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f��Llme�µrer¼ V�lQRd�¡ego|{�o|S
�glmf�xro_hi]sZr· 4Qero�]_OQh�[!�¸fiS
]

L
c>S�x

m
¼Go|S
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°�	 1.1

h�� ]_OmS�o|hi�Q�
R̃ = K[x0, . . . , xn]

·�N�OmS!��]|OmS
o|S�S'¹\h�[^]
y1, . . . , yi

hi�
R̃1
�¡ego�[^egR�S

i
[_lQ}~O ]_OQxz]/]_OmS

Rdlmfi]_h�ymfihk}
xz]_h�er�

yj :

(

R̃

L + 〈y1, . . . , yj−1〉

)

m−1

−→
(

R̃

L + 〈y1, . . . , yj−1〉

)

m

hk[�h���qsS!}']_h�µrS��¡erobxr�LZ
j
� � S����mh�]|hieg� � · � ¢�·EN�OQh�[$h�R�ymf�hiSa[�]_OQxz]$]_OmS��¡egfif�e��$hi�Q��[_S!jAlmS!�Q}'S�hk[�S'¹mxr}']-C

0 −→

„

R̃

L + 〈y1, . . . , yj−1〉

«

m−1

yj
−→

„

R̃

L + 〈y1, . . . , yj−1〉

«

m

−→

„

R̃

L + 〈y1, . . . , yj〉

«

m

−→ 0.

TLe��¡o|erR xg{m{\hi]_h�µAhi]sZ»er�&]|OmS�{\h�R`S!�Q[_hieg� er��µgS!}�]|ero$[_yQxr}
S![���S�O�x¥µrS5C

dimK

„

R̃

L + 〈y1, . . . , yj−1〉

«

m

= dimK

„

R̃

L + 〈y1, . . . , yj−1〉

«

m−1

+ dimK

„

R̃

L + 〈y1, . . . , yj〉

«

m

.

v¶S
]
Λj

δ

c�S»x0V�xg}
xrlmf�x¥Z0R�x�]|o_hi¹�h�� {\S
�go_S!S
δ
ez��]_OmS�hk{\S!xrf

L + 〈y1, . . . , yj〉
·»v¶S
]�xzfk[^e

cork(X){mS
�mer]_S![�]|OmS/}'ego|xr�m´�ez�-xdR�xz]_o|h�¹
X
�\hG· Sr·E{\h!A>S!o_S!�Q}'S�c>S']s��S
S!� hi]|[��LlmRdc�S!o$ez�&o|e��b[�xz�Q{ hi]|[�o~xz�m´�·

� � Ã��pÃ �	� �	� Ã��
� � � � �m°d© �g°#�z¯ L ©�	 m
) �_°����\¯�� �/© ��� �"� ¬ �Q¯ ²�© � � ° �'�&
�°��

cork(Λj−1
m ) = cork(Λj−1

m−1) + cork(Λj
m)

�'¬ �
j = 1, . . . , i

� ���
cork(Λi

m) = 0 �
	 S/�$hif�f4xrf�[_ed�QS
S!{ ]|OmS��¡erf�fie��$h��m��o|S![_lmf�]~[�er� ]_OmSdÅ�xg[s]|S
f��Llme�µrer¼ V�lQRd�¡ego|{�o|S
�glmfkxzo|h�]sZg·

� � Ã��pÃ �	� �	� Ã��
� � � 	������	��

� ���&°
ª
L
§~° � �m¬z­�¬��A°���°|¬�� 	�© �r° ��¯�¬���ª��m° ��©��%�

K[x0, . . . , xn]
� ���

dim L = d � �&°
ª yi =
∑n

j=0 Ai,jxj
�'¬ �

i = 1, . . . , d
§|°

d
�g°��>°���© «`¯ ©��>° � ���'¬ ��­ 	 � ª��m° Ai,j

§~°
©��%�
ª��m°��>° � ©����g°'ªÆ°���­`©����zª °�	 � � � �Q°�� L

©�	
m
) �_°��5�\¯ � ��© ��� ����¬ �Q¯ ²�© ��ª��Q°

yi
	��zª:©�	��~²»ª��m°`«~¬ �"��© ªG© ¬ �
	�¬ �

� ° � �Q© ªG© ¬ ��� � � ©���ª��m° ��©��%� K(A1,0, . . . , Ad,n)[x0, . . . , xn] �
� � Ã��pÃ �	� �	� Ã��
� � # �&°'ª

