
HAL Id: inria-00070394
https://inria.hal.science/inria-00070394

Submitted on 19 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Simplifying Polynomial Expressions in a Proof Assistant
Laurent Théry

To cite this version:
Laurent Théry. Simplifying Polynomial Expressions in a Proof Assistant. [Research Report] RR-5614,
INRIA. 2005, pp.16. �inria-00070394�

https://inria.hal.science/inria-00070394
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
56

14
--

F
R

+
E

N
G

ap por t  


de  r ech er ch e 


THÈME 2

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Simplifying Polynomial Expressions in a Proof
Assistant

Laurent Théry

N° 5614

Juin 2005





Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)

Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65

����� ������	�
���
�� ������
�
���� ��������������� �!�"����
��#��
 � �$�%�&�'	
()�"�!���+*"�,
-*

.0/21"3547698-:&;=<473?>

@BADCE�F�E,GIH J�KE�LNMOE PRQTS�MRU�MOE�P
E�VWU�X�POU�YNP2Z\[]F�^_QTPRMO`]YaE
b�c Q5d\E�VfegE�F�F=E

h X�iNi_Q c VkjNE c E�U A E c U A ElLnm%o�paq�r,H s�YNMOLtGvuTuwoxH q�p iNX�STE�Z

y-z!{�|�}�~N��|w� @BA MRZfi�X�i_E c i c E�Z\E�LwV�ZxX=Z�MRF�iNPOEI��X�[tQ��%i_E c ��Q c F�MRLaS=i_QTPO[]LNQ�F=MRX�PDZ�MOF'�
iNPRM���U�XvV�MRQTLaZ+MOL'X�i c Q]Q���X�Z�Z\MRZ�V�X�LwV�� @BA MRZ"F�E�V A Q]j A X�Z�^_E�E�L�MRF�iNPOE�F�E�LwV�E�j�X�LNj�V�E�Z\V�E�j
��MOV A MRL-V A E'� �!��i c Q5��E c �
���w�2�\��� }��+{�� � MOF=iaPRMO�NU�XvV�MRQTLD¡wi_QTP�[7LaQTF=MRX�PnE£¢7i c E�Z�Z\MRQTL2¡�i c Q]Q��¤Z\[]Z\V�E�F�¡D�x�+�
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�� {���� �� ��� E0iNX�iNMRE c i c KE�Z�E�LwV�E�YNLNEW� X��U�QTL=Z�MOF=iNPOEBj�� E���E�U�V�YNE c jNE�Z Z�MRF�iNPOMO��U�XvV�MOQTLNZ
Z�Y c jNE�Z E£¢7i c E�Z�Z\MRQTLNZ i�Q�PO[]LNQTF�M X�POE�Z"jNX�LNZ�YaL Z\[]Z�V CE�F�E�jNEfi c E�Ya�TEv� � E£V�V�E0F KE�V A Q7jNEfX
KE�V7KExMOF=iNP£KE�F�E�LwV7KE�E0E£VWV�E�Z�V7KE�EIj�X�LaZWPOE�Z\[]Z�V CE�F�E'�x�!�%�
� � |5{ � ��� �� {-� Z�MOF=iNPOMO��U�XvV�MOQTLD¡TE ¢7i c E�Z�Z�MOQTL�i�Q�PO[]LNQTF�M X�POE�¡wZ�[7Z�V CE�F=ExjNE i c E�Ya��E�¡D� �!�
