),(@0),( ) gives the solution corresponding to the general stress field at
infinity:

Orr = 01 + 017 COS82¢ + 012 Sin 2¢

2 p2 p4 2 4

14 S P P ysi
- O'[T—2 — UH(47°_2 - 3T—4)c05 2¢ — 012(4T—2 - 3r—4)sm2¢),
Opp =01 —OJTI COSng) — 012 sin2¢
2 4 4 (93)
+U]p—2 —3U]]p—46082¢—3012p—481n2¢,
r r r
Orp = —0r7Sin2¢ + 012 cos 2¢
2 4 2 4
- 011(2% - 3f—4)sin2¢ + 0—12(2%2 - 37'?—4)005 2.

Recalling the rules for the transformation of stresses under rotation of the coordinate system,
we get the distortion of the stress due to the circular hole:

2 2 4 2 4
O = —01% - 011(4% - 3%)005% - 012(4% - 3%)5111%7
2 4 4
6'¢¢:U[%—30’]1ﬁ—4C082¢—3012f_4Sin2¢7 (94)
2 4 2 4

. P ot P p
Grep = _011(27"_2 - 3r_4) sin 2¢ + 012(21"_2 — 3r_4) cos2¢.
3.4 Transformation of the energy functional

Now we shall consider the contribution, in the absence of volume forces, of the energy integral
over the circle surrounding the origin (i.e. the potential location of the small hole)

entw =3 [ o= / o) ds (95)
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to the global elastic energy. Similarly as in the case of Laplace equation, we shall leave the
displacement as is and consider the distortion to the stress field caused by introducing the
small hole. Due to (@) it may be expressed as

1
der = —/ ul(6.n) ds. (96)
2 Jr,

At every point on the I'r we shall use the same coordinate system {e,, e} as in the last
section. In this system u = [u,,ug]T, n = [1,0]7. As a result, we have to compute the
integral

1
dep = —/ (Grrtty + Greug) ds. (97)
2 T'r

Now we observe that 22 + 23 = R? on I'g and

- ! ( ) - ! ( )
Uy u1x1 + usx —_ “+ ,
R 11 22 ’U,¢ R U192 UL
sing = —R:Z:Q cos ¢ = —Rzzrl .

To simplify the calculations we introduce notations:

f=1(1,0)+1(0,1), a=1I(1,0)—1(0,1), b=1(3,0) — 1(0,3),
¢=1(0,1) + I(1,0), d=1(0,3) — I(3,0).

In these terms

/ u,ds = TR? f,
I'r

Up cos2¢ds = 7TR2(§b —a),
R 2

Uy sin2¢ ds = TR*(2c — gd), (98)

R

Ugp COS2¢ ds = TRQ(gb — 2a),

S— 5

R

Uyp cOs2¢ds = TRQ(gd — o).

S— 7

R

Now, due to (@), ([H),

1
f = €11+ €a, a =€ — €22 + 01, b=r¢€11 —€n+(1— %)517
1
= ) d= — (14 =—=)bo.
¢ =12 — 02, V12 (+9k)2
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Substituting this into (@) gives

1 1 21
der = —EWPQ [0'1(6114-622)4—011(611—622)+012”Yl2+ (1 % + %E) (01161—01202) | (99)

Since from Hooke’s law follows

or = A+ p)(ern +€22), orr = plenn —e€22), 012 = P2

then, because of ({TH),

2
6€R = —7Tp26u(0) — %ﬂ'p2 |: (1 - % + %%) (01161 - 01262):|. (100)
This makes it different from the Laplace equation case, where the additional term vanished,
see (BH). Observe, that in order to solve the elasticity problem in the domain containing
the hole with accuracy (outside I'g) up to o(p?), we don’t need, due to ([{), the solution
in the intact domain. Simultaneously all the terms in ([{I0) are quadratic with respect to u
and introduce no difficulty into numerical procedures.

If we restrict ourself to the terms depending strictly on p? and take into account the
value of k, the energy corrections take on the form

(SGR = —7Tp2€u(0) — 7Tp2 (0’][(51 — 01262). (101)

]
A+ 3u

In order to make clear that the energy correction is indeed an integral bilinear form of u
defined over I'g, we collect below the dependences given by ([),[7d),[d) and write down
the explicit expression for the terms appearing in ([{):

1
1t = /FR(Ulfcl + ugxs) ds,
€11 — €99 = %]‘23 /FR -(1 = 9k)(urx1 — ugza) + 11;23_5(”196?1) - ugxg)] ds,
Y12 = # /FR _(1 + 9k) (urx2 + ugwy) — g—f(ulxg + uzx:{’)] ds,
01 = Wg—; /FR :(ulxl — UgXg) — 3;;2(111:17:1)’ — uzxg)} ds,
do = Wg—]]; . _(’U/ll'g + ugwy) — %(uw% + ugx?)} ds.

