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r£�qlmo����qpª�m^&� Y{_�t�j&lso\o\^&j�gip�lmoÂ«ÉY�Z\^¡girsuw�m^�g¯dJ¦¨§k|È��rs�qn�^¡]Xr4e½¬6^�rs��rs~Jgi^&��l4�s^&u
gipq]¯^!gilXuw^#fw~6lmo\�¹gwl¡n\fz^&uk]Xlm¬�pq�qpªg¼em¢�rso\�¹ º^-j#lmo\fzpq�\^#u{gwZ\^-uz^&�mp�]X^! 
Z\^#uw^�giZ\^�Y{_�t
j&lmo\o�^&j#gwpqlmo�uz^Rrsj�Z\^#f!r�fzgw^Rrs�Je�fzg�rygi^»¬6^#g¼ º^&^&o£n\~°�\r�gi^#f{l�®2gwZ\^»g�rsuz�m^#gkdJ¦¨§k|���rs�qn\^�«

� ^Ij&lmo�fwpq��^&uÍ´�uwfhg�giZ\^PjRrsfz^Ils®�_�3!a¹�-¢�rso\��j&lso\fwp��\^&uÍgiZ�^P~�uwlm¬\��^&] l�®�lm~Jgipq]¯pq³#pqo\�
giZ\^¯~\uwlEj&^#fwfzpqo\�¹�9rspqo

m
rso�� j&lE�\p�o\��uir�gw^

ρ
gil£]Xry²Jpq]¯pq³#^?Y{_�t giZ\uzlmn\�mZ�~\n�gR«"¿ºe

rs�yxzn\fhgipqo��kgiZ�^%~\uzlJj#^&fwfzpqo\���9rspqo�rso\�-j&lE�\pqo\�{uirygi^s¢� %^Pgiuir��\^�¶ül.-±giZ\^º¬\p�gKgiuwrso\fw]¯pqfzfwp�lmo
uir�gw^

C
rso\�É~�rsj�À�^#g�giuwrso\fw]¯pqfzfwp�lmo�^&uzuwlmu»uwr�gi^

p
«�¿ºe�]XrsÀBpqo��"giZ\^±~\uzlJj#^&fwfzpqo\���9r�pqo

m
�¸r�uw�m^" º^¹p�o\j&uz^Rrsfz^�giZ\^�^&o�^&uw��e ~°^#u¯¬�p�gXrso\� fwlÉgiZ\^�~�r�j�Às^#gXgiuwrso\fw]¯pqfzfwp�lmo��qlmfzf

~\uwlm¬\rs¬\pq��p�g¼e
p
pqfºfw]Xrs�q�F«��kl4 º^#�s^&u&¢\gwZ\^!¬\pªgºgwuirso�fw]¯pqfwfzpqlmoXuir�gw^

C
pqf%~�uwlm~6lmuzgwpqlmo\rs�\gil

1/m
«
� ^Xrs�qfzl/j#lmo\fzpq�\^#u�gwZ\^Xj#lmo9gi^�²Jg�ls®�r/Z\p��mZ dJ¦¨§�| j�Z�r�o\o\^&�Pl4�m^#u-r�´�²J^&� ¬\rso\�\p ¶

 
pq��gwZÂ«�¦¼o�giZ�pqf�j&rsfw^�¢B º^�fzgwn\��e±r���rs~�gwp��m^�]¯lE�\n\�¸rygipqlsoÂ¢4 
Z\^&uz^
gwZ\^�fzeE]?¬6lm��r��q~\Z�r�¬°^�g
fwpq³#^

M
pqf�rs��rs~�gw^&�Â«�¦¼oMgiZ\p�f�j&rsfw^¯giZ\^XuirR �giuwrso\fw]¯pqfzfwp�lmo½uwr�gi^

C
pqf�~\uzlm~°lsuzgip�lmo�rs�

gil
log2(M)

¢�¬\n�g¯giZ\^¹~\uwlm¬\rs¬\pq��p�g¼e ls®�r½~\rsj�Às^�g�^&uzuwlmu
p
�muzl4 
f¡µBn\pqj�ÀB�ªe� 
p�giZ

M
«

� ^�´�o\�£gwZ\^-lm~Jgipq]Xrs�Â��rs��n\^�l�®vgiZ\^-rs�q~\Z\rs¬°^�g�fzpq³#^
M

p�o£lmuz�\^&u{gil¡]Xry²Jpq]¯pq³#^�Y{_�t
giZ\uzlmn\�mZ\~�n�gR«

YKl/n\o\�\^#uwfzgirso\� gwZ\^¯o�r�gin�uw^±ls®%gwZ\^¯lm~�gip�]Xp�³Rr�gwpqlmo/ %^Xj&lmo�fwpq��^&u&¢Kp�g�p�f�n\fw^�®Án\�vgil
giZ\p�o\À�ls®Eg¼ ºlk^�²Jgwuw^#]X^#f&«���gKlmo\^v^�²Egiuw^#]X^I º^Pj&rso�]¡rsÀ�^vgiZ\^I¬\pªgz¶ügwuirso�fw]¯pqfwfzpqlmokuir�gw^

C
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Z\pq�mZ;¢4¬\n�g�giZ\^v~\rsj�Às^�g2gwuirso\fz]Xp�fwfzpqlmo!^#uwuzlmuÍuir�gw^
p
 
pq���s¬6^v�¸rsuz�m^s«Kt�r�j�Às^#gKgiuwrso\fz]Xp�fwfwp�lmo

^&uwuzlmuwf� 
pq���P�s^&o\^#uirs����eÉjRr�n\fw^¡gwZ\^"Y{_�t*~\uwl�gilEj&lm�Igil�uz^&�\n�j&^"pªgif� 
p�o\�\l4 )fwp�³&^�¢Irso\�
pqoÉgin\uzo½�\^#j&uz^Rrsfz^¡giZ\uzlmn\�mZ�~\n�gR«¡��g�gwZ\^Xl�giZ\^#u�^�²Jgwuw^#]X^± %^XjRrsoM]XrsÀs^±giZ\^¯~�rsj�À�^#g
giuir�o\fw]¯pqfzfwpqlsoM^#uwuzlmu�uir�gw^

p
�m^#uzeMfw]Xrs���¥¢�r�g�giZ�^X^�²�~6^&o�fw^"ls®%uw^#�\n\j&^#� giuwrso\fz]Xp�fwfwp�lmo

uir�gw^
C
«�Y�Z\^�¬�p�g�gwuirso�fw]¯pqfwfzpqlmo£uir�gw^

C
n���gip�]¡rygi^&�ªe��qp�]Xpªgif�giZ�^�Y{_�t� 
pqo��\l4  fzpq³&^�¢

fwpqo�j&^?¬\n -;^#u!l4�m^&u���l4 
f» 
pq�q��lEj&j#n\u� 
Z\^#oÉgwZ\^- 
p�o\�\l4 Ç�m^#gwf!fwn! ¯j#pq^&o9gw��e¹�¸rsuz�m^s¢;rso\�
Y{_�t½ 
pq����j&nJgPgwZ\^� 
pqo\��lÃ Wfwp�³&^�pqo±Z�r���®¨¢muz^&fw~6lmo\��pqo\�»gil»gwZ\^
j&lmo\�s^&fzgwpqlmo�gwZ�r�gIlEj&j&n�uwf
r�g�giZ\^�¬\n -;^#u&«IY�ZBn\f&¢AY{_�tWgiZ�uwlmn\�sZ\~\n�g{pqf�fz]¡r��q�Âryg�giZ\p�f�^�²Egiuz^&]¯^�r�f
 º^&���¥«

¦¼oÉlmuz�\^&ukgil"´�o\��gwZ\^�lm~�gwpq]Xrs��lm~6^&uirygipqo��"~°lspqo9gR¢6 %^�j#lmo\fwp��\^&u�rX]XlE�\^&�K®Álmu!r�oJ¶
rs��eE³&p�o\�¹gwZ\^�Y{_�tÇgwZ\uwlsn\�mZ\~\nJg? 
Z\^&uz^�~�rsj�À�^#g±�qlsfwfw^#f��\n\^¡gwl�giuwrso\fw]¯pqfzfwp�lmo ^&uzuwlmuzf
rso\�M~�rsj�Às^�g��qlsfwfw^#f���n\^¯gwl¹j#lmo\�m^#fzgwpqlmo½^#�m^#o9gif�rsuz^±�\pqfhgipqo��mn\pqfzZ\^&�;« � ^Xj#lmo\fwp��\^&u�r
��n\pq�/]¯lJ�\^#�Â 
Z\^&uz^-giZ�^� 
p�o\�\l4  fwp�³&^�pqf{j&n�gkpqo/Z�rs�ª®�®Álmu
^&rsj�Z�~�rsj�À�^#g��qlmfzfk�\n�^�gilXr
giuir�o\fw]¯pqfzfwpqlso�^&uwuzlmu»lmu�¬\n�-°^&u�l4�m^#u"��l4 �^��m^#oBg&«¡Y�Z\^±~�r�j�Às^#g-�qlmfzf»~\uwls¬�rs¬\p��qp�g¼e¹pqf

p
¢

rso\�X º^!r�fwfwn�]X^{giZ�r�gºr�j&lmo\�s^&fzgwpqlmoX^#�s^&o9g�Z�rs~�~°^#o\fº 
Z\^#o¡giZ�^k 
pqo��\l4  fwp�³&^{uw^Rr�j�Z\^&f
r���rs��n\^{gwZ�r�gP]Xr�gij�Z\^#fºgwZ\^k¬�p�gz¶¥giuwrso\fw]¯pqfzfwp�lmo�uir�gw^s¢

C
¢Elmo¯giZ\^{j�Z�rso\o�^&�¥«�Y�Z\pqfP]XlE�\^#�

pqf�r�~\~\uwls~\uwpqr�gi^
®Álmu%fz]¡r��q�A¬\n�-°^&uzf&«IY�Z\pqf%]¡rsÀ�^&f�fz^&o\fz^! 
p�gwZ\pqoX^s«ø�\«�giZ\^»_�3»a¹� j&lsoJ¶
gi^�²EgI 
Z\^#uw^kgwZ\^
¬\p�gh¶ügwuirso\fz]Xp�fwfzpqlmo�uwr�gi^
pqfvfz]¡r��q�¥¢sj&lm]¯~�rsuz^&�±gil» 
Z�r�gºpqfIrR��rspq�qrs¬\��^�lmo
 
pquw^#�qp�o\^�o�^#g¼ ºlmuwÀBf&¢�r�o\�� 
Z\^&uz^��¸rsuz�m^��\l4 
o\�qp�o\À¹¬�n�-;^#uwf� ºlmn\����pq]¯~\��e��qrsuw�s^-|�Y�YKf
rso\�"Z\^#o\j&^�~°lElmuIY{_�t ~6^&uh®Álmuw]Xrso\j#^�r�f%Y{_�t�giZ\uzlmn\�mZ\~�n�g�p�fºÀBo\l4 
o"gil-¬°^{uwlmn��mZ\��e
pqo9�m^#uwfw^#��e�~�uwlm~6lmuzgwpqlmo\rs�°gwlX|2Y�Y»«

Å�lmuPgiZ\p�fº]¯lE�\^&�F¢E º^�´�o\��r�®Álmuw]?n��¸r»®ÁlmuºgwZ\^�Y{_�t giZ\uzlmn\�mZ\~�n�g�rsf�r�®Án\o\j�gipqlso¡ls®
p
rso\�

C
¢\ 
Z\p�j�Z¹p�f�ls®2pqo\�\^#~°^#o\�\^#oBgkpqo9gw^&uw^#fzg&«PY�Z�pqf
pqf
r��m^#o\^&uwrs�qp�³Rr�gwpqlmo"l�®�giZ�^� º^&���

ÀEo�lÃ 
o$#¨fwµBn�r�uw^-uzlJl�g&%�®Álmuw]-n\�¸r/¤=^�«ñ��«%fw^#^('*)Ã�&+¸©�®Álmu�Y{_�tÄgiZ\uzlmn\�mZ\~�n�gk 
Z�^&uw^�~�rsj�À�^#g
giuir�o\fw]¯pqfzfwpqlso¹^#uwuwlsuwf!r�o\�£¬\n -;^#u�l4�m^#u"��l4 
f�rsuz^�o\l�g�fz^&~�rsuwr�gi^#��e/]¯lJ�\^#�q^#�Â« � ^-rs�qfzl
lm¬�g�r�pqo"®Álmuz]?n\�¸r�f%®Álmu�giZ�^�~�uwlm¬�r�¬\pq��p�g¼eX�\^&o\fzp�g¼e"®Án�o\j#gwpqlmo�ls®KgiZ\^�Y{_�tW 
p�o\�\l4  fzpq³&^�«

� ^�´�o\�¹gwZ�r�g{Y{_�tWgiZ�uwlmn\�sZ\~\n�gkjRrso¹¬°^»®=rsp�uw�ªe"fw^#o\fwpªgipª�m^�gil±giZ\^�~\Z9eEfwp�jRrs�K�¸rRem^#u
~�rsuir�]X^�gi^&uzf&¢kp¥«ø^s«�giZ\^M~\uzlJj#^&fwfzpqo\� �9rsp�o

m
lmu�fheJ]-¬°lm��r��q~\Z�r�¬°^�g�fwpq³#^

M
«·Y�Z\p�f

fwn\�m�s^&fzgwf»p�g�]¡rRe¹¬°^±rs�J�sr�oBgirs�m^#lmn\f�gwl�rs��rs~�g�giZ\^#fw^�~�rsuwrs]¯^#gi^#uwf»r�j&j&lsuw�\p�o\�"gil¡gwZ\^
^&o9�Epquwlso\]X^#o9gR«�¦¼oX~�rsuzgwpqj#n\�¸rsu#¢sgiZ�^#e±jRr�o¡¬6^�rs�\rs~�gi^#�¡r�j&j&lsuw�\p�o\��gwl�gwZ\^
g�rsuz�m^#g%dJ¦¨§k|
rso\��giZ\^�uzlmn\o\�J¶¥giuzpq~�gip�]X^±¤=|�Y�Y{©�pqo�lmuz�\^&u�gwl¯]Xry²Jpq]¯pq³#^!Y{_�tÆgwZ\uwlmn��mZ\~\n�g&«

� ^"r��qfwl¹�\pqfzj&n\fzf-giZ�^¡~\uzlm¬\�q^#]ls®
rsfzfwpq�so\]X^#o9g?ls®
r/g�rsuz�m^#g?dJ¦¨§�|���rs�qn�^&f&¢�rso\�
fw~6^&j&pª´�jRr��q��eX�\p�fwj&n�fwf
giZ\^�jRr�fw^�ls®vr? 
p�uw^&��^&fzf{j#^&���qn\�qrsu�_�3»a/���\l4 
o\��pqo\ÀA«

¿º^#®Álmuz^¡�\^#fwj&uzpq¬\p�o\�£lsn\u-]¯lJ��^&�Prso\��r�o�rs��eEfzpqf�pqo ]¯lmuz^X�\^�g�rsp��¥¢� %^¯´�uwfhg��\p�fwj&n�fwf
fwlm]¯^»uw^#�¸r�gw^&�� %lsuwÀA«
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a£rso9e±rsn�gwZ\lmuzfvZ�rR�m^{j&lmo\fzpq�\^#uw^#�±gwZ\^
�m^&o�^&uir��\~\uwls¬\�q^#] ls®°~°^#uz®Álmuz]¡r�o\j&^�ls®AgwZ\^
Y{_�t
~\uwlsgwlJj#lm�Âl4�m^#u{ 
p�uw^#�q^&fzfk��pqo\ÀBf#«P�*j#lm]X~\rsuwp�fwlmo�ls®2�sr�uwpqlsn\f
rs~\~\uzl9rsj�Z\^#f{gwl¯gwZ\^�~\uwls¬J¶
�q^&]pqf��mpª�m^#o¹p�o 'ø��+F«

`!o\^�¬\uwrso\j�Z�ls®�uw^&�qr�gi^#�/ ºlmuzÀ/p�f
j&lmo\j#^&uzo\^&�� 
pªgiZ�giZ\^�~\uwls¬\�q^#] ls®v�\^�gi^&uz]Xp�o\pqo��
 
Z\^#gwZ\^&u»~�r�j�Às^#g���lmfwfz^&f»r�uw^?�\n�^-gil"j#lmo\�m^#fzgwpqlmo�lmuk�\n\^-gwl"giuwrso\fw]¯pqfzfwp�lmo£^#uwuwlsuwf&¢;fwl
giZ�r�g"Y{_�t·jRrso �sl�pqo9gil�j#lmo\�m^#fzgip�lmo rR�mlmp���rso\j#^�]XlE�\^�lso\��e  
Z\^&o ~�r�j�Às^#g/��lmfwfz^&f
rsuw^��\n\^�gilMj&lso\�m^&fhgip�lmoÂ« � fz^&j#lmo\�W¬�uirso\j�ZÆls®� ºlmuzÀ�j&lmo\fzpq�\^#uwf±giZ\^¹rs~\~�uwl9rsj�Z ls®
fw~\��p�gwgwpqo\��gwZ\^PY{_�tÉj#lmo\o\^#j#gwpqlmo�r�gKgiZ\^I 
pquz^�¶¼��pqo\^��y 
pquz^&��^&fwf;pqo�®Áuwrsfzgwuwn\j�gin\uz^º¬6lmn\o\�\rsuzes¢
fwl-gwZ�r�g�gwZ\^!Y{_�t j&lmo\o�^&j#gwpqlmo�p�f%p�fwlm�qr�gi^#�X®Áuwls])gwZ\^!~�r�j�Às^#g�gwuirso�fw]¯pqfwfzpqlmoX^&uzuwlmuzf�lmo
giZ\^- 
p�uw^#�q^&fzf»j�Z�rso\o�^&�¥«�� gwZ\pquz�Érs~\~\uzl9rsj�Z�gwl�lm~�gip�]Xp�³&p�o\�XY{_�t�~°^#uz®Álmuz]¡r�o\j&^?l4�s^&u
 
pquw^#�q^#fwf�j�Z�rso�o\^&��fkp�f�gil±lm~�gwpq]¯pq³&^kgiZ\^��qp�o\À¯�¸rRem^#u
®Álsu�Y{_�tW~°^#uz®Álmuz]¡r�o\j&^�«

Y�Z�^-rs~�~\uwl9r�j�Z� º^�g�rsÀ�^�p�o�giZ\p�f�~�rs~6^&u�®=rs�q��f�pqo9gwl?giZ\^»giZ�pquw��j&r�gi^#�mlmuzes«
�;lsuw³&psrso\��|{rsl ' )R� +9j&lso\fwp��\^&uz^&�»giZ\^v^ -;^#j#gKls®Ej&lsuwuw^#�¸r�gw^&�»^#uwuwlsuwfÍlmo�Y{_�t¹gwZ\uwlmn��mZJ¶

~\n�gR«v_%lmuwuz^&�¸rygi^&�X^&uzuwlmuzfºg¼eE~\pqj&rs�q�ªe�lEj&j&n�u%�\n\^{gil�]?n\��gwpª¶ü~�r�giZ?®=r��\pqo\��«�¦¼o¡lmn�uº]¯lJ��^&�¥¢
 %^-rsfwfzn\]X^?r¯´�²J^&�MdE¦¨§�|¤ÁgiZ\rso\ÀBfkgwl¡~6lÃ º^&u�j&lmo9giuzlm� ©�¢Afwl"^#uwuwlsuwf�j&rso�¬6^-]¯lJ��^&�q^#�
rsf
pqo\�\^#~°^#o\�\^#oBg&«

_%Z\rsfwÀyrsu#¢ (�rsÀBfwZ�]¡rso;¢�rso�� a£r��\Z\l4  'ø� +Pj&lmo\fzpq�\^#u»giZ\^¯n\fw^¯ls®%�qpqo�À¹�qr4es^&u��!|��
lÃ�s^&uIgiZ\^� 
p�uw^&��^&fzfPj�Z\rso\o\^#�Agwl�Z�pq�\^�~�r�j�Às^#gºgiuwrso\fw]¯pqfzfwp�lmo�^&uzuwlmuzf&«�¦¼o±giZ\p�fIjRrsfz^s¢EY{_�t
~\uwp�]¡rsuzpq�ªe�uz^Rrsj�gif2gwl�¬\n -;^#u2l4�m^#u"��l4 
fvlmo���em«K¦¼o('ø� +F¢spªg2p�f2fzn\�m�m^#fzgw^&�-gwZ�r�gKgiZ\^º~\Z9eJfzpqj&rs�
�¸rRem^#u%~�rsuwrs]¯^#gi^#uwfºfwZ\lmn��q�"¬6^�lm~Jgipq]¯pq³#^&�¯fwl-gwZ�r�gºgiZ\^!¬�n�-;^#u%l4�m^#u"��l4 ¾~\uwls¬�rs¬\p��qp�g¼e

qgipq]¯^&fºgiZ\^�¬�rso��� 
pq��gwZ¹��^&�¸rRe�~�uwlE�\n\j#g
fzµBn�rsuw^#�£p�f�^&µBn�rs�Ígil±lmo�^s«
(Íp�nÂ¢	��lE^&j�À�^&�¥¢krso\� YKl4 
fw�q^�e '*) ) +�j&lmo\fzpq�\^#uw^#� gwZ\^�~\uzlm¬\�q^#] l�®-r���rs~�gwpqo\� gwZ\^

j&lE�\pqo\��uwr�gi^
ρ
gil�giZ�^½j�Z�r�o\o\^&��j#lmo\�\pªgipqlso\f&¢
 
p�gwZ�gwZ\^Élm¬Exz^&j�gipª�m^Éls®?]Xry²Jpq]¯pq³#pqo\�

Y{_�t½giZ\uzlmn\�mZ�~\n�gR«2¦ügv �r�fºr��quw^&rs��e�o\lsgw^&�±pqo '*) ) +\gwZ�r�gvls~�gip�]¡rs�B��rs�qn�^&fvls®6lm~6^&uwr�gip�o\�
~�rsuir�]X^�gi^&uzf�®Álmu�giZ�^�j�Z\rso\o\^#��®Álsu�Y{_�tW %^#uw^��\p -°^&uz^&o9g�giZ�r�o/gwZ\lmfw^»®Álmu�
�3!t2«

