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df(z)

dz
= β(4zf(2z) − zf(z)), z ≥ 0,
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f(z) = 2φ
√
β
∑

n≥0

ane
−(β

2
4n)z2
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£+n�egU
φ =

(√
2π
∏

k≥1(1 − 2−2k+1)
)−1 pqmX}%£+n�euU

a0 = 1
p�mX}

an = (−1)n

n∏

k=1

4

(4k − 1)

 
TVU�Z©pqcxcuj>h�n¢pwegZ�}�egsupqmXcun�Z�m@eZ��6lFp�eunojkm�noc�egUXZE��jk�o��jÆ£+n�mX�VmXjkm>§¤�oj>h1p��kegsgp�mXcu|3jksxe�rJÈ¡{V¦

α
∂

∂t
f(t, z) +

∂

∂z
f(t, z) = β(4zf(t, 2z) − zf(t, z)), z, t ≥ 0.

TVUXnoc�rJÈ¡{ UFpqc�°3Z�Z
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}[egU�nocJZ��6lFp�eunojkm�£+n�euU

4zf(t, 2z)− zf(t, z)
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2b(2z)f(t, 2z)−
b(z)f(t, z)
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df(z)

dz
= β(2f(2z) − f(z)), z ≥ 0,
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£+n�egU
β > 0

pqmX}�n�euc¥cxjk�ol�eunojkm 7:jk°de~pqn�mXZ�}�°@b�^QZ����on�m[egsupqmXcf��jksuY�c¥n�m���Z�Y�Yµp&� ;Ü�><�9Jnoc

f(z) = φβ
∑

n≥0

ane
−(β2n)z

£+n�egU
φ =

(∏
k≥1(1 − 2−k)

)−1 pqmX}�£+n�euU
an = (−1)n

n∏

k=1

2

(2k − 1)

pqmX}
a0 = 1

 
Ç¤m�egUXZisgp�euZ�§¨}XZ�|3Z�mX}�Z�m@e©h�pqcuZ�ÄdegU�Z� �� �� "$.&�0�&� �&%#.& $%FZ��6lFp�eunojkm[nom@egsxjd}Xl�h�Z�}[nom ; � <8n�c

df(z)

dz
=

∫ ∞

0

xf(x)dx δA(z) − µzf(z) + βz(4f(2z) − f(z))

£+UXZ�sxZ
δ ≥ 0

Ä
A
nocip[|Xsxjk°Fpq°�no�on¶e¤b�}XZ
mXcun¶e¤b���lXmXh
eunojkm¸Ä

µ ≥ 0
p�mX}

β > 0
 +ÅiZ
suZ�Ä3euUXZ

h�jkmXcfe~pqm@e
µ
Y�Z1p�culXsxZ�c©ZÞº�jq�kZ�mXjqlXcV�ojkcxcuZ
c©£+UXnoh~U�h�pqlXcuZ¡euUXZ�eusgpqmXcxY[n�cucxnojkm[sgp�euZ�egj-°3Z

nomXcfe~pqm@e~p�mXZ�jkl�cu��bµh�l�eVeuj@5�Z
sujXÄF��noªqZiegnoY�Z�jql�egc©n�m�egUXZ%Ty\©r h�jkm@egZÞº>eijqs¥egsupqmXcuY�nocxcun�jkm
h�jkY�|X�oZ�egn�jkmXcJnom�egUXZ�ÅiTVT+r h�jkm@euZ�º>e1 JTVUXZih�jkmXcfe~pqm@e

δ
Y�Z1pqcxlXsuZ
c«euUXZ�sup�egZip�eE£+UXnoh~U

egsgp�mXcuY�nocxcunojqm�sgp�euZ�c�nomXcfe~pqm@egpqmXZ�jqlXcu�¶b�nomXh
suZ�pqcuZ ��sujqY ��Äi£+U�Z�suZ�egU�Z�n�mXh�sxZ1pqcxZ�UFpqc
}XZ�mXcxn�e¤b

A
  TVU�nocµn�c�p®cxnoY�|X�on�FZ�}ïsuZ
|XsuZ
cuZ
m6egp�egn�jkm�jq�¡euUXZ�cx�oj�£©§¤cfe~pqsfe�Y�Z�h~UFpqm�nocuY

p�� egZ
s+p�eunoY�Z�jkl�e+jqs+p�eusgpqmXcxY[n�cucxnojkm�h
jkY[|��oZ
eunojkmF7�cuZ
Z ; � <C9� ETVUXZ�h�pqcuZ!£+n�euU
δ = 0

noc
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mXcun¶e¤bµcxjk�oldegnojqm[£+UXZ
m
δ = 0pqmX}�egUXZ!Y�Z1pqm�¯�pq��lXZ¡��jks+pq���

δ ≥ 0
lXcun�mX�[^QZ����on�m�egsgp�mXcx��jksxY[c
 

Ç¤m�egUXZy|XsxZ�cuZ
m@eV|Fpq|3Z�s
Ä6£«Z�h
jkmXcxno}XZ
sEeuUXZiY�jksxZy�qZ�mXZ
sgpq�  �� �� "$.&�0�&� �&%�.& $%XZ
�6lFp�egn�jkm
£+UXnoh~UQpq�o��j�£+c©Y[jqsuZ%�kZ
mXZ�supq��sgp�euZ�§¨}XZ�|3Z�mX}�Z�mXh
Z�c

df(z)

dz
= δT (f)A(z) − µzγ−1f(z) + βzγ−1(ργf(ρz) − f(z)), z ≥ 0,
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£+UXZ�sxZ
δ ≥ 0

