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Z\[^]D_%`ba�cedgfihkjmlonp]D_%`;l�q�rN_%_bs^t^uvq'wxtNnyl

z�{prx|J`�n�d7wxl}q�rxnon}`
~�w����HrN{on��m`,{}`Dqy[^`D{}qy[�`�t2�X���x�N��f��Qs^�xs�lon6���N�N��f��;�b��wx�x`Dl

�����D�'���^�x�x� � u��N`'t�w� ¡`'u¢�x[Rnp`;�£�x{yw���[
G = (V, E, w) ¤  ¡`�u¢tk�x`;lJn}u��Rw�np`�np[^`��^{}rx¥^¦¢`'_§rx¨6q�rNtm©

lonp{}s�q�npu¢t^�ªw�lp`D«Rs^`Dt�q�`¬r�¨
n = |V | los�¥�lo`'n}l�rx¨��x`D{on}u¢q'`Dl M1, . . . , Mn  q'wx¦�¦¢`D�¯®�°}±�²;³H´oµe �u�np[¯lo_#wx¦�¦�^u¢wx_%`'np`D{}l ¤  �[�`'{}`�np[�`e�muvw�_¬`'np`'{¡r�¨
wb�x{}rxs��#u¢l¡q'wx¦¢q's^¦¢w�np`;�#s�lpu�t^�%�muvlJnyw�t�q'`Dl�u�t G ¶ Z\[�`6q�rNt�lonp{yw�u¢tNnrNt¯np[^`;lo`

n
�x{}rxs^�Hl�uvl�n}[�w�nbnp[^`Dj·_bs�lonb¥2`¹¸»º�¼�°p½'¾#½�ºH¿ÁÀ�ÂÄÃ

M1 ⊂ M2 ⊂ · · · ⊂ Mn = V ¶ Z\[^`q'rNlon,r�¨¡w.lp`D«Rs^`Dt�q�`¬uvlenp[^`#_#w�Åmu¢_�s^_Æ{}w�npu¢r�¥2`�nJ ¡`'`Dt¹n}[^`Ç�muvw�_¬`�n}`'{�r�¨\`DwNqy[��N{prNs^�
Mi

wxt��¹np[^`
�^u¢wx_%`'np`D{Qr�¨�w��x{}rxs^�

N∗
i

 �u�np[
i
�N`'{pnpuvq�`DlQw�t��ª_¬u¢t^u¢_�s^_g�muvw�_¬`'np`'{;Ã

max2≤i≤n

{

D(Mi)
D(N∗

i
)

} ¶ Z\[�u¢l«Rs�wxtRnpu�nJj�qDw��mn}s^{p`;l�n}[^`�u¢_¬��wxq�n6r�¨Xn}[^`�u¢t�q'{p`D_%`DtRn}w�¦�q�rNt�lonp{yw�u¢tNn�rNtªnp[�`b�muvw�_¬`�n}`'{yl�rx¨Xnp[^`b�x{}rxs^��l
u¢tÈw¹lo`;«Ns�`'t�q'` ¶·É `��xu¢�x`��N`'t^`D{}wx¦Ê¥2rxs^t���lbrNt£np[�`���w�¦¢s^`�rx¨�np[�u¢lb{}w�npu¢r�w�tH�Ë ¡`Ç�^{}r��x`#n}[�w�n%np[^`��{prN¥^¦�`D_Ìr�¨�q�rNt�lJn}{psHqÍnpu¢t^�.w�t·rx�mn}u�_#wx¦Xu�t�q'{p`D_¬`'tRn}wx¦Êlo`;«Ns�`'t�q'`%qDw�t^t^rxn,¥H`Çlprx¦¢�x`;��w����^{prEÅmu¢_#w�np`D¦�j
u¢t¯�HrN¦�jkt^rN_¬u¢wx¦Xnpu¢_¬`Ç �uÎn}[£w�t£w��^��{prEÅmu¢_¬w�npu¢rxt¹{}w�npu¢rª¦�`;lplen}[�w�tÈ��s^t�¦�`;lpl

P = NP ¶�Ï u¢t�wx¦�¦¢j ¤  �`�Nu��N`ew¬�x©Áwx�^�^{}rEÅmu�_#w�n}u�rNtÇw�¦¢�xrN{pu�np[^_Ðw�t��� �`,lp[^r� Ñn}[�w�n�n}[^`�w�tHw�¦¢jklpuvl�rx¨�rNs^{�w�¦¢�xrN{pu�np[^_Òu¢l¡n}u��N[Nn ¶ÓªÔRÕ�Ö}×�Ø ��Ù��x� Ú t�q�{}`'_¬`DtNnyw�¦Ûlp`D«Rs^`Dt�q�` ¤ �x{yw��^[ ¤ wx�^�^{}rEÅmu�_#w�n}u�rNt�w�¦¢�xrN{pu�np[�_¬l ¶

∗ Ü
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ö�ýÛý
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ù»ð¯òDåÍäEâEé ß\ð�ê'æ=éëä�å��ëéëÞpû�ßyê;è �
âEé��ëÝ!���"�mÝÄæ8ÝJà4ÞXßyêEè,Ü!��#$� ßyÞ=éëê��%��ÝJà4Ý
�;éëÞ=é æ8éëê���æ8â;Ý�&kßÍ÷�ù�ß}æ
æ8âEÝÊó
êEé ��ÝJà=Þ=é æ8ñÊè(' î)�;àçí�

† ÷�ð�òEõÛö�ýÛý�î,äEà4åyü4ÝJáJæoû'ù
	�ò*�4õ�ú�Ü�ò�+}ùçú�Ü
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G = (V, E, w)
s^t��x{yw��^[^`Q�HrNt���'{�� ¶�� rxs�l�t^rxsHlÊu¢tNn��'{}`Dl}lorNt�l���¦¢wbq�rNt�lJn}{psHqÍnpu¢rxt

��� s^t�`�l��;«Rs^`'t�q'`��m`
n = |V | lprxsHlJ©Á`'t�lp`'_b¥^¦¢`Dl#�m`�lprx_¬_¬`�nyl M1, . . . , Mn  «Rs^`7t�rxs�l�w��^�2`'¦¢rxt�l�N{prNs^�2`Dlyµ��m`�¨4wxu�¥^¦¢`Q�muvw�_¬]'np{}` ¶�� `Q�muvw�_¬]'np{}`Q��� s^tÇ�x{}rxs��H`�`;lJn\q'w�¦vq�s�¦����,�Hw�{pnpu¢{��m`;l��muvlJnyw�t�q'`DlÊ��w�t�l

G ¶�� weq�rNtRnp{yw�u¢tNn}`�u¢_¬�HrRl��D`��eq�`;l
n
�x{}rxs^�2`Dl�`;lJn�¦¢w�lps^u¢�EwxtRnp`xÃ
u�¦vlX�mrxu¢�x`DtRn��'np{}`�u¢t�q�{��'_¬`DtNnyw�smÅ ¤ q�� `;lJn

�Q�mu�{}`�{}`Dlp�2`DqÍn}`'{
M1 ⊂ M2 ⊂ · · · ⊂ Mn = V ¶�� `�q'r��mn���� s^t^`�l��D«Rs^`Dt�q�`�u�t�q'{��D_¬`'tRn}wx¦�`¡q�rx{}{}`Dlp�HrNt��

wxs£{}wx�^�2rx{pn�_¬w�Åmu�_bs^_ `DtRnp{}`Ç¦�`��mu¢wx_¬]�np{}`��m`�qy[�wx«Rs^`Ç�N{prNs^�2`
Mi

`'n�¦�`��mu¢wx_¬]�np{}`���� s^tË�N{prNs^�2`
N∗

i

�
i
lorN_¬_%`'n}l��m`6�muvw�_¬]'np{}`�_¬u�t^u¢_�s�_�Ã

max2≤i≤n

{

D(Mi)
D(N∗

i
)

} ¶ a�`�npnp`6_%`;los�{p`QqDw��mn}s^{}`�¦ � u¢_%�HwxqÍn�^`�¦¢w#q'rxtRnp{yw�u¢tRnp`,��� u�tHq�{��'_¬`'tRn}wx¦�u�n��blos^{Q¦�`��muvw�_¬]'np{}`��m`Dl��x{}rxs^�2`Dl���� s^t�`�l��;«Rs^`'t�q'` ¶!� `DlQ{��;los�¦Înyw�n}lrN¥mnp`Dtks�l�lorNtRn�¦�`;l�los�u���w�tRnyl ¶�� rxs�lQ�mrxt^t�rxt�l��m`;l�¥2rx{}t^`Dl\�"�'t#�D{}wx¦�`;l  u¢tm¨$�'{}u�`Ds^{}`,`�nQlps^�%�D{pu¢`'s�{p`Eµ�lps^{
¦vwª��w�¦¢`'s�{b�msË{yw����HrN{on�_#w�Åku¢_�s�_ ¶ zÊs^uvl ¤ t^rNs�lb�^{prNs^�xrNt�l�«Rs^`Ç¦vw�q'rxt�lonp{}s�q�npu¢rxt£��� s^t^`.l��;«Ns�`'t�q'`
u¢t�q'{��D_%`DtRn}w�¦¢`�rN�mnpu¢_#w�¦¢`.`Dlon%s^t��^{}rx¥^¦¢]'_¬`.«Rs^u\t^`.�H`Dsmn#��wxl&��n}{p`�{��Dlprx¦¢sË`'t np`D_%�Hl¬�HrN¦�jkt^rN_%uvw�¦
wE�N`Dqes^t.{yw��^�2rx{pnQ��� w��^�^{}rEÅmu�_#w�npu¢rxt�u¢tm¨$�D{pu¢`'s^{'�Ç� ¤ l}w�sm¨Xlpu P = NP ¶)( t*�t ¤ t^rNs�l��^{��Dlp`'tRn}rxt�l\s^twx¦��Nrx{}uÎn}[^_¬`6�x©Áwx�^�^{}rmqy[#�Q`'n��^{prNs^�xrNt�l\«Rs^`�q�`'nonp`�¥2rx{}t^`,`Dlon�w�npnp`'u¢tRnp` ¶
+�Ø �;� Ö ��, � ��� h�D«Rs^`'tHq�`�u�tHq�{��'_¬`'tRn}wx¦�` ¤ �x{yw��^[�` ¤ w�¦¢�xrN{pu�np[^_¬`;l¡��� wx�^�^{}rEÅku¢_#w�n}u�rNt ¶
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É `,w�{}`6�Nu��N`'t�w% ¡`'u¢�x[Rnp`;�Çs^tH�mu�{}`Dq�np`;�Ç�x{yw���[ G = (V, E, w)
 �[^`D{p`

w
uvl�w�¨çs�t�qÍn}u�rNt�n}[�w�n�wxl}lpu��Nt�l

�2rNlpu�npu¢�x`% �`Du��N[Nnyl�n}r�n}[^`¬`D�m�N`Dl ¶�É `bs�lp` dG(u, v)
npr.�m`Dt^r�n}`bn}[^`¬�mu¢lon}wxt�q�`¬¥2`�nJ ¡`'`Dt

