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[{WO@<B=w'D�p�amWqp�EVZ\WC[{WC���CX-p)©_z{[{WC��[{WfS\ACE p�EVz|z|µ?kqZ\am�Cz|EVD
jlWqo�[|W-QTS)jc�C[{z|[|S\[{EVQJac��SUACE�ACamD�al�lEVWC[{�&EVo�EVWCE&ZU�lO
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 � �
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3 L 	 � �

|∂E| = 0
&������ � �F
 � � �F�%�:	 ����
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A · x
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K������
�� � 	 ��	 � ��� 	 �

W 1,p(E,R3) M

W (A) = min

{

1

|E|

∫

E

W (A+ ∇φ(x))dx |φ ∈ W 1,p
0 (E; R3)

}

N=�F�O;����=�(��	����
W

	 &9k-amz|ORp�amWP�lE�¥ L �F��� 	 ����
�� >����&G(;=���
&�&��KI 
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 �����QP��HGR;����=�(��	���� �(; � �F�
� 	 ��� ��&%�(;����HI?����&TSFEVU�EWA ��;%9YX

Z � ³\[�¯ �3� °]7_^V;
W
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(x,A) 7→W (x,A)
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	 ��)TI?� ! �=�HI"���
Ω×M3(R)

E
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C
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 �:����&
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x ∈ Ω
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�� �

A ∈ M3(R)
E

c|A|p ≤W (x,A) ≤ C(1 + |A|p)
� B �
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W
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W : Ω ×M3(R) → R, (x,A) 7→ W (x,A)

	 & 
;QTS)jcWqoCjlZUo�EVWCE&ZU�lO
oCE&WqQ\[�STO�	 ;

W
	 &%
 ?���
'&
	������\P'�HG�� 
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 � ���8� I?� �
)!;����=�(��	����QE � ��
��#	 & M

� W (·, ·)
	 & ���8
�&
����
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 �
	�
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��JI ����� � 	 � ����� & 	 � 	 � & &��������JI P�
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� W (x, ·)
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�&
	��8� �QP��&G ;(� �"
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� �DP����
)

x ∈ Ω

 �6IK	 ;

W
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 � 	 & ! �
& > SKCeX
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��JI?
 �&I ������� �?)RI?���F&
	 � )�� �F
 � �8�8
 I'& M � 	cP����

ū ∈W 1,p(Ω,R3)
E &���� P��

inf

{∫

Ω

W (x,∇(u+ ū))dx |u ∈W 1,p
0 (Ω,R3)

}
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���	���� ;����C>(����� > UDC 
eI �"	 � &%
�� ����
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K�"	 � 	 �"	������ 	 �
W 1,p

0 (Ω,R3)
X
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1 ≤ p <∞
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 �6I

W : M3(R) → R
	 &�
 ?(��
�&
	��8� �QP��&G ;����=�(��	���� &(
 � 	 &V;�)�	 � �

0 ≤W (A) ≤ C(1 + |A|p)
;(��� 
�� �

A ∈ M3(R),

� �F���6� �F��;�������� 	�� ��
 �
J(u) =

∫

Ω

W (∇u)
	 & L ��
�
��:) ��� L ��� &��(� 	 9E��������	 ����� � & � �

W 1,p(Ω)
X

�
	 � � ��0`��������" �����/�%��'��=�)������+)�=0��!.��
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ψ : R
3 → R

	 & &�
�	WI
N

9<;F���
	�� I 	�� E
N ∈ N

E 	 ;�;(���K
��:���'&
� �@P��(�
) > 
?�(C
x ∈ R

3 E 
��6I%;(���"
 � �
(i, j, k) ∈ N

3 E

ψ(x+ ie1 + je2 + ke3) = ψ(x)

L 	 � �
e1 = (N, 0, 0)

E
e2 = (0, N, 0)
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e3 = (0, 0, N)

X
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Wε(x,A) = W (
x

ε
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p&alD�ktamQ\[�SUE�D�jcS\E&ZU[^jcz^Q&�
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W : R

3 × M3(R) → [0,+∞)
>�� 
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��6IC
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	 � ) &�
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� �F� ;��(�
	�� I�	���	 � ) 
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W (·, A)
	 &YS 9<;F���
	�� I�	���;(��� 
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A ∈ M3(R)


 �6IK� ��� �?��� L � �6��� �6I�	 ��	���� > SKC �(;�� �&I?���
p ≥ 1

X
�L���

Ω

 >8� ���6IC�HI �8;��(� &��(� �(;

R
3 E u ∈ W 1,p(Ω,R3)
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ε > 0

E L � &����

Jε(u) =

∫

Ω

W (
x

ε
,∇u(x))dx

N=���(�QE\;(���%
 � �
ū ∈W 1,p(Ω,R3)

E

lim
ε→0

inf{Jε(u+ ū) |u ∈ W 1,p
0 (Ω)} = inf{J �	��
��
� (u+ ū) |u ∈W 1,p

0 (Ω)},
� * �

L ���(�8�
J �	��
���� (u) =

∫

Ω

W �	��
���� (∇u(x))dx

��JI
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� : M3(R) → [0,+∞)
	 & 
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��JI?
��HI
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���I?� ! ���KI >()�� �F� 
'&
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W �	��
���� (A) = lim
N→∞

1

N3
inf

{

∫

(0,N)3
W (x,A+ ∇v(x))dx | v ∈ W 1,p

0 ((0, N)3,R3)

}

�¡� �

;(� �%
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A ∈ M3(R)

X N=�F� ;����=�(��	����
W �	��
����
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p
X
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 IeI�	 ��	����QE 	 ;
uε
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%�"	 � 	 �"	���	 ���"&��K?����(�=�8� �(;
Jε(·+ ū)

� �
W 1,p

0 (Ω,R3) L �8
�
��1) �����\P'��� �?	 ���
�$� &������

u
	 �
W 1,p

0 (Ω,R3)
E � ���(�

u
	 &%
K� 	 ��	 � 	����(�%��;

J �	��
���� (· + ū)
���

W 1,p
0 (Ω,R3)

X


�¯ �"�R��� 7 N=�F� 
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 >�� C �8
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W �	��
���� (A) = lim
N→∞

1

N3
inf

{

∫

(0,N)3
W (x,A+ ∇v(x))dx | v ∈ W 1,p

# ((0, N)3,R3)

}

�6u��

L ���(�8�
W 1,p

# ((0, N)3,R3)
	 &�� ���%&(��� �(;

N
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;�������� 	�� �F&

v
�(;
W 1,p((0, N)3,R3)

&
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∫

Ω

v = 0
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�� � �F� �:	 � 	 �

N → ∞
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�� >�� ���$;���
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N ∈ N
	 � >�� C
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C L 	 � � 
 b 	 ; &��8��	 � � >�� ���6I?
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)FE 
��JI
Ω
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>�� ���6I?�KI �8;��(� &���>(&��(� �(;

R
3 XY� 	cP��(�

ε ∈ R+
E
Ω ∩ εE
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Ω
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'& 	 ��� ��!#��	 ��	������eX � 	cP'��� 
 &
� 
 �6I?
 �&I ������� �?) I?���F&
	 ��)
W :

E × M3(R) → R
L 	 � �

W (·, A)
S�9<;����
	�� I 	�� ;(��� �DP��(�
)

A ∈ M3(R)
E &(
 � 	 &V;�)�	 � �O�8� �6I 	 � 	�� � > S C

L 	 � �
1 < p < +∞

E �����
Jε : Lp(Ω; R3) → [0,+∞]

>�� � �F��;���������	�����
 ��IC��!#���KI�;(� �%�DP��(�
)
ε > 0

>�)

Jε(u) =















∫

Ω∩εE

W (
x

ε
,∇u(x))dx

	 ;
u|Ω∩εE ∈W 1,p(Ω ∩ εE; R3),

+∞
��� �F��� L 	 &�� X

N=���(� � �F����� �&GC	 &
� 
6��� �F&
� 
 ���
k1 > 0

I?�$;F���6I 	 �������
E


 �6I
p
E 
 �6I6
 &
� 
 �6I?
 �&I6������� �?) IC�(��&
	 � )

;����=�(��	����=
��
W �	��
���� : M3(R) → R

&�
���	 &V;�)�	 ���

c

k1
|A|p ≤W �	��
��
� (A) ≤ C|(0, 1)3 ∩ E|(1 + |A|p),

;(� �%
�� �
A ∈ M3(R)

E 
 �6IK&
���8� � �F
 �WE�I?� ! ��	 � �K� �F��;�������� 	�� ��
 �
J �	��
 �
� : Lp(Ω; R3) → [0,+∞]

>�)

J �	��
���� (u) =















∫

Ω

W �	��
 �
� (∇u(x))dx
	 ;
u ∈W 1,p(Ω; R3),

+∞
� � ���(� L 	 &��DE

L � �F
�P'�DE\;(� �"
�� �
ū ∈ W 1,p(Ω)

E

lim
ε→0

inf{Jε(u+ ū) |u ∈ W 1,p
0 (Ω)} = inf{J �	��
��
� (u+ ū) |u ∈W 1,p

0 (Ω)}.

N=����;����=�(��	����=
��
W �	��
����

	 & �?	cP��(�A>()K� �F�"
'&
)��5;��$����	�� ��������������	���
���	���� ;(���
� ����


W �	��
���� (A) = lim
N→∞

inf

{

1

N3

∫

(0,N)3∩E

W (x,∇v(x) +A)dx | v ∈W 1,p
0 ((0, N)3; R3)

}

;(� �%
�� �
A ∈ M3(R)

X
^(� 
 IeI�	 ��	����QE 	 ;

uε
	 & 
%�"	 � 	 �"	���	 ���"&��K?����(�=�8� �(;

Jε(·+ ū)
� �
W 1,p

0 (Ω,R3) L �8
�
��1) �����\P'��� �?	 ���
�$� &������

u
	 �
W 1,p

0 (Ω,R3)
E � ���(�

u
	 &%
K� 	 ��	 � 	����(�%��;

J �	��
���� (· + ū)
���

W 1,p
0 (Ω,R3)

X

�
	�� �]��" ���-�=�%�('����)�(����� � �/.�.&�(*��)� � �-* �/+)���`��+Q0 �&�  !�����/+ �-�/� �J���K�-+Q"
eâ�
W

[{Q�oR[�ItEVZ\EVW_S\[^jc�Cz{EJjlWqo�S\AqEJD�[{WC[|D�[{�VjcS\[{alW�kqZ\am�Cz|EVD�Q �?w����¡amZ
Wε

jcWqo
Whomog

}PjlWqo �?u���alZ �¡� �
jlZ\E¦j�SnS)jc[{WCEVo+}5S\ACE D�[|WC[{D�[|�VE&Z)QJQUj�SU[{Qn�¡O�S\ACE 2�XCz{E&Z\µ ��jc�mZUjlWC�lE�E=]_Xqj�SU[|amWqQ&��eËW;SUAqj�S�p&jmQnE¦£ÑE oRE&WqacS\E
�PO

a(x, ξ) =
∂W

∂ξ
(x, ξ).
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�%EVE&kC[{WC��SUACEdWCalSUjcS\[{alW�ac��@�AqE&alZUE&D wR}lS\ACE 2�XCz{E&Z\µ ��jc�mZUjlWC�lE�EV]_XqjcS\[{alW��¡amZ�S\AqEHD�[|Wq[|D�[{�Vj�SU[|amW�ac�
JεZUEVjmoCQ

{

−div
(

a(
x

ε
,∇uε)

)

= f
[{W

Ω

uε = ū
amW

∂Ω.

�»v �

¤JW�SUACE�acSUACE&Z	AqjlWqo1}C[|�
Wε(x, ·)

[{QdQnS\ZU[^p�S\z{O�p&alWP�lE&¥��¡alZHjlz|D�a_QTS	E&�mE&ZUO
x ∈ Ω

}RSUACE�alWqEJ�¡amZ
Jhomog[^Q

{

−div
(

ahomog(∇u)
)

= f
[{W

Ω

u = ū
alW

∂Ω,

��G �

£	AqE&ZUE
ahomog

[^Q%oRE��-WCEVox�_O
M3(R) 3 ξ 7→ ahomog(ξ) =

∫

(0,1)3
a(y,∇vξ(y) + ξ)dy

jcWqo
vξ
[{Q

SUACE�ktE&ZU[|aRoR[^p%Qnamz|XRSU[|amW�[{W
W 1,p

# ((0, 1)3,R3)
ac�

−div
(

a(y,∇vξ(y) + ξ)
)

= 0,
� � �

SUACE�z^j�SnSUE&Z	E=]mX-j�S\[{alW��tE&[{WC��p&jcz{z{EVo�S\ACE ����� �:9<;��8�?>����(� �»Q\E&E�@Âu�D ���
eâSHD�j3O��-E�WqacS\[^p�E=o�S\AqjcS � � ��[{Q	S\ACE�2�XCz|EVZnµ ��jl�lZ)jcWC�mEJE=]_Xqj�SU[|amW�al���?u�� �¡amZ

N = 1
�ÑeËW��»jlp�SHS\ACE

[{WR�qD¦XCD [{W �?u��Ñ[^Q jcSnS)jc[{WCEVo��¡alZ
N = 1

}CoCXCE�S\a�p�alWP�mE�¥R[�STOm� � E�jc�CX-Qn[{�lEVz|O�QUj3O S\AqjcS
N = 1

[{W�SUACE
p&E&z{z�µâkCZUal�Cz{E&D � � ���

gÑamWqQn[^oREVZ\[{WC��WCalWRµËQ\O_D�D�E�SUZ\[^p�amk-EVZUjcS\amZUQ
a
}�D�amWCacSUalWC[^p�[|STO�jlQUQnXqD kCS\[{alWqQ��»Q\E&E @<B � DqjlWqoK@Âw *'D ��E�¥Pµ

SUE&Wqo�S\AqEÑZUEVQ\XCz|SUQ�ac�5@�ACE&amZ\EVD wJjcW-o�kCZUa��P[{oRE D�alZUE�kCZUEVp&[{Q\E Z\E=QnXCz|SUQ�amW�S\AqEÑACamD�al�lEVWC[{�&EVo�alktE&Z)j�SUalZ=}
jmQ	QTS)j�SUEVo�[|W�S\AqE%�¡alz{z|a�£	[{WC�¦S\ACEValZUE&D��

	�
 ¯P³ � ¯ � � � U3A �B9 &�&
�����
p ≥ 2

X�b ���
a : R

3 × M3(R) → M3(R), (x, ξ) 7→ a(x, ξ)
>��

� 
 ��
�� � ��� I?���
)K
 �6I S�9<;��(�
	�� I�	�� 	 �
x
X 9 &�&������ 
�� &��"� �F
��

a(·, 0)
	 & >�� ���6I?�KI�
��JI"� ��
�� � �F��;(��� ��� L 	 ���

��� ����	 ����	 ��)�
 �6IK��� �����$��� 	��(	 ��) ;=���8;��(�
��	��(& �F��� I

∃ 0 ≤ α ≤ p− 1, C > 0 |
;(� �"
?�

x ∈ R
3, ∀ξ1, ξ2 ∈ M3(R)

|a(x, ξ1) − a(x, ξ2)| ≤ C(1 + |ξ1| + |ξ2|)
p−1−α|ξ1 − ξ2|

α,
��� �

∃ 2 ≤ β < +∞, c > 0 |
;(���%
C�

x ∈ R
3, ∀ξ1, ξ2 ∈ M3(R)

(a(x, ξ1) − a(x, ξ2), ξ1 − ξ2) ≥ c(1 + |ξ1| + |ξ2|)
p−β |ξ1 − ξ2|

β.
�EBV~ �

N=���(�QE3� 	cP����
f ∈ Lp

′

(Ω,R3)
E � �F��&����:����	����

uε ∈ W 1,p
0 (Ω,R3)

�(;

−div (a(
x

ε
,∇uε)) = f

L ��
�
��:) �8� �QP��(���C�(& 	 �
W 1,p

0 (Ω,R3)
� �K� ��� &�� �:��� 	�� �

u ∈ W 1,p
0 (Ω,R3)

�(;

−div (ahomog(∇u)) = f,

º¡Ã�¸+º¢ß



���������
	���
�����������������	���
���	�����	 �"!#��	 �$�%����
'&
��	��(	 ��) �

L ���(�8�
ahomog : M3(R) → M3(R)

	 &�IC��!#���KI >�)

ahomog(A) =

∫

(0,1)3
a(y,A+ ∇uA(y))dy


 �6I
uA ∈W 1,p

# ((0, 1)3,R3)
	 & � �F��&����:����	����A�(;

−div (a(y,A+ ∇uA(y))) = 0.

^(�6
eIeI 	 � 	�� �
ahomog

&�
���	 & ! �(& > S�� C L 	 � � � ��� &�
��������H��� �(	������ & 
�&
a


 �6I >�� C L 	 � �
γ = α/(β−α)	 ��&
� ��
eI �(;

α
X

@�ACE�E&¥R[{QnS\EVWqp�E%ac��j�p�alZUZUEVp�SUalZ=}m£	Aq[{p)Afjcz{z{a�£dQ�SUa�al�RS)jc[{W�j�QnS\ZUalWC��p�amW_�mE&ZU�lEVWqp�EJ[|WqQnS\E=jlo�ac��S\ACE
£ EVjl©�p�amW_�mE&ZU�lEVWqp�EJac��@�ACE&amZ\EVD �q}R[^Q��l[{�lEVW��PO

	�
 ¯P³ � ¯ � ��� U3A ���L�6IC�(�"� ��� � )8;���� �F�(&(�(&�
 �6I ��� � 
 � 	�� � �(; N=���8� ����� � E ���(�
(Mε)ε

>��"� �F�"&��(� ��;
����
�� ��;F����
 � � ��&TI?� ! ���KI >()

Mε : Lp(Ω) → Lp(Ω), φ(x) 7→Mεφ(x) = 1/ε3
∫

(ε[Y,(Y+1)])3
φ(y),

L 	 � �
Y ∈ Z

3 &
���8� � �F
��
x ∈ (ε[Y, (Y + 1)])3

X N=�F� &����
{Mεφ}ε

	 &�
 &����5�(; ;�	������ L 	 &�� �8� �F&
�$
����
;����=�(��	�����& &
������� � �1) �8� �QP��(��� 	 � �K�$�

φ
	 �
Lp(Ω)

X
N=�F�������
�8�8���$���

vε

�&�&(����	�
��$�HI �$�

u
	 & � �F��� �?	cP'���A>�)

vε : Ω → R
3, x ∈ (ε[Y, (Y + 1)])3 7→ vε(x) = vε,Y (

x

ε
),

L ���(�8�
vε,Y ∈ W 1,p

# ((0, 1)3,R3)
	 & � ��� ;��(�
	�� I�	��"&�� �:��� 	�� ����;

−div a(y,Mε∇u(x) + ∇vε,Y (y)) = 0.
� BCB �

9 �JI�� �F��;(��� ��� L 	 ��� &
� �8����� �����QP���� �C�������%	 �
W 1,p(Ω,R3)

����� I�&HE

||(u+ εvε) − uε||1,p,Ω → 0,

|| · ||1,p,Ω
&
� 
 �6I�	 � �%;(� ��� �F�%�����
� �(;

W 1,p(Ω)
X

eËW�S\ACEJZ\EVD�jl[|W-oRE&ZÑac�1S\AqE�jlZnSU[{p&z|EHjlz|z-S\AqEHD�alWCalS\amWC[{pdalktE&Z)j�S\amZUQÑp�amWqQn[^oREVZ\E=o�£	[|z{z-�tEJQ\OPD�D E&S\ZU[{p
jlWqo�jlQUQnaRp�[^j�SUEVo�S\a�j�QTSUZ\[^p�SUz|O�p�alWP�mE�¥�E&WqE&ZU�lO�oREVWqQ\[�STOm�

�
	�� 	���" �]��* �/� ��0`0 ���/0
@�AqEJp�amWqp�z{XqQ\[|amWqQ�al��@�ACE&amZ\EVD w�jlZ\EdQ\ktEVp�[|�-pdS\a�SUACEH�mZ\a�£�SUA�p�alW-oR[�SU[|amW � B ��jcW-o�S\ACEJD�[|WC[{D�[|�=j�SU[|amW
Q\kqjmp�E