Ä
T (f) =

∫∞

0
zγ−1f(z)dz

Ä
A
n�cyp[|Xsxjk°Fpq°Xn��on¶e¤b�}XZ
mXcun¶e¤b$��l�mXh
eunojkm�£+n�euU

∫∞

0
A(z)dz = 1

Ä
µ ≥ 0

Ä
γ ≥ 1

Ä
β ≥ 0

Ä
ρ > 1

Ä�pqmX}
µ + β > 0

 %TVU�Z�pqcucxjdh
n¢p�euZ�}
egsgp�mXcu|3jksxeyrJÈ¡{ n�cV}XZ �XmXZ�}Qnom�egUXZ!cupqY[Z¡£¥p1bk 
TVU�sujklX�qUXjkl�e©euUXZ¡sxZ�cxe©jq��egUXn�c©|Fpq|3Z�s
Äd£«Z¡�oj>jkª-��jks¥p&cujk��l�egn�jkm

f(z)
jq�,7B� 9t£+UXnoh~U

noc<p�}�Z�mXcxn�e¤b´culXh~U egUFpwe
T (f)

noc �FmXn�euZq �³´Z��kn¶¯kZ�p±}�nosuZ
h
e-|�suj>jq�VegUFpwe&egU�Z�suZ�n�c<p
lXmXno�6lXZi}XZ�m�cun�e¤b�cxjk��¯>nom���7B� 9Epqm�}µ£¥Zi�kn�¯qZ�h
�ojkcxZ�}µ��jksxY�Z�ºd|XsxZ�cucxnojkm�c©��jksEeuUXnocE}XZ
mXcun¶e¤b
pqmX}�n�eucVY[Z�pqm�¯qp��olXZ� 
Ç¤m@euZ��ksup�egn�mX� 7B� 9«��sxjkY 5
Z�suj�egj�n�m �FmXn¶e¤b��kn¶¯kZ�c

f(0) = (µ− δ)T (f) ≥ 0
jks

µ ≥ δ

7:cun�mXh�Z!egU�Z�suZ�Z�ºdn�cxegc�p�cxlX°XcxZ��6lXZ�m�h�Z
zk → ∞ cul�h~U±egUFpwe

lim
zn→∞

f(zn) = 0
cun�mXh�Z

f
noc

nom@egZ
�ksgpq°��oZ 9Þ 
TVU�Z�cx|8Z
h�n¢p��,h1pqcxZ�£+n¶egU

δ = µ = 0
ÄXmFp�Y[Z
��b

df(z)

dz
= βzγ−1(ργf(ρz) − f(z)), z ≥ 0,

7 � 9

£+no�o��°3Z�h1pq���oZ�}�egU�Z&|3Z�sucxnocfegZ�m@e�Z��6lFp�eunojkm, +Ç¨ei}XZ�cxh�sxno°3Z�c%p�|8Z
sucun�cxeuZ�m@e¡cxjklXsuh
Z&n�m±h�jqmd§
�kZ�cfegnojqm�p�¯qjkno}XpqmXh�Z©£+n¶egUXjql�etcu��j�£©§¤cxegpqsxetpqmX}-£+UXZ�sxZ©egUXZVsup�egZV}�Z�|3Z�mX}XZ
mXh�Zynoc�|Xsujk|3jksÉ§
egnojqmFpq�8euj

zγ−1  tTVUXZ�|3Z�sxcun�cxegZ
m@eiZ
�6lFp�egn�jkm�nomXh
�olX}�Z�c�7f�>9©p�mX}:7Ô� 9©pqc+cx|8Z
h�n¢p���h1pqcxZ�c� 
Ç¤m�egU�Z�m�Z�º>e�cuZ�h�egn�jkm,Ä�£¥Z�cul�Y[Y[pqsun65�Z&euUXZ-e¤£¥j$Y[pqnom�sxZ�cxlX��euc�j��«euUXnoc%|Fp�|8Z
s� ��

}XZ
egpqno��Z�} |Xsuj>jq�inoc��kn¶¯kZ�m nomÊegU�Z$��jk���oj�£+nom��±e¤£¥j´cuZ
h
egn�jkmXc
  Â n�mFpq�o�¶bkÄt£«ZQcfeglX}�bÊeuUXZ
pqcucxjdh
n¢p�euZ�}$rJÈ¡{V 
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� �¹*+������"L�

��Z�e
Γ(t) =

∫∞

0
xt−1e−xdx

}XZ�m�jqegZ�{tlX�oZ
s � c���pqY�Y[p&��lXmXh
eunojkm¸ tTVUXZ���jq�o�oj�£+n�mX�&egU�Z�§
jksuZ
Y¹culXY�Y[pqsun65�Z�c¥jklXs+suZ
culX�¶egc+jkm�egUXZ!|3Z�sxcunocfegZ
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γ ≥ 1

	
ρ > 1

	
β > 0

	 %��$.*�� $����� . ��.& ��&��%	�@� ���	� %��)�� %#��
���B� �

f(z) = γ

(
β

γ

)1/γ
1

Γ (1/γ)

∏

k≥0

1

(1 − θ−k−1/γ)

∑

n≥0

bne
−

β
γ

θnzγ

,
7B� 9

� �$.&��. θ = ργ 	 b0 = 1
�! �

bn = (−1)n

n∏

k=1

θ

(θk − 1)
.

���$.
bn �

���!�0. %��$. ��� .�� �&�).& $%������ %��$.@.�� "��! ��&�)�� 
∏

k≥0

(1 − θ−kx) =
∑

n≥0

bnx
n.

���$. � . �! ����!�	�$.����*%���� � ��.& ��&��%	� � �

∫ ∞

0

zf(z)dz =

(
β

γ

)−1/γ Γ (2/γ)
∏

k≥0(1 − θ−k−2/γ)

Γ (1/γ)
∏

k≥0(1 − θ−k−1/γ)
.
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TVU�Z���jk���oj�£+nom��&egUXZ
jksuZ
Y culXY�Y[pqsun65�Z�cVjqlXs+suZ�cxlX��euc+jkm$euUXZ�mXjkmd§¨|8Z
sucun�cxeuZ�m@e�]!È�{
7B� 9Þ¦
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γ ≥ 1
	
ρ > 1

	
µ ≥ δ ≥ 0

	
β ≥ 0

	
µ + β > 0

�! �
A


&.��
��.& ��&��%����&�����4%����!%

∫ ∞

0

A(z)e
(µ+β)

γ
zγ

dz < ∞.
7�� 9

���$.& %��$. �� $�����$. ��.& ��&��%��@� ���	��%(�)�� A%#��
! "� � � %��$. ��  �&%��)�� 

f(z) =
1

Cγ

∑

n≥0

(
β

µ+ β

)n

bndn(z)e
−( β+µ

γ )θnzγ 7	# 9

� ��%��

dn(z) =
∑

m≥0

cm


δ
∫ θ

(n+m)
γ z

0

Am(x)dx + (µ− δ)




cm =

(
β

µ+ β

)m m∏

i=1

1

1 − θ−i

�! �

Am(x) = A(x)e
µ+β

γ
θ−mxγ

.
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C =
1

γ2

∏

k≥0

(
1 − β

µ+ β
θ−k−1/γ

)(∑

m≥0

cm

(
δ

∫ ∞

0

Am(x)

∫ ∞

xγ/θm

B1(u)du dx + (µ− δ)D(1)

))

� ��%��

Bl(u) =
e−

(µ+β)
γ

u

u1−l/γ

D(l) =

(
µ+ β

γ

)−l/γ

Γ

(
l

γ

)
.