L = 〈P1, . . . , Pk〉 ⊂ K[x0, . . . , xn] � �Q°��|° P1, . . . , Pk
� �_° �m¬z­�¬��A°���°|¬�� 	

®Q¬�¯�² �>¬�­`© ��¯ 	 ¬�� �_°�	G®m°~«
ª:© 
�°6�g°#�!�_°~°�	
d1, . . . , dk � �L© «7�'�'¬ ��­ � �_°����\¯ � � 	'°7&(�Q°���«~° � ¬ � � � ��¯ ­�¬�	�ª

�|°#�5�\¯ � � 	'°7&(�Q°���«~°/©�� �g°�� �_°~°
δ = d1 + · · · + dk − k + 1

� � � �m°�� L
©�	 �

δ
) �_°����\¯ � �/© �r° ��¯ �

� � Ã¶Ã�! TLhi��}'S»x0o|S
�rlQf�xro�[_S!jAlmS!�Q}'S�hk[/xz� xzf�R�eg[^]/o_S!�rlmfkxzo/[_S!jAlmS
��}'S�hi� xr�AZ {\S
�go_S!S
δ
er�

L
�4]_OmS

xg[_[_S
o_]_h�er���¡erf�fie��b[³�¡o|erR N�OQS
ero|S
R+�\· ��er� * Å��J�.�#/ ·
�

� � %4

# � � �"
~��� # �/���"(�� ���/���

� ��]|Omh�[�[_S!}�]|hieg���³SJ[_Ome��8]_OQxz]E]_OQStV�xg}
xzlQf�x¥Z�R�xz]_o|h�¹`hi��{mS
�ro|S
S
δ = nD−n+1

ez�
J : s∞|s=0R�x¥Z�c>Sbegc\]|xrhi�mSa{��¡o|erR�]_OmS�TLR�h�]|O��mero|R�xzfL�¡ero|R�er��x�V�xg}
xrlmf�x¥Z�R�xz]_o|h�¹dez�

J
h��`]_OmSb[|xzR�Sb{\S!�ro|S
Sr·

	 S�[_Ome�� xzfk[_ed]|OQx�]$]|OmS
Sa[�h�{mS!xzfk[$xzo|S δ
¼Go|S
�glmfkxzoa�g�$Omhk}~O0h�[$x`´gS
Z»o|S![_lmfi]$�¡ero�]_OQS/�mS'¹L]b[^Sa}�]|hieg�¶·

EFEHG#I2J�K�K�L
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w$Sa}
xrfif4]_OQxz]tx�R�x�]|o_hi¹ h��
K[s]r×c h�[t[_xrh�{�h�� � ­`© ª�� �>¬ ��­(�z¯��'¬ ��­d�>hi�Eh�]Jhk[Jx�{\h�xr�reg�Qxzf¶R�xz]_o|h�¹

c>ero~{\S!o_Sa{»cLZ�£!S
o|edS!�g]|o_h�S![�eg��]|OmS/o|hi�gOg]bxr�Q{»]|OmS/c>ez]^]|erRDC














u1 · · ·
ut















u�R�xz]_o|h�¹�h��
K[s]r×c h�[b}!xzf�fiSa{ ���Q© ­�¬-���\¯ � ��hi��hi]Jhk[$hi�LµgS
o_]_h�cmfiS�hG· Sg·phi]|[b{mS']_S!o_R�h��Qxz�A]bhk[bx��meg�

£!S
o|e�S
f�S
R�S
�A]per�
K
·�N�OmSJR�xz]_o|h�}
S![

M
xz�Q{

N
h��

K[s]r×c xro_S�°7&(�\© 
 �z¯i°��QªQhi��]_OmS!o_Sbxro_S�lm�QhiR�e\{\lmfkxzoR�xz]_o|h�}
S![
U
hi�

K[s]c×c xr�Q{ V
hi�

K[s]r×r [_lQ}~O ]_O�x�] N = UMV
·�N4��e0S!jAlmh�µ¥xrfiS!�A]�R�xz]_o|h�}
S![

o|S
yQo_Sa[^S!�g]�]|OmS�[|xzR�S/fih��mSaxzobR�xzy�e�µgS
o${\h!A>S!o_S!�A]JcQxr[_hk[
·�u�R�x�]_o|hi¹
N
hk[b}
xrfif�S!{�]|OmSdTLR�hi]_O��mego_R�xzf

