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`�acb6d9egfihSjlknmZoqpsrtb6d9eIpiu�v4d9dgwcxcyzu�{_x4r|p
}�~Uv���e�ri����u|a�e�d�o

1 }�acy���y���pX�ie6pte6{_~Uu|a��O{_�Gv4~U{�rtv_~Uy�e6p6�4��y�x��qa�v��_e�xO�c`�ace���e�rtace6~t�z{�x���p
2 �O��}?�c�c}?y�e6~t~Ue,{�x���jN{�~Uy�e�f2w�~ty�e,��xcy��_e6~Upty�r�o4�q}W{�~Uy�p6�q�c~|{�x�u�e
��{��c�+v_~tr��qe�~Ue6u|ace6~Uu|ace�x+�����4�_� k¢¡��4�4�,k£�_¤g��{�¥4e6p

¦	§�¨6©�ª�«c¬_©_¯® e��c~Uv_�+v4pte�{X�c~Uv_¥_~|{�d�d�y�xc¥�d�vq�qe��c{_x��g��{_xc¥_w�{_¥_e��qe6�qyzu�{�rteI��rUvSa�y�¥4aq°L�+e�~t±²v_~Ud�{�x�u�e
psrt~Ue6{_d�y�xc¥,{_�c�c��y�u6{�rty�v_xGp�³���x���{�~trtyzu�wc�z{�~I��´�e�psrtw��qog~teI{���°0rUy�d�ei�Zyz�qe�v_°Ypsrt~Ue6{_d9y�xc¥X±²v_~�e6d��+e6�c�ce6��d�e�°
�cy�{R�qe6�Zy�u�e6p6�µy�x�u���w��qy�xc¥Na�y�¥4aq°Y�ce�¶�xcy�rty�v_x·`�¸�p6³R`�acyzp,��{_xc¥_wG{�¥_e��cw�y��z�cpgv_x¹rtace�psoZx�u|ac~Uv_x�v_w�p��c~Uv�°
¥4~U{_d�d9y�xc¥ºd�vq�qe6��{_x��Rv_x �qv_d�{�y�xq°�ps�+e6u�y�¶+u�»Zxcv�´i��e6�q¥4e�kn�+e�~Uy�vZ�cy�uge��4v_��wqrty�v_xRv_±?p�rU~teI{�d�piknrtv
{_����v�´¯u�v4~t~Ue6u�rs°Y�Zo4°�u�v4x�psrt~Uw�u¼rUy�v4x �c~Uv_�+e�~trty�e6pgv�±�rtaceR{����c��yzu�{�rty�v_x½rUv �+e��c~tv��4e�x·�Zo¹rta�e¾u�v_d��cy���e6~6³
`�a�e6pte��c~Uv_�+e�~trty�e6p�y�x�u���w��ceX�cwc¿+e6~2~Ue6ÀPwcy�~te6d�e�xPrUp�{_x��º�qe6��{Foqp?�Ge�r�´2e6e�xºy�xc�cwqri{�xG��v_wqrU�cwqr�p�rU~teI{�d�p�³
f2v4~t~Ue6u�rtxceIptp�v_±�rUace�y�d��c��e6d�e�xPrU{�rty�v_x¾y�p��qy�Áºu�wc��rXrtvº{4ptpte6pUp�´iy�rUa¾rt~|{_�qy�rty�v_xG{���ÂÃ{4psoZx�u|a�~tv4xcv_w�p|Ä�{��q°
��~tvP{_u|aceIp�³

mZwGu|a��c~tv4�Ge6~srUy�eIp�{�~UeirUe6�qy�v_w�pWrtv�{_x�{���oZÅ�ei�ZogaG{�x��Æ�Z�qwce�rtv,rUace�u�v4d��cy�x�{�rtv_~Uyzu�pWv_±;�Zyz�qe�v�¶G��rUe�~|p��
dgwc��rty��c��eX�c{�r|{,~U{�rteIp�{�x��9±²v4~td�{�rUp6³���v_~?e�Çc{�d��c��e_��rUaceX�ce6pty�¥4x�v�±Hu�v4d9dgwcxcyzu�{�rty�xc¥,�cwq¿;e�~|p��+e�r�´�e�e6x
¶G��rUe�~Uy�xc¥¾�c~Uvqu�eIptpte6p9Â²y�d�{�¥_e�pUu�{_��y�xc¥��µÀ4wG{���y�r�oRe6xca�{�xGu�e�d�e6x4rI�Oe�rUu�³ÈÄÉ´iacv4pte�u���vZu|»qp��qv¾xcv_r,psrt~Uyzu¼rt��o
d�{�rUu|a¾y�p�rteI�qy�v4w�p�{_x��¾e�~U~tv4~s°Y�c~Uv_xce4³�`O´�vºu�v4d�d�wcxcyzu�{�rty�xc¥��+e�~Uy�vq�qyzu��c~UvZu�e6pUpseIp�{�~Ue,�qe�¶Gxce6�R{4p

n ÊË¼Ì�Í;ÎUÏqÐtÑ�Í;Ñ�ÒZË y�±Grtace6o�u�{_xg�+e�y�d��c��e�d�e�xPrUe6�gy�x9rta�e�v4~U�cy�x�{_~to�Â 0 °�Ä�ptoPxGu|ac~tv4xcv_wGpHd�vq�qe��q´iy�rta�{S�µ����h��wq¿+e6~2v_±µpty�Å6e
n
³ ® eSe�ÇZrUe�x��º{gu�v4~teSpsoZx�u|ac~Uv_x�v_w�p���{�rU{�°0ÓGv�´Ô�z{�x�¥_w�{_¥_e�´iy�rta�{�xcv_rty�v_xºv_±H�Ge6~ty�vq�qy�u

u���vqu|»qp6�+{_x��N�qeIpsy�¥_x¹{º~Ue��z{�Çqe6�Ru���vqu|»Ru�{_��u�wc��wGpgÂ0{�r�oZ�Ge�ptoZpsrte6dÕ±²v_~�u���vZu|»qp|Ä�rUv�{�����v�´Öxcv_xDpsrt~Uyzu¼rt��o
ptoZx�u|ac~Uv_xcv4w�pÆ�c~Uvqu�eIptpte6pHrtvS�Ge�u�v4d9�+v4pte6�H³µ`�acyzpO~Ue��z{�Çc{�rty�v_x,yzp�{4ptptvqu�yz{�rUe6��´iy�rtag{Xpsw��qr�oZ�cy�x�¥�~Uwc��e�y�x
rUace2u���vqu|»Su�{��zu�w���w�p6³µ×Xe��z{Fo_�F�cwc¿+e6~Oy�x�pse6~srUy�v4x�{�x��,u�v_xPrt~Uv_�Pu�vq�qeW±²v4~HrUace6pte��cwq¿;e�~|p�{�~Ue�{�wqrUv_d�{�rUy�u6{�����o
y�xq±²e6~t~Ue6�	±²~tv4dØrta�e�u���vZu|»ºr�oP�+e6p�rUac~Uv_wc¥4a�{�ptoZpsrte6d�{�rtyzuS�c~Uv_¥_~|{�dÙrU~U{_x�ps±²v_~Ud�{�rty�v_xH³
ÚRÛPÜ;ÝUÞ�ß ª�à�¨_ á {�acx½��e�r�´�v_~U»Zp6��mqoPxGu|ac~tv4xcv_wGp�}�~tv4¥_~|{�d�d�y�x�¥��µ{�xc¥4w�{�¥4e6p6�O�ie6{_�2`�y�d�e_��â�y�¥_aq°
}�e6~s±²v4~td�{�xGu�eS��d��+e6�c�ce6�NmZoqpsrte�d�p6�q¸�yz�qe�vºmPrU~teI{�d�y�xc¥
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��v_w�pX�c~��6pte�xPrtv4x�piwcxNd�vq�qb6��e9�qe��c~Uv_¥4~U{_d�d�{�rty�v_x�e�rSwcxN�z{�xc¥P{�¥_e����6�qy��g{_wqÇ¾{_�c�c��y�u6{�rUy�v4x�p��qe

rU~U{_y�rUe�d�e�xPrµ�ceWÓ�wqÇÆ³���x���{_~srUy�u�wc��y�e�~I�Ixcv_w�p���rUw��qy�v_x�pO��eIpH�c~Uv_¥4~U{_d9d�eIpÆ�Zy����6v��qe6psrty�x��Ipµ{_wqÇ�ptoqp�rUb�d�e6p
e6xq±²v_w�y�p�dgwc��rUy�d��I�qy�{��q��{�~ie�Çqe�d��c��eS�+v_w�~i��{gr��6���6�Zy�pty�v4x	a�{_wqrte,����¶�xcy�rty�v_xH³�f2eS�z{�x�¥4{�¥4eXpte���{_pteSptwc~
��e	d�vq�qb6��e��qe	�c~Uv_¥4~U{_d�d�{�rty�v_x½ptoPxGu|ac~tv4xceºe�r9ptwc~g�z{Npt���Iu�y�¶Gu�y�r��¾�qwÉ�cv_d�{�y�xceº°���e6p�Ó�wqÇ½v_xPrgw�x
u6{_�qe6x�u�e6d�e�xPr����6~ty�vq�qyzÀ4w�e��cy��O�+e�~Ud�e�r��qe�u�v_x�u�e��4v_y�~��ce6pi�c~Uv_¥4~U{_d�d9eIpiu�v4~t~Ue6u�rUp���{�~Xu�v_xGp�rU~tw�u�rty�v_xH�
�cv_xPrS��e6pS�c~Uv_��~ty���r��6pS�qe�psoZx�u|ac~Uv_x�y�u�y�r��gptv_xPrX�c~Uv_w�����eIp��G{�~���e�u�v4d��cy��z{�rUe�wc~I³gf2e6pS�c~Uv_��~ty���r��6p�psv4xPr
v4�qrte6xZwce6p���{_~iy�xGpse6~srUy�v4x��qe,��wq¿+e6~Up�e�r��qe,~Ue�rU{_~U��p�e�xPrt~Ue���eIp�Ó�wqÇ�ptv_~trU{_xPrUp�e�riÓ�wcÇ�e�xPrU~U{_x4r|p�³W�?����e6p
ptv_xPr�rt~Ub6pi�cy�Áºu�y���e6p���{�rtrte6y�x��c~te,�c{_x�p���eIpi{��c��~tvqu|aceIpSÂ0{_ptoZx�u|ac~Uv_xceIpUÄ�rt~|{_�qy�rty�v_x�xce�����eIp�³
��� {_x�{���oqpse ���z{�d�{�y�x��qe�u�eIp?��~tv4�c~ty���r��6p2e6psr2rU~tbIp2������y�u6{�rte �gu6{�w�pteX�ceX�z{�u�v_d���y�x�{�rtv4y�~Ue�y�x��qwcy�rte

�G{�~W��e�u�{4�qe�x�u�e�d�e�xPr?�qeIp�¶���rt~Ue6p6�_e�r?��eIpWd�w���rUy��c��e6p2������y�r|p�e�r?±²v_~Ud�{�rUpW�qeIp?�qv4xcx��6e6p6³µ��x��G{�~trtyzu�wc��y�e6~6�
�!� y�x�pte�~trty�v_x¾�qeIp��cwq¿;e�~|pie�ri��e�wc~i�c~Uv_¥4~U{_d�d�{�rty�v_xºe6xPrt~UeS��e6p��c~tvqu�e6pUpsw�p2¶���rt~|{�xPr|p,Â²~��6�qw�u�rty�v_x#"�{�¥4~U{_xq°
�cy�pUpse6d�e�xPrµ�$� y�d�{_¥_e6p6�F{�d�����y�v4~U{�rty�v_x��qe?�z{�ÀPw�{_��y�r��?�ce6pHy�d�{�¥4e6p|Ä+e6psrH±Ã{_psrtyz�qy�e�w�pte�e�rµ±Ã{_u�y���e�d�e�xPrµptv_w�~Uu�e
�%� e6~t~Ue�wc~|p���v_~|ptÀPwce���e6p�u6{_�qe6x�u�e6d�e�xPrUp��cw Ó�wqÇ e�xPrt~Ueºu�eIp,�c~UvZu�e6pUpswGp�xce	ptv_xPr���{_p�p�rU~tyzu¼rUe�d�e�xPr�e6x
��a�{_pte_³O×Xe�wcÇS�c~Uvqu�eIptptw�pÆu�v4d�d�wcxcyzÀPw�{�xPr|pÆpsv4x4rO�cy�r|pHxq°�psoZx�u|a�~tv4xce6p;pty_y���pÆ�+e�w��_e�xPr�&�rt~UeWy�d��c����d�e6x4r��6p
��{�x�pi��e�d�vq�qb���e�v4~U�qy�x�{_y�~UeºÂÃ��°YptoZx�u|ac~Uv_xceFÄ?e6xRy�xGp'�6~U{_x4r�w�xR�cwq¿;e�~��qe,rU{_y�����e�xH³i��v4w�p�e6xc~tyzu|acyzptptv_xGp
w�x �z{�xc¥P{�¥4e(�	Ó�v�r|p,�qe9�cv_xcx��6e6p6�OptoPxGu|ac~tv4xce�e6x ��wcy�{���v_wqr|{�xPrS�z{�xcv�rUy�v4x¹�$� acv4~t��v_¥4e6p��#��~Uy�vZ�cy�ÀPwceIp��
��wcy�p�u�v_x�psrt~Uwcyzpsv4x�p�wcxÔu�{_��u�wc�i�$� a�v_~U��v4¥_eDÂ0psoqpsrtb�d�e¾�qe�r�oP�+e6p9�+v_wc~9��e6p9acv_~U��v_¥_eIpUÄ�À4w�y��+e�~Ud�e�r���{
u�v_d��+v4pty�rUy�v4xÉ�qe��c~tvqu�e6pUpsw�pgxcv4x psrt~Uy�u�rte�d�e6x4r�ptoPxGu|ac~tv4xce6p6³Éf2e�rtrte�~te6��{�Çq{�rty�v_xÉpte�~U{_d9b6xce�� wcxce
pty�d9����ei~Ub�¥4��ei�qe�ptv_w�ps°Lr�oP�G{�¥_e��c{_x�p���e�u6{��zu�wc�G�$� a�v_~U��v4¥_e6p6³O��� y�x�pte�~trty�v_x��qei~Ue�rU{_~U��p����qe��cwq¿;e�~|p��_{_y�xGpsy
ÀPwceg��e�u�vq�qe9�qe�u�v_xPrU~�)4��e��ce9u�e6pX�cwq¿;e�~|pXptv_xPrS{_wqrtv4d�{�rtyzÀPwce�d�e6x4rSy�xc±²e�~��6p �	��{_~srUy�~S�qe6pXr�oZ�+e6pS�qe6p
a�v_~U��v4¥_e6p2��{_~iwcxce�rt~|{�xGp�±²v4~td�{�rUy�v4x��qe��c~Uv_¥4~U{_d�d9eIp�psoqpsr���d�{�rtyzÀ4w�e_³
*�ß ©I¨ Ý ¬�+ 
 ¨Ô ���6pte6{_wqÇ �qe¾�c~Uvqu�e6pUptw�p��qe á {�acxO�2�O{_xc¥4{_¥_eIpg�qeR��~tv4¥_~|{�d�d�{�rty�v_x psoZx�u|ac~Uv_x�e6p6�
rUe�d���pi~���e6�0�cptoqp�rUb�d�e6p�e6d���{_~UÀPw��Ip,�gaG{�wqrUe6p��+e�~t±²v_~Ud�{_x�u�eIp��PrU~U{_y�rUe�d�e�xPr��qeSÓ�wqÇ��Zy����6v�³
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`�a�e�~U{_�cyz��e��_v4��wcrty�v_x�v�±Æe�dg�GeI�c�qeI�ºpsoqpsrte6d�rUe6u|acxcv4��v4¥_o4��±Ã{F�_v4~teI�g�Zo�jRvZv_~Ue�� pW�z{F´Ô{_x���p�r|{�x���{�~|�cp��
yzpWy�x�u�~Ue6{4psy�xc¥4��og�c��w�~t~Uy�x�¥XrUace��G{�~U~ty�e�~|p��Ge�r�´2e6e�x�rta�e��qe6pty�¥_x�v�±HpU{�±²e�r�oP°�u�~Uy�rUy�u6{��L��~Ue6{���°Lrty�d9e�{_x��9acy�¥_aq°
�+e�~t±²v_~Ud�{�x�u�eSptoqp�rUe�d�p6³��]¥4vZvZ��e�Çc{_d9����e�yzp�rtace��cv_d�{�y�x�v_±�a�y�¥4aq°Le6x����Pyz�qe6v�{_�c�c��y�u6{�rUy�v4x�p��q´ia�e�~Ue
rUe�~|{�°Yv_�+e�~|{�rUy�v4x�p��+e�~�pte6u�v_x�� Â²v_x��cy�ÇZe6�Hu�v4d9�+v_x�e�xPrUp|Ä2y�x�a�{�~|�º~Ue6{_��°Lrty�d�e�´iy����Æ�+e�u�v4d�d9v4x	y�x�u�v_xq°
ptwcd�e�~X�qe��Zyzu�e6p�y�x¾rUace�d�yz�Zrte6~td¾³i��x¾rUacy�pSpty�¥4x�{���°L��~tvqu�eIptpty�xc¥9�cv_d�{�y�xH�Gu�v_d��cwqrUe�°Yy�xPrUe�x�pty��4e,»_e6~txce6��p
wGpseI��rtvg�Ge�d�{����GeI��rtv�pt�GeIu�y�¶Gu�¶�ÇZeI��a�{_~U�q´�{�~Ue�Â0�XmZ�tf�Ä?±²v_~��+e�~t±²v_~Ud�{_x�u�e4�qu�v4psr6�P�+v�´2e6~�{_x��º�c~Ue�°
�cy�u�rU{���y���y�r�o�~Ue6{4psv4x�p�Â²~Ue6{_��°Lrty�d�eIÄ�³���e�r�rta�e2u�v4d��cy�xceI�,y�xGu�~Ue6{_pteWy�x�d�{_pt»Su�v4psrUpµ{�x��,y�x�rUace?��{_~tyz{��cy���y�r�o
v_±�pswc���Gv4~srUe6�R{���¥_v4~ty�rta�d�p���e6{4�cpirUv	{ºpsrt~Uv_xc¥���~teIptptwc~UeXrUv�´�{_~U��pi�c~Uv_¥_~|{�d�d�{�����e4�c�qv_d�{�y�xq°�ps�+e6u�y�¶+u
�ce6pty�¥4x�p��q�G{��z{�x�u�y�xc¥grta�e�psv_± r�´�{_~te�{�x���a�{_~U�q´�{�~Ue�psa�{_~teIp�³
��xq±²v_~trtwcxG{�rte6��o4�Æ¥_e6xce�~|{���°L��wc~t�+v4pte�{�~|u|acy�rteIu¼rtw�~teIp�{�xG�Du�v4d��cy���e�~|p�{_~tegxcv�r,ptwcy�r|{��c��e�±²v4~�rUace��qe�°

pty�¥_x½v�±�~Ue6{_��°Lrty�d�e�� Í� acy�¥_aq°Y�+e�~t±²v_~Ud�{_x�u�eNÂÃd�{_pUpsy��_e6��o¹��{�~|{�����e�� Ä�� ÐtÑ��_Ð �! " 	�$# �%
 psoqpsrte�d9°Yv_xq°�u|acy��
&%' �!(L³S`Ov	{4u|acy�e��_e�rte�~|{�°Yv_�+e�~|{�rUy�v4x�p��+e�~�pseIu�v_xG�Æ��rUace�d�yz�Z°Lrte�~Ud d�wc��rty�°�u�v_~Ue�¸S�H� ® v_~Spsw��Ge6~UpUu�{_��{_~
{_~Uu|a�y�rUe6u¼rUwc~Ue6pi´iy�����~Ue6ÀPwcy�~te��+v�rUaD{�acy�¥_aN±²~teIÀ4w�e�x�u�o�{_x��R{º�z{�~U¥_e��qy�eg{_~teI{c�G´iy�rUaD{��+v�´2e6~��cw��c¥_e�r
y�x�u�v_d���{�rUy�����e�´iy�rta¹d9vPp�r,e6d��+e6�c�qeI�¹d�{_~t»4e�r|p�³9�iu|acy�e6�Zy�xc¥¾{�acy�¥4ace�~�u�v_d��cwqrUe��qe�x�pty�r�oD{�x��¹psrty����
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� 3 4 7 5 6 10
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o3 0 0 3 4 7 5
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30 × 1920 × 1080 = 62, 208, 000Hz
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 # � Í � Ð¼Ì�Z?Ñ�Ð[�Ë �Wy0³ e_³��W´2v4~U��p,v�± (0 + 1)ω ³ ® e�{�~Ue�d9vPp�rU��o¹y�x4rUe�~Ue6psrteI�½y�x·{ptwc��pte�r�v_±�rtaceº��y�x�{_~toD´2v4~U�cp6�µu6{�����eI� � Í
��Í �K) 
 � 
�Ð��ÃÑG!�ÃÎ # � Í � Ð¼Ì Z?Ñ�Ð[�Ë�� �qe�¶Gxce6� �ZoNrUace�±²v4����v�´iy�x�¥
¥4~U{_d�d�{_~�H

w ::= u(v)
v ::= 0 | 1 | 0.v | 1.v
u ::= ε | 0 | 1 | 0.u | 1.u

´ia�e�~Ue
(v) = limn vn y�p�rtacegy�xc¶�xcy�rte�~Ue��+e�rUy�rUy�v4xRv�± � 
�Ð��ÃÑG v