¦¼o '*)4�&+¥¢ (Íp�nÂ¢��;Z�lmn�rso\���pqrso\o�rsÀBp�fkn\fz^&�Éfwp�]?n\�qr�gip�lmo�gil"fhgin\��e¹j&uzlmfwf¨¶¼�qr4es^&u!ls~J¶
gipq]¯pq³&r�gip�lmoX 
pªgiZ\p�o"giZ\^�rs�\rs~�gipª�m^�]¯lJ�\n��¸r�gwpqlmoXfw^#gzgip�o\�\«

Y�Z�^º]Xrspqo�o\l4�m^&�ªg¼e�ls®EgiZ\^I~\uz^&fw^#o9g�~�r�~°^#uKp�fÂgiZ\^v®=rsj�gÍgiZ�ryg�p�g�~\uzlÃ�Ep��\^&fKrso�rso�r���eBgip�j
®Áuirs]¯^# ºlmuwÀ¯®Álmu�giZ�pqf
rs��r�~�g�r�gwpqlmo;«

dE^#�m^#uirs�vuz^&j#^&o9g�~�rs~6^&uwf»~�uwl4�Epq�\^±rso\rs��eBgip�jRrs�K®Álmuw]-n\�¸rsf{®Álmu�gwZ\^?giZ\uzlmn\�mZ�~\n�g�ls®ºr
�¸rsuz�m^Ij&lm���q^&j�gip�lmo�ls®�j&ls]X~6^#gwpqo\�
Y{_�t���l4 
f2 
p�gwZ-¬6lsgiZ�j&lmo��m^&fhgipqlso?rso\��giuwrso\fw]¯pqfzfwp�lmo
^&uwuzlmu!��lmfwfz^&f¯¤=fz^&^ 'ñ��+Irso���giZ\^�uz^#®Á^&uz^&o\j#^&f»giZ�^&uw^#pqoA©�«�Y�Z�^�]¡rsp�o��\p -;^#uw^&o�j&^? 
p�gwZ 'ê�&+
rso\� uz^&�qr�gi^#� ~�rs~6^&uzf�p�f�gwZ�r�g� %^¡rsuw^¯Z\^#uw^X®ÁlEj&n�fwpqo��¹lmoMgiZ\^Xuir�gw^Xl�®
r ������� ��
!Y{_�t
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j&lmo\o�^&j#gwpqlmo�j#lmo\fhgiuir�pqo\^#�?gil»uw^#]¡r�pqo���
�� ��� � � 
 � ��� 

C
rso\��fwn�¬Exz^&j�gvgil»¬6lsgiZ�uwrso\�\lm]

giuir�o\fw]¯pqfzfwpqlsoÄ^&uzuwlmu���lmfwfz^&f�rso\� gwl��qlmfzfw^&f"gwZ�r�g�lEj&j#n\u" 
Z\^#o¾pªgif"uwr�gi^�uz^Rrsj�Z\^#f�lmu
^�²Jj&^#^&�\f

C
«

YKl»giZ\^�¬6^&fhgPls®6lmn\uvÀBo\l4 
�q^#�\�m^s¢9gwZ\pqfvfz^#gwgwpqo\��¢mgiZ\^
rsfzfwlEj&pqr�gi^#�±®Álsuw]?n\�qrsf2®ÁlsuvY{_�t
giZ\uzlmn\�mZ\~�n�g{rso\��giZ�^�rso�rs�ªeEgwpqj!j�Z\rsuirsj�gi^#uwpq³&r�gip�lmo\f�l�®2gwZ\^»lm~�gwpq]Xrs�6 
p�uw^#�q^&fzf�j�Z�rso\o�^&�
~�rsuir�]X^�gi^&uzf�giZ�ryg�r�uw^»�\^#uwp��s^&�/pqo�giZ�^�~�uw^&fz^&o9gk~�rs~6^&u{rsuw^�r��q�Âo\^� �«

� (�� � (Ç�"�2+-,�'���./,"�

���
	 ��������
¦¼oXgiZ�pqfIfw^#j#gip�lmoÂ¢9 º^!rso�r���eE³&^�giZ�^{gwZ\uwlmn��mZ\~\n�gºls®Âr�fzpqo\�m��^�Y{_�t ��l4  l4�m^&uºr� 
p�uw^#�q^&fzf
j�Z�rso\o\^#�¥«Æ}Irsj�ZÄ~�rsj�À�^#gXj&lmo9girspqo\f

L
¬\pªgif#¢�rso\�  
Z\^#oWp�g±p�f�giuir�o\fw]¯p�gzgi^&� l4�m^#u¯gwZ\^

j�Z�rso\o\^#�¥¢�pªg¯pqf±�qlmfhg± 
p�giZÆ~\uwls¬�rs¬\p��qp�g¼e
p
« � ^¹rsfwfzn\]X^�giZ\r�g¡~\rsj�Às^�g¡giuwrso\fz]Xp�fwfwp�lmo

^&uwuzlmuwf�rsuw^�pqo\��^&~6^&o\�\^#o9gR«�Y�Z�pqf�p�f�uz^Rrsfzlmo�rs¬\��^s¢6fwp�o\j&^� %^�r�fwfwn�]X^-gwZ�r�g{giZ\^�j�Z�rso\o�^&�
Z�rsf!r¡´J²�^#��fwp��mo�rs��gil"p�o9gi^&uh®Á^&uz^&o\j#^?~\�qn�f�o\lmp�fw^�uir�gwpql

γ
« (Krygi^&uklmoÂ¢°pqoÉdJn�¬J¶hdJ^#j#gwpqlmo

�J¢� %^/ 
pq���{j#lmo\fzpq�\^#u¡Z\l4  giZ\^¹~�rsj�À�^#g�giuwrso\fz]Xp�fwfwp�lmo �qlmfzf¡~\uzlm¬�rs¬\p��qpªg¼e
p
��^&~6^&o\�\f

lmo
γ
rso\� l�giZ\^#u�~\Z9eEfwp�jRrs�P�¸rRes^&u�~�rsuir�]X^�gi^&uzf&« � ^¡r�fwfwn�]X^¯p�g�g�r�Às^&f

L/C
fw^#j&lmo\��f

gil�giuir�o\fw]¯p�g�^Rr�j�Z ~�rsj�À�^#g�lmoMgiZ\^¯j�Z�rso�o\^&�F«�Y�Z\^¡~�r�uirs]¯^#gw^&u
C
p�f�jRrs���q^&�ÉgiZ�^Xuwr4 

giuir�o\fw]¯pqfzfwpqlso�jRrs~�r�j&p�g¼e�rso\��Z�rsf
n\o\pªgif�ls®�¬\p�gwf ��fz^&j�«
� ^!o\l4 �j&lso\fwp��\^&u%r ��n\p��"]XlE�\^#�A®ÁlsuºgiZ�^!Y{_�t �\lÃ �«P`!n\uº]XlE�\^#�°p�f%pqo¯gi^#uw]¯f%ls®

giZ\^�~\rsuirs]¯^#gw^&uzf
C
rso\�

p
��pqfwj#n\fwfz^&�¯rs¬6l4�m^s«v_%lmo\fwp��\^&u�r�uirso��\lm]*~\uwlEj&^#fwf

X(t)
gwZ�r�g

]XlE�\^&��f�gwZ\^�pqo\fhg�rso9girso\^&lsn\f?giZ\uzlmn\�mZ�~\n�g�®Álmu�giZ\^�Y{_�t �\lÃ �«½Y�Z\^�pqo�fzg�r�oBgirso\^#lmn\f
giZ\uzlmn\�mZ\~�n�gvpqf�rsfwfzn\]X^#��gil»¬6^�~\uwls~°lmuhgip�lmo�rs�9gil!gwZ\^�Y{_�tM 
p�o\�\l4 Æfwpq³#^s«�`»n�u�]XlE�\^#�
®Álmu�giZ\^
��eEo�r�]Xp�j&fIls®

X(t)
p�fºr�fI®Áls�q�ql4 
f#« (Í^#g

R
¬6^�giZ\^
uzlmn\o\�±giuzpq~±�\^&�qrRe/¤Frsfzfwn\]¯^&�

j&lmo\fhg�rso9g¯Z\^#uw^4©�¢ºp�o n\o\p�gwf�ls®{fw^#j&lmo\��f&« � Z\^&o giZ�^&uw^�p�f�o\lÉ�qlmfzf&¢Pr�g�gip�]X^
t
¢
X(t)pqo\j#uw^Rr�fw^&fkr�gkuir�gw^

L/R2 «%¦ü® X(t)
uw^&rsj�Z\^&f

C
¢6r¯j&lmo\�s^&fzgwpqlmo/^#�s^&o9g!lEj&j#n\uwf#¢°j&rsn\fzpqo\�

X(t)
gil�¬6^�uw^#�\n\j&^#� pqo�Z�rs�ª®�gil£gwZ\^"��rs�qn�^

C/2
«Mt�rsj�À�^#g¯�qlmfzfw^#f±rsuw^"]¯lE�\^&��^&� ¬9e

rMgip�]X^�p�oJ¶¼Z�lm]Xls�m^&o\^#lmn\f¯t2lspqfwfzlmoÄ~\uzlJj#^&fzf&¢� 
Z\^#uw^¹gwZ\^£uwr�gi^/ls®»��lmfwf¯r�g¯gip�]X^
t
p�f

λ(t) = pX(t)/L
«�Y�Z\p�f�uz^/��^#j#gwf-giZ\^¯®=rsj#g�gwZ�r�g�giZ\^Xuir�gw^Xls®%~�rsj�À�^#g���lmfwf�pqf�Z\p��mZ\^&u

 
Z\^&o±giZ\^�~\rsj�Às^�g%uwr�gi^�p�f�Z\pq�sZ\^&u#« � Z\^#o¯gwZ\^&uz^{p�fvr»~�rsj�À�^#gº�qlmfzfvr�gvgip�]X^
t
¢mgiZ\^���rs��n\^

ls®
X(t)

p�f�uw^&��n\j&^#�£pqo�Z�r���®¨«
`�®vj#lmn\uzfw^�rX]¯lmuw^�uw^�´�o\^#��]XlE�\^#�Â %lmn��q�¹girsÀs^�pqo9gilXrsj#j&lmn\o9g{giZ\^�~\uw^#fw^#o\j&^?l�®vr

¬\n�-°^&u�rso\��gwZ\^?®=rsj�g!giZ�ryg»�qlmfzfw^#f»lmo\��e�girsÀs^�~\�qrsj&^� 
Z\^&oÉgiZ\p�f!¬\n�-°^&u»l4�s^&u"�\lÃ 
f#«-¦¼o
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dJ^&j�gipqlso£��¢� º^� 
p��q�ÍfwZ�lÃ *¬9e/fwp�]?n\�qr�gip�lmo"giZ�ryg{gwZ\^�j&lmo\j#�qn\fzpqlmo�fklm¬Jg�rsp�o\^&��®Áuwlm] lsn\u
fwpq]¯~\��p�´�^#�"¬\n�-°^&uz�q^&fzfk]¯lE�\^&�;rsuw^�fzgwpq���°��rs�qp��"®Álmu�giZ�pqf�uw^�´�o\^#�£]¯lJ�\^#�¥«

����� �����	��
���������
�����
� ^�´�uwfhg!�\^�´�o\^?fzlm]X^�o\lsgir�gip�lmoÂ« (Í^#g

α = pR2/L2 «$3k^#´�o\^ Λ0 = 1
rso\�¹®Álmu

l ≥ 1�\^#´�o�^

Λl =

l∏

j=1

( −4

22j − 1

)
.

¤ )Ã©

ÅAlsu
l ≥ 1

rso\�
n ≥ 2

�\^#´�o�^

al,n = Λl−1 exp(−(22(l−1) − 1)α(C/2n)2/2)[
1 + (

4

22l − 1
) exp(−(3)22(l−1)α(C/2n)2/2)

]
.

¤F�m©

Y�Z�^�®Álm���ql4 
pqo��-pqf�~�uwl4�m^#�£pqo��k~\~°^#o\�\p ² �J«ê�J«
��� '�/ � ' � ��� 
��

f(x)
��
���� 
 ��� ��� � ��� � ��� � ��� �	� � �������� ��
��!�������"!����,��� � ���#!��2� � � 


���!��� ����� ���,
��2�$� �������2� ����� ���
X(t)

�$!���� 
 � ��� �������,
	��� � ��� � ��� 
���
��!�����%�
f
� ��� � �'&�
��

� � 
�� � (�
�� 
���� � � � 
*) � ��� � ���

df(x)

dx
=

{
−αxf(x)

� !
C/2 < x ≤ C

−αxf(x) + 4αxf(2x)
� !

0 ≤ x < C/2
,

¤=�9©

� � 
��	

α = pR2/L2 � ��� 
+��
��!�������

f(x)
� �+� � � ������� ��� ���2�$� ���

x = C/2
���,� ��� ���

� � ���

f((C/2)+) − f((C/2)−) = f(C−) .
¤Á�B©

��� 
-��
��!�������
f(x)

� � � �/. 
�� �0�

f(x) =
n∑

l=0

Vn−lΛle
−22lαx2/2 ¤F�m©

� !
C/2n+1 < x < C/2n !��2� n ≥ 0

�21 ����� 
�� � � � 
	� � � 
�� 
 � � 
 �����!��� �������
V0, V1, . . .� �	
 � � 
 ���2����� � ���!� � � ��� 
0
*) � ��� � ���!�

V1 = V0(1 + (1/3)e−3αC2/8) ,
¤=�9©

ÊÁËKÌÍÊÁÎ



� �� 
���
���� ��� �����,
��	��� �.��
 
�� 
����� ������
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Vn =

n∑

l=1

al,nVn−l

®Álmu
n > 1 ,

¤ �m©
���,�

∞∑

m=0

Vm

[∫ C/2m

C/2m+1

exp(−αx2/2)dx

]
=

[ ∞∑

k=0

2−kΛk

]−1

.
¤ � ©

¦üg{p�f�pqo9gi^#uw^&fhgip�o\��gil±o\lsgw^�gwZ�r�g
p�o¹r��q�;j&rsfw^#fk^�²�rs]Xp�o\^&��fzl¯®=rsu#¢�giZ�^�j#lmo\fhg�rso9gif
Vnrs~\~6^Rrsu�gwl¯j#lmo9�m^#uw�m^�gil¯r�j&lmo\fhg�rso9gkrsf

n → ∞ «

��� � � ��� � � �$�����	��� � �
Å�pquzfzg�j#lmo\fwp��\^&u"gwZ\^ÉjRrsfz^� 
Z\^&uz^

p = α = 0
« ¦¼o gwZ\pqf�j&rsfw^Ép�g"jRrso�¬°^��s^&uzp�´�^#�

giZ�r�g ∑n
l=0 Vn−lΛl = 0

®Álmu�r��q�
n > 1

rso\�ÉZ\^#o\j&^
f(x)

pqf�r�n\o\pª®Álmuw] �\pqfhgiuwp�¬\n�gwpqlmo
lmo

[C/2, C]
«�Y�Z�pqf±pqf±^�²J~6^&j�gi^&�Æfwp�o\j&^/pqo�giZ�pqf�jRr�fw^�giZ\^�giuwrÃxz^&j�gilmuhe ls®

X(t)
p�f±r

firR �gilElsgiZ/~�r�gzgi^#uwo���rsuzeEpqo��¯¬6^#g¼ º^&^#o
C/2

r�o\�
C
«

§{^�²Eg±j&lso\fwp��\^&u-gwZ\^�jRr�fw^¡ 
Z\^#uw^
C
rs~\~\uzl9rsj�Z\^#f¯p�o�´�o\pªg¼em«�¦¼o gwZ\pqf?j&rsfw^�¢Ip�g?j&rso

¬°^��m^#uwpª´�^&�ÉgiZ�ryg
Vn

gw^&o\�\f�gil
V0

®Álsu�rs�q�
n
« �k^&o�j&^¯pqo�giZ\p�f»jRrsfz^¯ º^¯Z�rR�m^

f(x) =
V0(
∑∞

l=0 Λle
−22lαx2/2)

®Álmukrs���
x > 0

«�Y�Z\pqf{pqf{~\uw^#j&p�fw^&�ªe�giZ\^�fir�]X^�uw^#fwn\�ªg�lm¬Jg�rsp�o\^&�
pqo 'ø� +F«�Y�Z\p�f�pqf2^�²J~°^#j#gw^&�¯fwpqo�j&^���^#gwgwpqo\�

C
rs~�~\uwl9r�j�Z�pqo�´�o�p�g¼e�pqf�^#µBn\p���rs��^&o9g�gil�Z�rR�Jp�o\�

giuir�o\fw]¯pqfzfwpqlso��qlmfzfw^&f
lmo���em¢J 
Z\pqj�Z/j&lmp�o\j&p��\^&f� 
pªgiZ�~\uz^#�Epqlmn�f{]¯lE�\^&��f&«

����
 �������� � � �
� ^�o\l4 �pq���qn\fhgiuirygi^�giZ\^±rs¬6l4�m^�uz^&fwn���gif! 
pªgiZ�fzlm]X^�oBn\]¯^&uzpqj&rs��^�²\r�]X~\��^&f#«?dJn�~\~°lsfw^
C = 5

¢
R = 100

rso\�
L = 40

«2¦¼o�Å�p��mn\uw^ )m¢sgwZ\^%�\^#o\fwpªg¼e
f(x)

l�®�giZ\^�p�o\fzgirso9g�rso�^&lmn\f
giZ\uzlmn\�mZ\lsn�g�p�f%~\��lsgwgw^&�¡�s^&uwfzn\f

x
®Álmu%g¼ ºl��\p -°^&uz^&o9g���rs�qn�^&f%l�®ÍgiZ\^»~�r�j�Às^#g
��lmfwfº~\uwls¬J¶

rs¬\pq��p�g¼e
p
«2Y�Z\^
�q^�® gv~\�ql�gvfwZ\l4 
fIgiZ\^�j&rsfw^

p
fw]Xrs���¥«�¦¼o�giZ\p�fvjRrsfz^s¢Bo\lsgw^�giZ�r�gvgwZ\^&uz^
pqfvr

�Jp�fwp�¬\�q^
�\p�fwj&lsoBgwpqoBn\pªg¼e±pqoXgwZ\^{�\^&o\fzp�g¼e¡r�g
x = C/2

¢Euw^���^&j�gip�o\�-giZ�^Ixzn\]¯~\fI®Áuwlm]
C
gil

C/2
 
Z\^#o¹giZ�^�p�o\fzgirso9g�rso�^&lmn\f�gwZ\uwlmn��mZ\~\n�g{Z\pªgif�gwZ\^�¬°lmn�o\��rsuhe

C
«PY�Z�^�uzpq�mZ9g
~\��lsg

fwZ\l4 
f
giZ\^�jRr�fw^
p
�¸rsuz�m^s«�¦¼o�giZ�pqf�jRr�fw^�giZ\^�~�rsj�À�^#gk�qlmfzf�~\uwls¬�rs¬\p��qp�g¼eXpqf�Z�pq�mZ�^#o\lmn\�mZ

fwlXgwZ�r�g{p�g{p�fkn\o��qpqÀ�^&�ªe"giZ�ryg{gwZ\^�pqo\fhg�rso9g�r�o\^&lmn�fkgiZ�uwlmn\�sZ\~\n�gkpqf
o\^&rsu{gwZ\^�¬°lmn�o\��rsuhe
C
¢°rso\�/giZBn\fkgwZ\^&uz^-p�fko\l¯�Epqfwp�¬\�q^��\p�fwj#lmo9gipqoBn\pªg¼e�pqo/giZ\^��\^&o�fwp�g¼e£r�g

x = C/2
«{§{lsgi^

giZ�r�g{p�o£rs���ÍjRrsfz^&f#¢
f(x)

p�f
o\^Rrsuz��e�³#^&uzl¡ 
Z\^&o
x
pqf
j&��lmfw^�gil¯³&^#uwl\¢A 
Z\p�j�Z£pqf{¬6^&jRr�n\fw^

~�rsj�Às^�g-��lmfwf»¬6^&j#lm]¯^&f�rsoMn\o\�qp�Às^#��e¹^#�m^#o9g- 
Z\^#oMgwZ\^±pqo\fhg�rso9g�r�o\^&lmn�f�gwZ\uwlmn��mZ\~\n�g�p�f
o\^Rrsu

x = 0
«
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x

Å2pq�mn\uz^ )'"Itvuwls¬�rs¬\p��qp�g¼e 3�^#o\fwpªg¼e�ls®�¦¼o�fzg�r�oBgirso\^#lmn\f{Y{_�tÄY�Z\uwlmn��mZ\~\n�g "P}�²�rs]¯~\��^&f

����� �� ����� � ��� � �
Y�Z\^-]¯^Rrso�giZ�uwlmn\�sZ\~\n�g�ls®�Y{_�t pqf{�mpª�m^&o¹¬9e

TCP (C, p) =
∫ C

0
xf(x)dx

«{dJ~6^&j#p�´�¶
jRrs����em¢J¬9e�n\fwp�o\�£¤¥�m©�¢�r�® gi^#u�fwlm]¯^�rs�q�s^&¬\uwrspqjk]¡rso�pq~\n\�qr�gip�lmoÂ¢9 º^�j&rso¹fzZ\l4 �gwZ�r�g

TCP (C, p) =

[ ∞∑

k=0

4−kΛk

] ∞∑

m=0

Vm

∫ C/2m

C/2m+1

x exp(−αx2/2)dx .
¤ �9©

¦¼oÄgiZ\^/®Álm�q��lÃ 
p�o\�ÉgiZ\^#lmuw^#]  º^�lm¬�girspqoWr j&��lmfw^#�Ä®Álmuw] ^&µBn�rygipqlsoW®Álmu
TCP (C, p)

¢
 
Z\pqj�Z���^Rrs�\fºgil�r-fzpq]¯~\�q^krs~\~�uwlR²Jpq]Xr�gip�lmoX®Álmu

TCP (C, p)
« (Í^�g

f̂(u)
¬6^�gwZ\^�a¹^#�q�qp�o

giuir�o\fz®Álmuz]·ls®
f(x)

"

f̂(u) =

∫ C

0

f(x)xu−1dx
¤ )4�9©
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p�giZ
u ≥ 1

« (Í^#g
Γ(u)

¬6^»giZ\^�a¹^#�q�qp�o¡giuwrso\fh®Álmuw]�l�®
e−x ¢�p¥«ø^s«

Γ(u) =

∫ ∞

0

e−xxu−1dx .