�¡ego_R ez��xdR�xz]_o|h�¹
M
h���xz��{�eg�mfiZ h��-hi]bh�[�h���TLR�h�]|O��Qero|R�xrf��¡ero|R xz��{»]|OmS
Z�xzo|S�SajAlmhiµ�xrfiS!�g]a·

�³¿ 
 
¨� ����� ��© 
¥°�� �¦­ ��ª ��©�±
M
¬&
�°��

K
!�ª��m°�� ª��Q°��_° °_±g©�	�ª �¦­ ��ª ��©�±

M ′ ©�� � ­`© ª�� �>¬ ��­ ��¯
�'¬ ��­ � ���?���Q© ­�¬-���\¯ � ��­(�zª+��© «~°�	

U
� ���

V
	��Q«7�0ª��%�zª

M ′ = UMV
! � �L© «7��­ ��²�§|°`«~¬�­J®��\ªÆ°7�»©���/®Q¬�¯ ² ��¬�­`© ��¯�ª:© ­�°d©���ª��m° 	�©! !°�¬ �

M � ª��Q° 	�©! a°�¬�� M
©�	d§~¬#���"�r°7��§'²»ª��m°$®��|¬-���Q«'ªb¬���ª��Q° � �\­�§~°��

¬ ��© ª 	�°��Qª ��© °�	�§'²�ª��m°�­(�!±g© ­(�z¯ 	�©! !°`¬���ª��m°�	
°�°��Qª ��© °�	"!Eª��m° 	~©! a°`¬���� � °���ª+��²»§~°
©��%��§|¬������g° ��§'²�ª��m°
® �_¬;�#�Q«
ª�¬ ��© ª 	 �r°��!�_°~°d§
²�ª��m°�­(�!±r© ­ ��¯ 	~©! a°�¬���© ª%	�«~¬!° �*«
© °��Qª%	 � �
� � Ã¶Ã�! N�Omhk[phk[E]|OmS�R�xrhi��o_Sa[^lmfi]³er� * �Jh�f��A�;/E� [_S
Stxrf�[_e?* �Jh�f��.�#/¸xz�Q{ * TA]|eg�g��/ ¢'· �be���S
µgS
oEhi]���xr[per�mf�Z
[^]|xz]_Sa{0�$OmS
�

K
hk[tS
hi]_OmS!ob]_OQS �QS
fk{�er�-o~x�]|hieg�Qxzf4�AlQR�c>S
o~[berotx �Q�mhi]_S �QS
fk{¸��{\S![_ymhi]_S�]|OmS/� xg}�]J]|OQx�]

]|OmSbymo|eLez��h�[E]_o|lmS$�¡egopxz�LZ ��S
fk{�er���$Omhk}~O�]_OmSJ}
erR�yml\]~x�]|hieg��ez��]_OmSJS!}~OmS!fieg�d�¡ego_R3ez�¶x�R�x�]|o_hi¹`R�x¥Z
c>S�{\eg�mS�hi��x`y�egfiZL�megR�h�xrf�]_h�R`Sg·

�

� � Ã��pÃ �	� �	� Ã�� � � � �&°'ª
δ
§~° � �&±L°7��©��QªÆ°��g°�� � 
 © ª�� ��¬zª��zª:© ¬ � � ��� !E¯i°
ª M §~°/ª��m° � 	��'�z¯ � �g«#���\¯ ��²

­ ��ª ��©�±�©�� �r°�� �|°|°
δ
¬ �

J
� ����¯i°
ª

UMV
§~°`© ª 	 � ­d© ª�� ��¬ ��­ ��¯��'¬ ��­ � � �Q°�� MV

©�	 � � �r« �#�\¯���²
­ ��ª ��©�±¦¬��

J � ��¬ �_°~¬ 
¥°��"!�© � � ° �z© 
!© �g° ��	�­��Q« � ��	�®m¬#	7	~© §
¯i°�ª��m°�«~¬�¯ �\­ �
	�¬��
MV