���$. � . �! :���
f(z)

� �

∫ ∞

0

zf(z)dz =

∏
k≥0

(
1 − θ−k−2/γ β

β+µ

)

∏
k≥0

(
1 − θ−k−1/γ β

β+µ

)

∑

m≥0

cm

(
δ

∫ ∞

0

Am(x)

∫ ∞

xγ/θm

B2(u)du dx + (µ− δ)D(2)

)

∑

m≥0

cm

(
δ

∫ ∞

0

Am(x)

∫ ∞

xγ/θm

B1(u)du dx + (µ− δ)D(1)

) .

�ic¡£¥Z-cxUFpq����cuZ
Z��¢p�euZ�s�Ä3��jks¡°3jqegU�euUXZ-|3Z�sucxnocfegZ�m@e�pqm�}�egUXZ-mXjqmd§¤|3Z�sxcunocfegZ
m6e!h�pqcuZ�Ä
egUXZ!cujq�ol�eunojkm�jq�egUXZ�sgp�euZ�§¨}XZ�|3Z�mX}�Z�m@e�h�pqcuZ�h1p�m�pqh�eglFpq����bµ°8Z!°XlXn���eV��sxjkY�egUXp�eyjq�euUXZ
sgp�euZ�§¤n�mX}XZ
|8Z
mX}XZ�m@e!h�pqcuZ�°@b�p�Y�Z�suZ-h~UXpqmX�kZ�jq�EY�Z1pqcxlXsuZ� <Ç¨e!noc�£+U@b�£«Z�cxegpqsxe%£+n¶egU
egUXZ!�¢pweuegZ
s©h1p�cuZ�°8Z
�oj�£! 

� ����* � �%"�*�� 2 � ��*V� *+� ��*+�-"`������* 	
γ = 1 


Ç¤m$euUXZ!sgp�euZ�§¤n�mX}XZ
|8Z
mX}XZ�m@eyh1p�cuZqÄ 7:� 9¥nocV�qn�¯kZ
mQ°@b

df(z)

dz
= δA(z) − µf(z) + β(θf(θz) − f(z)), z ≥ 0,

7:� 9
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£+UXZ�sxZ
θ > 1

7�cun�mXh�Z%£«Z���jdjkª���jks+p-}XZ
mXcun¶e¤bkÄ
T (f) =

∫∞

0
f(z)dz = 1

9Þ 
^$lX��euno|X�¶bdn�mX� 7:� 9[°@b

exp(−sz) pqmX} nom@egZ
�ksgpwegnom��²��sujkY 5�Z
suj egj ∞ �kn�¯qZ�c�egU�Z
��jk�o��jÆ£+n�mX�<ZÞº�|�suZ�cxcun�jkm$��jqs©egUXZ ��pq|X�opqh�Z¡eusgpqmXcf��jksuY

f̂(s)
¦

sf̂(s) − f(0) = δÂ(s) − µf̂(s) + β
(
f̂
(s
θ

)
− f̂(s)

)
;

egUFp�e+n�c
f̂(s) =

f(0) + δÂ(s)

µ+ β + s
+

β

µ+ β + s
f̂
(s
θ

)

£+UXZ�sxZ
Â
nocSeuUXZ ��pq|��¢pqh
Z+eusgpqm�cx��jksxY jq�¸euUXZy}XZ�mXcxn�e¤b

A
  ?«b�n¶egZ�sup�egn�jkm-n�et��jq�o�oj�£+cSeuUFp�e

f̂(s) =

N∑

n=0

βn

∏n
k=0(µ+ β + s/θk)

·
(
f(0) + δÂ

( s
θn

))

+

N∏

n=0

(
β

µ+ β + s/θk

)
f̂
( s

θN+1

)
.

����� ���	��
������������������������� �
µ = δ = 0 !

Ç¤m$euUXZ!|8Z
sucun�cxeuZ�m@eyh1pqcxZqÄ=�oZ�euegn�mX�
N
euZ�mX}$egj�nom �XmXn�e¤bqÄ�£¥Z!�kZ�e

f̂(s) =
∏

k≥0

β

β + s/θk
· f̂(0)

=
∏

k≥0

β

β + s/θk
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£+n�egU
f̂(0) =

∫∞

0
f(z)dz = 1

 
³´Z�sxZ�Y[pqsuª�euUFp�e

f̂
noc!egUXZ���pq|��¢pqh
Z�eusgpqmXcf��jksuY j��yp±culXY jq�Vn�mX}XZ
|8Z
mX}XZ�m@e-�qZ�§

jkY[Z�egsxnoh<supqmX}XjkY ¯�pqsunopq°X�oZ
c
Ek

£+n¶egU�|FpqsupqY�Z
egZ
s
βθk   � jqeuZ<egUFp�e%euUXZ�culXY`jq�«euUXZY[Z�pqmXc ∑

k≥0 θ
−k/β < ∞ cuj�egUXn�cµsgp�mX}XjkY ¯�pqsxn¢pq°X��Z�Z�ºdnocfegc�p�mX}ëUFp�c�p®|3jkcun¶egn¶¯kZ

}XZ�mXcxn�e¤bq 
³´Z%egU6lXcyUFp1¯kZ�p�cujk��l�egn�jkm���jks 7Ô�!9«£+n�egU

θ = 2
 JTVUXZ�]!È�{ënoc

df(z)

dz
= β(θf(θz) − f(z)), z ≥ 0.