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@BA E���Q c;: i c E�Z�E�LwV�E�j MRL�V A MRZ i�X�i_E cxA XvZ ^�E�E�L F=Q�V�MO�vXvV�E�j�^w[�QTY c E ¢7i�E c MRF�E�LwV�ZIMOL
X�iNiNP�[7MOLNS&��Q c F=X�P!��E c MO��U�XvV�MOQTL MOL V A E-X c E�X�Q��BU�QTF�iNYaV�E c X c MOV A F�E�V�MOU�Z=< ( > �@? E=jNMRZ �
U�Q?�TE c E�j��TE c [t` YNMOU : PO[-V A XvVWV A EIi c Q�^NPRE�F �kXvZ0LNQ�VWZ\Q F�YNU A MRL�jNE��NLNMRLNS=MRLNZ\MRjNE V A E
i c Q?�TE c LaQ�V�MOQTLNZ�PRM : EBA�QwXvV�MRLNS�� i_QTMRLwVkL YNF,^�E c ZWQ cfc QTYNLNjaMRLNS'F�Q7jNE�ZBV A X�L�MRL�i c Q?�]MRj]�
MRLNS&i c Q7Qv��i c Q7U�E�jNY c E�Z X�POPRQ?��MRLNS�V�Q�F XvLNMRiNYaP XvV�E V A E�Z�E�LNE£� LNQ�V�MRQTLaZ E�C�U�MOE�LwV�P�[T�@D L
V A XvV c E�Z\i�E�U�V�¡TZ�MOF=iNPOMO��U�XvV�MOQTLxQ���i�QTP�[]LNQTF�M X�PwE ¢ai c E�Z\Z�MOQTLNZ�¡�MRL�i�X c V�MOU�YNPRX c i_QTP�[7LaQTF=MRX�P
E�` Y�X�POMOV�MOE�Z�XvLNj=MOLNE�` Y�XvPRMOV�MRE�Z"Q?�TE c V A E c E�X�POZ�¡wiNPRX�[7Z XxU�E�L V c X�P cFEQTPREv�HG�E£��Q c E�V A MOZ"��Q cI: ¡
F X : MOLNS�V A E-i c Q7Qv�BZ\[]Z\V�E�F)i�E c ��Q c F)X�Z�MRF�iNPOE'V c X�LaZ\��Q c F XvV�MRQTL Z�YaU A X�Z c E�iNP XvU�MRLaS
V A ExE£¢7i c E�Z\Z�MRQ�L J�K (�L�M J M GONQP L K ( J M qFN MSR K L�M J N
^ [-MOV�ZBZ\MRF�iNPRE c ��Q c F JTKUJ M G�N.P L=MSR K L�M J N
�kX�ZILNQ�V X&V c MO�]M X�P¤V�X�Z : ��V�LNE���X�[ V�Q�STQ�V�Q�Z\QTPO��E�V A MOZIi c QT^NPOE�F MOZ�V�Q�E£¢]V�E�LNj V A E
YNZ�E c � MOLwV�E c � X�U�EIQ��+V A E i c Q]Q��"Z�[]Z\V�E�F MOL�Q c jNE c V�Q PRE£V�V A E YNZ�E c MRLajNMRU�XvV�E�� A MOU A Z�MOF'�
iNPRM���U�XvV�MRQTL A E'Q c Z A E���X�LwV�Z V�Q�i_E c ��Q c F��TW�Q c E ¢NXvF=iNPOE�¡2V A E�YNZ\E c U�QTYNPOj�iNMRPOQ�V�V A E
Z�MRF�iNPOMO��U�XvV�MOQTL ��MOV A V A E�F=Q�YNZ�E�jNE£�]MRU�E F�MRF�MRU : MRLaS � A X�V�MRZ&YNZ\Y�X�PRP�[ jaQTLNE�QTL X
^NP X�U : ^_QwX c jTX J�K (�L M J M GONQP L K ( J M qFN MYR K LZM J N
@BA MRZ XviNi c QTX�U A ¡DU�X�PRPOE�j�jNM c E�U�V\� F XvLNMRiNYaP XvV�MRQTLD¡ A X�ZxX�P c E�X�ja[�^�E�E�L E£¢7i_E c MRF�E�LwV�E�j MOL
Z�QTF�ExZ\[]Z\V�E�F�Z