u
w�t��

v
u�t

G ¤ np[�w�n%uvl ¤ np[�`� ¡`'u¢�x[Rn¬r�¨6w¹_¬u�t^u¢_�s�_  �`Du��N[Rnb��w�np[�¥H`'nJ �`D`'t
u
w�tH�

v
u¢t

G ¶ Z\[^`��¸4À�¾#½�¿Ä½�°±���À.®�°}±�²;³
M ⊆ V

u¢l
D(M) = max{dG(u, v) : u, v ∈ M}. � `'n n = |V | ¶ �Ð®x°p±�²;³Ñ±��¬´Í¸��D½

i � 1 ≤ i ≤ n � ±���¾%¸»º�¸»¾%²m¾��¸4À�¾¬½'¿Á½'°�uvl#w¹�x{}rxs^� N∗
i ⊆ V

 �uÎn}[ |N∗
i | = i ¤ w�t�� D(N∗

i ) =
min{D(M) : M ⊆ V, |M | = i}. c6s^{Q�NrNwx¦Ûu�t7np[^uvl���wx�H`D{Quvl�n}r�q�rNt�lonp{}s�qÍnQwÇlp`D«Rs^`Dt�q�`�r�¨X�x{}rxs^�Hl
M1, M2, . . . , Mn

losHqy[�n}[�w�n
M1 ⊂ M2 ⊂ · · · ⊂ Mn

wxt��.`DwNqy[
Mi

[�wxl6w#�muvw�_¬`�n}`'{�n}[�w�n6u¢l6q�¦¢rNlp`
n}r�np[^`¬rx�^npu¢_¬wx¦Ê�muvw�_¬`�n}`'{  n}[^`Ç�muvw�_¬`�n}`'{�r�¨ N∗

i

µ ¶bÉ `#_¬`DwNlos^{}`�n}[^`Ç«Rs�w�¦¢u�nJjªr�¨¡wxt¹u¢t�q'{p`D_%`DtRn}w�¦lp`D«Rs^`Dt�q�`
M1, M2, . . . , Mn

¥kj�np[^`,_#w�Åmu¢_�s^_Ð{}w�npu¢r¬¥H`'nJ �`D`'t�np[^`��^u¢wx_%`'np`D{�r�¨�`Dwxqy[
Mi

wxt���np[^`
�^u¢wx_%`'np`D{�r�¨
n}[^`�q�rN{p{}`Dlp�2rxt��mu¢t^�

N∗
i ¶

��Ô������ � �4Ø���� �6º.u¢t�q�{}`'_¬`DtNnyw�¦Xlp`D«Rs^`'tHq�`%r�¨��N{prNs^��l¬¸v´#À�´'½��'²�½'º2¼y½
M1, M2, . . . , Mn

´Í²�¼!	·¿"	�À�¿
M1 ⊂ M2 ⊂ · · · ⊂ Mn = V

À�º� |Mi| = i
��±�°ÇÀ�Â»Â

i � 1 ≤ i ≤ n #%$ 	^½�q�rRlJner�¨�wxt�u¢t�q�{}`'_¬`'tRnyw�¦lp`D«Rs^`Dt�q�`�rx¨��x{}rxs���l
M1, M2, . . . , Mn

¸v´

cost(M1, . . . , Mn) = max
2≤i≤n

{

D(Mi)

D(N∗
i )

}

.

hmu�t�q'`7 ¡`�q�rN_%�Hw�{}`ªnp[^`¹�mu¢wx_¬`�np`D{�rx¨�los�qDq�`;lplpu��N`ªu�tHq�{}`'_¬`'tRn}wx¦Q�N{prNs^��l¬n}rË�x{}rxs^�Hl#r�¨,_¬u�t�u�_bs^_
�^u¢wx_%`'np`D{�np[Hw�n6wx{p`�t�r�n6q'rxt�lonp{yw�u¢t^`D��n}rÇ¥H`bu�tHq�{}`'_¬`'tRn}wx¦ ¤ np[^uvleq�rNlon�_¬`DwNlos^{}`Dl�np[^`bu�_¬��wNqÍn6rNt.np[^`�^u¢wx_%`'np`D{�r�¨
n}[^`�q�rNt�lonp{yw�u¢tNn\n}[�w�n\np[�`�lo`;«Ns�`'t�q'`erx¨��N{prNs^��l¡_�sHlJn�¥2`,u�tHq�{}`'_¬`'tRn}wx¦ ¶
��Ô������ � �4Ø�� &��6ºªrN�mnpu¢_#w�¦Hu�t�q'{p`D_¬`'tRn}wx¦Hlp`D«Rs^`'tHq�`¬¸v´�À�º�¸»º�¼�°}½�¾#½�ºH¿ÁÀ�Â2´�½!�'²�½�º�¼y½

Nopt
1 , Nopt

2 , . . . ,
Nopt

n

±��,¾%¸»º�¸»¾%²m¾ ¼y±E´Í¿('

cost(Nopt
1 , . . . , Nopt

n ) = min

{

cost(M1, . . . , Mn) :
M1 ⊂ · · · ⊂ Mn = V,
|Mi| = i, 1 ≤ i ≤ n

}

.

c6s^{%_#w�u¢tÈq�rNtRnp{}u�¥^s^npu¢rxt£u¢t£np[^uvl%��w��2`'{bu¢l%w7t�`' &q�rRlJnb_%`;wxlps^{}` ¤ np[^`£¼y±E´Í¿�±��.À�º�¸»º2¼'°p½'¾¬½'º�¿´'½!�'²�½�º�¼}½ ¤  �[�u¢qy[7wx¦�¦¢r� �l¡np[^`blJn}s��mj�r�¨�np[^`�u�_¬��wNqÍnQrx¨Xwxtªu�tHq�{}`'_¬`'tRn}wx¦
q�rNt�lonp{yw�u¢tNn�rNt�np[^`%«NsHw�¦¢uÎnJjrx¨�wx�^�^{}rEÅmu�_#w�n}`�lprx¦¢smn}u�rNt�l%npr
NP