7É�k�>9
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f(z) = ψβ
∑

n≥0

bne
−(βθn)z 7f��� 9

£+n�egU
ψ =

(
∏

k≥1

(1 − θ−k)

)−1

.

³´Z!h1pqm$h~UXZ
h~ª�euUXnocVn�m@¯kZ�sxcun�jkm�°6b�h�pq�oh
lX�¢pwegnom��&egUXZ ��pq|X�opqh�Z¡eusgpqm�cx��jksxY�jq�'7f�Æ�!9�¦

ψβ
∑

n≥0

bn

∫ ∞

0

e−uze−(βθn)zdz = ψβ
∑

n≥0

bn
u+ βθn

.

TVUXZ<suZ
cun�}XlXZ<jq�teuUXZ<|3jk�oZ −βθn n�c ψβbn  %TVUXZ<sxZ�cun�}XlXZ<j�� f̂ �kn�¯qZ�m °@b/7f��� 9yp�e�euUXZ
|8jk��Z −βθn noc

βθn

n−1∏

k=0

(
βθk

βθk − βθn

) ∏

k≥n+1

(
βθk

βθk − βθn

)

= βθn
n−1∏

k=0

(
1

1 − θn−k

) ∏

k≥n+1

(
θk−n

θk−n − 1

)

= β
n∏

k=1

(
θ

1 − θk

)∏

k≥1

(
θk

θk − 1

)

= β · bn · ψ.
TVU>l�cy£«Z!cuZ�Z!egU�Z ��pq|��¢pqh
Z¡egsgp�mXcx��jksxY¹jq�

f
nocVn�mX}XZ�Z
}/7É��� 9Þ 
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µ > δ ≥ 0 !

��Z�eueunomX�
N → ∞ £«Z��qZ
e

f̂(s) =
∑

n≥0

βn

∏n
k=0(µ+ β + s/θk)

(
f(0) + δÂ

( s
θn

)) 7f��� 9

=
∑

n≥0

(
1 − δ

µ
+
δ

µ
Â
( s
θn

))(
1 − β

µ+ β

)(
β

µ+ β

)n n∏

k=0

µ+ β

µ+ β + s/θk
.
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Ç¤m 7B� 9-£¥ZQh1pqm }�Z �FmXZ±nomX}XZ
|8Z
mX}XZ
m6e�sgpqmX}�jkY ¯qp�sun¢p�°X�oZ
c
V
Ä
Ek, k = 0, 1, . . .

Ä
N
pqmX}

X
£+UXZ
suZ

V
UFpqc-}�Z�mXcxn�e¤b

A
ÄtegUXZ

Ek

� c�pqsuZ�ZÞºd|8jkm�Z�m@egnopq�«£+n¶egUÊ|FpqsupqY�Z
egZ
s
(µ + β)θk Ä N nocy�kZ�jkY�Z
eusun�h�£+n¶egU P (N = n) =

(
1 − β

µ+β

)(
β

µ+β

)n pqmX}
X
e~pqª�Z�c

egUXZ�¯�pq��lXZ�c
0
jks

1
£+n�egU�|�sujk°Fp�°Xno��n�egn�Z�c

(1− δ/µ)
pqmX}

δ/µ
 �?«bµn�mXcu|3Z�h�egn�jkm,Ä

f̂
noc«euUXZ

�Lp�|X�¢pqh
Z¡egsupqmXcx��jqsuY
E exp(−sW )

jq�LegUXZ!sgp�mX}XjkY�¯�pqsxn¢pq°��oZ

W = (1 −X)

N∑

n=0

En + X

(
V

θN
+

N∑

n=0

En

)
.

³®Z�UFp1¯kZ�egUXZ
suZ
��jqsuZ�Z�cxegpq°X��nocuU�Z�}�egUXZ�Z�ºdnocfegZ�m�h�Z<p�mX}Ql�mXno�6lXZ
mXZ�cxc¡jq�tp�}XZ
mXcun¶e¤bQcxjk�ol>§
egnojqm�egj 7B� 9Þ 
³´Z�h1pqm$h1pq��h�lX�op�egZ¡euUXZ�nom@¯kZ
sucuZ�jq�egUXZ ��pq|X�opqh�Z%egsupqmXcf��jksuY¹�qn�¯kZ
m±pwe�7É��� 9Þ  Â n�sucfe

suZ�Y[pqsxª[egUXp�eVegUXZ!}XZ
mXcun¶e¤b��kn�¯>n�mX�<egUXZ%eusgpqmXcf��jksuY
n∏

k=0

µ+ β

µ+ β + s/θk

h1pqm$°8Z¡£+sxn�exegZ�mQpqc
gn(z) =

n∑

k=0

dk,n exp(−(µ+ β)θkz)
£+UXZ�sxZ

dk,n = (µ+ β) bk

n−k∏

i=1

1

1 − θ−i

£+n¶egU 0∏

i=1

1

1 − θ−i
= 1.

TVUXnocVUXjq�o}Xc+°3Z�h1p�lXcuZ!egUXZ¡eusgpqm�cx��jksxY¹jq� n∑

k=0

dk,n exp(−(µ + β)θkz)
n�c

n∑

k=0

dk,n

(
1

(µ+ β)θk + s

)

ç�èLé�ç�â



���������	��
�������������������������������! ��#"$���&%��'�����!%(�)�� ��*�� +�,�� �-�.��&%��)�� /�,�� $%��0��� �k�

£+UXZ�sxZ
dk,n

pqsuZ¡��jkl�mX}Q°@b�l�cunom��

dk,n = (µ+ β)θk

k−1∏

i=0

(
(µ+ β)θi

(µ+ β)θi − (µ+ β)θk

) n∏

i=k+1

(
(µ+ β)θi

(µ+ β)θi − (µ+ β)θk

)

= (µ+ β)θk

k−1∏

i=0

(
1

1 − θk−i

) n∏

i=k+1

(
θi−k

θi−k − 1

)

= (µ+ β)
k∏

i=1

(
θ

1 − θi

) n−k∏

i=1

(
θi

θi − 1

)
.