§'²
s � °'�g°
ª

� � �g« �#�\¯ �z²�­(�zª+��©�± ©��+�g°�� �_°~°
δ
¬��

J : s∞ � �b²D	
°'ªGª:©���� s = 0
©��8ª��\©�	`¯���ªGª °���­(�zª+��©�± � °��A°
ª)�

� �g«#���\¯ ��²�­(�zª+��©�± ©�� �g°�� �_°~°
δ
¬��

J : s∞|s=0 �
� � Ã¶Ã�! N�OQS �Qo~[s]�xr[|[^S!o^]|hieg���¡erf�fie��b[b�¡o_egR ]|OmS`{mS��Q�mhi]_h�er��ez�px»V�xg}
xrlmf�x¥Z R�x�]_o|hi¹�·tN4e»yQo_e�µgS/]_OmS
[_S!}
er�Q{0eg�mSr��f�S']

M ′ = UMV
·�N�OmS!o_SdS'¹\h�[^]|[�x»{\hkxz�ger�Qxrf4R�x�]|o_hi¹

V ′ �$hi]_O�y>e���S
o~[bez� 1/s
xr[J]_OmS

S!�A]_o|hiSa[³eg��hi]|[${\hkxz�ger�Qxrf>[_lQ}~O�]_OQxz]�]|OmS�S
�A]_o|hiSa[�ez�
M ′V ′ xro_S�hi� K[s]

xr�Q{»�Qez]$R�lmfi]_h�ymf�S�ez�
s
·EN�OmS

[|xzR�S ymo_egy�S!o^]sZ¦hk[d}
fiSaxzo|fiZ ]|o_lmS �¡erod]_OQS S!�g]|o_h�S![dez�
U−1M ′V ′ = MV V ′ · 	 S�}
f�xrhiR ]|OQx�]`]_OQh�[hk[�x�V�xr}
xrlmfkx¥Z�R�x�]|o_hi¹ h��¨{\S
�go_S!S

δ
ez��]_OmS h�{mS!xzf

J : s∞
·�v4S']

P1, . . . , P`
c>S»]|OmS»y>erf�ZA�QerR�h�xrf�[

}
ero|o_Sa[^y>er��{\hi�Q� ]|e�]_OQS }'egfilQR`��[�ez�
MV V ′ · � ]��¡erf�fie��b[/�¡o_egRX]|OmS {\S(�Q�mhi]_h�er�¨er� V

xz�Q{
V ′ ]|OQx�]

Pi ∈ J : s∞
�¡ego`xr�AZ

i
xz��{¦]_OLlQ[

J ⊂ 〈P1, . . . , P`〉 ⊂ J : s∞
·BÅ³eg�AµgS
o~[^S!fiZg�-h��

P ∈ J : s∞]|OmS
o|S�S
¹\h�[^]|[
α
[^l�}~O¨]_O�x�]

sαP =
∑`

i=1 aiPi
·¨uJ[d]_OmS��meg�B£
S!o_e }'egfilmR��Q[dez�

M ′ xro_S fih��mSaxzo|fiZh��Q{\S!y�S!�Q{\S!�g]a�\]_OQS�[_xrR`S�hk[�]_o|lmS��¡ero
U−1M ′V ′ xz�Q{ sα {\hiµLhk{\S![ aiPi

xz�Q{�xzfk[^e
ai
�¡erobxr�LZ

i
·

N�OmS/fkxr[^]bxr[|[^S!o^]|hieg�»�¡egfif�e��b[�hiR�R�S!{mh�xz]_S
f�Z��¡o|erR ]_OmS/{\S(�Q�mhi]_h�er�0ez��x�V�xr}!xzlmfkx¥Z�R�x�]_o|hi¹�·
�

���$E
���
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� Ã � Ã -+- �\� À ����� 
 © ª�� ��¬zª��zª:© ¬ � � ��� ! � � �r« ���\¯ ��²`­(�zª+��©�±�©��'�g°�� �_°~°
δ = nD−n+1

¬ �bª��m°�© �g°#�z¯
J : s∞|s=0

­ ��²�§~°`«~¬�­J®��\ªÆ° � � © ª��\©�� � §'© ª$«~¬�­J®>¯i°|±g© ª:² � �\© « ��©�	�®m¬z¯ ² �>¬z­d© �z¯&©�� T �
� � Ã¶Ã�! 	 h�]|O �ber]|x�]|hieg�0ez�-nEo_egy�eA[^hi]_h�er���\· 1z�\]|OmS��LlmRdc�S!obez��]_OmS/S!�A]_o|hiSa[$ez� M hk[$y>erf�ZA�QerR�h�xrf¶h��
]|OmSb�LlmRdc�S!oEez�¸R�er�megR�h�xrf�[-er�¸{mS
�ro|S
S