W 1,p
0 (Ω,R3)

� @�AqE&O�pVjcW��tEfE�¥PSUE&WqoRE=o"SUa§FdE&XqD�jlWCW �-amXCWqoCjlZ\O"p&alWqoC[�SU[|amWqQ�jcWqo�D�[�¥RE=o
"J[{Z\[^p)ACz{E�S�jcW-oªFHE&XCD�jlWCW �-amXCWqoCjlZ\Oªp�alW-oR[�SU[|amWqQ%[{Wª£ EVjl©;�¡amZ\D�� JHa�£ÑEV�lE&Z=}5ST£ a�amk-EVW"]_XCEVQnS\[{alWqQ
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@ÑO_ktE JHalD�al�mE&WC[{�&E=o 2�¥R[{QnS\EVWqp�E FdXqD��tE&Zdal��p&E&z{z{Q
Nac��p�amZ\ZUEVp�S\amZUQ S\a�p&alWqQ\[{oCE&Z�[|W

� [Ñ¯ ���R� ³ � � [�¯ �3�C� ³ � kqZ\am�Cz|EVD � � �
�+[{WCE=jcZ ��pVp�� ��[|WCE=jcZ���p&p @�Z\XqE B
IfamWCacSUalWCE � �EBV~ ��� ��� � IfamWCacSUalWCE�� � B=~ ��� � � � @�Z\XqE B
� 4�¯ ��� ° ´ ¯`4 � 5 � ° � 4�¯ ��� ° ´ ¯34 � 5 � ° �¡amZ\D¦XCz{j��¡� � �¡amZ\D¦XCz{j �?u��
gÑalWP�mE�¥ ��Q\�mp
	 gÑamW_�mE�¥���Q\�mp @�Z\XqE

∞
B

� XqjmQn[^p�amW_�mE�¥ ��Q\�mp � XqjmQn[^p�amWP�lE�¥���Q\�mp 

�
∞ ∞�Jktalz{ORp�amW_�mE�¥���Q\�mp � XqjmQn[^p�amWP�lE�¥���Q\�mp 

∞ ∞�Jktalz{ORp�amW_�mE�¥ 
 
 
 


@�jc�Cz{E�B?4�MPXqD D�jlZ\O�al��Q\alD�E%ACamD am�lEVWC[|�=j�SU[|amW�Z\E=QnXqz�S)Q	j3�3jl[|z^jc�qz|E�S\a�oCjcS\E
� ¾T¿&ÁnÖ»¾TÆ Ò�Á�Ä)Ç3È�¾T¿�Ç�Å?ÆÂÇ&Í3¿�Í3É�¿�Ç W 1,2 ½3ÆÂÇH¿�Ö6È=ÁnÖ�Å?¿�Ä����3À ���RÄUÜ&Ú¡¹%ÆÂÀÂä�Ö?Ä���ÀÂÁ����dÄ� É»ÅâÄ)Ç3È3Ä)Ö6È%ä�Ö»¿��+Å6Ì%¾T¿�Ç3È3Æ Å6ÆÂ¿�Ç%¿)æC¿�Ö»È3ÁTÖ p� Í3Ç��VÇ3¿���Ç�Å?¿&È�Ä��

kqZ\EV�lE&W_S��¡ZUalD�jckCkqz|OP[{WC�§Z\[{�lamZ\amXqQ\z|O SUACE9jl�-a��mE�ZUEVQ\XCz|SUQ�S\a"�mE&WCEVZUjlz	WCalWCz{[{WCEVjlZ�E&z^jlQnS\[^p�[|STO�£	AqamQ\E
EVWCE&ZU�lO�oCE&WqQ\[�SU[|E=QdoRa�WCalSHQ\jcS\[^QT�¡O �EB ��}REl� �q���lEVWCE&Z)jcz5ktalz{ORp�alWP�mE�¥�E&WqE&ZU�l[{EVQV�

¬�[{ZUQnSV}5[|S�[^QHWqacSJ©PWCa�£	Wx£	ACE�SUACE&Z%@�ACE&amZ\EVD w�ACalz^oCQJ[��
W 1,p

0 (Ω)
[{QJZ\EVkCz^jlp�E=of�PO�S\ACE�QnE&S

{u ∈
W 1,p

0 (Ω) | det(∇u+ ∇ū) = 1
jcE
}
��@�AC[{Q���jlZ\[^j�SU[|amWqjcz1Q\E�SdD�aRoRE&z^Q�[|W-p�alD�kCZUEVQUQ\[|�Cz{E�D�jcS\EVZ\[^jcz^Q&�

@�ACE Q\EVp�amWqo�amk-EVW ]_XCEVQnS\[{alW oREVjlz{Q�£	[�SUA­SUACE9D�amZ\E9�lE&WqE&Z)jczHkqZ\am�Cz|EVD�ac�
Γ
µËp�amWP�lE&ZU�lEVWqp�Efal�

Q\EV]_XCEVW_S\[^jcz{z|O z|a�£ E&ZÑQnEVD [^p�amW_S\[{W_XqalXqQ��¡XCWqp�SU[|amWqjcz^QV��@�AqE
Γ
µËp�amWP�lE&ZU�lEVWqp�E�[^QÑjlW�jckCkqZ\a_jlp)A�£	AC[^p)A�p&jlW

�tE�jlkCkCz{[|E=o�S\a�kqZ\a��mE%@�AqE&alZUE&D w �»Q\E&E�El� �q� @ u�D ���	eËW�S\AC[^Q�p&jlQ\El}q[�S�Z\E=]mXq[|ZUEVQ�SUACE��mZ\a�£�SUA�p&alWqoC[�SU[|amW
�EB ��}�£	AC[^p)A�[^Q�jcz^Qna9XqQnE=o§SUa9kCZUa��lE�S\ACE�z{a�£ÑEVZ Q\E&D�[^p�alW_SU[|WPXC[|STO§ac�dSUACE�[|W_S\EV�lZ)jczÑ�¡XCWqp�S\[{alWqjlz

Jε
al�

@�AqE&alZUE&DLwC�KM�[|�mE&W9S\AqjcS�acS\AqE&Z�D�j�SUACE&D�j�SU[{pVjcz�kCZUalktE&Z\S\[{EVQJSUAqjcWªS\AqE��lZUa�£�S\A9p&alWqoC[�SU[|amW �EB ��p&jlW
EVWqQ\XCZ\E�S\ACE�z|a�£ E&Z�Q\E&D�[^p�amWmSU[|WPXC[|STOªac��S\ACE��¡XCWqp�S\[{alWqjlz �¡STO_kq[{pVjcz{z|OªS\AqE�ktalz{OPp&alWP�lE&¥R[�STO ��}�jfWqjcS\XCZ)jcz
[^QUQnXCE £ alXCz^ox�tE S\a�S\ZUOfSUa��mE&WCEVZUjlz|[{�&E�S\ACE�jlkCkCz{[{pVj�SU[|amWxac�ÑS\ACE

Γ
µâp&alWP�lEVZ\�mE&Wqp&E�S\ACEValZUOfS\a��lEVWCE&Z)jcz

Q\EV]_XCEVW_S\[^jcz{z|O�z{a�£ÑEVZ	QnEVD [^p�amW_S\[{W_XqalXqQ �¡XCW-p�S\[{alW-jcz^Q&}R£	AC[^p)A�[{Q	QnS\[{z{z�jcW�alktE&W�[^Q\Q\XCE�S\aRoCj3Om�
@�ACE�jcWqQ\£ E&Z)Q%S\axQ\E&�mE&Z)jcz�]_XCE=QTSU[|amWqQ�ZUE&z^j�SUEVo9S\a9£	Aqj�S¦AqjlQ��-EVE&W"ZUEVpVjcz{z|E=o [|W§SUAC[^Q�Q\EVp�SU[|amW �¡alZ

oC[1I5E&ZUE&W_S%STOPk-E=Q%ac�ÑEVWCE&ZU�l[{EVQ%jlWqoxamk-EVZUjcS\amZUQJ[|W§oR[{�lEVZ\�mE&Wqp&E��¡amZ\DLjlZ\E�p�amz|z{EVp�S\E=ox[{W§@�jl�Cz|E Bm� @�ACE
WPXCD¦�-EVZ

N
al��p&E&z{z{Q SUa�p�alW-Qn[^oRE&Z�[{W �¡� � jlWqo �?u��ÑSUa�jcSnS)jc[{W�p&alWP�lEVZ\�mE&Wqp&EJoREVk-EVWqoCQ	amW�SUACE�kCZUal�Cz{E&D

jcSdQTS)jc©lE�jlWqo�alW�S\ACE%�¡XCW-p�S\[{alW-jcz�Q\kqjlp&El��@�ACE�]_XCE=QTSU[|amW�ZUE&z^j�SU[|�mEJSUa S\ACE�E&¥P[^QnS\E&W-p�E%ac��p�amZ\ZUEVp�S\alZ)QÑ[{Q
al��[{D�k-amZnS)jcWqp&E�Qn[{Wqp�E�[|SHjcz{z{a�£dQ S\a�ZUEVp�a��mE&Z�QTSUZ\amWC��p�amW_�mE&ZU�lEVWqp�EJac��D [{WC[{D�[|�VE&Z)Q&��@�AqE�E�¥R[{QnS\EVWqp�E�al�
p&alZUZ\E=p�SUalZ)Q�[{QJE�¥PS\EVWqQ\[|�mE&z{O�XqQ\EVofS\a�oCE&ZU[|�mE�E&ZUZ\amZdEVQnS\[{D�j�SUEVQ	�¡amZJWPXCD�EVZ\[^p&jlz�D�E�SUACaRoCQ&}5Q\Xqp)AxjlQHEl� �q�
SUACE�D�Xqz�SU[{QUp&jlz|E��qWC[|S\E�EVz|EVD�E&W_SdD�E�S\AqaPo�kCZUalktamQ\EVo��PO JdamX�jlWqo�p�acµËjcXCS\ACamZUQ � @<B&� D?}<@ � D ���
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@�£ a ZUEVQ\XCz|SUQ�al��jlkCkCZUa3¥P[{D�j�SU[|amW�jcZUE%Z\E=p&jcz{z{EVo�[|WfoRE&SUjc[{z^Q �¡alZ	WCamWCz|[{WCE=jcZ	E&z^jlQnS\[^p�[|STO��talXCW-oCjcZUO�kCZUal�Rµ
z{E&D�Q�[{W S\ACEdQnSUjlWqoCjlZUo¦p&jlQ\El��@�ACEVO�QnAqa�£"S\A-j�S�[^Qnamz{jcS\EVo¦D�[|Wq[|D�[{�&E&Z)Q

u
al� �?w���p&jlW¦�tEHjlkCkCZUa3¥P[{D�j�SUEVo

�PO�D�[{WC[{D [{�&EVZUQ
uh

al�

inf

{∫

Ω

W (x,∇(uh + ū))dx |u ∈ Vh

}

,

£	AqE&ZUE
(Vh)

jcZUE¦�qWC[|S\E�oR[{D�E&WqQ\[|amWqjcz�Q\XC�qQ\kqjmp�EVQ�al�
W 1,p

0 (Ω,R3)
��GdWqoCE&Z�jcW jlQUQ\XCD�kRS\[{alWªalW9S\ACE

�¡amZ\D ac��S\ACE�EVWCE&ZU�lO�oCE&WqQ\[�STO
W
�6@�ACE&amZ\EVD v � amZ	XCk�S\a�jloCoC[|WC��j���jcWq[{Q\AC[{WC��k-EVZnSUXCZ\�q[|WC� SUE&ZUD S\a

SUACE�E&WqE&ZU�lO�oREVWqQn[|STO �6@�ACE&amZ\EVD G ��}
uh

p&alWP�lEVZ\�mEVQ�S\a
u
[{W
W 1,p

0 (Ω,R3)
��eËWfMPE=p�S\[{alW *q� w j�Qn[{D�[|z^jcZ

ZUEVQ\XCz|S�[{Q�kCZ\a��mE&W9�¡alZ�SUACE�QnSUjlWqoCjcZ)oªACalD�am�lE&Wq[|�=j�S\[{alW9kCZUal�Cz{E&D �»@�ACEValZUE&D � ��}�[|W SUACE�p&alW_S\E&¥_S�al�
@�AqE&alZUE&D wR��eËW§MREVp�SU[|amW *C� *�jcW E&ZUZ\amZ�EVQnS\[{D�j�S\E�[^Q�oCE&ZU[|�mEVox�¡alZ�j�WCamWCz{[|WCE=jcZ�EVz{jmQTSU[{p&[�STO9kCZUal�Cz{E&D
£	[|S\Afj�QnS\ZU[{p�S\z{O�p�amW_�mE�¥�EVWCE&ZU�lO�oCE&WqQ\[�STO�[|W�S\AqE�p�alW_SUE�¥PS	ac��MPEVp�S\[{alWfwR� �q�

�
	�� � *!*%+)�=����" ���)�(����� �%�d�-+ � �H��+ 0 � ���% %��+\ �/���d+����  %�/�%0`���)���/0
@�AqE	�qZ)QTS�ZUEVQ\XCz|S�ac�5S\Aq[{QÑQnE=p�S\[{alW�[^Q�p&z{jmQ\Q\[{pVjcz?��@�ACEHkCZ\aPal�T}l�l[{�lEVW �¡alZÑp&alD�kCz{E�SUE&WCE=Q\QV}l[^Q�Q\[|D�kCz{E&Z�S\AqjlW
SUAqj�S ac�	��EJ@�jcz{z|E=pd[{W6@<B'GHD+oRXCEHS\a�S\ACE�Z\E=QTSUZ\[^p�SUEVo�p&z{jmQ\Q�ac�+EVWCE&ZU�l[{EVQÑp�alW-Qn[^oRE&ZUEVo+��@�ACE%Q\EVp�amWqo�ZUEVQ\XCz�S
E&¥RkCz|am[�S)Q�S\AqE�[{oCEVj�ac��`�EVoCZ\EV�mjcz1[{WO@Âw���D�S\a��lE&SdZ\[^o�ac��S\AqE�jlQUQnXqD kCS\[{alW�alW�S\AqE��¡alZUD
al��SUACE�EVWCE&ZU�lO
oCE&WqQ\[�STOm}R�PO�jloqoR[|Wq��j ��jcWq[{Q\AC[{WC��k-EVZnSUXCZ\�q[|WC� SUE&ZUD��

1�¯32�4�5 � 5»³64��8bL���
W : Ω×M3(R) → R

>�� 
 &��$
��JI?
 �&I �(�=�(��� ) I?���F&
	 ��)eXTN=�F� 	 ���$���?��
 �H;����=�(��	����=
��

J
	 &TI?� ! �=�KI >�)

J : W 1,p(Ω) → R

v 7→

∫

Ω

W (x,∇v(x))dx

� 	cP��(�
ū ∈W 1,p(Ω)

E L �"������&
	WI?���"
��6	 &�� ��
��$�KI � 	 ��	 � 	����(�
u

�(;

inf{J(v + ū), v ∈W 1,p
0 (Ω)}

� �
B(u, r̄)

E
r̄ > 0

E � �F
 �#	 &"
�� 	 ��	 � 	����(� &
����� � �F
 �

J(u+ ū) < J(v + ū) ∀v ∈ W 1,p
0 (Ω,R3) | ||u− v||1,p < r̄


��JI
v 6= u

eËWxS\ACE¦Z\EVD�jl[|W-oRE&ZJac��S\AqE¦kqjlk-EVZV}-�¡alZ
v ∈ W 1,p(Ω)

jcWqo
ρ > 0

}-S\ACE alktE&Wx�qjcz{z�p&E&W_S\EVZ\E=o;j�S
vjlWqo�ac��ZUjmoR[|X-Q

ρ
[|W
W 1,p(Ω)

[^QdoREVWCacSUEVo��PO
B(v, ρ)

�
@�ACE��¡alz{z|a�£	[{WC�fz{E&D�D�jfalW�g jlZUjcS\ACYVaRoRalZUOf�¡XCWqp�S\[{alWqQ�£	[|z{z��tE�X-QnE=o [|W§SUACE�kCZUaPac�»Q�ac��S\ACE�jckRµ

kqZ\a3¥R[{D�jcS\[{alW�Z\E=QnXCz|SUQV�

�Ñ¯ � �"� a��(S ���%bL�(�
Φ

>8� 
�;����=�(��	������(; � �F�%� )8;��

Φ(y)(x) = ζ(x, y(x)),
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L ���(�8�
ζ

	 & � 
 ��
�� � ��� I?���
)A
��JI &
���8�O� ��
��
Φ

&(���6I�&
Lp(Ω)

	 � � �
Lq(Ω)

X:N=�F���
Φ

	 & ����� � 	 � ����� &
;��8���

Lp(Ω)
	 � � �

Lq(Ω)
X

	�
 ¯P³ � ¯ � � bL�(�
W
E
ū
E
J
E
u


��6I
B(u, r̄)

>8�"
'& 	 � � � ! ��	 ��	������ X
bL�(�
W

&(
 � 	 &V;�) M
W (x,A) = c(x)|A|p +W1(x,A)

� B3w��

L 	 � �
c(x) ≥ c/2


eX � X 	 �
Ω


��6I
W1


 &
� 
 �6I?
 �&I�������� �?) IC�(��&�	 ��)eX�9 &�&������ � �F
�� � ���(���5�&GC	 &
�/I�	 &������(�$�
&�;�
?���(&

Vh ⊂ W 1,p
0 (Ω,R3)


 �6I 
 &��K?(���������
{wh}h

E
wh ∈ Vh ∩ B(u, r̄)

E &�
���	 &V;�)�	 ���
u = lim

h→0
wh

	 �
W 1,p(Ω,R3)

X
N=���(� � ����� 	 ��	 � 	���
���	���� ;����C>(�����"&

inf{J(vh + ū) | vh ∈ Vh ∩ B(u, r̄)}
� B�* �


 ��� 
���� 
 	 ���KIFE 
 �6I 
���)�&��K?����(�=�8�
uh

�(; � 	 ��	 � 	����(��&%��; > S�A C �����\P'��� ���
& �$�
u

	 �
W 1,p(Ω)

X

Z � ³+³��
hJQ

J
[^Q�p�alW_SU[|WPXCamXqQ+amW

W 1,p(Ω)
� ��E&D�D�jJw �+jcW-o

Vh∩B(u, r̄) 3 wh
[^Q�p&alD�kqjmp�S�[{W

W 1,p(Ω)
Q\[{Wqp�E

[|S�[{Q j�WCamW�EVD kCSTOl}P�-amXCWqoRE=o�jlWqo�p�z{amQ\EVo�QnXC�-QnE&SV}
J(·+ ū)

jcSnSUjl[|W-Q�[|SUQ D�[|Wq[|D¦XCD alW
Vh ∩B(u, r̄)

�
"JE&WqacS\E��PO

uh
alWqE�al��SUACE�D�[|Wq[|D�[{�&E&Z)QV�

@�ACE�Q\EV]_XCEVWqp�E
uh

[^Q%�talXCWqoCEVo9�_O
||u||1,p + r̄

[|W
W 1,p(Ω)

��@�APXqQ�S\ACEVZ\E�E&¥P[^QnSUQ%jcWªE�¥PS\Z)jlp�S\E=o
Q\EV]_XCEVWqp�Em}CQTSU[|z{z�oREVWCacSUEVo��PO

uh
}RSUAqj�SHp&alWP�lEVZ\�mEVQÑ£ÑE=jc©Pz|O�[{W

W 1,p(Ω)
SUa�Q\alD�E

u∞ ∈ B(u, r̄)
�

. O�oCE��qWC[|S\[{alW�ac�
uh
}

J(uh + ū) ≤ J(wh + ū)
�¡amZdjcz{z

h.
hJQ

J
[^Q¦z{a�£ E&Z�QnEVD�[�µËp�amWmSU[|WPXCamXqQ��¡alZ S\ACE�£ EVjl© S\alktalz{al�mO � �+EVD�D�j B �¦jlWqo�p�alW_SU[|WPXCamXqQ��¡amZ�S\ACE