��Z�e ℵ(·) }XZ
mXjqegZ+egU�ZiY�Z1pqcxlXsuZ
(
1 − δ

µ

)
δ0(dx)+ δ

µ
A(x)dx

 STVUXZy}XZ�mXcxn�e¤b�jq�3egUXZ
¯qp�sun¢p�°X�oZ

W
p�e
y
ÄXh�jqmX}Xn�eunojkm�Z�}�jkm

N = n
ÄFnocV�kn¶¯kZ�m$°@b

∫ θny

0

gn

(
y − x

θn

)
ℵ(dx) =

∫ θny

0

n∑

k=0

dk,ne
−(µ+β)θk(y− x

θn )ℵ(dx)

=

n∑

k=0

dk,ne
−(µ+β)θky

∫ θny

0

e(µ+β)x/θn−kℵ(dx).

� jqegZ%euUFp�eVegU�Z�p�°8j�¯kZ!n�m6euZ��ksupq�,ZÞº�n�cxeuci°@b�euUXZ�pqcucxlXY[|degnojqm 7�� 9�Ä�nÔ  Zq ¶Ä
∫∞

0
e(µ+β)zA(z)dz < ∞   � j�£)culXY�Y[n�mX��j�¯kZ
s n £«Z-UFp1¯kZ-egUXZ-}�Z�mXcxn�e¤b±��jqs Wp�e

y
¦
∑

n≥0

(
1 − β

µ+ β

)(
β

µ+ β

)n n∑

k=0

dk,ne
−(µ+β)θky

∫ θny

0

e(µ+β)x/θn−kℵ(dx)

=
∑

k≥0

(µ+ β)bk

(
1 − β

µ+ β

)(
β

µ+ β

)k

e−(µ+β)θky

·
∑

n≥k

(
β

µ+ β

)n−k
(

n−k∏

i=1

1

1 − θ−i

)∫ θny

0

e(µ+β)x/θn−kℵ(dx)

=
∑

k≥0

(µ+ β)bk

(
1 − β

µ+ β

)(
β

µ+ β

)k

e−(µ+β)θky

·
∑

m≥0

(
β

µ+ β

)m
(

m∏

i=1

1

1 − θ−i

)∫ θk+my

0

e(µ+β)x/θmℵ(dx).
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γ > 1 


� ��� ���	��
������������������������� �
µ = δ = 0 !

È�Z �Fm�Z
h
egj�°8Z!p�}XZ�m�cun�e¤b�cujk��l�egn�jkm�jq�'7f�k�>9«£+n¶egU

β
sxZ�|X�opqh�Z
}Q°@b

β/γ
cuj

h(z) = ψ
β

γ

∑

n≥0

bne
−(β

γ
θn)z.

7f� � 9

� Z�º>e�ÄX��jks+pq�o�¸|8jkcxn�eun�¯kZ%h
jkmXcfe~pqm@egc
C
Ä
f(z) = C−1h(zγ)

cgp�eunoc �FZ�c

df(z)

dz
= C−1dh(z

γ)

dz

= C−1γzγ−1β

γ
(θh(θzγ) − h(zγ))

= C−1βzγ−1 (ργh((ρz)γ) − h(zγ))
£+U�Z�suZ

ργ = θ

= βzγ−1 (ργf(ρz) − f(z)) .

adj�n��LjkmXZ%e~p�ªqZ�c
C
cxlXh~UQeuUFp�e ∫∞

0
f(z)dz = 1

Ä�euUXZ�m
f
noc©p�}�Z�mXcxn�e¤b�£+UXn�h~UQcup�egn�c �FZ
c

7 � 9Þ 
³´Z<h�pqm�lXmX}�Z�sucfe~pqm�}�euUXnocyegsupqmXcx��jqsuY[p�egn�jkm±p�c%pµh~UFpqm��kZ<jq�JY�Z1pqcxlXsuZ�  ��Z
e

I
°3Z

p�sgpqmX}�jkY ¯�pqsxn¢pq°��oZ�£+n�egUÊ}�nocxeusun�°Xl�egn�jkm
h
�kn�¯qZ�mÊ°@b 7É� � 9Þ �³´Z�mXj�egZ�egUXp�e<��jks&pqm@b

°8jkl�mX}XZ�}���lXmXh�egn�jkm
φ
Ä

1

C
E

[
φ(I1/γ)

γI1−1/γ

]
=

1

C

∫ ∞

0

φ(z1/γ)
1

γz1−1/γ
h(z)dz

=
1

C

∫ ∞

0

φ(w)h(wγ)dw

=

∫ ∞

0

φ(w)f(w)dw

= E[φ(J)],

£+UXZ�sxZ
J
n�c+p�supqmX}XjkY ¯�pqsunopq°X�oZi£+n�egU$p-}XZ
mXcun¶e¤b��kn�¯qZ�m�°@b

f(z)
 

ç�èLé�ç�â
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³´Z!h1pqm$lXcxZ!euUXnoc+h~UFp�mX�kZ!jq�Y[Z�pqculXsxZ%egj�h�jkY�|Xl�euZ%egUXZ%mXjqsuY[pq�on65�nom��&h�jqmXcxegpqm@e1¦

C = E

[
1

γI1−1/γ

]

=
1

γ

∫ ∞

0

1

z1−1/γ
h(z)dz

=
ψβ

γ2

∑

n≥0

bn

∫ ∞

0

1

z1−1/γ
exp

(
−β
γ
θnz

)
dz

=
ψ

γ

∑

n≥0

bn
1

θn

(
γ

βθn

)1/γ−1 ∫ ∞

0

v1/γ−1 exp(−v)dv

=
ψ

γ

(
γ

β

)1/γ−1

Γ

(
1

γ

)∑

n≥0

bn

(
1

θ1/γ

)n

=
ψ

γ

(
β

γ

)1−1/γ

Γ

(
1

γ

)∏

k≥0

(1 − θ−k−1/γ).