�G{_x��
u
yzp�{��c~Ue�¶�Ç�v_±

w
³���v�rUe�rUa�{�r

´�v_~|�cp2y�x
(0 + 1)ω u�v_~U~Ue6pt�Gv4x���e�Çc{4u¼rt��oº´iy�rta�rtace��cy�{4�qy�uSxZwcdg�Ge6~Up�´iacvPpse�y�x4rUe�~Ue6psr2±²v4~�psoZx�u|a�~tv4xPo´�{_p2¶�~|psri�cy�pUu�v��4e�~Ue6���Zo & ¡ A (Y³ ® e��ce�xcv_rte,�Zo

Q2
rtace�pte�riv�±�y�xc¶�xcy�rte,�+e�~Uy�vq�qyzuS�cy�xG{�~Uoº´2v4~U��p��Prta�y�p

pte�r�u�v_y�x�u�yz�qe,´iy�rta�rtace,~|{�rUy�v4x�{��Æ�qyz{_�cy�uSxZwcd��+e�~|p & ¡ A (Y³
�Oe�r

|w|
�qe6xcv�rUeºrUace	��e�xc¥_rta v�±

w
³ �He�r

|w|1
�qe6xcv�rUeºrUace	xZwcdg�Ge6~gv_± ' pgy�x

w
{�x��

|w|0
rtace

xZwcdg�Ge6~,v�±��_pSy�x
w
³��Oe�r

w[n]
�qe�x�v�rte9rUace

n
°0rUa ��e�rtrte�~�v�±

w
±²v4~

n ∈ N
{�xG�

w[1..n]
rtace��c~Ue�¶cÇ

v_±���e�x�¥�rta
n
v�±

w
³º��x rUace�~te6d�{�y�xcy�x�¥�´�e�´iy����?{_��´�{Foqp�u�v_xGpsyz�qe�~,y�xq¶�x�y�rUe��Ge6~ty�vq�qy�u���y�x�{_~toN´�v_~|�cp

´iy�rtaDy�xq¶Gxcy�rUegxZwcdg�Ge6~�v_± ' � p�v_~Xe6ÀPwcy���{���e�xPrt��o_�+´iy�rUaN�+e�~Uy�vq�
(v)

u�v_xPr|{�y�xcy�x�¥º{�rX��e6{4p�rXv_xce ' ³�`�acyzp
u�v_~U~teIps�+v_xG�cp�rUv�~te6d�v��Py�xc¥grtace,y�xPrte6¥_e�~�xZwcdg�Ge6~Up�±²~Uv_d

Q2
{_x���u�v_xGpsyz�qe�~Uy�xc¥gv4xc��o

Q2 − N
³

`�ace6~tegy�p�{_xNy�xc¶�xcy�rte�xZwcd��+e�~Sv�±?~Ue���~teIpse6x4r|{�rUy�v4x�p�±²v_~�{�x y�xc¶�xcy�rte9�Ge6~ty�vq�qy�u��cy�x�{�~Uo¾´2v4~U�Æ³S��xq°
�ce�e6�H�

(0101)
y�p�eIÀPw�{��Prtv

(01)
{�x���rtv

01(01)
³O��v_~trtwcx�{�rte6��o4��rtace6~te�e�Çqyzp�r|pW{�x�v_~Ud�{_�Z~te6�c~teIpse6xPrU{�rUy�v4x

±²v4~�{�xZo�y�xq¶�xcy�rtei�+e�~Uy�vZ�cy�u��cy�x�{_~to,´�v_~|�
w
Hµy�r�y�pWrtace�ÂÃwcxcyzÀ4w�eIÄ�ptacv_~trteIp�rW~Ue��c~Ue6pte�xPrU{�rty�v_xgv�±�rUace�±²v_~Ud

u(v)
�c´ia�y�u|a�y�p�e6ÀPwcy��F{_��e6xPr�rUv9rtace,~Ue��c~Ue6pte�xPr|{�rty�v_x�´iy�rUa�rtace�ptacv_~trteIp�ri�c~Ue�¶�Ç�{�x����+e�~Uy�vq�Æ³
® e��qe�x�v�rte,�Zo

v
rtace,��~te�¶cÇ	~Ue��z{�rty�v_xO³�`�aZw�p���e�r

w
{�xG�

w′ �+eXr�´�v��cy�x�{�~Uoº´�v_~|�cp�� w v w′ ⇒
∃v
��y�x�{_~to¾´�v_~|�½Â²�+v4pUpsy��c��oRy�xc¶�xcy�rteIÄ��HpswGu|aRrta�{�r

w.v = w′ ³,�cv4~Xy�x�psrU{_x�u�e4� 010101
y�p�{	�c~te�¶cÇRv�±

(01)
³
�Oe�r

[w]p
�qe�xcv_rteSrta�eS�+v4pty�rty�v_x�v�±OrUace

p
°Lrta

1
y�x

w
³ ® e,aG{F�_e

[1.w]1 = 1
�
[1.w]p = [w]p−1 + 1y�±

p > 1
��{_x��

[0.w]p = [w]p + 1
³W�µy�x�{_����o_�c��e�r�wGpi�qe�¶�x�e�rtaceD� Ð[
|Î�
�$
�Í;Î�
 ~te6��{�rty�v_x �

�qe�¶�xceI���Zo

w1 � w2 ⇐⇒ ∀p ≥ 1, [w1]p ≤ [w2]p.
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(10) � (01) � 0(01) � (001)
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® eiu�{�x9{��zpsvS�qe�¶Gxce?rUace�wc�c�+e�~��+v_wcx��

wtw′ {�xG����v�´2e6~O�+v_wcx�� wuw′ v�±�r�´2vXy�xq¶Gxcy�rUe��Ge6~ty�vq�qy�u��y�x�{_~to	´2v4~U�cp�´iy�rta

∀p ≥ 1, [w t w′]p = max([w]p, [w
′]p)

∀p ≥ 1, [w u w′]p = min([w]p, [w
′]p).

��³ ¥�³��
1(10) t (01) = (01)

{�xG�
1(10) u (01) = 1(10)

�
(1001) u (0110) = (10)

{�x��
(1001) t

(0110) = (01)
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> = (0)
{_x��

⊥ = (1)
psy�x�u�e

[(0)]p = ∞
±²v_~X{����

p > 0
³?�cv4~�{�x¾y�xq¶�xcy�rte�pte�r

S
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´ia�e�~Ue
[w]p = Ë¼Ò � {[w′]p | w′ ∈ S}±²v4~ie��4e�~Uo

p ∈ N
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�Ð��ÃÑ���ÃÎ # � Í � Ð¼Ì�Z?Ñ�Ð�FË�Î � Í # 
9Ð[
 � Ð[
�Ë�
�Í ) 
� Z �K)²Ï � Ð[
 � Q 
¼Ë � Í/
� 
�Ð��ÃÑ��Ë ZµÏcÑFË�
���
�Í��:)²ÏPË�Ë � )+�zË'#|ÌNË�Ñ  
¾Î|Ñ�Í�!�K)+�ÃÑ�Í � ��Ñ�ÍcË��,$
�Ð )*Z?Ñ � Í
��Í �K) 
 � 
�Ð��ÃÑG!�ÃÎ # � Í � Ð¼Ì Z?Ñ�Ð[�Ë
w = u(v)

� Í/ w′ = u′(v′)
�)( 
ºÎ � Í )LÐ � Í�Ë*#�Ñ�Ð  )²ÏF
 
�Q � Ð[
¼Ë|Ë��ÃÑ�Í�Ë�Ñ	# w

� Í/ w′ � Í�)�Ñ �F� Ð�)*�ÃÎ�ÒR� � Ð
Ð�
 � Ð[
¼Ë�
�Í�) � )+�KUB
�Ë a(b)

� Í/ a′(b′) ZµÏ �ÃÎ|Ï 
 � Ë�
,Ë�Ñ  
9ÎUÑ  Q� ÒR) � )*�ÃÑ�ÍcË �
( 
NÎ � Í]Î|ÏcÑIÑFË�
+#�Ñ�Ð � ÍcË�) � Í+Î�
 a � a′ � b � � Í/ b′ Ë¼Ò�ÎUÏ )²Ï � ) |a| = |a′| = max(|u|, |u′|)

� Í/
|b| = |b′| = ��Î  (|v|, |v′|) ZµÏF
�Ð[
 ��Î  Ë�) � Í�FË,#�Ñ�Ð ��e6{4p�r�u�v_d�d�v_x dgwc��rty��c��e-�/. Í�:
�
����Ë¼Ò �:� ÑFË�

|u| ≤ |u′| �+)²ÏF
¹Ñ!)²ÏF
�ÐDÎ � Ë�
 �zË�Ë�)LÐ � � �FÏ ) #�Ñ�Ð�Z � Ð[���� p = |u′| − |u|

� Í/ n = ��Î  (|v|, |v′|) �	) Ï�
�Í
w = u.v[1] · · · v[p].

(

(v[p + 1] · · · v[p + |v|])n/|v|
) � Í/ w′ = u′.(v′n/|v′|)

� � � � � � 010(001100)
� Í/

10001(10)
# 
|Î|Ñ  
 01000(110000)

� Í� 10001(101010)
�

M ���:
�Z �zË�
+�SÑ�Í/
  T� Ì 
�Í$#�Ñ�ÐUÎ�
T) Ï � ) � Ð[
 � Q 
¼Ë � Í/�Ë¼Ò10 Q�
�Ë�Ï � U!
T)²ÏF
9Ë �! 
�ÍGÒ  	# 
�Ð9Ñ�# � Ë � w =
a(b)

� Í� w′ = a′(b′) Z �K)²Ï |a|1 = |a′|1 = max(|u|1, |u′|1)
� Í/ |b|1 = |b′|1 = ��Î  (|v|1, |v′|1)

�
. Í/$
�
�C�+Ë¼Ò �$� Ñ�ËE
 |u|1 ≤ |u′|1

� Í� |v|1 ≤ |v′|1
� p = |u′|1−|u|1

� r = [v]p
� � Í� n = ��Î  (|v|1, |v′|1)

�

^3^`_!a�b�c�d�e



' � ��Ñ6Ï�
�Í�����ÒqÐ � Í )YÑ�Í���� �zË�
�Í # 
E�zË���� � �$
�)+)*����� � � ) 
 � Ò � Í�Y�iÑ�Ò$�G
E)

)²ÏF
�Í w = u.v[1] · · · v[r].
(

(v[r+1] · · · v[r+|v|])n/|v|1
) � Í� w′ = u′.(v′n/|v′|1)

� � � � � � 010(001100)� Í/ 10001(10)
# 
UÎ|Ñ  
 010001(100001)

� Í/ 10001(101010)
�

! ÏF
 � � Ë�) � Í�) 
�Ð[
¼Ë�)+� Í�� Î � Ë�
��zË w = a(b)
� Í/ w′ = a′(b′) Z �K)²Ï |a|1 = |a′|

� Í� |b|1 = |b′|
�

. Í/$
�
�C�2Ë¼Ò �:� ÑFË�
 |u|1 ≤ |u′|
� Í� |v|1 ≤ |v′| � p = |u′|1 − |u| � r = [v]p

� � Í� n = ��Î  (|v|1, |v′|)
�

)²ÏF
�Í w = u.v[1] · · · v[r].
(

(v[r+1] · · · v[r+ |v|])n/|v|1
) � Í/ w′ = u′.(v′n/|v′|)

� � � � � � 010(001100)� Í/ 10001(10)
# 
UÎ|Ñ  
 0100011000011(000011)

� Í� 10001(10)
�

��v_~Xrtace�pU{�»_e�v�±2pty�d��c��yzu�y�r�o_�Æ´�e�´iy����W{_pUptwcd�e�rta�e�~Ue6{�± rUe�~Xrta�{�rSe6�_e6~to¾y�xq¶�xcy�rte9�Ge6~ty�vq�qyzu��cy�x�{_~to
´�v_~|�ºaG{_pi{�x¾y�xq¶�xcy�rte,xZwcdg�Ge6~iv�± ' p6�qy0³ e_³��qyzpi�Ge6~ty�vq�	a�v_�z�cpi{�r���e6{4p�riv_x�e ' ³

��� � � ? ��$�� � � *�� ����  ���� $�� ? ��$�� �

� u���vqu|»,±²v4~Wy�xc¶�xcy�rte�psrt~Ue6{�d�pWu6{�x9�Ge�{_x9y�xq¶�x�y�rUei�cy�xG{�~Uo�´2v4~U�gv_~W{,u�v_d��GvPpsy�rty�v_x9v�±+y�xc¶�xcy�rte��cy�x�{_~to
´�v_~|�cp6�q{_pi�qe�¶�xce6���Zo�rUace�±²v_����v�´iy�xc¥9¥_~|{�d�d�{�~GH

clk ::= w | clk on w
w ∈ (0 + 1)ω

�Y±
ck
y�pg{Ru���vqu|»D{�x��

w
yzp�{_x¹y�xq¶�x�y�rUeº�cy�x�{�~UoD´�v_~|�Æ�HrUace�x

ck
5<D

w
�qe6xcv�rUe6p�{ Ë¼Ò # Ê Ë �� Q� ��
�Î���ÑIÎ�� v_± ck

�q´iace�~Ue
w
y�p�y�rUpte���±�pte�r�v4x�u���vqu|»

ck
³

��³ ¥�³��
(01)

5<D
(101) = (010101)

5<D
(101) = (010001)

³

clk 0 1 0 1 0 1 0 1 0 1 ... (01)
w 1 0 1 0 1 ... (101)
clk

5 D
w 0 1 0 0 0 1 0 0 0 1 ... (0100)

��v_~Ud�{_����o_�
on
y�p�y�x��qwGu¼rty��_e6��o��qe�¶Gxce6�¾{_p�±²v4����v�´�p�H

0.w on w′ = 0. (w on w′)
1.w on 0.w′ = 0. (w on w′)
1.w on 1.w′ = 1. (w on w′)

 ª ßKL?ß ¨ N © NÃß�� C I �KU!
�Í w
� Í� w′ )+Z?Ñ � Í
�?Í��K) 
 # � Í � Ð¼Ì Z?Ñ�Ð[�Ë4� w

5<D
w′ �zË � �ÈË�Ñ � Í � Í
�?Í��K) 
 # � Í � Ð¼Ì

Z?Ñ�Ð[��?Ë � )*�zË*#|Ì!� Í � )²ÏF
"
���Ò � )*�ÃÑ�Í [w
5 D

w′]p = [w′][w]p
#�Ñ�Ð � �K� p ≥ 1

�
��xG�qe�eI�Æ�qy�±�rta�e

n
°0rUa���{_��wce�v_±

w
y�p��c�Zrta�e

n
°Lrta¾��{���wce�v�±

w
5 D

w′ yzp�xceIu�e6pUpU{�~Uy���oº�c�qv_rtace6~t´iyzpseSy�r�y�prUace
p
°0rUa ' v�±

w
Â ±²v4~Xptv_d�e

p ≥ 1
Ä¼³�mZy�x�u�e

w′ y�pXu�v��_e6~teI��{�r�rta�e�~U{�rte,v_± ' piy�x w
�Grtace

n
°LrtaR��{_��wce

v_±
w
5<D

w′ y�p�rUace [w]p
°Lrta ' y�x

w′ ³`�ace�±²v4����v�´iy�xc¥g~Ue6ptwc��r�y�pi{�u�v_~Uv_����{_~to�v�±�rta�e,�c~te6�Zy�v4w�p��c~tv4�Ge6~sr�o4³
 ª ßKL?ß ¨ N © NÃß��DE �sß �OÝ «�¨6¨ ß ¬ N «q© N�� N © Ü � M7
�) w1

� w2
� Í� w3

# 
N) ÏqÐ[
�
N� Í	��Í �K) 
 # � Í � Ð¼Ì Z?Ñ�Ð[FË �
! ÏF
�Í w1

5<D
(w2

5<D
w3) = (w1

5<D
w2)

5 D
w3
�

��xG�qe�eI�
[w1][w2

5<D
w3]p = [w1][w2][w3]p

= [w1
5 D

w2][w3]p

³
â�v�´2e6�_e�~I�Prtace

on
v_�+e�~|{�rUv_~�y�pix�v�r�u�v4d9dgwqrU{�rty��_e4³ ® e,a�{F�4eXrUace�±²v_����v�´iy�xc¥9~Ue6ptwc��rGH

OQP ^�O6R



� Ì�Í+Î|ÏZÐtÑ�Í������ Í��	��
�Ð��ÃÑ���ÃÎ�����Ñ6Î���Ë '$'

�2Û � �·« C M7
�) w, w′ # 
 )+Z?Ñ � Í
��Í �K) 
 # � Í � Ð¼Ì Z?Ñ�Ð�FË �/( 
�Ï � U!
 w � w′ � #4� � Í/¹Ñ�Í���Ì � # )²ÏF
�Ð[