K
Z�E�Ex��Q c E£¢aX�F�iNPOEZ< p ¡ q > N£�1[fLNQ�V A E c �kX�[&V�Q=STQ�MRZBV�Q�F=X : ExV A EIi c Q]Q��

Z\[]Z\V�E�F]\�STYNE�Z\ZI^�V A ExZ�MOF=iNPOMO��E�j V�E c F��'D VWMRZkV A ExX�iNi c QwX�U A ��QTPOPRQ?��E�j&^w[-V A MOZBi�X�i_E c �
@BA E�i c QT^NPOE�F Q��W��LNjaMRLNS X Z�MRF�iNPOE c ��Q c F Q���X STM��TE�L E ¢ai c E�Z\Z�MOQTL MOZ�LNQ�V�LNE��

X�LNj A X�Z'XvP c E�X�ja[ ^�E�E�L Z\V�YNjNMOE�jD¡"MOL X�LNQ�V A E c Z�E�V\V�MOLNSN¡+��Q c U�QTF�iNYaV�E c XvPRSTE�^ c XtZ�[]Z��
V�E�F�Z��_W�Q c E£¢aX�F�iNPREv¡a`�QTZ�E�Z�jNE�V�X�MRPOZxZ�QTF�E=Qv�BV A E�V�E�U A LNMRU�X�P MOZ�Z\YNE�Z�MOL i_E c ��Q c F�MRLNS
X�PRSTE�^ c XvMRU Z�MRF�iNPOMO��U�XvV�MOQTLNZgMRLb< c > �H`�Q�Z\V%Q��nV A E�Z�E�MOjNE�X�Z!U�X�L�E�X�Z�MOPO[ ^�EBXviNiNPRMOE�j,V�Q�V A E �
Q c E�F i c Q?�]MRLaS X�iaiNPRMOU�XvV�MRQTLNZ�� � V�MRPOP ¡]��EI^�E�PRMOE��TE V A XvV�V A Ex� X�U£VWV A XvV�� E,X c E ^aYNMRPOjNMRLNS
i c Q]Q���Z c X�V A E c V A X�L�d\YNZ�V i_E c ��Q c F�MRLaS�Z\[]F�^_QTPRMOU�U�QTF=iaYaV�XvV�MRQTLaZ"U A X�LNS�E�Z Z�PRMOS A V�P�[ V A E
i�E c Z�i_E�U£V�M��TE��V�LNEtX�Z�i_E�U£V V A XvV=MRZ'U c YNU�MRX�P�MRL Q�Y c XviNiNPRMOU�XvV�MRQTL MOZ�V A XvV=F�QTZ\V=Q���V A Eti c Q7Qv��Z
��EtX c E�jNQTMRLaS U�X�LNLNQ�V=^_E���YNPOPO[ X�Y7V�QTF=XvV�E�jD� @BA E�i c Q]Q���i c Q7U�E�Z\Z MRZ�V A E�L F=X�MRLaPO[
jNQTLNE MOL�X�L&MRLwV�E c X�U£V�M��TE0� X�Z A MRQ�LD� @BA MOZBF=E�X�LNZ�V A XvVkV A E YNZ\E c LNE�E�jNZBV�Q A X���E X�U�PRE�X c
YNLNjNE c Z\V�X�LNjNMOLNS'Q��¤� A XvVWE�X�U A i c Q]Q��+Z\V�E�i�MRZBjNQTMOLNSN�dD VWMOF=iNPOMRE�Z V A XvV�QTY c i c Q7U�E�jNY c E
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LNE�E�jNZ=V�Q STM��TE�X i c E�U�MRZ�E�F�E�X�LNMOLNS V�Q V A E�V�E c F Z�MOF=iNPOMO� []MRLaSN� D V Z A QTYNPOj X�POZ�Q V c [
V�Q&i c E�Z�E c ��E=XvZ F�YNU A X�Z i_QTZ�Z\MR^NPOE V A E�Z A Xvi�E�Q���V A E�STQwXvP!MOV0MRZ0V c []MRLaS V�Q&Z\MRF�iNPRM�� [T�[f�TQ�MRjNMOLNSxYNLNLNE�U�E�Z\Z�X c [ Z A Y
	�MRLNSIQ��2V A EWE£¢7i c E�Z�Z\MRQTL=F X : E�Z MOV E�XvZ�MRE c V�QIYNLNjNE c Z\V�X�LNj
V A E c E�Z�YNP�V�Q��0V A E�Z�MRF�iNPOMO��U�XvV�MOQTL i c Q7U�E�jNY c E�� @BA MRZ'MRZ'i c E�U�MOZ�E�PO[�V A E�Z\E�V � Q MOZ�Z�YaE�Z
V A XvV�� E�V c [�V�QIX�jNj c E�Z�Z MRL�V A EW��Q�PRPRQ?��MOLNSN�i? E�� c Z\V i c E�Z�E�L V V A E�MOjNE�Xa� @BA E�L���EWSTMO��E
V A EIX�POSTQ c M�V A F��,W!MOL�X�PRP�[���EIZ : E�V�U A MOV�ZkMRF�iNPRE�F=E�LwV�XvV�MRQTL���MOV A MRL-V A E��x�!� i c Q5��E c �
� ��
��'8 6 *H2���

@BA E=MOjNE�X&Q�� QTY c i c Q7U�E�jNY c E'MRZ���E c [ Z\MRF�iNPREv��? E�V�X : E�X�Zxi c E�F�MRZ\E�Z V A X�VIV A E'i c Q��
U�E�jaY c ExZ A QTYNPRj&LaQ�V�U A X�LNS�E�V A ExZ\V c YNU£V�Y c E Q��¤V A E E ¢ai c E�Z\Z�MOQTLD� @BA MOZBZ�E�E�F=Z�X c XvV A E c
Z\V c QTLNS X�Z�Z\YNF=i7V�MRQ�LD�1D V0MOF=iaPRMRE�ZBMRL�i�X c V�MRU�YNP X c V A XvVW� E,jNQ-LaQ�V�XvPRPRQ?� V�Q=jNMRZ�V c MO^NYaV�E
i c Q]jNYNU£V�Z Q?�TE c Z\YNF�Z����WZ�MRLaS&jNMRZ�V c MO^NYaV�MO�]MOV [�U�QTYNPRj�POE�X�j�V�Q�X-i�E c ��E�U£V�P�[�X�U�U�E�i7V�X�^NPOE
i c Q]U�E�jNY c Ev��W�Q c V A EIE ¢aX�F=iaPRE STM��TE�L�MOL-V A ExMRLwV c Q]jNYNU�V�MRQTLJ�K (�L�M J M GONQP L K ( J M qFN MSR K L�M J N
MOV � QTYNPOj�� c Z�V�U�QTLNZ\MRZ�V&MRL ��YNPOPO[ E£¢7i�XvLNjNMRLaS�V A E�i c Q7jaYNU�V�Z&QTL�^�QvV A Z�MOjNE�Z&Qv� V A E
MRLNE�`]YNX�PRM�V [ (
L J M J�J M G J P (
L J M L�MSR
LZMYR J
X�LNj&V A E�L�MOL�U�X�LNU�E�POPRMRLaS�MRjNE�LwV�MRU�X�P2F�QTLNQ�F=MRX�PRZJ�J M G J P L=MSR
L=MSR J
� V�MOPRPn��EI^�E�PRMOE��TE�V A XvVBV A ExZ�MRF�iNPOMO��E�j=��Q c F � E i c QTi_QTZ�E MOL�V A ExMRLwV c Q7jaYNU�V�MRQTLJTKUJ M G�N.P L=MSR K L�M J N
Z A QTYaPRj ^�E�� X��TQ�Y c E�jD� [0Z V A MOZ���Q c F A X�Zxi c E�Z�E c �TE�j�F�YNU A Q�� V A E�Z\V c YNU£V�Y c E'Q���V A E
MRLNM�V�M XvP!��Q c F,YNP Xa¡D� E-STE£V�XtF�Q c E MRF�F�E�jNMRXvV�E�YNLajNE c Z\V�XvLNjNMRLaS�Q��B� A XvV V A E Z�MRF�iNPOM��
��U�XvV�MRQTL i c Q]U�E�jNY c E&X�U�V�Y�X�POPO[ jNMOjD� [0PRZ\QN¡¤i c E�Z�E c �]MRLNS�V A E Z�V c YaU�V�Y c E&STM��TE�Z,XtjNM c E�U£V
F=E�X�LNMRLaS�Q��+� A XvVWZ�MRF�iNPOMO� []MRLNSIMRZ�Xv^�QTY7V X�X���Q c F,YNP X,MOZBZ�MOF=iNPOE c M��!M�VBMRZBZ�V c YNU�V�Y c X�POPO[
Z�F=X�PRPOE c �V�LNU�E���E A X���ExV�X : E�L&V A E c E�` YNM c E�F�E�LwVBV�Q�i c E�Z\E c �TExV A E Z�V c YaU�V�Y c E Q��9V A E i�QTP�[w�
LNQTF�M X�P ¡2��E&jaQ�LNQ�V A X��TE&F�YNU A U A QTMRU�E�� V�Y c QTLNP�[ jaE�S c E�E-Q��B� c E�E�jNQTF MRZ V�Q�iNPRX?[
��MOV A V A E�U�Q7E%C�U�MRE�LwV�Z�Q���M�V�Z'F=Q�LNQTF�M X�POZ��a`�Q c E�i c E�U�MRZ�E�PO[�¡"V c []MOLNS�V�Q ��LNj X Z�MOF'�
iNPRM���E�jt��Q c F Qv� V A E���Q c F�YNP X�V A XvV�QTLNPO[�jNM �2E c Z�� c Q�F V A E�Q c MOSTMRLNX�Pg��Q c F�YaP X ^w[�V A E
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U�Q]E�C�U�MOE�LwV�Z�Q��!MOV�ZBF�QTLNQ�F=MRX�PRZ��'V�L�QTY c E£¢aX�F�iNPOE�¡NM�VBF=E�X�LNZBV�Q�^_E Xv^NPRE�V�Q'�NPRP2��M�V A
L]YaF�^�E c ZBV A E ^�Q�¢7E�ZWQ��¤V A ExiNZ\E�YNjNQ�� E£¢7i c E�Z\Z�MRQ�LJ�K L�M J M N.P L K J M N M R K L=M J N
V�Q�QT^aV�X�MRL-X�L�E�` YNMO�vX�POE�LwVBZ\MRF�iNPRM���E�j=E£¢7i c E�Z�Z\MRQTLD� @BA E c ExMOZkQ��¤U�QTY c Z�EIX,V c MO�]MRX�P�Z\QTPRY]�
V�MRQ�LTX7V A ExMRLNM�V�M XvP_E ¢7i c E�Z�Z�MOQTL