§klsgw^�gwZ�r�g
Γ(·) pqf�gwZ\^� %^#�q��ÀBo\l4 
oW�9r�]X]Xr¹®Án\o\j�gip�lmoWr�o\� fir�gwpqfz´\^&f±giZ\^�pq��^&o9gipªg¼e

Γ(u + 1) = uΓ(u)
«IÅ�lmu�rs���

l ≥ 0
¢\�\^#´\o\^

Πl(u) =
l∏

k=0

(
1 − 2−u−2k

)
.

¤�)�)Ã©

Y�Z�^�®Álm���ql4 
pqo��-pqf�~�uwl4�m^#�£pqo��k~\~°^#o\�\p ² �J«ñ��«
��� '�/ � ' � ��� 3 ' ��� ����� �-� � / �
	 �
� ���� ��� 
  
������� � �.���!�'!��2��
 �$! ��� 
 � ��� ���
� � �������� ��
��!�������

f(x)
�$! ��� 
 ���!��� ����� ���,
��2� � � ��� �������2������� ����� ��� �/. 
�� �0�

f̂(u) =

∑
l≥0 Πl(u)Cu

(
αC2

2

)l
Γ(u/2)

Γ(u/2+l+1)

∑
l≥0 Πl(1)C

(
αC2

2

)l Γ(1/2)
Γ(1/2+l+1)

.
¤�)4�m©

��� � � � � � ��� � � � � ��� 
 
 
 ��� � ��� � �����2������� ��� � �

TCP (C, p) =

∑
l≥0 Πl(2)C2

(
αC2

2

)l
1

(l+1)!

∑
l≥0 Πl(1)C

(
αC2

2

)l √
π

Γ(1/2+l+1)

.
¤�)R�9©
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 � � . 
 � � � � � (�
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�����
"�/� �	
������ ���!��!��2� ��� 
 
 
 ��� ��� ��� � ��� � �����������2� �����
� ���� � � � � ��� �0� � � ��� � (�
�� 
���� 
 
������0����� � � ��� �$!�� ) � ��� � ��������� ���,� � � ��� �$! ��� 
��2� 
�

� � ��� . 
 ����� � �2��� � ��
0����� 
�� 
���� ����� � � � ��� . 
 � �� 
	��� � � � � ��� ��� 
 � � � 
"�/� � 
������ ���!� � � 


*) � � � ��� ��� � 
 � � . 
 � ��� ��
	
�� � � ��
 � � ��� ����� � ��� 
 � � . 
 ��� 
	� �*
*� ��� 
�
*) � � ������� � �!�
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 � � � 
"�/� �	
������ ���!��� � 
�� � ��� 
 � ��
 
 � ��
 
���� � � � � 
���� � �� ���,�����
� ��#� ��� 
�� � 
 � 
���� 
*�2� ��� 
 � 
���� � ��� 
 ��� ��� 
*� ��� ��� 
�� ���
ÅAuzlm] ¤ )4�9©º º^�lm¬�g�r�pqo�giZ\^»®Álm���ql4 
pqo��?rs~\~�uwlR²Jpq]Xr�gip�lmoÂ¢�~�uwl4�m^#�£pqo��k~\~6^&o\�\p ² �J«ø�\«
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� �����2������� ��� � ��� � �'&�
��

TCP (C, p) =
3C

4
− pR2C3

L2

11

256
− p2R4C5

L4

497

491520

+
925667

377487360

p3R6C7

L6
+ o(p3R6C7/L6)C.

¤ )R�B©
�kpq�sZ\^&u�lmuz�\^&u�^�²J~�rso\fzpqlmo¹rsuw^�^&rsfwp���e"ls¬�g�rsp�o\^&��n\fzpqo\�±^�«ñ�\«Pa¹rs~\�q^�«

�kf�^�²J~6^&j�gi^&�;¢�giZ\^k�sr��qn\^#f%ls®ÂgwZ\^�gwZ\uwlmn��mZ\~\n�g�rsuw^kpqo\fz^&o\fzp�gwp��m^{gil-gwZ\^���rs��n\^kl�®
Cp�®\gwZ\^�~�rsj�À�^#gI��lmfwf�~�uwlm¬�r�¬\pq��p�g¼e

p
p�f�fzn! ¯j&pq^#o9gi��e�Z\p��mZÂ«�¦¼o?®=r�j#g� º^�Z�rR�m^�gwZ\^%®Álm���ql4 
pqo��

j&lmuzlm�q�qrsuzes«��*fwÀ�^#gij�Z£ls®2gwZ\^�~\uwlEls®Kpqf�~�uwl4�Epq�\^#�¹p�o/�k~\~6^&o\�\p ² �J«ê�J«
� / � / 4 4Á�\� )�� � �2� � ��

p > 0
� 
 � � . 


lim
C→∞

TCP (C, p) =

√
2

α

1√
π

Π∞(2)

Π∞(1)
=

1.309√
pR/L

,
¤�)4�m©

Y�Z�^!uw^#fwn\�ªg%p�o�_%lmuzlm�q�qrsuze��-j&lmp�o\j&p��\^&fP 
p�giZ 'ñ��+¥¢B 
Z\pqj�Z¡pqf%^�²J~°^#j#gi^#��fwp�o\j&^!��^#gzgipqo��
C
rs~\~\uzl9rsj�Z ∞ pqf�^&µBn\pª��rs�q^#oBg
gwl¯j#lmo\fzpq�\^#uwpqo��¯uwrso\�\ls]giuwrso\fz]Xp�fwfwp�lmo��qlsfwfw^#f
lmo\��es«

� 	 .����&� ��$��»���#+�� +�
�� ���2���#�
	�	 �������������X�¾�»����� ��������	

¦¼o�gwZ\pqf�fz^&j�gipqlso� º^�j&lmo�fwpq��^&u�lm~�gwpq]¯pq³&r�gip�lmoXl�®2gwZ\^! 
pquz^&�q^#fwf�j�Z�r�o\o\^&�Í~\rsuirs]¯^#gw^&uzf�gil
]¡ry²Jp�]Xp�³&^!giZ�^�gwZ\uwlmn��mZ\~\n�g�ls®�gwZ\^�Y{_�t fw^#fwfzpqlmo£gwZ�r�gk~�rsfzfw^&fkgiZ\uzlmn\�mZ¹p�gR« � ^-j&rso
n\fw^�giZ�^?®Álmuw]?n��¸rX®ÁlmukgiZ\^�Y{_�t¾gwZ\uwlsn\�mZ\~\nJg�pqo ¤�)&�B©{gil�^��sr��qn�r�gw^

TCP (C, p)
rsf�r

®Án\o\j#gwpqlmoXls®
C
rso\�

p
«�Y�Z\^k 
pquw^#�q^#fwfPj�Z�rso\o\^#�;~�r�uirs]¯^#gw^&uwfP 
pq�����\^#gw^&uw]¯pqo�^

C
rso\�

p
¢

rso\�� %^� 
pqfzZ/gwl±]¡ry²Jp�]Xp�³&^
TCP (C, p)

 
pªgiZ�uw^#fw~6^&j�gkgwl±gwZ\^&fz^�~\rsuirs]¯^#gw^&uzf&«
� ^� 
pq�q�%j&lmo\fzpq�\^#u�g¼ %l½uw^&�spq]¯^&f&¢IgiZ�^¹��lÃ  dJ¦¨§�|�uz^&�mp�]X^�r�o\�ÆgwZ\^�Z\pq�mZWdJ¦¨§k|

uw^&�spq]¯^s«KÅ�lmuÂ^�²�rs]¯~\��^s¢4giZ\^I��lÃ  dJ¦¨§k| uw^#�mpq]¯^vrsuzpqfw^#f�pqo!giZ�^Pj#lmo9gi^�²Jg2ls®Jj&lE�\^�¶ü�\p��Ep�fwpqlso
]?n\��gwpq~\��^!rsj#j&^#fwf-¤¥_�3»a¹�!©
fheEfzgi^#]Xf#«I¦¼o/gwZ\pqf�uz^&�mp�]X^�¢�r�~\uwlEj&^#fwfwp�o\�¯�9rspqo

m
pqf�n\fz^&�

gil�rs�Ãxzn\fzg»gwZ\^-giuwrso\fz]Xp�fwfwp�lmo���ryg�r"uirygi^s¢;lmu�^#µEn�p���rs�q^#o9gi��e/giZ�^-giuwrso\fw]¯pqfzfwp�lmo�^&o�^&uw��e
n\fw^#� ~°^#u-¬\pªgR«���¸rsuz�m^±~\uwlEj&^#fwfwp�o\���9r�pqoMpqf��m^&o\^#uirs����eÉo\^#^&�\^#� gil¹j&lm]¯~°^#o\firygi^±®Álmu
�ql4 �dJ¦¨§�|�« � ^»fwZ�r��q�;j#lmo\fzpq�\^#u%giZ\^»~�uwlm¬\��^&]Èls®Klm~�gwpq]¯pq³&p�o\��giZ\^»~\uzlJj#^&fzfwpqo����9rspqoXgil
]¡ry²Jp�]Xp�³&^�Y{_�t giZ\uzlmn\�mZ\~�n�gR« � ^�fzZ�rs���Írs�qfzl�j&lmo�fwpq��^&u�giZ\^�n\fz^�ls®�^#uwuzlmu�j&lmuzuw^#j#gip�lmo
j&lE�\^&f#¢Arso\�?xzlmpqo9gi�ªe¡ls~�gip�]Xp�³&^kgwZ\^�j&lE�\pqo��¯uwr�gi^�r�o\�/gwZ\^�~\uwlEj&^#fwfzpqo\�¯�9rsp�oÂ«
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� Z�^&o½gwZ\^XdJ¦¨§�| p�f�Z\pq�mZ;¢Íp�g�pqf�~6lmfwfzpq¬\��^?gil�uw^#�qpqrs¬\��e¹fw^#o\� ]¯lmuz^±gwZ�rsoÉlmo\^¯¬\pªg
~°^#uIgwuirso�fw]¯p�gwgw^&�¯fzeE]?¬6lm�¥«2¦ü®ÂgiZ�^koBn\]?¬6^&uPls®;~°lmfzfwp�¬\�q^���rs��n\^&fPls®Â^&rsj�Z¡fheE]?¬°ls�6p�f

M
¢

giZ\^#o
M

pqf�jRr��q�q^#��giZ\^�rs��~\Z�rs¬6^#g
fzpq³&^�«ºY�Z�^�oBn\]?¬6^&u
ls®�¬\p�gwf�~°^#u
fzeE]?¬6lm��pqf
log2 M

«
�Ç�qrsuw�s^�dJ¦¨§�| �m^#o\^&uwrs�q�ªe¡^#o�rs¬\��^&f{n\fw^�ls®�rso¹rs�q~\Z\rs¬°^�g
fwp�³&^��muw^&r�gi^#u�giZ�rso�g¼ ºl¯ 
pªgiZ
�ql4 �~\uzlm¬�rs¬�pq�qpªg¼e l�®»fzeE]?¬6lm��^&uzuwlmu#« � ^¹j#lmo\fwp��\^&u±giZ�^¹~\uzlm¬\��^&] ls®!rs�yxzn\fhgip�o\�MgwZ\^
rs�q~\Z\rs¬°^�g�fwp�³&^�pqo�lmuz�\^&u�gwl¯]Xry²Jpq]¯pq³#^�Y{_�tWgwZ\uwlmn��mZ\~\n�g&«

¦¼o�gwZ\^?o\^�²Eg�fwn\¬\fz^&j�gipqlsoÂ¢; º^�~\uw^#fw^&o9g�rX 
p�uw^&��^&fzf!j�Z�rso\o�^&��]¯lJ��^&�¥¢A 
Z\p�j�Z�eJp�^&���\f
®Álmuw]?n��¸rsf%®Álsu

p
rso\�

C
rsf{r?®Án\o\j#gwpqlmo�ls®KgiZ�^� 
p�uw^#�q^&fzf
j�Z�rso\o\^#��~�rsuir�]X^�gi^&uzf»«
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	 � �$
 ��� � ��� ��� ��� � ��� ��������
� ^?´�uzfzg�j&lso\fwp��\^&u�r�]XlE�\^#��rs~\~�uwlm~\uzp¸r�gw^?®Álmu»r��ql4  dJ¦¨§�|�ryg»giZ\^�uz^&j&^#p��s^&u&¢Kpqo�gwZ\^
j&lmo9gi^�²Eg�ls®�r¯_�3»a¹�Ço\^#g¼ ºlmuzÀ6«

��� � � � � / 1 '�� ��� � � � / � 3 � 4Á� � � 4 ' ��� �
	 - � � � / �Í�
	�� �
� ^¯ 
pq�q�vj#lmo\fzpq�\^#u�giZ�^¡jRr�fw^¡l�®�j&lE�\^�¶ü�\p��Ep�fwpqlso½]?n���gip�~\�q^�²Jpqo\�� 
p�gwZ �\p�uw^#j#g�fw^&µBn\^#o\j&^
fw~\uz^Rrs� fw~6^&j�giuwn�] ]XlE�\n\�qr�gip�lmoÂ«É¦¼o gwZ\pqf�j&rsfw^�¢º º^/rsfwfzn\]X^�gwZ�r�g±fwp��mo�rs��f�rsuz^/fz^&o9g
 
p�giZ/�\p�uw^&j�g�fz^&µBn\^#o\j&^?fz~\uw^&rs��fz~°^#j#giuzn\] ]XlE�\n\�qr�gip�lmoÂ¢E 
p�giZ¹rXj�Z�pq~£��n\uir�gwpqlmo/ls®

Tcfw^&j#lmo\�\f#«�¿ºpqo�rsuhe tvZ�rsfz^ÉdJZ\pª® g�»^�eJp�o\� ¤=¿�tPd��©±p�f¡r�fwfwn�]X^#� rsf±giZ\^/n\o\�\^#uw�ªeJp�o\�
]XlE�\n\�qr�gip�lmo�fwj�Z\^#]X^�«�}Pr�j�ZÄ¬\p�g¯giuwrso\fz]Xpªgwgi^#�Æp�fX^#o\j&lE�\^#�Äpqo9gil

m
j�Z\p�~\fXn�fwpqo�� r

fw~\uz^Rrs�\p�o\�
fw^#µEn�^&o\j#^s¢m 
Z\^#uw^
m
p�fKj&rs�q��^&�!gwZ\^ � ��� �	
���������� �*� ����«2Y�Z\^I¬\pªgÍgiuwrso\fw]¯pqfzfwp�lmo

uir�gw^»pqf�giZBn\f
C =

1

mTc

.
¤�)R�9©

YPeE~\p�jRrs����em¢º]¡r�oBe n\fw^#uwf"]XrRe giuwrso\fw]¯p�g¯rygXgwZ\^¹fwrs]¯^/gwpq]¯^s¢PjRrsn\fzpqo\�½pqo9gi^#uz®Á^#uw^&o�j&^
r�g
^Rrsj�Z/n\fz^&uwf
uz^&j&^#p��s^&u&«P}Irsj�Z/n\fw^#u
Z�rsf{r�uw^&j#^&pª�m^&u� 
Z\p�j�Z¹j#lmuwuz^&�qr�gi^#f�giZ\^»p�o\j&lm]¯pqo��
fwpq�so�rs�J 
pªgiZ?gwZ\^�fw~\uz^Rrs��pqo\�»fz^&µBn\^&o�j&^{n\fw^#�¡r�g�giZ\^�gwuirso\fz]Xpªgwgw^&u&«�(Í^#g

γ
¬6^�giZ\^�fzpq�mo�r��

gil�o�lmpqfz^%~\��n\f2p�o9gi^&uh®Á^&uz^&o\j#^�uir�gwpql?¤¥dJ¦¨§k|�©�r�g�gwZ\^%lsn�gi~\nJg�ls®\gwZ\^%j#lmuwuz^&�qr�gilmu#« � ^%fzZ�rs���
�\^#´�o�^

γ
]¡rygiZ\^#]¡r�gwpqj&rs�q�ªe� 
Z\^&o/ %^��\p�fwj&n�fwfkrsfwfzpq�mo\]¯^&o9g
ls®�dJ¦¨§k|��sr��qn\^#f��¸r�gw^&u&«

¦ü®A º^�]XlE�\^#�JgiZ�^�pqo9gi^#uz®Á^#uw^&o�j&^
r�g�gwZ\^�j&lsuwuw^#�¸r�gwlmuKlmn�gi~�n�gPrsf ��rsn\fzfwp¸r�oÂ¢sgiZ�^�~\uwls¬J¶
rs¬\pq��p�g¼e¯ls®�r¯¬�p�g�^#uwuwlsu{p�f

BER = Q(
√

mγ),
¤ ) �m©

 
Z\^&uz^
Q(·) pqf!giZ�^"_�3!Å�ls®PgiZ\^¯³&^#uwl/]X^&rso½n�o\p�g»��rsuzp¸rso\j#^ ��r�n\fwfzp¸rsoM�\^&o�fwp�g¼es¢2pF«ñ^�«

Q(x) = (1/
√

2π)
∫∞

x
e−x2/2dx

«
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��������������������� �!�#"$�%�	���

¦¼o gwZ\^¡n�o\j&lE�\^&��j&rsfw^XgiZ�r�g� %^¡j&lmo\fzpq�\^#u-Z\^#uw^É¤Áo\l�Å�}P_�©�¢2^&rsj�Z�~�rsj�À�^#g±j&lsuwuw^�¶
fw~6lmo\�\f�gwl¡giuwrso\fz]Xp�fwfwp�lmo/ls®

L
¬\p�gwf�lmo£gwZ\^-j�Z\rso\o\^#�¥«!Y�Z\^-~\uwlm¬\rs¬\pq��p�g¼e�l�®Ir¡~�rsj�À�^#g

^&uwuzlmu�pqf
p = 1 − (1 − Q (

√
mγ))L.

¤�) � ©
� ^¯ 
pq�q�In\fz^¡giZ�^¡®Álm�q��l4 
pqo\�/rs~\~�uwlR²Jpq]Xr�gip�lmoM®Álsu

p
¢2 
Z\pqj�Z�p�f���rs��pq�½ 
Z�^&o

BER
pqf

fw]Xrs�q� "

p ≈ LQ(
√

mγ) .
¤ ) �9©

��� � � � � / 1 '�� ��� � � � / � 3 � 4Á� � � 4 ' ��� �
	 - � � � 	�� �
� ^{fwZ�r��q�Ars��fwl�j&lmo�fwpq��^&uIgiZ\^{jRrsfz^k 
Z\^#uw^�r�¬\��lJj�À-j&lE�\^{®ÁlsuI®Álsuz %rsuw�X^&uwuzlmuIj&lmuzuw^#j#gip�lmo
¤FÅ�}P_�©Pp�fºn�fw^&�;«P¦¼oXgiZ\p�fºj&rsfw^�¢JgiZ�^

L
¬\p�gwfºls®Â^Rrsj�Z�~�r�j�Às^#g�rsuw^k^&o\j#lJ�\^#��pqo9gil

N
¬�p�gif#¢

 
Z\^&uz^
N ≥ L

«�Y�Z\^Xuwr�gip�l
ρ = L/N

pqf»jRr��q�q^#��giZ\^ ���0� �����(�.��� 
�«¯dJpqo�j&^� %^±j#lmn\o9g
giZ\uzlmn\�mZ\~�n�g�p�oXgi^#uw]¯f%ls®�p�o�®Álmuz]¡r�gwpqlmo±j#lmo9�m^#es^&�Â¢\gwZ\^!¬\pªgºgwuirso�fw]¯pqfwfzpqlmo¯jRr�~�rsj&pªg¼e¡p�o
giZ\p�f�jRrsfz^�p�f

C =
ρ

mTc
.