δ
h��

n+1
µ¥xro_hkxzcQfiSa[�]_OLlQ[Ehi]phk[�y>erf�ZA�QerR�h�xrfmh�� T cAZ`v¶S!R`R�x�Q· �»ez� * �Jv&�g�;/ · 8 ��]|OmS`ez]_OQS
o�OQxz��{�]_OQS`{\S!�ro|S
Sdez�E]|OmSdS!�A]_o|hiSa[Jer�

M
hk[tc>erlQ�Q{\S!{�cLZ

δ
xz�Q{�]_OmS

xg[_[_S
o_]_h�er��]_OmS!o_S
�¡ero|SJ�¡egfif�e��b[��¡o|erR v4S
R�R�x��m·!1/xr�Q{�npo_egy�eA[^hi]_h�er���\· 1z·
�

� ��]_OQS��¡erf�fie��$h��m�Q�\��S/[^OQe�� ]_OQxz]$]_OmS/hk{\Saxzf
J : s∞|s=0

h�[
(nD − n + 1)

¼ o_S!�rlmfkxzoa·
�³¿ 
 
¨� ��� � 
 © ª�� �d¬�ª ��ªG© ¬ � � ��� !E¯i°'ª S′ = K(s)[x0, . . . , xn] � � �m°��

J : s∞ + 〈s〉 = JS′ ∩ S + 〈s〉.
� � Ã¶Ã�! 	 S/yQo_e�µgS �Qo~[^]$]_OQxz] J : s∞ ⊂ JS′ ∩ S

· 4Qero$]|Omh�[bfiS
]
G ∈ S

[^l�}~O�]|OQx�]
sαG ∈ J

�¡erobxz�
h��A]_S!�rS
o

α
· 	 S�O�x¥µrS/}'f�S!xro_f�Z G ∈ JS′ ∩ S

·$Å³er�LµrS!o|[_S
f�Zr�Lhi�
G ∈ JS′ ∩ S

]_OmS!o_S/S
¹Lhk[^]|[bxr��h��A]_S!�rS
o
α
[^lQ}~O ]_O�x�]

sαG =

∑k
i=1 HiGi

P�$OQS
o|S
P
hk[�x�y>erf�ZL�merR�hkxzf�hi�

K[s]
[_lQ}~O�]_OQxz]

P (0) = 1
xr�Q{

Hi ∈ S
·�v4S']

P = 1 − sQ
�$OmS
o|S

Q ∈ K[s]
·�N�OLlQ[$��S�R�x¥Z»�$o|hi]_S

1/P
xr[

1

P
=

1

1 − sQ
= 1 + sQ + (sQ)2 + · · · + (sQ)α +

(sQ)α+1

P
.

T\S']^]|hi�Q�
G′ = (1 + sQ + · · · + (sQ)α)

P

k
i=1

HiGi

sα

�Q�³S�OQx¥µgS
sαG′ ∈ J

xz�Q{

G =

∑k
i=1 HiGi

sαP
= G′ + sQα+1

∑k
i=1 HiGi

P
= G′ + sQα+1G.

N�OQh�[�h�R�ymfih�S![$]_OQxz]
G ∈ J : s∞ + 〈s〉 · �

w$Sa}
xrfif>]_O�x�]bx�OQerR�er�gS
�mS!erlQ[³h�{mS!xzf�hk[$[_xrh�{ °7&��\© �z© ­�°��
	�© ¬ � ��¯Lhi��xzf�f�h�]~[$xr[|[^e\}
h�xz]_S!{»ymo_h�R�S![�OQx¥µgS
]|OmS�[|xzR�S/{\hiR�S!�Q[^h�er�4·
�³¿ 
 