�Q$�zË�)ÃË u ∈ (0 + 1)ω Ë¼Ò�ÎUÏ ) Ï � ) w′ = u

5<D
w
�

 ª ßHß��U³+! ÏF
 Z?Ñ�Ð[ u =
∏

p 0[w′]p−[w]p .1
� ÍcË�Z<
�Ð|Ë )²ÏF
 ��
  Y T� �

��Ö�+e�~Uy�vZ�cy�u�u���vqu|»�y�pX{�u���vZu|»�´iacv4pte�psrt~Ue6{�d y�p��Ge6~ty�vq�qyzu�³�`�ace��+e�~Uy�vq�qyzu,u���vqu|»Zp�{�~Ue��qe�¶�x�e6�R{_p
±²v4����v�´�p�H

clk ::= w | clk
5<D

w
w ∈ Q2

`�ace?�c~te6�Zy�v4w�pÆ~Ue6ptwc��r|pÆv_x�u���vqu|»qpÆacv4���,{_x��Sd�v_~Ue�v��_e6~Æ}�~Uv_�+v4pty�rUy�v4x ' �+e6u�v_d�e6pµ{�x,{���¥_v4~ty�rta�d�HÆ��e�r
wGpWu�v_xGpsyz�qe�~µr�´�vSy�xq¶�x�y�rUe��+e�~Uy�vZ�cy�u��cy�x�{�~Uo,´�v_~|�cp

w1 = u1(v1)
{�x��

w2 = u2(v2)
´iy�rta

|u1|1 = |u2|{_x��
|v1|1 = |v2|

³º`�acyzp,yzp,�+v4pUpsy��c��e9�+e6u6{�w�pte�v�±�~te6d�{�~U» ' ³º`�ace6x
w3 = w1

5<D
w2 = u3(v3)

y�p
u�v_d��cwqrUe6� �Zo

|u3| = |u1|
�
|u3|1 = |u2|1

�
[u3]p = [u2][u1]p

{�x��
|v3| = |v1|

�
|v3|1 = |v2|1

�
[v3]p = [v2][v1]p

³

��� � A����	*�$ �	��� *	�+��� � �������	�3? ��
��L���!*	�@?
® eºy�xPrt~UvZ�cw�u�eº{Nu�v_~Ueº�c{�r|{�°LÓ�v�´��z{�x�¥_w�{_¥_e�v_x½y�xq¶�xcy�rte�p�rU~teI{�d�p�³��YrUpgpsoZxPrU{�Ç¹�qe6~ty��_eIpS±²~tv4d &%' �!(L³
��ÇZ��~teIptpty�v4x�p�Â

e
Ä?{_~teXd�{4�qe�v_±Ou�v4x�p�r|{�xPr�psrt~Ue6{_d�pXÂ

i
Ä��P��{_~tyz{��c��e6pXÂ

x
Ä¼�q��{_y�~|pXÂ

e, e
Ä¼�Z��vZu6{��;�qe�¶Gxcy�rUy�v4x�p

v_±,±²wcx�u�rty�v_x�p�v_~�p�rU~teI{�d ��{�~Uy�{_�c��eIpNÂ
e �� ;���; x = e

Ä¼� �·{����c��yzu�{�rty�v_x�p Â
e(e)

Ä���y�xcy�rtyz{���y�Å6e6���qe6��{Foqp
Â
e � 7�� e

Ä,{�x�� rUace�±²v_����v�´iy�xc¥NpU{�d��c��y�xc¥¾±²wcx�u�rty�v_x�p�H
e �� ;<D pe

y�p�rtace�pt{_d9����eI�¹psrt~Ue6{_d£v_±
e
v_x

ptv_d�eg�Ge6~ty�vq�qy�u�u���vqu|»
pe
�H{�x����3;�����;	y�pXrta�e�u�v_dg�cy�xG{�rty�v_xDv_�+e�~|{�rtv4~Xv_±2u�v4d��c��e6d�e�xPrU{_~toRpsrt~Ue6{�d�p

ÂÃ´iy�rUa�v4�c�GvPpsy�rte2�Ge6~ty�vq�qyzu?u���vqu|»qpUÄ;y�x�v4~U�ce�~HrUv�±²v4~tdÖ{i��v_xc¥4e�~�p�rU~teI{�d � � : 9�{�xG�6: D�E�{_~teWrUace2u���{4ptptyzu�{��{4u�u�e6pUpÆ±²wcx�u�rty�v_x�p6³���p�{�ptoPxPr|{_u¼rUy�u2psw�¥4{�~I�
e �� ; D!5 9 pe

y�pOrta�e�pU{�d��c��e6��psrt~Ue6{_d]y�±
e
v_x,rUace�xce�¥P{�rty�v_x

v_±µ�+e�~Uy�vq�qyzu,u���vqu|»
pe
³

�Ø��~tv4¥_~|{�d yzp,d�{_�qe�v_±�{Rpte6ÀPwce6x�u�e�v�±��qeIu��z{�~|{�rUy�v4x�pSv�±ip�rU~teI{�dl±²w�x�u¼rUy�v4x�pºÂ.D!5FE�;
x(x) = e

Ä
{_x�� �Ge6~ty�vq�qy�u�u���vqu|»qp�Â 4 ;��3G 5FE p = pe

Ä¼³ �cv_~�e�Çq{_d��c��e 4 ;��1G 5FE half = (01)
�qe�¶Gxce6pgrta�eRa�{���±

�+e�~Uy�vZ�cy�u9u���vqu|»·Â rta�eº{���rte�~Ux�{�rty�xc¥���y�r�pte6ÀPwce�xGu�eIÄX{�xG�NrUacy�p,u���vqu|»Nu6{�x¹�Ge�w�pte6�¹{�¥P{�y�xRrtv¾�cwcy��z� {_x
v_rtace6~�v4xce���y�»4e 4 ;��1G 5FE half2 = half

5<D
half

³X}�e�~Uy�vq�qyzu�u���vqu|»qp�u�{_xR�Ge�u�v4d��cy�xceI�¾´iy�rUaD�+vPv4��eI{�x
v4�Ge6~U{�rtv4~Up6³���v_rte�rta�{�r�u���vqu|»qp�{_~te Ë�) � )+�ÃÎ e�Çq�c~Ue6pUpsy�v_x�p�´iacy�u|a¹u�{_xN�Ge9psy�d��c��y�¶�eI�D{�rSu�v4d��cy���e�rUy�d�e
y�xPrtv9rta�e,xcv_~Ud�{��;±²v_~Ud

u(v)
v�±µy�xq¶�x�y�rUe��Ge6~ty�vq�qyzuX��y�x�{_~to	´2v4~U�cp6³

e ::= x | i | (e, e) | e �� ;���; x = e | e(e)
| e � 7�� e | e �� ;<D pe |

�3;�����;
pe e e

| � : 9 e |
:HD�E

e | e
9 9

e
d ::=

D!5NE�;
x(x) = e | d; d

 � ::= 4 ;��3G 5FE p = pe | 
�
; 
�

pe ::= p | w | pe
5<D

pe |
D!5 9

pe | pe
5��

pe | pe � pe

® eDu�{_x e6{_pty���o �c~tv4¥_~|{�d rUaceD�qv�´ix�pUu�{_��e6~�y�x rUacyzp���{_xc¥_wG{�¥_e4³��Yr	yzpºdgw�u|a psy�d��c��e6~�rtaG{�x y�x
{�u��z{_pUpty�u6{��WpsoZx�u|a�~tv4xcv_w�pX�z{�xc¥4w�{�¥4e_�H{F�_v4y��cy�xc¥�{F´i»Z´�{_~U�N{_wqÇqy���yz{�~Uo���{_~tyz{��c��e6p6�Hpte�e9rtace�a�v_~Uy�Å6v_xPrU{_�
¶G��rUe�~iy�x¾��y�¥_wc~Ue 8 ³

� C�)+���-���@%&) _ �$� � )�� � !
x " e #%$ e

� _'& C ! * >�0 2 (�3 M

^3^`_!a�b�c�d�e



' ¡ ��Ñ6Ï�
�Í�����ÒqÐ � Í )YÑ�Í���� �zË�
�Í # 
E�zË���� � �$
�)+)*����� � � ) 
 � Ò � Í�Y�iÑ�Ò$�G
E)

���������
	�����������
��� o1
��

.0/1/0/ 2
���������� # o1 � o2 � o3 � o4 � o5 � o6

(
�����
� (10100100)

�µy�¥_w�~te 8 HW}�e6~ty�vq�qy�u�u���vqu|»

������������� �!��������3#0��������� (100000) (�����
���������	 "
����� # i1 � i2 � i3 � i4 � i5 � i6 (�	��
������
��!#1� (�����������	�# i1 � i2 � i3 � i4 � i5 � i6 (

��y�¥4wc~Ue,�FH���d9�+v4pty�xc¥ºu���vqu|»Zp

`�acyzpºy�d��c��e�d�e�xPrU{�rty�v_x d�{�r|u|ace6p�rtaceD{F�4e�~|{�¥4e�� v4wqrt�cwcrUpDÂ²rtace6~te {�~Ue¾rtac~Ue�e ' pºy�x rtaceDu���vqu|»
�+e�~Uy�vZ�GÄ2±²v_~�¤9y�x��cwqrUp�Â²��e�xc¥_rta¾v�±µrtace,�+e�~Uy�vq��Ä�v_±OrUace,acv_~Uy�Å�v_xPr|{��+¶���rte�~I��pte�e,{��zptv9��y�¥_wc~Ue,�c³

`µvRy�d��c��e�d�e6x4r�rtaceº~Ue6psr�v�±�rta�e	�qv�´ix�pUu�{_��e6~Sy�x·��y�¥4wc~Ue	�Z�µ´�e�w�pte�rtace(9 9 psoZxPrU{�ÇDrtvRy�d��GvPpse
u���vqu|»qp�rtv y�x��cwqrº{�x�� v_wcrt�cwqrºpsrt~Ue6{_d�p6³É��vZ�ce��������RpsrU{�rteIp�rUa�{�r�rUace¾y�xc��wqr�y�p�pU{�d��c��e6� {�r�rtace
±Ã{4p�rUe6psr�u���vqu|»>7!9�:<;

= (1)
��´iace�~Ue6{4pSv_wqrU�cwqr��cy�Çqe��zp�a�{F�_e9rUvR�Ge��c~Uvq�qw�u�e6� {�r�u���vqu|»

(100000)
�H�

rUy�d�eIp�ps��v�´�e�~I³

����� � ? ��$�� � � ? $)��?����

`�a�e��ce�xcv_rU{�rUy�v4x�{���{_x��¹psoZx�u|ac~Uv_x�v_w�p9Â²v4�Ge6~U{�rty�v_x�{_�zÄSpte�d�{�xPrtyzu�pSv_±�v4wc~,u�v_~Ue��c{�r|{�°LÓ�v�´ �z{�xc¥4w�{�¥4e
{_~te��cwcy���r�v4x u��z{_pUpty�u6{��2rtace6v_~Uo¹v_±XptoPxGu|ac~tv4xcv_wGp��z{�xc¥4w�{�¥4e6p &�' �B(L³ ��� rtv psoZxPrU{4u¼rtyzu	�ce�rU{_y��zp6��rta�y�p
yzp�eIptpte�xPrUy�{_����oNrUace�u�v_~Ue 9<;7=�>5?5@ �z{�x�¥_w�{_¥_e_³¾��v4xce�rUace���e6pUp6�µrUvNe6{4pse�rUace	��~teIpse6x4r|{�rUy�v4xH�O´�eºa�{F�4e
~Ue6psrt~Uyzu¼rteI�·pU{�d��c��y�xc¥ v_�+e�~|{�rUy�v4x�p,rUv¹{_�c�c��o rUv �+e�~Uy�vZ�cy�u�u���vqu|»Zp�v_xc��o�Â²´ia�e�~Ue6{_pg{�xZo �GvZv4��eI{�x pte�°
ÀPwce6x�u�eXu�{�x	�GeXw�pseI��rtvgpt{_d9����eS{�p�rU~teI{�d y�x	e�Çqy�psrty�xc¥�ptoZx�u|ac~Uv_xcv4w�pW�z{�xc¥4w�{�¥4e6p|Ä¼³�jRv_~Ue�v��4e�~I��rtaceIpse
�+e�~Uy�vZ�cy�u�u���vqu|»qp�{_~te��qe�¶�xceI��¥_��v_��{_����og{4p�u�v4x�p�r|{�xPr?��{���wceIp�³�`�ace6pte��+e�~Uy�vq��e�ÇZ��~teIptpty�v4x�pWu�{_x�y�x�rUwc~Ux
�+e�{�wcrtv_d�{�rtyzu�{�����o�rt~|{�x�ps±²v_~Ud�e6�ºy�xPrtvºptoZx�u|ac~Uv_xcv4w�p2u�y�~|u�w�y�r|p,Â²yL³ e4³��Ge�Çq�c~Ue6pUpsy�v_x�p?±²~Uv_d

e
Ä & ¡ A (Y³

`�acyzpi»4e�~Uxce��Æyzp�psrU{�rUy�u6{�����oºr�oP�+e6�H³��YrUp�r�oZ�cy�xc¥�~Uwc��e6pi{�~Ue,p�rU~U{_y�¥4aPrs±²v_~U´�{�~|�º{�x��¾{_~te�xcv_r�¥_y��_e�x�y�x
rUacyzp�~te6�Gv4~srI³�mqe�e &�' �B(�±²v4~,e�Çc{�d��c��e_³9��x¹rtaceºpU{�d�e�´�{Fo4�Æ´2e��qv¾xcv_r�u�v_xGpsyz�qe�~�u6{�w�pU{���y�r�oN{�x�� y�x�y�°
rUy�{_��y�Å6{�rty�v_xº��~tv4�c��e6d�p?xcv4~?rUaceS~tes��e6u¼rUy�v4xºv�±µ~teIu�wc~|psy��_eXp�rU~teI{�d ±²wcx�u�rty�v_x�p6³�`�ace6pteXu���{4ptptyzu�{��+{�x�{_��oqpty�p
{_�c�c��o	�qy�~teIu¼rU��o�rUv�v_wc~�u�v_~UeX�z{�x�¥_w�{_¥_e�{�x��	rtace6o�{_~te�v_~trta�v_¥_v4x�{��Grtv�ptoZx�u|ac~Uv_xZo_³
`�ace�u�v_d��cy���{�rty�v_x��c~UvZu�e6pUp2rU{�»4e6p�r�´�v�p�rUe���p6³
' ³�hXwc~ ÎE��Ñ6Î��ºÎ � ��Î�ÒR� ÒZË u�v4d9��wqrteIp2{_���Æu�v4x�psrt~|{�y�x4r|p?pU{�rUy�ps¶�e6�	�Zo9e6�_e6~to�u���vqu|»;�Z{4p?¥4e�xce6~U{�rteI���Zo�{
ps�+e6u�y�¶+u )LÌ � 
�Ë|ÌFË�) 
  9³�`�ace6ptegu�v_x�psrt~|{�y�xPrUp�{_~teg~teIpsv4���4e6��rta�~tv4wc¥_aD{ ÒqÍ�� ��Î � )*�ÃÑ�Í �c~tvqu�e6�qwc~Ue_�
rtv � Í$#E
�Ð {��+e�~Uy�vq�qyzu�u���vZu|»¾±²v4~�e6{_u|a e�Çq�c~Ue6pUpsy�v_xDy�x rtace��c~Uv_¥4~U{_d¾³��Y±?rUace�~Uegyzp�xcv¾psv4��wcrty�v_xH�
´2eg�c~Uv��_e�rtaG{�rSptv_d�e�e�Çq�c~teIptpty�v_x�p��cv	xcv_rXa�{F�4e�{º�+e�~Uy�vq�qyzu�e�ÇZeIu�wqrUy�v4xNu�v4x�psyzpsrte�xPr�´iy�rtaDrtace
~teIp�riv_±µrUace,�c~Uv_¥_~|{�d Hµrtace,��~tv4¥_~|{�dÙy�p�xcv�r�ptoPxGu|ac~tv4xcv_wGp��q{�xG�ºrUace�~Ue�±²v4~te�yzp�~tes��e6u¼rUe6�Æ³

¡q³��Y±�{9ptv_��wqrty�v_x�y�p�±²v4wcx��Æ�ZrUace ÎUÑG:
D��
�Í�
�Ð � )*�ÃÑ�Í psrte���rt~|{�xGp�±²v4~td�p?rtace,�c{�rU{�°LÓ�v�´���~tv4¥_~|{�d y�xPrtv
{�x½y�d��Ge6~U{�rty��_eºv4xceDÂ²e�Çqe6u�wcrU{�����e4��h,f�{_d��0��e�r|u�³ÈÄA´iace�~Ue	{����?��~tvqu�eIptpte6p�{�~UeºpsoZx�u|ac~Uv_x�v_w�pt��o
e�Çqe6u�wqrteI�¾{_u�u�v_~|�qy�xc¥�rUv9rtace6y�~�{4u¼rUw�{��Hu���vqu|»;³

��� � � C  �Ü L?Û"!ÆÜ ¨6© Û �
® e,�c~Uv_�+v4pte,{�r�oZ�+e�psoqpsrte6d¯rtv�¥4e�xce6~U{�rteSrtace�u���vqu|»	u�v_x�psrt~|{�y�xPrUp6³W`�ace,¥_vP{��;v�±�rtace�u���vqu|»�u�{��zu�w���w�p
yzp�rUvº�c~UvZ�cw�u�e���w��c¥_d�e�xPrUp�v�±�rtace�±²v_~Ud

P, H ` e : ct
d�e6{_xcy�xc¥�rta�{�r$#�rtace�e�Çq�c~teIptpty�v_x

e
a�{_p ÎE��ÑIÎ��

)LÌ � 
 ct
y�x�rta�e,e�xZ�Zy�~Uv_xcd�e6x4r|p�v�±��Ge�~Uy�vZ��p

P
{_x��ºrUace,e�xZ�Zy�~tv4xcd�e�xPr

H % ³

OQP ^�O6R
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f2��vqu|»	r�oZ�+e6p���{�~Ue��qe6u�v_d��+v4pte6��y�xPrUv	u���vqu|»�pUu|ace�d�e6pgÂ
σ
Ä�À4wG{�xPrty�¶�e6�¾v��4e�~�{ºpte�rXv�±�u���vqu|»	��{�~Uy�°

{_�c��e6p,Â
α
Ä�{_x���wcx�ÀPw�{_x4rUy�¶Ge6�¾u���vqu|»ºr�oZ�GeIp�Â

ct
Ä�³2� u���vqu|»ºd�{Fo��Ge�{9±²wcxGu¼rty�v_xG{��µu���vqu|»DÂ

ct → ct
Ä���{

��~tvq�qw�u�r�Â
ct × ct

ÄXv4~S{�p�rU~teI{�dlu���vqu|»·Â
ck
Ä¼³g�Ùpsrt~Ue6{_d u���vqu|»Rd�{FoR�+egrUace9��{_pte9u���vqu|»·Â 7�9!:<;_Ä��O{

pU{�d��c��e6��u���vqu|»DÂ
ck
5<D

pe
Ä�v4~�{�u���vqu|»º��{�~Uyz{��c��e�Â

α
Ä¼³

σ ::= ∀α1, ..., αm.ct
ct ::= ct → ct | ct × ct | ck
ck ::=

7!9!: ;
| ck

5 D
pe | α

H ::= [x1 : σ1, ..., xm : σm]
P ::= [p1 : pe1, ..., pn : pen]

`�aceS�qyzp�rUy�x�u�rty�v_xº�+e�r�´�e�e6x	u���vqu|»�r�oZ�+e6pSÂ
ct
Ä�{_x��ºpsrt~Ue6{_d u���vqu|»�r�oZ�+e6pSÂ

ck
Ä�ptacv_wc�z��xcv_r2ptwc~t��~tyzpse

rUace�~Ue6{4�qe�~I³O��x��ce�e6�H�4y�xº{ á {�acx�xce�r�´2v4~t»;��rUace�~Ueiyzp?{,u���e6{_~?�qyzp�rUy�xGu¼rty�v_x��+e�r�´�e�e6x�{�u|a�{�x�xce��OÂÃ´iacyzu|a
~Ue6u�e�y��_eIp�psv4d�e�u���vZu|»�r�oZ�Ge

ck
Ä¼�;{ºpsrt~Ue6{_d¯±²wcx�u�rty�v_xÉÂÃ´iacyzu|aN~teIu�e6y��4e6p�ptv_d�e,±²wcxGu¼rty�v_xG{��µu���vqu|»�r�oZ�Ge

ct → ct′
ÄS{�x��¹{	�G{�y�~Se�Çq�c~teIptpty�v_xÉÂÃ´iacy�u|a¹~Ue6u�e6y��4e6pSpsv4d�e9u���vqu|»�r�oZ�Ge

ct × ct′
d�e6{�x�y�xc¥�rtaG{�r�rtace

r�´�v�e�Çq�c~Ue6pUpsy�v_xGp2�qv�x�v�rixce6u�e6pUpt{_~ty���o�a�{F�_e�psoZx�u|a�~tv4xcy�Å6e6�	�F{_��w�e6p|Ä¼³
��v�rte�rta�{�r�7!9!:<;ºu�{_xR�Ge9u�v4x�psyz�qe6~teI�R{_p�{�psacv4~sr|u�wqr�±²v_~�rUace��+e�~Uy�vZ�

(1)
�+rUa�{�rSy�p6��rUace��+vZv_��e6{_x

pte6ÀPwce6x�u�e	d�{4�qeºv_±irt~Uwce	��{���wceIp�³>7!9!:<;R�c�z{Foqp�{R�G{�~trtyzu�wc�z{�~�~Uv_��eºy�xÉ{Nptoqp�rUe�d psy�x�u�eºy�r�yzp,¶�x�{_����o
pte�r�rtv {·~Ue6{_��°Lrty�d�e u���vqu|» psw�u|a�rta�{�r�xcv_rtacy�xc¥Ôpsacv4wc�z� ~tw�x�±Ã{_psrte6~6³Ù`�acyzp��c~tv4�Ge6~sr�oÔyzp	e6x�psw�~teI�
�ZoÉrtaceDpsrt~Uw�u�rtwc~UeNv�±

ck
H y�x rUaceNd�{�y�x �c~Uv_¥_~|{�d¾��{����irta�e psrt~Ue6{�d u���vqu|»Zp�´iy������+eNv�±�rta�eR±²v_~Ud

7!9!:<; 5<D
pe1...