¤¥���9©
Y�Z�^-j&ls�q�q^#j#gwpqlmo�ls®

N
¬\pªgif
pqf{jRr��q�q^#�£r±j&lE�\^� %lmuz�Â¢Âr�o\�¹gwZ\^&uz^�p�f�r±j&lE�\^# ºlmuz�£®Álmu

^Rrsj�Z�ls®�gwZ\^
2L ~°lmfzfwp�¬\�q^I¬\pªg�~�r�gwgw^&uzo\f2l�®�r
~�rsj�Às^�gR«�¦¼o��m^&o�^&uir��¥¢4giZ\^ N

j&lE�\^# ºlmuz�-¬\pªgif
j&lmo9g�r�pqo uz^&�\n�o\��rso\j�em¢�fzl£giZ\r�g-pª®�¬\pªg�gwuirso�fw]¯pqfwfzpqlmoÉ^#uwuwlsuwf-lEj&j#n\u&¢KgiZ\^X¬\p�g�~�r�gzgi^#uwo
ls®ºgwZ\^¯lmuwp��mpqo�r��q��e�^#o\j&lE�\^#� ~�rsj�À�^#g-jRrsoMfwlm]¯^#gwpq]¯^&f»¬6^±uw^&j#l4�m^&uz^&� r�g»gwZ\^¯uw^&j#^&pª�m^&u#«
� ^Xrsfwfzn\]¯^¯gwZ�r�g�n\~½gwl

t
^#uwuwlsuwf�jRrso½¬°^¯j&lmuzuw^#j#gi^#�Â¢vrso��½giZ\r�g

t + 1
lsu�]¯lmuw^±¬\pªg

giuir�o\fw]¯pqfzfwpqlsoX^#uwuwlsuwf�uz^&fwn���gºpqo�r�~�rsj�Às^�g
�qlmfzf&«�Y�Z�^!~\uwls¬�rs¬\p��qp�g¼e?ls®�r-~�r�j�Às^#g
^#uwuzlmuºp�f
giZBn\f

p =
N∑

j=t+1

(
N
j

)
[Q (

√
mγ)]j [1 − Q (

√
mγ)]N−j .

3�^#´�o�^
θ = (t+1)/N

« � ^{n\fw^
giZ\^
®Álm���ql4 
pqo\���¸rsuz�m^��\^#�Epqr�gip�lmo\fh¶ü¬�rsfz^&�¯^&fzgwpq]Xr�gi^�®Álsu
p
"

p ≈ 2N [h(θ)+θ log2(q)+(1−θ) log2(1−q)] ,
¤¥��)Ã©
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Z\^&uz^
q = Q(

√
mγ)

rso\�
h(x) = −x log2(x) − (1 − x) log2(1 − x)

pqf�giZ�^�¬�pqo�rsuhe
^&o9giuzlm~9e�®Án\o\j�gipqlsoÂ«?§{lsgip�j&^-gwZ�r�g»giZ�pqf»rs~�~\uwlR²Jpq]Xr�gip�lmo�n\fz^&f»giZ�^¯��lm]Xp�o�rso9g�gw^&uz]cls®
dEgip�uw�qp�o\���øfº®Álmuz]?n\�qr�¢\rso���gwZ�r�g{¬6^#gwgw^&u
^�²J~�r�o\fwp�lmo\f
j&lmn��q��¬°^�n\fz^&�Â«

¦¼oWlmuw�\^#u¯gwl �\^�gi^#uw]¯pqo\^
t
¢�lmu¯^&µBn\pª�sr��q^&o9gw��e

θ
¢% º^�n\fw^/giZ\^ �»pq�q¬6^&uhgz¶��PrsuwfzZ\o\^#e

¬°lmn�o\� 'ñ��+F¢K 
Z\p�j�Z p�]X~\��pq^#f!giZ�r�g�®Álmu�r��mp��s^&o j#lJ��pqo\�/uir�gw^
ρ
¢KgwZ\^&uz^¡^�²Jp�fzgif�r¹¬��qlEj�À

j&lE�\^» 
p�giZ #¼^&uwuzlmu�j&lsuwuw^#j#gwpqlmo�jRr�~�rs¬\p��qp�g¼e %
θ
¢\ 
Z\^&uz^

θ
fir�gwpqfz´\^&f

ρ = 1 − h(2θ) .
¤¥�m�s©

��� � � � � 1K� � � � � ' 3 / 1 ��4Á��� � / �
§k^�²Eg&¢\ %^��\p�fwj&n�fwf{r?fwj#^&o�rsuzpql¯rs~\~�uwlm~\uzp¸r�gw^�®Álmu�Z�pq�mZ¹dJ¦¨§k|{f#¢� 
Z\^&uz^�]Xlmuz^!giZ�r�o/lso\^
¬\p�g�jRrso�¬6^?j&lsoB�s^#es^&�M~°^#u�giuwrso\fw]¯p�gzgi^#��fzeE]?¬6lm�¥«�¦¼o�giZ\^�r���rs~�gwp��m^-]XlE�\n\�qr�gip�lmo/ º^
j&lmo\fzpq�\^#u&¢9giZ�^�rs��~\Z�rs¬6^#gPfzpq³&^

M
j&rso¯¬°^
��rsuwp�^&�Â«�}Pr�j�Z"fzeE]?¬6lm��jRr�oXgiZBn\fPg�rsÀ�^klso

M~°lmfzfwp�¬\�q^���rs�qn�^&f&«�Y�Z\^k��n\uir�gwpqlmo¯ls®;^Rrsj�Z"fheE]?¬°ls�6p�f
T
fw^&j#lmo\�\f#¢\rso��XgiZ�^k¬�r�o\�� 
pq�JgiZ

ls®2gwZ\^»giuwrso\fw]¯p�gzgi^#�/fzpq�mo\rs�Âpqf
~\uzlm~6lmuzgwpqlmo�r��°gil
1/T

«PY�Z�^�¬�p�g�giuwrso\fz]Xp�fwfwp�lmo�uir�gw^�pqo
giZ\p�f�fwj&^#o�rsuzpql±pqf�gwZ\^&uz^#®Álmuz^

C =
log2 M

T
.

¤¥���9©
� ^"��^#´�o\^"gwZ\^�fwp��mo�rs�Igil�o�lmpqfz^"uir�gwpql

γ
p�o giZ\p�f-j&rsfw^"gwl�¬°^"uwr�gip�l�ls®�gwZ\^�rR�m^&uwrs�m^

fzeE]?¬6lm�I^&o\^#uw�seMr�g�giZ�^Xuz^&j&^#p��s^&u�gwl/gwZ\^¯o\lmpqfz^X~6l4 %^#u�fz~°^#j#gwuirs�P�\^&o�fwp�g¼es«"¦üg�fwZ\lmn��q�
¬°^ko\lsgi^#�"giZ�ryg

γ
pqf%rs�qfzl-^#µEn\rs�°gwl-giZ\^�uir�gwpql�ls®ÍgiZ\^�fwpq�so�rs�A~°l4 º^&u�ryg%giZ�^!uw^#j&^&pª�m^#u%gil

giZ\^�o\lmp�fw^»~6l4 %^#u�r�g�gwZ\^�uw^#j&^&pª�m^#u&¢Ar�® gw^&u
j�Z�rso\o�^&��¬�rso\��~�rsfwf�´��ªgi^#uwpqo��\«
�kf�fhg�r�gw^&��p�o ' �&+F¢6®Álmu{�¸r�uw�m^���rs�qn\^#fkl�®

γ
¢6gwZ\^-~�uwlm¬�r�¬\pq��p�g¼e"l�®IrX¬\pªg{^&uwuzlmu�p�f{ º^&���

rs~\~\uzl4²Jp�]¡r�gw^&��¬9e

BER ∼ 2

√
M − 1√

M log2(M)
Q

(√
3γ

M − 1

)
.

dJpqo\j#^? %^¯Z�rR�m^
L
¬�p�gif»~6^&u�~�r�j�Às^#g&¢K º^¯n\fw^�giZ�^±®Áls�q�ql4 
p�o\�"rs~�~\uwlR²Jpq]Xr�gip�lmo�®Álmu�gwZ\^

~\uwlm¬\rs¬\pq��p�g¼e¯ls®�r�~�rsj�Às^�g�gwuirso\fz]Xp�fwfzpqlmo�^#uwuwlsu&¢� 
Z\p�j�Z¹p�f���rs�qp��" 
Z\^&o
BER

pqf�fz]¡r��q��"

p ∼ 2L

√
M − 1√

M log2(M)
Q

(√
3γ

M − 1

)
.

¤¥�y�B©

Å�pquzfzg% º^»j&lso\fwp��\^&u
r?fzpqo\�m��^�Y{_�t fw^&fzfwp�lmo
i
 
Z\pqj�Z�p�f�rsfwfzpq�mo�^&�/r?�mp��s^&o/dJ¦¨§k|���rs��n\^

γi = γ
« � ^�rsuz^£pqo9gw^&uw^#fzgw^&�Äp�oWlm~�gwpq]¯pq³#pqo\��gwZ\^�~\uzlJj#^&fwfzpqo\�½�9rsp�o

mi = m
rso\�
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giZ\^Mj&lE�\pqo��Æuwr�gi^
ρi = ρ

p�o¾lsuw�\^#u/gwlW]Xry²Jpq]¯pq³&^¹giZ\^M]X^&rso�Y{_�t�gwZ\uwlmn��mZ\~\n�g&«
|{^#jRrs���%giZ�ryg� %^/Z�rR�m^

C = ρ
mTc

¢ºrso\� giZ�r�g�gwZ\^/~�rsj�Às^�g¡^#uwuzlmu�~\uwls¬�rs¬\p��qp�g¼e
p
pqf±r

�\^&j#uw^Rr�fwpqo��!®Án\o\j#gwpqlmo-ls®
m
rso\�±rso�p�o\j&uz^Rrsfzpqo\��®Án�o\j#gwpqlmo?l�®

ρ
« � ^% 
pqfzZ?gil!]Xry²Jpq]¯pq³#^

M = TCP (C, p)
l4�m^&ukrs���;~6lmfwfzpq¬\��^!�sr��qn\^#f{l�®

m
rso\�

ρ
«


 ��� � ������� ��� � ��� � � ����� ��� ����
 ����� � �����
¦¼o½giZ�pqf�fwn\¬�fw^&j�gip�lmo½ º^¡j#lmo\fwp��\^&u�lm~�gwpq]¯pq³&r�gip�lmo�ls®%Y{_�t gwZ\uwlsn\�mZ\~\nJg�p�oMgwZ\^±giZ\uz^&^
jRrsfz^&f{lmn�gi��pqo\^#��pqo�giZ�^�~�uw^#�Ep�lmn\f
fwn\¬�fw^&j�gip�lmoÂ«

��� � � � � / 1 '�� ��� � � � / � 3 � 4Á� � � 4 ' ��� �
	 - � � � / �Í�
	�� �
� ^»´�uzfzg{~\uw^#fw^#oBg�fwlm]¯^�oBn\]X^#uwp�jRrs�Âuz^&fzn\��gwf&«P¦¼o£Å�p��mn\uz^»�\«ö�E« )m¢\ º^�j&lmo�fwpq��^&u
giZ\^�jRr�fw^
 
Z\^&uz^

γi = 0.03
rso\� giZ\^£|�Y�Y���rs�qn�^/p�f

R = 0.1
fw^#j&lmo��Â« `!o giZ\^/gilm~Æuwpq�sZBg

j&n\uh�m^� %^/~\��lsg?giZ�^�Y{_�t giZ\uzlmn\�mZ\~�n�g¯rsf±r�®Án\o\j�gipqlso l�®kgwZ\^�~\uwlEj&^#fwfzpqo\�M�9rsp�o
m
«

� ^¹fw^&^¹giZ�r�gXgiZ\^#uw^¹pqfX®=r�pqu¯rs]¯lmn\o9g"ls®!fw^&o�fwp�gwp��Ep�g¼e gwl½giZ�^�~\uwlEj&^#fwfzpqo\� �mrspqoÂ¢�rso\�
giZ\^#uw^¯pqf�r¹n\o\p�µBn\^X]Xry²Jpq]-n\] rsuzlmn\o\�

m = 450
«�YKl£�m^�g?r�¬°^�gwgw^&u-fz^&o\fz^"ls®ºgiZ\p�f&¢

lmo¹gwZ\^�gwlm~��q^�® g�~��qlsg
 º^?pq���qn\fhgiuirygi^!giZ�^-Y{_�t giZ\uzlmn\�mZ\~�n�g!¦hd\` j#n\uz�s^&f&¢;p¥«ø^s«���rs�qn\^#f
ls®

C
rso\�

p
giZ\r�g�eEp�^&�q�ÉgiZ�^¡fir�]X^¯Y{_�t*gwZ\uwlsn\�mZ\~\nJgR«¹dJn\~6^&uzpq]¯~°lmfz^&�M 
p�giZMgiZ\^#fw^

¦hd\`�j&n\uh�m^#f&¢� º^�~\��lsgvgiZ�^��qlEj&n�fPl�®
(p, C)

��rs��n\^&fPj&lmuzuw^#fw~6lmo\�\p�o\��gwl-�\p -;^#uw^#oBgP��rs�qn�^&f
ls®P~\uwlEj&^#fwfwp�o\���9rsp�oÂ« � ^�fw^#^�giZ�r�g»gwZ\^�lm~�gwpq]?n�] ~\uzlJj#^&fzfwpqo��/�mrspqo�j#lmuwuz^&fz~°lmo��\f»gil
j&uwlsfwfwp�o\��r #¼ÀEo�^&^ %
ls®;r�Y{_�t�¦hd\`¾j#n\uz�s^s«PÅ�lmuvuw^�®Á^&uz^&o\j#^s¢J º^{j&lmo\fzpq�\^#uIlm~�gip�]Xp�³Rr�gwpqlmo
ls®2gwZ\^�# 
�3!tÆgiZ�uwlmn\�sZ\~\n�g�%

C(1 − p)
pqo�giZ�^�¬6lsgzgilm]Èg¼ %l¯~\�ql�gif�pqo/Å�p��mn\uz^!�\«ê�J« )s«

¦¼o?gwZ\pqf�jRrsfz^% %^�n�fw^�¤�)R�9©�®Álmu
C
rso��/¤�) �9©Í®Álmu

p
pqo-gwZ\^�^�²J~�r�o\fwp�lmo?®Álmu

TCP (C, p)pqo½¤�)R�9©�¢�®Álmu
r�o/^�²J~\�qp�j&p�g�lm~�gip�]Xp�³Rr�gwpqlmoXls®KgiZ\^�]¯^Rrso�giZ�uwlmn\�sZ\~\n�g&«

{fwp�o\��giZ\^�rs~\~�uwlR²Jpq]Xr�gip�lmo

Q(x) ≈ 1√
2πx

e−x2/2 pqo½¤ ) �9©�¢J %^�Z�rR�m^

p ∼ Le−
mγ
2

1√
2πmγ

.
¤¥�s�m©

¦ü®
αC2/2

p�f!fw]Xrs�q�F¢�giZ\^#oÉgwZ\^-´�uzfzg»lsuw�\^#u»^�²J~�rso\fzpqlmo�l�®vgiZ\^ #ü®Á^# Ç�qlmfzfw^#f�%-jRr�fw^/¤=fz^&^
¤¥�m�m©z©�¢\j#lmuwuz^&fz~°lmo��\pqo\��gwl±gwZ\^»´�uwfhg
g¼ %l±gi^#uw]¯f�pqo½¤�)R�9©�¢\�mpª�m^#f
gwZ\^»®Álm�q��l4 
pqo\�?^�²J~\uw^#fh¶
fwpqlso�®Álsu�giZ\^�]¯^Rrso�uirygi^

TCP (C, p) ∼ 1

4Tc

(
3

m
− 1

T 2
c

β

m3
√

m
e−

mγ
2

)
,

¤¥���9©
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Å�pq�mn�uw^-� "
}�²\r�]X~\��^."{_%uzlmfwf¨¶ (�rRem^&u»`»~Jgipq]¯pq³&r�gip�lmo/|{^#fwn\�ªgif
¶�
ko�j&lE�\^&�É_�r�fw^s«
γi =

0.03
¢
R = 0.1

fw^#j&lso\�

 
p�giZ
β = 11R2

64L
√

2πγ
.
3�p -;^#uw^&o9gwp¸r�gwpqo\�¯ 
p�giZ¹uw^#fw~6^&j#g»gwl

m
¢° º^?�m^�g�gwZ�r�g�gwZ\^?lm~Jgipq]Xrs�

m
fwls���m^#f

1

4Tc

1

m2

(
−3 +

β

2T 2
c

(
γ

m
√

m
+

7

m2
√

m

)
e−

mγ
2

)
= 0,

giZ�r�g
p�f

e−
mγ
2 =

6T 2
c

β

m
√

m

γ + 7
m

.
¤¥� �m©
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�kpq�sZ\^&uvlmuz�\^&uPrs~�~\uwlR²Jpq]Xr�gip�lmo\f�l�®
Q
j&rsoXl�®Âj&lsn\uwfz^k¬6^
n\fw^#�¡pqo�gwZ\^kfwrs]¯^
 %rRe� 
Z\^&o

o\^&^#�\^&�Â«vY2rsÀBpqo��
L = 320

¢
R = .1

¢
γ = 3 10−2 ¢ Tc = 10−7 ¢m º^k�m^�g β ∼ 1.15 10−6 �fwl/n\fwp�o\�¹gwZ\^�´�uwfhg-lmuz�\^&u�rs~\~�uwlR²Jpq]Xr�gip�lmo�®Álmu»giZ\^¯Y{_�t giZ\uzlmn\�mZ�~\n�gR¢�giZ�^Xlm~Jgipq]Xrs�

~\uwlEj&^#fwfwp�o\�¯�9rspqo
m
fir�gwpqfh´�^&f

e−.015m = 4.727 10−9 m
√

m

.03 + 7
m

.
¤¥� � ©

Y�Z\^�fwlm��n�gip�lmo�p�f
m = 459

«�Y�Z\^±r�fwfwlEj&pqr�gi^#����rs�qn\^�®Álmu
αC2/2

pqf
pC2R2/(2L2) ∼

0.815
 
Z\p�j�ZÂ¢Bn\~°lsoX^�²\r�]Xp�o�r�gip�lmo�ls®v¤�)R�B©�¢#xzn\fzgwp�´�^#fvgiZ\^{n\fw^{ls®6giZ\^
®Á^# W�qlmfzfPrs~\~\uzl4²B¶

pq]Xr�gip�lmo ¤ giZ\^-j&lmuzuw^&j�gip�lmo�¬\uwlsn\�mZ9g»¬9e£gwZ\^�fw^#j&lmo\�Élmuz�\^&ukgi^&uz]cp�f»rs~\~\u#«�� ��)4�m�s�Xls®
giZ\^»��rs�qn�^»�mp��s^&o�¬9e�giZ\^»´�uzfzg{lmuw��^&u
rs~\~�uwlR²Jpq]Xr�gip�lmoA©�«
 ' � �\��� ��� � � 
 �0��
�� � ������� ����� 
�� 
���� �����$� 
�� ��� � ��� � ������� � � � 
�� 
 � ��/� ��� �*
�� � �.���!���

 � ����� ���(
������2����� � 
 ���%�	��
���� ��� � �0����� � � � �*
�� 
 
	��� ��� � ��
 �.
 �0����� � � � �*
����$�
	 � � ���
� � ��� ��� 
 ��� � � � ��� �*
�� � ����� 
�� ��� ��� � ��� �	
 ������� � � � � 
 � ��(�
�� � . 
���� ��� �0��� � � 
!����� �
� � � 
�� � ��(�
�� �
� 
��

Wbd

��
 � � 
��	���,� � �%��� � ��
�� � � � ���0� � ��� � � � 
�� 
��	���,� � �%����� � �2��
'& �,
*� ��� ��� ��� �
�$! � ��� � ��� �*
�� ���� 
	� � � ��� 
 � �������2��� �$!������ � ��������� 
 ��� � ����� ��� 
 � ��(�
�� ��� ��� ��� � � 

� . 
���� ��� � ��� �	� � ������%�

q
� ��� � �'&�
��

q(Wbd)
2 = 1.

� ��� � �2��� 
 
������0�2� � 
 & �,� � � 

��� � ��
 � ����� 
��.��� ����� ���2���������

αC2/2 = 0.815
� � ��� ��� � � 
*) � �/.2� ��
���� � �

p(Wbd)
2/2 =

0.815.