QnS\ZUalWq��SUalktalz{al�lO�al�
W 1,p(Ω)

}RSUACE�[{WCEV]_Xqjlz|[|S\[{EVQ

J(u∞ + ū) ≤ lim inf J(uh + ū)
≤ lim J(wh + ū)
= J(u+ ū)

Aqalz^o1�
MP[{Wqp&E

u
[{Q�SUACE�XCWC[^]_XCE%D�[|WC[{D�[|�VE&Zdal�

J(· + ū)
alW

B(u, r̄)
}RS\ACE�z^j�S\S\EVZ	[|WCE=]_Xqjcz{[�STO�[|D�kCz{[|E=Q

u∞ = u
jlWqo

lim J(uh + ū) = J(u+ ū)

@�ACE�z{[|D�[|S
u∞ = u

�tE&[{WC��[|W-oRE&ktE&WqoCE&W_S��¡Z\amD S\AqE E&¥PS\Z)jlp�SU[|amW+}5S\AqE�£	ACalz{E¦amZ\[{�l[{Wqjlz�Q\EV]_XCEVWqp�E
uh

p�amWP�lE&ZU�lE=Q�£ EVjl©Pz|O�SUa
u
[|W
W 1,p(Ω)

�
FHE�¥PSV}1SUACE�QTSUZ\amWC��p�alWP�mE&ZU�lE&W-p�E�p&alD�EVQH�¡Z\amD S\AqE k-jcZ\S\[^p�XCz^jcZJ�¡alZUD ac�ÑS\ACE E&WCEVZ\�mO��¡XCWqp�S\[{alWqjlz 4

Q\[{Wqp�E
(x,A) 7→ c(x)|A|p

jcWqo
(x,A) 7→ W1(x,A)

jcZUE�]mX-jlQ\[{p&alWP�lE&¥ �¡amZHjcz{D�amQnS	E&�lEVZ\O
x ∈ Ω

jcWqo
QUj�SU[{Qn�¡O � B ��}3S\ACEÑ[|W_SUE&�lZ)jczl�¡XCWqp�S\[{alWqjlz{Q�jlQUQnaRp&[{jcS\EVoJSUadS\AqEVQ\E�ST£ aHE&WqE&ZU�l[{EVQ+jlZ\E�z{a�£ E&Z�Q\E&D�[|µâp&alW_S\[{WPXCalX-Q
�!�+EVD D�j B ��}C£	AC[^p)A�[{D�kCz{[|E=Q

∫

Ω

c(x)|∇(u(x) + ū(x))|pdx ≤ lim inf

∫

Ω

c(x)|∇(uh(x) + ū(x))|pdx

º¡Ã�¸+º¢ß



���������
	���
�����������������	���
���	�����	 �"!#��	 �$�%����
'&
��	��(	 ��) B�*

jlWqo
∫

Ω

W1(x, u(x) + ū(x))dx ≤ lim inf

∫

Ω

W1(x, uh(x) + ū(x))dx.

hJQ�[|WfjmoCoR[|S\[{alW
lim J(uh + ū) = J(u+ ū)

}CWCEVp&EVQUQ\jlZ\[{z{O

lim

∫

Ω

c(x)|∇(uh(x) + ū(x))|pdx =

∫

Ω

c(x)|∇(u(x) + ū(x))|pdx
� BV� �

MP[{Wqp&E
Ω
[^Q��talXqWqoREVo+}Cp�alD¦�C[{WC[|Wq��S\ACE�£ EVjc©�p�amWP�lE&ZU�lEVWqp�E	al�

∇(ū+uh)
S\a

∇(ū+u)
[|W
Lp(Ω)£	[|S\A �EB&� ��}PS\ACE�QnS\ZUalWq� p&alWP�lEVZ\�mE&Wqp&EHac�

∇(ū+ uh)
ACamz{oqQ&}CjlWqo�p�alW-QnE=]mXqE&W_S\z{O=4

||u− uh||1,p → 0

�

2�WqE&ZU�lO%oRE&WqQ\[|S\[{EVQ�Q\jcS\[^QT�¡OP[{WC��� B3w��1jlZ\E�[{WqoREVEVo�SUACE�amWCEVQ+S\AqjcS�jcZUE�D�amQnS�E&W-p�alXqWmSUE&ZUEVo%[{W�kCZ)jlp�S\[^p�El�
eâ��jlW�E&WqE&ZU�lO�oRE&WqQ\[|STO�oCa_E=Q�WCalS QUj�SU[{Qn�¡O � B=w ��}mS\ACE%jloqoR[�SU[|amW�ac��j��3jlWC[^QnAC[{WC��S\E&ZUD jcz{z|a�£dQ�S\a�ZUEVp&a��lEVZ
QnS\ZUalWq� p&alWP�lEVZ\�mE&Wqp&El}PjlQ	QnSUj�SUEVo��PO

	�
 ¯P³ � ¯ � � bL�(�
W
E
ū
E
J
E
u


��JI
B(u, r̄)

>�� 
'& 	 � � � ! ��	 ��	���� � X 9 &�&
����� � �F
 � � ���(��� �HGC	 &
�
I 	 &��(�����$�6&�;�
?���(&

Vh ⊂ W 1,p
0 (Ω,R3)


 �6I 
O&��K?(���������
{wh}h

E
wh ∈ Vh ∩ B(u, r̄)

E &�
 � 	 &V;�)�	 ���

u = lim
h→0

wh
	 �
W 1,p X�bL���

{Jη}
>���� �F��&��(� �(; ;��(�
������>��KIK�(�=�(��� )�;����=�(��	����=
�� &TIC��!#���KI >�)

Jη(v) = J(v) + η

∫

Ω

|∇(v)|p,
�EB=u��

;(� �
η > 0


��JI
v ∈W 1,p(Ω)

X
N=����� 	 ��	 � 	���
���	���� ;����C>(�����"&

inf{Jη(vh + ū) | vh ∈ Vh ∩ B(u, r̄)}
� B=v �


 ��� 
���� 
 	 ���KI 
 �6I�� 	 ��	 � 	����(��&"��;
Jη(ū+ ·)

� �
Vh ∩ B(u, r̄)


����OI?����� � �KI >()
uη,h

X
�L��� 
�� )��HGC� ��
C�(��	 ����;����=�(��	����

φη
&������ � �F
��

uη,φη(h)
L ��
 
 �:)���� �QP��(� ���(& 	 �

W 1,p(Ω,R3)

�&
h

���H�(&
�$�%�������FE#� �F� �����\P'��� ���(�=�8�%	 &%
?��� ��
 � �:)�&
������� � 
��JI

lim
η→0

lim
h→0

uη,φη(h) = u
	 �
W 1,p(Ω,R3).

Z � ³+³��
¬qalz{z|a�£	[{WC� @ wc��D1S\AqE�k-EVZnSUXCZ\�tEVo�EVWCE&ZU�lO�oREVWqQ\[�STO�[^Q�al�CSUjc[{WCE=o��PO�jmoCoR[{WC� S\ACE%SUE&ZUD

η

∫

Ω

|∇v|p
SUa
J
}

�¡amZ
η ∈ R

+ }

Jη(v) = J(v) + η

∫

Ω

|∇v|p.

@�ACE%�¡amz|z{a�£	[{WC��SUACZUE&E�jlQUQ\E&Z\S\[{alWqQÑACalz^o 4
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�¡[ �
Jη(· + ū)

AqjlQ	jcSdz|E=jlQnSdj¦D�[{WC[{D [{�&EVZ
uη

[{W
B(u, r̄)

�»[|[ �
uη

[^Q	j�D [{WC[{D�[|�V[|WC��Q\EV]_XCEVWqp�E%ac�
J(· + ū)

amW
B(u, r̄)

�¡[{[|[ �
uη → u

QnS\ZUalWq�lz{O�[|W
W 1,p(Ω)

jmQ
η → 0

hJQ\Q\E&Z\S\[{alW �»[ ��[{QÑj�p�amWqQnE=]_XCE&Wqp&Edac�5SUACEHz{a�£ÑEVZ�QnEVD�[�µËp�amWmSU[|WPXC[|STO ac�
Jη
}RjlQ�SUACEJQ\XCD ac�5ST£ a�z{a�£ÑEVZ

Q\E&D�[|µâp&alW_S\[{WPXCalX-Q��¡XqWqp�SU[|amWqjcz^Q&�
hJQ\Q\E&Z\S\[{alW �¡[{[ �Ñ�¡amz|z{a�£dQ �¡ZUalD SUACE�[|WqEV]_Xqjcz{[|S\[{EVQ

J(u+ ū) ≤ J(uη + ū) ≤ Jη(uη + ū) ≤ Jη(u+ ū),
� B�G �

£	AqE&ZUEJAqj3�mEH�tE&EVW�Q\Xqp&p&EVQUQn[{�lEVz|O XqQ\EVo�S\AqjcS
u
D�[{WC[|D�[{�&E=Q

J(·+ ū)
jcWqo

uη
D�[|Wq[|D�[{�&EVQ

Jη(·+ ū)
alW

B(u, r̄)
��FdE�¥PS=}1�¡alZ�jcz{z

v ∈ W 1,p(Ω), lim
η→0

Jη(v) = J(v)
}+SUAPXqQ � B�G �H[|D�kCz{[|E=Q�S\AqjcS

J(uη + ū) →

J(u+ ū)
jlQ
η → 0

}PS\AqjcSd[{Q �»[|[ ���
@�a�kCZUa��lE �»[|[{[ ��}q[|SdD�j3O��qZ)QTS	�tE�WCacSU[{p&EVo�S\AqjcS �¡[{[ �	[|D�kCz{[|E=Q S\AqjcS

uη ⇀ u
[{W
W 1,p(Ω),

� B � �

jlZ\�mXC[{WC��jlQÑ[{W�S\AqE�kqZ\aPac�+al��@�ACEValZUE&D v�Q\[|W-p�E
u
[^Q�S\ACE%XCWC[^]_XCE�D [{WC[{D�[|�VE&Z�ac�

J(·+ ū)
alW

B(u, r̄)
�

@�ACE%�¡amz|z{a�£	[{WC�¦am�qQ\E&ZU�3jcS\[{alW

η

∫

Ω

|∇uη + ∇ū|p ≤ η

∫

Ω

|∇uη + ∇ū|p +
1

η
(J(uη + ū) − J(u+ ū))

=
1

η
Jη(uη + ū) −

1

η
J(u+ ū)

≤
1

η
Jη(u+ ū) −

1

η
J(u+ ū)

= η

∫

Ω

|∇u+ ∇ū|p,
�EB � �

p&alD¦�C[|WqEVo�£	[�SUA �EB � ��}R[{D kqz|[{EVQ��»[|[{[ ���
hJQd[{W�S\ACE�kqZ\aPac��ac��@�ACEValZUE&D vC}CSUACE�Q\E�Sdal��D�[{WC[{D [{�&EVZUQ

{uη,h}
al�
Jη(ū+ ·)

alW
Vh ∩ B(u, r̄)[^Q £ÑE=jc©Pz{O p&alD�kqjmp�SV�§@�APXqQ¦S\AqE&ZUE�E&¥P[^QnSUQ�jxQ\XC�qQ\EV]_XCEVWqp�E

{uη,φη(h)}h
£	AC[^p)A�£ EVjl©Pz|O§p�amWP�lE&ZU�lE=Q

SUaªQ\alD�E
uη ∈ B(u, r̄)

� "HXqE�SUaxSUACE�ktE&Z\S\XqZ\�C[{WC�9S\EVZ\D
η

∫

Ω

|∇v|p
}
Jη

Q\jcS\[^QT�-EVQ�� B=w ��jlWqo �EB&� �
Aqalz^oCQ�£	[�SUA

c(x) = η
��@�Aq[{Q%[{D�kCz|[{EVQ�SUACE�QTSUZ\amWC��p�alWP�mE&ZU�lE&W-p�E�al��SUACE�QnXC�-QnE=]mXqE&Wqp&E [{W

W 1,p(Ω)
�

gÑamD��C[{WCE=o�£	[|S\AfjlQUQ\E&Z\S\[{alW �»[|[{[ ��}q[|SdkCZUa��lE=Q

lim
η→0

lim
h→0

uη,φη(h) = u
[|W
W 1,p(Ω).

�
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���������
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�����������������	���
���	�����	 �"!#��	 �$�%����
'&
��	��(	 ��) B3u

�
	 � � *!*%+)�=����" ���)�(��� +)�/0 �%.(� �K�-+<� ����" �����/�%��'��/ �/���d+����  ��=�%0`�����
@�Aq[{Q�QnE=p�S\[{alW�[^Q�oCE&�lalS\E=oHSUa	S\AqE�kCZUaPac�Pac�Cj	ZUEVQ\XCz�S�ac�CjckCkqZ\a3¥R[{D�jcS\[{alWJ�¡alZ�j�kCZ\am�Cz{E&D ac�PSTOPk-E �?w��5£	[|S\A
SUACE E&WCEVZ\�mO�oCE&WqQ\[�STO �»� ��}1£	ACE&W

W 1,p
0 (Ω,R3)

[{W �6w �HjlWqo
W 1,p

0 ((0, N)3,R3)
[|W �¡� �HjlZ\E¦Z\EVkCz^jlp�E=o

�PO��-WC[�SUE�oR[{D EVWqQ\[|amWqjcz+Q\XC�qQ\kqjlp&EVQV�

1�¯32�4�5 � 5»³64 � �L���
N ∈ N

E
{VN,h}

	 & 
8;(
�� 	 �:) �(; !#��	 �$�$I�	 ���(��&�	�� ��
 � &
��>(& ;�
?���(& �(;
W 1,p

0 ((0, N)3,R3)
&�
 � 	 &V;�)�	 ���

h2 ≤ h1 =⇒ VN,h1 ⊂ VN,h2 ,


 �6I�&������ � �F
 �
∪hVN,h = W 1,p

0 ((0, N)3,R3)
X

� 	 �"	 �<
��
�:)FE
{VΩ,H}

	 & 
 ;(
�� 	 �:)7��;K! � 	 � �<I�	 ���(��&�	�� ��
 �%&
��>(& ;�
?���(& �(;
W 1,p

0 (Ω,R3)
&
���8� � ��
��

∪HVΩ,H = W 1,p
0 (Ω,R3)

X
� 	cP��(� 
 &
� 
 �6I?
 �&I6������� �?) IC�(��&
	 � )

W

��6I � ���"�F� ���8���(� 	��H�KI��(�=�(��� ) I?���F&
	 ��)

Whomog

�&8&�� 9

��	�
��$�KI6>�)Y;(���
� ����
 >�� CFE=;(� ��
 ��)
(N, h)

� ��� 
8;C;���� GC	 ��
 � ���F� ���8�C����	����KI��(�=�(� �?) I?���F&
	 � )
WN,h :

M3(R) → R
	 &�I?� ! �=�HI >()

A 7→WN,h(A) =
1

N3
inf

{

∫

(0,N)3
W (x,A+ ∇v(x))dx : v ∈ VN,h

}

.
�?wc~ �

^(��&�
'&�&����(	�
 � �KI 
8;?;=���@GC	 ��
��$���(�=�(� �?)�;���������	�����
 � 	 &

JN,h(v) =

∫

Ω

WN,h(∇v)
� �

W 1,p(Ω).
�6wFB �

@�ACE�jlkCkCZUa3¥R[|D�j�SU[|amW�ZUEVQ\XCz�Sd[^Q��l[{�lEVW��PO

	�
 ¯P³ � ¯ � � bL�(�
W
E
Whomog

E
VN,h

E
VΩ,H


 �6I
JN,h

>�� 
�& 	 � � � ! ��	 ��	������ X:9 &�&
����� � ��
��
Whomog


 � &���&�
 � 	 & ! �(& > S�UDC > &���� �F� L �DP������5����
�� 
 U >��(��� L CeX
� 	cP��(�

ū ∈W 1,p(Ω)
E
u

	 &�I?� ! �=�HI 
'&%
�� 	 &�����
 � �KI �"	 � 	 �"	������"�(;

inf

{∫

Ω

W �	��
���� (∇(v + ū))dx | v ∈W 1,p
0 (Ω)

}

.
�?wlw��

N=����� 	 ��	 � 	���
���	���� ;����C>(�����"&

inf
{

JN,h(v + ū)dx | v ∈ VΩ,H ∩ B(u, r̄)
} �?w * �


 ����
���� 
 	 ���KI 
 �6I ���(�
{uN,hH }H,N,h

IC�(�=���$� &��K?����(�=�8�(& �(; � 	 ��	 � 	����(��& ��; > U ADC�X#N=���(�QE
;(� � 
�� �
�HGC� �8
?��� �KI &��K?(���������(& 	 �

N

��JI

h
E &
� 	 � �=IC�(�=���$�KI >�)

uN,hH

E &
���8� � ��
��
lim
N→∞

lim
h→0

uN,hH

�HG?	 &
� &KE

lim
H→0

lim
N→∞

lim
h→0

uN,hH = u
	 �
W 1,p(Ω).

�6wc� �
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B=v � �<���
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Z � ³+³��
� � �$; S M ��� �QP��(� ����������	 �

HeËW��P[|EV£ ac�%@�ACE&amZ\EVD wR}
Whomog

[^Q�jª]_XqjmQn[^p�amWP�lE�¥ª�¡XCWqp�S\[{alW�QUj�S\[^Qn�¡O_[{WC� � B ����eËW�jmoCoR[|S\[{alW+}
Whomog

QUj�SU[{Qn�qE=Q � B3w��%�PO jlQUQnXqD kCS\[{alW+�;@�ACE�jckCkqz|[^p&jcS\[{alW§ac�H@�AqE&alZUE&D v�S\axS\ACE�D�[|WC[{D�[|�=j�SU[|amW
kqZ\am�Cz|EVD �6wmw��Ñ[{D kqz|[{EVQ�SUAqj�SHjlWPO�QnE=]mXqE&Wqp&E

uH
al��D�[|Wq[|D�[{�&E&Z)Q�ac�

inf

{∫

Ω

Whomog(∇(v + ū))dx | v ∈ VΩ,H ∩ B(u, r̄)

}

,
�?wlu��

p&alWP�lEVZ\�mEVQ�S\a
u

4

lim
H→0

uH = u
[|W
W 1,p

0 (Ω).
�6wlv �

� � �$; U M ��� �QP��(� ����������	 �
NeËW�S\AqE�z|[{D�[�S	S)jc©lEVW�[{W �¡� ��}Cz{E�SdXqQ	p&alWqQ\[^oRE&Z�SUACE�jckCkqZ\a3¥R[{D�jcS\EJE&WCEVZ\�mO�oRE&W-Qn[|STO

WN (A) = inf

{

1

N3

∫

(0,N)3
W (x,∇v(x) +A)dx : v ∈ W 1,p

0 ((0, N)3,R3)

}

,
�?wCG �

jlWqo�oRE��qWqE�jcW�jckCkCZUa3¥R[|D�jcS\[{alW�al��kCZUal�qz|EVD �6wmu�� �PO�ZUE&kCz^jlp&[|WC�
Whomog

�_O
WN 4

inf

{∫

Ω

WN (∇(v + ū)) | v ∈ VΩ,H ∩ B(u, r̄)

}

.
�?w � �

eËW�SUACE�QnE=]mXqE&z?}
JN (v) =

∫

Ω

WN (∇v)dx
�

@�ACEJQnE=p�alW-o¦QnS\EVk�p�alW-Qn[^QTS)Q�[|W�kqZ\a��P[{WC��S\AqjcS��¡alZ�jlz|z
N ∈ N

∗ SUACEdD�[|Wq[|D�[{�Vj�SU[|amW�kCZ\am�Cz{E&D �?w � ��[{Q
jcSnS)jc[{WCEVo�jlWqo%SUAqj�S�jcWPO�p&alWP�lEVZ\�m[|Wq�dQnXC�-QnE=]mXqE&Wqp&E�ac�CD�[{WC[|D�[{�&EVZUQ

uNH
ac���?w � �1p�amW_�mE&ZU�lE=Q1[|W

W 1,p(Ω)SUa�j¦D�[{WC[{D [{�&EVZ
uH

ac� �6wlu � jlQ
N
�laPEVQ SUa [{WR�qWq[�STOm�

��E�S¦X-Q�kCZUa��lE�SUAqj�S
WN [^Q�j9p�alW_SU[|WPXCamXqQ%�¡XCWqp�S\[{alW"amW

M3(R)
� ��E�S

(Ai)i∈N ∈ (M3(R))N

QUj�SU[{Qn�¡O
Ai → A ∈ M3(R)

jlWqo�z|E&S
(uAi

)i
jlWqo�jcWqo

uA
�-E�D�[{WC[{D [{�&EVZUQ�al�

inf

{

1

N3

∫

(0,N)3
W (x,∇v(x) +B)dx : v ∈W 1,p

0 ((0, N)3,R3)

}

,

£	[|S\A
B = Ai

jlWqo
B = A

Z\E=QnktEVp�S\[{�lEVz|Om�
¬qZ\amD @�ACE&amZ\EVD B�Q\Xqp)A�D�[{WC[{D [{�&EVZUQ E&¥P[^QnSV��@�AqjcWq©PQÑSUa��EB ��}

(uAi
)i
[{Q �talXCW-oREVo�[|W

W 1,p
0 ((0, N)3)

�
@�AqE&ZUE E&¥R[{QnSUQ�j�Q\XC�qQ\EV]_XCE&W-p�El}�QTSU[|z{z�oRE&WqacS\E=oª�_O

uAi

}�£	AC[{p)Aª£ EVjc©Pz{O;p�amW_�mE&ZU�lE=QdSUa�Q\alD�E
uA∞

∈

W 1,p
0 ((0, N)3)

� ��E&D�D�j�w�E&W-QnXCZUEVQJSUAqj�S
v 7→

∫

Ω

W (x,∇v)
[^Q�p&alW_S\[{WPXCalX-QJamW

W 1,p(Ω)
}�£	AC[{p)A

[{D�kCz{[|E=Q
∫

(0,N)3
W (x,A + ∇uA) = lim

i→∞

∫

(0,N)3
W (x,Ai + ∇uA).