©Á[�wx{}�Èrx�mn}u�_¬u*)Dw�n}u�rNt"�^{prN¥^¦¢`'_#l ¶ Ú t�n}[^u¢lÇ��w��2`'{ ¤  ¡`ªs�lp`.np[^`_¬`;wxlps^{p`6npr#lonps��^j�w¬�mu¢wx_¬`�np`D{��^{}rx¥^¦¢`'_Òwxt���wb{}`'¦vw�n}`D��`Dq'q'`'tRnp{}uvq�u�nJjÇ�^{}rx¥^¦¢`'_ ¤ ¥^smn�n}[^`�w��^��{prRwxqy[uvl\�x`Dt^`'{yw�¦�wxt��.q'w�t�¥2`,s�lo`;�Çn}rÇlJn}s��mj�r�np[�`'{��^{}rx¥^¦¢`'_#l ¶c6s^{�q�rRlJn6_%`;wxlps^{}`�w�t��7rxs^{ew��^�^{}rNwNqy[ª�mu,+�`'{eu¢t�lo`D�x`D{}wx¦Ûu�_¬�2rx{pn}wxtNne ¡wEjml\¨ç{}rx_*�^{}`'�ku¢rxs�l6w��m©
��{prRwxqy[^`;lenpr7lonps��mjku¢t^��wx�^�^{}rEÅku¢_#w�n}u�rNt·wx¦��Nrx{}uÎn}[^_#l ¶ z�`D{p[�wx��l�n}[^`Ç_¬rNlonbq�rN_¬_%rNt£w��^�^{}rNwNqy[·wNlJ©lps^_¬`Dl�np[Hw�nªw�tG`DtRnpu¢{p`¹�^{prN¥^¦¢`'_�u�tHlJnyw�t�q'`¹uvl��Nu��N`'tÑu¢t wN�m��w�t�q'`¹wxt�� n}[^`¹�2`'{p¨çrx{}_#w�t�q'`�rx¨�np[^`
wx¦��Nrx{}uÎn}[^_ u¢l¡_¬`DwNlos^{}`D�Çu�t�np`'{}_#l�rx¨Ûnp[�`e«Rs�wx¦�u�nJj¬r�¨Ûn}[^` *Ht�w�¦�lorN¦�s^npu¢rxt ¶ Z\[^`D{p`ew�{}`Qt^r%q�rxtHlJn}{}wxu�tRn}lrNtËn}[^`.u�tRnp`D{p_¬`;�mu¢w�np`.lorN¦�s^npu¢rxt�lb�^{}rk�^s�q�`;�Ë¥kj£np[�`�wx¦��Nrx{}uÎn}[^_ w�t��Ënp[^`ªq'rNlon%_¬`DwNlos�{p`��mrk`Dl%t^r�n
nyw.-N`6n}[^`'_ u¢tNn}rÇwxqDq�rxs�tNn ¶ Z\[^`�Ày³x³2°}±0/N¸»¾¬À�¿=¸4±�º¯°pÀ�¿8¸4±¬uvl�s�lp`D��npr#_¬`DwNlos�{p`enp[�`�u�tRn}{pu¢t�lpu¢q,�mu�1Çq�s^¦�nJjrx¨Êq�rxtHlJn}{ps�q�npu¢t^��wÇlprx¦¢smn}u�rNt�u¢t7�2rx¦¢jkt^rx_¬uvw�¦Ûn}u�_¬`%q�rx_¬��wx{p`;��npr#n}[^`�¥2`Dlon  t^rxtm©Á�2rx¦¢jRt�rx_¬u¢wx¦�npu¢_¬`;µlprx¦¢smn}u�rNt ¶ hk`D`32�� ¤ � ¤ � ¤ �54Ê¨çrN{�q�rN_%��{p`D[^`'t�lpu¢�x`%np{}`Dw�np_¬`'tRn}l�rx¨\wx�^�^{}rEÅmu�_#w�n}u�rNt¹wx¦��Nrx{}uÎn}[^_#l ¶ Z\[^`
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� � #�� Â�À�´Í¸»ºR® � � #�� À���±�°p½�´Í¿ ��� #�� ½'¿Ä½�°y´ �	��# $ 	m¸�
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_#w�|Jrx{b�^u,+�`'{}`'t�q'`Dlbr�¨�rNs^{%wx�^�^{}rNwNqy[¯wx{p`�np[�w�n%u�nb{}`D«Rs^u¢{}`Dl,n}[�w�n%np[�` *�tHw�¦\lorN¦�smn}u�rNtË¥2`�¥^s�u�¦�n%u¢tm©
q'{p`D_¬`'tRn}wx¦�¦¢j�wxt���np[^`%«NsHw�¦¢uÎnJj�r�¨�np[^`�u�tRnp`D{p_¬`;�mu¢w�np`�lprx¦¢smn}u�rNt�l�uvl�n}w -x`Dt�u¢tRnpr�wNq'q'rxs^tRn�¥kj�rNs^{Qq�rRlJn
_¬`;wxlps^{p` ¶�Qt^r�n}[^`'{��2rx�^s�¦¢wx{\wx�^�^{}rNwNqy[#u¢l¡n}r%wNlplps^_¬`Qn}[�w�n�w%�^{}rx¥^¦¢`'_ u¢t�lon}wxt�q�`eu¢l\{}`'�N`Dwx¦�`;�#rxt^`e`'¦¢`'_¬`DtNn
w�n�w6npu¢_%` ¶ Z\[^`�«Rs�w�¦¢uÎnJjbr�¨�w�¦¢�xrN{pu�np[^_#l�¨çrx{Ênp[^`;lo`�±�º�ÄÂ ¸»º�½��x`D{}lpu�rNt�l�r�¨��^{}rx¥^¦¢`'_#l�uvlX_¬`Dwxlps^{}`D�bs�lpu�t^�n}[^`�¼y±�¾Q³^½'¿8¸»¿=¸���½b°pÀ�¿8¸4±e �[^uvqy[.q'rx_¬��wx{p`;l�n}[^` *�t�wx¦ÛlorN¦�s^npu¢rxt�npr%np[�`,¥H`;lJn�n}[�w�nQqDw�t.¥H`�wNqy[^u¢`'�x`;�Ç¥kj
wxt ±����ÄÂ ¸»º2½ew�¦¢�xrN{pu�np[�_Òn}[�w�n -Rt�r� �lQw�t�`'tRnpu¢{p`bu�tHlJnyw�t�q'`�u¢t¹wx�^�Ewxt�q�` ¶ Ú t7rNt^`���wx{puvw�tRn ¤ qy[�wxt^�x`;l�nprn}[^`e`�Åmu¢lonpu¢t^�b��w�{pnpuvw�¦2lorN¦�smn}u�rNt�w�{}`Qwx¦�¦¢r� �`;�¬ �[^`'t�w�t^`D  `'¦¢`'_¬`'tRn\u¢l�{}`'�x`;w�¦¢`D���Ru¢t�w�t�r�np[�`'{���wx{puvw�tRn ¤qy[Hw�t^�N`Dl¬w�{}`��^u¢l}w�¦¢¦�r� ¡`D� ¶ hk`D` 2 � ¤ �54�¨çrN{¬¨çs^{on}[^`'{#{}`�¨ç`D{p`Dt�q�`;l%rxt�rxtm©Á¦�u¢t^`.�^{}rx¥^¦¢`'_#l ¶ Z\[^`._%rRlJnu¢_¬�HrN{onyw�tRn��mu�+2`D{p`Dt�q�`;l�r�¨�rxs^{�wx�^�^{}rNwNqy[�w�{}`enp[�w�nQw�t.`'tRn}u�{}`�u�t�lon}wxt�q�`,uvl -kt^r� �t.u�tªwN�m��w�t�q'` ¤ w�tH�n}[^`,rx{y�m`D{�n}[�w�n�`D¦�`D_¬`'tRn}l�wx{p`,wx���m`D��u¢lQqy[^rNlp`'t�¥RjÇnp[^`�wx¦��Nrx{}uÎn}[^_ ¶Z\[^`¬w����^{prRwxqy[.nyw.-x`Dt�u¢t�2�� 4Xu¢l6n}r�q'rxt�lonp{}s�qÍn�w�lp`D«Rs^`Dt�q�`br�¨�u¢t�q'{p`D_%`DtRn}w�¦¡¿8°p½y½Í´bnpr�q'r��x`D{6lps�qÍ©
q'`Dl}lou¢�x`Q�x{}rxs^��l ¶ Z\[^`Q_#w�u¢t��mu�+�`'{}`'t�q'`�¨ç{}rx_ rxs^{\w����^{prRwxqy[¬uvl�n}[�w�n�np[^`�lps�q'q'`Dl}lou¢�x`��N{prNs^��l�w�{}`�t^r�n
qy[�rNlp`'t�¥kj�np[^`�wx¦��Nrx{}uÎn}[^_ u�t 2�� 4��mnp[^`Dj�wx{p`e�xu¢�x`Dt�u¢tªwx�m��w�tHq�` ¶�¡`'jNrxt��Ënp[^`Drx{}`�n}u¢qDw�¦\u�tRn}`'{}`Dlon¬u¢t np[^`.u¢t�q�{}`'_¬`'tRnyw�¦�q�rRlJn#_¬`DwNlos^{}` ¤ w¹lp`D«Rs^`Dt�q�`.r�¨eu�tHq�{}`'_¬`'tm©nyw�¦6�x{}rxs^��l�q�rxs�¦¢�"¥2`�s�lp`D�"u¢tGwx�^�^¦¢u�`;� lou�nps�w�npu¢rxt�l�losHqy[Ñwxl#n}[^`ª¨çrN¦�¦¢r� �u�t�� ¶ hks^���HrRlo`ªn}[�w�n�np[^`�N{}wx�^[¬_¬rk�^`'¦vl�w,�2rxu¢tRn�npr��HrNu�tRn�t�`�nJ ¡rx{�-�u¢tNn}`'{yq�rNt^t^`Dq�npu¢t^��w�q'¦�s�lonp`D{�rx¨�q'rx_¬�^smn}`'{ylXn}[�w�n¡u¢l�lo[�wx{p`;�
wx_¬rxt^�ªlp`'�x`D{}wx¦Êw��^��¦�uvq'w�npu¢rxt�l ¶�( wxqy[£w��^��¦�uvq'w�npu¢rxt¯u¢lbw�¦¢¦�rmqDw�np`;�¯wªlos^¥Hlo`'n�r�¨\np[�`�q�rN_%��smnp`D{}l�n}[�w�nwx{p`bwE�Ewxu�¦vw�¥�¦�`� �[�`'t�u�n,lJnyw�{pn}l ¶ �Qt¹w����^¦�uvq'w�npu¢rxt�lon}wx{onyl� �u�np[¹rxt^`%wxqÍn}u��N`bq'rx_¬�^smn}`'{ ¶ �6lQn}[^`%t^`'`;�¨çrN{¡q'rx_¬�^smnyw�n}u�rNt�w�¦��2r� �`D{�u¢t�q�{}`DwNlo`;l ¤ q�rN_¬�^smnp`D{}l¡w�{}`6wN�^�m`;� ¤ rxt^`6¥kj#rxt^` ¤ �Nu��ku¢t^�¬w�t�u¢t�q'{p`D_%`DtRn}w�¦lp`D«Rs^`Dt�q�`#rx¨¡�N{prNs^��l�rx¨\q'rx_¬�^smn}`'{yl ¶ Z\[^`Çq�rN_%��smnp`D{}l,t�`'`D�¹n}r�q�rN_%_bs^t^uvq'w�np`%npr7`'Å^qy[�w�t^�N`%��w�n}wwxt��#��wx{on}u¢wx¦�{}`Dlps^¦�n}l ¤ lpr,np[�`Q�2`'{p¨çrx{}_¬wxt�q�`6w�¦vlor��^`'�2`'t��^l�rxtÇnp[^`eq�rx_¬_bs^t^uvq'w�n}u�rNtÇ¦vw�np`Dt�q�u¢`Dl�w�_¬rxt��n}[^`#q�rN_%��smnp`D{}l�u¢t�n}[^`Çq�s�{p{}`'tRn��x{}rxs^� ¶ Z\[^`¬_#w�Åmu¢_�s^_g¦vw�n}`'t�q'j7u¢t¯w��x{}rxs��¹uvlenp[^`#�muvw�_¬`'np`'{,rx¨
n}[^`,�x{}rxs�� ¤ lor#w�t�rx�^npu¢_¬wx¦Ûu¢t�q�{}`'_¬`'tRnyw�¦Ûlp`D«Rs^`'tHq�`� �u�¦¢¦��xu¢�x`en}[^`,¥H`;lJn��2`'{p¨çrx{}_#w�t�q'` ¶Ú tbnp[^`¡t^`'ÅRnÊlp`Dq�npu¢rxt ¤  ¡`¡�^`'{}u��N`�_#w�nyqy[^u�t��6s^���H`D{�wxt���¦¢r� ¡`'{�¥HrNs^t��^l�rxt�np[^`\q�rRlJn�r�¨2w�t�rN�mnpu¢_#w�¦u¢t�q'{p`D_%`DtRn}w�¦�lo`;«Rs^`'t�q'` ¶ Ú t·hk`;qÍnpu¢rxt � ¤  �`��^{pr��N`,np[Hw�nQn}[^`%�^{prN¥^¦¢`'_*r�¨�q'rxt�lonp{}s�qÍn}u�t���w�t7rN�mnpu¢_#w�¦
u¢t�q'{p`D_%`DtRn}w�¦Hlo`;«Ns�`'t�q'`�q'w�t�t^r�nÊ¥2`Qlprx¦¢�x`D�%w����^{prEÅmu¢_#w�np`D¦�j� �uÎn}[Çw�tÇw����^{prEÅmu¢_#w�npu¢rxtb{}w�npu¢r,¦�`;lplXnp[�wxt
�Çs^t^¦¢`Dl}l

P = NP ¶ Ú t¹hk`;qÍnpu¢rxt�� ¤  �`%�m`'�N`'¦¢rx�7wxt7rx�mn}u�_#wx¦��2rx¦¢jkt^rx_¬uvw�¦�©=n}u�_¬`bwx¦��Nrx{}uÎn}[^_Ð¨çrx{6np[^`
{}`'¦vw�n}`D���^{}rx¥^¦¢`'_Ðr�¨�*�t��^u�t^��w�tªu¢t�q�{}`'_¬`'tRnyw�¦
lp`D«Rs^`Dt�q�`�rx¨X�x{}rxs^��l\ �u�np[7lp_#w�¦¢¦¡½y¼y¼y½�ºH¿=°Í¸4¼'¸»¿=¸4½�´ ¶�É `n}[^`'t�s�lp`�np[^uvl#w�¦¢�xrN{pu�np[^_ n}r£�m`'�N`'¦¢rx� w¹�2rx¦¢jRt�rx_¬u¢wx¦Î©8npu¢_¬`��x©Áwx�^�^{}rEÅmu�_#w�n}u�rNtÈw�¦¢�xrN{pu�np[�_ ¨çrN{¬np[^`
��{prN¥^¦�`D_ rx¨Ûq�rxtHlJn}{ps�q�npu¢t^��wxt#rx�mn}u�_#w�¦Hu�tHq�{}`'_¬`'tRn}wx¦Hlp`D«Rs^`Dt�q�`\¨çrN{�w,�N{}wx�^[ ¤ wxt��¬ ¡`6lp[^r� Èn}[�w�n¡rxs^{wxt�w�¦¢jmlouvl¡r�¨�np[^`�wx¦��Nrx{}uÎn}[^_&uvl¡npu¢�x[Rn ¶
� (*�����\	��� ��¹��������� ������-��Æ¡�����&��� ��� �,+����'���� ¯�����	��������b���� 