These expressions are easy to compute numerically, but unfortunately the correction formula
is not so compact as in the Laplace operator case.
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Figure 4: Graphs of the €17 stress component along the horizontal line near the upper edge
(left) and the vertical line in the midlle.

3.5 Testing the accuracy of the corrections

In this section we shall see how the formulae for stress components behave in practice. As
a test example we take the square domain 2 = [0, 1] x [0, 1] discretized with 100x100 grid
using bilinear finite elements. It is fixed on Ty = [0, 1] x {0} and loaded with the traction
T = [15,15] (all after rescaling) along part of the upper edge I'y = [0.45,0.55] x {1}. The
Lame coefficients are equal, A\ = u. This defines the problem up to the proportionality
factor. The horizontal line mentioned in the captions links the points [0.075,0.925] and
[0.925,0.925], while the vertical one connects [0.5,0.075] and [0.5,0.925]. They have 50
nodes, in which we compute stresses. The exact values are obtained simply from solutions
of the discretized problem. Computing the values "before correction" we assume é; = 0,
02 = 0 and take into account only the first integrals over the circles I'g(z) with R = 0.05.
The corrected values contain nonzero d1, d2. As we see from Fig. BHAlthe corrections are an
order of magnitude smaller than the real values, but are important in the regions of higher
stresses. As a byproduct we have obtained the formula for computing stresses at a point,
which is more laborious than simple differentiation of the discrete solution, but also more
accurate (not discussed in detail here).

3.6 Testing the modified energy

We shall check numerically, how the modification of the elastic energy allows us to approx-
imate the influence of the small hole inside the domain. To this end we consider the same
domain as in the last section with the same external loading. In this domain we shall make
the hole at the point @y = [0.5,0.7] of the radius p = 0.05. The surrounding ring I'r will
have radius R = 2p. In order to make comparisons, we shall need the "exact" solution. As
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Figure 5: Graphs of the eyo stress component along the horizontal line near the upper edge
(left) and the vertical line in the midlle.
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Figure 6: Graphs of the ¢15 stress component along the horizontal line near the upper edge
(left) and the vertical line in the midlle.

an approximation of such a solution up to the terms of the third order in p will serve us
the solution of the inhomogeneous problem with the singular right—hand side (force term)
depending on the solution in the intact domain wug:

= | GG o)
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Figure 7: On the left the domain in initial and deformed states (exagerated). The positions
of the ring I'r computed in different ways nearly indistinguishable due to scale. On the

right the blow—up of the part of the ring.

where ¢, and ¢, are the column vectors of the form
| 6(x— o) |0
¢1_|:0 ’ ¢2_ (CB_EEO) .
The validity of such an approach is proved in [24] and has been verified numerically in the
sections concerning Laplace equation. In the weak formulation the term involving f reduces
to the point value of —2mp? e(u) : o (uo).
First we shall compare the values of displacement along the boundary of the ring, where

the errors should be the greatest.
As we see in figures[R the corrected energy gives results being in a very good agreement

with the "exact" ones.
Next we shall investigate the influence of an additional term containing ¢; and J, in the

modification of energy, see (II0). As "simple" modification we shall call the one assuming
01 = 02 = 0. The figures @ and M show the values of relative corrections to the displacement,

i.e. divided by max[|u;|] computed along the appropriate line. One can see that this influence
is small, in practice negligible. Nevertheless, the additional term is needed for the asymptotic
correctness of the formulae.
Let us stress here that the values of € and o appearing in the principal part of the energy
correction depending on e, (0) do contain ¢; and d; in agreement with ([Z3)). Smaller by two
orders of magnitude turned out the influence of energy correction term in which §; and ds

appear alone as multiplicative factors.
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Figure 8: The values of u; (left) and ug (right) components of the displacement along the
ring I'r computed in different ways.
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Figure 9: The relative corrections to the displacements w; (left) and ug (right) along the
line zo = 0.8, which touches the ring I'g.
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Figure 10: The relative corrections to the displacements u; (left) and uo (right) along the

line ;1 = 0.6, which touches the ring I'g.
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