¨� ���$# 
 © ª�� �d¬�ª ��ªG© ¬ � � ��� ! 	��a®g®m¬#	'°�ª��'��ª f1, . . . , fk

©�	 � �_°����\¯ � � 	'°7&(�Q°���«~° � �&°'ª yi =
∑n

j=0 Ai,jxj
!
i = 1, . . . , n− k + 1

§~° �A°���°���© «�¯ ©��>° � � �'¬ ��­ 	 � ª��Q° Ai,j
§~°
©��%��ª��m°��>° � ©��"�r°
ª °���­`©�)� ��ªÆ°�	 � � � �Q°�� � ° �%�&
�° �

((

JR̃′[s] + 〈y1, . . . , yn−k+1〉
)

: s∞|s=0

)

δ
=
(

JR̃′[s] : s∞|s=0 + 〈y1, . . . , yn−k+1〉
)

δ

� �Q°��|° R̃′ = K(A1,0, . . . , An−k+1,n)[x0, . . . , xn]
� �"�

δ = nD − n + 1 �
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yi
· 4mego

i = 0
�Q]|Omh�[thk[J}'f�S!xro!· 4Qero

i = 1
�>fiS
]

P ∈
(

JR̃′[s] + 〈y1〉
)

: s∞|s=0
c>S`x»y�egfiZL�megR`hkxzf�ez�p{mS
�ro|S
S

δ
·tN�OmS!��]_OQS
o|S�S'¹\hk[s]~[Jxr�
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o
α
xr�Q{0x`y�egfiZL�megR`hkxzf

H ∈ R̃′[s]
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sα(P + sH) ∈ JR̃′[s] + 〈y1〉 ⊂ JR̃′[s] : s∞ + 〈y1〉.
v4S']

α
c>S/R�hi�QhiR�xzf¶[_lQ}~O�]_O�x�]�]_OmS!o_S/S
¹\h�[^]|[

H
[^l�}~O ]|OQx�];C

sα(P + sH) = P ′ + y1H
′ ∈ JR̃′[s] : s∞ + 〈y1〉.

��1a¢
	 SJOQx¥µgS�]_e�ymo|e�µrS�]|OQx�] α = 0
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xg[^S�]|OmS
��fiS
]plQ[E�$o|hi]_S
P ′ = P ′

1 +sP ′′
1xr�Q{

H ′ = H ′
1 + sH ′′

1

�$h�]|O
P ′

1, H
′
1 ∈ R̃′ xz�Q{ P ′′

1 , H ′′
1 ∈ R̃′[s]

·�½�Z»[^lmc�[s]|h�]|l\]_h��m�
s
cAZ

0
h�� � 1a¢p�³S

�gS']
P ′

1 + y1H
′
1 = 0

· 	 S�}'fkxzh�R ]_OQxz] y1
h�[�x �mer� £
S!o_e�{\hiµLhk[^egoth��

R̃′/(JR̃′[s] : s∞|s=0)
·`TLh��Q}'S

P ′
1 ∈ JR̃′[s] : s∞|s=0

]_OQh�[�}'fkxzh�R�h�R�ymfih�S![p]_O�x�]
H ′

1 ∈ JR̃′[s] : s∞|s=0
·�v¶S
]

H ′
1 = H ′

2 + sH ′′
2

�$hi]_O
H ′

2 ∈ JR̃′[s] : s∞
· 	 S�R�x¥Z�o|S
ymfkxr}
S P ′ cAZ P ′ + y1H

′
2

xr�Q{
H ′ cLZ H ′ − H ′

2

�$Omhk}~O�R�Saxz�Q[�]|OQx�]
� 1a¢³R�x¥Z�c�S�o|S
�$o|h�]_]_S!� �$hi]_O

P ′ ∈ JR̃′[s] : s∞
xz��{

H ′ Rdlmfi]_h�ymfiS/er� s · � � α ≥ 1
]_Omhk[$h�R`yQfih�S![�]|OQx�]

P ′ hk[Jxzfk[_e�x�R�lQf�]|hiymf�S�er� s
��cLZ ��1¥¢bxz��{

α
R�x¥Z�c�S`o_S!ymfkxr}'Sa{�cAZ

α − 1
�$Omhk}~O�h�[�x»}'eg�A]_o~xr{\hk}�]|hieg�

�$hi]_O�]|OmS�xr[|[^lQR`ym]_h�er��ez�&R�h��mh�R�xrfihi]sZr·
nEo|eLez��ez�b]|OmS�}'fkxzh�R C�½�Z¨v¶S
R�R�x¦�\· ����S O�x¥µrS»]|e [^Ome�� ]|OQx�]

y1
hk[�x��meg�B£!S
o|e {\h�µLh�[_ero�h��

R̃′[s]/(J ′ + 〈s〉) �$OmS
o|S J ′ = JR̃′(s) ∩ R̃′[s]
·�w$S!}!xzf�f�]_OQxz]