�
��$¬������¡�
Ú tÑnp[^uvl.lo`;qÍnpu¢rxt ¤  �`·�m`'{}u��N`7_#w�nyqy[^u�t��Ès^�^�2`'{.w�tH� ¦�r� ¡`'{�¥HrNs^t��^l�rxtÑnp[^`¯q�rRlJn�rx¨�w�tÑrN�mnpu¢_#w�¦u¢t�q'{p`D_%`DtRn}w�¦Ûlp`D«Rs^`Dt�q�` ¶
��� ÔkØ � Ô � �

cost(Nopt
1 , . . . , Nopt

n ) ≤
√

D(V )
��±�°�½ ��½�°"!$#�½'¸Î®5	k¿Ä½��®�°}À}³
	

G = (V, E, w)
#X¸»¿ 	

w(e) ≥ 1
��±�°�À�Â»Â

e ∈ E #

ùçú�ÜÛù»ð



� ±�º^´Í¿=°Í²�¼'¿8¸»ºR®���º2¼'°p½'¾¬½'º�¿ÄÀ�Â���½��'²�½'º2¼y½Í´�¸»º��\°pÀy³
	k´ �

� � ØÛØ���� � `'n G = (V, E, w)
¥2`bw� �`Du��N[Rnp`D�.�N{}wx�^[ª �u�np[

w(e) ≥ 1
¨çrN{6w�¦¢¦

e ∈ E ¶�Ï rN{Q`'�N`'{}j i ¤
1 ≤ i ≤ n ¤ ¦�`'n N∗

i

¥2`¬wÇ�x{}rxs��ªr�¨�lpu�)D`
i
r�¨�_¬u¢t^u¢_�s^_Ì�muvw�_¬`�n}`'{ ¶ � `�n i0

¥2`�np[�`b¦vw�{}�x`;lJnQu¢tRnp`D�x`'{
lps�qy[�np[�w�n

D(N∗
i0

) ≤
√

D(V ) ¶ hku¢t�q'` G = (V, E, w)
u¢l�w% ¡`'u¢�x[Rnp`;���N{}wx�^[� �u�np[

w(e) ≥ 1
¨çrx{�wx¦�¦

e ∈ E ¤  �`�[�wE�N`
1 ≤ D(N∗

2 ) ≤ · · · ≤ D(N∗
i0

) ≤
√

D(V ) < D(N∗
i0+1) ≤ · · · ≤ D(N∗

n).  �;µ
� `�n M1, M2, . . . , Mn

¥2`�w�tkjÇu¢t�q�{}`'_¬`DtNnyw�¦�lp`D«Rs^`'tHq�`,losHqy[�n}[�w�n
Mi0 = N∗

i0
¶ Z\[ks�l ¤

1 ≤ D(M2) ≤ · · · ≤ D(Mi0) = D(N∗
i0

) ≤
√

D(V ).  �xµ
�6l¡np[^`��^u¢wx_%`'np`D{�r�¨

G = (V, E, w)
u¢l

D(V ) ¤  �`,[HwE�x`
D(Mi0+1) ≤ · · · ≤ D(Mn) ≤ D(V ).  �Nµ

�¡j  �;µbw�t��  �xµ� ¡`�rN¥mn}wxu�t max2≤i≤i0

{

D(Mi)
D(N∗

i
)

}

≤
√

D(V ) ¤ w�t��È¥Rj  �;µbw�t��  �Rµ� ¡`�rN¥mn}wxu�t
maxi0+1≤i≤n

{

D(Mi)
D(N∗

i
)

}

≤ D(V )√
D(V )

=
√

D(V ).
Ú n�¨çrN¦�¦¢r� �l�np[�w�n

cost(Nopt
1 , . . . , Nopt

n ) ≤ cost(M1, . . . , Mn) ≤
√

D(V ). �

Z\[^`�t^`'Åkn¡n}[^`'rN{p`D_ �^{pr��kuv�m`Dl¡w%¦�r� ¡`'{�¥HrNs^t���np[�w�n�_¬w�n}qy[^`;l�np[^`�s^�^�2`'{\¥2rxs^tH��rx¨�Z\[^`Drx{}`'_&� ¶Z�rx�N`�n}[^`'{ ¤ Z\[^`'rN{p`D_#l���w�t��ª�b�xu¢�x`,w%npu¢�x[Rn�¥2rxs^tH�.rxt�np[^`, ¡rx{ylon�qDwxlp`,q�rNlon�r�¨Xw�t.rN�mnpu¢_#w�¦Ûu¢t�q�{}`�©_¬`DtNnyw�¦Ûlp`D«Rs^`Dt�q�`e¨çrx{\n}[^`�q�¦vwxl}l\r�¨��x{yw��^[Hl� �u�np[ªwx¦�¦Û`;�m�x`� ¡`'u¢�x[Rn}l\w�n�¦�`;wxlon�� ¶
��� ÔkØ � Ô � &

cost(Nopt
1 , . . . , Nopt

n ) ≥
√

D(V0)
��±�°�¸»º��ÊºH¸»¿Á½'Â�!ª¾#À�º !$#�½�¸Î®5	k¿Ä½!.®�°pÀy³
	k´ #X¸»¿"	 À�Â»Â

½!D®N½�#�½�¸Î®5	k¿=´bÀ�¿�Â�½yÀE´Í¿�� #
� � ØÛØ���� � `'n G0 = (V0, E0, w0)

¥H`�np[�`� ¡`'u¢�x[Rnp`;�Ë�N{}wx�^[£u�t Ï u��Ns^{}`�� ¤  �[^`'{}` K > 1
u¢l¬w�t

wx{p¥�uÎn}{}wx{pjÇq'rxt�lon}wxtNn ¶ Z\[^`��muvw�_¬`�n}`'{�rx¨ G0
uvl

D(V0) = K2 ¶ÊÏ rx{�`D�x`D{pj i ¤ 1 ≤ i ≤ 5 ¤ ¦¢`�n N∗
i

¥H`�w
�N{prNs^��r�¨�lpu*)'`

i
rx¨�_¬u¢t^u¢_�s^_ �mu¢wx_¬`�np`D{ ¶)� `�n M1, M2, . . . , M5

¥H`bw�tkjÇu¢t�q�{}`'_¬`'tRnyw�¦Ûlp`D«Rs^`'tHq�`e¨çrx{
G0 ¶ Ú ¨ M2 6= {a, b} ¤ n}[^`'t D(M2)

D(N∗

2
) ≥ K

1 = K ¶ cQnp[�`'{} �u¢lp` ¤ M2 = {a, b} ¤ w�t��.¨çrN{6wx¦�¦ M3
losHqy[

n}[�w�n
M2 ⊂ M3 ¤ D(M3)

D(N∗

3
) = K2

K
= K ¶ Z\[ks�l ¤ cost(M1, . . . , M5) ≥ K =

√

D(V0).
Z\[^`¬�^{}rkr�¨

uvl\`DwNlou¢¦¢j#�x`'t�`'{yw�¦¢u�)D`D�#n}r#w�tkj�q�rN_¬�^¦�`'np`��x{yw���[� �u�np[ªw�¦¢¦�`D�m�N`� �`Du��N[Nnyl
K2 `�Å^q�`D�mn�wbnp{}u¢wxt^�x¦¢`6 �u�np[`;�m�x`6 �`Du��N[Rn}l

K
w�tH�Çw��Hw�u¢{�rx¨Û�x`'{pnpuvq�`;lÊn}[�w�n\uvl��muvl4|Jrxu¢tNn¡¨ç{}rx_ np[^`6np{}uvw�t^�N¦�`ew�t��Çq'rxt^t�`DqÍn}`D��¥Rj#wxt

`;�m�x`� �u�np[. ¡`'u¢�x[Rn,� ¶ �

	 
 �������,+�+�	���Ç�'�������� '�y���Æ���%¡�������
	���Ê���'���&��+����D���� ������	����������
���� £����$%����������

Ú tbnp[�u¢lÊlp`Dq�npu¢rxt ¤  �`\u¢tR�N`Dlonpu¢�Nw�np`�np[^`�q'rx_¬�^¦¢`�ÅmuÎnJj�r�¨2q'rxt�lonp{}s�q�npu¢t^��rx�mn}u�_#w�¦mu¢t�q'{p`D_%`DtRn}w�¦^lp`D«Rs^`Dt�q�`;l ¶
É ` *�{ylJn�lon}w�np`enp[^`,��{prN¥^¦�`D_#l\_%rN{p`e¨çrN{p_#w�¦¢¦¢j ¶
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������������������������������������������

������������������������������

������������������������������������������

������������������������������������������

a b

c

d

e

K2K2

K2K2

K2K2

K K

K

1

Ï u��Ns^{p`¬�NÃÊZ\[^`��x{yw��^[ G0

�������������! "�$#%�&�('()!�$*+�$�, .-0/21$�435�6�$�('7�

8:9<;>=@?�9<A.B�ÃX� �x{yw��^[
G = (V, E) ¶C$D<EGF =$H D 9XÃ
��t%u�tHq�{}`'_¬`'tRn}wx¦^lo`;«Rs^`'t�q'`�rx¨H�N{prNs^��l

M1, M2, . . . , Mn

u�t
G ¤ u ¶ ` ¶¢¤ M1 ⊂ · · · ⊂ Mn =

V
 �u�np[ |Mi| = i

¨çrN{�w�¦¢¦
i ¤ 1 ≤ i ≤ n ¶IJBK?�; FML B�Ã

cost(M1, . . . , Mn) ¶
�N�������, O�$#P�&�('()!�$*+�$�, .-0/Q1M�435�6�$�('7�

8:9<;>=@?�9<A.B�ÃX�  �`Du��N[Nn}`D���x{yw��^[
G = (V, E, w)

 �u�np[
w(e) > 0

¨çrN{�w�¦¢¦
e ∈ E ¶C$D<EGF =$H D 9XÃ
��t%u�tHq�{}`'_¬`'tRn}wx¦^lo`;«Rs^`'t�q'`�rx¨H�N{prNs^��l

M1, M2, . . . , Mn

u�t
G ¤ u ¶ ` ¶¢¤ M1 ⊂ · · · ⊂ Mn =

V
 �u�np[ |Mi| = i

¨çrN{�w�¦¢¦
i ¤ 1 ≤ i ≤ n ¶IJBK?�; FML B�Ã

cost(M1, . . . , Mn) ¶
É `%t^r�  lo[�r�  np[�w�nen}[^`'{}`�uvlet^r��HrN¦�jkt^rN_%uvw�¦�©8npu¢_%`%w��^��{prEÅmu¢_¬w�npu¢rxt7wx¦��Nrx{}uÎn}[^_* �uÎn}[¹w�t·w��^��{prEÅmu�©
_#w�npu¢rxt�{}w�npu¢r%¦¢`Dl}l¡np[Hw�t

2
¨çrx{\np[�`e��{prN¥^¦�`D_Òrx¨ *�t��^u�t^�

Nopt
1 , . . . , Nopt

n

s^t^¦¢`Dl}l
P = NP ¶

��� ÔkØ � Ô �SR $ 	^½'°p½Ç¸v´bº2±�³�±�Â�!�º�±�¾%¸4À�ÂÊ¿8¸»¾#½#À}³x³�°p±0/N¸»¾#À�¿8¸4±�º À�Â ®R±�°Í¸»¿ 	k¾ #X¸»¿ 	£À�º£Ày³x³�°p±0/N¸»¾#À�¿8¸4±�º
°}À�¿8¸4±#Â�½�´y´�¿ 	^À�ºUT ��±�° ���<�N�������, O�$#%�&�V'7)!�$*W�$�! .-0/X1M�435�6�$�('7� ²mºHÂ�½Í´y´