��� � � � � / 1 '�� ��� � � � / � 3 � 4Á� � � 4 ' ��� �
	 - � � � 	�� �
¦¼o¯gwZ\pqfIjRr�fw^s¢B º^{ 
p�fwZ±gil�xzlmpqo9gi�ªe?lm~Jgipq]¯pq³#^%giZ�^{~�uwlEj&^&fzfwp�o\���mrspqo

m
rso��Xj#lJ�\p�o\��uir�gw^

ρ
pqo�lmuz�\^&ukgil"]Xry²Jpq]¯pq³#^�Y{_�t giZ\uzlmn\�mZ\~�n�gR«»¦¼o�giZ�pqf�j&rsfw^? º^�n\fz^�¤¥�s�m©{®Álmu

C
rso\�

¤¥��)Ã©º®Álsu
p
¢� 
Z\^#uw^

θ
pqf��\^�gi^&uz]Xp�o\^&��®Áuzlm]

ρ
n\fwp�o\�¹¤¥�m�m©�«

¦¼o¾Å�p��mn\uw^���¢{ º^Mrs�9rsp�o j&lmo�fwpq��^&u"giZ�^Mj&rsfw^� 
Z\^#uw^
γ = 0.03

rso\� gwZ\^É|�Y�Y
�sr��qn\^»p�f

R = 0.1
fw^&j#lmo\�Â¢6rso��£~\��lsg
uw^#fwn\�ªgif�®Álmu� 
Z\^&o ����� �-giZ\^�~\uzlJj#^&fzfwpqo��¡�9rsp�o

mrso\��giZ\^�j#lJ��pqo\��uwr�gi^
ρ = L/N

rsuz^{xzlmp�oBgw��e¹lm~�gwpq]¯pq³&^#�Â«�Y�Z\^�gilm~���^#® g»~\��lsg»fzZ\l4 
f
Z\l4 �gwZ\^»lm~�gwpq]?n�]È~�uwlEj&^&fzfwp�o\���9rsp�o

m∗ j�Z�rso\�m^#f
rsf�r-®Án\o�j#gip�lmo�ls®ÍgwZ\^»j&lE�\pqo��?uir�gw^
ρ
«�`!o giZ\^��suirs~\ZÄ º^ÉZ�rR�m^Mrs��fwl��¸r�¬°^#�q^&�ÆgiZ\^Érs~�~\uwlR²Jpq]Xr�gi^¹�sr��qn\^�l�®�gwZ\^ÉY{_�t
giZ\uzlmn\�mZ\~�n�g±j&lmuzuw^#fw~6lmo\�\p�o\��gilM^Rrsj�Z ~°lspqo9gR«�Å�lmu-^�²�rs]¯~\�q^�¢P®Álmu±r�j#lJ�\p�o\��uirygi^�ls®
rs¬°lsn�g���«ø�\¢;gwZ\^�lm~�gwpq]?n\] ~\uzlJj#^&fzfwpqo��/�mrspqo�p�f�rs¬6lmn�g )4�s��¢Ârso��ÉgwZ\^�j&lsuwuw^#fw~6lmo\�\p�o\�
Y{_�t¾giZ\uzlmn\�mZ�~\n�g�pqf�r�¬°lmnJg��!) »¬\~\f#«�Å�lmu!j&ls]X~�r�uwpqfzlmoÂ¢Íp�o�giZ\^?gwlm~Éuwpq�sZBg�~��qlsg! º^
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Å�pq�mn�uw^���"�}�²�rs]¯~\�q^ "��slmpqo9gX`!~�gwpq]¯pq³Rrygipqlso ls®�tvuwlEj&^&fzfwp�o\� ��rsp�o
mi

r�o\�Ä_%lE�\p�o\�
|kr�gw^

K/L
«
γi = 0.03

¢
R = 0.1

fz^&j&lso\�

fwZ\l4  Z\l4 ÆgiZ\^{lm~�gwpq]?n\]Ç~\uzlJj#^&fwfzpqo\���9rsp�o
m∗ j�Z�rso��m^&fºrsfPr�®Án�o\j#gwpqlmo±ls®°giZ\^
j&lE�\p�o\�uir�gw^

ρ
¢� 
Z�^&uw^X %^�lm~Jgipq]¯pq³#^ 
$3!t*�mlElJ�\~�n�gR¢2p¥«ø^s«

(1 − p)C
«¹¦¼o giZ\^X¬°l�gwgils] ��^#® g

~\�qlsgX %^�fzZ\l4  gwZ\^�lm~�gwpq]Xrs�
Y{_�t·rso�� 
$3!t)giZ\uzlmn\�mZ\~�n�g�rsf�r½®Án�o\j#gwpqlmo ls®»gwZ\^
j&lE�\pqo\��uwr�gi^

ρ
«v¦¼o/gwZ\^»¬°l�gwgils]·uwp��mZ9g�~\��lsg� º^�fzZ\l4 �gwZ\^�lm~�gip�]?n\]ÈY{_�tÄrso\� 
�3!t

giZ\uzlmn\�mZ\~�n�g{rsf{r±®Án�o\j#gwpqlmo�ls®2giZ\^�~\uzlJj#^&fzfwpqo��¯�mrspqo
m
«

§{^�²EgR¢y %^º�\^&fzj&uzpq¬6^%r
~\uwlEj&^#�\n\uz^º®ÁlmuKrso�^�²J~\�qp�j&pªg�xzlmpqo9g�lm~�gwpq]¯pq³&r�gip�lmoÂ«�3�^�´�o\^
J =

TCP (C, p)
« � ^»rsuz^!pqo9gi^#uw^#fzgi^#��pqo"]Xry²Jpq]¯pq³#pqo\�

J
 
pªgiZ"uz^&fw~6^&j�g�gil-gwZ\^»~\uzlJj#^&fwfzpqo\�

�9rspqo
m
rso\�±giZ\^
j#lJ�\p�o\�»uirygi^

ρ
«v§{lsgi^�gwZ�r�gIgiZ\^#uw^
pqfIr»lmo�^�¶ügwl�¶¼lso\^�uw^#�¸r�gwpqlmo�¬6^#g¼ º^&^#o
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giZ\^�j#lJ��pqo\�!uwr�gi^
ρ
rso\�?giZ�^�~�rsuir�]X^�gi^&u

θ
¢sgwZ\uwlsn\�mZ�^&µBn�rygipqlso/¤¥�m�m©�«�Å�lmu2j&lmo9�m^#o\pq^#o\j&^

 %^"ls~�gip�]Xp�³&^±giZ\^XY{_�tÇgiZ�uwlmn\�sZ\~\n�g
J
 
p�gwZ uw^#fw~6^&j#g�gwl

m
rso\�

θ
¢Irso\�½giZ\^#o giZ\^

lm~�gip�]¡r��vj&lE�\pqo\�¹uir�gw^
ρ∗ pqf��\^�gi^&uz]Xp�o\^&� ¬Be θ∗

gwZ\uwlsn\�mZ�¤¥�s�m©�«¹§klsgw^¡giZ\r�g
θ∗
rso\�

m∗ fir�gwpqfz® e ∂J
∂m

= 0
rso\� ∂J

∂θ
= 0

« 3�^�´�o\^
F1(m, θ) = ∂J

∂θ

r�o\�
F2(m, θ) = ∂J

∂m

«!¦¼o
��~\~6^&o\��pª² �J«ñ��¢\ º^-~\uzl4�Jp��\^»giZ\^�jRr��qj&n��¸r�gwpqlmo"l�®

F1

rso\�
F2

« � ^�jRr�o¹fzlm���s^�gwZ\^»g¼ %l
o\lmoJ¶ü�qpqo�^Rrsu�^#µBn�r�gip�lmo\f

F1(m, θ) = 0
rso\�

F2(m, θ) = 0
pqo�lmuw��^&u�gil¯�\^#gw^&uz]Xp�o\^!giZ\^

lm~�gip�]¡r��\~\uwlEj&^#fwfzpqo\���9rspqo
m∗ r�o\�¡giZ�^klm~Jgipq]Xrs����rs��n\^
ls®ÂgwZ\^kj#lJ��pqo\��uir�gw^ ρ∗ ¢B 
Z\^#uw^

ρ∗ p�f�®Álmn\o\��®Áuwlm] θ∗
¬9e�n\fwp�o\�±^&µBn�r�gwpqlmo½¤¥�s�m©�«

��� � � � � 1K� � � � � ' 3 / 1 ��4Á��� � / �

kfwp�o\��giZ\^�rs~�~\uwlR²Jpq]Xr�gip�lmo

Q(x) ≈ 1√
2πx

e−x2/2 p�o ¤F���B©�¢J º^�lm¬Jg�rsp�o

p ∼ 2L

√
M − 1√

M log2(M)

√
(M − 1)√

6πγ
e−

3γ
2(M−1) .

¤¥� �9©


kfwp�o\�
C = log2(M)/T

rso\� ¤¥� �m©%pqo"giZ�^�^�²J~�rso\fzpqlmo ¤¥�m�s©%�mp��s^&f "

TCP (C, p) ∼ 1

4T

(
3 log2(M) − η

T 2

(
√

M − 1)
√

M − 1√
M log2(M)

e−
3γ

2(M−1)

)
,
¤F�s�9©

 
p�giZ
η = 11R2

64L
√

6πγ
.
3�p -°^&uz^&o9gipqr�gip�o\�¯ 
pªgiZ¹uw^&fz~°^#j#g!gwl

M
¢6 %^��m^#gkgiZ�rygkgwZ\^-lm~Jgipq]Xrs�

M
fzlm���s^&f

1

4Tc

(
3

M log(2)
− η

T 2
e−

3γ
2(M−1) k(M)

)

 
p�giZ

k(M) =
3γ

2(M − 1)2

(
√

M − 1)(
√

M − 1√
M log2(M)

+
log2(M)2M−

√
M−1

2
√

M−1

M log2
2(M)

+
(
√

M − 1)
√

M − 1
(

log2(M)

2
√

M
+ 1√

M log(2)

)

M log2
2(M)

.
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�k^&o�j&^s¢�gwZ\^�lm~�gip�]¡r��
M

fwlm�ª�m^&f

e
− 3γ

2(M−1) =
3T 2

2 log(2)η

1

Mk(M)
.

¤F��)Ã©

_%lso\fwp��\^&u�gwZ\^�jRrsfz^! 
Z\^&uz^
T = 10−7 ¢ R = .1

¢�rso\�
L = 1500

«�¦¼o�giZ\p�f�jRrsfz^s¢\ º^
�m^#g

M∗ = 7
®Álmu

γ = 60
r�o\�

M ∗ = 14
®Álsu

γ = 200
«±¦¼o Å�pq�mn�uw^?�\¢� º^X~\��lsg!gwZ\^

]X^&rsoÉY{_�t¾giZ\uzlmn\�mZ�~\n�g�rsf�r"®Án\o\j#gwpqlmoÉls®
M

®Álmu
γ = 60

r�o\�
γ = 200

« � ^±fz^&^
giZ�r�g�gwZ\pqf
r�o�rs��eEfzpqf�~\uz^&�\p�j#gif�gwZ\^�lm~�gip�]¡r��°��rs�qn�^»ls®

M
j&��lmfw^#��es«

0

5e+06

1e+07

1.5e+07

2e+07

1 2 3 4 5 6 7 8

M

0

5e+06

1e+07

1.5e+07

2e+07

2.5e+07

2 4 6 8 10 12 14 16

M

Å�pq�mn�uw^!��"ºa¹^&rso/Y{_�tWgiZ\uzlmn\�mZ\~�n�gkrsf{r±®Án\o�j#gip�lmo�ls®KgiZ\^�j&lso\fzgw^&�q�qr�gip�lmo�fwp�³&^�¬�rsfz^&�
lmo½¤¥���B©

� � 	�	���'��/� �
���+ 
�� ��� � �!���#,��
	

¦¼o giZ\p�f�fz^&j�gipqlsoÂ¢2 º^"�\p�fwj&n�fwf�gwZ\^¡fzj&^#o�rsuwp�l�ls®�gwZ\^¡��lÃ 
o��qpqo�À�ls®
r¹j#^&���qn\�qrsu�_�3»a¹�
o\^#g¼ ºlmuwÀ¹rso\�¹pqfzfwn\^#f�uw^#�¸r�gwpqo\��gwlXgiZ�^-rsfzfwp��mo\]¯^&o9g�l�®PdJ¦¨§�| ��rs��n\^&f
gil¯giZ\^��\p -°^&uz^&o9g
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n\fw^#uwf&«�dEn\~\~6lmfw^?gwZ\^&uz^�rsuw^-]?n\��gwpq~\��^�n\fw^#uwf!lmo�gwZ\^?�\l4 
o\��pqo\À�ls®Pr"_�3»a¹��j&^#�q��n\�¸rsu
fzeEfzgw^&]/¢� 
Z�^&uw^�gwZ\^±n\fw^#uwf�]¡rRe£¬°^±rsfzfwlEj&pqr�gi^#�É 
pªgiZ��\p -;^#uw^#oBg�¬�r�fw^�fzgir�gip�lmo\f#«?Y�Z\^
fwpq�so�rs�Agiuir�o\fw]¯p�gzgi^&�¯®ÁlmuºgwZ\^

ith
n\fz^&u�ryg�giZ\^!rsfwfzlJj#p¸r�gw^&�"¬�r�fw^!fhg�r�gwpqlmo"p�f%�\^#o\lsgw^&��¬9e

si(t)
p�f��mp��s^&o�¬9e

si(t) =
√

Pipi(t)bi(t) 
Z\^&uz^
pi(t)

p�f�jRrs���q^#� giZ\^�fw~�uw^Rr��\pqo\�Éj#lJ�\^�¢
bi(t)

pqf�j&rs�q��^&� giZ�^/�\r�g�r�fwp��mo�rs�F¢Irso\�
Pi

pqf�r�j&lmo\fhg�rso9g&«¡Y�Z\^Xfw~\uz^Rrs�\p�o\�/j&lE�\^
pi(t)

girsÀs^#f�lso½��rs�qn�^&f�pqo {−1, 1} rso\�Mpqfj&lmo\fhg�rso9g{l4�m^#ukp�oBgw^&uh�sr��qf�ls®2�\n\uwr�gip�lmo
Tc

«PdE~°^#j&p�´\jRrs����em¢

pi(t) =

∞∑

k=−∞
ci
ku(t/Tc − k),

 
Z\^&uz^
u(x) = 1

p�®
0 < x < 1

rso\�
u(x) = 0

lsgwZ\^&uh 
pqfz^s¢°rso\�¹®Álsuk^&rsj�Z�n\fz^&u
i
¢6gwZ\^

^&�q^#]X^#o9gif�ls®�giZ�^Xfz^&µBn\^&o�j&^ {ci
k}∞k=−∞

rsuw^¯^&pªgiZ\^#u
+1

ls® −1
«�Y�Z\^Xj&lmo�fzg�r�oBg

Tc

p�f
jRrs���q^&�"gwZ\^�j�Z\pq~/�\n\uwr�gip�lmo�rso\�/pqf�j#lmo\fhg�rso9gkrsj&uzlmfwf
n\fz^&uzf&«

Y�Z�^?��r�gir¡fwp��mo�rs�
bi(t)

pqf�rs�qfzlXg�r�ÀEp�o\�"pªgifk��rs��n\^&fkpqo {−1, 1} «»Å�lmu
giZ�^ ith
n�fw^&u#¢

 %^
rsfzfwn\]¯^%gwZ�r�g�^&rsj�Z±¬\p�g2gil»¬6^�fw^#o9gIpqf�uz^&~6^Rr�gw^&�
mi

j�Z\p�~\f&¢m 
Z�^&uw^
mi

pqf�r�o�pqo9gi^#�m^&u#«
dJ~°^#j&pª´�jRrs����es¢J º^�Z�rR�s^

bi(t) =

∞∑

n=−∞
bi
nu(t/(miTc) − n)

Y�Z\^kµBn�r�oBgwp�g¼e
mi

pqfIjRr��q�q^#��giZ\^{~\uwlEj&^#fwfzpqo\���9rspqo�®ÁlmuIn\fz^&u
i
«�Y�Z\^{��r�gir�uwr�gi^�®ÁlmuIn\fz^&u

i
pqf
giZBn\f

1/(miTc)
«k§klsgw^�giZ\r�g

(si(t))
2 ≡ Pi

¢°rso\��fzl¡giZ\^�~�rsuwrs]X^�gi^#u
Pi

pqf{jRr��q�q^#�
giuir�o\fw]¯pqfzfwpqlso�~°l4 º^&u�®Álmu�giZ�^

ith
n\fz^&u#«

YIeE~\pqj&rs�q�ªe?^#p�giZ�^&uI~\fw^#n\�\l�¶üuirso��\lm] lmuvÀBo\l4 
oX�\^#gw^&uw]¯pqo�pqfzgwpqj�fz^&µBn\^#o\j&^#f�rsuw^
n\fz^&�
gil��\^#´\o\^¯gwZ\^±fw~\uz^Rrs��pqo\��j&lE�\^#f&«¯Å�lmu»~\n\uz~°lmfz^&f�ls®%rso�rs�ªeEfwpqf»Z�^&uw^± º^Xr�fwfwn�]X^�giZ\r�g
P{ci

k = 1} = P{ci
k = −1} = 1/2

®Álsu»rs�q�
i, k

¢Ír�o\��giZ�ryg
ci
k

pqf�pqo\�\^#~°^#o\�\^#oBg�l�®
ci′

k′p�®
i 6= i′

lmu
k 6= k′ « � ^±fzZ�rs�q��rs�qfzl¹r�fwfwn�]X^�giZ\r�g»giZ\^±��ryg�r�¬\p�gwf�rsuw^�uwrso\�\lm] rso\�

pqo\�\^#~°^#o\�\^#oBg&¢�p¥«ø^s«
P{bi

n = 1} = P{bi
n = −1} = 1/2

®Álmu�r��q�
i, n

¢Krso��ÉgwZ�r�g
bi
n

p�f
pqo\�\^#~°^#o\�\^#oBg{ls®

bi′

n′

pª®
i 6= i′

lmu
n 6= n′ «� ^�r�fwfwn�]X^¹r½fzl�¶¼j&rs�q��^&� �Ar�g¯®=rs�\pqo��W¤Áp¥«ø^s«Ä®Áuz^&µBn\^&o�j#eÆo\lmoJ¶üfw^&��^&j�gip��s^4©�j�Z�rso\o�^&�

]XlE�\^&�F« (Í^#g √
gki

¬°^{giZ\^kfwp��mo�rs�A~�r�gwZ"�9rsp�o¯®Áuzlm]�giZ\^k¬�rsfz^�fzgir�gip�lmo"r�fwfwlEj&pqr�gi^#�X 
pªgiZ
n\fw^#u

k
gwl»giZ\^
�qlEjRrygipqlso?ls®6n\fw^#u

i
«vÅ�lmu�^�²\r�]X~\��^s¢mgwZ\^
n\fw^�®Án\��fwp��mo�rs��r�gIn\fw^#u

i
p�fv�mp��s^&o

¬Be √
giisi(t)

« �kl4 %^��m^#u&¢sgwZ\^ºfzpq�mo\rs�9pqo9gi^#o\�\^#��®ÁlmuKrso\l�giZ\^#uKn�fw^&u
k
¢yo�rs]¯^&��e √

gkisk(t)
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rs�qfzl�rsuwuzp��s^&f»r�g�giZ\^?��lJj&r�gip�lmo£l�®In\fw^#u
i
¢; 
pªgiZ�~6lmfwfzpq¬\�ªe�rXgwpq]¯^-fzZ\p�® g�uw^/�\^&j#gwpqo\�"gwZ\^

�\p -°^&uz^&o9g��\pqfhg�rso�j&^&f�¬6^#g¼ º^&^&o½¬�rsfz^¯fhg�r�gwpqlmo�f�rso\�Mn\fw^#uwf&«¯¦¼oMrs�\�\pªgip�lmoÂ¢ÍrsoM^�²Egw^&uwo\rs�
 
Z\p�gw^ ��rsn\fzfwp¸r�o¡o\lmp�fw^{fwp��mo�rs�

ni(t)
pqfºrs��fwl-~�uw^&fz^&o9g
r�gPgiZ�^kuz^&j&^#p��s^&u%®ÁlmuPn\fz^&u

i
¢E 
pªgiZ

g¼ %l�¶üfwp��\^&��~6lÃ º^&u
fz~°^#j#giuwrs�Í�\^#o\fwpªg¼e
N i

0

«vY�Z�^�gwlsg�r��;fwp��mo�rs�Âr�g�giZ�^»uw^&j#^&pª�m^&u
ls®2n\fz^&u
ipqf

ri(t) =
√

giisi(t) +
∑

k:k 6=i

√
gkisk(t − αi

k) + ni(t).