5<D
pen

rUa�{�r�yzp6�cpswc�c°Yu���vqu|»qp?v_±OrUace 7!9�:<;gv_x�e_³WjRv_~Ue�v��4e�~I�Pptw�u|a¾{gu���vqu|»ºe�Çq�c~teIptpty�v_x
pty�d9����y�¶�e6p�rUvº{�u���vZu|»	e�Çq�c~Ue6pUpsy�v_x�v�±OrUace�±²v_~Ud�7!9!:<; 5<D

pe
Â0{��c�c��oZy�x�¥9��~tv4�Ge6~sr�o�¡�Ä¼³

f2��vqu|»Zp?d�{Fo��+e�y�x�p�r|{�xPrtyz{�rUe6��{_x���¥_e6xce�~|{���y�Å6e6�Æ³�`�acyzp�yzp?{,»4e�o�±²eI{�rUwc~te4�_rUv�{_u|a�y�e6�_eid�vq�qwc�z{�~Uy�r�o
v_±irtace¾{�xG{���oZptyzp�³N��³ ¥G�Wrtace�acv4~ty�Å�v4x4r|{��W¶G��rUe�~�v�±irUace��cv�´ix�ptu6{���e�~�aG{_p9u���vZu|» pUu|ace�d�e

∀α.α →
α
5<D

(10100100)
�HrtacyzpSd9eI{�x�p�rtaG{�r6�Æy�±�rUacegy�xc�cwcr�aG{_pS{�xZoRu���vZu|»

α
�Ærta�e�xNrUace9v_wqrU�cwqr�a�{_p�ptv_d�e

u���vqu|»
α
5 D

(10100100)
³�`�acyzp�u���vqu|»,r�oZ�Ge�u6{�x9y�x9rtw�~tx��+eiy�x�psrU{_xPrtyz{�rteI��y�x�pse6�_e6~U{_�P´�{Foqp���~Ue�����{4u�y�xc¥

α
�Zo�d9v4~te��c~teIu�yzpseXp�rU~teI{�dÙu���vZu|»gr�oZ�Ge9Â²e4³ ¥G³��4rtaceS��{4pse�u���vqu|»9v_~�psv4d9eXpt{_d9����eI�ºu���vqu|»

α′ 5<D (01)
Ä¼³

`�ace�~Uwc��e6p�±²v_~�y�x�psrU{�xPrUy�{�rty�xc¥S{_x��g¥_e�x�e�~|{���y�Å6y�xc¥S{�u���vZu|»�r�oZ�+ei{�~Ue2¥4y��4e�x��+e���v�´,³
FV (ct)

�qe�x�v�rteIp
rUace�pte�riv�±�±²~te6e,u���vZu|»	�F{_~tyz{�����eIpSÂ

α
Äiy�x

ct
³

ct′[ ~ck/~α] ≤ ∀~α.ct′

fgen(ct) = ∀α1, ..., αm.ct
´iace6~te

α1, ..., αm = FV (ct)
�Yr�psrU{�rteIpSrta�{�r�{Ru���vZu|» ptu|ace6d�e�u6{�x �+e�y�x�psrU{_xPrtyz{�rteI�D�Zo ~te6�c��{4u�y�xc¥��F{_~tyz{�����eIp��Po u���vZu|»Nr�oP�+e�e�ÇZ°
��~teIptpty�v4x�p6³

fgen(ct)
~Ue�rtw�~tx�p9{R±²w�����o½¥_e6xce�~|{���y�Å6e6�·u���vqu|»¹r�oZ�Ge�´iace6~te�e��_e6~to¹��{�~Uy�{_�c��eº±²~Uv_d

ct
yzp

ÀPw�{_xPrty�¶�e6��wcxcy��_e6~UpU{�����o4³
® ace6x��qe�¶�xcy�xc¥��+e�~Uy�vZ��p��P´2eXd�w�psr?r|{�»4e�u�{_~teirUa�{�r�y��ce�xPrty�¶�e�~|p2y�xº�+e�~Uy�vZ��p2{_~te�{_��~Ue6{4�qo��qe�¶�x�e6�Æ³

�Y±
P
yzp?{,�+e�~Uy�vZ��e6xZ�Py�~Uv_xcd�e�xPr�ÂÃy0³ e_³��q{S±²wcx�u¼rUy�v4x�±²~Uv_d �Ge6~ty�vq��x�{�d�e6p�rtv��+e�~Uy�vZ��pUÄ��4´�e�pta�{����Gpty�d��c��o

´i~Uy�rte
P ` pe

´iace�x¾e��4e�~Uo�±²~te6e�x�{�d�e�{����GeI{�~Uy�xc¥9y�x
pe
y�pi�ce�¶�xceI��y�x

P
³

`�acegu���vZu|»Zy�xc¥�~tw���eIpi�qe�¶�x�y�xc¥�rUace��c~Ue6�cy�u6{�rte
P, H ` e : ct

{_~te,xcv�´]¥_y��_e6x�y�x¾¶�¥_w�~te,��{_x��¾{�~Ue
�cy�pUu�w�pUpte6���Ge6��v�´,³

���H�K�@� !�>�> �@)+*.� � ��*.��� � !�A���� 	���
 � _ � � � ! �#) (���� 	���
������� G"��� _ 7�> � ! � ( ��)+* 7 ) _'� ��@ � M

^3^`_!a�b�c�d�e



'�8 ��Ñ6Ï�
�Í�����ÒqÐ � Í )YÑ�Í���� �zË�
�Í # 
E�zË���� � �$
�)+)*����� � � ) 
 � Ò � Í�Y�iÑ�Ò$�G
E)

�������
P, H ` i : ck

ct ≤ H(x)�����
	���

P, H ` x : ct

P, H ` e1 : ck P, H ` e2 : ck���
���

P, H ` op(e1, e2) : ck

P, H ` e1 : ck P, H ` e2 : ck���������

P, H ` e1 � 7�� e2 : ck

P, H ` e : ck P ` pe�����������

P, H ` e �� ;<D pe : ck
5<D

pe

P ` pe H ` e1 : ck
5<D

pe P, H ` e2 : ck
5<DLD!5 9

pe���������

P, H `
�3;�����;

pe e1 e2 : ck

P, H ` e1 : ct2 → ct1 P, H ` e2 : ct2���������

P, H ` e1(e2) : ct1

P, H, x : ct ` e : ct P, H, x : ct ` e′ : ct′��� ��������

P, H ` e′ �� ;���; x = e : ct′

P, H ` e1 : ct1 P, H ` e2 : ct2���!�������

P, H ` (e1, e2) : ct1 × ct2

P, H ` e : ct1 × ct2���"	���

P, H ` � : 9 e : ct1

P, H ` e : ct1 × ct2��	���#��

P, H `
: D�E

e : ct2

P, H, x : ct1 ` e : ct2���
�
#
���

H `
D!5FE@;

f(x) = e : [f : fgen(ct1 → ct2)]

P ` pe�������$�%�
#��

P ` 4 ;��1G 5FE p = pe : [p : pe]

H ` d1 : H1 H, H1 ` d2 : H2��#
���&�

H ` d1; d2 : H1, H2

P ` dp1 : P1 P, P1 ` dp2 : P2��#
����' �

P ` dp1; dp2 : P1, P2

H ` e : ck��()�
�
	*�)�������$�

H ` e′
9 9

e : ck

�µy�¥_w�~te,�FH�`�a�e�f2��vqu|»�f�{��zu�w���w�p

OQP ^�O6R



� Ì�Í+Î|ÏZÐtÑ�Í������ Í��	��
�Ð��ÃÑ���ÃÎ�����Ñ6Î���Ë ' �

	 �Öu�v4x�p�r|{�xPr�p�rU~teI{�d¯d�{FoºaG{F�_e�{�xZo	u���vqu|»
ck
Â²~Uwc��e ������� Ä¼³

	 `�ace�u���vqu|»ºv�±�{�x¾yz�qe�xPrty�¶�e6~�u�{�x��+e,y�x�psrU{_xPrtyz{�rteI� ÂÃ~tw���e �����
	��� ³
	 `�ace,y�xc�cwqr|piv�±�y�d��+v_~trteI�	�c~Uy�d9y�rty��_eIp�d�w�psr�{����Æ�+e,v_x�rtace�pU{�d�e,u���vqu|»DÂ²~Uwc��e ���
��� Ä
	 `�ace�~Uwc��e ���&����� p�r|{�rteIpirUace�u���vqu|»�v_± e1 � 7�� e2

yzpirta�e�v_x�e,v�±
e1
{�xG�

e2
³�`�ace�~Uwc��e ��� �����
�

p�r|{�rUe6p9rtaG{�r�rtaceNu���vqu|»½v_±
e �� ;<D pe

y�p�{ ptwc�q°�u���vZu|»½v_±�rUaceRu���vZu|»Év�±
e
{_x�� ´2e¾´i~Uy�rUe�y�r

ck
5<D

pe
³¯��x\�qv_y�xc¥ ptv��S´�e dgw�p�rRu|aceIu|» rUa�{�r

pe
y�p¾{ �F{_��yz�]�Ge6~ty�vq�Æ³!��xAe�Çq�c~Ue6pUpty�v4x

�3;�����;
pe e1 e2

yzpX´2e6����u���vqu|»_e6�R{_x��Rv4xDu���vqu|»
ck
y�±

e1
y�pXv_x u���vZu|»

ck
5<D

pe
{�x��

e2
yzp�v4x

u���vqu|»�rtace�u�v_d��c��e�d�e�xPr|{�~Uoºu���vZu|»
ck
5<D�D�5 9

pe
³

	 `�ace,~Uwc��e ��������� y�p�rUace�u��z{_pUpty�u6{��+r�oZ�cy�x�¥�~twc��e�v�±�jN�¹r�oZ�Ge�ptoqp�rUe�d�p�³
	 `�ace,~Uwc��e ���������$��� y�p�rUace,~Uwc��e�±²v4~i~teIu�wc~|pty��4eX�qe�¶�xcy�rty�v_x�p6³
	 `�ace,~Uwc��eIp ���!������ � ���&	*�$� {�x�� ��	*�#�� {�~UeXrtace,~Uwc��e6p�±²v_~i�G{�y�~Up6³
	 ��vq�qe��ce6u��z{�~|{�rUy�v4x�p,Â²~Uwc��e ���
�
#
��� Ä�{�~Ue�u���vZu|»4e6�¾{_p�~te6¥_wc�z{�~�±²wcxGu¼rty�v_xN�ce�¶�xcy�rty�v_xGp�³ ® e�´i~ty�rte

H, x : ct1
{4p�rta�egu���vqu|»	e6xP�Zy�~tv4xcd�e�xPr

H
e�ÇZrUe�x��qeI�R´iy�rta¾rta�eg{_pUptvZu�y�{�rty�v_x

x : ct1
³Q\�e6u�{_w�pte

xcvq�qeN�qe�¶�xcy�rty�v_x�p�v4xc��o {����c��o {�r�rtv4�q°Y��e6�_e���Â0{�x�� u6{�xcxcv_r��GeNx�e6psrte6�GÄ¼��´2eRu6{�x ¥_e6xce�~|{���y�Å6e
e��4e�~Uoº��{�~Uy�{_�c��e�{����GeI{�~Uy�xc¥9y�x�rUace�u���vqu|»�r�oZ�Ge��_³

	 `�ace�±²v4����v�´iy�xc¥º~Uwc��eIpXu|a�e6u|»�rta�{�rX�+e�~Uy�vq�cpS{�~Ue�´�e����O±²v4~td�e6�H��rUa�{�rSy�p6�;x�{�d�e6p�y�x e�Çq�c~Ue6pUpsy�v_xGp
v�±��Ge6~ty�vq�cpi{�~UeS¶�~|p�r��qe�¶�xce6���+e�±²v4~te��+e�y�xc¥�w�pte6�Æ³

	 `�ace9~twc��e � ()�
�
	��$�$�������$� ±²v_~Xrtace9psoZxPrU{�Ç e1
9 9

e2
psrU{�rte6p�rtaG{�rSrtace9u���vZu|»R{4ptptvqu�yz{�rteI��rtv

e1y�p�y�d��+v4pte6���Po	rtace�u���vqu|»�v_±
e2
³

�Oe�r�w�piy�����w�psrt~|{�rUeSrtaceIpse,�qe�¶�xcy�rty�v_x�piv4x	rUace��qv�´ix�pUu�{_��e6~6³
' ³i`�ace�u���vqu|»ºv�±µrtace,y�xc�cwcr��c~UvZu�e6pUp�Â ���������tÄ�y�p�rUace,�cy�x�{�~Uoº´�v_~|��rUace,��{_pte,u���vqu|» 7!9�:<;

= (1)
³

¡q³i`�aceºacv4~ty�Å�v4xPrU{���¶G��rUe�~�a�{4p�rta�e�±²v_����v�´iy�xc¥Rpty�¥4x�{�rUwc~te4�µu�v_~U~teIps�+v_x��cy�xc¥�rUv¾rtaceºe�¿+eIu¼rUy��4e	psoZxq°
u|ac~Uv_xcv4w�p�y�d��c��e�d�e�xPr|{�rty�v_x¾v_±Orta�e,�c~tvqu�e6pUp�H

α → α
5 D

(10100100)
³

�c³�\�e�r�´�e�e�x rUace	a�v_~Uy�Å6v_xPrU{_�W¶���rte�~�{�xG�¹rtace��_e�~trtyzu�{_�W¶���rte6~6��rUace 2(46572
89492i�c~tvqu�e6pUp�p�rUv_~Ue6p�rUace��
�c~Ue��Zy�v4w�p���y�xceIp,y�x {Rpt��y��qy�xc¥¾´iy�x��qv�´ v�±ipsy�Å�eº�q�µ�cwqr�aG{_p�xcvRy�d���{_u�r�v_x¹rtaceºu���vqu|»N�+e6ptyz�qe6p
�qe��z{FoZy�x�¥�rtace�v_wqrU�cwqrXw�x4rUy���y�rX~Ue6u�e6y��4e6p���±²wc������y�xceIp��+yL³ e4³��

5 × 720 = 3600
u�oqu���e6p6³ ® e�pta�{_���

¥_y��_eSrtv9rUace,�cwq¿;e�~�v4�Ge6~U{�rtv4~2rUace�u���vqu|»	pty�¥4x�{�rUwc~te
β → 03600β

³
8 ³i`�ace9�_e�~trtyzu�{_�H¶���rte6~X��~tvq�qw�u�e6p

4
�cy�Çqe��zp�±²~Uv_d

9
�cy�Çqe��zp�~Ue��+e6{�rteI�q��oR{4u�~Uv4pUp�rtace A ¡_���cy�Çqe��zp�v_±

{ºpsrt~Uy��+e	ÂÃ����y�xce6p|Ä¼³i�Yr|p�psy�¥_xG{�rtw�~teºÂ0u�v_~U~Ue6pt�Gv4x��qy�xc¥9rtv�rUace�ptoPxGu|ac~tv4xcv_wGp�y�d��c��e�d�e�xPr|{�rty�v_xRv_±
rtace,��~tvqu�eIptp|Ä2y�p�H

γ → γ
5<D

(172007201720072007201720072007201720)
�4����������� � > � / � �-> A �-��*.% > ��� � � !�_ � ��� 7�>�! �@�@� 7�!�>8/ � _ ��� !�> ��L !4� ��) _ �-F > � ) (�	�
 G"��� 7 � * F�� � �-��� � ��� 7���� ��� / � _ ��� !�> ��L !4� ��) _

� ) ? ! �-� ! < > ����G"��� 7 �#��) _ ) � ! %�%&� ! � ( �-���K� _?� ���K� _ ?$����) _ *.� _'� M

^3^`_!a�b�c�d�e
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`Ov�pty�d��c��y�±²oºrtace��c~Ue6pte�xPrU{�rty�v_xH�Z´�eX´iy����H{_pUpswcd�eSy�x�d�{�xZw�{��Æu�v_d��cwqr|{�rty�v_xGp?rUa�{�r�rUace�wcxcy�r�v_±
u�v4d9��wqrU{�rty�v_xDv_±Wrtace��4e�~trtyzu�{��O¶���rte�~�yzpX{���y�xce�{�xG�Rxcv�r,{º��y�Çqe��L�Æace6x�u�e9~te6�c�z{_u�e A ¡_���Zo ' y�x
rtace,��~te6�Py�v_wGpipsy�¥_x�{�rtwc~Ue_�ZoZy�e��z�qy�x�¥�H

γ → γ
5<D

(101001001)
³

�q³i��y�x�{_����o_�4rta�e��qe6pty�¥_xce6~�a�{_p�~teIÀ4w�y�~Ue6�grtaG{�r?y�±;rtace�¥4��v4��{���y�xc��wqr2yzpWv_xºu���vqu|»
ck
��rUace�x�rUace�u���vqu|»

v�±;rta�e 5 ��� ��� ���c~UvZu�e6pUp�ptacv_wc�z���+e
ck on (100000)

k rtaceX��rty�d�e6p?ptwc�q°�pU{�d��c��e6��y�xc�cwqr�u���vZu|»
k¢rUv_��e�~|{�rUy�xc¥º{_xN{_�c�cy�rUy�v4x�{��O�ce��z{Fo	rUa�{�r�dgw�psrS{�wcrtv_d�{�rtyzu�{�����o	�+eg�qeI�qw�u�eI��±²~tv4d!rUacegu���vqu|»
u�{_��u�wc��wGp�³

`�ace½u�v_d��GvPpsy�rty�v_x]v�±g{_�����É�c~UvZu�e6pUpseIp	oZy�e��z� rUace¹±²v_����v�´iy�xc¥·r�oZ�+e½u�v_xGp�rU~U{_y�xPrUp�H 7!9!:<;
= α