P = NP #
� � ØÛØ���� � `'n G = (V, E) ¶ � `�n r′ 6∈ V ¤ wxt��"¦�`'n G′ = (V ′, E′)

¥2`.np[^`7�N{}wx�^[ losHqy[ n}[�w�n
V ′ = V ∪ {r′} wxt�� E′ = E ∪ {(u, r′) : u ∈ V } ¶ a�rNt�lonp{}s�qÍn}u�t^� G′

¨ç{}rx_
G
qDw�t£¥2`��mrNt^`Çu¢t

�2rx¦¢jkt^rx_¬uvw�¦kn}u�_¬` ¶XÏ rx{�wx¦�¦ S ⊆ V ′ ¤ ¦¢`�n D′(S)
�m`'t�r�np`�np[^`��muvw�_¬`'np`'{�r�¨

S
u�t

G′ ¶�� `'n M1, . . . , Mn′¥2`�wxtËu¢t�q�{}`'_¬`'tRnyw�¦�lp`D«Rs^`Dt�q�`Ç¨çrx{
G′ ¶�Ï rx{%w�¦¢¦ i ¤ 1 ≤ i ≤ n′ ¤ ¦¢`�n N∗

i

¥H`�w7�x{}rxs��·rx¨Qlou*)'`
i
rx¨

_¬u¢t^u¢_�s^_ �mu¢wx_¬`�np`D{�u�t
G′ ¶hks��^�HrRlo` ¤ ¥kj q�rNtNn}{}wN�muvqÍnpu¢rxt ¤ np[�w�n n}[^`'{}` uvl w �HrN¦�jkt^rN_¬u¢wx¦Æn}u�_¬` w��^�^{}rEÅmu�_#w�npu¢rxt

wx¦��Nrx{}uÎn}[^_ ¨çrx{ �6�����������! "�$#Y�&�('()!�$*+�$�, .-0/"1$�435���$�('(� n}[�w�n��xs�wx{}wxtNn}`'`;l
w�tbw��^�^{}rEÅmu�_#w�npu¢rxt
{yw�n}u�r.lonp{}u¢q�np¦¢j7¦�`;lpl6n}[�w�t

2 ¶ � `'n V ′ = {v′1, v′2, . . . , v′n′}
losHqy[7np[Hw�n {v′1, . . . , v′i0} uvl,w�_#w�Åmu�_bs^_

ùçú�ÜÛù»ð



� ±�º^´Í¿=°Í²�¼'¿8¸»ºR®���º2¼'°p½'¾¬½'º�¿ÄÀ�Â���½��'²�½'º2¼y½Í´�¸»º��\°pÀy³
	k´ �

q'¦�uv«Rs^`¬u�t
G′ ¶ a�rxtHlouv�m`'{�n}[^`#u¢t�q�{}`'_¬`'tRnyw�¦Xlo`;«Rs^`'t�q'` Nopt

1 , . . . , Nopt
n′

u¢t
G′
rx¥mnyw�u¢t^`D�¹¥kj�wx�^�^u�t^�

n}[^`��N`'{pnpuvq�`Dl�r�¨
G′
u¢tªn}[^`�rx{y�m`D{

v′1, v
′
2, . . . , v

′
n′ ¶ �Ql G′

uvlQw�tªs�tR ¡`'u¢�x[Rn}`D���x{yw��^[.rx¨X�^u¢wx_%`'np`D{6w�n
_¬rRlJn

2 ¤ wxtkj%lps^¥�lp`�n S ⊆ V ′
 �uÎn}[ |S| ≥ 2

uvl�lps�qy[#n}[�w�n
D′(S) = 1

rx{
D′(S) = 2 ¶ Ú n�¨çrx¦¢¦¢r� �lXnp[Hw�n

 �Eµ D′(Nopt
i ) = D′(N∗

i ) = 1
¨çrN{�w�¦¢¦

2 ≤ i ≤ i0 ¤
 �Nµ D′(Nopt

i ) = D′(N∗
i ) = 2

¨çrN{�w�¦¢¦
i0 + 1 ≤ i ≤ n′ ¶Ú t¹��w�{pnpuvq�s�¦¢wx{ ¤ np[^`%u¢t�q�{}`'_¬`'tRnyw�¦Xlo`;«Rs^`'t�q'` Nopt
1 , . . . , Nopt

n′

l}w�npuvl�*�`Dl
D′(Nopt

i ) = D′(N∗
i )
¨çrN{ewx¦�¦

2 ≤ i ≤ n′ ¶�� `'t�q'` ¤
max2≤i≤n′

{

D′(Mi)
D′(N∗

i
)

}

max2≤i≤n′

{

D′(Nopt

i
)

D′(N∗

i
)

} = max
2≤i≤n′

{

D′(Mi)

D′(N∗
i )

}

.

Ú t
G′ ¤ wxtkjÇlos^¥Hlo`'n S ⊆ V ′

 �uÎn}[ |S| ≥ 2
uvl¡lps�qy[�np[�w�n

D′(S) = 1
rx{

D′(S) = 2 ¤ lpr�n}[^`6rNt^¦¢j¬nJ �r�2rNl}lpu�¥^¦¢`���wx¦�s^`;ler�¨
max2≤i≤n′

{

D′(Mi)
D′(N∗

i
)

} w�{}`
1
w�t��

2 ¶ Z\[^u¢le_¬`Dwxt�l6np[�w�neu�¨ M1, . . . , Mn′

u¢l�wxt
u¢t�q'{p`D_%`DtRn}w�¦�lo`;«Rs^`'t�q'`bq'rxt�lonp{}s�qÍn}`D�ªu¢t7�2rx¦¢jkt^rx_¬uvw�¦�npu¢_%`b¥kj.wxt�w�¦¢�xrN{pu�np[�_Ð �u�np[·w��^�^{}rEÅmu�_#w�npu¢rxt
{yw�n}u�rªlonp{}u¢q�np¦¢j¹¦¢`Dl}l�n}[�w�t

2 ¤ np[�`'t max2≤i≤n′

{

D′(Mi)
D′(N∗

i
)

}

= 1 ¤ w�tH� D′(Mi) = D′(N∗
i )
¨çrx{�wx¦�¦

i ¤
2 ≤ i ≤ n′ ¶ Z\[ks�l ¤ ¥kj�qy[�rRrRlou¢t^�%np[�`�¦¢wx{p�N`Dlon�u�tRnp`D�x`D{ i0

los�qy[.n}[�w�n
D′(Mi0) = D′(N∗

i0
) = 1 ¤ rxt^`qDw�t¯q�rNt�lJn}{psHqÍn,u�t¯�2rx¦¢jkt^rx_¬uvw�¦�npu¢_¬`Çw�_¬w�Åmu�_bs^_ q'¦�uv«Rs^`¬u�t

G′  t�w�_¬`D¦�j Mi0

µ ¤ wxt��¹np[^`D{p`'¨çrx{}`%w_#w�Åku¢_�s�_ q'¦�uv«Rs^`Qu¢t
G  t�w�_¬`D¦�j Mi0 \ {r′}

µ ¶ Z\[^u¢l\q'rxtRnp{ywx�muvqÍnylXn}[^`�¨4wNqÍn¡np[�w�n�*�t��^u�t^�¬w�q'¦�uv«Rs^`Qrx¨
_#w�Åku¢_�s�_Òlou*)'`�u¢t

G
uvl

NP
©Á[�w�{y�  lo`D` 2 �.4çµ ¶ �

� Ø � Ø , ,4�m� Õ � $ 	^½'°p½b¸v´�º2±�³^±�Â�!�º2±�¾b¸4À�Â�¿8¸»¾#½%Ày³x³�°p±0/N¸»¾#À�¿8¸4±�ºËÀ�Â ®R±�°Í¸»¿ 	k¾ #X¸»¿ 	¹À�º·Ày³x³�°p±0/N¸»¾#À�¿8¸4±�º
°}À�¿8¸4±#Â�½�´y´�¿ 	^À�ºUT ��±�° �N��� ���! "�$#P� �('7)!�$*W�$�! .-0/X1$�43 �6�$�('(� ²mº�Â¢½Í´y´

P = NP #

� �
4
���,+�+�	�� #�D����������� �� �����	��y��-�� ���,	 ¡�����Û�
	����������� �����,+������

���� £�����	��������b���� Ë����$¬��������
Ú tÈnp[^uvl%lo`;qÍnpu¢rxt ¤  �`��m`'�N`'¦¢rx�ÈwxtËrx�^npu¢_¬wx¦��2rx¦¢jkt^rx_¬uvw�¦�©=n}u�_¬`�w�¦¢�xrx{}u�np[^_ npr *�t�� w�tÈu¢t�q'{p`D_%`DtRn}w�¦
lp`D«Rs^`Dt�q�`ªrx¨��x{}rxs^�Hl# �uÎn}[Ñlo_#wx¦�¦¬½}¼y¼y½'º�¿8°Í¸4¼�¸»¿8¸4½Í´ ¶ É `ªn}[^`'tÑ��{pr��N`.np[�w�n�rxs^{�w�¦¢�xrN{pu�np[^_ u¢l�w

4
©

wx�^�^{}rEÅmu�_#w�n}u�rNt%wx¦��Nrx{}uÎn}[^_�¨çrN{Ênp[�`��^{}rx¥^¦¢`'_ r�¨ *�t��mu¢t^��wxt¬rx�mn}u�_#w�¦Hu�tHq�{}`'_¬`'tRn}wx¦�lp`D«Rs^`'tHq�`\¨çrx{�np[^`
�^u¢wx_%`'np`D{ ¶
��Ô������ � �4Ø�� R $ 	�½G`;q'q'`'tRnp{}u¢q'uÎnJj ±��ÑÀÑ®x°p±�²;³

M ⊆ V
#X¸»¿ 	&{prkr�n

r ∈ M
¸v´

E(M, r) =
max{dG(u, r) : u ∈ M}. ��®�°p±�²;³ M∗

i ⊆ V
#X¸»¿"	 |M∗

i | = i � 1 ≤ i ≤ n � ¸v´bÀ��N{prNs^�.r�¨Êlou*)'` i
r�¨

_¬u¢t^u¢_�s^_Ð`Dq'q'`'tRnp{}uvq�u�nJj¹¸ ��¿ 	^½'°p½%½ /N¸v´Í¿4´�À ��½'°Í¿Á½�/
r∗i ∈ M∗

i � ¼yÀ�Â»Â�½!�¸»¿4´�wNlplprmq�uvw�np`;�Ç{}rkr�n��%´Í²�¼�	ª¿"	�À�¿
E(M∗

i , r∗i ) = min{E(M, r) : M ⊆ V, |M | = i, r ∈ M}. �6ºÇrN�mnpu¢_#w�¦�u�t�q'{p`D_¬`'tRn}wx¦
lo`;«Rs^`'t�q'`e¨çrx{n}[^`#`DqDq�`DtNn}{puvq�u�nJj�¸v´ÇÀ�ºÈ¸»º�¼�°p½'¾#½�ºH¿ÁÀ�ÂX´'½��'²�½'º2¼y½�±���®�°}±�²;³H´
Mopt

