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��Y�Z[q_E7lea7°�PSZ�q$o�EV� W6a	leY�Y

a ∈
$!�

(q)
°�lnq$jw� Wna2leY�Y

x, y ∈
$!�

(qu)
°� iE,B$l¡�6E

(a(x + y))q =
axq + ayq

¢ � E	jQE�F$q$E2q_W�  RcB_E!RTaplno�EKW6mXE8acleRTW6a#"
��§������ � � «����

��� �-��� 
 � � � +H�	��

� � � �'& - . (qu)
� % � � -/. (q)

� ( ����� % ��� � >

∀x ∈ -/. (qu),
� �

(x) = x + xq + · · · + xqu−1

,

6�R¤Z�PiE8l6PSOVRTW,PSE8E/RcB$l�R�PSZ�q$o�EhA'a
(x)q =

A'a
(x)
°?RTB$E/RTaplno�E/Wnm<E�apl�RcWna Rcle�6E8P Z�RpP ��leY�^_E7P Z�q-RTB$EKPT^_U(F$E8Y�j

$!�
(q)

Wn� $!�
(qu)

¢%,¤E�Z�q_~/RcB_E¤PT^_D Wn�$Y[Z�q_E7lea�� ^_q$o­RcZ[W6q$P8°�Z�R�Z�P�lnY�PTW�lhY[Z�q_E8lna'� ^$q$o­RcZ[W6q�¢*�$^_aTRTB_E8aTDFWnacEn°
� W6a/leY�Y�E�Y�E�DFE�qIR

a
Rple�nE8q
Z�q�RTB_E	PT^_U(FXE�Y]j7$!�

(q)
Z�RhPcl�RcZ�P F$E8P¤RcB_E2acE�Y]l�RTZ�Wnq "

A'a
(ax) = a

A'a
(x), ∀x ∈

$!�
(qu).

A�B$Z�P�m_acWnm<E�aTRfO�Z]P�q_WeR�RcaT^$EKZ�q�~nE8q_E�apleY<� Wna
a
Rcle�6E�q�Z[q&$!�

(qu)
¢
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γ1, . . . , γu

���/
 % >�� 
 ( � ( �'& -/. (qu)
� D
� � -/. (q) �

� � � % � � � � �/� @ � ( � 
 � % ��� �H� � 
 ( � (
β1, . . . , βu�5& -/. (qu)

� D
� � -/. (q)
( �H� � � � 

�

� �
(γiβj) = δi,j ,

E � �	��� δi,j

��� %�� �=� ( � � � � � �#% � � � � � ( > " � � � 

GQ^$opB�lFUXlnPTZ�P�o�lnq�UXE!E8l6PSZ�Y�O�o�W6D,m$^QRTE7j�PTE�E���{8z; �¢

A�B_E�q?^_D�U<E�a
We�2q_Wnq_�4�8E�acW£E�Y�E�DFE�qIRcP
α
Z�q $!�

(qu)
PT^$opB RcB$l�R�A'a

(α) = 0
Z]P�B?^_~6En¢rJ�W6aTE

m$aTE7o�Z]PSE8Y[O6°
4 � «�� « � � � � «�� 0

��� � ( � � �'& �	�@� " � % � (
α ∈ -/. (qu) �

( �H� � � � 

� � �
(α) = 0

� ( 

u−1

�
� " � %)( � �#% 

��D;� � � � �M� ( + 
����
� D;� � -/. (q)
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qu−1
¢

A�B_E-l6o­RTZ�WnqwWe� RcB_EFA'aplno�EVW6mXE8acleRTWna�Wnq�l��6E8o­RcWna
c = (c1, . . . , cn)

We� Y�E�q_~nRTB
n
Z�P2j_E�F$q_E7j:U?O

A�a
(c) = (

A�a
(c1), . . . ,

A'a
(cn))