ÅiZ�m�h�Z 7Ô� 9SnocEp!}XZ�m�cun�e¤b�cxjk�ol�eunojkm<euj 7 � 9� �?«b�p�cxnoY�no�opqsSpqsx�klXY�Z�m@e1Ä@egpqª6nomX�
φ(I) = I

Ä
£¥Z!�kZ�eyeuUFp�eVeuUXZ!Y[Z�pqm�¯qp��olXZ%jq�

f
noc

∫ ∞

0

zf(z)dz =
E[I2/γ−1]

Cγ

=
1

Cγ

∫ ∞

0

z2/γ−1h(z)dz

=
ψβ

Cγ2

∑

n≥0

bn

∫ ∞

0

z2/γ−1 exp(−β
γ
θnz)dz

=
ψ

Cγ

∑

n≥0

bn
1

θn

(
γ

βθn

)2/γ−1 ∫ ∞

0

v2/γ−1 exp(−v)dv

=
ψ

Cγ

(
γ

β

)2/γ−1

Γ

(
2

γ

)∑

n≥0

bn

(
1

θ2/γ

)n

=
ψ

Cγ

(
β

γ

)1−2/γ

Γ

(
2

γ

)∏

k≥0

(1 − θ−k−2/γ).
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TVUXnocV|Xsxj�¯kZ�c�7B� 9Þ 
³´Z!|Xsuj�¯qZ�mXj�£egUFp�eVeuUXZ!lXmXn��>l�Z�}�Z�mXcxn�e¤b�cujq�ol�eunojkm�jq�'7 � 9¥noc 7Ô�!9� 
a>lX|X|3jkcuZ¡euUXZ�sxZ%noc©p<}�Z�mXcxn�e¤b�cxjk�oldegnojqm

f
jq�,7 � 9� JÈ�Z �FmXZ

h
¯>n¢p

f(z) = C−1h(zγ)egjV°3ZJp©cujk��l�egn�jkm%jq� 7f�k� 9� adnom�h�Z
f
n�c�nom@egZ
�ksgpq°��oZeuUXnoc¸Y[Z�pqmXc ∞ > C−1

∫∞

0
h(zγ)dz =

C−1

γ

∫∞

0
s

1
γ
−1h(s)ds = C−1

γ
H
(

1
γ

)
,
£+U�Z�suZ

H(u) =
∫∞

0
xu−1h(s)ds

n�cyeuUXZ�^QZ
�o��nom
egsgp�mXcx��jksxY jq�

h
  ^$lX��euno|X�¶bdn�mX��°8jqeuUëcxno}XZ
cµjq�87É�k�>9-°6b

zu pqm�} nom@egZ
�ksgpwegnom���£+n¶egUsuZ�cx|8Z
h
eyegj
z
jkm�egUXZ!|3jkcun¶egn�¯qZ%UFpq�¶����nomXZ�£«Z!�kZ
e

uH(u) = βH(u+ 1)(1 − θ−u).

adnomXh
Z
H(1/γ) < ∞ £«Z�cuZ
Z

H(u) < ∞ ��jksµpq�o�
u
°@b n�euZ�sup�egn�jkm, �TVUXnoc�Y�Z1p�mXc

∫∞

0
h(z)dz = H(1) < ∞ cuj

h
h1pqm °3Z�mXjksxYµpq��n 5
Z�}®euj�p�}�Z�mXcxn�e¤bk ®Åij�£«Z
¯kZ
s�£«Z

UFp1¯kZ-cuU�jÆ£+m�euUFp�e¡euUXZ�sxZ<nocijkmX�¶bQjqmXZ<}XZ
mXcun¶e¤b±cup�egn�cx� b>nomX�A7f�k�>9+cuj
h
nocinom±�:p�h
e 7É�k�>9Þ 

³®Zyh�jkm�h��ol�}XZieuUFp�eEegUXZ
suZ�n�cJjkmX��b�jqmXZi}�Z�mXcxn�e¤b�cujk��l�egn�jkm�egj�7 � 9t°8Z
h1pqlXcxZie¤£«j<}XZ
mXcun¶e¤b
cujk��l�egn�jkmXc!nom�egUXZ[sgp�euZ�§¤}�Z�|3Z�mX}XZ
m@e-h1pqcxZ[£«jklX��}²�kn�¯qZ�e¤£«j }XZ
mXcun¶e¤b´cxjk�oldegnojqmXc�n�m�euUXZ
sgp�euZ�§¤n�mX}XZ
|8Z
mX}XZ�m@e�h1p�cuZ�lXcun�mX��egUXZ�egsupqmXcx��jqsuY[p�egn�jkm, &³´Z�UFp1¯kZ¡vxlXcxe�|Xsuj�¯qZ�}´euUXnoc%n�c
noY�|8jkcxcun�°X�oZ�pqmX}�egUXn�cV|Xsuj�¯qZ�cylXmXno�6lXZ
mXZ�cxc¡pqm�}$h
jkY�|X�oZ�egZ�c©euUXZ!|Xsuj>jq�Ljq�TVUXZ�jqsuZ�Y �q 

� ��� ���	� ��� ��� 
��������� ������� ������� �
µ > δ ≥ 0 !

��Z�e
A
°8Z�cujqY[Z�}XZ�m�cun�e¤bq �TVUXZ�m A(z1/γ)

γz1−1/γ

n�c&p$}XZ�mXcxn�e¤b�egj>jX  ��Z
e
h
°8Z�egU�Zµ}XZ
mXcun¶e¤b

cujk��l�egn�jkm�jq�

dh

dz
(z) =

1

γ

((
A(z1/γ)

γz1−1/γ

)
− µh(z) + β(θh(θz) − h(z))

)
.

7f��� 9

³®Z�pqcxculXY�Z
h(0) = µ− δ ≥ 0

 
��Z�e

f(z) = C−1h(zγ)
Äk£+UXZ
suZ

C
mXjksxYµpq��n 5
Z�c

f
egj!p¡}XZ
mXcun¶e¤bkÄ6pqmX}

ργ = θ
 STVUXZ�m

£¥Z!UFp1¯kZ
df(z)

dz
= C−1δγ−1A(z) − µzγ−1f(z) + βzγ−1 (ργf(ρz) − f(z))

= δT (f)A(z) − µzγ−1f(z) + βzγ−1 (ργf(ρz) − f(z)) ,

£+UXZ�sxZ�£«Z!lXcuZ
}QegU�Z!�:p�h
eVegUXp�e

T (f) =

∫ ∞

0

zγ−1C−1h(zγ)dz =
1

Cγ
.