J
h�[��rS
�QS
o~x�]_Sa{ cAZ�]_OmS o_S!�rlmfkxzo�[_S'¼

jAlmS!�Q}'S
G1, . . . , Gk
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K(s)[x0, . . . , xn]

� v4S
R�R�x'�m· �z¢�xz�Q{ hk[�]_OmS!o_S
�¡ero|S
δ
¼ o|S
�rlQf�xro�h�� ]_Omhk[/o|hi�Q�

� nEo|ery>eg[_h�]|hieg� � · �r¢'·EN�OLlQ[�]_OmS/Rdlmfi]_h�ymfihk}
xz]_h�er�

y1 :

(

R̃′(s)

JR̃′(s)

)

δ−1

−→
(

R̃′(s)

JR̃′(s)

)

δhk[�h���qsS!}']_h�µrS��¡npo_egy�eA[^hi]_h�er� � · ��xr�Q{ � S(�Q�mhi]_h�er� � · � ¢'�&xz��{�]|Omh�[�hiR�ymf�hiSa[�]_OQS�hi��qsSa}�]|hiµLhi]sZ�ez��]_OmS�o|S'¼
[^]_o|hk}�]_h�er��ez�&]_Omhk[$R�xzy�]|e�[_lmc\¼ R�e\{\lmf�S![-C
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(

R̃′[s]

J ′

)

δ−1

−→
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R̃′[s]

J ′

)

δ

.

Å³f�S!xro_f�Zr�
s
hk[�xd�Qer��£!S
o|e`{mhiµLhk[^ego³h��

R̃′[s]/J ′ ·EN�OAl�[p]|OmS��rS!�mS
o|h�}tf�hi�mSaxzo��¡ero|R y1 + A0s
�$OQS
o|S

A0
h�[$x`�mS!� h��Q{\S
]_S
o|R�hi��x�]_S�hk[$xzfk[^e�x`�mer��£
S!o_e�{\h�µLh�[_ero�h�� ]|Omhk[$o_h��m��· � �

y1F ∈ J ′ + 〈s〉 �¡egob[^egR`S
F
��SJO�x¥µrS

(y1 + A0s)F ∈ J ′ + 〈s〉 ·�N�Omhk[ph�R�ymf�hiSa[p]|OQx�] F ∈ J ′ + 〈s〉 xz�Q{�]|Omhk[pymo|e�µrSa[�]|OmSt}
f�xrhiR0·
�Je��/�mfiS
]

i ≥ 2
xr�Q{�[^lmyQy�eA[^S�]|OmS�}'fkxzh�R hk[�]_o|lmS��¡ero

i − 1
·Ev¶S']

P ∈
(

JR̃′[s] + 〈y1, . . . , yi〉
)

:

s∞|s=0
·�½³Z»xrymymf�ZLhi�m��]_OmS/xrc�e�µgSbymo|eAer�4�$hi]_O

JR̃′[s]
o|S
ymfkxr}
S!{�cLZ

JR̃′[s] + 〈y1, . . . , yi−1〉
��S��rS']

P ∈
(

JR̃′[s] + 〈y1, . . . , yi−1〉
)

: s∞|s=0 + 〈yi〉
l�[^h��m��]|OmS»� xg}�]�]|OQx�]�]_OmS h�{\Saxzf

J + 〈y1, . . . , yi−1〉 ⊂ R̃′(s)
o|S
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δ
¼Go|S
�glmf�xro�� v4S
R�R�x 1r· ,�er�
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P ∈ JR̃′[s] : s∞|s=0 + 〈y1, . . . , yi〉
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J : s∞|s=0 ⊂ R̃ = K[x0, . . . , xn]
©�	

δ
) �_°����\¯ � � � © ª�� δ = nD−n+1

� �����%��	=�z© ­�°��
	�© ¬ �
n − k + 1 �
� � Ã¶Ã�! 	 hi]_O��Qez]|xz]_h�er�Q[Jez�Ev¶S!R�R�x �\· ��xz�Q{0cLZ�nEo_egy�eA[^hi]_h�er� � · �L�>��S�ymo|e�µrS�]_OQS δ