q
J�K ( L�M q

J M G NQP q L K ( J M q N M q R K q L=M q
J N

V ^w�]MRQ�YNZ�P�[�V A E�F�QTZ�V���E c QTZ ��E�U�X�L � c MOV�EfMRL-^_Q�¢7E�Z�¡]V A E0^�E£V�V�E c M�V�MOZ��,? E�U�X�L c E�X�U A
V A ExE£¢7i_E�U£V�E�j�E£¢7i c E�Z�Z\MRQTL���MOV A V A E���QTPOPRQ?��MRLaS�X�Z�Z\MRSTLaF=E�L V

q
J�K
u L�M q

J M G NQP q L K u J M q N M q R K q L=M q
J N

[0iNiNP�[]MRLNS,V A ExX�^NZ\Q c i7V�MRQ�L&P X�� QTL&V A MOZkE£¢7i c E�Z�Z\MRQTL�STM��TE�ZBYaZ�V A E Z�MOF=iaPRMO�NE�j E ¢7i c E�Z��
Z�MRQ�L�S�MO�TE�L�MRL-V A EIMOLwV c Q]jNYNU£V�MOQTLD�

� ��� � 
��	� 0 /�8n-
���
V LaU�E,S�MO�TE�L�V A E MOjNE�X7¡_jaE c M��]MRLNS=X�L�XvPRSTQ c MOV A F MOZfZ�V c X�MRS A V\��Q c ��X c j2�1D V0MOZfU�QTF=i_QTZ\E�j
Q��!E�MRS A V�Z�V�E�iaZ��


���� | ����� � �D��� � ����� |5{
@BA EW� c Z\V Z�V�E�i=U�QTLaZ�MRZ�V�Z MRL'F�Q5�]MOLNSIX�PRPaV A E�U�Q]E�C�U�MOE�LwV�Z%V�QxV A E A E�X�j=Q��2V A E�jNM ��E c E�LwV
i c Q]jNYNU£V�Z��HD L=Q c jaE c V�QIF X : EWZ�Y c EWV A XvV E���E c [�i c Q7jaYNU�V Z\V�X c V�Z���MOV A XxU�Q]E�C�U�MOE�LwV � E
X�jNj�XvL�E ¢aiaPRMRU�MOV�QTLaE U�Q7E%C=U�MRE�L VW� A E�L�LNE�E�jNE�j2��W�Q c E£¢aX�F�iNPOE�¡�STM��TE�L�V A Ex��QTPOPRQ?��MRLNS
E£¢7i c E�Z�Z\MRQTL (�L G J MYR
PRMO� V�MRLNSIV A E U�Q7E%C�U�MRE�LwV�ZWSTMO��E�ZBYNZ

p L J M q R
WnQ c V A E E£¢aX�F�iNPRE�S�MO�TE�L&MRL-V A E MRLwV c Q7jaYNU�V�MRQTLD¡w� ExLNE�E�j�V�Q�U�QTLNZ\MRjNE c V A E E£¢7i c E�Z�Z\MRQTLK L K ( J M qFN MYR K L=M J N;N�� J�K (
L M J M GON
e9M�� V�MOLNSBMOV�Z¤U�Q7E%C�U�MRE�LwV�Z¤jNQ7E�Z+LaQ�V¤jNQfF,YNU A �FD Vnd\YaZ\V!X�jNjNZ9Z�Q�F=E E£¢]V c XWQ�LNE U�Q7E%C�U�MRE�LwV�ZK

q L K ( J M qiN M q R K q L=M q J NIN���q J�K (�L�M q J M GON

e�egfih,j;k�lnm
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[f� V�E c V A Ek� c Z\V%Z�V�E�iD¡�� EfX c EBZ�Y c EBV A X�V%X�PRP7i c Q]jNYNU£V�Z�Z�V�X c V"��MOV A X�U�Q7E%C�U�MRE�LwV�� @BA E�Z�E
U�Q]E�C�U�MOE�LwV�Z�X c E V A E�Q�LNPO[IQTLNE�Z+V A XvV"U�X�L�X�U£V�Y�XvPRPO[x^_E�F�Q]jNMO��E�j,MOL V A E�Z�MOF=iaPRMO�NU�XvV�MRQTL
i c Q]U�E�Z�Z�� @ QIjNQxZ�QN¡�� EfX�Z�Z\Q7U�M XvV�E�V�QxE�XvU A Q��_V A E�FlX jNMOZ\V�MOLNU�V!��X c M Xv^NPRE L�X�F�E�� @BA E�Z�E
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