1 = {ropt}, Mopt
2 , . . . , Mopt

n = V#X¸»¿ 	 |Mopt
i | = i

��±�°bÀ�Â»Â
i � 1 ≤ i ≤ n � ´y²�¼!	�¿ 	^À�¿

max
2≤i≤n

{

E(Mopt
i , ropt)

E(M∗
i , r∗i )

}

= min

{

max
2≤i≤n

{

E(M ′
i , r

′)

E(M∗
i , r∗i )

}

:
M ′

1 ⊂ · · · ⊂ M ′
n = V,

|M ′
i | = i, M ′

1 = {r′}

}

.
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� � #�� Â�À�´Í¸»ºR® � � #�� À���±�°p½�´Í¿ ��� #�� ½'¿Ä½�°y´ �	��# $ 	m¸�
}À�²mÂ ¿

��Ô������ � �4Ø���� � ½'¿ r ∈ V
À�º�ÇÂ�½'¿

S

}½b¿ 	^½�´'½��'²�½'º2¼y½�¼y±�ºH¿ÁÀ�¸»º�¸»ºk®�¿ 	^½���À�Â ²�½�´ {dG(r, u) : u ∈ V }´'±�°Í¿Á½!�¸»º�¸»º�¼�°p½yÀ�´y¸»ºk®#±�° N½�° � º�±�¿Ä½6¿"	�À�¿ |S| ≤ n = |V | � # � ±�º�´y¸ N½�°e¿ 	^½Ê³^À�°Í¿=¸»¿8¸4±�º F1(r), . . . , Fn(r)±��

V
´Í²�¼�	7¿"	�À�¿

Fj(r) = {u : dG(r, u)
¸v´,¿ 	^½

jth
��À�ÂÎ²�½�¸»º

S}, 1 ≤ j ≤ n.
��®x°p±�²;³

M ⊆ V
¸v´bÀ

¥�{p`;wx�kn}[m© *H{}lon\lps^¥�lp`�n�¨ç{}rx_Ò{prkr�n
r ∈ M

¸ ��¸»¿�´'À�¿8¸v´ ��½�´0'
� � |M | = 1 � ¿"	�½�º M = {r} #
� � |M | ≥ 2 � ¿"	�½�º7¿ 	^½'°p½%½ /N¸v´Í¿=´,À k ≥ 2

´Í²�¼�	ª¿"	�À�¿
� ∀j, 1 ≤ j ≤ k − 1, Fj(r) ∩ M = Fj(r) �� Fk(r) ∩ M 6= ∅ �
� ∀l > k � Fl(r) ∩ M = ∅ #

Z\[�`ª¨çrx¦¢¦�r� �u¢t^�£w�¦¢�xrN{pu�np[�_
BEi  ¨çrx{ �¡`;lJn ( q'q�`DtRnp{}u¢q'uÎnJj^µ&*�tH�^l�w¯�N{prNs^�"r�¨,lou*)'`

i
r�¨�_¬u�t�u�_bs^_

`;q'q'`'tRnp{}u¢q'uÎnJj¬¨çrN{�w�tkj
i ¤ 1 ≤ i ≤ n ¶

��,�� Ø � � � � � ���
BEi �

� #	� ±�°�½yÀN¼�	 r ∈ V � ¼y±�º^´Í¿=°Í²�¼'¿�À 
'°p½yÀ �¿ 	 � ��°y´Í¿�´y²
�´'½�¿
Mi(r) ⊆ V

�y°p±�¾&°p±;±�¿
r
#X¸»¿ 	 |Mi(r)| =

i #
T # � 	^±;±E´'½ ri

À�º�%¸»¿=´6ÀE´y´'±D¼'¸4À�¿Ä½!�®x°p±�²;³
Mi(ri)

´Í²�¼�	�¿ 	^À�¿
E(Mi(ri), ri) = min{E(Mi(r), r) :

r ∈ V } #

� r�n}`�n}[�w�n�¨çrx{Xwx¦�¦ r ∈ V ¤ n}[^`\��w�{pnpu�npu¢rxt F1(r), . . . , Fn(r)
w�t���np[^`�wxl}lprkq'u¢w�np`;�,�x{}rxs^�

Mi(r)
qDw�tb¥H`

q'rxt�lonp{}s�q�np`D�bu¢t#�HrN¦�jkt^rN_%uvw�¦kn}u�_¬`�s�lpu¢t^��
Qu |�-mlJn}{}w � l�w�¦¢�xrx{}u�np[^_ ¶ Z\[ks�l ¤ Mi(ri)
qDw�t¬¥2`Qq�rNt�lJn}{psHqÍnp`;�

u¢t.�HrN¦�jkt^rN_¬u¢wx¦Hn}u�_¬` ¶
Z\[�`#¨çrx¦¢¦�r� �u¢t^�ª¦¢`'_¬_#w7lp[^r� �l�np[Hw�n%�Q¦��Nrx{}uÎn}[^_

BEi

q�rNt�lJn}{psHqÍn}l�wª�x{}rxs^�¯rx¨�lpu*)'`
i
r�¨�_¬u�t�u�_bs^_

`;q'q'`'tRnp{}u¢q'uÎnJj ¶ Z\[�`6uv�m`Dw�r�¨�n}[^`6��{prkr�¨Ûuvl�npr¬lo[^r� �n}[�w�n¡¨çrx{\w��Nu��N`'tÇ{}rkr�n r ∈ V ¤ n}[^`e�x{}rxs^�Çrx¨
lou*)'` irx¨�_¬u¢t^u�_bs^_ `Dq'q'`'tRnp{}uvq�u�nJjÇwxl}lormq�uvw�n}`D��npr
r
u¢l�w%¥^{}`DwN�knp[^© *�{ylon\lps^¥�lp`�n�¨ç{}rx_&{}rkr�n

r ¶ �Ql�wx¦��Nrx{}uÎn}[^_
BEi

qy[�`Dq!-ml¡`Dwxqy[�{}rRrxn
r ∈ V ¤ u�n�t^`Dq'`Dl}lpwx{pu¢¦¢j *�t��^l¡n}[^`,{pu¢�x[Rn�lps^¥�lp`�n ¶

��Ô � �Ë� � �6Â ®R±�°Í¸»¿ 	k¾
BEi

¼y±�º�´Í¿=°Í²�¼'¿4´#À�®x°p±�²;³Ñ±��%´Í¸��;½
i
±��Ç¾b¸»ºH¸»¾b²m¾ ½}¼y¼y½'º�¿8°Í¸4¼�¸»¿ ! ��±�°�À�º!

i �
1 ≤ i ≤ n #
� � ØÛØ���� � `�n 1 ≤ i ≤ n ¶PÏ rx{�wx¦�¦ r ∈ V ¤ ¦�`'n M ′

i(r) ⊆ V
¥2`¹wxtRj �x{}rxs^��r�¨�lpu�)D`

i
 �u�np[

r ∈ M ′
i(r)

w�t���¦¢`�n
M ′′

i (r) ⊆ V
¥H`�w¬¥�{p`;wx�kn}[m© *H{}lon�los^¥Hlo`'n�¨ç{prN_&{prkrxn

r
r�¨Xlou*)'`

i ¶ Z\[ks�l ¤ ¨çrx{6w�tkj
r ∈ V ¤  ¡`�[�wE�N` E(M ′′

i (r), r) = max {dG(u, r) : u ∈ M ′′
i (r)} ≤ max {dG(v, r) : v ∈ M ′

i(r)} =
E(M ′

i(r), r) ¶ � `Dt�q�` ¤
min {E(M ′′

i (r), r) : r ∈ V } ≤ min {E(M ′
i(r), r) : r ∈ V } .  �Rµ

� `�n Mi(ri)
¥H`·w£�x{}rxs���rx¨�lou*)'`

i
q'rxt�lonp{}s�qÍn}`D�"¥kj"��¦¢�xrx{}u�np[^_

BEi ¤ 1 ≤ i ≤ n ¤ wxt�� ¦¢`�n
M∗

i

¥H`¹w£�x{}rxs^�"rx¨�lpu�)D`
i
 �uÎn}[ _%u¢t^u¢_�s^_�`;q'q�`DtRnp{}u¢q'uÎnJj�w�t�� wNlplprmq�uvw�np`;�È{}rkr�n

r∗i ∈ M∗
i ¶ �¡j
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� ±�º^´Í¿=°Í²�¼'¿8¸»ºR®���º2¼'°p½'¾¬½'º�¿ÄÀ�Â���½��'²�½'º2¼y½Í´�¸»º��\°pÀy³
	k´ �

n}[^`��m` *�t^u�npu¢rxtËrx¨���¦¢�xrx{}u�np[^_
BEi ¤  ¡`Ç[�wE�x` E(Mi(ri), ri) = min{E(M ′′

i (r), r) : r ∈ V } w�t��¥kj¹np[^`��m` *�t�uÎn}u�rNtËr�¨
M∗

i ¤  ¡`#[�wE�N` E(M∗
i , r∗i ) = min{E(M ′

i(r), r) : r ∈ V } ¶ Z\[ks�l ¤ ¥kj  �Rµ ¤
E(Mi(ri), ri) ≤ E(M∗

i , r∗i ) ¶ �Ql
M∗

i

u¢l.w �x{}rxs^�Gr�¨blpu�)D`
i
 �u�np[ np[�`¯lp_#w�¦¢¦�`;lJn.`DqDq�`DtNn}{puvq�u�nJj ¤

E(M∗
i , r∗i ) = E(Mi(ri), ri) ¶ �

Z\[�`¡t�`�Åkn�w�¦¢�xrN{pu�np[^_ ���(�  ¨çrN{ Ú t�q�{}`'_¬`'tRnyw�¦ �¡`Dlon ( q'q'`'tRnp{}u¢q'uÎnJj^µ�q'rxt�lonp{}s�qÍnylXw�t%rx�mn}u�_#wx¦^u�tHq�{}`'_¬`'tm©nyw�¦Ûlp`D«Rs^`Dt�q�`�r�¨��x{}rxs���l�¨çrx{\np[�`,`Dq'q'`'tRnp{}uvq�u�nJj ¶��,�� Ø � � � � � &�� ���(���
� #	� ±�°�½yÀx¼!	 r ∈ V

'
�H¿ÄÀ�°Í¿�#X¸»¿"	

M1(r) = {r} #
� ±�°�½yÀx¼!	 i � 1 ≤ i ≤ n

'

� À � � ±�º^´Í¿=°Í²�¼'¿¡À 
�°}½}À �¿ 	 � ��°y´y¿�´Í²
Í´'½'¿
Mi(r)

�y°}±�¾ °p±D±�¿
r

#X¸»¿ 	 |Mi(r)| = i #
� 
 � � ±�¾�³�²m¿Á½�¿"	�½�°}À�¿8¸4± E(Mi(r),r)

E(M∗

i
,r∗

i
) #

T # � 	^±;±E´'½ r0 ∈ V
À�º��¸»¿4´�ÀE´y´'±D¼'¸4À�¿Ä½!#´'½!�'²�½�º�¼}½

M1(r0), . . . , Mn(r0)
´Í²�¼!	.¿ 	^À�¿

max
2≤i≤n

{

E(Mi(r0), r0)

E(M∗
i , r∗i )

}

= min

{

max
2≤i≤n

{

E(Mi(r), r)

E(M∗
i , r∗i )

}

: r ∈ V

}

.