�
β = α

5 D
(10100100)

�
γ = β

5<D
03600(1)

�?{_x��
γ
5<D

(101001001) = (100000)
³¹`�ace¾xce�ÇZr

pte6u�rty�v_x¾{_�c�c~teIptpte6p2rta�e,~teIpsv4��wqrUy�v4x	v_±µrUace6pte�e6ÀPw�{�rUy�v4x�p6³

��� � � E � � N*� ¬_«q© NÃß��
��xcy�¶Gu�{�rty�v_xDy�x u���{4ptptyzu�{���u���vqu|»Nu�{_��u�wc��y�yzp,psoZxPrU{4u¼rtyzu�{_� &%' ¡B(L³���x v_wc~�u�{4pse4�H{�ptoZxPrU{_u�rtyzu�wcx�y�¶Gu6{�rUy�v4x
v_±�u���vqu|»�r�oZ�+e6p�´�v_wc�z�	w�xcxce6u�e6pUpt{_~ty���o�~tes��e6u¼rid�{�xZo	ptoZx�u|ac~Uv_xcv4w�p��c~Uv_¥_~|{�d�p2´iy�rUa¾�Ge6~ty�vq�qy�u�u���vqu|»qp�³
® e��c~Uv_�+v4pteX{9pse6d9y�°Yy�xPrte6~t��~te�rte6�	wcxcy�¶Gu�{�rty�v_x	rta�{�r�r|{�»4e6p�y�xPrUv9{4u�u�v4wcxPr2rUace,pse6d�{�xPrtyzu�p�v�±µ�Ge6~ty�vq�qy�u
u���vqu|»qp6³�jRv4~teX�c~Ue6u�yzpte���o_�PrtaceSwcxcy�¶Gu6{�rty�v_x�v�±Hr�´�vgu���vqu|»�r�oZ�+e6p

ct
{�xG�

ct′
u6{�x	�+eS�cwc~Ue���oºp�rU~tw�u�rtwc~|{��

v4xº±²wcxGu¼rty�v_xG{��Æ{�x��	��{�y�~2r�oP�+e6p6�q´iace6~teXxcv9pty�d9����y�¶Gu�{�rty�v_x�v_x	�+e�~Uy�vZ�cy�uSu���vqu|»Zp�u�{_xº�+e�{_�c�c��y�eI�Æ�Z�cwqr
y�r�a�{_pµrtvS�+e�{F´�{�~Ue�v_±crtace��c~Uv_�+e�~trty�e6pµv�±�rtaceipU{�d��c��y�xc¥Xv_�+e�~|{�rUv_~�Â

on
Äµ´iace�xgwcxcy�±²oPy�xc¥�u���vqu|»�p�rU~teI{�d

r�oZ�+e6p�v_±µrUace�±²v_~Ud
ck
5<D

w
{�x��

ck′ 5<D w′ ³��v_wc~Su�{_pte6p�dgw�psr��Gegu�v_xGpsyz�qe�~Ue6�H³���y�~Upsr�v�±W{����L��wcxcy�±²oZy�x�¥ 7!9�:<;85<D
w
{_x��(7!9�:<;85<D

w′ ~Ue�rtw�~tx�prU~tw�eSy�±W{�x���v_x���oºy�±
w = w′ ³�`�acyzpiyzp�rtace�pU{�d�e�´iace�x¾wcx�y�±²oZy�xc¥ a

5<D
w
{�x��

a′ 5<D w′ ³`�acy�~|�Æ��wcx�y�±²oZy�xc¥
a
5<D

w
´iy�rta�7!9!:<; 5<D

w′ oZy�e6����p�rtac~Ue�e��GvPptpty�����e�~Ue6ptwc��rUp�H?y�± w′ yzp�x�v�rX{�ptwc�q°pU{�d��c��eiv�±
w
�PrUace�~Ueiy�p?xcv�ptv_��wqrty�v_x��_v�rUace�~U´iyzpse�rUace�~Ue�d�{Fo��+e�v_x�e�v_~�d�v4~te�ptv_��wqrty�v_xGp��P{���{�~trtyzu�wc�z{�~

v4xce�y�pipte���e6u�rteI��{4p�y�x�rUace,¥_e6xce�~|{��Æu�{4pseS�+e���v�´,³
��x�rtace�d�v4psrµ¥_e6xce�~|{��Pu�{4pse4�F{4ptptwcd�e

a
{_x��

a′ {�~Ue?u���vqu|»��F{_~tyz{�����eIp�³H�2À4wG{�rty�v_x a
5<D

w = a′ 5<D w′{_��´�{Foqp�a�{F�_e�{_xNy�xq¶�xcy�rtegxPw�d��+e�~�v_±�psv4��wqrUy�v4x�p
(a, a′)

�Æ{�x���rUace6pte�ptv_��wqrty�v_x�p�¥_e6xce�~|{�rUe�{�xRy�xq¶�xcy�rte
xZwcdg�Ge6~�v�±��qy�¿;e�~Ue�xPr�y�xq¶�xcy�rteR�+e�~Uy�vq�qyzu��cy�x�{�~Uo·´�v_~|�cp�³ ��xPrtwcy�rty��_e6��o4��{ �Ge6~ty�vq�qyzu�pU{�d��c��y�xc¥ v�±

wu�v_x�ptyzp�r|p�y�x¾rUace,y�xGpse6~srUy�v4x�v_±��4p�y�x
w
��y�xN{g�+e�~Uy�vZ�cy�u�d�{�x�xce�~I³��Yr�yzp�{���´�{FoZp��+v4pUpsy��c��e�rtvº�qe6��{Fo	rtace

p
°0rUa ' y�x

w
Â²~Ue6pt�H³

w′ Ä2wcxPrty��;rta�e p
°Lrta ' y�x

w′ Â²~Ue6pt�H³ w Ä2rUac~tv4wc¥_a	rtace,y�x�pte�~trty�v_x�v�±��4p�y�x a
Â²~Ue6pt�H³

y�x
a′ Ä�³��He�r�wGpi�qe�¶�x�e�rtace�ptwc�q°�pt{_d��c��y�xc¥�~Ue��z{�rty�v_x ≤SS

�cptw�u|a�rta�{�r

a ≤SS b ⇐⇒ ∃α, a = α on b.

��v�rUe,rta�{�r�y�±
a ≤SS b

rta�e�x
a � b

{�x��¾y�rXyzpW��wGp�r�{�x¾y�d��c��yzu�{�rUy�v4xH³i��³ ¥�³��
(011) � (01)

{_x���rtace6~te
yzpSxcv¾psv4��wqrUy�v4x

α
ptw�u|aNrUa�{�r

(011) = α
5<D

(01)
³9`�aZw�pS�GeIu�{�wGpse9v�±���e6d9d�{ ' rUace�pswc�c°YpU{�d��c��y�x�¥

~Ue��z{�rUy�v4x��qvZeIpixcv�r�u�v_y�x�u�yz�qe�´iy�rUa�rtace,�c~Ue6u�e6�qe6x�u�e�~Ue��z{�rUy�v4xH³
 ª ßKL?ß ¨ N © NÃß�� � ! Ï�
�Ð�
E� � )*�ÃÑ�Í ≤SS

�zË � �F� Ð�)*� � ��Ñ�Ð[:
�Ð �
��xG�qe�eI�Æ��y�r�yzp�rt~Uy��Zyz{�����o�~te�Ó�e�Çqy��_e,{�xG�	rU~U{_x�pty�rUy��4e_³2��v_~irUace�{_x4rUy�ptoZd�d9e�rt~Uo_�c´�e,xce6e6��rtv���~tv��4eXrUa�{�r
x ≤SS y

{�x��
y ≤SS x

y�d9����y�e6p
x = y

³�mZy�x�u�e4�
x ≤SS y

y�d��c��y�eIp
x � y

{_x��
y ≤SS x

y�d9����y�e6p
y � x

�G{�x��¾pty�x�u�e
�
yzp�{9��{�~trtyz{��Æv4~U�qe6~6�PrUace�x

x = y
³

OQP ^�O6R
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��x�{Sr�oZ�cyzu�{��qw�xcy�¶+u�{�rUy�v4x9pUu|ace6d9e4�_v4xce�´2v4wc���g��y�»4e�rtv�~te6�c�z{_u�e�rUace�{��+v��_e2r�oZ�GeieIÀ4wG{�rty�v_x9�Zo�#�rtace
d�vPp�r�¥4e�xce6~U{_�Hu���vZu|»�p�rU~teI{�d¯r�oZ�+e�pt{�rtyzp�±²oZy�xc¥�rta�e,e6ÀPw�{�rUy�v4x % ³2`�acyzpiyzpiwcxq±²v4~srUwcx�{�rUe���o	xcv_r��GvPptpty��c��ey�x½¥_e6xce�~|{��L��psy�x�u�e

≤SS
y�p�xcv�r9{�x½wc�c�+e�~9pse6d�y�°Y��{�rsrUy�u�e_³ � ��v�rUy�u�e�rtace6~te	y�pgpsw�u|a·{ #�d�v4psr�¥_e6xce�~|{��

u���vqu|» % y�xNrta�e�pt�+e6u�yz{��Wu6{_ptegv_± w = (1)
HX{����Wpsw��q°YpU{�d��c��e6pXv�±

a′ 5<D w′ {�~Uegptwc�q°�pU{�d��c��e6pXv�±�u���vqu|»psrt~Ue6{_dØr�oZ�Ge
a
5 D

(1) = a
³

® eD±Ã{_���S��{4u|»ÉrUv {�x y�x�u�v_d��c��e�rte wcxcy�¶Gu�{�rty�v_x pUu|ace6d9e ÂÃptv_d�e ptoZx�u|ac~Uv_xcv4w�p��c~Uv_¥4~U{_d�p�´iy�rta
�+e�~Uy�vZ�cy�u u���vqu|»qp�´iy����,�Ge½~Ue���eIu¼rteI��Ä¼�,u|acvZvPpsy�xc¥Év4xce v�±grtaceIpse½ptv_��wqrty�v_x�p6³Õ�Y±

(v, v′)
y�p�rUace½u|acv�°

pte�x ptv_��wqrty�v_xO��rtaceNw�xcy�¶+u�{�rUy�v4x v�±
a
5<D

w
{�x��

a′ 5<D w′ oZy�e6���cp	{½wcxcyzÀPwceDu���vqu|» psrt~Ue6{_d�r�oZ�Ge
α
5 D

v
5<D

w = α
5<D

v′ 5<D w′ �q{�x���e6�_e6~to9vqu�u�w�~te6x�u�eXv�± a Â²~Ue6pt�H³ a′ Ä�y�p�~Ue��c�z{_u�e6���Zo α
5<D

v
Â²~Ue6pt�H³

α
5 D

v′
y�x�rtace,�G{�y�~iv�±Wu���vZu|»ºr�oP�+e6p�y�xZ�_v4���4e6�ºy�x�rtace,w�xcy�¶+u�{�rUy�v4xH³

��e�rX´�eg�qvºx�v�rXd�{_»_e�{�x {�~U�cy�rU~U{_~to�u|acv_yzu�e,±²v4~
(v, v′)

³���x4rUwcy�rty��_e���o_�+´�e�pse6��eIu¼r�{��Ge6~ty�vq�qyzu,v_xce
rUa�{�rXd9y�xcy�d�y�Å6e6pS�qe��z{Fo�y�x�pte�~trty�v_x¾y�x

a
5 D

w = a′ 5<D w′ ³�`�a�y�pSu|acv_yzu�e,´iy����µ�+e�±²wc~trta�e�~�d�v_rty��F{�rteI�y�xÉmZeIu¼rty�v_xÉ�c³ �c³N�cv_~Ud�{�����o4�µ´�eºy�x��qw�u�rty��_e6��o �qe�¶Gxce�{ #s¥_~Ue�eI�qo % wcx�y�¶�e6~ (V (w, w′), V ′(w, w′))
{_p

±²v4����v�´�p�H

V (1.w, 1.w′) = 1.V (w, w′) V (0.w, 0.w′) = 1.V (w, w′)
V ′(1.w, 1.w′) = 1.V ′(w, w′) V ′(0.w, 0.w′) = 1.V ′(w, w′)
V (1.w, 0.w′) = 0.V (1.w, w′) V (0.w, 1.w′) = 1.V (w, 1.w′)
V ′(1.w, 0.w′) = 1.V ′(1.w, w′) V ′(0.w, 1.w′) = 0.V ′(w, 1.w′)

��³ ¥�³��
(1)

5<D
(01) = 011(1110)

5<D
10(101)

³

w 0 1 0 1 0 1 0 1 0 1 ... (01)
w′ 1 0 1 0 1 1 0 1 ... 10(101)
v 1 1 1 1 1 1 1 1 1 1 ... (1)
v′ 0 1 1 1 1 1 0 1 1 1 ... 011(1110)
v
5<D

w 0 1 0 1 0 1 0 1 0 1 ... (01)

`�ace¾u�v4d��cwqrU{�rty�v_x v�±
V
{�x��

V ′ rUe�~Ud9y�x�{�rte6pgv_x �Ge6~ty�vq�qyzu	´�v_~|�cpg�GeIu�{�wGpse�rtace6~te�yzp9{N¶�xcy�rtexZwcdg�Ge6~iv�±Wu�v4xq¶�¥_w�~U{�rty�v_x�pSÂ²�+v_wcxG�qe6���ZoºrUace,�c~UvZ�cw�u¼riv�±�rta�e,�Ge6~ty�vq�	��e�xc¥4aPrUp�v�±
w
{�x��

w′ Ä¼³`�ace�{_��¥4v_~Uy�rUacd ±²v_~,�+e�~Uy�vq�qyzu�u���vqu|»ZpSyzpSrtace�±²v4����v�´iy�xc¥�HX��e�r
w = a.(b)

{�x��
w′ = a′.(b′)

´iy�rta
|a|1 = |a′|1

{�x��
|b|1 = |b′|1

Â²y�r?y�p?�GvPptpty��c��e�±²v4����v�´iy�xc¥,~te6d�{�~U» ' Ä�³�`�ace6x
v = c.(d)

{_x��
v = c′.(d′)´iy�rta

' ³
|c| = |c′| = max([a]1 − [a′]1) + max

(

(|a| − |a|1) − (|a′| − |a′|1)
)

+ Σ
|a|1
i=2 max

(

([a]i −

[a]i−1) − ([a′]i − [a′]i−1)
) �

¡q³
|d| = |d′| = max([b]1−[b′]1)+max

(

(|b|−|b|1)−(|b′|−|b′|1)
)

+Σ
|b|1
i=2 max

(

([b]i−[b]i−1)−

([b′]i − [b′]i−1)
) �

�c³���e�r
nj = max([a]1 − [a′]1) + Σj1

i=2 max
(

([a]i − [a]i−1) − ([a′]i − [a′]i−1)
) �+y�±

[a]j ≤ [a′]jÂ rUace�v�rUace�~�u6{_pteXyzp�ptoZd9d�e�rt~Uy�u6{�� Ä¼�Zrta�e�x�H
� OK_?(�!�7I��5�� �$����� ��� !�> G !�A � !�_ � _ 9 _ � � �K�@� � ) ( * ! @8��* !�> G�)+�-��� ( )+�

≤SS

) ( � ��� ( )+�-*
a � $ w = a

′ � $ w
′ ≤SS
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c[nj + k] = 1
±²v4~

k = 0...[a]j − [a]j−1

c′[nj + k] = 1
±²v_~

k = 0...[a′]j − 1
{�x��

k = [a]j − [a]j−1

c′[nj + k] = 0
±²v_~

k = [a′]j − 1...[a]j − [a]j−1] − 1

 ��µÛZß ª Û � C ��� ª ÛZÛ à Ü;Ý � � N*� ¬_«c© NÃß�� � M3
E) w
� Í� w′ # 
�)+Z?Ñ � Í
�?Í��K) 
 � 
�Ð��ÃÑG!�ÃÎ # � Í � Ð¼Ì Z?Ñ�Ð[FË�� � Í/

�%
E) (v, v′)
# 
Y)²ÏF
9Ð[
�Ë¼ÒR�S)0Ë�Ñ	#N)²ÏF
 � Ð[
EUG�ÃÑ�ÒZË � � �PÑ�Ð��K)²Ï  Ñ�Í (w, w′)

��( Ñ�Ð[ m = v
5<D

w = v′ 5<D w′

�zË  � Í��  T� ��#�Ñ�Ð )²ÏF
 � Ð[
|Î�
�:
�Í+Î�
�Ð�
E� � )*�ÃÑ�Í � Ñ�UB
�Ð � �K�OË|Ò # Ê Ë �! ]� �S� Í ��Ë�Ñ�# w
� Í� w′ �

 ª ßHß��U³ WgÑ!)+�ÃÎ�
 � �zË � Ë|Ë�Ñ6Î�� � ) 
� Z �K)²Ï � Î|Ñ  ]� ��
�) 
 � � )+)+�ÃÎ�
XÑ�ÍT� Í
�?Í��K) 
 # � Í � Ð¼Ì Z?Ñ�Ð[FË�� # ÒR)5) ÏR�zË � � )+)*�ÃÎ�

�zË xcv�r Î|Ñ  ]� ��
�) 
�Ñ�Í � 
�Ð��ÃÑG!�ÃÎTZ?Ñ�Ð[�Ë � �/! Ï �zËgÎ|ÏcÑ��ÃÎ�
	�zË � �ÈË�Ñ  	� Q$�  	� ��#�Ñ�Ð ≤SS

Ë�� Í+Î�
�Ë � ÒqÐ��ÃÑ�ÒZË���Ë
Z?Ñ�ÒR��	Î|Ñ�Í�)LÐ � ��ÃÎE) ) Ï�
  � Í��  T� � �K)0Ì #�Ñ�Ð � �! ÏF
�ÒqÍ�� ��Î � )*�ÃÑ�ÍT) Ï�
|Ñ�Ð[
  �zË � ÐtÑ�UB
�ÍT� Í/�Ò�ÎE)+�KUB
�� Ì�Ñ�ÍT) Ï�
 � Ñ�Ë��K)*�ÃÑ�Í�Ñ�# )²ÏF
 p Ê ) Ï � � Í m

� ��Ñ�ÍcË��,$
�Ð
� Í � Í
�?Í��K) 
 � 
�Ð��ÃÑ���ÃÎ # � Í � Ð¼Ì Z?Ñ�Ð[ a Ñ�#") Ï�
 #�Ñ�Ð  a = u

5<D
w = u′ 5 D w′ ��� ÌNÎ|Ñ�ÍcË�)LÐ¼Ò�ÎE)+�ÃÑ�Í·Ñ	#

m � [m]1 = min([w]1, [w
′]1)

��ÏF
�Í+Î�
 [m]1 ≤ [a]1
� LSË|Ë¼Ò  
 [m]p ≤ [a]p

#�Ñ�Ð�Ë�Ñ  
 p ≥ 1
��	�# Ë�
�Ð�U!