¢
A�B_EK� ^_qXj_leDFE�qIRpleY¥m_acWnm<W6PTZ�RcZ[W6q�Y�Z[q_�?Z�q_~VRTB_E2A�acl6o�EhW6mXE8acleRTW6a¤lnq$j�khG
o�WQjQE7P¤Z�PiRTB$E�� W6Y[Y�W� �Z�q_~H"
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S = (g1, . . . , gn) E � � � � gi ∈ -/. (q)
&B� �-
9� �

i = 1, . . . , n

 ��� � % &B� �-

� �

c = evS(p) E � � �
p(X) =

∑k−1

i=0
piX

i � E � � 
#D
� � �
(c) = evS(P ),

E � �	��� P (X) =
∑k−1

i=0

� �
(pi)X

i

<� ( 
7� �#%)( ��� �H� % ���

RSk(S)
� ( ( �=
 � �@� � % ���	� � � ��
��	��� �#% �5& � � �

� � 
���� � +H� � 

� � � 

O)I .$.��
G?Z�q$o�E

c = evS(p)
°K� Wna�E��6E�acO o�WnDFm<Wnq_E8qIR

cj

We�
c
°K iE B$l¡�6E

cj = p(gj) =
∑k−1

i=0
pjg

j
i

¢
GQZ[q$o�E

gj ∈
$!�

(q)
leqXj:U?OC$!�

(q)
��Y�Z[q_E7leacZ�RfO�Wn� RTB$EVRcacl6o�EVWnm<E�apl�RTW6a8°<� W6aKlnY[Y

j
 ¤EVBXl¡�nEVA�a

(cj) =∑k−1

i=0

A'a
(pi)g

i
j =

E��
S(P )j

°6 �B_E�acE�E��
S(P )j

jQE8q_WeRcE8P*RcB_E
j
RTB-o�W6DFmXW6q_E�qIR¸We�<RTB_Eh�nE8o�RTW6a*E8�

S(P )
¢

�

� � �*���i�i"_
��	�'�/���!�����	�*�-�

6¯q
RTB$EKW6aTZ�~nZ�q$lnY¥PTOQPfRcE�D�°Qx/^_~6WeR/leqXj
�*Z�q_Z�l6PS�!m_acWnm<W6PTE8j�l,PTWnY�^QRcZ[W6q�RTWFacE8jQ^Xo�EKRTB_E!m_^$U_Y[Z]o­���nE8O�PSZ���E
� acWnD PSW6D,E

80
�?U_Z[RcP2jQW� �q�RTW
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U_Z[RcP8°�RcWn~6E�RTB$E�a! �Z�RcB �nE�E8m_Z�q_~�l�PT^Q��o�Z�E�qIR	PfRcaTE8q_~eRcB�ln~6lnZ[q$PSR

o�Y�l6PTPTZ]o�leY�jQE7o�WQjQZ�q_~-l�RTRclnop�QP8¢¸A�B_Z�P�acE8j_^$o­RcZ[W6q�o8leq�UXE	jQE7PTo�aTZ�U<E8j�Z[q�Rf ¤W,PSRTE8m$P8¢
{n¢��*Z[apPfRFRcB_E�O o�Wnq$PSRTac^$o­R,RTB$E�k�G o�WQjQE
� acWnD|RcB_E�PTOQPfRcE�D|Z�q�l�m$lnaSRcZ�o�^_Y�lnaV �l¡On¢B5�leDFE�Y�On°iZ�R
PTleRTZ]P FXE8PVRTB_E�B?O?mXWnRTB_E7PSE7P,We��` aTW6mXWIPSZ[RTZ�Wnq�}_°bRcB_E�PS^$m_mXW6aSR-U<E�Z�q_~�Rcle�6E�q�Z[q�PTWnDFE�PT^_U(FXE�Y]j
$!�

(q)
Wn��RTB_E�W6aTZ�~nZ�q$lnY�F$E�Y]jB$!�

(qu)
¢ � Z�RcB�PS^XopB leq lem$m_aTWIlnopB�RTB_E8O�o8leq Rple�nE- ¤Wnapj_P2Wn�

RTB_E:k�G�o�W?j_E� �Z[RTB o�WIE���o�Z�E�qIRcP,Z�q $!�
(q)

apl�RcB_E�a,RcB$leq�Z[q $!�
(qu)