¼Go|S
�glmfkxzo|h�]sZ»er�
J ′ = JR̃′[s] : s∞|s=0

cLZ¦lQ[^h��m��]_OmS0}'eg�Q{\hi]_h�er�Q[dez� � S��Q�Qh�]|hieg� � · � · N�OmS
δ
¼Go|S
�glmfkxzo|h�]sZ ez�
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K(s)[x0, . . . , xn]
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JR̃′[s] + 〈y1, . . . , yn−k+1〉
)

: s∞|s=0

)

δ
= R̃′

δ.

N�OLlQ[�]|OmS�]_OQS/S!jAlQxzf�hi]sZ
(J ′ + 〈y1, . . . , yn−k+1〉)δ = R̃′

δ

�$hi]_O
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�¡erf�fie��b[³�¡o|erR
v4S
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�Q}
S er�t�rS!�mS
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o|S
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�ro|S
S
δ
er�

J ′ }
erR�S![J�¡o|erR ]_OQS`}
f�xrhiR2�$Omhk}~O�hk[�ymo|e�µrS!{0h��¦v¶S
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��}'S`]_OmShk{\Saxzf
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¼ o_S!�rlmfkxzoa·&N�Omhk[�hiR�ymf�h�S![�]_O�x�]�]_OmS�hk{\S!xrf
J : s∞|s=0

�$Omh�}~O�hk[p]|OmS�[_xrR`S�hk{\S!xrf>e�µgS
o³]_OmS
��S
fk{

K
hk[$xzfk[^e

δ
¼ o_S!�rlmfkxzo�h�� ]|OmS/o|hi�m�
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cLZ�v4S
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N�OmS�fkxr[^]�xr[|[_S
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ego_S!R [_lmR�R�xro_h�£
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δ
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x0

N�OmStxzh�R�ez�>]_OQh�[E[_S!}']_h�er��hk[-]_e�[_Ome��B]_OQxz]��¡o_egR ]_OQSJV�xr}!xzlmfkx¥Z�R�x�]|o_hi¹�h��»{\S
�go_S!S
nD−n+1

ez�
J ′ = J : s∞|s=0

�³S�}!xz�0}'egR`yQl\]_S�]|OQx�]ber�&]|OmS/h�{mS!xzf
J ′ : x∞

0 = Ĩ : x∞
0

�$hi]_OQhi��x`cmhi]t}'egR�ymfiS
¹\h�]sZ
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0
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L ⊂ R̃ = K[x0, . . . , xn]
§~° � �m¬�­�¬��g°��>°~¬#� 	�© �g°#�z¯³¬�� ��© ­�°��2	~© ¬ �

1 � �\© « � ©�	
δ
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¥°d©���ª °��A°��

δ � � �Q°�� ª��m°�© �r° ��¯ L : x0
©�	

δ
) �_°����\¯ � � �
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L
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�¡egfif�e��b[¸]|OQx�]
x0P ∈ L
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R̃/(Ĩ : x∞
0 ) �

� � Ã¶Ã�! � ]b[^l ��}
S![³]_e`ymo|e�µrSJ]_OQxz]³]|OmS/[^SajglQS
�Q}
S
xk+1, . . . , xn

hk[�x�o|S
�glmf�xro³h��
R/I

xr�Q{»h��
R̃/(Ĩ :
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Ĩ : x∞

0

©���ª��m° �g°�� �_°~°/¬ � �_°��5�\¯ � ��© ªG²`¬ �bª��L©�	J© �g° ��¯ ! � �"�d¯i°'ª
xk+1, . . . , xn

§|°�©�� �A°���°���© «p®Q¬�	�© ªG© ¬ � �'¬ �
I � � � P1, . . . , Pt

� �_°tª��Q°-®Q¬�¯�² �>¬�­`© ��¯ 	��r° � ��° �`§
²�ª��Q°t«~¬z¯ �\­ �2	J¬��
M
ª��m°�� {P1|x0=1, . . . , Pt|x0=1}©�	 � � � 
r§��>°���§#�#	�©�	�¬ �

I = Ĩ : x∞
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