ç�èLé�ç�â
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TVU�Z�m²£+UXZ
m²}XZ�m�jqegn�mX�
h(z)

egU�ZµlXmXn��6lXZµcxjk�ol�eunojkm�jq� 7É�Æ� 9¡£+UXnoh~U®noc�pQ}XZ
mXcun¶e¤bkÄ
£¥Z�cuZ�Z�egUFpwe

f(z)
nocyp[|3jkcxn�egn¶¯kZ!cujq�ol�eunojkm$jq� 7:� 9� ©ÅiZ�m�h�Z<n¶�

f(z)
noc+nom@euZ��ksupq°X�oZ�ÄFn�eynoc

p�}�Z�mXcxn�e¤b���jksVcxjkY[Z%m�jksuY[pq�on65�n�mX�&h
jkmXcxegpqm@e
C
 

³´Z¡h�pqm�lXcuZiegUXZ¡cupqY�Z�h~UFpqm��kZ%jq��Y�Z1pqcxlXsuZ�pqc©nom[egUXZ¡|3Z�sxcun�cxegZ
m@eVh1pqcxZq ���Z
e
I
°3Z

egUXZ!sgp�mX}XjkY ¯qp�sun¢p�°X�oZ�£+n¶egU�}Xn�cxegsxno°Xldegnojqm
h
}XZ �FmXZ�}±pq°3jÆ¯qZq J³®Z!UFp1¯qZ

C = E

[
1

γI1−1/γ

]

=
1

γ

∫ ∞

0

y1/γ−1h(y)dy

=
µ

γ2

∑

k≥0

bk

(
β

µ+ β

)k

·
∑

m≥0

cm

∫ ∞

0

y1/γ−1e−
µ+β

γ
θky

∫ θk+my

0

e
(µ+β)x

γθm ℵ(dx) dy,

£+n�egU
ℵ(dx) =

δ

µ

(
A(x1/γ)

γx1−1/γ

)
dx+

(
1 − δ

µ

)
δ0(dx).

Tj�cun�Y[|��on�� bqÄ
∫ ∞

0

y1/γ−1e−
µ+β

γ
θky

∫ θk+my

0

e
(µ+β)x

γθm ℵ(dx) dy

=

∫ ∞

0

e
(µ+β)x

γθm ℵ(dx)

∫ ∞

x/θ(k+m)

y1/γ−1e−
µ+β

γ
θkydy

=
1

θk/γ

δ

µ

∫ ∞

0

e
(µ+β)x

γθm

(
A(x1/γ)

γx1−1/γ

)∫ ∞

x/θm

B1(u)du dx

+
1

θk/γ

(
1 − δ

µ

)(
µ+ β

γ

)−1/γ

Γ

(
1

γ

)

=
1

θk/γ

δ

µ

∫ ∞

0

e
(µ+β)xγ

γθm A(x)

∫ ∞

xγ/θm

B1(u)du dx

+
1

θk/γ

(
1 − δ

µ

)(
µ+ β

γ

)−1/γ

Γ

(
1

γ

)
.
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adlX°Xcfegn�eul�egn�mX�XÄ>£¥Z��kZ
e

C = G1
µ

γ2

∑

k≥0

bk

(
β

µ+ β

)k
1

θk/γ

= G1
µ

γ2

∏

m≥0

(
1 − β

µ+ β
θ−m−1/γ

)

£+n�egU

G1 =
∑

m≥0

cm

(
δ

µ

∫ ∞

0

Am(x)

∫ ∞

xγ/θm

B1(u)du dx

+

(
1 − δ

µ

)(
µ+ β

γ

)−1/γ

Γ

(
1

γ

))
.

TVUXZt�¢pqcfe�cuZ
sun�Z�c�noc,h
jkm@¯kZ
su�kZ
m6e°3Z�h1p�lXcuZJjq�6egU�ZJpqcucxlXY[|degnojqmB7�� 9ÞÄwnB æZ� �Ä ∫∞

0
e

(µ+β)
γ

zγ

A(z)dz <
∞ pqm�}$euUXZ%�:pqh
eVeuUFp�e

∫ ∞

x/θm

1

u1−1/γ
e−

(µ+β)
γ

udu ≤
(

γ

β + γ

)1/γ

Γ

(
1

γ

)
.

TVU�Z�Y�Z1pqm�¯�pq��lXZ%jq�
f
n�c

∫ ∞

0

zf(z)dz

=
E[I2/γ−1]

Cγ

=
1

Cγ

∫ ∞

0

y2/γ−1h(y)dy

=
µ

Cγ2

∑

k≥0

bk

(
β

µ+ β

)k
(
∑

m≥0

cm

∫ ∞

0

y2/γ−1e−
µ+β

γ
θky ·

∫ θk+my

0

e
(µ+β)x

γθm ℵ(dx)dy

)
.

³®Z!UFp1¯kZ
∫ ∞

0

y2/γ−1e−
µ+β

γ
θky

∫ θk+my

0

e
(µ+β)x

γθm ℵ(dx)dy

=
1

θ2k/γ

∫ ∞

0

e
(µ+β)x

γθm ℵ(dx)

∫ ∞

x/θm

u2/γ−1e−
µ+β

γ
udu.