� r�n}`#np[�w�n�¨çrx{bw�¦¢¦ r ∈ V ¤ n}[^`�wxl}lprkq'u¢w�np`;�¹lp`D«Rs^`Dt�q�` M1(r), . . . , Mn(r)
qDw�t¯¥2`�q�rNt�lonp{}s�qÍn}`D�·u�t

�2rx¦¢jkt^rx_¬uvw�¦�n}u�_¬`,s�lpu�t�� 
Qu |�-mlJn}{}w � l�wx¦��Nrx{}uÎn}[^_&w�tH��n}[�w�n�¨çrN{Qw�¦¢¦
r ∈ V ¤ w�tH��wx¦�¦ i ¤ 2 ≤ i ≤ n ¤ n}[^`{yw�n}u�r E(Mi(r),r)

E(M∗

i
,r∗

i
)

q'w�t¯¥2`Çq�rN_%��smnp`;��u¢t¯�HrN¦�jkt^rN_%uvw�¦�n}u�_¬`#¥kj�sHlou¢t^�ª��¦¢�xrN{pu�np[^_
BEi

npr7q�rN_¬�^smnp`
E(M∗

i , r∗i ) ¶ Z\[ks�l ¤ M1(r0), . . . , Mn(r0)
q'w�t�¥2`�q�rxtHlJn}{ps�q�np`;��u¢t��2rx¦¢jkt^rx_¬uvw�¦�n}u�_¬` ¶

��Ô � �Ë� & �6Â ®R±�°Í¸»¿ 	k¾ ���(� ��º��´,À�º·±}³�¿=¸»¾#À�Â�¸»º2¼'°p½'¾¬½'º�¿ÄÀ�Â�´'½!�'²�½�º�¼}½ ��±�°�¿ 	^½b½y¼}¼y½'º�¿8°Í¸4¼�¸»¿ ! #
� � ØÛØ���� � `�n M1(r0) = {r0}, M2(r0), . . . , Mn(r0)

¥H`%np[�`%u¢t�q'{p`D_%`DtRn}w�¦Xlp`D«Rs^`Dt�q�`¬q�rNt�lJn}{psHqÍnp`;�
¥kj ���(� ¤ ¦¢`�n Mopt

1 = {ropt}, Mopt
2 , . . . , Mopt

n

¥2`\wxtbrN�mnpu¢_#w�¦mu¢t�q�{}`'_¬`DtNnyw�¦mlp`D«Rs^`'tHq�`¡¨çrx{�np[�`�`Dq'q'`'tm©
n}{puvq�u�nJj ¤ w�t���¦�`'n M∗

i

¥2`�wQ�N{prNs^��rx¨2lpu�)D`
i
r�¨�_¬u¢t^u�_bs^_�`;q'q'`'tRnp{}u¢q'uÎnJj�wxt���wNlplprmq�uvw�n}`D��{}rkr�n

r∗i ∈ M∗
i ¤

1 ≤ i ≤ n ¶ ��¦¢�xrN{pu�np[�_ ���(� q'rxt�lonp{}s�q�n}l�w�t¹u�t�q'{p`D_¬`'tRn}wx¦�lp`D«Rs^`Dt�q�`¬lon}w�{pnpu¢t^�� �uÎn}[¹`;wxqy[7�2rNl}lpu�¥^¦¢`
{}rkr�n ¤ u�tHq�¦¢s��mu¢t^�,np[�`Qlo`;«Rs^`'t�q'` M1(r

opt), . . . , Mn(ropt)
lon}wx{on}u�t��e �u�np[

M1(r
opt) = {ropt} ¶ dªrx{}`�©r��N`'{ ¤ ¥kj,np[^`��^` *�t^u�npu¢rxt¬rx¨��Q¦��Nrx{}uÎn}[^_ ���(� ¤ np[^`��N{prNs^��l M1(r

opt), . . . , Mn(ropt)
wx{p`\¥^{}`DwN�knp[^© *�{ylon

lps^¥�lp`�nyl�¨ç{}rx_Ì{}rkr�n
ropt ¶ Z\[ks�l ¤  ¡`�[HwE�x` E(Mi(r

opt), ropt) ≤ E(Mopt
i , ropt) (1 ≤ i ≤ n) ¤ w�t�� ¡`QrN¥mn}wxu�t

max2≤i≤n

{

E(Mi(r
opt),ropt)

E(M∗

i
,r∗

i
)

}

≤ max2≤i≤n

{

E(Mopt

i
,ropt)

E(M∗

i
,r∗

i
)

}

.
�¡j%np[�`e�m` *�t^u�npu¢rxt�r�¨��Q¦Î©

�Nrx{}uÎn}[^_ ���(�  lp`'`�np[^`ªlp`Dq�rNt��£��wx{on¬r�¨Qnp[^`.w�¦¢�xrN{pu�np[^_Çµ ¤ w�t��Ënp[^`�¨4wxq�nbn}[�w�n Mopt
1 , . . . , Mopt

n

u¢l
wxt�rN�mnpu¢_#w�¦Ûu¢t�q'{p`D_%`DtRn}w�¦Ûlp`D«Rs^`Dt�q�`e¨çrN{�np[^`,`;q'q'`'tRnp{}u¢q'uÎnJj ¤  �`�rN¥mn}wxu�t max2≤i≤n

{

E(Mi(r0),r0)
E(M∗

i
,r∗

i
)

}

=

max2≤i≤n

{

E(Mopt

i
,ropt)

E(M∗

i
,r∗

i
)

}

. �

É `�lp[^r�  np[�w�n6��¦¢�xrN{pu�np[^_ ���(� uvl�w#�x©Áwx�^�^{}rEÅmu�_#w�n}u�rNt�wx¦��Nrx{}uÎn}[^_ ¨çrx{Qnp[^`��^{prN¥^¦¢`'_Òrx¨�*�t��mu¢t^��wxt
rN�mnpu¢_#w�¦�u¢t�q�{}`'_¬`DtNnyw�¦Ûlp`D«Rs^`Dt�q�`e¨çrx{\n}[^`��muvw�_¬`�n}`'{ ¶
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�;� � #�� Â�À�´Í¸»ºR® � � #�� À���±�°p½�´Í¿ ��� #�� ½'¿Ä½�°y´ �	��# $ 	m¸�
}À�²mÂ ¿

��� ÔkØ � Ô � � � ½�¿ M1, . . . , Mn


y½Q¿ 	^½6¸»º�¼�°p½'¾#½�ºH¿ÁÀ�Âm´'½��'²�½'º2¼y½�¼}±�º^´Í¿8°Í²�¼�¿Ä½!�
 ! �6Â ®N±�°Í¸»¿"	m¾ ���(� À�º�
Â¢½�¿

Nopt
1 , . . . , Nopt

n


y½bÀ�º·±y³2¿8¸»¾¬À�Â
¸»º�¼�°p½'¾#½�ºH¿ÁÀ�Â�´'½��'²�½'º2¼y½ # $ 	^½'º
cost(M1, . . . , Mn)

cost(Nopt
1 , . . . , Nopt

n )
≤ 4.

� � ØÛØ���� Ï rN{�`'�N`'{}j 1 ≤ i ≤ n ¤ ¦�`'n N∗
i

¥2`·wË�x{}rxs^� rx¨,lpu*)'`
i
r�¨�_¬u¢t^u¢_�s^_ �muvw�_¬`'np`'{ ¤ w�tH�¦¢`�n

M∗
i

¥2`�w¹�x{}rxs^�Èr�¨elpu*)'`
i
rx¨6_¬u¢t^u�_bs^_ `;q'q�`DtRnp{}u¢q'uÎnJj£w�tH�Èwxl}lprkq'u¢w�np`;�£{prkrxn

r∗i ∈ M∗
i ¶ � `�n

Mopt
1 , Mopt

2 , . . . , Mopt
n

¥H`�wxt�rN�mnpu¢_#w�¦�u¢t�q�{}`'_¬`DtNnyw�¦Ûlp`D«Rs^`Dt�q�`e¨çrx{\n}[^`,`DqDq�`DtNn}{puvq�u�nJj ¶
max

2≤i≤n



D(Mi)

D(N∗
i )

ff

≤ 2 max
2≤i≤n



E(Mi, r)

D(N∗
i )

ff ���������
M1 = {r} 	�
��������	������

D(Mi) ≤ 2E(Mi, r))

≤ 2 max
2≤i≤n



E(Mi, r)

E(M∗
i , r∗i )

ff � ������� �
 ������! 
#"%$ E(M∗
i , r∗i ) ≤

E(N∗
i , c∗i ) ≤ D(N∗

i ),
���&���

c∗i ∈ N∗
i '

= 2 max
2≤i≤n



E(Mopt

i , ropt)

E(M∗
i , r∗i )

ff � ����()��*+*,	.-/$ ���&���
M

opt

1
= {ropt} '

≤ 2 max
2≤i≤n



E(Nopt

i , copt)

E(M∗
i , r∗i )

ff

� ������	������ M
opt

1
, . . . , Mopt

n

� �0	�
!�12��� *,	�3 � 
�� 4�� *+��
 � 	�35����6�����
2���7 ! 4 ��� �8� ������
 � 4 � � �&� ��$ ���&���
N

opt

1
= {copt} '

≤ 2 max
2≤i≤n



D(Nopt

i )

E(M∗
i , r∗i )

ff � � � 
���� copt ∈ N
opt

i ,
� � � 	�9:�

E(Nopt

i , copt) ≤ D(Nopt

i ))

≤ 4 max
2≤i≤n



D(Nopt

i )

D(N∗
i )

ff � ������	������ D(N∗
i ) ≤ D(M∗

i )
≤ 2E(M∗

i , r∗i )) �

� r�n}`\np[�w�n� �`6q'w�t�t^r�nÊrN¥mn}wxu�t#w�t#wx�^�^{}rEÅku¢_#w�n}u�rNtb{yw�n}u�r�¦¢`Dl}lXnp[Hw�t 2
¨çrx{�np[^uvlX�^{}rx¥^¦¢`'_ ¥kjbZ\[^`Drx{}`'_

� ¶ Z\[^`,t^`'Åkn�np[^`Drx{}`'_Ðlp[^r� �l¡n}[�w�n�n}[^`�w����^{prEÅmu¢_#w�npu¢rxt�{}w�npu¢r¬r�¨
4
¨çrx{���¦¢�xrN{pu�np[�_ ���(� qDw�t^t^rxn�¥H`

u¢_¬�^{}r��x`D� ¶
��� ÔkØ � Ô �<; � ±�°Ç½ �E½'°"! 0 < ε < 1 � ¿ 	^½'°p½Ç½�/N¸v´y¿=´¬À #�½'¸Î®5	k¿Ä½��®�°pÀy³
	¯´y²�¼!	¹¿ 	^À�¿Q¿"	�½¬¸»º2¼'°p½'¾¬½'º�¿ÄÀ�Â
´'½!�'²�½�º�¼}½

M1, . . . , Mn

¼y±�º^´Í¿=°Í²�¼'¿Ä½� 
 ! �6Â ®R±�°Í¸»¿ 	k¾ ���(� ®�¸���½Í´
cost(M1, . . . , Mn)

cost(Nopt
1 , . . . , Nopt

n )
=

4

1 + ε
.