)²Ï � ) # 
E)+Z<
�
�Í )*Z?Ñ,Î|Ñ�Í�Ë�
UÎ�ÒR)+�KUB
 � Ë � Í m �7)²ÏF
 � Ë|Ë�Ñ6Î�� � ) 
��Ë¼Ò # Z?Ñ�Ð[�Ñ	#Q
E�K)²ÏF
�Ð v Ñ�Ð v′ �zË � Ë�
���Ò�
�Í+Î�
�Ñ	#� Ë�
�)²ÏF
�Ð[
 #�Ñ�Ð[
'�<
E�K)²ÏF
�Ð [m]p+1 − [m]p = [w]p+1 − [w]p
Ñ�Ð [m]p+1 − [m]p = [w′]p+1 − [w′]p

� � � Í+Î�

Ï � U!
 w � a

� Í� w′ � a′ � ≤SS
�zË � Ð[
�UB
�Ð|Ë�
�¾Ë|Ò # Ê Ñ�Ð�:
�Ð�Ñ	# � ��� )²Ï �zË � ÐUÑ!U!
¼Ë [m]p+1 ≤ [a]p+1

�
Ï�
�Í;Î�
 m � a

# ÌT� Í/�Ò�ÎE)+�ÃÑ�Í Ñ�Í p
�

L�Ë � Î|Ñ�ÐUÑ!�K� � Ð¼Ì�� )²Ï �zË )²ÏF
|Ñ�Ð[
  ËtÏcÑ�Z�ËN) Ï � )�Ë¼Ò # Ê Ë �� Q� ��
¼ËgÑ	# � Í�Ì��?Í��K) 
,Ë�
�)iÑ	# � Í
�?Í��K) 
 � 
�Ð��ÃÑ���ÃÎ# � Í � Ð¼ÌTZ?Ñ�Ð[�ËSÏ � UB
 � Î|Ñ  Q� ��
E) 
 ��Ñ!Z<
�Ð,Ë�
  � Ê � � )*)+�ÃÎ�
,Ë�)LÐ¼Ò�ÎE)LÒqÐ[
 #�Ñ�Ð � � �\�{_u|»ºrtv9rtace��cv�´ix�ptu6{���e�~I�Prtace,wcx�y�¶Gu6{�rUy�v4x�oZy�e��z�cp

(1)
5 D

(10100100)
5<D

03600.(1)
5 D

(101001001) =

(100001000000010000000100).

hXx�rtacyzpWe�Çq{_d��c��e4�Frtace�wcx�y�¶Gu6{�rUy�v4xgyzpWu�v4d9����e�rte_�4psy�x�u�ei{_���Ze6ÀPw�{�rty�v_x�p�{_~te�v�±Grtace�±²v_~Ud
a = a′ 5<D w′ ³

��e�r�rtace¾~Ue6ptwc��r�yzp Í+Ñ�) eIÀ4wG{���rtv¹rta�eNu���vZu|»·u�v_x�psrt~|{�y�xPr (100000)
³É`�aceR�qv�´ixGptu6{���e�~9y�p9rUaPwGp

~Ue���eIu¼rUe6�Ry�x {	�cwc~Ue��+e�~Uy�vq�qyzugptoZx�u|ac~Uv_xcv4w�p�u6{��zu�wc��w�p6³S`�acyzpSy�p�rta�eg~Ue6{4psv4xR´iaPo¾´�e�y�xPrt~UvZ�cw�u�egrtace
Ð�
E� � Q 
� xcv_rty�v_x9v�± Ë¼Ì�Í+Î|ÏZÐtÑ�Í���� �:# �K�S�K)LÌ �4rUaceid�{�y�x�u�v_xPrU~ty��cwqrUy�v4xgv_±GrUacy�p���{��+e�~I³�`�a�y�pW´iy����c�Ge��ce��_e6��v4�
y�xRpseIu¼rUy�v4x 8 ³

`µv�e�x��	rta�y�p�pte6u�rty�v_xH�q´�e��qe�¶�xceSrtace�ptoZx�u|ac~Uv_xcv4w�p�pse6d�{�xPrtyzu�p�v�±�rta�e,��{_xc¥_w�{_¥_e4³

��� � � � ��Û-��ß ©I«q© N0ß � «�+ !HÛ �·« � © N ¬4¨ ß �+Û ª�(+ ß ¬ % Û à ! ©�ª Û «��·¨
® eN¶G~Upsr�¥4y��4eNv_wc~¾u�v4~teD��{_xc¥_w�{_¥_eN{ �c{�r|{�°LÓ�v�´ pse6d�{_xPrtyzu�pºv��4e�~�¶Gxcy�rUe¹{_x�� y�xq¶�xcy�rte pte6ÀPwce�xGu�e6p
±²v4����v�´iy�xc¥ á {�acx¹±²v_~Ud�w���{�rty�v_x &�' ¤B(Y³���v_xce�rtace6��eIptp6�µ´�e�~Ue6psrt~Uy�u�r,rtace á {_acx½pse6d�{�xPrtyzu�p,�Zo¹d�{�»Zy�x�¥
rUace�{���pte�xGu�e9v�±�{���{���wce�e�Çq�c��yzu�y�r6³�`�ace�pse�r�v_±2y�x�psrU{�xPr|{�xce6v_w�pS��{���wce6p�yzp�e�x�~tyzu|ace6�D´iy�rUa½{�pt�GeIu�yz{��
��{_��wce

⊥
~te6�c~teIpse6xPrty�xc¥�rUace�{��Gpse6x�u�e�v�±W{9��{���wce_³

® eixce�eI��{�±²e6´ ��~te6��y�d�y�x�{_~to�xcv�r|{�rty�v_xGp�³µ�Y±
T
y�p?{Spte�rI�

T∞ �qe�x�v�rteIp�rtace�pte�r�v_±�¶�x�y�rUeiv_~Wy�xq¶�xcy�rte
pte6ÀPwce6x�u�eIp�v�±�e���e�d�e�xPr|piv��_e6~2rUace�pte�r

T
Â
T∞ = T ∗ + T ω Ä�³?`�ace,e�d��qr�o�pseIÀPwce�x�u�e,y�p�x�v�rteI� ε

{�xG�
x.s

�qe�xcv_rteIp9rtaceNpte6ÀPwce6x�u�e¾´iacvPpse�ace6{4�Éyzp
x
{�x��ÉrU{_y��iyzp

s
³ �He�r

v
�Ge¾rUace¾�c~te�¶cÇÉv4~U�qe6~�v��_e�~
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� Ì�Í+Î|ÏZÐtÑ�Í������ Í��	��
�Ð��ÃÑ���ÃÎ�����Ñ6Î���Ë 'GP

pte6ÀPwce6x�u�eIp��ZyL³ e4³��
x v y

y�±
x
yzpi{g��~te�¶cÇºv�±

y
³�`�a�eSv4~U�ce�~Ue6�ºpte�r

D = (T∞,v)
yzpi{gu��GvG³W�Y±

D1
{�xG�

D2
{�~Ue9u��GvG�Ærta�e�x

D1 × D2
y�p,{�u��+v�´iy�rta rta�e�u�vZv_~|�qy�xG{�rte�°L´iyzpte�v_~|�qe6~6³

[D1 → D2]
{_pXrta�e�pte�r

v_±?u�v4x4rUy�xZwcv4w�pi±²w�x�u¼rUy�v4x�pX±²~tv4d
D1

rtv
D2

y�p�{��zptv	{	u��Gv��Po�r|{�»Zy�x�¥�rtace9�+v_y�x4r�´iyzpte�v_~|�qe6~6³��Y±
f
y�p

{�u�v_xPrty�xZwcv_w�p�d�{_�c�cy�xc¥9±²~tv4d
D1

rtv
D2
�c´�e�pta�{����Æ´i~ty�rte � Q f = limn→∞fn(ε)

±²v4~�rtace�ptd�{�����eIp�r
¶�Ç	�Gv4y�xPr�v_±

f
Â á ��e�e�x�eXrUace�v4~te6dºÄ¼³

® eS�ce�¶�xceXrta�eSpte�r � ��Ñ6Î��:
� Ê � )LÐ[
 �! (T )
v_± ÎE��Ñ6Î��:
�9Ë�
���Ò�
�Í;Î�
�Ë {_p?rtace�pte�r2v_±H¶�xcy�rte�{�xG��y�xc¶�xcy�rte

pte6ÀPwce6x�u�eIp�v�±�e���e�d�e�xPrUp�v��4e�~�rta�e�pse�r
T⊥ = T + {⊥}

³
7!5@5��

= {0, 1}
T⊥ = T + {⊥}
����ÑIÎ��$
� Ê � )0Ð[
 �� (T ) = (T⊥)∞

�Au���vqu|»_eI�ºpseIÀPwce�x�u�e�yzp?d�{4�qeXv_±O�c~Ue6pte�xPr2v4~�{_��pte�xPr2��{���wceIp�³ ® eS�qe�¶�xceXrtace�u���vqu|»�v�±O{9pseIÀ4w�e�x�u�e
s{4p�{��+vZv_��e6{�xNpte6ÀPwce6x�u�eºÂÃ´iy�rUacv_wcrS{��Gpse6x4rX�F{_��w�e6p|Ä�y�xG�qy�u6{�rUy�xc¥	´iace�xN{���{_��wce�y�p��c~teIpse6xPr6³i�cv4~�rta�y�p

��wc~t�+v4pte_�q´�e,u�{_x��qe�¶�xce�rUace�±²wcx�u�rty�v_x
clock

±²~tv4d!u���vqu|»_e6��pseIÀPwce�x�u�e6p�rUv9�+vZv_��e6{_x�pte6ÀPwce6x�u�eIp�H

clock(ε) = ε
clock(⊥.s) = false .clock (s)
clock(x.s) = true.clock (s)

® e,psaG{����Æw�pseSrUace���e�rsrte6~
v
±²v_~��c~Ue6pte�xPri��{���wce6p6³W`�aZw�p��

v.s
�qe�xcv_rteIpi{gpsrt~Ue6{_d¯´iacv4pteX¶�~Upsrie���e�d�e�xPr

yzpX�c~teIpse6xPrS{�xG�R´iacv4pte�~Ue6psrXyzp
s
´iace6~teI{_p

⊥.s
�qe�x�v�rteIpX{�p�rU~teI{�dÕ´iacv4pte�¶G~UpsrXe6��e6d9e6xPrXyzpX{_��pse6xPr6³

`�a�egy�xPrte�~U�c~Ue�r|{�rty�v_xRv_±?��{4psyzu��c~Uy�d9y�rty��_eIp�v_±�rta�e9u�v_~Ue��z{�xc¥4w�{�¥4e�v��_e6~Xu���vqu|»_eI�RpseIÀ4w�e�x�u�e6pXy�pS¥_y��_e6x
y�x¹¶�¥_w�~te A ³ ® eºw�pte�rtaceºd�{_~t»

#
rtvN�cy�psrty�xc¥_w�y�pta¹rtace	ptoZxPrU{_u�rtyzu�u�v4x�p�rU~twGu¼r	Â²e4³ ¥G³�� � 7��R±²~tv4d£y�rUp

y�xPrte6~t�c~Ue�r|{�rUy�v4x�{_pi{�psrt~Ue6{_dØrt~|{�x�ps±²v_~Ud�e�~¼Ä¼³

	 `�ace I<5 D3: 9S�c~ty�d�y�rUy��4e2��~tvq�qw�u�e6p�{Xu�v_x�psrU{_xPr�psrt~Ue6{�d\±²~Uv_dÖ{_x�y�d9d�eI�qy�{�rte���{���wce_³�`�acyzpµ��~ty�d�y�°
rty��_e�y�pµ�+v_��oPd�v4~t�ca�y�u2psy�x�u�e�y�r�d�{Fo��c~UvZ�cw�u�e�{���{���wceSÂ²v_~�xcv_r|Äµ{_u�u�v_~|�qy�xc¥irtvXrta�e2e6xP�Zy�~tv4xcd�e�xPr6³
�cv4~�rtacyzp�~teI{_ptv_xH�Z´�eS{4�c��{�x�e�ÇZrt~|{g{_~t¥4wcd�e�xPr�¥_y��Py�xc¥9y�r|piu���vqu|»+³W`�aZw�p6�

const# i s
�qe6xcv�rUe6p

{	u�v_x�psrU{_x4r�psrt~Ue6{_d ´iy�rta p�rU~teI{�d u���vZu|»
s
Â
clock (const# i s) = s

Ä¼³�`�a�e���{4pse�u���vqu|»�y�pX{�x
y�xc¶�xcy�rte�pte6ÀPwce6x�u�e�d�{_�qe�v_±Orta�e�rt~Uwce,��{���wce6p6³

	 ��xgu6{_pte�v�±c�cy�x�{_~toSv_�+e�~|{�rUv_~I�6´�e?y�d��GvPpse?rta�{�rOrta�e?r�´�v�{�~U¥_w�d9e6xPrUpH�+e�psoZx�u|ac~Uv_x�v_w�p�Â²rtv4¥_e�rUace�~
�c~Ue6pte�xPr�v_~�rUv_¥_e�rtace6~�{���pte�xPr¼Ä�{�x��grta�ei�cwc~U�GvPpse�v�±+rta�e�u���vqu|»�u�{_��u�wc��wGp�y�p�rUv,e�x�ptwc~Ue�p�r|{�rUy�u6{�����o
rta�{�r�xcv�v�rUace�~�u6{_pteSd�{Fo	{_~t~Uy��_e�Â²v�rUace�~U´iyzpse4�Zptv_d�e��cwq¿;e�~Uy�xc¥�y�p�x�e6u�eIptpU{�~UocÄ¼³

	 � 7���yzpHrUace�wcxcy�rU{�~Uo,�qe��z{Fo�HÆy�rWu�v4x�pte6pÆrUace�ace6{4�,v�±cy�rUpµ¶�~|p�r�{�~U¥_wcd�e6x4rOrtvSy�r|pµpte6u�v_x���{_~t¥4wcd�e�xPr6³`�ace�{_~t¥4wcd�e�xPrUp�{_x���rtaceg~teIpsw���r�v_± � 7��	dgw�psr��Gegv_x�rtacegpt{_d9egu���vZu|»;³ � 7���u�v_~U~Ue6pt�Gv4x��cp�rtv{�r�´�v�°�p�r|{�rte�d�{_u|a�y�xce$H?´iacy���e,rtace�r�´2vº{_~t¥4wcd�e�xPrUp�{_~te�{_��pte�xPr6�cy�rXe6d�y�r|p�xcv_rtacy�xc¥º{�xG�Rp�r|{FoZp
y�x	y�r|p?y�xcy�rtyz{��Æp�r|{�rUe�Â

fby# Ä�³ ® a�e�x	�+v�rUa	{�~Ue��c~Ue6pte�xPrI�4y�r2e6d9y�rUp2y�rUp?¶�~Upsr�{_~t¥4wcd�e�xPr?{�xG��¥_vZe6py�xPrUv�rtace,xce6´ApsrU{�rteºÂ
fby1# Ä�psrtv4~ty�xc¥9rtace,��~te6�Py�v_wGp��F{_��w�eSv_±�y�rUp�pseIu�v_xG��{_~t¥4wcd�e�xPr6³W��x�rta�y�pp�r|{�rUe_�cy�r�e�d�y�rUp�{9��{���wce�e��4e�~Uo�rty�d9e,y�rUpir�´2v�{�~U¥_w�d9e6xPrUp�{�~Ue��c~teIpse6xPr6³

	 `�ace	pU{�d��c��y�x�¥Rv_�+e�~|{�rtv4~�e�Çq�GeIu¼r|p,r�´�v¾{_~t¥4wcd�e�xPrUp�v4x rtaceºpU{�d�eºu���vqu|»;³�`�aceºu���vqu|» v�±�rtace
~teIpsw���r��qe6�Ge6x��cpiv4x	rUace,�+vPv4��eI{�x¾u�v4x��qy�rty�v_x Â

c
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const# i true.s = i.const# i s
const# i false.s = ⊥.const# i s
base# = true.base#

op#(s1, s2) = ε
y�±

s1 = ε
v_~

s2 = ε
op#(⊥.s1,⊥.s2) = ⊥.op#(s1, s2)
op#(v1.s1, v2.s2) = (v1 op v2).op

#(s1, s2)

fby#(ε, s) = ε
fby#(⊥.s1,⊥.s2) = ⊥.fby#(s1, s2)
fby#(v1.s1, v2.s2) = v1.fby1

#(v2, s1, s2)
fby1#(v, ε, s) = ε
fby1#(v,⊥.s1,⊥.s2) = ⊥.fby1#(v, s1, s2)
fby1#(v, v1.s1, v2.s2) = v.fby1#(v2, s1, s2)

when#(ε, c) = ε
when#(⊥.s, c) = ⊥.when#(s, c)
when#(v.s1, 1.s2) = x.when#(s1, s2)
when#(v.s1, 0.s2) = ⊥.when#(s1, s2)

merge#(s1, s2, s3) = ε
y�±

s2 = ε
v_~

s3 = ε
merge#(1.s1, v.s2,⊥.s3) = x.merge#(s1, s2, s3)
merge#(0.s1,⊥.s2, v.s3) = y.merge#(s1, s2, s3)

not#1.s = 0.not#s
not#0.s = 1.not#s

on#(1.s, 1.c) = 1.on#(s, c)
on#(1.s, 0.c) = 0.on#(s, c)
on#(0.s, c) = 0.on#(s, c)
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� Ì�Í+Î|ÏZÐtÑ�Í������ Í��	��
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	 `�aceN�qe�¶�xcy�rty�v_xÔv�± �1;�����;¹p�r|{�rteIp9rta�{�rºv_xce¾�c~|{�xGu|aÉd�wGp�rº�+e¾�c~teIpse6xPr�´ia�e�xÔrtace¾v_rtace6~�y�p
{���pte�xPrI³

	 ® e�e6x�� ´iy�rUa rUace�y�xPrUe�~U�c~te�rU{�rty�v_xDv_±�ptv_d�e9�GvZv_��e6{_x v4�Ge6~U{�rty�v_x�pXv��_e6~��Ge6~ty�vq�cp�³9`�ace�v�rUace�~
v_�+e�~|{�rUy�v4x�p,Â²e4³ ¥G³��!5��	{_x�� � Ä2±²v4����v�´�rUace,pt{_d9e��c~Uy�x�u�y��c��e_³

�Yr,yzp�e6{_pto¾rtvRu|aceIu|»¾rta�{�r�rtace�{��+v��_eg�c~Uy�d�y�rty��_e6p,{_~te�u�v4xPrty�xPw�v_w�p�±²wcx�u�rty�v_x�pS±²~Uv_d£u���vqu|»4e6�Dpte�°
ÀPwce6x�u�eIp�rtv�u���vqu|»_eI��pte6ÀPwce6x�u�eIp�³
`�ace�pte�d�{�xPrUy�u6p�yzpS¥_y��_e�xNrtv�e�Çq�c~Ue6pUpsy�v_x�pX´iacyzu|aDa�{F�4e���{4ptpte6�Rrtace�u���vqu|»Ru�{��zu�w���w�p6³ ® e��ce�¶�xce

rUace,y�x4rUe�~U�c~Ue�rU{�rty�v_x�v�±Wu���vZu|»ºr�oP�+e6pi{4p�rtace�±²v4����v�´iy�xc¥�H

[[ct1 → ct2]]P = [[[ct1]]P → [[ct2]]P ]
[[ct1 × ct2]]P = [[ct1]]P × [[ct2]]P
s ∈ [[∀α1, ..., αn.ct]]P =

±²v_~�{_���
ck1, ..., ckn,

s ∈ [[ct[ck1/α1, ..., ckn/αn]]]P
s ∈ [[ck]]P = {s|clock (s) v P (ck)}

��x½v4~U�ce�~,rUvRrU{_»_eº{F´�{FoDu�{_w�pt{_��y�r�oD��~tv4�c��e6d�p	Â²´ia�y�u|a·{_~te�rU~teI{�rteI� �Zo¹ptv_d�eº�qeI�qy�u6{�rUe6�½u�{_w�pU{���y�r�o
{_x�{���oqpsyzp�y�x	ptoZx�u|ac~Uv_xcv4w�pW�z{�xc¥4w�{�¥4e6p|Ä¼�

[[ck]]P
u�v4x4r|{�y�x�p?{_���Grta�eSpsrt~Ue6{_d�p?´iacv4pte�u���vqu|»9y�p�{,�c~Ue�¶�Ç�v_±

rUace���{���wce�v_±
ck
Â0{�x��¾y�xN��{_~srUy�u�wc�z{�~�rta�e�e�d��qr�o¾pseIÀPwce�x�u�e

ε
Ä¼³�`�acyzp�´�{Fo_��{_xRe6ÀPw�{�rUy�v4x

x = x + 1´ia�y�u|a�y�p�´�e����Æu���vZu|»4e6� ÂÃpty�x�u�e
P, H, x : ck ` x + 1 : ck

Ä2�cwqrixcv_r�u�{�wGpt{_��ÂÃy�r|pipsd�{_����e6psr�ptv_��wqrUy�v4x	yzp
ε
Ä�u�{_x¾~teIu�e�y��_e�{�psoZx�u|a�~tv4xcv_w�p�pte�d�{�xPrUy�u6p�³
��v_~2{_xZog�+e�~Uy�vq��e6xP�Zy�~tv4xcd�e�xPr

P
�Zu���vZu|»9e�xZ�Zy�~tv4xcd�e�xPr

H
{�x��	{�xZog{4ptpty�¥4xcd�e�xPr

ρ
ÂÃ´iacyzu|a�d�{_��p

��{_~tyz{��c��e,x�{_d9eIp�rtv	�F{_��w�e6p|Ä�psw�u|a¾rUa�{�r
ρ(x) ∈ [[H(x)]]P

�Grtace�d9eI{�xcy�xc¥�v_±W{_xRe�Çq�c~Ue6pUpsy�v_x�yzp�¥_y��_e6x
�Zo

[[P, H ` e : ct]]ρ
ptw�u|a�rta�{�r

[[P, H ` e : ct]]ρ ∈ [[ct]]P
³

`�ace��ce�xcv_rU{�rUy�v4x�{��Æpte�d�{�xPrUy�u6p�v�±�rtace,�z{�xc¥4w�{�¥4eXyzpi�qe�¶�xce6�¾psrt~Uw�u¼rUwc~|{�����o�y�x�¶�¥_wc~Ue,¤c³

� &��Æ������������
���
 �� �� $���� ��$����

`�a�eÉ�qv�´ix�pUu�{_��e6~Ne�Çc{�d��c��e·acy�¥_a���y�¥_aPrUp { ±²wcx���{�d�e�xPrU{_���c~Uv_����e6d rUv�rta�e·e�dg�GeI�c�qy�xc¥ v_±��Zyz�qe�v
psrt~Ue6{_d�y�xc¥�{_�c�c��y�u6{�rty�v_xGp�y�xR{�ptoPxGu|ac~tv4xcv_wGp2��~tv4¥_~|{�d�d�y�xc¥gd�vZ�ce��L³2`�ace��qeIpsy�¥_x�e�~iv�± rUe�x¾a�{4pi¥_vZvq�
~Ue6{4psv4x�pSrtv {��c�c��o {NpsoZx�u|a�~tv4xcv_w�p�v_�+e�~|{�rtv4~ºÂ²e4³ ¥G³���rta�e�{_���qy�rUy�v4xGÄ�v4x r�´2vDu|aG{�xcxce6��p�´iy�rUaÉ�qy�¿+e6~s°
e6xPrXu���vqu|»Zp6��v4~irtv�u�v_d��+v4pte,r�´�v	psoZx�u|a�~tv4xcv_w�p���~tvqu�eIptpte6p�´ia�v4pte�psy�¥_xG{�rtw�~teIp��qvºxcv_r�d�{�r|u|aH�Gv4~irtv
y�d��GvPpse�{º�G{�~trtyzu�wc�z{�~�u���vqu|»�´ia�y�u|a¹�qvZe6pXxcv�r�d�{�rUu|a¹{�xZoRpsv4��wcrty�v_xNv_±�rtace�u�v4x�psrt~|{�y�x4r|p�eIÀPw�{�rUy�v4x�p�³
��xG�qe�eI�Æ�Æy�x d�{�xZoRu�{_pte6p6�+rtace�u�v4xqÓ�yzu¼rUy�xc¥¾u���vqu|»qp�d�{FoR�Ge #t{���d9vPp�rSy��ce�xPrtyzu�{_� % �;y0³ e_³��;rtace6oRa�{F�_e�rtacepU{�d�e�{4psoZd��qrtv_rtyzuS�c~tvq�qwGu¼rty�v_x¾~|{�rUe_³2`�a�y�p�{4�q�_vqu6{�rteIp�±²v_~�{�d�v_~Ue,~Ue��z{�Çqe6��y�xPrUe�~U�c~te�rU{�rty�v_x�v�±�psoZxq°
u|a�~tv4xcy�ptd¾³ hXwc~9d�{�y�xÉu�v4xPrt~Uy��cwcrty�v_x·yzpg{ u���vqu|» u6{��zu�wc��w�p�rtv¹{_u�u�e��qrgrtace¾u�v4d��GvPpsy�rty�v_x·v_±�u���vqu|»Zp
´ia�y�u|a¾{�~Ue�#s{_��d�v4psr�e6ÀPw�{�� % ³

����� � �	*�$!�����+*# ��)���# �?� ���
® e�y�xPrU~tvq�qw�u�eS{_x	eIÀ4w�y���{���e�xGu�eS~te6��{�rty�v_xºrUv9u|aG{�~|{_u¼rUe�~Uy�Å6e�rUacy�p�~Ue6ptoZx�u|ac~Uv_xcy�Å6{�rty�v_xºu�v4x�u�e6�qr�±²v_~i{�xZo
{_~t��y�rU~U{_~to�u���vqu|»qp,Â²xcv_r�xce6u�e6pUpt{_~ty���o��+e�~Uy�vq�qyzu6Ä�³
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[[P, H ` op(e1, e2) : ck]]ρ = op#([[P, H ` e1 : ck]]ρ, [[P, H ` e2 : ck]]ρ)
[[P, H ` x : ct]]ρ = ρ(x)
[[P, H ` i : ck]]ρ = i#[[ck]]P

[[P, H ` e1 � 7�� e2 : ck]]ρ = fby#([[P, H ` e1 : ck]]ρ, [[P, H ` e2 : ck]]ρ)
[[P, H ` e �� ;<D pe : ck

5<D
pe]]ρ = when#([[P, H ` e : ck]]ρ, P (pe))

[[P, H `
�3;�����;

pe e1 e2 : ck]]ρ = merge#(P (pe), [[P, H ` e1 : ck
5<D

pe]]ρ,
[[P, H ` e2 : ck

5<DLD!5 9
pe]]ρ)

[[P, H ` e1(e2) : ct2]]ρ = ([[P, H ` e1 : ct1 → ct2]]ρ) ([[P, H ` e2 : ct1]]ρ)
[[P, H ` e1, e2 : ct1 × ct2]]ρ = ([[P, H ` e1 : ct1]]ρ, [[P, H ` e2 : ct2]]ρ)
[[P, H ` � : 9 s1, s2 : ct1]]ρ = s1

´ia�e�~Ue
s1, s2 = [[P, H ` e : ct1 × ct2]]ρ

[[P, H `
: D�E

s1, s2 : ct2]]ρ = s2
´ia�e�~Ue

s1, s2 = [[P, H ` e : ct1 × ct2]]ρ
[[P, H ` e′ �� ;���; x = e : ct′]]ρ = [[P, H, x : ct ` e′ : ct′]]ρ[x∞/x]

´iace�~Ue
x∞ =

� Q (d 7→ [[P, H, x : ct ` e : ct]]ρ[d/x])
JP, H `

D!5FE�;
f(x) = e :

fgen(ct1 → ct2)Kρ = [(d 7→ [[P, H, x : ct1 ` e : ct2]]ρ[d/x])/f ]

��y�¥_wc~Ue,¤FH�mZoZx�u|ac~Uv_xcv4w�p�×X{�rU{�°0Ó�v�´AmZe�d�{�xPrUy�u6p�v��_e�~�f2��vqu|»_e6�¾mZeIÀ4w�e�x�u�e6p

��Û���� N © NÃß�� E M3
�)iÒZË9Î|Ñ�ÍcË��,$
�Ð	)+Z?Ñ�Î���ÑIÎ���Ë clk1
� Í/ clk2

� ( 
gË � Ì�) Ï � )Q)²ÏF
 clki
� Ð[
 psoZx�u|a�~tv_°

x�y�ÅI{��c��e � Í/�Z<
 :
�Í+Ñ�) 
 clk1 ./ clk2
� � ) Ï�
�Ð[
 
�Q$�zË�)0Ë d, d′ ∈ N

Ë¼Ò�Î|Ï )²Ï � ) clk1 ≺ 0d.clk2
� Í/

clk2 ≺ 0d′

.clk1
� . )  
 � ÍcË])²Ï � )XZ<
�Î � Í $
E� � Ì clk1

# Ì d′ )*�ÃÎ���Ë�Ë�Ñ") Ï � ) )²ÏF
 1 Ñ	# clk2
ÑIÎ|Î�ÒqÐ # 
 #�Ñ�Ð[


)²ÏF
 � Ñ	# clk1
� Í/�ÎUÑ�Í�U!
�Ð|Ë�
�� Ì �

��P «�� L + Û C � �
1(10)

� Í� (01)
� Ð[
�Ë|Ì�Í;ÎUÏqÐtÑ�Í ��� �:# ��
 


� �
11(0)

� Í/ (0)
� Ð[
�Í+Ñ!)2Ë¼Ì�Í+Î|ÏZÐtÑ�Í���� �:# ��
 


� �
(010)

� Í� (10)
� Ð[
RÍ;Ñ!)�Ë¼Ì�Í;ÎUÏqÐtÑ�Í ��� �$# �%
RË�� Í+Î�
 ) Ï�
�Ð�
 � Ð�
 )�Ñ6Ñ  T� ÍGÌ Ð[
 � FËNÑ�Ð )�ÑIÑ  	� Í�Ì

ZWÐ��K) 
�Ë�� � Í
��Í �K) 
 # Ò1�]
�Ð�� �
�YrWd�e6{_x�p�rta�{�r�rtace

n
°Lrta

1
v�±

clk1
yzpW{�rW{X�+v_w�x��qe6�9�qyzp�r|{�x�u�e�±²~tv4d\rtace

n
°Lrta

1
v_±

clk2
³���xcv�rUace�~

u�v_x�pte6ÀPwce6x�u�eSyzp�rtace�±²v4����v�´iy�xc¥g��~tv4�Ge6~sr�o4³
 ª ßKL?Û ªF© NÃÛ ¨ E M7
�)WÒZË�Î|Ñ�ÍcË��,:
�Ð�)+Z?Ñ�Î���Ñ6Î���Ë clk1

� Í/ clk2
� . # clk1 ./ clk2

)²ÏF
�Í ) Ï�
�Ð[
 
�Q$�zË�)ÃËD)*Z?Ñ
Ë¼Ì�Í;ÎUÏqÐtÑ�Í;Ñ�ÒZË � ÐtÑ6Î�
�Ë|ËE
�Ë��iÎ � �K��
� # Ò1��
�Ð|Ë b1

� Í/ b2
Ë¼Ò�ÎUÏ )²Ï � ) b1(clk1) = 0d.clk2

� Í� b2(clk2) =
0d′

clk1
� ! ÏF
�Í+Ñ!) � )+�ÃÑ�Í b1(clk1)

 
 � ÍcËD) Ï � )XZ<
�Ë|Ì�Í;ÎUÏqÐtÑ�Í ���G
 clk1
Z �K)²Ï b1

� Í/")²ÏF
�Ë¼Ì�Í;ÎUÏqÐtÑ�Í ����
�
� ÐtÑG�Ò�Î�) �zË )²ÏF
9ÎE��ÑIÎ�� 0d.clk2

��! ÏF
�Ë�)�Ñ�Ð � �$
9Ñ�# b1
� Í� b2

�zË # Ñ�ÒqÍ/:
� # Ì d
� Í� d′ Ð[
�Ë � 
|Î�)*�KU!
�� Ì �

 ª ßHß��U³ L # Ò1��
�ÐgÑ	#,Ë����G
 d + d′ �zËY
�Í+Ñ�Ò:�IÏ+#�Ñ�Ð # Ñ�) Ï Î � Ë�
�Ë � . Í�:
�
��� 
 � ÎUÏ 1 ZWÐ��K)+) 
�Í # Ì clk1
Z �K�K�

# 
SÐ[
 �  � )  Ñ�Ë�) d′ )+�ÃÎ���Ë]� � ) 
�Ð � . Í )²ÏF
DZ?Ñ�Ð|Ë�)?Î � Ë�
+� d′ Î|Ñ�ÍcË�
|Î�ÒR)+�KUB
 1
� Ð�
XË�)�Ñ�Ð�
� � Í ) Ï�
 # Ò1��
�Ð � Í/

)²ÏF
�ÍNÐ[
 �  �
�\�v_w�x��cp

d
{�x��

d′
{�~Ue�xcv_r�v�±��c~|{_u�rtyzu�{_��y�xPrte6~teIp�r ��´�e�´iy�����psa�v�´¯acv�´ØrUv¹u�v_d��cwqrUe�v4�qrty�d�{��

��wq¿+e6~�psy�Å�eIp�y�x�rUace�pseIu¼rUy�v4x 8 ³ ¡Z³
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� Ì�Í+Î|ÏZÐtÑ�Í������ Í��	��
�Ð��ÃÑ���ÃÎ�����Ñ6Î���Ë ¡_�

��x�rta�e�u�{_pte�v�±��Ge6~ty�vq�qy�u,u���vqu|»qp6�4rUace,xcv_rty�v_x�v�±WpsoZx�u|ac~Uv_x�y�ÅI{��cy���y�r�o�yzpiu�v_d��cwcrU{�����e4³
 ª ßKL?ß ¨ N © NÃß�� � ��Ñ�ÍcË��,:
�Ð )*Z?Ñ � 
�Ð��ÃÑ���ÃÎgÎ���ÑIÎ���Ë ck = u(v)

� Í/ ck′ = u′(v′)
� ����ÑIÎ���Ë ck

� Í/ ck′

� Ð[
 psoZx�u|a�~tv4xcy�ÅI{��c��e�� :
�Í+Ñ�) 
� # Ì ck ./ ck′ � � # � Í/�Ñ�Í � ÌT� #

|v|1
|v′|1

=
|v|

|v′|
.

. ÍÔÑ�) Ï�
�Ð Z?Ñ�Ð[�Ë4� ck ./ ck′  
 � Í�Ë ck
� Í� ck′ Ï � UB
 )²ÏF
	Ë �! 
�Í�Ò  T# 
�Ð	Ñ	# � Ë � Í (v)

� Í� (v′) �Ï�
�Í;Î�
") Ï�
gË �� 
 � Ë¼Ì  Q� )YÑ�)*�ÃÎ � ÐtÑG�Ò�Î�)*�ÃÑ�Í½Ð � ) 
 � . ) � �ÈË�Ñ  
 � ÍcËN)²ÏF
 n Ê )²Ï � Ñ	# ck �zË � ) � # Ñ�ÒqÍ/:
�
��zË�) � Í+Î�
 #|ÐUÑ  ) Ï�
 n Ê )²Ï � Ñ	# ck′ �
 ª ßHß��U³�� ÐtÑ  Ð[
  	� Ð[� � � Z<
DÎ|Ñ�ÍcË��,:
�Ð clk1 = u(v)

� Í/ clk2 = u′(v′) Z �K)²Ï |u| = |u′|
� Í/

|v| = |v′|
� ! ÏqÒZË clk1 = u(v) ./ clk2 = u′(v′) � � )²ÏF
�Ð[
N
�Q$�zË�)0Ë d, d′ Ë¼Ò�ÎUÏ )²Ï � ) ∀w v clk2[1..|u|+

|v|+d], w′ v 0d.clk2[1..|u|+|v|] � |w| = |w′| ⇒ |w|1 ≥ |w′|1
� Í/ ∀w v 0d′

clk1[1..|u|+|v|], w′ v
clk2[1..|u|+ |v| + d′], |w| = |w′| ⇒ |w|1 ≥ |w′|1

� . ) �zË�Ë¼Ò10ÔÎ��,
�Í�) )YÑ�ÎUÑ�UB
�Ð )²ÏF
 � Ð[
 � Q 
�Ë�Ñ	# ��Í �K) 

�%
�Í ��)²Ï ≤ |u| + |v| + max(d + d′)

�
! ÏF
�Î � Ë�
 |v′|1 = 0 �zËgË�)LÐ � � �FÏ ) #�Ñ�Ð�Z � Ð[ � M7
�)�ÒZË � Ë|Ë|Ò  
T)²Ï � ) |v|1/|v′|1 > |v|/|v′| � ) Ï�
ºÎ � Ë�


|v|1/|v′|1 < |v|/|v′| �zË�Ë¼Ì  " 
�)0Ð��ÃÎ�� � � 
|Î � ÒZË�
�Ñ	#�Ð[
  	� Ð[� � ���K)  
 � Í�Ë |v|1/|v′|1 > 1
�)! ÏF
�Í �K)


�Í�) � �K� Ë�)²Ï � ) (v)
� Í� (v′)

� Ð�
RÍ+Ñ�),Ë¼Ì�Í+Î|ÏZÐtÑ�Í���� �:# ��
NË�Ñ � Ë clk1
� Í� clk2

� M7
�)�ÒZË $
�Í;Ñ!) 
 a =
|v|1 − |v′|1

� )²ÏF
�Í vn Ï � Ë na 1
 Ñ�Ð[
	)²Ï � Í v′n

� ! ÏZÒZË vn ≺ 0f(n).v′n ZµÏ�
�Ð[
 |vn| ≥ f(n) ≥ na� Í/ f(n) �zË  � Í��  T� �X� Í )²ÏF
�Ë�
�Í�ËE
 ) Ï � ) vn 6≺ 0f(n)−1.v′n
��. )�
�Í�) � �K� Ë")²Ï � ) (v) ≺ 0 � ��� f(n).(v′)� Í/ ) ÏqÒZËD)²ÏF
�Ð[
 � Ð[
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��~tv4¥_~|{�dÙa�{_p�rUace�pU{�d�e,u���vZu|»qp6³
 ��µÛZß ª Û � E)� � ß ªFª Û ¬�© ��Û ¨6¨ � � Ñ�Ð � Í�Ì � 
�Ð��ÃÑ��
�Í U�� ÐUÑ�Í  
�Í�) P

� Í/�ÎE��ÑIÎ�� 
�Í�UG� ÐtÑ�Í  
�Í ) H �
� # P, H `s e : ct ⇒ e′ ) Ï�
�Í P, H ` e′ : ct

�
`�ace��c~tvZv_±;�qe6~ty��_eIp�±²~Uv_d rUace�ptwc�qr�oZ�cy�xc¥,~Uwc��eIp�wcxG�qe�~U��oZy�xc¥

`s

��w��c¥_d�e�xPrUp�H�u��z{_pUpsyzu�{_�cpswc�cr�oP��y�xc¥
rUace�v4~to & ¡��c� ' (H~Ue6�qw�u�e6p�¥_��v_�G{��Æu�v4~t~Ue6u�rtxceIptp?rtvgrtace,��~tvZv�±µv�±µ��vqu�{_�

0
°YptoZx�u|ac~Uv_xcyzptd v_±µeI{_u|a	��~tvqu�eIptp

u�v_d��+v4pty�rUy�v4x�y�x�rtace�rU~U{_x�ps�z{�rUe6�	�c~tv4¥_~|{�dlÂÃy�x�u���wG�qy�x�¥ 9 9	u���vqu|»	u�v4x�p�rU~U{_y�xPr|pUÄ�³�`�a�y�p�yzpi¥_wG{�~|{�xPrte6e6�
�ZoRrUace��c~Ue��Zy�v_w�p��cwc¿+e6~�y�xGpse6~srUy�v4x¹pUu|ace�d�e4�µpty�x�u�e9rtaceIpse��cwc¿+e6~Up�Opty�¥4x�{�rUwc~teIp�{�~Uegr|{�y���v4~teI�NrUv¾rtace
~Ue6ptoZx�u|ac~Uv_xcy�Å6{�rty�v_xXv�±qy�xGu�v_xGpsyzp�rUe�xPrOu���vqu|»qp�³O`�a�y�pOe�x�ptwc~Ue6p;rUaceWrt~|{�xGps�z{�rUe6�S�c~Uv_¥_~|{�d yzpOptoZx�u|ac~Uv_xcv4w�p6³

f2v4d9����e�rte�x�e6pUp�yzp?{�x	v_�+e�x�yzptptwce_³ ® e�u�v4wc�z��xcv�r2o_e�r2�c~tv��4e�rta�{�r?rUace�wcxcy�¶Gu6{�rty�v_x�ptu|ace6d�e���eI{_�cp
rUv�u�v4x�pty�psrte6x4r

n
°YptoZx�u|ac~Uv_xcv4w�pWu���vqu|»qpW±²v_~�{�xZo

n
°YptoZx�u|ac~Uv_xcv4w�p��c~Uv_¥_~|{�d¾³µ��x4rUwcy�rty��_e���o_�Zy�±He��4e�~Uog��{_y�~

v_±�u�v_d�dgwcxcyzu�{�rUy�x�¥Nu���vZu|»qp�yzp�ptoZx�u|ac~Uv_xcy�Å6{_�c��e4�HrUaceºv_x���o ~teI{_ptv_x¹rtvR~Ue���eIu¼rg{¾�c~Uv_¥4~U{_dl´�v_wc�z� �Ge
rUa�{�r�y�d��+v4pUpsy��c��e�u�v4x�psrt~|{�y�x4r|p�{�~Uyzpse�{4u�~Uv4pUpWu�oqu���e6p?v�±ÆrUace��c~Uvqu�eIptpWx�e�r�´�v_~U»,k {_u�u�wcd�w���{�rte6���ce��z{FoZp
y�x�u�v_x�pty�psrte6xPrµ´iy�rta�{_ptoPd��qrUv�rUy�u2u���vZu|»�~|{�rUe6p6³O��x��qe6e6�Æ�FrUace�wcxcy�¶Gu�{�rty�v_x�d�e�rtacvq�Æ�_{4pO´�e����Z{_pµrtace ��	 ��$�

� P ) � � 7 � � ��� ��()����	*�)���� ���� ��F > �#�-��� ( � � ! 7�> ) 7�� 7 ) _ � � � ! � _'� ��*.%&)+�@��� < AH� �$�#%���) / � ! *.*.��� D�� ����� �-F > �?* !�A
� _ ������� 7I�-> A?> � ! � � ) � ���K� _ �-��� � ��) _ ) (�! � AG_�7 ���-) _ ��L !4� ��) _ <�F$����� 5�� ��� /+/ ���-� _$/1� ��� ��		���)� �-F > �+M

^3^`_!a�b�c�d�e
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E)

{_x�� � ()�
�
	��$�$�������$� ~Uwc��eIp�{�~Ue9�qeIpsy�¥_x�e6�Drtv�d9y�xcy�d�y�Å6eº�qe��z{FoRy�xGpse6~srUy�v4xH�Æace�xGu�e9rtvR{F�_v4y��Dps�cw�~ty�v_w�p
�ce��z{FoÔ{4u�u�w�d�wc�z{�rUy�v4xH³ ® e {_~teDrtaZw�p�u�v_xc¶G�qe�xPr¾{��+v_wqr�rtace¹u���vZu|» u6{��zu�wc��w�p� p�{��cy���y�r�oÔrtvÔ{_u�u�e��qr
d�vPp�r,�c~Uv_¥4~U{_d�pgÂ²´iy�rta �+e�~Uy�vq�qyzu�u���vZu|»qp|ÄirUa�{�r�u6{�x �Ge�rU~U{_x�ps�z{�rUe6�NrtvR{¾p�rU~tyzu¼rU��o·Â0��°�Ä�ptoPxGu|ac~tv4xcv_wGp
±²~|{�d�e6´2v4~t» �Po_e�r�{g±²v4~td�{��Hu�v_d��c��e�rUxce6pUp�~teIpsw���riyzp�xcv�r�{F��{�y��z{��c��e_³

� � �i��$�)µ�i��� 
��µ�� 

����� A * � ? ���� *	���� ��+�����#�����+� $ ���� 
	 � � ������� ���@�

`�a�e�x�v�rty�v_xÔv�±S~te6��{�Çqe6�ÔpsoZx�u|ac~Uv_xZo½u�{_x �+eR~Ue6u�{4p�r�y�xÔ{_x eIÀ4w�y���{���e�xPrº{����c~tvP{_u|a ��{_pte6� v_x psoZxq°
u|a�~tv4xcv_w�p�jRe6{_��o d�{_u|acy�xceIp & ¡ ' (Y³ ® e�~te�±²e�~�a�e�~Ueºrtv¹{�xÉ{_�c�c~Uv4{4u|a¹wGpseI� ±²v_~9d�vZ�ce���y�xc¥¹{Dpty�¥4x�{��
��~tvqu�eIptpty�xc¥gu�v_d��Gv4xce�xPr��qeIpsy�¥_xceI�ºv4x�{9u|acy�� & ¡B(Y³���x�rUacyzp���{��+e�~I�Prtace�{_wqrtacv4~Up2´�{�xPr�rtv9�c~tv��4e�rUa�{�r
r�´�vgmZvquX�qe6pty�¥4x�p?{_~te�e6ÀPwcy��F{_��e6xPr�{�xG��rtaZw�p2w�pteX{,d�y�xcy�d�y�Å6{�rty�v_xºv4x	{�wqrUv_d�{�r|{,y�xºv_~|�qe�~?rtv�¶�x��º{_x
v4�qrty�d�y�Å6e6�¾u�v4d���{�~Uy�ptv_xO³
® eXu�v_x�pty��ce�~WrUace�¶�x�y�rUeX{����ca�{_�Ge�r

Σ = {i/o, i/ō, ī/o, ī, /ō}
³�`�ace�d�eI{�xcy�xc¥�v_±

Σ
yzpWrUace�±²v4����v�´�°

y�xc¥ H
Ý�rta�e�psoZd��+v_�

i
p�r|{�x��cpi±²v_~�{�x�y�xc�cwqr�vqu�u�wc~|p��

Ý�rta�e9ptoZd��+v_�
o
p�r|{�x���p�±²v4~S{_xNv_wqrU�cwqr�vqu�u�w�~Up6�+ptvºrUa�{�rS±²v_~Sy�x�p�r|{�x�u�e�rUacege6�_e6x4r

i/o
d�e6{�xGp�rUa�{�r

{�x¾y�xc�cwqr�{_x���{_x¾v_wqrU�cwqr�vqu�u�wc~�psy�d�w���r|{�xce6v_w�pt��o4�
Ý

ī
psrU{_x��cp�±²v4~ixcv�y�xc��wqr�vqu�u�w�~Upi{_x��ºrUace�ptoPdg�Gv4�

ō
psrU{_x��cp�±²v_~ix�v�v_wqrU�cwqr�vqu�u�wc~Up6³

��v_~�d�vq�qe6��y�xc¥�rUace�ptoZpsrte6d¾�G´�e��qe���y�u�rXe6{4u|aRu�v_d��+v_xce6xPr��Zo�{_xRy "�v�°�{�wqrUv_d�{�rUv_x¾{�x���rUacy�pXu�{_x
�+e¾{�wqrUv_d�{�rUy�u6{�����o ~Ue6{���y�Å�e6�·�Po½�qeIptu�~ty��cy�xc¥NrUace¾�qe��+e�x��ce�x�u�o ±²wcx�u¼rUy�v4x ¥4y��4e�x·�Zo¹rta�e���~tvqu�eIptpty�xc¥
{_��¥4v_~Uy�rUacd¾³ ® e,~Ue��c~Ue6pte�xPr�rtace,y�xc�cwcr�{�x��	rtace,a�v_~Uy�Å6v_xPrU{_�G¶G��rUe�~��Zo�rUace�y�~iy "�v�°�{�wqrUv_d�{�rUv_xH³

0

ī/o

A0 = input

0 1 2 3

4566

A1 = horizontal filter

i/o i/ō i/o

i/ō

i/ōi/oi/ō

i/ō

�Yr�y�pXe6{4pso�rUv�pte�e�rUa�{�rXrtace9�z{�xc¥4w�{�¥4e�~teIu�v4¥_xcy�Å�eI���ZoR{�x¹{�wqrUv_d�{�rUv_x
L ⊆ Σ∗ u6{�xN�+e9pte�e6xD{_p

L1 ×L2 ⊆ {0, 1}∗×{0, 1}∗
´iy�rUa

l ↔ 1
{_x��

l̄ ↔ 0
´iy�rUa

l = i, o
³�`�a�e�xº´�eXx�v�rtyzu�e�rta�{�r

L1 ×L2u�v_~U~teIps�+v_xG�cp�rUv�rtace�pty�¥_x�{�rtwc~Ue
L1 → L1 on L2

�qe�¶�xceI�	y�x�rtace,�c~Ue��Zy�v_w�pipte6u�rty�v_xH³
`�ace�ptoZx�u|ac~Uv_xcy�Å6{�rty�v_xNv_±2y "Fv�°�{�wcrtv_d�{�rU{ºyzp,�qe�¶�xce6�¹{_pS±²v4����v�´�p�H�y�±2r�´�v�u�v_d��+v_xce6x4r|p,{�~Ue9u�v_xq°

x�e6u¼rUe6�Æ�Zy�±OrUace�¶G~Upsr2e6d9y�rUp�{_x	v_wcrt�cwqr�rtaZw�p2rUaceSpte6u�v_x��	xce�eI�cp?rtv9~teI{_��y�r6�qv_rtace6~t´iyzpse�´2eSe�xPrte6~2y�x�{
�ce6{_�c��vqu|»�p�r|{�rUe_³W�Y±OrUaceS¶�~|p�ri�qvZe6p�xcv_r�e6d�y�r�{�x�v_wcrt�cwqrI�ZrtaZw�p�rUace,pseIu�v_xG�ºd�wGp�r�~teIÀPwcy�~Ue�{�x	y�xc�cwcr6³
�Oe�r

a, c = i
v_~

ī
{_x��

b, d = o
v4~

ō
�ZrUace�ptoPxGu|ac~tv4xcy�Å6{�rUy�v4x	yzp�~te6�c~Ue6pte�xPrteI�	�Zo�H

OQP ^�O6R
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q q′ ‖ s s′ = (q, s) (q′, s′)
a/o i/b a/b

q q′ ‖ s s′ = (q, s) (q′, s′)
a/ō ī/b a/b

`�ace6~te�yzpW{�¥P{�y�xg{�p�rU~tv4xc¥S��{�~|{�����e6�4´iy�rta9rUace��qe�¶Gxcy�rUy�v4xgv_±G�+e�~Uy�vq�qyzu�u���vqu|»Zp6³µ�Oe�r�w�pWu�v_x�ptyz�qe�~�r�´�v
y "Fv_°Y{_wqrtv4d�{�rU{

A1
{�xG�

A2
´iy�rUa

L(A1) ≡ L1
1 × L1

2

{�x��
L(A2) ≡ L2

1 × L2
2

³�`�ace6x
A = A1 ‖ A2~Ue6u�v_¥4xcy�Å6e6p

L(A) ≡ L1 × L2
³ ® e�aG{F�_e

L1 → L1 on L2 = L1
1 →

Â
L1

1 on L1
2 on

Â
L2

1 on L2
2

ÄtÄ¼³
`�a�y�p�d�e6{_x�p�rtaG{�r

L1 = L1
1

{_x��
L2 = L1

2 on
Â
L2

1 on L2
2

Ä�³
� �cwq¿;e�~�v�±Hpsy�Å�e

n
y�p2{�x

n+1
°�{�wqrUv_d�{�rUv_x�´iacyzu|aºu�{�xºpsrtv4~teX{��c{�r|{,y�±Hy�r�y�p?xcv�r2±²wc���;{�xG��´iacy�u|a

u6{�x¾�qe���y��_e�~�{��c{�rU{9y�±�y�r�y�p�x�v�r�e�d��qr�o4³���r�{�xZo�rUy�d�e_��y�r�u6{�x��cw�pta¾{_x����Gv4�¾pty�d�wc��rU{_xce�v4w�ps��o_³
`�aceNu�v_d��cwqr|{�rUy�v4xÔv_±XrUaceD�qe6��{Fo {�x�� rta�eNpsy�Å�eR�+v_y���p	�qv�´ixÉrUv½~teI{_u|a�{_�cy���y�r�oÉ{�xG{���oZptyzp�³]hXwc~

{_�c�c~Uv4{4u|aX´iy�rta�{�u���vqu|»Su�{��zu�w���w�pOv_x�y�xq¶�xcy�rte2�cy�xG{�~Uo�´�v_~|�cpÆyzpO�qy�~teIu¼rU��oS{��c�c��yzu�{�����eWrUv�{�ptoPxGu|ac~tv4xcv_wGp
�z{�x�¥_w�{_¥_e�{�x���y�pN� � Ð��ÃÑ�Ð�� pty�d��c��e�~I³

��� � � ���	��� � ���#��� � $!��� �

`�a�e�~Ue�{_~te�{DxZwcdg�Ge6~�v�±X{_�c�c~Uv4{_u|a�e6p,±²v4~9rtaceRpt�GeIu�y�¶Gu�{�rty�v_x {�x�� �qe6pty�¥4xÉv_±�a�{�~|�q´�{�~Ue "�psv_± r�´�{_~te
ptoqp�rUe�d�p6³ jRvPp�r9v�±irta�e�d�{�~Ueºv4x·¥_~|{��ca�y�u6{���rUvZv_�zp���{4pseI� v_x·��~tvqu�eIptp�xce�r�´�v_~U»qp�³ á {�acx½��~tvqu�eIptp
x�e�r�´�v_~U»Zp¾Â á }?�XÄ &%' ¤�(�yzpº{¹±²wcx��c{_d�e�xPrU{_��v_xce4���cwqr	y�rºd�vZ�ce��zp�v_xc��o·±²w�x�u¼rUy�v4x�{��X�c~tv4�Ge6~srUy�eIp���{_p
v4�c�+v4pte6�¾rUv�psrt~Uw�u¼rUwc~|{����c~tv4�Ge6~srUy�eIp�³ á }?�Ù{_~tegw�pseI�Ny�x {	xPw�d��+e�~�v�±�rUvZv_�zpSptw�u|aD{4p��?{��cy &%' �G(Wv_~
rUaceXf2v4pto��c~Uv���eIu¼r & �B( �_rUaceiw�pteiv�±Æpsw�u|a9rUvPv4��pWpsrty�����~Ue6ÀPwcy�~teIpµa�y�¥4a9e�Çq�Ge6~srUy�pte�±²~tv4d �qy�¿;e�~Ue�xPr?�qv_d�{_y�x�p
{_x��grtace6~teiyzp�x�v,~teI{�����o�w�xcy��4e�~|pt{_�q��{_xc¥_wG{�¥_e�rUa�{�r2u�v_dg�cy�x�e6p�y�xº{,psy�xc¥_��e�±²~|{�d�e�´�v_~U»,±²wcx�u�rty�v_x�{_��{�xG�
psrt~Uw�u�rtwc~|{��+±²e6{�rtwc~Ue6p6³
}WrUv_��e�dgo &SA (�yzp�{�~Uy�u|a��c�z{�rt±²v_~Ud ´iy�rUaºpsy�d�w���{�rty�v_x�{�x���{_x�{���oqpsyzpµrtvZv_�zp�±²v_~�rtace��qeIpsy�¥_x�v_±+e6d��+e6�Z°

�ce6��psrt~Ue6{�d�y�xc¥�ptoZpsrte6d�p�Hµy�r��c~tv��Zyz�qe6p�rUaceXptoZx�u|ac~Uv_xcv4w�pW�c{�rU{�°LÓ�v�´AÂ0mq×S�WÄWd�vq�qe��Gv�±Hu�v4d9��wqrU{�rty�v_xH³
��xc��y�»4eXptoPxGu|ac~tv4xcv_wGp��z{�xc¥4w�{�¥4e6p6�Pmq×S� ¥_~|{��caGp2{_~te�x�v�r�e�Çq�c��y�u�y�rU��oºu���vqu|»_eI�5H�psoZx�u|ac~Uv_xZogy�p�{�u�v_x�pte�°
ÀPwce6x�u�e�v_±µ��vZu6{��Æ��{_��{_x�u�eSe6ÀPw�{�rty�v_x�p�v4x��+e�~Uy�vZ�cy�uSe�ÇqeIu�wqrUy�v4x�pUu|ace�d�eIp�³W`�ace�mq×S�·d�vq�qe��Æyzp�u�v_xZ�_e�°
x�y�e6x4rS±²v_~Xrta�e9{_wqrtv4d�{�rtyzu��qe6~ty���{�rUy�v4xNv�±�rUy�d�y�xc¥��c~tv4�Ge6~srUy�eIp & ¡_¡B(���wqrXrUace9��{4u|»�v_±2u���vqu|»qp�´�e6{_»_e�xGp
y�rUp�{�d�e�x�{_�cy���y�r�oº±²v4~i±²v_~Ud�{��H~Ue6{4psv4xcy�x�¥9{_x��Ru�v4~t~Ue6u�rs°Y�PoP°�u�v4x�p�rU~twGu¼rty�v_x	¥_e�x�e�~|{�rty�v_x�v�±WptoPxGu|ac~tv4xcv_wGp
u�vq�qe_�q´iy�rta¾~Ue6pt�GeIu¼rirtv�ptoZx�u|ac~Uv_xcv4w�p?�z{�x�¥_w�{_¥_e6p &%'BA �G�B(L³

mPrUe���p�rUv�´�{_~U��pHrUaceipsoZx�u|ac~Uv_x�v_w�pµu�v_xPrU~tv4�4v_±+{_ptoZx�u|ac~Uv_xcv4w�pOptoqp�rUe�d�p�{�~Ue�{_��ptvXu�v_x��cw�u¼rUe6�gy�xgrtace
�cv_d�{�y�xRv�±?ptoZx�u|ac~Uv_xcv4w�p��c~Uv_¥_~|{�d�d�y�xc¥���{_xc¥_wG{�¥_eIp��Gpsw�u|aN{4pirUace�´�v_~U»�v_±��He"OSw�e�~Uxcy�u�e�rS{_�0³ &%'�P (
v4x �+v_��oqu|ac~Uv_xZo_³Ô`�acy�p�´�v_~U»¹rU{_~t¥4e�rUpgrUaceN{�wqrUv_d�{�rUy�u�{�xG� u�v_~U~teIu¼r��Po u�v_xGp�rU~tw�u�rty�v_x ~te�¶�xce�d�e6x4r
v_±��c~Uv_¥_~|{�d�p6�Oy�x½rta�e�pU{�d�e	pt�cy�~ty�r9{4p�v_w�~gu���vqu|»¹u�v_d��+v4pty�rUy�v4xH���cwqr�y�r��qvZe6pgxcv�r�u�v_xGpsyz�qe�~9ÀPw�{�xq°
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