ç�èLé�ç�â
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adlX°Xcfegn�eul�egn�mX�<£«Z��kZ�e
∫ ∞

0

zf(z)dz = G2
µ

Cγ2

∑

k≥0

bk

(
β

µ+ β

)k
1

θ2k/γ

= G2
µ

Cγ2

∏

m≥0

(
1 − β

µ+ β
θ−m−2/γ

)

£+n�egU

G2 =
∑

m≥0

cm

(
δ

µ

∫ ∞

0

Am(x)

∫ ∞

xγ/θm

u2/γ−1e−
µ+β

γ
udu dx

+

(
1 − δ

µ

)(
µ+ β

γ

)−2/γ

Γ

(
2

γ

))
.
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f(0) = T (f)(µ− δ)
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z = 0
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f(0) = T (f)(µ− δ)

(
∑

m≥0

cm

)(
∑

k≥0

(
β

β + µ

)k

bk

)
.
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0 ≤ x < 1
	

(
∑

m≥0

xm
m∏

i=1

1

1 − θ−i

)(
∑

k≥0

xk
k∏

p=1

θ

1 − θp

)
= 1.
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α
∂

∂t
f(t, z) +

∂

∂z
f(t, z) = β(θf(t, θz) − f(t, z)), z, t ≥ 0,
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f(0, z)
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f̂(u, s) =

∫ ∞

0

∫ ∞

0

e−ut−szf(t, z)dtdz
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(β + αu+ s)f̂(u, s) = βf̂
(
u,
s

θ

)
+ αf̂0(s) + f̂1(u)
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f̂0(s) =

∫ ∞

0

e−szf(0, z)dz
pqmX}

f̂1(u) =

∫ ∞

0

e−utf(t, 0)dt.
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(β + αu)/u = β/u+ α+ f̂1(u)
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f̂1(u) = 0
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f̂(u, s) =
∞∑

k=−1

(
k∏

l=0

β

β + αu+ s
θl

)(
α

β + αu+ s
θk+1

)
f̂0

( s

θk+1

)
.
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(

k∏

l=0

β/α

β/α+ u+ s
αθl

)(
β/α

β/α+ u+ s
αθk+1

)
· f̂0

( s

θk+1

)
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W = W (0)/θk+1 +
1

α

(
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θl

)
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l=0

El,

£+UXZ�sxZ
El

pqsuZ�nB ænB æ}¸  Z�ºd|8jqmXZ�m@egnopq�¡supqmX}XjkY ¯�pqsunopq°X��Z�c[£+n¶egU�|Fp�sgpqY�Z
euZ�s
β/α

pqmX}
W (0)

n�c+pqm�nomX}XZ
|8Z
mX}XZ
m6eisgp�mX}XjkY ¯qp�sun¢p�°X�oZ¡}�nocxeusun�°Xl�egZ
}��onoª�Z
f(0, z)

 

ç�èLé�ç�â



���������	��
�������������������������������! ��#"$���&%��'�����!%(�)�� ��*�� +�,�� �-�.��&%��)�� /�,�� $%��0��� ���

�¹*V��*©�*+��3¥*+�

;¶� <�]- wÈ�n�Z�ª6Y[pqmXm,Ä��ÉTVUXZ©\¥Z��o�dadn65�Z«È�nocfegsxno°Xl�eunojkm�pqmX}<adZ�Y�no�qsujklX|�cLj�� ��nomXZ�pqs]%|3Z�sÉ§
p�egjksxc� �� � .��&%�� �0.  ��%#.��*�� F
��)� �B�!%��$. �B�!%�� ��� �����$. ���= � �@� ��� ��� " � �>�&�)��� � -!� � �!��� �
�&%(����&%(���0. � "$��" �����!%��)�� ���� � .&% � 	�� �	� � �A. � � ad|XsxnomX�kZ
s�Ä,�1� #k�� 

;Ü�><�z� 3a>euZ
¯qZ�mXcipqmX} �� d³®sxno�kU@e1Ä
�ÉTy\©rën��o�ol�cxegsup�egZ
}��~Ä>�V}X}Xn�cujkm�³´Z�cu��Z
bqÄ3�q�k���k 
;æ��< Â   ?©pqh�h
Z����onÔÄ�È� z! ^Qh1ÈijkmFpq��},ÄSpqm�}�� Lz+Z
b>mXnoZ
s�Ä��É� ^QZ1p�md§ Â n�Z���}®^$jd}XZ
�t��jks
^QlX��euno|X��ZµTy\©rÃ\¥jkmXmXZ
h
egn�jkmXc&euUXsujqlX�kU pA?¥l�·8Z�s-Ç¤Y�|X��Z�Y�Z�m@egn�mX��zy{JÈ��~Ä�� .&� �
� ��� �B�! ��. � ���!�	���!%��)�� FÄ�¯kjk�B  � ��Ä�|X|,  � ���>� �dÄ=�q�q�@�d 

; � < Â   ?©pqh
h�Z����on�pqmX}´È& L^Qh1ÈijkmFpq��},Ä��¤� ad�6lFpqsxZ[z+j>jqe Â jksuY<l��¢p[��jks¡euUXZ�zipwegZ-jq�
� jkmQrZ
sucun�cxeuZ�m@e¡ÅyTVT+r Â �oj�£+c��~ XÇ � zyÇ¤� z+Z�|3jksxe � lXY<°3Z�sy�q�k�d�kÄ=�q�k� �  

;Ü�>< Â   ?©pqh
h�Z����onBÄ��-  ?� ��%noY$Ä�pqmX}�È& LÈ& ����oZ
Z�cuh~UXpql@£¥Z
s�Ä��¤��mFp���b>cun�c%jq�«euUXZ[\¥jkY-§
|8Z�egn�eunojkm ?¥Z
e¤£«Z�Z
m$³ n�suZ
},ÄXÈ%a �´pqm�}�³ nosuZ
�oZ
cuc��ycuZ
sucVnom�pqm��Vh�h
Z�cuc � Z
e¤£«jksuª=Ä��
ÇÉ{E{J{ Ç¤m���j>h�jqY �@�dÄ=^$n¢pqY�nÔÄ��q�k�@�> 

;æ��< ?� @rZ
sxeuUFpqY�ZVpqmX} �t kzVb�5�UXn�ª3Ä��É{�º�|3jkmXZ
m@egn¢p��XÈ�Z
h1p1b<��jks�euUXZ Â sgp��kY[Z
m@e~p�eunojkm�jks
\¥Z��o�Ø§ÉÈ�n¶¯>nocun�jkm%{t�6lFp�eunojkm,Ä����� �È�n¶·¸Z
suZ
m6eun¢pq�k{J�6lFpwegnojqmXc�ÄÆ¯kjk�B Æ�d���dÄwm�jX @�kÄÆ|X|, @�Æ�q���
� � �dÄ=���k�@�d 

éLé Ù!GFù�
ù �



Unité de recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)

Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)

Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)

Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)��������� �	��
�

���������� ��� ���

ISSN 0249-6399