�?w � �

º¡Ã�¸+º¢ß



���������
	���
�����������������	���
���	�����	 �"!#��	 �$�%����
'&
��	��(	 ��) B�G

. O�oCE��qWC[|S\[{alW�al�
uAi

jlWqo�jc�¢S\EVZ	SUjl©_[{WC� S\AqE�[|WR�¡EVZ\[{alZ�z{[|D�[|SV}-£ÑE%Aqj3�mE

lim inf
i→∞

∫

(0,N)3
W (x,Ai + ∇uA) ≥ lim inf

i→∞

∫

(0,N)3
W (x,Ai + ∇uAi

).
� *l~ �

@�AqE�z|a�£ E&ZdQ\E&D�[|µâp&alW_S\[{WPXC[|STO�ac�
v 7→

∫

(0,N)3
W (x,∇v)

�¡amZdS\AqE�£ÑE=jc©�S\alktalz{al�mO�ac�
W 1,p((0, N)3)

[{D�kCz{[|E=Q

lim inf
i→∞

∫

(0,N)3
W (x,Ai + ∇uAi

) ≥

∫

(0,N)3
W (x,A+ ∇uA∞

).
� *FB �

gÑamD��C[{WC[{WC� �6w � ��}�� *l~ �ÑjlWqo ��*�B �Ñ�l[{�lE=Q
∫

(0,N)3
W (x,A+ ∇uA) ≥

∫

(0,N)3
W (x,A+ ∇uA∞

).
� *mw��

@�AqE%oCE��qWC[|S\[{alW�al�
uA

jcW-o � *mw��ÑSUACE&W�[{D�kCz|O

WN (A) =

∫

(0,N)3
W (x,A+ ∇uA) =

∫

(0,N)3
W (x,A + ∇uA∞

).

@�AqE&ZUE��¡alZUE
lim
i→∞

WN (Ai) = WN (A)
oRaPEVQ%WqacS�oREVk-EVWqoªE&[|S\ACEVZ�alW9S\ACE�Q\EV]_XCEVWqp�E

Ai
WCamZ�alWªS\ACE

Q\XC�qQ\EV]_XCEVWqp�E
uAi

p�alW-Qn[^oRE&ZUEVo+} £	Aq[{p)A kCZUa��lE=Q S\ACExp&alW_S\[{WPXC[|STO�ac�
WN � gÑamWqQ\EV]_XCE&W_SUz|Om}

WN [{Q
g jlZUjcS\ACYVaRoRalZUO�jcWqo�Q\jcS\[^QT�-EVQ � B ����@�ACE�QUjcD�E%ZUEVQ\XCz�SdjlWqo�kqZ\aPac��ACalz^o��¡alZ

WN,h �
��E&D�D�jªw;[|D�kCz{[|E=Q¦S\AqjcS

JN
jcW-o

JN,h
jlZ\E�p�amWmSU[|WPXCamXqQ¦alW

W 1,p(Ω)
�"@�ACE�QUjcD�E�kCZUalktE&Z\STO

Aqalz^oCQ	�¡amZ
Jhomog

Q\[{Wqp�E
Whomog

[^QHjlz{Q\a�j�g jlZUjcS\ACYVaPoCalZUO��¡XCWqp�S\[{alW;QUj�S\[^Qn�¡O_[{WC� �EB � �6@�ACE&amZ\EVD w ���
hJQ

VΩ,H ∩ B(u, r̄)
[{Q�j p&alD�kqjlp�S�QnE&S�al�

W 1,p
0 (Ω)

jlWqo
JN

[^Q�p&alW_S\[{WPXCalXqQV}�SUACEfD�[|WC[{D�[|�=j�SU[|amW
kqZ\am�Cz|EVD �6w � �Ñ[^Q	j�SnS)jc[{WCEVo+�
��E�S

{uNH}N
�tE§j�Q\EV]_XCEVWqp�Eªac�¦D [{WC[{D�[|�VE&Z)Q�al���?w � ��� hHQ

VΩ,H
[^Qfp�amD k-jlp�S=}dSUACE&ZUE9E&¥R[{QnSUQ

jªQ\XC�qQ\EV]_XCE&W-p�E
u
φH(N)
H

£	Aq[{p)A p�amW_�mE&ZU�lE=Q�S\a§Q\alD�E
u∞H

[|W
W 1,p(Ω)

��@�aªkCZUa��lE�S\AqjcS
u∞H

[{Q�j
D�[{WC[{D [{�&EVZ+ac���?wlu���}V[|S�Q\X�0�p�EVQ+S\adQ\ACa�£;SUAqj�S

JN
p�amW_�mE&ZU�lE=QCSUa

Jhomog
XCWC[|�¡alZUD�z|O�alW

VΩ,H∩B(u, r̄)
�

¬qalZ�jcz{z
χ ∈ W 1,p

0 ((0, 2N)3)
}�z{E�S

χ∗ oREVWCacSUE�SUACE�k-EVZ\[{aRoR[|�=j�SU[|amW�ac� χ [{W
W 1,p

0 ((0, 2N+1)3)
�

gÑamWqQ\EV]_XCE&W_SUz|Om}
W 2N+1

(A) ≤ W 2N

(A)
�¡alZJjcz{z

A ∈ M3(R)
}5£	AC[^p)Af[|D�kCz{[|E=Q

J2N+1

(v) ≤ J2N

(v)�¡amZUjlz|z
v ∈ W 1,p(Ω)

��hHQ
J2N [{Q�j%oRE=p�ZUEVjmQn[{WC�JQ\EV]_XCEVWqp�E�al�tp�amW_S\[{W_XqalXqQ��¡XCWqp�S\[{alWqQ�£	AC[{p)A�p�amWP�lE&ZU�lE=Q

SUa�j�p�alW_SU[|WPXCamXqQ �¡XCWqp�S\[{alW
Jhomog

amW�SUACE�p�amD�kqjlp�SHQnE&S
VΩ,H ∩ B(u, r̄)

} "J[|WC[ � Q�S\ACEValZUE&D
[|D�kCz{[|E=Q
SUAqj�S

J2N p&alWP�lEVZ\�mEVQ%XCWC[|�¡alZUD�z|OxS\a
Jhomog

alW
VΩ,H ∩ B(u, r̄)

��h	p�S\Xqjlz|z{O9S\AC[^Q�Q\ACa�£dQ�S\A-j�S�SUACE
£	Aqalz{E%Q\EV]_XCEVWqp�E

JN
p&alWP�lEVZ\�mEVQ�XqWC[��¡amZ\D�z{O�amW

VΩ,H ∩ B(u, r̄)
}-jmQ kCZ\a��mEVo��-EVz|a�£��

¬qalZdjcz{z
ε > 0

}PSUACE&ZUE�E�¥R[^QTS)Q
I ∈ N

QnX-p)A�SUAqj�S	�¡amZdjcz{z
v ∈ VΩ,H ∩ B(u, r̄)

}

|J2I

(v) − Jhomog(v)| ≤ ε.
��*C* �

¬qalZdjlz|z
M ≥ 2I

jcWqo
v ∈ VΩ,H ∩B(u, r̄)

}L��	 � ���(�
JM (v) ≤ J2I

(v)
jlWqo

|JM (v) − Jhomog(v)| ≤ ε,
��*l� �
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B � � �<���
	�


Q\[{Wqp�E
Jhomog ≤ JN

�¡alZHjlz|z
N ∈ R

�»idE&D�jcZU©6B ��} ���

0 ≤ JM (v) − J2I

(v).
��*_u��

¬qalZ�jcz{z
χ ∈ W 1,p

0 ((0, 2I)3)
}+z|E&S

χ∗∗ ∈ W 1,p
0 ((0,M)3)

�tE�oRE��-WCEVo9�PO [M
2I

]3 ZUE&kCz{[{pVj�SU[|amWqQ�ac�
χ

amW (
0,

[

M

2I

]

2I
)3 jlWqo �-E�E�¥PS\EVWqoRE=o �_Oª�&EVZ\a�EVz{Q\E&£	ACEVZ\E�[|W

(0,M)3
}�£	ACEVZ\E

[·]
QTS)jcWqoqQ��¡alZ�S\ACE

[{W_S\EV�lE&Z�kqjlZnS=��@�APXqQ

∫

(0,M)3
W (x,A+ χ∗∗(x)) =

[

M

2I

]3 ∫

(0,2I)3
W (x,A + χ(x)) +

∫

([ M

2I ]2I ,M)3
W (x,A),

£	Aq[{p)A�[|D�kCz{[{EVQV}CXqQ\[|WC� �EB ��}

JM (v) − J2I

(v) ≤
M3 −

([

M
2I

]

2I
)3

M3
C(1 + ||v||p1,p).

� *lv �

hJQ
||v||1,p ≤ ||u||1,p+r̄

}=S\ACE�Z\[{�lA_S�AqjlWqo�Q\[{oRE�ac����*mv �5p�amWP�lE&ZU�lE=QtS\ad�VE&ZUa	XCWC[|�¡alZUD�z|OJalW
VΩ,H∩B(u, r̄)£	AqE&W

M
�ma_E=Q�S\a�[{WR�qWC[|STOl��@�ACEVZ\E&�¡alZUEl}3SUACE&ZUE	E�¥R[^QTS)Q

N∗ ≥ 2I
Q\Xqp)A¦S\AqjcS��¡alZ�jlz|z

v ∈ VΩ,H ∩B(u, r̄)jlWqo
M ≥ N∗ E&[|S\AqE&Z���*l� � ACamz{oqQ�alZ

|JM (v) − Jhomog(v)| ≤ |J2I

(v) − Jhomog(v)| + |J2I

(v) − JM (v)| ≤ 2ε,

�PO�p�amD��C[{WC[{WC��� *?* ��} � *mu���jcWqo ��*lv ����@�AC[^Q�[{D�kCz|[{EVQ�S\AqEHXCWC[|�¡alZUD p�amW_�mE&ZU�lEVWqp�E	al�
JN

S\a
Jhomog

amW
VΩ,H ∩ B(u, r̄)

�
� E�jcZUE�WCa�£ [{W k-a_Qn[|S\[{alWªSUafkCZ\a��mE�SUAqj�S

u∞H
[{Q�j�D�[{WC[{D [{�&EVZ�ac�

Jhomog
amW

VΩ,H ∩ B(u, r̄)
�

@�AqEJSUZ\[^jcWq�lz{E�[{WCE=]mX-jcz{[�STO�[{D�kCz{[|E=Q
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MR[|Wqp&E

uA
jcWqo

uhA
jcZUE%Q\alz{XRSU[|amWqQ S\a �¡�Pw�� jcW-o �»�C* ��}P�¡alZdjlWPO

vh ∈ Vh
}

∫

(0,1)3

(

a(x,A+ ∇uA) − a(x,A+ ∇uhA)
)

· (uA − uhA)

=

∫

(0,1)3

(

a(x,A+ ∇uA) − a(x,A+ ∇uhA)
)

· (uA − vh)

≤ C(1 + 2|A| + ||uA||1,p + ||uhA||1,p)
p−1−α||uA − vh||

α+1
1,p ,

�»�_u��
X-Qn[{WC� ��� ���

@�ACE�D�amWCacSUalWC[^p�[|STO�kCZUalktE&Z\STO � B=~ � jcz^Qna�[{D�kCz|[{EVQ
∫

(0,1)3

(

a(x,A+ ∇uA) − a(x,A+ ∇uhA)
)

· (uA − uhA)

≥ c(1 + ||A+ ∇uA||0,p + ||A+ ∇uhA||0,p)
p−β ||uA − uhA||

β
1,p.

�»�mv �
gÑamD��C[{WC[{WC� �¡�_u �Ñ£	[�SUA �¡�mv � jcWqo�SUjl©_[{WC� S\AqE�[|WR�-D�XCD
alW

vh ∈ Vh
}��¡�m� �Ñ�¡amz|z{a�£dQ&�

�

��E&D�D�j�SUj�*�jlWqo���jlz|z{a�£­SUa kqZ\a��mEHSUACE
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 ¯P³ � ¯ � � 9 &8&
����� ��)8;F� � ���
&��(&YS 
��JI�	 � 
 IeI�	 ��	����
α > 0

	 � >�� CK
��JI
β ≥ 2

	 � > S��KCeX�bL�(�
Th>��K
 ��� � ����
 �"���
	�
�� � ���<
���	���� ��;

(0, 1)3
E
TH

>��K
 ��� �?����
�� ���
	�
����?����
 � 	�� � �(;
Ω


��6I
Vh


 �6I
VH

>��
�1	 ����
�� ! � 	 � � ������������� &���>(&�;F
C���
& �(;

W 1,p
# ((0, 1)3,R3)


��JI �(;
W 1,p

0 (Ω,R3)
���
&�;����(��	cP'���:)�
'&�&����(	�
 � �KI

�$�
Th


��JI
TH

X bL�(�
ū ∈ W 1+2/p,p(Ω,R3)


 �6I
u

>��K� �F�K�"	 � 	 �"	������ �(; > UeU@CeX N=�F��� ���(� � 
 �6I
;(� �
�"���<
 >�� S C ;�����PH	WIC� 
K�"	 � 	 �"	������

uhH = u1,h
H

�(; > U3A CeX
N=���(� � ���(��� �HG?	 &
� ;F��&�	 ��	cP�� ��� �F&
� 
 ��� &

C1

��6I

C2
	 �JI?�$;F���6IC�(� � ��;

h

 �6I

H
E/&������ � �F
 �

||u− uhH ||1,p ≤ C1h
2(α+1)

pβ
α

β−1 + C2H
2

p(β−α) .
�»� G �

Z � ³+³��
@�AqE&alZUE&D�Q�wR}_� jlWqo�vq}Ri	E&D�jcZU©�*�jlWqo�kCZUalktE&Z\STO �¡��B ��EVWqQ\XCZ\EHS\ACE%E&¥P[^QnS\E&W-p�EJjlWqo�XqWC[{]_XCEVWCEVQUQÑac�

ujlWqo
uhH

}RD�[|WC[{D�[|�VE&Z)Q	ac���6wmw�� jcWqo �?w * ���
¬qalZ

A ∈ M3(R)
}Cz{E�SdXqQ	[{W_S\ZUaRoRXqp�E�SUACE�WCacS)j�SU[|amW 4

ahomog(A) =
∂Whomog

∂ξ
(A),

�¡� � �

jlWqo

ah(A) =
∂W h

∂ξ
(A).

�¡� � �

¬qXCWqp�S\[{alWqQ
ahomog

jlWqo
ah

D�j3O��-E�Q\ACa�£	WfSUa��tE�£ÑEVz|z|µâoCE��qWCE=o;ZUEVQ\k-E=p�SU[|�mE&z{O�X-Qn[{WC��S\ACE�ACamD am�lE&µ
Wq[|�=j�S\[{alWxS\ACEValZUO�ac��EVz|z{[|kCS\[^p¦amk-EVZUjcS\amZUQJjcWqo;S\ACE�[{D kqz|[^p�[|S%�¡XCWqp�SU[|amW;SUACE&amZ\EVD �»Q\E&E�MPEVp�S\[{alWx�-� w��¡alZ
oCE�SUjl[|z^Q����

@�ACE kCZUaPac��[{Q�oR[{�P[{oRE=o;[{WfST£ a�QnS\E&k-Q&}5£	AC[^p)Axjc[{D j�S�EVQnS\[{D�jcS\[{WC�
ahomog(A) − ah(A)

�¡alZ
A ∈

M3(R)
jcW-o ∫

Ω

(

ahomog(∇v) − ah(∇v)
)

· ∇w
�¡amZ

v ∈ W 1,p(Ω,R3)
jlWqo

w ∈ W 1,p
0 (Ω,R3)

ZUEVQ\ktEVp�SU[|�mE&z{Ol��@�ACE�p�amWqp�z{XqoR[{WC��jcZU�lXqD EVW_S�X-QnE=Q�D amWCacSUalWC[^p�[|STOl�
� � �$; S

. O�oCE��qWC[|S\[{alW�}

Whomog(A) = inf

{

∫

(0,1)3
W (x,∇v(x) +A)dx : v ∈W 1,p

# ((0, 1)3,R3)

}

,
�?uc~ �

W h(A) = inf

{

∫

(0,1)3
W (x,∇v(x) +A)dx : v ∈ Vh

}

.
�?u�B �

hJQ
W

[^Q�QnS\ZU[^p�S\z{Oxp&alWP�lE&¥5}5�tacSUA9D�[{WC[|D�j�jcZUE¦XqWC[{]_XCEVz|O9j�SnS)jc[{WCEVo9j�S
vA

jcW-o
vhA
��eËWqEV]_Xqjcz{[|STO ��� �

SUACE&W�[{D�kCz|[{EVQ

|ahomog(A) − ah(A)| ≤

∣

∣

∣

∣

∣

∫

(0,1)3
a(x,A+ ∇vA) − a(x,A+ ∇vhA)

∣

∣

∣

∣

∣

�?ulw��

≤ C||∇vA −∇vhA||
α
0,p(1 + ||A+ ∇vA||0,p +

�?u * �

||A+ ∇vhA||0,p)
p−1−α.
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���������
	���
�����������������	���
���	�����	 �"!#��	 �$�%����
'&
��	��(	 ��) w?*

¤JW�amWCE	AqjcW-o1}mjmQ
vA

[^Q�SUACEdD�[{WC[|D�[{�&EVZ�ac���6ul~ ��jlWqo
{x 7→ 0} ∈W 1,p

# ((0, 1)3,R3)
} � B ��[{D kqz|[{EVQ

C(1 + |A|p) ≥

∫

(0,1)3
W (x,A) ≥

∫

(0,1)3
W (x,A + ∇vA) ≥ c||A+ ∇vA||

p
0,p.

@�APXqQ
C

c
(1 + |A|p) ≥ ||A+ ∇vA||

p
0,p.