� � ØÛØ���� � `�n G0(ε)
¥2`�n}[^`. �`Du��N[Nn}`D�È�x{yw��^[Ëu¢t Ï u¢�xs^{}`ª� ¶ËÏ rN{¬`Dwxqy[ i ¤ 1 ≤ i ≤ 7 ¤ ¦�`'n M∗

i¥2`�wª�N{prNs^�·r�¨�lou*)'`
i
r�¨�_¬u¢t^u�_bs^_ `DqDq�`'tRn}{puvq�u�nJj ¤ ¦�`'n r∗i ∈ M∗

i

¥2`�u�n}lbwxl}lormq'u¢w�np`D�¹{}rRrxn ¤ w�t��¯¦¢`�n
N∗

i

¥2`¬wÇ�x{}rxs��7r�¨�lpu�)D`
i
rx¨�_¬u�t^u¢_�s�_g�mu¢wx_¬`�np`D{ ¶ � u¢�x`Dt G0(ε) ¤ ��¦¢�xrN{pu�np[^_ ���(�  �u¢¦�¦Xq'rxt�lonp{}s�qÍn

wxtËu¢t�q�{}`'_¬`'tRnyw�¦\lo`;«Ns�`'t�q'`�lon}w�{pnpu¢t^�7 �u�np[ `DwNqy[Ër�¨�n}[^`��N`'{pnpuvq�`;l�w�tH�Ë �u¢¦�¦�np[^`Dt qy[^rkrRlo`�np[^`�¥H`;lJn
u¢t�q'{p`D_%`DtRn}w�¦�lo`;«Ns�`'t�q'`�¨çrx{�n}[^`�`;q'q�`DtRnp{}u¢q'uÎnJj�w�_¬rxt^�¬n}[^`Dlp` ¶ Z\[^`�u�t�q'{p`D_¬`'tRn}wx¦
lo`;«Rs^`'t�q'`,{p`'nps^{}t^`;�¥kj��Q¦��Nrx{}uÎn}[^_ ���(� uvl�np[�`�lo`;«Ns�`'t�q'`

M1(a), . . . , M7(a)
rN¥mn}wxu�t^`;��¥kj�wN�^�mu¢t^�enp[^`��N`'{pnpuvq�`;l�r�¨

G0(ε)u¢t·np[^`#rN{}�^`'{
a, b, c, d, e, f, g ¶ Ú t��m`D`D� ¤ np[^uvl�lp`D«Rs^`'tHq�`¬¦�`;wx�^l,npr max2≤i≤7

{

E(Mi(a),a)
E(M∗

i
,r∗

i
)

}

= 2
1+ε

¤

ùçú�ÜÛù»ð



� ±�º^´Í¿=°Í²�¼'¿8¸»ºR®���º2¼'°p½'¾¬½'º�¿ÄÀ�Â���½��'²�½'º2¼y½Í´�¸»º��\°pÀy³
	k´ �N�

��

�

�

�

� �1 + ε

1 + ε

1 + ε

2

22

4 4 4

Ï u��Ns^{}`,�^ÃÊZ\[^`��x{yw��^[ G0(ε)

 �[�u¢qy[¹u¢len}[^`¬_%u¢t^u¢_�s^_ �HrRlplpu¢¥^¦�`%��w�¦¢s^`%¨çrx{,w�tkjªu¢t�q�{}`'_¬`DtNnyw�¦Xlp`D«Rs^`'tHq�`%u�t
G0(ε) ¶ Z\[^`¬rN�mnpu¢_#w�¦u¢t�q'{p`D_%`DtRn}w�¦�lp`D«Rs^`Dt�q�`�¨çrx{¬n}[^`7�muvw�_¬`�n}`'{ ¤ Nopt

1 , . . . , Nopt
7 ¤ u¢l¬rN¥mn}wxu�t^`;�È¥kjÈwN�^�mu¢t^�¯�x`D{on}u¢q'`Dl¬u¢tn}[^`�rN{}�^`'{

e, f, g, a, b, c, d ¶ �Qlpu¢t^�7n}[^`�lp`D«Rs^`Dt�q�`
M1(a), . . . , M7(a)

¨çrx{�np[^`��muvw�_¬`�n}`'{%�^{prN¥^¦¢`'_
¦¢`DwN�^l�npr

max2≤i≤7

{

D(Mi(a))
D(N∗

i
)

}

= 4
1+ε

¤  �[^`'{}`DwNl max2≤i≤7

{

D(Nopt

i
)

D(N∗

i
)

}

= 1 ¶ Z\[ks�l ¤  �`�[�wE�x`
max2≤i≤7

{

D(Mi(a))
D(N∗

i
)

}

/max2≤i≤7

{

D(Nopt

i
)

D(N∗

i
)

}

= 4
1+ε

. �

� ������� ����
�'���
Ú t�n}[^u¢lQ��w��2`'{ ¤  ¡`,[�wE�x`�u¢tRnp{}rk�^s�q�`;�ªwbt�`'  _¬`Dwxlps^{}`enpr�qDw��mn}s^{p`en}[^`�u¢_%�HwxqÍn6r�¨�np[^`�u¢t�q'{p`D_%`DtRn}w�¦q'rxt�lonp{yw�u¢tRn�rxt.np[�`�«Rs�w�¦¢uÎnJj�r�¨�np[�`�lorN¦�s^npu¢rxt�l ¶�É `�[�wE�N`,s�lp`D��np[^`%w��^��{prRwxqy[Çn}r�lonps��mj.w#�muvw�_¬`�n}`'{��{prN¥^¦�`D_ ¤ ¥^smnÊn}[^`Qwx�^�^{}rNwxqy[bu¢lÊ�x`'t�`'{yw�¦^w�tH�%qDw�t¬¥2`�s�lp`D�bnpr�lonps��^j�r�n}[^`'{�rx�mn}u�_¬u*)Dw�n}u�rNt¬�^{prN¥^¦¢`'_#l ¶c6s^{Q_¬wxu�tªq'rx_¬�^¦¢`�ÅmuÎnJj�{p`;los�¦În�uvl\np[Hw�n�n}[^`��^{}rx¥^¦¢`'_Ðr�¨Xq�rNt�lJn}{psHqÍnpu¢t^�#w�tªrN�mnpu¢_#w�¦Ûu¢t�q'{p`D_%`DtRn}w�¦
lp`D«Rs^`Dt�q�`%q'wxt^t^r�n�¥2`%lprx¦¢�x`;�7w��^��{prEÅmu¢_¬w�np`D¦�j�u�t·�2rx¦¢jRt�rx_¬u¢wx¦
n}u�_¬`¬ �u�np[¹wxt¹wx�^�^{}rEÅku¢_#w�n}u�rNtª{}w�npu¢r
¦¢`Dl}lQnp[�wxt·�#s�t^¦�`;lpl

P = NP ¶ Ú t�np[^`¬�^{}rmq�`Dl}l�rx¨��m`D�x`'¦¢rx��u�t^��wÇ�x©Áwx�^�^{}rEÅku¢_#w�n}u�rNt.wx¦��Nrx{}uÎn}[^_Ð¨çrx{
n}[^uvl���{prN¥^¦�`D_ ¤  �`¡�^{}r��x`D�,np[^`\lorN_¬`' �[�w�n�lps^{}�^{puvlpu�t^�6{p`;los�¦În�np[�w�n�n}[^`\{p`D¦¢w�np`;�,`DqDq�`'tRn}{puvq�u�nJj,�^{}rx¥^¦¢`'_qDw�tÇ¥2`�lorN¦��N`D�¬rx�^npu¢_¬wx¦�¦¢j¬u�t��HrN¦�jkt^rN_¬u¢wx¦^npu¢_¬` ¶ Z\[^`�w�tHw�¦¢jklpuvlÊr�¨ÛrNs^{¡��©Äw��^�^{}rEÅmu�_#w�npu¢rxt¬w�¦¢�xrx{}u�np[^_uvl6npu¢�x[Rn ¤ lor�{p`;�ms�q�u¢t^��np[^`¬�Rw���¥2`�nJ ¡`'`Dt7n}[^`¬s^�^�2`'{�¥HrNs^t��¹r�¨¡��wxt��ªn}[^`¬¦�r� ¡`'{e¥HrNs^t���r�¨\�� �u¢¦�¦{}`D«Rs^u¢{}`6`DuÎn}[^`'{Qw%t^`D  wx¦��Nrx{}uÎn}[^_&rx{�w#lonp{}rxt^�N`'{¡¦�r� ¡`'{\¥2rxs^tH� ¶
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�E� � #�� Â�À�´Í¸»ºR® � � #�� À���±�°p½�´Í¿ ��� #�� ½'¿Ä½�°y´ �	��# $ 	m¸�
}À�²mÂ ¿

� � ���\	�����¡���
2¢�94 � ¶ ��s�lpu¢`'¦¢¦�r ¤ z ¶ a�{p`;lpq'`'t
)Du ¤ � ¶ � wx_�¥2rNlpu ¤���¶�� w�t�t ¤ � ¶ d�w�{yqy[^`�npnpu�©Ähk�Hwxq'qDw�_¬`'¦vw ¤ w�t��Çd ¶ zÊ{}r�©nywxlpu ¶ � ±�¾Q³2Â�½�/N¸»¿ !�À�º��À}³N³2°p± /N¸»¾¬À�¿=¸4±�º ¶ hk��{pu¢t^�x`D{ ¤ � � � � ¶
2ë�54�� ¶ �¡rx{}rm�mu�tªwxt��.~ ¶ ( ¦�©���w�t^u¢� ¶�� ºHÂ ¸»º2½%¼y±�¾Q³2²m¿ÄÀ�¿8¸4±�ºËÀ�º��¼y±�¾Q³�½�¿8¸»¿=¸���½#À�º�À�Â�!E´Í¸v´ ¶ a¡w�_b¥^{puv�m�N`

�Qt^u��N`'{ylou�nJj#zÊ{}`Dl}l ¤ � � �N� ¶
2 �74�� ¶HÏ u¢w�n6w�tH� � ¶ 	H¶�É rk`'�xu¢t^�N`'{ ¶
� º�Â ¸»º�½¬À�Â ®R±�°Í¸»¿ 	k¾b´0' $ 	^½b´Í¿ÄÀ�¿Ä½%±��,¿ 	^½¬À�°Í¿ ¶ � � a\h ¤ t^r ¶ �'�N�R� ¤hk��{pu¢t^�x`D{ ¤ � � �x� ¶
2 �.4�d ¶ � wx{p`DjÇw�t�� 
 ¶�	 rN[^t�lprxt ¶ � ±�¾Q³2²m¿Ä½�°y´�À�º�#¸»º�¿8°pÀN¼�¿ÄÀ 
'¸»Â ¸»¿ ! ¶ÊÏ {}`'`'_#wxt�w�tH�.a�rN_%�Hw�tkj ¤ � � � � ¶
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