Y�Z\^�oBn\]?¬6^&uwf
αi

k

j�Z�rsuwrsj#gw^&uzpq³&^�gwZ\^�~\uzlm~�rs�9rygipqlso?�\^&�qrReJfv¬6^#g¼ º^&^#oXgwuirso\fz]Xpªgwgw^&uwf�rso\�
uw^&j#^&pª�m^&uzf&«

�k~\~\uzl4²Jp�]¡r�gwpqo\��gwZ\^½p�o9gi^&uh®Á^&uz^&o\j#^½gi^#uw]¯f/rsf ��rsn\fzfwpqrsoÂ¢»r fzg�r�o\��rsuz� rso�r���eEfwp�f
eJp�^&���\f�giZ�ryg�giZ\^�~\uzlm¬�rs¬\p��qpªg¼e¡ls®�r�¬\p�g
^#uwuzlmu&¢

BER
¢�p�f

BER = Q
(√

miΓi

)
,

¤F�m�m©
 
Z\^&uz^

Γi =
giiPi

(2/3)(
∑

k:k 6=i gkiPk) + (N i
0/Tc)

.
¤F�s�9©

Y�Z\^�µBn�rso9gwp�g¼e
Γi

p�fºj&rs�q��^&�±giZ\^kfwpq�so�rs�\gil�pqo9gi^#uz®Á^#uw^&o�j&^!~\��n\fPo\lmpqfz^kuwr�gip�l\¢EdJ¦¨§k|�«EY�Z\^
µEn\rso9gip�g¼e

miΓi
pqf-ÀEo�lÃ 
oÆrsf?gwZ\^ #

Eb/No
%y¢vlmu�^&o\^#uw�se ~°^#u�¬\p�g?~°^#u�o\lmpqfz^"~6lÃ º^&u

�\^&o\fzp�g¼es«
3kn\^Mgwl ]Xlm¬�pq�qpªg¼e ls®-n�fw^&uzf&¢�gwZ\^É�9rsp�o ��rs��n\^&f {gki}

j�Z\rso\�m^� 
p�gwZ gipq]¯^s« � ^
rsfwfzn\]X^�giZ\r�gkrXj&��lmfw^#�£��lJlm~�~6l4 %^#u�j&lsoBgwuwlm�Krs���mlmuzp�giZ�]p�f{n�fw^&�;¢°gil±��rsuze�gwZ\^�~°l4 º^&u
�sr��qn\^#f {Pi}

gwlX]Xrspqo9girspqo¡gwZ\^�dJ¦¨§�|��sr��qn\^#f {Γi}
r�g
~�uw^&fzj&uzpq¬6^&���sr��qn\^#f&«

3k^#´�o\^{giZ\^kdJ¦¨§k|W�m^#j#gilsu ~Γ = [Γ1, Γ2, . . . , ΓN ]T
« � ^{firRe�gwZ�r�gPrso¡dJ¦¨§�|Ä�s^&j#gwlmu

~γ
p�f ! 
 ����� � ��
kp�®vgiZ�^&uw^±^�²�p�fzgwf�r"fz^#g�ls®Po\lmoE¶¼o\^#�9r�gipª�m^�~6l4 %^#u���rs��n\^&f {Pi}

fwn�j�ZMgwZ�r�g
~Γ = ~γ

«v¦ü®
~γ
pqf�®Á^Rr�fwpq¬��q^s¢EgiZ\^#o/gwZ\^»~6lÃ º^&u
j#lmo9giuwls��rs�q�mlsuwp�gwZ\])fw^�gif�giZ\^!gwuirso�fw]¯pqfwfzpqlmo

~°l4 º^&uwf {Pi}
rsj&j#lmuw�\p�o\�m�ªeXgwl¡rsj�Z�pq^#�s^»giZ\^»g�r�uw�m^�gkdJ¦¨§�|��s^&j#gwlmu

~γ
«

§{^�²EgK %^º^�²�rs]¯pqo\^vgiZ�^P®Á^&rsfwp�¬\pq��p�g¼ekj&lmo\��p�gip�lmo!®ÁlmuKr{girsuw�s^#g�dJ¦¨§�| �s^&j�gilmu#«�¦ü® ~Γ ≥ ~γgiZ\^#o/®Álmu
r��q�
i
 º^�Z\r4�s^

giiPi

(2/3)(
∑

k:k 6=i gkiPk) + σ2
i

≥ γi ,

 
Z\^&uz^
σ2

i = N i
0/Tc

«P}IµBn\pª��rs�q^#oBgw��es¢� %^�Z�rR�s^

Pi − (2/3)γi

∑

k:k 6=i

(gki/gii)Pk ≥ γiσ
2
i /gii ,
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lmuIpqo±]¡rygiuwp ²�o\l�g�r�gwpqlmoÂ¢ ~P −F ~P ≥ ~b
¢9 
Z\^&uz^

F = {Fi,j}
pqfIrso

N ×N
]Xr�giuzpª²� 
p�giZ

Fii = 0
rso��

Fi,j = (2/3)γi(gji/gii)
pª®

i 6= j
¢Arso\�

~b = [γ1σ
2
1/g11, γ2σ

2
2/g22, . . . , γNσ2

N/gNN ]T .

Y�Z\^&uz^�^�²Jpqfhgif¯r�o\lmoJ¶üo\^&�mr�gipª�m^¡´�o�p�gi^ ~P
firygipqfh® eEpqo\��gwZ\^�rs¬6lÃ�s^s¢Ip�®krso���lmo\��e½p�®�gwZ\^

fw~6^&j#gwuirs�Iuwrs�\pqn�f�l�®ºgwZ\^X]Xr�gwuwpª²
F
pqf���^&fwf�giZ\rso½n�o\p�g¼es«X¦¼oMgiZ\p�f�j&rsfw^�¢KgwZ\^¯]Xp�o\pq]Xrs�

~P
fir�gwpqfh® eJp�o\��giZ\^/rs¬6l4�m^�pqf ~P ∗ = (I − F )−1~b

« Y�Z\^�]Xp�o\pq]Xrs�P~°l4 º^&u��m^#j#gwlmu ~P ∗jRrso�¬6^�®Álsn\o\��¬9e£rso�p�gw^&uwr�gipª�m^��\pqfhgiuwp�¬\n�gw^&��r��q�mlmuzp�gwZ\]¹«�Y�Z�^&uw^-]¡rRe/¬°^-rs�\�\pªgip�lmo�rs�
j&lmo\fhgiuwrspqo9gif�lmo?giZ\^%~°l4 º^&u��m^#j#gwlmu&¢B^s«ø�\«KgiZ\^#uw^�pqf2�m^&o�^&uir��q��e�r!~6^RrsÀ�~6lÃ º^&uvj#lmo\fhgiuir�pqo9g
®Álmu�^Rrsj�Z/¬�rsfz^�fzg�rygipqlsoÂ«

�*fzpq]¯~\�q^»fzn! ¯j&pq^#o9g�j#lmo\�\pªgipqlso"®Álmu�giZ\^�fw~6^&j�giuwrs�Íuirs��pqn\f
ls®
F
gil¯¬°^���^&fwf�gwZ�rso

ηpqf�giZ\r�g{^Rrsj�Z¹uwl4  fwn�] ls®
F
p�f
�q^&fzf{gwZ�rso

η
«º¦¼o/�m^&o�^&uir��¥¢\ º^�j&rso¹fz^#g

η
fzgwuwpqj�gi�ªe"�q^#fwf

giZ�rso )¯rsf�r�firy®Á^#g¼eÉ]Xrsuw�mp�oÂ¢Âr�f»fwn\�m�s^&fzgw^&�½pqo ' )�+¥«¯dE^#gwgwpqo\�
η = 1

¢
~γ
pqf!®Á^Rr�fwpq¬��q^?pª®

®Álmu
rs�q�
i
 %^�Z�rR�m^

(2/3)γi

∑

k:k 6=i

(gki/gii) ≤ 1 .
¤=�s�B©

§{lsgi^{giZ�ryg
gki/gii = 1

®Álmuºrs�q�An\fz^&uzf
k
giZ\r�g�rsuz^�r�fwfwlEj&pqr�gi^#�¡ 
p�gwZ¡giZ�^�fir�]X^k¬�rsfw^

fzg�rygipqlso gwZ�r�g¯n\fw^#u
i
pqf#« Å�n\uzgwZ\^&uz]Xlmuz^s¢PgiZ\^���rs�qn\^�ls®

gki/gii

pqf±giZ\^/fir�]X^�®Álmu¯rs�q�
n\fw^#uwf

k
 
Z\p�j�Z�rsuw^XrsfzfwlEj&p¸rygi^&�M 
p�gwZ½giZ�^¡fir�]X^¯¬�rsfz^Xfhg�r�gwpqlmoÂ«/dEn\~\~6lmfw^¯giZ\^#uw^"r�uw^

B
¬�rsfz^?fzgir�gip�lmo\f&« (Í^#g

bi

¬6^�gwZ\^-¬\rsfw^?fhg�r�gwpqlmo£rsfwfzlJj#p¸r�gw^&�£ 
pªgiZ�n�fw^&u
i
«��kfwfzn\]Xp�o\�

b 6= bi

¢2��^#´�o\^
αb(i) = gki/gii

¢2 
Z\^#uw^
k
p�f�fzn\j�Z giZ\r�g�n\fw^#u

k
p�f-r�fwfwlEj&pqr�gi^#�M 
pªgiZ

¬�rsfw^�fzgir�gip�lmo
b
«+(Í^#g

Nb

¬°^�giZ\^�oBn\]?¬6^&u{ls®vn\fz^&uzf!rsfzfwlEj&p¸rygi^&�/ 
p�gwZ£¬�rsfz^�fhg�r�gwpqlmo
b
«

3�^#´�o�pqo\�
N int

i =
∑

k:k 6=i(gki/gii)
¢� º^�giZBn\f
Z�rR�m^

N int
i = Nbi

− 1 +
∑

b:b6=bi

αb(i)Nb

� ^�jRr��q�
N int

i

giZ\^�^ -;^#j#gipª�m^�oBn\]?¬6^&u
ls®2pqo9gi^#uz®Á^&uzpqo\�±n\fz^&uzf{®Álmu�n�fw^&u
i
«PY�Z�^-r�gzgi^#oEn\ry¶

gipqlso¹®=rsj�gilmu
αb(i)

jRr�o�¬°^-]X^&rsfwn\uz^&��¬9e¹n\fw^#u
i
¬9e/j&ls]X~�r�uwpqo��¯gwZ\^?~6lÃ º^&u�uw^&j#^&pª�m^&�

pqo"~\p��qlsgIgwlmo\^&f�®Áuzlm])¬�rsfz^!fzgir�gip�lmo
b
rso\��p�g �ñf%rsfwfzpq�mo�^&��¬�rsfz^!fzgir�gip�lmoÂ«�Y�Z�^!�sr��qn\^#f%ls®

Nb

jRr�o�¬°^?j#lmo\fzpq�\^#uw^&��gwl�¬°^?fz�ql4 
��e���rsuheJp�o\�\¢Ír�o\��uw^#~°lmuhgi^#���\pquz^&j#gw��e�gil"gwZ\^?¬�r�fw^
fzg�rygipqlsoÆr�fwfwlEj&pqr�gi^#�  
pªgiZ rÉ�mp��s^&o n\fw^#u

i
«Æ¦ü®�^Rrsj�ZÆn\fw^#u

i
uw^#~°lsuzgif�gwZ\^�]X^&rsfwn\uz^&�

�sr��qn\^�ls®
αb(i)

gil¯p�gwf�rsfzfwlEj&pqr�gi^#�¹¬�r�fw^-fhg�r�gwpqlmo�®Álmu{rs���
b
¢AgiZ�^&o¹gwZ\^���rs��n\^�ls®

N int
i

p�f
ÀEo�lÃ 
o"gwl�gwZ\^�¬�r�fw^�fhg�r�gwpqlmo¡rsfwfzlJj#p¸r�gw^&�¯ 
p�giZXn\fw^#u

i
¢
bi

« �k^#o\j&^k¬�rsfz^!fzgir�gip�lmo
bi

j&rso
jRrs��j&n\�qr�gi^±rso½rs~\~�uwlm~\uzp¸r�gw^?��rs�qn\^?®Álsu�gwZ\^�g�rsuz�m^#g-dJ¦¨§k|

γi

«¯¦¼o ~�rsuhgip�j&n\�qrsu&¢; º^¡j&rso
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fw^#g
γi = 1.5η

N int
i

,
 
Z\^#uw^

η
pqf{r±~�rsuwrs]X^�gi^#u{fz^#g{gilXr¯oBn\]-¬°^#u{fhgiuzpqj#gw��e���^&fzf
gwZ�rso¹n\o\p�g¼es¢

rsf!r¡fwr�®Á^#g¼e/®=rsj�gilmu#«�§{lsgi^�giZ�r�g�pqo¹�m^&o\^#uirs�F¢°fzpqo\j#^�gwZ\^?]Xr�giuzpª²
F
��rsuwp�^&fk 
pªgiZ/gipq]¯^s¢

giZ\^»®Á^Rr�fwpq¬�pq�qpªg¼e¯ls®�r�fz^#g{ls®�girsuw�s^#gkdJ¦¨§k|¾��rs�qn\^#f{rs�qfzl�j�Z�rso\�m^#f{ 
pªgiZ�gip�]X^�«
�ko\lsgwZ\^&u!fzpq]¯~\�q^�fwn! ¯j#pq^&o9g�j#lmo\�\pªgipqlso¹®Álmu�gwZ\^?fz~°^#j#giuwrs��uwrs�\pqn�f!ls®

F
gwl"¬6^?�q^#fwf

giZ�rso
η
p�f�giZ�r�g
^&rsj�Z ���2����
 �¯fwn�] pqf��q^#fwf�giZ\rso

η
¢\pF«ñ^�«�®Álmu�^Rr�j�Z

j ∈ [1, N ]
 º^�Z�rR�m^

(2/3)
∑

k:k 6=j

γk(gjk/gkk) ≤ 1 .
¤=�9�m©


ko\��pqÀs^¡¤F���B©�¢�giZ�^-j&lso\�\p�gwpqlmo½¤=�9�m©�fw~6^&j&pª´�^&f�rso�^�²�~��qpqj#p�g
j#lmn\~\��pqo\�¯¬°^�g¼ %^#^&o�giZ�^�®Á^&ry¶
fwpq¬��q^�dJ¦¨§k|���rs�qn\^#f
ls®2gwZ\^��\p -°^&uz^&o9g
n\fz^&uwf#«

¦¼oXfwn\]¯]Xrsuzes¢m %^�r�fz^#gºls®°girsuw�s^#g%dJ¦¨§�|Ä��rs��n\^&fv®ÁlmuvgiZ�^kn\fz^&uzfºp�fPfz~°^#j&pª´�^&�X¬Be�gwZ\^
�m^&j�gilmu

~γ
«�� g�rsuz�m^#g��m^&j�gilmu

~γ
pqf�®Á^&rsfwp�¬\�q^�p�®ºrso\�Élmo���e¹p�®vgiZ�^�fw~6^&j#gwuirs�vuwrs�\p�n\f!ls®

Fpqf{�q^&fzfkgwZ�rso£lso\^s«{���ªgi^&uzo�r�gwp��m^#��es¢A º^-j&rso�n\fz^-^#p�giZ�^&u�¤=�s�B©�lmu?¤F�9�m©�rsf{giZ\^�¬�rsfzpqf
®Álmu
rs�q��lJj&r�gip�o\��girsuw�m^�gkdJ¦¨§�|���rs��n\^&f

γi
gwl¯gwZ\^�n\fw^#uwf&«

� �¯�#� ,��#������+��

Y�Z\^�rsp�] ls®vgiZ\p�fkfz^&j�gipqlso�pqf{gil�rso\rs��eE³&^�giZ\^�^�-°^&j�g»ls®Pr¡¬\n -;^#u�¬9e£fzpq]?n��¸r�gwpqlmoÂ« � ^
fwpq]-n\�¸r�gw^�gwZ\^?j&rsfw^�ls®Ilso\^?¬�rsfz^�fzgir�gip�lmo£ 
p�gwZ�r"¬\n�-°^&ukgiZ�r�g!pqf�fzZ�rsuz^&�É¬°^�g¼ %^#^&o

NY{_�t n\fw^#uwf¯lmo gwZ\^��\l4 
o\�qp�o\ÀA«ÆY�Z�^/�s^&o\^#uirs�
fw^�gwgwpqo\�Épqf�gwZ�r�g¯ls®��i�\« )m« )m¢P 
pªgiZ o\l
Å�}P_�«\Y�Z\^�rsfzfwpq�so\]X^#o9g�ls®�dJ¦¨§�| g�rsuz�m^#gwf�pqfPgiZ�r�g
l�®���� "Irs���;n\fz^&uzf�Z�rR�Jp�o\�?giZ�^»firs]¯^
dJ¦¨§�|�girsuw�m^�g
fwp�o\j&^»giZ�^&uw^�p�f�lmo\��e¡lmo\^�¬�rsfz^�fzg�rygipqlsoÂ«

� ^�n\fz^&�ÉgiZ\^±Z9eE¬\uwp��Mfzpq]?n��¸r�gwlmu!§{^#gifzjRrs��^ ' � +¥«?a¹lmuw^±~\uz^&j#pqfw^#��es¢ÂgiZ\^�fzpq]?n\�qr�gi^#�
��eEo�rs]¯pqj&fkpqfkrsf�®Álm���ql4 
f "�rsf!pqo/giZ\^-]¡r�gwZ\^&]Xr�gwpqjRr��Í]XlE�\^&�F¢A^Rrsj�Z�Y{_�t ��l4 *pqf�~6^&u¨¶
fwpqfhgi^#oBg�¤=p¥«ø^s«Ér��� %r4eEf�Z�r�f?~�rsj�À�^#gif�gwl��\l4 
o\�qlmrs�A© � p�g-^#�slm���s^&f±rsj#j&lmuz�\pqo\��gwl�^&pªgiZ\^#ugiZ\^»fz�ql4 �fzg�r�uzg�lmu�gwZ\^!j#lmo\�m^#fzgip�lmo/rR�mlmp���rso\j#^»~\Z�rsfz^s«I¦¼o"giZ\^»j#lmo\�m^#fzgwpqlmo�rR�mlspq��rso�j&^
~\Z�rsfz^s¢�pªg�pqo\j#uw^&rsfw^#f�pªgif» 
pqo\��lÃ  fwpq³#^

W (t)
ls® )¯n\o\pªg�^#�m^#uzeÉgip�]X^

W (t)
rsj�ÀBf?rso\�

Z�rs���s^&f�p�g�r�g�^Rrsj�Z ~\rsj�Às^�g��qlmfzf&« (Ílmfwfz^&f?lEj&j#n\u��\n\^Xgwl£^#p�giZ�^&u�gwuirso�fw]¯pqfwfzpqlmoM^&uzuwlmuzf
¤Á 
p�gwZ±~\uwlm¬\rs¬\pq��p�g¼e

p
rsfº��^#´�o\^#�¡p�o£¤ ) � ©z©vlsuvj&lmo\�s^&fzgwpqlmo;«�Y�Z\^{]¡rsp�o±�\p -°^&uz^&o\j#^
 
pªgiZ

giZ\^���eEo�rs]¯pqj#f��\^&fzj&uzpq¬6^&�¹rs¬°l4�s^�p�f�giZ�ryg
j&lmo\�s^&fzgwpqlmo���lmfwfz^&f
o\l4  fhgi^&]®Áuwlm]ÈgiZ\^�pqoE¶
gi^&uwrsj#gwpqlmo¯ls®ÂgwZ\^

N
�\lÃ 
fP�Ep¸r�gwZ\^{fwZ�rsuz^&�"¬�n�-;^#u&« � Z\^#o"lmo\^{lmuI]¯lmuw^ ��l4 
f%^�²�j#^&^#�

giZ\^#pqu2gwuirso�fw]¯pqfwfzpqlmo�jRrs~\rsj&pªg¼e
C
¢9rsf��\^#´�o�^&�±pqo�¤ )4�9©�¢�giZ�^�fwZ�r�uw^&��¬�n�-;^#u�fzgirsuzgwf�´����qpqo��

pqo/rso\�/]¡rRe�^��m^#oBgwn�rs����e�l4�m^#u"��l4 �¢6j&uz^Rr�gwpqo\�±j&lso\�m^&fhgip�lmo¹��lmfwfz^&f�®Álmu�giZ�^&fw^ ��l4 
fkrso\�
~°lmfzfwp�¬\��eX®Álmu�giZ\^�lsgwZ\^&u �\lÃ 
fkrsf� º^&�q�F«
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¦¼oÄgwZ\^£fzpq]?n��¸r�gwpqlmo\f#¢º º^�n\fz^&� r fzpq³&^£ls®��s�m��ÀE¬Æ®ÁlmuXgwZ\^£fzZ�rsuw^#� ¬\n�-°^&u#« Y�Z\^
]Xp�o\pq]Xrs�A�sr��qn\^�ls®2giZ\^�|�Y�Y p�f

R =
��«ö��f&«»¤=pqo�gwZ\^�fzpq]?n��¸r�gwpqlmoÂ¢EgiZ\^�|�Y�Y p�o\j&uz^Rrsfz^&f

 
Z\^&oMgiZ\^¯¬\n�-°^&u»´����qf�pqoA© � gwZ\^±~�rsj�À�^#g?fzpq³#^Xp�f L �
��ÀB¬½rso\�½gwZ\^±]¡rÃ²� 
pqo\��lÃ  fwpq³#^

¤=o\lsg�n\fw^#�¯p�o?giZ\^�]Xr�gwZ\^&]Xr�gip�jRrs�B]¯lJ��^&�E¬\n�gvg�r�Às^&o±p�oBgwl»rsj#j&lmn\o9gPpqo�giZ\^�fzpq]?n\�qr�gip�lmoA©
pqf�ls®����9��~�rsj�À�^#gwf&«

¦¼oÉr��q��jRrsfz^&f¯¤Áfw^&^-^s«ø�\«�Å�pq�sn\uw^-�m©�¢6 %^?rs�9rsp�o£lm¬\fz^&uh�m^¯r¡fwZ\rsuw~�]Xry²Jpq]?n�]� 
Z\^&o
~\�qlsgzgip�o\�kgwZ\^��qlso\��gi^#uw] r4�s^&uwrs�m^�Y{_�t uwr�gi^�l�®°lso\^ ��l4 Æpqo-®Án\o�j#gip�lmo�ls®AgiZ�^�j&lm]¯]¯lmo
�sr��qn\^»j�Z\lsfw^&o/®Álmu�giZ�^�~�uwlEj&^&fzfwp�o\�X�mrspqo\f%ls®�r��q� ��l4 
f#«

Å�lmu
N = 2

n\fw^#uwf&¢BgiZ�^{®Álm���ql4 
pqo���g�rs¬��q^��mpª�m^&fvgwZ\^
lm~�gip�]¡r���~\uzlJj#^&fwfzpqo\���9rsp�o\fIrso\�
giZ\^
j&lsuwuw^#fw~6lmo\�\p�o\��giZ\uzlmn\�mZ\~�n�gPpqo±ÀB¬\~\f�r�fPls¬�g�rsp�o\^&�±¬9e±lmn\uI]Xr�giZ�^&]Xr�gip�jRrs�E]XlE�\^#�
rso\��¬9e�giZ\p�f�fwpq]-n\�¸r�gwpqlmo;«

`»~Jgipq]Xrs�°~\uwlEj&^#fwfwp�o\�±�9rsp�o �»lJlE�\~\nJgÃ¤ 
�3!tP©
Y�Z\uzlmn\�mZ\~�n�gÃ¤ÁY{_�tº©


$3�t )Ã� )Ã� �
Y{_�t*¤ÁgiZ�^&lmuhe\© ) � �9�m�

Y{_�t*¤Áfwp�]?n\�¸rygipqlsoA© )Ã� �9�!)
Å2pq�mn\uz^"�/~\�qlsgwf�gwZ\^ 
$3�t�rso�� Y{_�t��mlElE�\~\n�g�pqoM®Án\o\j#gwpqlmo ls®�giZ\^¡~\uwlEj&^#fwfwp�o\�

�9rspqo�p�o�giZ\^�jRr�fw^» 
p�gwZ
N = 10

n\fw^#uwf#«
� ^±lm¬\fz^&uz�s^¯gwZ�r�g»gwZ\^�lm~�gwpq]Xrs�2~�uwlEj&^&fzfwp�o\�¹�mrspqo�p�f!fw]Xrs�q��^&u�gwZ�rso� 
Z�r�g�p�f»~\uw^�¶

�\pqj�gi^&�M¬9e�giZ�^&lmuheÉpqo�giZ\^±j&rsfw^± 
p�gwZ ��n\fz^&uwf#¢K 
Z�^&uw^&rsf�p�g�pqf»fz�qp��mZ9gi��e£�¸rsuz�m^&uk®Álmu )4�
n\fw^#uwf&«
�{l4 %^��m^&uklmn\u�fzpq]?n\�qr�gip�lmo\f�fzn\�m�m^#fzg
giZ\r�g
giZ\^�~\uz^&fw^#o\j&^�ls®�r¯fzZ�rsuz^&�/¬\n�-°^&u
�\lE^&f

o\lsg�]¯lE�\p�® e lmn�u��m�qls¬�rs��j&lmo�j&�qn�fwpqlso\f¹gwZ�r�g�gwZ\^ ]Xry²Jpq]?n\] Y{_�t giZ\uzlmn\�mZ�~\n�g�p�f
rsj�Z\pq^��m^#�Ä¬9e rM~\uz^&j#pqfw^/gin\o�pqo\�Mls®�gwZ\^/~\uwlEj&^#fwfwp�o\� �mrspqo� 
Z\p�j�ZWpqf±µBn\pªgi^/�\p -°^&uz^&o9g
®Áuwlm]ÈgiZ�r�g�®Álsu
r 
�3!t ��l4 �«

� � .�.��
� ���� 

� �
	 � � 
�� ����� � ����� � � � 
 � � 
 � ��� �
Y2l�jRr��qj&n��¸r�gw^-giZ\^���rsuzp¸rso\j#^�ls®PgiZ\^±pqo9gw^&uz®Á^#uw^#o\j&^�¢Kpªg�fwn! ¯j#^&f�gil�fwZ\l4 �giZ�r�g

ρi,k

Z�rsf
�sr�uwp¸r�o\j&^

(2/3)mi(Tc)
2 «�§kl�gi^?giZ\r�g ρi,k

p�f�r�³#^&uzl/]¯^Rr�oMuwrso\�\ls] ��rsuwpqrs¬\��^s«-dJpqo\j#^
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Å�pq�mn�uw^�� "
N = 10

"KY{_�t rso�� 
$3!tM�mlJlE�\~\nJgvrsfIrk®Án�o\j#gwpqlmo�ls®�gwZ\^�~\uzlJj#^&fwfzpqo\�»�mrspqo
¬BeX§{^#gifzjRrs��^�fzpq]?n\�qr�gip�lmo/¤=p�o¡¬\��n\^4©Irso\�"rsj&j#lmuw�\p�o\��gil-lsn\u%]Xr�giZ�^&]Xr�gip�jRrs�\]¯lE�\^&�2¤=p�o
�muw^#^&oA©�«

giZ\^{fzgir�gip�fzgip�j&fIls®
bk(t−αi

k)pk(t−αi
k)
rsuw^{pq�\^#o9gipqj&rs�\gil�giZ�rygºl�®

pk(t−αi
k)
¢B %^kZ�rR�m^
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giZ�r�g
E[(ρi,k)

2]
pqf

E[

(∫ miTc

0

pi(t)pk(t − αi
k)bk(t − αi

k)dt

)2

]

= E[

(∫ miTc

0

pi(t)pk(t − αi
k)dt

)2

]

= E[

(
mi∑

j=1

∫ jTc

(j−1)Tc

pi(t)pk(t − αi
k)dt

)2

]

= E[

(
mi∑

j=1

ci
j

∫ jTc

(j−1)Tc

pk(t − αi
k)dt

)2

]

= E[

mi∑

j=1

mi∑

j′=1

ci
jc

i
j′

∫ jTc

(j−1)Tc

pk(t − αi
k)dt

∫ jTc

(j′−1)Tc

pk(t − αi
k)dt]

=

mi∑

j=1

mi∑

j′=1

E[ci
jc

i
j′]E[

∫ jTc

(j−1)Tc

pk(t − αi
k)dt

∫ jTc

(j′−1)Tc

pk(t − αi
k)dt]

=

mi∑

j=1

E[(ci
j)

2]E[

(∫ jTc

(j−1)Tc

pk(t − αi
k)dt

)2

]

=

mi∑

j=1

E[

(∫ jTc

(j−1)Tc

pk(t − αi
k)dt

)2

].
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�k^&o�j&^

E[

(∫ miTc

0

pi(t)pk(t − αi
k)bk(t − αi

k)dt

)2

]

= miE[

(∫ Tc

0

pk(t − αi
k)dt

)2

]

= miE[

(∫ Tc

0

pk(t − α)dt

)2

]

= miE[(αck
−1 + (Tc − α)ck

0)
2]

= mi(E[α2] + E[(Tc − α)2])

= 2miE[α2]

= 2mi(1/Tc)

∫ Tc

0

x2dx

= (2/3)miT
2
c .

Y�Z�^&uw^�®Álmuw^�¢�giZ\^»��rsuwpqrso\j#^»ls®2gwZ\^�pqo9gi^#uz®Á^#uw^&o�j&^�pqf
∑

k:k 6=i

(2/3)gkimi(Tc)
2Pk.

� ��� � 
 ����� � � ������� 
 � � 	�� � � � ��� ��� � � � ��� � ��� � ��������� � � ���
����
 ����� � �������

(�^�g
ft(x)

¬6^�giZ\^�~\uzlm¬�rs¬\p��qpªg¼e½��^&o\fzp�g¼e ®Án\o�j#gip�lmo�®Álmu
X(t)

« � ^� 
pqfwZ�gwlM^�²�rs]Xp�o\^
Z\l4 �giZ�^���^&o\fzp�g¼e

ft

^#�slm���s^&fklÃ�s^&u�gip�]X^�¢�rso\�/lm¬�girspqo"gwZ\^�fzgi^&rs��e�fhg�r�gw^���^&o\fzp�g¼e�pª®�pªg
^�²Jpqfhgif&«

Å�lmu
x < C/2

 %^�Z�rR�m^�giZ\r�g
ft(x)dx

pqf
P{X(t) ∈ [x, x + dx]}

= P{X(t − dt) ∈ [x − (L/R2)dt, x − (L/R2)dt + dx]}(1 − (p/L)xdt)

+P{X(t − dt) ∈ [2x, 2x + 2dx]}(p/L)2xdt

= ft−dt(x − (L/R2)dt)(1 − (p/L)xdt)dx + ft−dt(2x)(p/L)2x2dxdt.
|{^� 
uwp�gwpqo\�?gwZ\pqf#¢� º^�Z�rR�s^

ft(x) = ft−dt(x − (L/R2)dt)(1 − (p/L)xdt) + ft−dt(2x)(p/L)4xdt
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lmu

ft(x) − ft−dt(x − (L/R2)dt) = −ft−dt(x − (L/R2)dt)(p/L)xdt

+ft−dt(2x)(p/L)4xdt.

Y�ZEn�f&¢

ft(x) − ft−dt(x) + ft−dt(x) − ft−dt(x − (L/R2)dt)

dt
= −ft−dt(x − (L/R2)dt)(p/L)x + ft−dt(2x)(p/L)4x.

(�^�gwgwpqo\�
dt
rso\�

dx
rs~\~\uzl9rsj�Z?³#^&uwl�¢� º^%lm¬�girspqo�giZ�^º®Álm���ql4 
pqo\�
^#µEn\r�gip�lmo�¤ �{�qr�Å�lmÀBÀs^#uh¶

tI�qrso\j�ÀJ©

∂ft(x)

∂t
+ (L/R2)

∂ft(x)

∂x
= −(p/L)xft(x) + 4(p/L)xft(2x).

¤=�m�9©

dEpq]¯pq�¸r�uw��es¢9®Álmu
x > C/2

 º^�Z\r4�s^�gwZ�r�g
ft(x)dx

p�f

P{X(t) ∈ [x, x + dx]} = P{X(t − dt) ∈ [x − (L/R2)dt, x − (L/R2)dt + dx]}
(1 − (p/L)xdt)

= ft−dt(x − (L/R2)dt)(1 − (p/L)xdt)dx.

|
^# 
uzp�gwpqo\�?gwZ\pqf#¢� %^�Z�rR�m^

ft(x) = ft−dt(x − (L/R2)dt)(1 − (p/L)xdt)

lmu

ft(x) − ft−dt(x − (L/R2)dt) = −ft−dt(x − (L/R2)dt)(p/L)x.

Y�ZBn\f#¢

ft(x) − ft−dt(x) + ft−dt(x) − ft−dt(x − (L/R2)dt)

dt
= −ft−dt(x − (L/R2)dt)(p/L)x.
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(�^�gwgwpqo\�
dt
rso\�

dx
rs~\~�uwl9rsj�Z/³&^#uwl\¢\ º^�lm¬�g�r�pqo

∂ft(x)

∂t
+ (L/R2)

∂ft(x)

∂x
= −(p/L)xft(x).

¤=� �m©

� ^"r�fwfwn�]X^±giZ�ryg
ft(x) → f(x)

r�f
t → ∞ ¢2pF«ñ^�«"giZ�ryg

f
pqf�giZ\^¯fzgw^Rrs�Je½fhg�r�gw^

�\^&o\fzp�g¼e/ls®
X(t)

«{Å�uwls]�giZ\^-rs¬°l4�s^s¢;fz^#gzgipqo�� ∂ft(x)
∂t

= 0
¢6p�g{®Álm�q��lÃ 
f�gwZ�r�g

f
firygipqfh´�^&f

giZ\^��\p -;^#uw^&o9gwp¸rs�°^&µBn�r�gwpqlmo

df(x)

dx
=

{
−αxf(x)

pª®
C/2 < x ≤ C

−αxf(x) + 4αxf(2x)
p�®

0 ≤ x < C/2
,

¤F� � ©

 
Z\^&uz^
α = pR2/L2 ¢\ 
Z\p�j�Z¹~\uzl4�m^&f-¤F�m©�«Å�lmu
C/2 < x < C

¢\o\lsgw^�gwZ�r�gkr�fwlm��n�gip�lmo"gil�gwZ\^�^&µBn�r�gwpqlmo df(x)
dx

= −αxf(x)
pqf

�mp��s^&o�¬9e
f(x) = V0 exp(−αx2/2)

®Álsu
x ∈ (C/2, C),

 
Z\^&uz^
V0

pqfvr�oBe?j&lmo\fhg�rso9g&«�¦ügIpqf�p�o9gi^&uz^&fhgipqo���gwl»o\lsgw^�giZ�r�g
f
Z�rsfIr ��r�n\fwfzp¸rso�fzZ�rs~6^s«

ÅAlsu
(C/4) < x < C/2

¢� º^�gwZ\^&uz^#®Álmuz^�Z�rR�m^

df(x)

dx
= −αxf(x) + 4V0αx exp(−4αx2/2).

Y�Z�^�fzlm�qn�gwpqlmo"gwl�giZ\p�f�pqf

f(x) = V1 exp(−αx2/2) + V0(−4/3) exp(−4αx2/2),

®Álmu
x ∈ (C/4, C/2)

¢� 
Z\^#uw^
V1

pqfkrso9e�j&lmo\fhg�rso9g&«kÅ�lmu
x ∈ (C/8, C/4)

¢
f(x)

]?n\fhg
giZ\^#uw^#®Álsuw^�fir�gwpqfh® e

df(x)

dx
= −αxf(x) + V14αx exp(−4αx2/2)

+V0(−4/3)4xα exp(−16αx2/2).

� fwlm��n�gip�lmo"gil±giZ\p�f�pqf

f(x) = V2 exp(−αx2/2) + V1(−4/3) exp(−4αx2/2)

+V0(−4/3)(−4/15) exp(−16αx2/2),
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®Álmu
x ∈ (C/8, C/4)

¢� 
Z�^&uw^
V2

pqf?rso9e j&lso\fzgirso9gR« Y�Z\^��s^&o\^#uirs��fzlm�qnJgipqlso jRrso ¬6^
®Álmn\o\��¬9e�pqo\��n\j#gwpqlmo"gwl¯¬6^

f(x) = Vn exp(−αx2/2) +

n∑

l=1

Vn−l

[
l∏

j=1

( −4

22j − 1

)]
exp(−22lαx2/2),

®Álmu
x ∈ (C/2n+1, C/2n)

¢{ 
Z\pqj�Z¾~\uwl4�s^&f ¤¥�m©�«§{^�²Eg/ %^É´�o\� giZ\^É��rs�qn�^�ls®�gwZ\^
j&lmo\fhg�rso9gwf

V0, V1, V2, . . .
«I§kl�gi^»giZ�ryg

ft(C/2 + dx)dx
p�f

P{X(t) ∈ [C/2, C/2 + dx]}

= P{X(t − dt) ∈ [C/2 − L

R2
dt, C/2 − L

R2
dt + dx]}

(1 − (p/L)C/2dt)

+P{X(t − dt) ∈ [C − L

R2
dt, C − L

R2
dt + dx]}

(1 − (p/L)Cdt)

= ft−dt(C/2 − L

R2
dt)(1 − (p/L)C/2dt)dx

+ft−dt(C − L

R2
dt)(1 − (p/L)Cdt)dx.

(Í^�gwgip�o\�
dx

r�o\�
dt
rs~\~\uzl9rsj�Z/³&^#uwl\¢Arso��

t → ∞ ¢J %^�lm¬�girspqo

f((C/2)+) = f((C/2)−) + f(C−) ,
¤F� �9©

 
Z\pqj�Z�~�uwl4�m^#f±¤=�B©�«�Y�Z\pqfkjRrso¹¬°^�n\fw^#��gil¯´�o\��rXuw^&�qr�gip�lmo\fzZ\pq~�¬6^#g¼ º^&^&o
V0

rso��
V1

"
n\fwp�o\�¹¤F� �9©�¢� º^�Z�rR�s^

V0 exp(−αC2/8) = V1 exp(−αC2/8) + V0(−4/3) exp(−αC2/2)

+V0 exp(−αC2/2) .

Y�ZEn�f&¢
V0 = V1 + V0(−4/3) exp(−3αC2/8) + V0 exp(−3αC2/8) ,

lmu�^&µBn\pª�sr��q^&o9gw��e
V1 = V0(1 + (1/3) exp(−3αC2/8))

¢� 
Z\pqj�Z/pqf�^#µBn�r�gip�lmo½¤F�9©�«
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Å�lmu
n > 1

¢
ft(C/2n + dx)dx

pqf

P{X(t) ∈ [
C

2n
,
C

2n
+ dx]}

= P{X(t − dt) ∈ [
C

2n
− L

R2
dt,

C

2n
− L

R2
dt + dx]}(1 − (p/L)C/2ndt)

+P{X(t − dt) ∈ [
C

2n−1
− 2dx,

C

2n−1
]}(p/L)

C

2n−1
dt

= ft−dt(
C

2n
− L

R2
dt)(1 − (p/L)

C

2n
dt)dx + ft−dt(

C

2n−1
− L

R2
dt)(p/L)

C

2n−1
dt.

(Í^�gwgip�o\�
dt
rs~�~\uwl9r�j�Z�³#^&uwl�¢srso��

t → ∞ ¢Ã º^Pls¬�g�rsp�o
f((C/2n)+) = f((C/2n)−)

«
Y�ZBn\f
 º^�Z�rR�s^

Vn exp(−α(
C

2n
)2/2) +

n∑

l=1

Vn−l

[
l∏

j=1

( −4

22j − 1

)]
exp(−22lα(

C

2n
)2/2)

= Vn−1 exp(−α(
C

2n
)2/2)

n−1∑

l=1

Vn−1−l +

[
l∏

j=1

( −4

22j − 1

)]
exp(−22lα(

C

2n
)2/2).

Y�Z\^&uz^#®Álmuz^� º^�Z�rR�m^�giZ�r�g
Vn exp(−α( C

2n )2/2)
pqf�^#µEn\rs�Âgil

Vn−1

[
exp(−α(

C

2n
)2/2) + (4/3) exp(−4α(

C

2n
)2/2)

]

−
n∑

l=2

Vn−l

[
l∏

j=1

( −4

22j − 1

)]
exp(−22lα(

C

2n
)2/2)

+
n−1∑

l=1

Vn−1−l

[
l∏

j=1

( −4

22j − 1

)]
exp(−22lα(

C

2n
)2/2)

=Vn−1

[
exp(−α(

C

2n
)2/2) + (4/3) exp(−4α(

C

2n
)2/2)

]

−
n∑

l=2

Vn−l

[
l∏

j=1

( −4

22j − 1

)]
exp(−22lα(

C

2n
)2/2)

+

n∑

l=2

Vn−l

[
l−1∏

j=1

( −4

22j − 1

)]
exp(−22(l−1)α(

C

2n
)2/2)
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Z\pqj�Z/pqf�^#µEn\rs�Âgil

Vn−1

[
exp(−α(

C

2n
)2/2) + (4/3) exp(−4α(

C

2n
)2/2)

]

+

n∑

l=2

Vn−l

[
l−1∏

j=1

( −4

22j − 1

)]
exp(−22(l−1)α(

C

2n
)2/2)

[
1 + (

4

22l − 1
) exp(−(3)22(l−1)α(

C

2n
)2/2)

]
.

Y�ZEn�f{ º^�Z�rR�m^

Vn =
n∑

l=1

Vn−l

[
l−1∏

j=1

( −4

22j − 1

)]
exp(−(22(l−1) − 1)α(C/2n)2/2)

[
1 + (

4

22l − 1
) exp(−(3)22(l−1)α(C/2n)2/2)

]
,

 
Z\pqj�Z/pqf�^#µEn\r�gip�lmo½¤ �m©�«
YKl±´�o\��giZ\^�j&lso\fzgirso9gif {Vn}

 %^� 
pq���Ârs��fwl±o\^#^&��giZ\^»®Álm���ql4 
pqo\�-^&µBn�r�gwpqlmo#"

1 =

∫ C

0

f(x)dx

=

∫ C

C/2

f(x)dx +

∞∑

n=1

∫ C/2n

C/2n+1

f(x)dx

= V0

∫ C

C/2

exp(−αx2/2)dx +

∞∑

n=1

∫ C/2n

C/2n+1

[
Vn exp(−αx2/2) +

n∑

l=1

Vn−l

[
l∏

j=1

( −4

22j − 1

)]

exp(−22lαx2/2)
]
dx

=
∞∑

m=0

Vm

[∫ C/2m

C/2m+1

exp(−αx2/2)dx

]

[
1 +

∞∑

k=1

2−k
k∏

j=1

( −4

22j − 1

)]
,
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Z\pqj�Z/~\uwl4�s^&f-¤ � ©�«
Y�Z�^�~\uzlJl�®2l�®�¤ �9©%pqf
rs��lmo\��giZ�^�fwrs]¯^»�qpqo�^&f&«

� � � � 
 ����� ��� ��� ����
 � � � � �� ��� � ��� ���2
 ��� � ��� �2� �
� ^�Z�rR�m^

df(x)

dx
=

{
−αxf(x)

pª®
C/2 < x ≤ C

−αxf(x) + 4αxf(2x)
p�®

0 ≤ x < C/2
,

¤=�m�9©

 
Z\^&uz^
α = pR2/L2 «¹Y�Z\^¯®Án\o\j�gipqlso f

p�f��\p -;^#uw^#o9gip¸r�¬\�q^±^#�s^&uheE 
Z�^&uw^�¬\nJg�r�g
C/2 
Z\^&uz^"p�g�pqf��\p -°^&uz^&o9gipqrs¬\��^¯lso giZ\^Xuwp��mZ9g?rso�� lmo gwZ\^¡��^#® g-rso\�  
pªgiZ�r?xzn\]X~½fwn\j�Z

giZ�r�g "
f((C/2)+) = f((C/2)−) + f(C−).

¤=�!)Ã©
§klsgw^!giZ�r�g

f(x) = 0
®Álmu

x /∈ [0, C]
« (Í^�g

f̂(u)
¬6^»giZ\^�a¹^#�q��pqo¡gwuirso\fh®Álmuw]·ls®

f(x)
"

f̂(u) =

∫ ∞

0

f(x)xu−1dx
¤Á�B�m©

 
p�giZ
u ≥ 1

« a¹n\�ªgipq~���eEpqo\�¹¬°l�giZ�fwp��\^&f�l�®k^#µBn�r�gip�lmo�¤=�m�9©�¬9e
xu rso\� pqo9gi^#�muirygipqo��

 �«ñu#«øg&«
x
¢\ º^��m^#g

f(C−)Cu − f((C/2)+)(C/2)u − u

∫ C

C/2

f(x)xu−1dx = −α

∫ C

C/2

f(x)xu+1dx
¤Á�9�9©

rso\�

f((C/2)−)(C/2)u − u

∫ C/2

0

f(x)xu−1dx

= −α

∫ C/2

0

f(x)xu+1dx + α
1

2u

∫ C

0

f(v)vu+1dv .
¤Á�m�B©

���\�\pqo��£¤Á�9�9©�rso�� ¤Á�m�B©%rso��¹n\fzpqo\�¹¤Á� )Ã©�¢J %^�lm¬�girspqo

uf̂(u) =

(
1 − 1

2u

)(
Cuf(C−) + αf̂(u + 2)

)
.