�?u�� �

@�AqE%QUjcD�E%[{WCEV]_Xqjlz|[|STO�ACamz{oCQ	�¡alZ
vhA
�

¤JW¦S\ACE	alS\ACEVZ�AqjcW-o1}��+EVD�D�j���jckqkCz|[{EVo�S\a
vA

jcWqo
vhA

£	[|S\A S\ACE	ZUE&�mXCz^jcZU[�STO%�l[{�lEVW��PO ��E&D�D�j *
kqZ\a��P[^oREVQÑS\AqE�E&ZUZ\amZÑE=QTSU[|D�j�SUE

||vA − vhA||1,p ≤ Chsλ/p,
�?ulu��

�¡amZdjcz{z
λ ∈ [0, 2[

jlWqo��¡alZ
s =

α+ 1

β

}qXqQn[{WC� S\AqE�[|W_S\EVZ\ktalz^j�SU[|amW�SUACE&amZ\O��¡amZ	` B�µ?�qWC[|S\E�EVz|EVD�E&W_SUQV�

gÑamD��C[{WC[{WC��[|WCE=]_Xqjcz{[�SU[|E=Q �6umw���}	�6u�� � jcWqo �6umu�� �l[{�lE=Q

|ahomog(A) − ah(A)| ≤ Chsαλ/p(1 + |A|p−1−α).
�?ucv �

� � �$; U
¬qalZdjcz{z

v ∈W 1,p(Ω,R3)
jcWqo

w ∈W 1,p
0 (Ω,R3)

}	�6ucv � jcWqo�S\ACE�J��lz^oRE&Z	[{WCE=]mX-jcz{[�STO�[{D�kCz{O

∣

∣

∣

∣

∫

Ω

(

ahomog(∇v) − ah(∇v)
)

· ∇w

∣

∣

∣

∣

≤ Chsαλ/p
∫

Ω

(1 + |∇v(x)p−1−α|)|∇w|dx

≤ Chsαλ/p(1 + ||∇v||p−1
0,p )||∇w||0,p.

�?uCG �

��E�S
uH

�-E%SUACE�XCWC[^]_XCE�Qnamz|XCS\[{alW�[|W
VH

ac�
∫

Ω

ahomog(∇uH + ∇ū) · ∇vH = 0 ∀ vH ∈ VH ,
�?u � �

jlWqo¦Z\E=p&jcz{zPS\A-j�S
uhH

[{Q�S\ACE	D�[{WC[|D�[{�&EVZ�ac� �6w?* ��}l£	AC[{p)A SUA_X-Q�Q\jcS\[^QT�-EVQ�S\AqE 2�XCz{E&Z\µ ��jc�lZ)jcWq�lE EV]_Xqj�SU[|amW

∫

Ω

ah(∇u
h
H + ∇ū) · ∇vH = 0 ∀ vH ∈ VH .

�?u � �

@�jc©P[{WC�
v = uhH + ū

}C[{WCE=]mX-jcz{[�STO �?uCG���ZUEVjmoCQ

∣

∣

∣

∣

∫

Ω

(

ahomog(∇(uhH + ū)) − ah(∇(uhH + ū))
)

· ∇w

∣

∣

∣

∣

≤ Chsαλ/p(1 + ||∇(uhH + ū)||p−1
0,p )||∇w||0,p.
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@�AqE%QUjcD�E�jcZU�lXqD EVW_SUQ	jlQ [{W�S\ACE�kCZUaPac��ac� �6u�� � QnACa�£
∣

∣

∣

∣

∫

Ω

(

ahomog(∇(uhH + ū)) − ah(∇(uhH + ū))
)

· ∇w

∣

∣

∣

∣

≤ Chsαλ/p(1 + ||∇ū||p−1
0,p )||∇w||0,p.

�6vl~ �

hJQ
uH

Qnamz|�mEVQ �?u � ��}
uhH

Qnamz|�mEVQ �?u � ��jcW-o
uH −uhH ∈ VH

[^QÑjlW�jloRD�[^Q\Q\[{�Cz|EHS\E=QTSÑ�¡XCWqp�SU[|amW��¡amZÑ�tacSUA
kqZ\am�Cz|EVD�Q&}

∫

Ω

(

ahomog(∇(uH + ū)) − ah(∇(uhH + ū))
)

· ∇(uH − uhH) = 0.
�»v�B �

@�ACE�D�amWCacSUalWC[^p�[|STO � B=~ �Ñac�
ahomog

�l[{�lE&W��PO�@�ACEValZUE&D ��[{D kqz|[{EVQ

∣

∣

∣

∣

∫

Ω

(

ahomog(∇(uH + ū)) − ahomog(∇(uhH + ū))
)

· ∇(uH − uhH)

∣

∣

∣

∣

≥ c||∇uH −∇uhH ||
β
0,p(1 + ||∇(ū+ uH)||0,p + ||∇(ū+ uhH)||0,p)

p−β ,

£	AqE&ZUEVjlQ [{WCEV]_Xqjlz|[|S\[{EVQ �6vl~ �ÑjlWqo �»v�B �Ñ�l[{�lE
∣

∣

∣

∣

∫

Ω

(

ahomog(∇(uH + ū)) − ahomog(∇(uhH + ū))
)

· ∇(uH − uhH)

∣

∣

∣

∣

≤

∣

∣

∣

∣

∫

Ω

(

ahomog(∇(uH + ū)) − ah(∇(uhH + ū))
)

· ∇(uH − uhH)

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

Ω

(

ah(∇(uhH + ū)) − ahomog(∇(uhH + ū))
)

· ∇(uH − uhH)

∣

∣

∣

∣

≤ Chsαλ/p(1 + ||∇ū||p−1
0,p )||∇uH −∇uhH ||0,p.

@�AqE�`�al[{Wqp&jlZ\Y¦[|WqEV]_Xqjcz{[|STO�Q\ACa�£dQdS\AqjcSJSUACE&ZUE¦E&¥R[{QnSUQ�j�p&alWqQnSUjlWmS
C1

oREVk-EVWqoR[{WC��alWCz{OfalW
c
}
C
}
α
}

β
}
|Ω|
}
ū
jcW-o

p
}qQnX-p)A�SUAqj�S=}

||uH − uhH ||1,p ≤
C1h

αλs/(p(β−1))

(1 + ||∇(ū+ uH)||0,p + ||∇(ū+ uhH)||0,p)(p−β)/(β−1)

≤ C1h
αλs/(p(β−1)).

�6vmw��

hJQ
ahomog

QUj�SU[{Qn�qEVQ � � �Ñ£	[�SUA
γ =

α

β − α

[|WqQnS\E=jlo�ac�
α
}qj¦��jcZU[{jlWmS�ac���+E&D�D�j �¦[{D�kCz{[|E=Q S\ACE%E�¥R[^QTµ

SUE&Wqp&EJal��j�p&alWqQnSUjlW_S
C2

QnXqp)A�S\AqjcS
||u− uH ||1,p ≤ C2H

λ
p(β−α)

��@�AqEJz^j�S\S\E&Z [{WCEV]_Xqjlz|[|STOl}Rp�amD��C[{WCE=o
£	[|S\A �6vmw����¡amZ

λ = 2
}R[|D�kCz{[|E=Q

||u− uhH ||1,p ≤ C1h
2(α+1)

pβ
α

β−1 + C2H
2

p(β−α) .

�
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@�AC[^Q�ZUEVQ\XCz|S�[{QÑjcz^Qna%SUZ\XqE��¡alZ�QUp&jlz{jlZ�D amWCacSUalWC[^p�EV]_XqjcS\[{alWqQ�jlQ�SUACE ��jlkCz^jlp�E	E=]_Xqj�SU[|amW+}c�¡amZ�£	AC[^p)A

p = 2
}
α = 1

jcWqo
β = 2

�	eËW�SUAC[{Q�p&jmQnEm} 2(α+ 1)

pβ

α

β − 1
= 1

jlWqo 2

p(β − α)
= 1

�dh	p&p&alZ)oR[{WC��S\a
@�AqE&alZUE&D �C}5jcWfamkRS\[{D�jcz�E&ZUZ\amZd[^QHam�RSUjl[|WCE=o��¡alZ

h ' H
[{W��¡��G ���J@�AC[{QJ[^QH[{Wxjc�mZ\EVE&D�E&W_Sd£	[|S\AxS\ACE

jlWqjcz{ORQn[^Q�ktE&Z\�¡alZUD�EVo��PO hHz|z^jc[{ZUEd[|W @<B(Dâ��eËW�S\AqEd�lEVWCE&Z)jczqQ\E�S\S\[{WC��al�1D amWCacSUalWC[^p	amk-EVZUjcS\alZ)Q��¡alZÑ£	AC[^p)A
SUACE�p�amW_S\[{W_Xq[�STO�jlQUQnXCD�kRSU[|amW ��� � [^Q	amWCz|O�jlQUQnXqD E=o��¡alZ

α = 0
}RS\ACE�kqZ\EV�_[{alX-Q	jcWqjlz|ORQ\[{Q�[^Q	WCa�z{alWC�mE&Z

��jlz|[^o1� Jda�£ E&�mE&ZÑS\ACE%�¡amz|z{a�£	[{WC��D amZ\E��lEVWCE&Z)jcz5ZUEVQ\XCz|SdACalz^oCQV�

	�
 ¯P³ � ¯ � 7�� � 	 � � � �F� ��� � 
 � 	�� � �(; N=�F��������� � E 
�&�&������ � )8;���� �F�(&��
&YS L 	 � �
α ≥ 0

	 � >�� C 
 �6I
β ≥ 2

	 � > S �KCeX N����(� � ���(���%�&GC	 &
�=;��'&
	 � 	cP��%��� �F&
� 
 ��� &
C1


 �6I
C2

	 �6IC� ;����6I?����� �(;
h


 �6I
H
E/&
���8�

� �F
 �

||u− uhH ||1,p ≤ C1h
2(α+1)

pβ
1
β + C2H

2
p(β−α) .

�6v?* �

Z � ³+³��
��E�S�X-Q��¡alz{z{a�£ SUACE;kCZUaPac��ac��@�ACEValZUE&D �§jlWqo��¡aRp�XqQ�alW

W
[{WqQTSUEVjmo�al�

a
� hHQ�S\ACEªp�amWmSU[|WPXC[|STO

kqZ\amk-EVZnSTO � � � [{D kqz|[{EVQ

|W (y, ξ2) −W (y, ξ1)| =

∣

∣

∣

∣

∣

∫ |ξ2−ξ1|

0

a(y, ξ1 + t
ξ2 − ξ1
|ξ2 − ξ1|

)dt

∣

∣

∣

∣

∣

≤ C|ξ2 − ξ1|(1 + |ξ1|
p−1 + |ξ2 − ξ1|

p−1)

≤ C|ξ2 − ξ1|(1 + |ξ1|
p−1 + |ξ2|

p−1),

�?uCG��ÑpVjcW��-E�ZUE&kqz{jmp�EVo��PO
∣

∣

∣

∣

∫

Ω

Whomog(∇v) −W h(∇v)

∣

∣

∣

∣

≤ Chsλ/p(1 + ||∇v||p−1
0,p ),

�6vc� �

�6vl~ ���PO
∣

∣

∣

∣

∫

Ω

Whomog(∇(uhH + ū)) −W h(∇(uhH + ū))

∣

∣

∣

∣

≤ Chsλ/p(1 + ||∇ū||p−1
0,p ),

�6vmu��

jlWqo �»vFB �Ñ�_O
∣

∣

∣

∣

∫

Ω

Whomog(∇(uH + ū)) −W h(∇(uhH + ū))

∣

∣

∣

∣

≤ Chsλ/p(1 + ||∇ū||p−1
0,p ).

�6vlv �

eËWqEV]_Xqjcz{[|STO �»vmv � [^Qdj�oR[{Z\E=p�SJp&alWqQ\EV]_XCEVWqp�E%al��SUACE�p&alW_S\ZUalz1al�
Whomog −W h p&z|a_QnE%SUa�S\ACE�D�[{WC[{D�j

amW
VH

al�
Whomog

jcWqo
W h 4

∣

∣

∣

∣

inf
v

{∫

Ω

Whomog(∇(v + ū))

}

−

∫

Ω

W h(∇(uH + ū))

∣

∣

∣

∣

≤ Chsλ/p(1 + ||∇ū||p−1
0,p ),

∣

∣

∣

∣

inf
v

{∫

Ω

W h(∇(v + ū))

}

−

∫

Ω

Whomog(∇(uhH + ū))

∣

∣

∣

∣

≤ Chsλ/p(1 + ||∇ū||p−1
0,p ).
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@�ACEd�¡alz{z|a�£	[{WC��p�amWqQ\EV]_XCE&W-p�E	ac�5SUACEdD�alWCalS\amWC[{p&[�STO�� B=~ ��ac�
ahomog

�6@�ACE&amZ\EVD Bd[{W @ wlv'D ��jcz{z|a�£dQ
SUa�p�alW-p�z{XqoRE?4�Q\[{Wqp�E

uH
[{Qdj D�[{WC[|D�[{�&EVZ	ac� ∫

Ω

Whomog(∇(ū+ ·))
amW

VH
jlWqo

uhH ∈ VH
}

∣

∣

∣

∣

∫

Ω

Whomog(∇(uH + ū)) −Whomog(∇(uhH + ū))

∣

∣

∣

∣

≥ c(1 + ||∇(uH + ū)||0,p + ||∇(uhH + ū)||0,p)
p−β ||∇uH −∇uhH ||β0,p

≥ c||∇uH −∇uhH ||β0,p.

�6v�G �

¬qalZUD�XCz^j��»v?* �Ñ[{Q�SUACE&W�am�RSUjl[|WCE=o��PO�p�alD¦�C[{WC[|Wq���6vc� ��}��»v_u���}��»vlv � jcWqo �»v G ���
�

"JE&ktE&WqoC[|WC��alW�ACa�£ 1

β

p�amD�kqjcZUEVQ�£	[|S\A α

β − 1

}-E&[|S\ACEVZd�¡alZUD�Xqz{j �»� G � amZ	�¡alZUD�Xqz{j �6v?* �	�l[{�lEVQ	j
�tE�S\S\EVZdEVQnS\[{D�j�S\Em� JHa�£ÑEV�lE&Z	@�ACEValZUE&D B=~ [{Q	D�amZ\E��mE&WCEVZUjlz6��@�ACE�£ alZ)QnS	pVjlQ\E%[{Q

α = 0
jlWqo

β = p
}

jlWqo�S\ACEVW
h ' Hp O_[{E&z^oCQ SUACE�alkRSU[|D�jlz1E&ZUZ\amZ [{W �»vC* ���

¬qalZ�S\AqEf�lE&WqE&Z)jcz	]_XqjlQ\[{p&alWP�lE&¥"p&jlQ\El}Ñ£ÑEfjlZ\E�WCacS�jl�Cz{E�SUa Aqj3�lE�j Qn[{D�[|z^jcZ�ZUEVQ\XCz|SV� � EfD�j3O
Aqa�£ÑEV�lE&Z QnXqkCk-a_QnE�SUAqj�S�S\AqE�amkRS\[{D�jcz5D�EVQ\AqQ\[|�VE

h
�¡amZÑSUACE�p�EVz|z1kCZUal�qz|EVD �l[{�lE&W�S\ACE%D�EVQ\AqQ\[|�VE

H
�¡alZ

SUACE�ACamD am�lEVWC[|�VEVo�kCZ\am�Cz{E&D p&alXCz^o�oCE&ktE&Wqo�amW
p
}PS\ACE�amZUoREVZ	ac��S\ACE��mZ\a�£�SUA�p�amWqoR[|S\[{alW � B ���

� � �����������Ñ��!���� 
������

eËW"S\AC[^Q¦Q\EVp�S\[{alW+}�jxoR[|ZUEVp�S jlkCkCZUamjlp)AªSUaxWPXCD�E&ZU[{pVjczÑACalD�al�mE&WC[{�VjcS\[{alW [{W§S\ACE��¡Z)jcD�E&£ alZU©xal��WqalWRµ
z{[{WCEVjlZ�E&z^jlQnS\[^p�[|STO9[^Q¦[|W_S\ZUaRoRXqp&EVo1�;@�ACE�WPXCD�E&ZU[{pVjcz�ZUEVQ\alz{XRS\[{alW§al����* �Ëµ��?wlw �%[{Q¦oR[{Z\E=p�S\z{O9SUjlp)©Pz{EVo �PO
Q\alz{�P[|Wq���?w * ���

@�ACE D�E�SUACaRo�[{Q�kCZUEVQ\E&W_SUEVo%[{W�S\AqEÑp�amWP�lE&Wq[|EVWmS�p&jlQ\E�al�C�&EVZ\ad�taRoRO%�¡alZ)p�EÑjcWqo�"J[{Z\[^p)ACz{E�S��-amXCWqoCjlZ\O
p&alWqoC[�SU[|amWqQ&��@�ACE�WPXCD�E&ZU[^p&jcz�S\EVQnSUQ�ac�HMPE=p�S\[{alW"vfjlZ\E�jlz{Q\a�k-EVZn�¡amZ\D�E=o [|W SUAC[{Q¦QnE&SnSU[|WC�-� JHa�£ÑEV�lEVZ
SUACE�D�E�SUACaRo�jmoCjckCSUQ	QnS\Z)jc[{�lA_Sn�¡amZ\£�jcZ)oRz{O�SUa D�amZ\E%�lEVWCE&Z)jcz5�taRoRO��¡amZUp&EVQ�jcWqo��talXCW-oCjcZUO�p�amWqoR[|S\[{alWqQ
kqZ\a��P[^oREVo�p�z^jlQUQn[^p&jlz5jmoCjckCSUj�SU[|amWqQ�ac��S\ACE�EVWCE&ZU�lO�oRE&WqQ\[|STO�jcWqo�ac��S\AqE��3jlZ\[^j�SU[|amWqjcz1Q\kqjlp&EVQV�

�%	�� � +)�/03�/��� ��� �����
@�AqE�WPXCD�EVZ\[^p&jlz5jlWqjcz{ORQn[^QÑk-EVZn�¡amZ\D�EVo�jc�ta��lE�D�jc©mEVQÑXqQnE%al��j �qjcz{z

B(u, r̄)
£	ACEVZ\EJS\AqE�D�[{WC[{D [{�&EVZ

ual� �6wmw��	[^Q�[{Q\alz^j�SUEVo1�%@�ACE¦D [{WC[{D�[|�VE&Z
u
}1jlWqo;p�amWqQ\EV]_XCE&W_SUz|O�S\AqE��qjlz|z

B(u, r̄)
}1�-EV[|WC��XCWC©PWCa�£	Wx[|W

kqZUjmp�S\[^p�Em}PS\ACE�WPXCD�EVZ\[^p&jlz5jlkCkCZUamjmp)A�p�amWqQ\[{QnSUQ�[{W�p&alWqQ\[^oRE&ZU[|Wq�q}R[{WqQTSUEVjmo�al� �6w?* ��}RS\ACE�kqZ\am�Cz|EVD

inf
{

JN,h(v + ū)dx | v ∈ VΩ,H

}

,
�6v � �

�¡amZ
N
jlWqo

h
�C¥REVo1}qXqQn[{WC� S\AqE�WCacS)j�S\[{alW �6wl~ �Ëµ��?w�B ���

@�AC[^Q	D�[{WC[|D�[{�VjcS\[{alW�kCZ\am�Cz{E&D [^Q	j�S\SUjc[{WCE=o�Q\[|W-p�E
JN,h

[{Qdp&alW_S\[{WPXCalX-QÑamW
W 1,p(Ω)

}
JN,h(v) →

∞
£	AqE&W

||v||1,p → ∞
jlWqo

VΩ,H
[^Q	j¦�qWC[|S\E�oR[{D�E&WqQ\[|amWqjcz+Q\kqjmp�El�
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eËW�S\AqE�Z\EVD�jl[|W-oRE&Z	al��MPE=p�SU[|amW��-��B�S\AqE�E&WCEVZ\�mO�oRE&W-Qn[|STO
WN,h oRE&�qWCE=o��PO �6wc~ �Ñ[{QdQ\XCkCktamQ\EVo�S\a

�tE%ST£	[^p�E�p�amWmSU[|WPXCamXqQ\z|O�oR[�I5E&ZUE&W_S\[^jc�Cz{El��eËW�S\Aq[{QdpVjlQ\El}R[|�
u
[^Q	j�D�[|Wq[|D�[{�&E&Z	al���6v � ��SUACE&W

u
QUj�SU[{Qn�qEVQ

SUACE 2�XCz{E&Z\µ ��jc�mZUjlWC�lEHEV]_Xqj�SU[|amW�[{W�S\ACE%�¡amz|z{a�£	[{WC��£ÑE=jc©��¡alZUD 4��¡alZdjlz|z
v ∈ VΩ,H

}

∫

Ω

∂WN,h

∂ξ
(∇(u+ ū)) · ∇v = 0.