¤=�9�m©
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§klsgw^¯gwZ\^¡fzpq]¯pq�¸r�uwp�g¼e¹ls®�^#µBn�r�gip�lmo ¤Á�B�m©!gil/giZ\^¯ %^#�q�PÀEo�lÃ 
o�^#µBn�r�gip�lmo
Γ(u + 1) =

uΓ(u)
¢Kfir�gwpqfz´\^&� ¬9eMgiZ\^ ��rs]X]Xr"®Án\o\j�gipqlsoÂ«/a¹lsgwp���r�gi^#� ¬9eÉgiZ\p�f�ls¬\fw^#uz��r�gip�lmoÂ¢K %^

o\l4  ^�²J~\uz^&fzf�gwZ\^±n\o\ÀBo\l4 
o½®Án\o�j#gip�lmo
f̂(·) p�oÉgw^&uz]Xf»ls®%r�o\^#  n\o\ÀBo\l4 
o½®Án�o\j#gwpqlmo

g(·) ¬Be���^#´�o\p�o\�

f̂(u) = g(u)Γ(u/2)

(
2

α

)u/2

.
¤=�m�9©

a¹n\��gwpq~\�ªeEpqo\��¤Á�B�m©%¬9e (α
2

)u/2 1
2

1
Γ(u/2+1)

¢\lso\^��m^#gwf

g(u) =

(
1 − 1

2u

)
(Ψ(u) + g(u + 2)) ,

¤=� �s©

 
p�giZ
Ψ(u) =

f(C−)

2
Cu
(α

2

)u/2 1

Γ(u/2 + 1)
.

ÅAlsu�rs�q�;pqo9gi^#�m^&uzf
l
�q^#g

Πl(u) =

l∏

k=0

(
1 − 2−u−2k

)
.

§klsgw^%giZ�rygvgiZ\^�p�o�´�o\pªgi^%~�uwlE�\n\j#g
Π∞(u)

pqf� º^&���\�\^#´\o\^&�Xrso\�±o\lmo�³#^&uzl\«�Y�Z\^��m^#o\^&uwrs�
fwlm��n�gip�lmo�ls®�¤=� �m©%p�f

g(u) =
∑

l≥0

Πl(u)Ψ(u + 2l) + Π∞(u)h(u),

 
p�giZ
h(u)

fzlm]¯^!´�o\p�gw^�~°^#uwpqlE�\p�jk®Án\o\j�gip�lmo� 
p�giZ/~6^&uwp�lJ�/�E« �k^&o�j&^

f̂(u) =
f(C−)

2

∑

l≥0

Πl(u)Cu+2l
(α

2

)l Γ(u/2)

Γ(u/2 + l + 1)
+ Π∞(u)h(u)Γ(u/2)

(
2

α

)u/2

.

dJpqo\j#^XgwZ\^"�\^#o\fwpªg¼e
f(x)

Z\rsf?p�gwf-fzn\~\~6lmuzg-lmo
[0, C]

¢KgiZ\^¡®Án�o\j#gwpqlmo
f̂(u)

�muzl4 
f�r�g
]Xlmfhg

Cu  
Z\^#o u
gw^&o\��f
gwl ∞ «vY�Z\^��muwl4 �giZ/ls®KgiZ\^»®Án\o�j#gip�lmo

f(C−)

2

∑

l≥0

Πl(u)Cu+2l
(α

2

)l Γ(u/2)

Γ(u/2 + l + 1)
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pqf�^&rsfwp���e¯fw^#^&o�gil�¬6^�r�g�]¯lmfzg
Cu «PdJl�pª® h(.)

pqf�o\lso�³&^&uzl\¢�gwZ\^»lmuw��^&u�ls®
f̂(u)

 %lsn\�q�
¬°^»giZ\r�g
ls®

Γ(u/2)

(
2

α

)u/2

 
Z\pqj�Z¯pqfPr�j&lmo9giuwrs�\p�j#gip�lmo? 
p�gwZ¯gwZ\^�®=rsj#gIgwZ�r�gIgiZ\^
lmuz�\^&uPls®6giZ\p�fv®Án\o\j#gwpqlmo±p�fºrygI]Xlmfhg
Cu  
Z\^&o u

gw^&o\�\f
gil ∞ « �{^&o\j#^
h(u) ≡ 0

o�^&j&^#fwfwrsuwp���em¢�fzl¯gwZ�r�g

f̂(u) =
f(C−)

2

∑

l≥0

Πl(u)Cu+2l
(α

2

)l Γ(u/2)

Γ(u/2 + l + 1)
.

¤=� � ©

Y�Z\^�j&lmo\fhg�rso9g
f(C−)

p�f��\^#gw^&uw]¯pqo�^&��¬9e�giZ\^»uz^&�¸rygipqlso

1 = f̂(1) =
f(C−)

2

∑

l≥0

Πl(1)C1+2l
(α

2

)l Γ(1/2)

Γ(1/2 + l + 1)
.

� ^»´�o�r��q��eX�m^�g{gwZ\^»®Álm�q��l4 
pqo\��^�²J~\uw^#fwfzpqlmo/®Álmu�giZ\^�a¹^#�q��pqo"giuwrso\fh®Álmuw]ls®�p�o9gi^&uz^&fhg�"

f̂(u) =

∑
l≥0 Πl(u)Cu+2l

(
α
2

)l Γ(u/2)
Γ(u/2+l+1)∑

l≥0 Πl(1)C1+2l
(

α
2

)l Γ(1/2)
Γ(1/2+l+1)

,
¤=� �9©

 
Z\pqj�Z½~\uwl4�m^#f�¤ )Ã�m©�«¯Y�Z\^¯]X^&rsoMY{_�t gwZ\uwlsn\�mZ\~\nJg�p�f
TCP (C, p) = f̂(2)

¢Í 
Z\pqj�Z
~\uwl4�m^#f?¤ )4�9©�«

� ��
 � 
 ����� ��� � � 
 � � � � 
 � � � � � � 
 �  � � � ��� ��� � � �� ��� � ���

����
 ����� � �������
� ^�Z�rR�m^

TCP (C, p) = f̂(2)

=
3C

4

[
1 + 15

64
pR2C2/L2 + o(pR2C2/L2)

1 + 28
96

pR2C2/L2 + o(pR2C2/L2)

]

=
3C

4
− pR2C3

L2

11

256
+ o(pR2C2/L2)C.

¤F�s�9©
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kfwp�o\�»giZ\^ka£r�~\�q^�fzls® g¼ �r�uw^
gilElm�¥¢y %^{lm¬�girspqo?gwZ\^�®Álm�q��lÃ 
p�o\�!fz^&j&lso\�¡lmuz�\^&uv^�²J~�rso\fzpqlmo

f̂(2) =
3C

4
− pR2C3

L2

11

256
− p2R4C5

L4

497

491520
+ o(p2R4C4/L4)C.

¤F��)Ã©
Y�Z�pqf
fwn\�s�m^&fhgif{n\fwp�o\��giZ\^�rs~\~�uwlR²Jpq]Xr�gip�lmo¡®Álmu�gwZ\^�#¼®Á^# ��qlmfzfw^#f�%!jRrsfz^."

f̂(2) ≈ 3C

4
− pR2C3

L2

11

256
.

¤¥�s�m©

� ��� � 
 ����� ��� � � 
 � � � � 
 ��
 � ��� � � � � �
ÅAuzlm] dBgipquz�qp�o\���øfº®Álmuz]?n\�¸rJ¢�p�®

n
pqf��qrsuw�s^s¢
An

n!
∼
(

Ae

n

)n
1√
2πn

.

�k^&o�j&^

log

(
An

n!

)
∼ n log(A) + n − n log(n) − 1

2
log(n) − 1

2
log(2π).

ÅAlsu
A
�qrsuw�m^�¢sgiZ�^��¸rsfhgv^�²J~\uz^&fzfwpqlso¯p�f�]Xry²Jpq]¯pq³&^#�� 
pªgiZ�uw^#fw~6^&j�gvgil

n
 
Z�^&o

n
fir�gwpqfh´�^&f

log(A) − log(n) − 1

2n
≈ 0,

p¥«ø^s«ª¢�®Álmu
n
j&��lmfw^!gwl

A
«

¦ü®
αC2 = pR2C2/L2 pqfº�¸rsuz�m^s¢EgiZ\^»�qrsfzg%lm¬\fw^#uz��r�gwpqlmo�fzZ\l4 
f
gwZ�r�g�gwZ\^»�\lm]¯pqo\rso9ggi^&uz]�pqo�gwZ\^»oBn\]X^#uir�gwlmu
ls®�¤�)4�9©%p�f
rs~\~\uzlR²�p�]¡rygi^&�ªe

2

α
Π∞(2)

(
αC2

2

)αC2

2

,

 
Z\^&uz^Rrsf
giZ\^��\ls]Xp�o�rso9g�gi^#uw]�p�o�giZ\^��\^#o\lm]¯pqo�r�gwlmu�p�f
√

2

α
Π∞(1)

√
π

(
αC2

2

)αC2

2

.

�k^&o�j&^�giZ\^�uirygipql?gw^&o\��f
gwl

f̂(2) =

√
2

α

1√
π

Π∞(2)

Π∞(1)
=

1.309√
pR/L

.
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� ��� �	� � � ��� � ���
��� � �
∂J

∂θ

�����
∂J

∂m

�
� ^�Z�rR�m^

∂J

∂θ
=

∂J

∂C

∂C

∂θ
+

∂J

∂p

∂p

∂θ
.

¤¥���9©
ÅAuzlm] ¤ )R�B©�¢� %^�Z�rR�s^

∂J

∂p
≈ −R2C3

L2

11

256
,

¤¥�y�B©
rso\�

∂J

∂C
≈ 3

4
− p

R2C2

L2

33

256
.

¤¥�s�m©
§kl4 

∂p

∂θ
=

∂

∂θ

[
2N [h(θ)+θ log2(q)+(1−θ) log2(1−q)]

]

= p(L/ρ) log2(
q(1 − θ)

θ(1 − q)
) .

¤¥���9©

§k^�²Eg&¢\ %^�Z�rR�m^

∂C

∂θ
=

∂

∂θ

(
ρ

mTc

) ¤¥� �m©

=

(
2

mTc

)
log2(

2θ

1 − 2θ
) .

¤¥� � ©

� ^»giZBn\f
Z�rR�s^-rso/^&µBn�rygipqlso/^�²J~\uw^#fwfwp�o\� ∂J
∂θ

pqo�gi^#uw]¯f�ls®
m
rso\�

θ
¢\firRe

∂J

∂θ
= F1(m, θ) ,

¤F� �9©

 
Z\^&uz^¹giZ�^¹®Án\o\j�gip�lmo
F1(m, θ)

pqf±�\^#gw^&uz]Xp�o\^&�Æ¬Be fzn\¬\fzgwp�gwn�gip�lmoWp�o gwZ\^£^#µEn\r�gip�lmo\f
rs¬°l4�s^s«

§{^�²EgR¢� º^�Z�rR�m^
∂J

∂m
=

∂J

∂C

∂C

∂m
+

∂J

∂p

∂p

∂m
.
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Y�Z\^�µEn\rso9gip�gwpq^#f ∂J
∂C

rso\� ∂J
∂p

 º^&uz^��mpª�m^#o¹r�¬°l4�m^�« � ^�Z�rR�m^

∂C

∂m
= − ρ

m2Tc

.
¤F��)Ã©

¦¼o/lmuz�\^&u�gil±j#lm]X~�n�gi^ ∂p
∂m

o\lsgw^»giZ�r�g

∂p

∂m
=

∂p

∂q

∂q

∂m
.

� ^�Z�rR�m^
∂p

∂q
≈ ∂

∂q

[
2N [h(θ)+θ log2(q)+(1−θ) log2(1−q)]

] ¤F�m�m©

= pL(1/(ρ log 2))(θ/q − (1 − θ)/(1 − q))

= pL(1/(ρ log 2))(
θ − q

q(1 − q)
) ,

¤F�s�9©

rso\�

∂q

∂m
= − 1√

2π
e−mγ/2

√
γ

4m
.

¤F���B©

� ^»giZBn\f
Z�rR�s^-rso/^&µBn�rygipqlso/^�²J~\uw^#fwfwp�o\� ∂J
∂m

p�o"gi^&uz]Xf
ls®
m
r�o\�

θ
¢�fwr4e

∂J

∂m
= F2(m, θ) ,

¤=�9�m©
 
Z\^&uz^¹giZ�^¹®Án\o\j�gip�lmo

F2(m, θ)
pqf±�\^#gw^&uz]Xp�o\^&�Æ¬Be fzn\¬\fzgwp�gwn�gip�lmoWp�o gwZ\^£^#µEn\r�gip�lmo\f

rs¬°l4�s^s«

� �Ç+-� �%�#,�	Í�#+��

¦¼o¹giZ�pqf
~�rs~6^&u� º^-Z�rR�m^�j&lmo�fwpq��^&uw^#�¹gwZ\^�ls~�gip�]Xp�³Rr�gwpqlmo"l�®� 
pquz^&��^&fwf{j�Z�rso�o\^&��~�rsuwrs]�¶
^#gi^#uwf{pqo�lmuz�\^&u�gil¯lm~�gwpq]¯pq³#^�giZ\^�giZ�uwlmn\�sZ\~\n�g{ls®�r±fzpqo\�s�q^»Y{_�t j&lmo�o\^&j�gipqlso¹~�r�fwfwp�o\�
giZ\uzlmn\�mZ¯giZ\^kj�Z�rso\o\^#�¥«I} -°^&j#gwp��s^&��es¢J º^!j&lso\fwp��\^&uºlm~�gip�]Xp�³Rr�gwpqlmo�l�®ÂgiZ\^{giuwrso\fw]¯pqfzfwp�lmo
^&o\^#uw�se½j&lmo�fwn\]¯^&��~6^&u?¬�p�gR« � ^"rsfwfzn\]X^#� giZ�ryg-giZ�^"fwp��mo�rs�Igil�o�lmpqfz^¡uirygipql£r�g-gwZ\^
uw^&j#^&pª�m^&u
ls®�gwZ\^»j�Z�rso\o�^&�Ípqf�Z�^&�q��j#lmo\fhg�rso9gR« � ^�j&lmo\fzpq�\^#uw^#��g¼ ºl¯uw^&�spq]¯^&fº¶vgwZ\^!´�uzfzg
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Z\^&uz^!giZ\^�dE¦¨§�|���rs��n\^!p�f%�ql4 �rso��" 
Z\^&uz^�^#o\^&uz�seX~°^#u�¬\p�g%pqf�p�o\j&uz^Rrsfz^&��¬9e"p�o\j&uz^Rrsf¨¶
pqo\�-gwZ\^�~\uwlEj&^#fwfzpqo\���9r�pqoÂ¢�rso\��giZ\^»fz^&j#lmo\�� 
Z\^&uz^�gwZ\^�dJ¦¨§k|¾��rs�qn\^�pqf�Z\p��mZ�rso\�"gwZ\^
^&o\^#uw�se½~°^#u?¬\pªg?jRr�o�¬°^"��^&j&uz^Rrsfz^&� ¬9e p�o\j&uz^Rrsfzpqo\�£gwZ\^"fheJ]-¬°lm�%rs�q~�Z�rs¬6^#g�fwpq³#^s«�¦¼o
¬°lsgwZ�jRrsfz^s¢\ º^�®Álmn�o\��giZ�r�g
gwZ\^»Y{_�tWgiZ\uzlmn\�mZ�~\n�g{jRrso�¬6^»®=rspquz��e¯fw^#o\fwpªgip��s^�gwl�giZ\^#fw^
~�rsuir�]X^�gi^&uzf&¢�r�o\��lmn\u�uw^#fwn\�ªgif�fzn\�m�m^#fzg
giZ�ryg�giZ\^#fw^�~�rsuwrs]X^�gi^#uwf�fwZ�lmn\�q��¬6^»fw^�gkj&rsuw^�¶
®Án\�q�ªe/rso\��rsf!rX®Án\o\j�gipqlso£ls®vgwZ\^?fzeEfhgi^&] fwj#^&o�rsuzpql\«!ÅAlsuk^�²\r�]X~\��^s¢6 
Z\^&o�gwZ\^?uwlsn\o\�
giuwp�~£gip�]X^¡¤F|2Y�Y{©�pqf��qrsuw�s^s¢°gwZ\^?p�]X~�r�j#gkls®ºr"~�rsj�Às^�g��qlmfzf!pqfkZ\pq�sZ\^&u#¢;fwl"gwZ\^�^&o�^&uw��e
~°^#u¯¬�p�g¯fwZ\lsn\�q� �m^&o�^&uir��q��e pqo\j#uw^Rr�fw^� 
p�giZ pqo�j&uw^&rsfwp�o\�M|�Y�Y»« � ^�Z�rR�m^£rs�qfzlM®Álsn\o\�
giZ�r�g�giZ\^Xn\fw^¡ls®�®Álmuz %rsuz� ^&uzuwlmu�j&lmuzuw^&j�gip�lmoÂ¢� 
Z\^#o giZ\^¡j&lE�\pqo\�¹uir�gw^¡p�f-lm~�gwpq]¯pq³#^&�Â¢
jRrso/fwp��mo\p�´\jRrso9gi�ªe¡p�o\j&uz^Rrsfz^�Y{_�tWgiZ\uzlmn\�mZ\~�n�gR«

¦¼o¯r�o�^#g¼ ºlmuwÀ?j#lmo9gi^�²Jg&¢9giZ\^�r�fwfwp��mo\]¯^&o9gvls®;dJ¦¨§k| ��rs��n\^&f�j&rso±¬°^�r��m^&uhe?j#lm]X~��q^�²
~\uwlm¬��q^&]/¢Ã~�rsuhgipqj#n\�¸r�uw��ek 
Z\^&o?gwZ\^P~�r�giZ��9rsp�o\f�r�uw^Pj�Z�rso\�mp�o\�{µEn�pqj�ÀB��e� 
p�gwZ�gwpq]¯^s«�Y�Z\^
uw^&fzn\��gwf�ls®JgwZ\pqfÍ~\rs~°^#u�jRrso�~6^&uwZ\rs~\fK¬°^In\fz^&��rsfKr�®Álsn\o\��r�gwpqlmo»®ÁlmuÍj#lmo\fzpq�\^#uwpqo��
��rsuzpqlmn�f
rs~\~\uzl9rsj�Z\^#f�®Álmu�r�fwfwp��mo\]¯^&o9g�l�®°dJ¦¨§�| �sr��qn\^#f&¢s 
Z\^#uw^%gwZ\^�p�oBgw^&uwrsj#gwpqlmo�¬°^�g¼ %^#^&o±n\fw^#uwf
pqf�^�²J~\��pqj#p�gi�ªe±g�rsÀ�^&o£p�o9gil¯rsj&j#lmn\o9gR«

`!o\^?gwlm~\p�j-®Álmu�®Án\uhgiZ\^#u»pqo9�m^#fzgwpq�9r�gwpqlmo£pqf!giZ�^�uw^&�qr�gip�lmo�ls®Plmn�u!uw^#fwn\�ªgif!gil 'ø� +F«�¦¼o
~�rsuzgwpqj#n\�¸rsu#¢�p�g- %lmn��q��¬6^�pqo9gi^#uw^&fhgip�o\��gilÉ�qlElmÀMr�g?gwZ\^/rR�m^&uwrs�m^�uwr�gi^�ls®{j#lmo\�m^#fzgip�lmo
^#�m^#o9gif�rso\��j#lm]X~\rsuw^�giZ\p�f� 
p�gwZ£giZ\^-uir�gw^?ls®P~�rsj�À�^#g»giuwrso\fz]Xp�fwfwp�lmo£��lmfwf�^#�m^#o9gif&¢Krsf¨¶
fwn\]¯pqo\�
giZ\r�g2gwZ\^%^#o\^&uz�se�~°^#u2¬\pªg�Z\rsf2¬6^&^#o�lm~�gwpq]¯pq³&^#�Â«Í¦üg� ºlmn\���?rs��fwlk¬°^Ppqo9gi^#uw^#fzgip�o\�
gil?^��sr��qn�r�gw^�giZ�^�gilsgirs�6uir�gw^»r�g� 
Z\p�j�Z"giZ\^k 
pqo\�\l4 �fwp�³&^!�s^#gif�Z\rs���s^&��r�gºgiZ\^»lm~Jgipq]Xrs�
lm~°^#uir�gwpqo\�»~6lmp�oBg&¢Brso\��´�o\�Xr�fwpq]¯~\��^%uw^#�¸r�gwpqlmo�fwZ\p�~�¬°^�g¼ %^#^&o¡gwZ\pqfvuwr�gi^
rso��¯gwZ\^
lsgiZ\^#u
~�rsuir�]X^�gi^&uzf�ls®KgiZ\^�]¯lJ�\^#�¥«

� � �X��+��·���+��'-� �
���K	
� ^� ºlmn\��� �qpqÀ�^£gil gwZ�rso\À ��«�¿%ls�qlsgX®Álmu"Z\p�f"pqo\~�n�gif¡gwl�giZ\p�f"�qp�o\^£ls®�gwZ\lmn\�mZ9gwf�rsf
 %^#�q��rsf03-« �klmo��Érso\� (v«�Å�lmn\uzo\p �¡®Álsu-giZ\^#pqu?j#lm]¯]X^#oBgwf?lmo�giZ�^�~�rs~6^&u±rso\� gwZ\^&p�u
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