�»v � �

@�AqE WqalWCz{[|WqEVjcZ�E=]_Xqj�SU[|amW �»v � �J[^Q�Qnamz|�mEVox�_O9jcWª[�SUE&Z)j�S\[{�lE�FdEV£�S\amWRµâiHjckCAqQ\alWªD�E�SUACaRo1� �%WCa�£	[|Wq�
un

jcSdQTSUE&k
n
}PS\ACE�jlQUQ\aPp&[{jcS\E=o�z{[|WCE=jcZU[|�VEVo�kCZ\am�Cz{E&D jcS	QnS\EVk

n+ 1
Z\E=jloCQH4��qWqo

un+1 QnXqp)A�S\A-j�S��¡alZ
jlz|z

v ∈ VΩ,H
}

∫

Ω

(∂WN,h

∂ξ
(∇(ū+ un)) +

∂2WN,h

∂ξ2
(∇(ū+ un)) · (∇un+1 −∇un)

)

· ∇v = 0,
��Gc~ �

jlWqo�[�SUE&Z)j�S\E%XCW_SU[|z�p&alWP�lEVZ\�mE&Wqp&El�
@�a"ktE&Z\�¡alZUD SUACE9FHE&£�S\amWRµËidjckCA-QnamW�D�E&S\ACaRo1}HjlW­E�¥RkCz{[^p�[|S�E�¥RkCZUEVQUQn[{alW al��S\ACExQnS\ZUEVQUQ�SUE&WqQ\alZ

∂WN,h

∂ξ

jcWqo"S\ACE�QnS\[�ItWCE=Q\Q D�j�SUZ\[|¥ ∂2WN,h

∂ξ2
[{Q WCEVEVoRE=o1�"@�AC[^Q [{Q¦S\AqE�D�j�S\S\EVZ al�dS\AqE��¡amz|z{a�£	[|Wq�

Q\EVp�S\[{alW+�

�%	 � 
���" * �
� ���)�(��� � �R� �%�80 � +)�/0`0 �`�=�%03�-+ � �! � ��� 0e�)�������/0`0 " ��� +Q���
��E�S

I : M3(R) ×W 1,p
# ((0, N)3) → R

(ξ, φ) 7→

∫

(0,N)3
W (y, ξ + ∇φ(y))dy,

jlWqo
{ψi}i

�-E�j �qjmQn[^Q�ac�
VN,h

�
@�ACE%�¡amz|z{a�£	[{WC�¦APOPktacS\AqEVQ\EVQ	jcZUE%D�jloRE�Q\a¦SUAqj�S

I
�-E�ZUE&�mXCz{jlZV�

��°�[Ñ³ � 
 ¯ � ¯ � a N=�F� ;���������	����
W (y, ·)

	 &K� ������� � 	 ���
& ����� � 	 � ����� &
�:) I 	 �5�(�8�(� � 	�
C>(��� � �
M3(R)
 �6I�&(
 � 	 & ! �
& > SKC 
��JI�� �F��;(��� ��� L 	 �����?��� L � �";=���8;����
� 	��(&

max

{

|
∂W

∂ξ
(x, ξ)|, |

∂2W

∂ξ2
(x, ξ)||

∂3W

∂ξ3
(x, ξ)|

}

≤ C(1 + |ξ|p)
� G B �

^(� 
eI I�	 ��	����
VN,h ⊂W 1,∞((0, N)3)

X

��E�SdXqQ��-ZUQnSdQTSUXqoRO�SUACE�oR[�ItEVZ\EVW_S\[^jc�C[{z|[|STO�al�
I
�

�Ñ¯ � �"� �8^V;
W


 �6I
VN,h

&�
���	 &c;�) ��)8;F� � ���
&��(&YU�E � �F���
I ∈ C3(M3(R) × VN,h,R)

X

Z � ³+³��
@�Aq[{Q�kCZUaPac��[{Qdp&z{jmQ\Q\[^p&jcz �6QnEVE @<B'G�D�El� �q� � jcWqo�[{QdalWCz{O�Q\©lE�S)p)ACEVo��¡alZ	SUACE��qZ)QTSHoREVZ\[{��j�SU[|�mEl�
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w � � �<���
	�


hJQ
∇ψ ∈ L∞((0, N)3) = L1((0, N)3)′

jlWqo ∂W

∂ξ
(y, ·)

Q\E&WqoqQ
Lp((0, N)3)

amW
L1((0, N)3)

SUAqjcWq©PQ SUa ��G B ��} ��E&D�D�j�w�[{D�kCz{[|E=Q�S\AqjcS	�¡alZdjlz|z
ψ ∈ VN,h

jcWqo
ζ ∈ M3(R)

}

χ 7→

∫

(0,N)3

∂W

∂ξ
(y, ζ + ∇χ) · ∇ψ

[^Q	p�amW_S\[{W_XqalXqQ�amW
VN,h

�
FHE�¥PSV}R�¡amZdjcz{z

ψ ∈ VN,h
jlWqo

ζ ∈ M3(R)
}
σψ,ζ

[{Q	oCE��qWCE=o��_O

σψ,ζ : (t, y) 7→
1

t

(

W (y, ζ + ∇χ(y) + t∇ψ(y)) −W (y, ζ + ∇χ(y))
)

.

@�AqE%¬qZ\Y=p)ACE�SHoCE&ZU[|��j�SU[|�mEJal�
W

j�S
ζ + ∇χ(y)

[{W�SUACE�oR[{Z\E=p�SU[|amW
∇ψ(y)

[^Q��l[{�lEVW��PO

lim
t→0

∫

(0,N)3
σψ,ζ(t, y)dy.

`�am[|W_ST£	[^QnEm}
lim
t→0

σψ,ζ(y, t) =
∂W

∂ξ
(y, ζ + ∇χ(y)) · ∇ψ(y)

�
hJQ

W (y, ·)
[{Q
C1 }R�¡amZdjcz{z t ∈ (0, 1)

SUACE&ZUE%E�¥R[{QnSUQ
θ ∈ (0, 1)

Q\Xqp)A�S\AqjcS

σψ,ζ(y, t) =
∂W

∂ξ
(y, ζ + ∇χ(y) + θ∇ψ(y)) · ∇ψ(y).

GJQn[{WC� ��G�B ��}
σψ,ζ(y, t)

[^Q	XCWC[|�¡alZUD�z|O�oRalD�[{Wqj�SUEVo�[|W
t
�_O�S\ACE�[{W_S\E&�mZUjl�Cz{EJ�¡XqWqp�SU[|amW

(y, t) 7→ C(1 + (|∇χ(y)| + |∇ψ(y)| + |ζ|)p)||ψ||1,∞.

@�AqE ��E&�tEVQ\�lXCE�oRamD�[|WqjcS\E=o�p&alWP�lEVZ\�mE&Wqp&EdSUACE&amZ\EVD QnAqa�£dQ

∂I

∂φ
(ζ, χ) · ψ =

∫

(0,N)3

∂W

∂ξ
(y, ζ + ∇χ) · ∇ψ.

��Glw��

MR[|D�[{z{jlZ\z{Ol}
∂I

∂ξ
(ζ, χ) =

∫

(0,N)3

∂W

∂ξ
(y, ζ + ∇χ) · Id,

��G�* �

£	AqE&ZUE
Id
[{Q	S\ACE%�¡amXCZnSUA�amZUoCE&Z�[{oCE&W_S\[|STO�S\EVWqQ\alZ=��hJQ�S\AqE�Z\[{�lA_S�AqjcWqo�Q\[{oCEVQ	jcZUE%p�alW_SU[|WPXCamXqQ�[|W ��Glw��

jlWqo ��G�* ��}
I
[^Q
C1 amW M3(R) × VN,h

�
i	EVk-E=j�SU[|WC��S\ACE�Q\jlD EJjcZU�lXCD�E&W_S)Q&}

I
[{QÑkCZUa��lE=o�SUa��-EHS\ACZUE&EdS\[{D E=Q�p&alW_S\[{WPXCalXqQ\z{O¦oR[�ItEVZ\EVW_S\[^jc�Cz{El�

�

1�¯32�4�5 � 5»³6487 � � � ��
 � �
A ∈ M3(R)

E
φ ∈ VN,h

	 &%&�
�	WI �$� >��K
 �����8
 � �"	 � 	 �"	���������;
I(A, ·)

���
VN,h

	 ; � ���(��� �HG?	 &
� &
r > 0

&������ � �F
 �6;(� �%
�� �
ψ ∈ B(φ, r) ∩ VN,h

E
I(A, φ) ≤ I(A,ψ)

X
9 ���H��
 � � 	 ��	 � 	��H���

φ
	 &5� �<�?>�
��/���

VN,h
	 ;�;(���"
 � �

ψ ∈ VN,h
E
I(A, φ) ≤ I(A,ψ)

X
9 � 	 ��	 � 	��H���

φ
���
VN,h

	 &5	 &�����
 � �KI 	 ; � �F����� �HGC	 &�� &
ρ > 0


 �6I"	 ;=;(� � 
 � �
ψ ∈ B(φ, ρ)∩VN,h

&
���8�
� �F
 �

ψ 6= φ
E
I(A, φ) < I(A,ψ)

X
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'&
��	��(	 ��) w �

��°�[Ñ³ � 
 ¯ � ¯ � � � 	cP'���
A ∈ M3(R)

E/� �F����� �&GC	 &
��& 
"� 	 ��	 � 	����(�
φ

�(;
I(A, ·)

���
VN,h

EL&�
���	 &c;�)�	 � �

� φ
	 &"
��6	 &����<
��$�HI �?���?>�
��3� 	 ��	 � 	��H���%���

VN,h

� � ��� �%�(&�&�	�
 �A��
 � �
	 G
(

∫

(0,N)3
∇ψi(y)

T ·
∂2W

∂ξ2
(y,A+ ∇φ(y)) · ∇ψj(y)dy

)

i,j

	 & ;F��&
	 � 	cP��

I?� ! � 	 � � X

	�
 ¯P³ � ¯ � 767_b ���
W


��JI
VN,h

&�
���	 &c;�) ��)8;F� � ���
&��(& U 
��6I
(A, φ) ∈ M3(R) × VN,h

&�
���	 &V;�)
��)8;F� � ���
&��(& A�E � ���(� � �F�������HG?	 &
� � L ���8;���� >8
 � � &

BA ⊂ M3(R)

��JI

Bφ ⊂ VN,h
E 
 �6I � �F�������HGC	 &�� &


 ;����=�(��	����
gφ ∈ C2(BA, Bφ)

E &
����� � �F
 �d;(����
�� �
ξ ∈ BA

E
gφ(ξ)

	 & 
 � 	 &�� ��
��$�KI ���H��
 �3� 	 ��	 � 	����(�
��;
I(ξ, ·)

� �
VN,h

X
^(� 
eI I�	 ��	����QE6;(���

{ei}1≤i≤9

 >�
'&
	 &"��;

M3(R)
E

∂∇gφ(ξ)

∂ξ
|ξ=A · ei = ∇vi,

L ���(�8�
vi

	 & � ��� &����1��� 	�� � 	 �
VN,h

�(;

∫

Ω

(

∂2W (y, ξ)

∂ξ2
|ξ=A+∇φ(y) · (ei + ∇vi)

)

· ∇ψ = 0 ∀ ψ ∈ VN,h;
� G3� �


 �6I
∂2∇gφ(ξ)

∂ξ2
|ξ=A : ej ⊗ ei = ∇wij ,

L ���(�8�
wij

	 & � ��� &����1��� 	�� � 	 �
VN,h

�(;

∫

Ω

(

∂2W (y, ξ)

∂ξ2
|ξ=A+∇φ(y) · ∇wij+

� Gcu��

∂3W (y, ξ)

∂ξ3
|ξ=A+∇φ(y) · (ei + ∇vi) · (ej + ∇vj)

)

· ∇ψ = 0 ∀ ψ ∈ VN,h.

Z � ³+³��
eËW�SUAC[{QHkCZUa_al�T}

ν
jcW-o

{Ψi}1≤i≤ν
oRE&WCalS\E%SUACE�oR[{D�E&WqQ\[|amWfjcWqofj��qjmQn[^Q�ac�

VN,h
��@�ACEValZUE&D BCB�[{Qdj

oC[|ZUEVp�S	jlkCkCz{[{pVj�SU[|amW�al��SUACE%[|D�kCz{[{p&[�SH�¡XCWqp�SU[|amW�S\ACEValZUE&D SUa

π : M3(R) × VN,h → R
ν

(ζ, χ) 7→ π(ζ, χ),

£	AqE&ZUE

π(ζ, χ) =















∫

(0,N)3

∂W

∂ξ
(y, ζ + ∇χ(y)) · ∇ψ1(y)dy

���
∫

(0,N)3

∂W

∂ξ
(y, ζ + ∇χ(y)) · ∇ψν(y)dy















.
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hJQ
I
[{Q
C3 } π ∈ C2(M3(R) × VN,h,R

ν)
jlWqo;�POxoRE&�qWC[|S\[{alW9ac�

φ
}
π(A, φ) = 0

��hJQ ∂π
∂χ

(A, φ)
[^Q�[{WP�lE&Z\S\[{�Cz{E�Qn[{Wqp�E�[|S�[^Q�S\ACE JHEVQUQn[^jcWªD�j�SUZ\[|¥xac� JdOPktacSUACEVQ\EVQ *q}+S\AqE�[|D�kCz{[^p�[|S��¡XCWqp�SU[|amW S\ACEValZUE&D
Q\ACa�£dQHS\AqjcS%S\ACEVZ\E�E�¥R[^QTS%ST£ a�amk-EVW9�-jcz{z{Q

B̃A 3 A
jlWqo

Bφ 3 φ
jlWqo9j��¡XCWqp�S\[{alW

gφ : B̃A → BφQ\Xqp)A�S\AqjcSÑ�¡amZ�jlz|z
ζ ∈ B̃A

}
gφ(ζ)

[{QÑS\AqE�XqWC[{]_XCE�Q\alz{XRS\[{alW�[|W
Bφ

ac�
π(ζ, ·) = 0

��eËW�jmoCoR[|S\[{alW+}
gφ
[{Q

ST£	[^p�E�p&alW_S\[{WPXCalXqQ\z{O�oR[�ItEVZ\EVWmSU[{jl�Cz{El�
hJQ ∂π

∂χ
(ζ, gφ(ζ))

[{Q�p&alW_S\[{WPXCalX-Q�jcWqo ∂π
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jlZ\E�XqQ\EVo1�

h¨Qn[{D�kCz|E�£ j3O�SUa�ZUEVoRXqp&E�S\AqE�p�a_QTSHal��p&alD�kCXRS)j�SU[|amWfac��S\ACE�ACalD�al�mE&WC[{�&E=o�p�alW-QTSU[�SUXRS\[{�lE�z^j3£ [{Q
WqacS�SUa¦ZUEVp&alD�kCXRSUEH[|S�jcSÑE=jlp)A�QnS\EVk�[|�+S\ACE%QnS\Z)jc[{W��lZ)jloR[{E&W_SÑA-jlQÑWCacS�p)AqjcWC�mEVo�SUaPa�D�X-p)A�jcWqo�S\a¦XqQnE
SUACE�Q\alz{XRS\[{alW;jcSdS\AqE�kCZUE&�P[|amXqQdQnS\EVkfalZJjcSJj�WCEV[|�mA_�talZU[{WC� M%jcXqQUQ	ktal[{W_S�jlQHjcWf[{WC[�SU[{jlz��mXCEVQUQ	[{WfS\ACE
p&E&z{z�µâkCZUal�Cz{E&D��
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eâS [{Q�[|W_SUE&ZUEVQnS\[{WC�fS\axZ\EVz{jcS\E�SUACE�oR[{ZUEVp�S¦D E&S\ACaRo§£	[|S\A�D amZ\E�E&z^jc�talZ)j�S\E�jlkCkCZUamjmp)ACEVQV}�Q\Xqp)A"jlQ�S\ACE
D¦XCz|S\[^Q\pVjcz{EJ�-WC[�SUE�E&z{E&D�E&W_SdD�E�SUACaRo1�
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al��SUACE�I;QU¬L2ÑI«[{W�S\ACE�z{[{WCEVjlZdjcWqo�WCalWqz|[{WCEVjlZdQnE&SnSU[|WC�_Q&�
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@�AC[^Q¦D E&S\ACaRo�AqjlQ�kCZ\[{D�jcZU[|z{Oª�-EVE&W�oCEVQ\[|�mWCEVo [{W @<B&��D S\aªQnamz|�mE�E(0�p&[|EVWmSUz|OªSUACE�z{[|WqEVjcZ¦E&z{z|[{kRSU[{p
E=]_Xqj�SU[|amW�jcZU[{Q\[|Wq�d[|W¦k-amZ\amXqQ+D�E=oR[{j��qa�£dQ+[{W�AqE�S\EVZ\am�lEVWCE&amXqQ1D�j�SUE&ZU[{jlz{QV�+eâS�AqjlQ��-EVE&W�SUACE&W¦E�¥PS\EVWqoRE=o
�¡ZUalD S\ACEHz|[{WCEVjlZ�p&jmQnE�SUa�S\AqEdD�alWCalS\alWqEdp&jlQ\E	[{W @ � D-jcWqo @Âw *�D?��@�AC[^Q�D�E�SUACaRo�[{Q�kCZUa��lEVo�S\a�p&alWP�lEVZ\�mE
[{W�S\ACE%ktE&ZU[|aRoR[^p%QnE&SnS\[{WC�-��eâS	AqjmQ�jcz^Qna �-EVE&W�XqQ\EVo�[|W�j�D�amZ\E��lEVWCE&Z)jcz1p�amW_S\E�¥PS	jcWqo�S\XqZ\WqQ amXRS�S\a��-E
]_XC[|S\E�E�0�p�[{E&W_S	[|W�S\AqE�p&jlQ\EVQ ZUE&ktalZ\S\E=o�amW��PO�SUACE�jcXCS\ACamZUQV�

.�jlQ\[^p&jcz{z{Ol}�S\AqE9I;QU¬32�I [^Q�j M%jcz{E&ZU©_[{W�D�E�SUACaRo �¡alZ�£	AC[^p)A�S\ACEªQnamz|XCS\[{alW�[^Q�Q\EVjlZUp)ACE=o�[|W j
Q\ktEVp�[|�-p Qnk-jlp�E jlQUQnaRp&[{jcS\EVo�SUa�SUACE E&z{z|[{kRS\[^p alktE&Z)j�SUalZ=�JeâS)Q�p&alWP�lEVZ\�mE&Wqp&E�[{QJSUACE&W9kCZ\a��mEVo�SUAqjcWq©PQHS\a
SUACE�ACamD am�lEVWC[|�=j�SU[|amWfS\ACEValZUOl��gÑalWP�mE&Z)QnEVz|Om}1[|W �6w?* ��}�j�p�z^jlQUQn[^p&jlz M%jlz|EVZ\©P[{W9Q\kqjlp&E �»p�z^jlQUQ\[{pVjcz��qWC[|S\E
EVz|EVD�E&W_SUQ���[^Q�XqQnE=o��CXRS�S\AqE9amZ\[{�l[{WqjczJE&z{z|[{kRSU[{p9alktE&Z)j�SUalZ�[^Q�jckCkCZUa3¥R[|D�jcS\EVo��PO�[|SUQ�ACalD�al�mE&WC[{�&E=o
amk-EVZUjcS\amZV�§hdz|S\AqalXC�mA"S\AqE�D�E�SUACaRoCQ�Q\E&E&D SUa9�tEfoR[1I5E&ZUE&W_S�j�S �qZ)QTS�Qn[{�lA_S=}�S\ACEVO S\XCZUW�amXRS�S\aª�-E
[^oREVWmSU[{pVjcz1XCW-oRE&ZdQ\alD�E%APO_ktacSUACEVQ\EVQV�

eËW�SUACE�Q\E�SnSU[|Wq��ac��ktE&ZU[|aRoR[^p�ACamD am�lEVWC[|�=j�SU[|amW+}FJdamX;jcWqo�p�a�£ alZU©lEVZUQ E&¥Pkqz|am[�S	SUACE�ktE&ZU[|aRoR[^p�[|STO�al�
SUACE�alktE&Z)j�SUalZ S\a�p&alD�kCXRSUE%S\ACE�D¦XCz|S\[^Q\pVjcz{EJ�-WC[�SUE�E&z{E&D�EVWmSdD�jlWC[��¡amz{o�amW�amWCE�k-EVZ\[{aRoR[^p�p&E&z{z+[{WqQTSUEVjmo
al��alWCE¦E&z{E&D�E&W_S �¡S\ZU[{jlWC�lz{E�alZHS\E&S\Z)jcACE=oRZUj ��}-£	AC[{p)A9oRZUjmQTSU[{pVjcz{z|O�Z\E=oRXqp&EVQ	SUACE¦Q\[{�&E�al��S\ACE¦kCZ\am�Cz{E&D�Q&�
eËWªSUAC[{Q�p&jlQ\El}�S\ACE�IxQ\¬32�I�E&¥Rjmp�SUz|Oªp�alW-Qn[^QTS)Q%[|W§Q\alz{�P[|WC� �?w * �%jmQ�QnAqa�£	W9[{W S\ACE�WqE�¥PS�kqjlZUjl�lZ)jckCA
jlWqo�p&al[{Wqp�[^oREVQÑ£	[|S\A�S\ACE%oR[{Z\E=p�S jlkCkCZUamjmp)A+��@�AC[^Q al�qQ\E&ZU��j�SU[|amW�jcz{z|a�£dQ�S\a jckCkCz{O�@�ACEValZUE&D �C}P£	AC[^p)A
SUAPXqQ	kCZUa��P[{oRE=Q�£	[�SUAfQnamD E�[{WqQ\[|�mA_Sd[|W�S\AqE�p)ACal[^p�E%al��SUACE�D�EVQ\AqQn[{�&E�al��SUACE��qWqE%S\ZU[{jlWC�lXCz^j�SU[|amW�X-QnE=o
[{W�S\ACE�I;QUI;¬32�I§�CeËW�S\AqE&[{ZdjcWqjlz|ORQ\[{QV}�JHalX�jcWqo�p�a_jcXRSUACalZ)QÑAqj3�lEH�¡aPp&XqQ\EVo�alW�S\ACE%ZUEVQ\alWqjlWqp�EJE&ZUZ\amZ
z{[{WC©lE=oxSUa�S\ACE��talXqWqoCjcZUOxp&alWqoR[|S\[{alW XqQ\EVo9SUaf�CXC[{z{oªSUACE�D�XCz|S\[^QUp&jcz{E��qWC[|S\E�EVz|EVD�E&W_SUQV��@�ACEVOxAqj3�mE
WqacS�jloCoCZ\E=Q\Q\EVo;S\ACE�]_XCE=QTSU[|amWxac� S\AqE [{W��qXqE&Wqp&E�alW9S\ACE��lz{al�-jcz�E&ZUZ\amZJal�ÑSUACE�jckCkqZ\a3¥R[{D�jcS\[{alW;�POxj
M%jlz|EVZ\©P[{W;D�E�SUACaRoxal��S\ACE�D¦XCz�SU[{QUp&jlz|E¦D�jckx[|SUQ\E&z|�T�¦@�Aq[{Q�AqjmQH�tE&EVWªjlWqQn£ E&ZUEVo;�_O;hHz|z^jc[{ZUE�[{W @<B
D�[{W
SUACE�z{[{WCEVjlZ¦p&jmQnEm�;@�ACE�ZUEVQ\XCz|S¦D�j3Oª[|WqoCE&EVo"�-E�oR[1I5E&ZUE&W_S [|W§SUACE�WqalWCz{[|WqEVjcZ¦QnE&SnS\[{WC�ªjlQ�Q\ACa�£	W§�PO
@�AqE&alZUE&D �q�
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@�AqE jlWqjcz{ORQn[^Q+al�CS\ACE	I;QU¬32�I
Z\E=]mXq[|ZUEVQ�jJp&alZUZ\E=p�S\amZ+ZUEVQ\XCz�S=��eËW¦alZ)oRE&Z�S\a�p�amD k-jcZUE�S\AqEÑST£ aHD�E&S\ACaRoCQ
j�D�alWCalS\alWq[{pHalktE&Z)j�S\amZ�[^Q p&alWqQ\[^oRE&ZUEVo�[{W�SUACE�Q\E�S\S\[{WC��al��ktE&ZU[|aRoR[^pdACamD�al�lEVWC[{�Vj�SU[|amW�ac��MPE=p�SU[|amW�wR� �q�
@�AqE�WqacSUjcS\[{alW�ac��@�ACE&amZ\EVD�QÑ��jlWqo�u�[^Q	XqQ\EVo+�

� E�QnXqkCk-a_QnE SUAqj�S�SUACE�D�jlp�ZUamQUp�amkC[^p�D�EVQ\A k-EVZn�¡E=p�S\z{Of�CS)Q%S\a�SUACE�XCWqoREVZ\z{OP[|Wq��ktE&ZU[{aPoC[{p�QnS\ZUXqp�µ
SUXCZUE Q\a�SUAqj�S�S\ACEVZ\E [^QHWCa�D�[{Q\D�j�S)p)A �¢SUZ\[^jcWq�lXCz^jcZJD E=QnA9£	[�SUAxE=]mXq[|z^j�SUE&Z)jcz�S\ZU[{jlWC�lz{EVQJjcWqoxk-EVZ\[{aRoR[{p
QnS\ZUXqp�S\XCZUE¦£	[|S\A E=]mXq[|z^j�SUE&Z)jcz�S\ZU[{jlWC�lz{E [|W"w " Em� �-� ����@�AC[{Q�SUEVp)ACWq[{pVjcz�ZUEV]_XC[{Z\EVD EVW_S%jlz|z{a�£dQJS\a�XqQ\E�j
Q\[{WC�lz{E	k-EVZ\[{aRoR[^pdp�EVz|zt[|W�amZUoCE&Z�SUa�p�amD kqXRS\E	SUACEHD¦XCz|S\[^Q\pVjcz{E	D�jlk �¡[?� o1���qjlQ\[{Q��¡XCWqp�SU[|amWqQÑ[|W�SUACEHz{[|WqEVjcZ
pVjlQ\E ��}+jlQ�k-am[|W_SUEVo;amXRS�[|W @ �'D?�¦eËWxSUAC[^Q�p&jlQ\El}tSUACE&ZUE�[{Q�WCa�Z\E=QnamWqjcW-p�E�EVZ\ZUalZ%oRXCE¦S\a�SUACE��-amXCWqoCjlZ\O
p&alWqoC[�SU[|amWqQ&�
��E�S�XqQ��m[|�mEfQnamD EfoRE&SUjl[|z^Q�alW�S\AqE;p�alD�kCXCSUj�SU[|amW ac�HSUACEfD�Xqz�SU[{QUp&jlz|E��qWq[�SUEfE&z{E&D�E&W_S�D�jck [{W

SUACE�` B&µ ��jc�mZUjlWC�lE�p&jmQnEm�f@�ACE�S\ZU[^jcWC�mXCz{jcS\[{alW
TH

jlWqoªS\AqE��qWC[|S\E�E&z{E&D�E&W_S¦Q\kqjmp�E
VH

[{W_S\ZUaPoCXqp�E=o
[{W @�ACE&amZ\EVD ��jlZ\E¦XqQnE=o1� M�[{�lEVWªjlWxEVz|EVD EVW_S

T ∈ TH
jlWqoxj��¡XCWqp�S\[{alW

u ∈ VH
}5S\ACE�jmQ\Q\aRp�[^j�S\E=o

D¦XCz|S\[^Q\pVjcz{EJ�¡XqWqp�SU[|amW
w
[^QdoRE&�qWCEVo�amW

T
�PO

w(x) = u(x) + ε∇vuT
(
x

ε
),
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£	AqE&ZUE
vuT

[{Q SUACE�Q\alz{XRS\[{alW�[|W
W 1,p

# ((0, 1)3)
al�

−div
(

a(y,∇uT + ∇vuT
(y))

)

= 0
[|W

(0, 1)3,
� G � �

jlWqo
∇uT

[^Q�SUACE��mZUjmoR[{E&W_S�ac�
u
}�£	AC[^p)A§[{Q¦p�amWqQTS)jcW_S�alW

T
Q\[|Wqp&E

u ∈ VH
��hHQ

u ∈ VH
[{D kqz|[{EVQ

Mε∇u = ∇u
}���G � ��[{Q¦E�¥Cjlp�S\z{O �EB?B ��jcWqo§S\ACE�D�XCz|S\[^QUp&jcz{E��¡XCW-p�S\[{alW

w
[^Q�SUA_X-Q�E&¥Rjmp�SUz|O9S\ACE�Q\XCD

al�Hj;p�z^jlQUQ\[{pVjcz�k-jcZ\SV}�S\ACE��qWC[|S\E�E&z{E&D�E&W_S¦�¡XCWqp�SU[|amW
u
}�jlWqo§al�d[�S)Q¦jmQ\Q\aRp�[^j�S\E=o§p�amZ\ZUEVp�S\alZ��m[|�mE&W§�PO

@�AqE&alZUE&D uR��eËW§alZ)oREVZ�S\axp&alD�kqjlZ\E�SUACE��¡alZUD�Xqz{jcS\[{alW ��G���}�p�amD kqz|E&S\EVo �PO9S\ACE�p�alZUZUEVp�SUalZ=}+SUafS\ACE
IxQ\¬32�I§}q£ÑE bTXqQnSdAqj3�lE�SUa�p&alD�kqjlZ\EJS\ACE�p&z{jmQ\Q\[^p&jcz1k-jcZ\SUQ ac��S\ACE�Q\alz{XRSU[|amWqQ&�

gÑamWqQn[^oREVZdS\AqE¦D¦XCz�SU[{QUp&jlz|E��qWC[|S\E E&z{E&D�E&W_S%Qnamz|XRSU[|amW
wMsFEM

al��kCZUal�Cz{E&D �»v �	[{W;SUACE¦Q\E&WqQ\E�al�
j;`�E&S\ZUa��_µ$M%jlz|EVZ\©P[{Wx�¡amZ\D¦XCz{jcS\[{alW+}�QnEVE6@ ��Dâ�6.ÑO oRE&�qWC[|S\[{alW§ac�	SUACE�I;QU¬32�I§}��¡alZ jcz{z�` B&µ ��jc�lZ)jcWq�lE
Q\Aqjlk-E��¡XCWqp�S\[{alWqQ

{uj}j
amW

TH
}R£ E�A-j3�lE%£	[�SUA�al�P�P[|amXqQ WCacS)j�S\[{alW 4

∫

Ω

a(
x

ε
,∇wMsFEM (x)) · ∇uj(x)

=
∑

T

∫

T

a
(x

ε
,∇uMsFEM (x) + ε∇vuT

(
x

ε
)
)

· (∇uj)T

=
∑

T

∫

T

ahomog

(

(∇uMsFEM )T

)

· (∇uj)T

=

∫

Ω

ahomog

(

∇uMsFEM (x)
)

· ∇uj(x).

@�AqE&ZUE��¡alZUEl}
wMsFEM

[{Q�SUACE�I;QU¬32�I Q\alz{XRS\[{alW�S\a �6v ��[|��jcWqo�amWCz|O�[��
uMsFEM

[^Q�S\ACE��»p�z^jlQUQ\[{pVjcz �
�-WC[�SUE�E&z{E&D�E&W_SHQ\alz{XRS\[{alW

uH
S\a ��G����

eËW�S\ACE�kCZUE&�P[{alXqQ jcWqjlz|ORQ\[{QV} ��G � ��[^Q�Qnamz|�mEVo�E&¥Cjlp�SUz|Om��MPXCkCktamQ\EH�¡ZUalD Wqa�£­alW�S\AqjcS � G � ��[^Q Q\alz{�lE=o
amW

Vh
jmQ�[{W�@�ACEValZUE&D �C� "HEVWCacSU[|Wq�x�PO

whMsFEM

SUACE�jlkCkCZUa3¥P[{D�j�SUE�D�XCz|S\[^QUp&jcz{E�Q\alz{XRSU[|amW+}�S\ACE
QUjcD�E�p&jlz{p&XCz^j�S\[{alW�jlQ	jl�-a��mE�Q\ACa�£dQ

∫

Ω

a(
x

ε
,∇whMsFEM (x)) · ∇uj(x) =

∫

Ω

ah

(

∇uhMsFEM (x)
)

· ∇uj(x),

£	AqE&ZUE
ah

[^Q%�l[{�lE&Wª�PO �¡� � ����@�APXqQV}
uhMsFEM = uhH

}+£	AqE&ZUE
uhH

[{Q�SUACE�Q\alz{XRS\[{alW9ac� �?w * �H[{WªS\ACE
k-jcZ\S\[^p�XCz^jcZdpVjlQ\E�ac��@�ACE&amZ\EVD �C��@�ACEVZ\E&�¡alZUEJSUACE�EVZ\ZUalZdjlWqjcz{ORQn[^Q�ac��MPE=p�S\[{alW *q� *�pVjcW��-E¦jckCkCz{[{EVo�S\a
SUACE¦IxQ\¬32�I§}tkCZUa��P[{oR[{WC��jlWxj�kCZU[|amZ\[�[|WqoC[{pVj�S\[{alW;�¡alZdSUACE�amZUoCE&Zdal��D�jl�lWC[|S\X-oRE�ac��SUACE�D�E=QnAqQ\[{�&E

hal�1S\ACEJ�qWCEJS\ZU[^jcWC�mXCz{jcS\[{alW�[{W��¡XCW-p�S\[{alW�ac�1SUACEJD�E=QnAqQ\[{�&E
H
ac�1SUACEJZUalXq�lA�SUZ\[^jcWC�mXCz^j�S\[{alW�jlWqo�al�+S\ACE

p&alW_S\[{WPXC[|STO�jcWqo�D�alWCalS\amWC[{p&[�STO�kCZ\amk-EVZnSU[|E=Q ��� ��jlWqo � BV~ � ac��S\ACE�amk-EVZUjcS\alZ
a
�

� � �����������Ñ��! 
��	*1
�*

@�Aq[{Q�Q\EVp�SU[|amW�[^Q�oCEVoR[^p&jcS\EVo�S\a�WPXCD�E&ZU[{pVjcz_S\E=QTS)Q�[{W�WqalWCz{[|WqEVjcZ�E&z^jlQnS\[^p�[|STOl��@�ACE W_XqD EVZ\[^p&jlzlSUEVQnSUQ�al�CS\ACE
�-ZUQnSdkqjcZ)jc�mZUjlkCA�p&alWR�qZUD SUACE�Q\[|D�kCz{E�jcWqjlz|ORQ\[{Q�kqZ\E=QnEVWmSUEVo�jc�ta��lEJ�¡alZJp�alWP�mE�¥�E&WqE&ZU�lO�oREVWqQ\[�SU[|E=Q&�ÑeËW
SUACEJQ\XC�qQ\EV]_XCEVW_S�kqjcZ)jc�mZUjlkCAqQV}lQ\alD�Ed[^Q\Q\XCEVQ�ac�1SUACE&amZ\E&S\[^p&jcztjcWqo�kqZUjmp�S\[^p&jlzq[{W_S\E&ZUEVQnSÑjlZ\Ed[{WP�lE=QTSU[|�_j�S\E=o
£	[|S\A�SUACE�XqQ\E�al��WPXCD�EVZ\[^p&jlztE&¥Rk-EVZ\[{D�E&W_SUQH4
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� �CXqp)©Pz{[|WC��[{W�S\ACE�p&E&z{z�µâkCZUal�Cz{E&D��

� [|W-QTS)jc�C[{z|[|STO�al��SUACE�ACalD�am�lE&Wq[|�VEVo�E&WCEVZ\�mO��

� jckCkqz|[^p&jcS\[{alW�ac��S\ACE�D�E�SUACaRo�S\a�j £	[{oREVZdp�z^jlQUQ�ac��E&WCEVZ\�mO�oRE&W-Qn[|S\[{EVQV�

�
	�� � ��� �J�������d� �J��0 �
`�Z\am�Cz|EVD �6wmw��Ñ[^Qdp�amWqQn[^oREVZ\E=o�£	[|S\A�S\ACE%�¡amz|z{a�£	[{WC��E&WCEVZ\�mO�oRE&WqQ\[|STO�4

W : (0, 1)3 ×M3(R) → R

(y, ξ) 7→ γ1(y)|ξ|
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`�EVZ\[{aRo B � * u � BH* B�G w *
2�WCE&ZU�lO uR� � B � uC� * � � �q� *FB � *C�:G�*lv *q� u � G *C�Âu *m~ *q� � �mu
iHj�S\[{a�	 ~ µEGP� ��� µËwmuR� � � µ$*muR� � � µ * � � *�� µ$* �q� *�� µ * �C� ���

MPS\ZUEVQUQ S\E&W-QnamZ�� −0.0623
−9.25
−36.8

−0.0461
−4.30
−16.1

−0.0541
−1.78
−6.41

−0.0621
−0.693
−2.45

−0.0620
−0.426
−1.50

−0.0597
−0.319
−1.12

−0.0553
−0.246
−0.867
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(0, 1)3
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W (y, ξ) = C(y)W̃ (ξ)
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C(y) = 0.01

[|�
y ∈ (0, 1/2) × (0, 1)2

jcW-o
C(y) = 10
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
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£�j3ORQ&}tp&jlWxjcz^Qna��-E QnEVE&WxjmQHj��-z�SUE&ZU[|WC��kCZUaPp&EVoRXqZ\E�£	Aq[{p)Axjlz|z{a�£dQ�SUa��lE&SJZU[{o;ac��j�Z)jcWq�lE�ac�ÑD E=jcWRµ
[{WC�mz|E=Q\QJD�[|WC[{D�[|�VE&Z)Q&�%eËW9W_XqD EVZ\[^p&jlz+SUEVQnSUQV}+QTS)jc�C[{z|[{�&[{WC��[|WªQnXqp)A9j�£�j3O�[^Q�WCacS�jcz{£�j3OPQHQnX�0�p&[|EVWmS�S\a
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¬�[|�mXCZ\E�BC4�@�£ aq}PS\AqZ\EVE%jlWqo��¡alXCZdQ\ACE=jcZ��qjcW-oCQ

�mXqjcZ)jcW_SUE&E�S\AqE�p&alWP�lEVZ\�mE&Wqp&E al�1S\ACE%FdEV£�S\amW�jcz{�lamZ\[|S\ACD jlQ�S\ACE�D�jlp&Z\a_Q\p&alkC[^p�D�EVQ\A��lE&SUQ��qWCE&Z=� � E
jlZ\E�[{WqoREVEVo;jlz{Q\a�z{[|D�[|S\E=of�PO�SUACE�Z)j�SU[|a��tE�ST£ E&EVWfS\AqE�D�EVQ\A;ac��SUACE¦p&E&z{z�µâkCZUal�Cz{E&D jcWqo�SUACE�D�E=QnA;al�
SUACE�D�jlp&Z\a_Q\p&alkC[^pHoRamD�jc[{W�SUa��la¦�¡XCZnSUACE&ZH[|W�S\AqE�W_XqD EVZ\[^p&jlz1QTSUXqoROl�

. Xqp)©Pz{[|WC��[^Qdp&z|E=jcZUz|O�j�z{[{D [|SHal��SUACE�WPXCD�E&ZU[{pVjcz�jlkCkCZUamjmp)A�oREV�lE&z{alkqk-E=o�SUACZUalXC�mACalXRS	SUACE�kqjlk-EVZV�
� E�Aqj3�lE�S\APXqQ�S\ZU[|E=o§S\a oRE&S\E&ZUD�[|WqE�WPXCD�E&ZU[^p&jcz{z{Ol}��¡alZ�Q\k-E=p�[|�-p�ktE&ZU[{aPoC[{p�p�E&z{z^Q&}�SUACE�aPpVp�XCZUE&W-p�E�al�
�qXqp)©Pz|[{WC� [|W�SUACE;p�EVz|z|µ?kqZ\am�Cz|EVD �¡alZ�jª�l[{�lEVW�Z)jcWq�lE�ac�%z|a_jloCQ

A
� � [|S\A SUACE;p�amWqQnS\[|S\XRSU[|�mE�z^j3£ al�

M1��I Nqz|z{E&Z jcWqo"j;ZUjcS\[{a;ac�
1000

}�jlQ��¡alZ
C(y)

}�£ E�Aqj3�lE�WCacS��tE&EVW�jc�qz|E�S\a;D�jc©mE�p�EVz|z|µâkCZ\am�Cz{E&D�Q
�qXqp)©Pz|Ed£	[|S\Aq[|W�j�£	[{oREJZUjlWC�lE	al�+z|a_jloCQ��¡alZ�S\ACEH�¡alz{z|a�£	[{WC��Q\[|D�kCz{EH�mE&alD�E&S\ZUO�4�j�p�Xq�C[{pJQnal�¢S�[{Wqp�z{XqQ\[|amW
[{Wfj D�jcS\ZU[�¥1��@�AC[^Q	[^Q�WCa�kCZ\aPal��S\A-j�Sd£ E�Aqj3�lE�Z\E=jlp)ACE=o�j�Q\alz{XRS\[{alW�£	[�SUA�S\ACE�z{a�£ÑE=QTS	EVWCE&ZU�lO��CXCSH[�S
jlz|z{a�£dQ XqQ S\a�oCEVjcz1£	[|S\A�WPXCD�E&ZU[^p&jcz{z{O�QTS)jc�Cz{E�p&jmQnE=Q&�

�
	�� �O�/0 �)0 ��� � � �� %�d+ ��.���030 � �R�/�%�d+ �����/0
g jmQnE=Qdal��kCZ)jlp�SU[{pVjcz�[|W_SUE&ZUEVQnS�oRa�WCacS%XqQ\Xqjcz{z|OfQUj�SU[{Qn�¡O�S\ACE �lZUa�£�S\Axp&alWqoC[�SU[|amW�� B �HjlWqo�S\AqE¦ACamD�al�cµ
EVWC[{�Vj�SU[|amW��¡alZUD�XCz^j �»� �HAqjlQHWCacS��-EVE&WxkqZ\a��mEVo�[|W;S\AC[^QJ�¡ZUjlD EV£ÑamZ\©5� � E�Aqj3�mE�ACa�£ E&�mE&Z	SUEVQnS\EVo;S\ACE
WPXCD�EVZ\[^p&jlz�D�E�SUACaRof[|W9QnXqp)A;j�p&jmQnEm�d@�ACE��qjmQn[^p�E&¥RjlD�kCz|E¦ac��j�ktalz{ORp�amW_�mE�¥�E&WCEVZ\�mO�oREVWqQn[|STOfoREVjlz�S
£	[|S\A�D�aPoCE&z^QÑjlW�[{oCEVjcztZUXC�C�tE&ZÑ�¡amjcD�}mS\AqjcS [^Q j�D�j�SUE&ZU[{jlzqD�jloREJac��j�Z\XC�q�-EVZÑD�j�SUZ\[|¥�£	[�SUA�jc[{Z �CXC�Rµ
�qz|E=Q�ac�1j��¡E&£ D�[{p&Z\amWqQ�jcS�j%�l[{�lE&W�p&alWqp&E&W_S\Z)j�SU[|amW+��MPEV�lE&Z)jczCp&alWqQnS\[|S\XCS\[{�lEdz^j3£dQ�Aqj3�lE��tE&EVW�kCZ\amk-a_QnE=o
[{W�S\ACE�z{[�SUE&Z)j�S\XqZ\E�S\a D�aPoCE&z�Z\Xq�C�-EVZ��¡amjlD�QV��@�ACEVO"jcZUE�Aqa�£ÑEV�lE&Z¦D�alZUE�z{[|©mE&z{O S\aª�l[{�lE�j9p&amjlZUQ\E
oCEVQUp�ZU[|kRSU[|amW�SUAqjcW�kCZUa��P[{oRE%£	[|S\Af]_XqjcW_SU[�S)j�S\[{�lE%ZUEVQ\XCz|SUQ � @ *�Dâ}�@ � D ���

@�ACE¦D�j�S\EVZ\[^jcz�p�amWqQn[^oREVZ\E=o�[{QJal�RS)jc[{WCEVo;�_O�S\AqE�ktE&ZU[|aRoR[^p�ZUE&kCz{[^p&j�SU[|amWfac��j�XCWC[|S�p�EVz|z?�J@�Aq[{Q�p�EVz|z
[^Q�p�alD�ktamQ\EVo�al��j�ZUXC�C�tE&ZHD�jcS\ZU[�¥;jcW-ofj��CXC�q�Cz|E ac��jl[|Z=�J@�ACE¦Z\Xq�C�-EVZHD�j�SUZ\[|¥f[{Q�j�p&XC�-E�jcW-o�S\ACE
�qXC�C�Cz{E�[^QHQ\XCkCktamQ\EVofQ\kCACEVZ\[^p&jlz�jlQH[|W;¬�[{�lXCZUE¦wC�d@�ACE�kCZUalktalZ\S\[{alW�al��jl[|ZJZUjlWC�lE=Q��¡ZUalD

5%
SUa

15%[{W�S\ACE�WPXCD�EVZ\[^p&jlztE&¥Rk-EVZ\[{D�E&W_SUQV�
h�p�z^jlQUQn[^p&jlzmp&alWqQnS\[|S\XRSU[|�mEÑz^j3£ª�¡alZ�Z\Xq�C�-EVZnµâz{[|©mE�D�j�SUE&ZU[{jlz{Q�[{Q�S\ACEdgÑ[^jcZUz|E&Snµ M�E&OPD�alWqjcS�p�amWqQTSU[�SUXRS\[{�lE

z^j3£���eâSUQ�QnS\alZUEVo�E&WCEVZ\�mO��¡XCWqp�S\[{alW
W

[^Q�k-amz|ORp�amWP�lE�¥�jlWqo�oREVk-EVWqoCQ�amW�SUACE�S\ACZUE&E%[{W_��jlZ\[^jcW_SUQÑac��S\ACE
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¬�[{�lXqZ\E�w�4�@�£Ña�E&¥RjlD�kCz|E=Q�ac��XCWC[|SHp�EVz|z��»[|W;w " �

QnS\Z)jc[{W�S\E&W-QnamZ
∇u

}C[|Sd[{Q	p)AqjlZUjmp�SUE&ZU[|�VEVo��PO�SUACZUE&E%k-a_Qn[|S\[{�lE�p&alWqQnSUjlWmS)Q
C1
}
C2
}
a
}-jcWqo�[{Qd�l[{�lE&W��PO

W (F ) = C1(I1 − 3) + C2(I2 − 3) + a(I3 − 1) − (C1 + 2C2 + a)lnI3,

£	AqE&ZUE
I1 =

@�Z
(C)

}
I2 = 1/2(

@�Z
(C)2 −

@�Z
(C2))

jcWqo
I3 = det(C)

}�£	[|S\A
C =T (Id + ∇u) ·

(Id+ ∇u)
��@�ACE�S\EVZ\D

ln(I3)
oCa_E=Q�WCacSHQUj�SU[{Qn�¡O �EB ���

@�ACE�WPXCD�EVZ\[^p&jlz1�3jlz|XqEVQ�ac��S\ACE�jl�-a��mE�p&alWqQnSUjlW_SUQ	jcZUEJSTO_kq[{pVjcz{z|O

{

C1 = 0.5MPa,
C2 = 0.0056MPa.

W
[{Q p�amD kqZ\E=Q\Q\[|�qz|EH�¡alZÑ�qWC[|S\E

a
}_STOPkC[^p&jcz{z{O al�+S\AqEJamZUoREVZÑal�

C1
��eËW�S\ACE�z|[{D�[�S

a→ ∞
SUACE�D�jcS\EVZ\[^jcz

�tEVp&alD�EVQ�[{Wqp�amD kqZ\E=Q\Q\[|�qz|Em� � XqjmQn[|µ?[{Wqp&alD�kCZUEVQUQn[{�Cz{E�D�jcS\EVZ\[^jcz^Q�jlZ\EÑD�jcS\EVZ\[^jcz^Q�£	[|S\A j	�qWq[�SUEÑ�CXCS�]_XC[|S\E
[{D�k-amZnS)jcW_S

a
��eËW S\ACE�]_XqjmQn[|µâ[|Wqp&alD�kCZUEVQUQn[{�Cz{E�p&jlQ\El}�WPXCD�E&ZU[{pVjcz�oR[�0�p�XCz|S\[{EVQ jcZU[^QnE �»z|aRp)©P[|Wq� ��[|�	S\ACE

�malz{XCD�E�SUZ\[^p�kqjlZnS�ac�
W
�¢SUAqj�S%[^QdSUACE�kqjlZnS%oRE&ktE&W-oR[|Wq��amW

I3
�H[^QHWCalSHSUZ\E=j�S\E=o;p�amZ\ZUEVp�S\z{O �E@�B�G�D ����eËW

I;aPoCXCz|E&�T}RS\Aq[{QdoC[10�p�Xqz�STO�[{Q�a��mE&Z)p�alD�EHS\AqjlWC©RQ�S\a�j D�[�¥REVo��¡amZ\D¦XCz{jcS\[{alW � @ÂwCG�D ���
FHXCD�E&ZU[{pVjcz1SUEVQnSUQdjlZ\E%ktamQ\[�SU[|�mE�Qn[{Wqp�E%SUACE�jcz{�lamZ\[|S\AqD [{QH]mXq[�SUE�QTS)jc�Cz{E%�¡alZdj�£	[^oRE�Z)jcWC�mE�al��SUEVQnSUQ

jlWqo"A-jlQ WCacS�E&W-p�alXqWmSUE&ZUEVo SUACEfp�amW_�mE&ZU�lEVWqp�E�oC[10�p�Xqz�SU[|E=Q¦z{[{WC©lE=o§S\a9S\AqE�z{amQUQ¦ac��QnS\ZU[^p�S�ZUjlWC©_µ?amWCE
p&alWP�lE&¥R[�STO�oR[^QUp�XqQUQnE=o�[{W;MPEVp�S\[{alW�vC� *C�

��� ®�� ��� � � 1���# ��� 	
	

ed£ alXqz{ofz{[{©lE�SUa��mZ\E=j�S\�¡XCz|z{O�S\AqjlWC©xgÑz{jlXqoRE �+E .ÑZU[^Q �âg 2�idIfe\g�M �H�¡amZJ[{W_S\ZUaPoCXqp�[{WC��D�E¦S\a�S\ACE
Q\XC�RbTE=p�S�jlWqoxD�amZ\E��lEVWCE&Z)jcz{z{O�S\a;jckqkCz|[{EVoªD�j�SUACE&D�jcS\[^p&QV}�jcW-o;�¡amZ�AC[{Q�p&jcZUE��¡Xqz�Z\E&µ?ZUEVjmoR[|Wq�mQ�ac� S\ACE
D�jlW_X-Q\p&Z\[{kRSV�¦e�jlD jcz^Qna��lEVZ\Of�mZUjcS\E&�¡XCz�S\afI;jlZ\[{Wqj��H[^oRZUjmQ\p&X �»eTFHi	eTh �J�¡alZ�jcz{z�S\AqE¦SU[|D�E�Q\ACE�AqjlQ
Q\ktE&W_S�Q\AqjlZ\[{WC�xAqE&Z ©_Wqa�£	z|E=oR�lE�ac�JQUp�[{E&W_S\[|�-p�p�amD kqXRS\[{WC� jcWqo�ac�JIfaRoRXqz|E&�T�§e�jcz^Qnaªjlp)©PWCa�£	z{EVoR�mE
hHWqoRZUEVjO. Z)jc[^oREVQ �6GdWC[{�lEVZUQ\[|S��§oR[�i	alD�j ��jcWqo "JalD�[{WC[{]_XCE gÑAqjcktE&z{z|E �¡eTFHideTh ���¡amZ�QnS\[{D�XCz^j�SU[|WC�
oC[{QUp�XqQUQ\[|amWqQ alW�ACalD�am�lE&Wq[|�=j�S\[{alW�}mWPXCD�E&ZU[^p&jcz5SUEVQnSUQ	amZ	QTS)jc�C[{z|[{�VjcS\[{alW�D�E�S\AqaPoqQ&�
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 ° � 5 �m� $ � ³ � 5�� �C� 5»³64 �

a ����
 5 �	��� ¯��d5»¯_²L³���[�¯ � 5»³ ´ 5 � 
 ³ � ³ � ¯34�5�� �R� 56³\4 � 
 ¯P³ � ° �
wC��B gÑamWP�lE�¥R[|STO�jcWqo�D�[{WC[|D�[{�VjcS\[{alW�kCZ\am�Cz{E&D�Q �%�����%���%�������%�����%���%���%��������� �
wC� w .�jmQn[^p�ACalD�al�mE&WC[{�VjcS\[{alW�Z\E=QnXCz|S ���������%���%�����%���%�������%�����%���%���%��������� u
wC� * JHalD�al�mE&WC[{�VjcS\[{alW��¡alZdp�amWCWCE=p�S\E=o�D E=oR[^j ���%�����%���%�������%�����%���%���%��������� v
wC� � JHalD�al�mE&WC[{�VjcS\[{alW�ac��E&z{z|[{kRS\[^p%alktE&Z)j�SUalZ)Q�[{WfoR[{�lE&ZU�lEVWqp�EJ�¡alZUD �����%���%���%��������� G
wC� u MRalD�E�alktE&W�[{QUQ\XCEVQ ���%���%���%���������%���%�����%���%�������%�����%���%���%��������� �

� � [=[ � ³	�d5 �"�R� 5»³64 � ¯ � 
	$»� �â³ ��� 
 ¯ �V�V� 4 ´��R��´ 
 ³ � ³ � ¯`4�5�� �R� 56³\4 [ � ³ ��$ ¯ � 7\7
*q��B hHkCkCZUa3¥R[|D�j�SU[|amW�SUACE&amZ\O��¡amZdQTS)jcWqoqjcZ)o�EVWCE&ZU�lO�oREVWqQ\[�SU[|E=Q ���%�����%���%���%��������� BCB
*q� w hHkCkCZUa3¥R[|D�j�SU[|amW�ZUEVQ\XCz|S��¡alZdj ACalD�am�lE&Wq[|�VEVo�EVWCE&ZU�lO�oRE&WqQ\[|STO �����%���%���%��������� B3u
*q� * 2�Z\ZUalZ�EVQnS\[{D�j�SUEVQ	[{W�SUACE�p�amWP�lE�¥�pVjlQ\E��%���%�����%���%�������%�����%���%���%��������� B �

� � 
�� ¯ � 5 �l� $�� ¯ � 
 ³ ´ a �
�-��B `�Z\E=QnEVWmS)j�SU[|amW����%�����%���%���%���������%���%�����%���%�������%�����%���%���%��������� wlv
�-� w gÑamD�kCXRSUjcS\[{alW�ac��S\ACE�QnS\ZUEVQUQÑS\EVWqQnamZdjcWqo�SUACE�QTSU[1I5WCEVQUQ	D�j�SUZ\[|¥ ���%���%���%��������� w�G
�-� * eËD�kCz{E&D�EVWmS)j�SU[|amW�al��SUACE�jcz{�lamZ\[|S\ACD [{Wfj WCalWCz{[{WCEVjlZ	E&z^jlQnS\[^p�[|STO�Qnal�¢ST£ jlZ\EJ���%��������� *�B

� ��$¡� ¯ � 4 �R� 5��-¯ � ¯ � 
 ³ ´Ñ� � 
�$¡� 5 �V�m� $ ¯ 2 4=5 � ¯f¯ $ ¯ � ¯`4 �=��
 # �
� � #�� �6a
uC��B "JEVQUp�ZU[{kRS\[{alW�ac��S\ACE�D�E&S\ACaRo �%���������%���%�����%���%�������%�����%���%���%��������� *_w
uC� w gÑamD�kqjcZU[{Q\alW�ac��S\ACE�ST£ a�D E&S\ACaRoCQd[|W�S\AqE�k-EVZ\[{aRoR[{p%Q\E�S\S\[{WC���%�����%���%���%��������� *C*

� � 
�� ¯ � 5 �l� $�� ¯ �V�V� ���
vq��B @�AqE�p�alWP�mE�¥�p&jmQnE ���%���%���%���������%���%�����%���%�������%�����%���%���%��������� *_u
vq� w . Xqp)©Pz{[|Wq� al��SUACE�p�EVz|z|µ?kqZ\am�Cz|EVD [{W�SUACE�QnSUjcW-oCjcZ)o�pVjlQ\E �������%�����%���%���%��������� *_u
vq� * MRACEVjlZ	�qjcWqo�[{WqQTS)jc�C[{z{[�SU[|E=Q����%���������%���%�����%���%�������%�����%���%���%��������� * G
vq� � @�EVQnSUQdalW�j¦£	[^oREVZdp�z^jlQUQ�ac��EVWCE&ZU�l[{EVQ ���%���%�����%���%�������%�����%���%���%��������� * �
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@�B�D�hHz|z^jc[{ZUE"M ��� . Z\[{�&�V[�i��<4Ñh D¦XCz�SU[{QUp&jlz|E��qWC[|S\E�EVz|EVD EVW_SHD�E�S\AqaPo��¡amZdWPXCD�E&ZU[{pVjcz+AqalD�al�mE&WC[{�Vjcµ
SU[|amW+}�S\a9jckCktEVjlZ�[{W�MPeThHI I;IxM5}�eËW_S\E&ZUWqjlz�Z\EVk-amZnS=}�W+��uc�_uC}�g I;hH`�}/2�p&alz{E�`�alz{O_S\EVp)AqWC[{]_XCE
�6ylXqz|O�wc~l~l� ���

@ w�D .�jlz|z�y-� I"��4¦gÑamW_�mE�¥R[|STO�p&alWqoC[�SU[|amWqQ�jcWqo9E�¥R[^QTSUE&Wqp&E S\ACEValZUE&D�Q%[|WªWCamWCz|[{WCE=jcZ%E&z^jlQnS\[^p�[|STOl}�9 �8�8�QX
� 
���X�� �8���)X=9 ��
�� XqvC*C}F*?* G=µâ�m~C*C�

@ * D . a�ORp�E�I§�ÂgJ�{}�hdZUZ\X-oCj 2d�<4�gÑalWqQnS\[|S\XRSU[|�mE�D�aRoRE&z^Q�al�	Z\XC�q�-EVZ�E&z^jlQnS\[^p�[|STO 4�j;Z\EV�_[{E&£�} � ��>�>8���
� ���(� 	 &
� �
) 
 �6I�N������ ��� ���8� ) GcwR}qul~c�lµËumw *C�

@ �?D "�jcWq[|EVz{QUQnamW�I§�{}�`�jlZ\©RQ�"¦� I§��� . a�ORp�EÑI§�ÂgJ�<4�gÑamWqQTSU[�SUXRS\[{�lE�D aRoREVz|[{WC�Jac�Rk-amZ\amXqQ+APOPktE&ZUE&z^jlQnS\[^p
D�jcS\E&ZU[^jcz^Q&}�� ���8��
�� 	��
&"��;�� 
��$�(�
	�
 � &%*lvq}F*c� G3µ *_u � �
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