¢ A�B_E�q%RTB_E8O�lnj$j%lnq
E�acaTW6aS���nE7o­RcWna

E
E7\6^XleY�Y[O: �Z[RTB£o�WIE���o�Z�E�qIRcP!Z�qB$!�

(q)
¢�A�B_E�PTZ[�8EFWe�¤RTB_E-m_^$U_Y[Z]o­���nE8O�Z�P2RTB?^$P

aTE7jQ^$o�E8j
u
RTZ�DFE8P� �Z[RTB_W6^QR/jQE8o�aTE7lnPTZ[q$~�RcB_E	PSE7o�^_acZ[RfO�le~IleZ�q$PfR�jQE7o�WQjQZ�q_~-l�RSRplnop�QP8¢
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PSZ���E2Wn�
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U$Z�RpP�¢

A�B_Z]P�lnm_m_acW6lnopB�B_W� iE8�nE8aVZ]P�j_lnq_~nE8aTW6^$PVlnq$j%~nZ��nE8PF~6aTZ�m RcW leY�~nE8U_aclnZ�o
l�RTRclnop�QP8¢�A�B$E:l�RSRplnop�
 ¤E-m_acWnm<W6PTE-jQE8lnY�P2 �Z[RTB RcB_E F$apPSR�mXW6Z[qIR7¢�G?Z�q$o�E-RTB_E
PSE7o�WnqXj�m<WnZ�qIR�jQE�m<E�qXj£Wnq�RTB$E F$apPfR	W6q_E- iE
PTB_W�  RcB$l�R!Z�R!Z]P�q$WeR�m<W6PcPTZ[U_Y�EVRTW�Rple�6E�RcB_EVm$^_U_Y�Z�o��4�6E�O� �Z�RcB�o�WIE���o�Z�E�qIRKZ�q�l
PSD-lnY[Y$F$E8Y�jw �Z�RcB_Wn^QR
Z�qIRTacWQjQ^$o�Z�q_~-l,�nE8aTO-Z�DFmXW6aSRpleqIR� iE7le�?q_E8PcP8¢

A�B_EFl�RTRcl6op�
 ¤E,o�Wnq$PSRTac^$o�R�acE�Y�Z[E7P/Wnq�leY�~nE8U_aclnZ�o!m$aTW6mXE8aSRcZ[E7PhWn�¸RTB_EVRTaplno�E�Wnm<E�apl�RcWna�E��QmXWIPSE7j�Z�q
RcB_E�m$aTE8�IZ�Wn^XP/PSE7o­RcZ[W6q�¢�$KZ��nE�q:lnq�Z[qIRcE�apo�E�m_RTE8jwo�Z�m_B_E�aTRTE��?R8°XRTB_Z]P�leRSRplnop��E8q$leU$Y[E7PhleqwE8l¡�nE7PTj_aTW6m_mXE8a
RcW!aTE7o�W��nE8a'RcB_E�q_W6qQ�4�8E�acW�m<W6PTZ[RTZ�Wnq$P�Wn�$RTB$E�E�acaTW6aS���nE7o­RTW6a

e
 �B$Z�opB,B$lnP�U<E�E8q-lnj_jQE7j	� W6abl2PTo�aclnD�U_Y�Z�q_~

E ?<E7o­R7¢
6�R�Z]P�l%m_acWnU$lnU_Z�Y[Z]PfRcZ�o��¶RcZ[DFE�leY�~nWnacZ[RTB_D  �B_WIPSE o�W6D,m$Y[E��?Z[RfO jQE8mXE8q$j_P�Wnq RTB_E�F$E8Y�j Z[q  �B_Z]opB

RcB_E:o�W?E��-o�Z[E8qIRcPFWe��RTB_E�m$^_U_Y�Z�o��4�6E�O�lnaTE�Rcln�nE8q�¢ 6���RcB_E�F$E�Y]j�Z�P�PSD-leY�Y�RTB$E�q�RTB_E:leRSRplnop� Z]PF�nE8aTO
� l6PfR7¢ ,�lnPTZ�o8leY�Y[OwWnq_E-B$l6P!RTW�E8q?^_DFE�apl�RTE,RcB_E�E�Y�E�DFE8q6RpP2We�¤RTB$E�F$E�Y]jB$!�

(q)
leqXj�°�o�WnDFm_Y�E�RTE
PSW6D,E

m<WnY�O?q_WnDFZ]leY[�¶RcZ[DFEiRTE7PfRpP¸Wnq,E8l6opB�We�XRTB_E8D�¢ � B$E�q_E8�nE�a*RcB_E�m_^_U_Y�Z]o­���nE�O2Z]P�Rple�nE8q� �Z[RTB-o�W?E��-o�Z[E8qIRcP�Z�q
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(210)
°?Z[R Rple�nE7P¸Y�E8PcP¸RTBXleq�l2DFZ�q?^QRTEhRTW�acE8o�W��nE8a�RTB_E�m_Y�lnZ[qIRcE��?Rb� acWnD leq�Z�qIRTE�apo�E8mQRTE7j-o�Z�m_B_E8aSRcE��?R8¢

�*Z�acPSRh ¤E�PSB$W�  RcB$l�R�Z�RKZ�PhE�q_W6^_~nB�RcW�aTE7o�W��6E�a�RTB$E�m<W6PTZ�RcZ[W6q$P/Wn�*RcB_E�E8aTacWnaT���nE8o�RTW6a
e
RTW�acE8o�W��nE8a

RcB_E!m_Y]leZ�q6RcE��?R/Z�q
m<WnY�O?q_WnDFZ]leY[�¶RcZ[DFEn¢¸A�B_E8q� iE!jQE8Pco�acZ�UXEKRTB$E	leY�~nWnacZ[RTB_D�jQW6Z[q$~VRcB_Z]P�°_lnq$j
PSRT^XjQO�Z[RcP
o�WnDFm_Y�E��QZ[RfOn¢ � E FXq$leY�Y[O�m_aTW��6EhRcB$l�R/Z[RhleY� �l¡O?P¤acE�Rc^_aTqXP RcB_E2acZ[~6B6R�E8aTacWnaT�4m<W6PTZ[RTZ�Wnq$P8¢
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xh^_~nWnRS�¯�*Z[q_Z]lnPT�FPSOQPSRTE�D PT^ ?¥E�apPK� aTW6D�RTB_E,� l6o­R!RTB$leR8°'l6P2PSW?W6q�lnPKW6q_EVacE8o�W��nE8acPKleq?O�We� RTB_E�PTE8o�aTE�R
mXleapleDFE�RcE�apP�°*E�Z[RTB_E8a

α ∈
$!�

(qn)
Wna	RcB_E�E�acaTW6aS���nE7o­RTW6a

e
°�RcB_E�q RTB_E�m_Y]leZ�q6RcE��?R,o8leq U<E
� Wn^_q$j�Z[q

m<WnY�O?q_WnDFZ]leY[�¶RcZ[DFE6¢/xhPhl�DFleRSRcE�ahWn�¸� lno�R!giWnacWnq�m_acWnm<W6PTE8j�l-m<WnY�O?q_WnDFZ]leY[�¶RcZ[DFE	leRSRcl6op�
acE8o�W��nE8aTZ�q_~
FXacPSR

α
°QRcB_E�q

e
lnq$j F$q$leY�Y�O-RTB_E2 �B$WnY�EKm$Y�lnZ[qIRTE��?R8¢
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e
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w
m<W6PTZ�RcZ[W6q$P
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e
Z]Piq$WnqQ����E8aTWX¢�G?^$m_mXWIPSE�RTB$EKE7l¡�nE7PTjQacWnm$mXE8ab�b�nE!Z�qIRTE�apo�E8mQRcP¤l,o�Z�m_B_E�aTRTE��?R

y = m + αK + elnq$j-D-leqXle~nE7PbRcW�acE8o�W��nE�abRTB_EKq_Wnq_�4�8E�acW	mXWIPSZ[RTZ�WnqXPiWn�
e
¢¸GQB_EKo8leq�o�WnDFm_^_RTE/RcB_EK�nE8o�RTW6a

ỹ
We�'Y�E�q$~eRTB

n − w
WnUQRpleZ�q_E8jw� aTW6D RcB_E�o�Z�m_B_E8aSRcE��?R

y
U?OwPT^_m_m_acE8PcPSZ�q_~
RTB_E

w
q_W6qQ����E�acW�mXWIPSZ[RTZ�Wnq$P!Wn�

e
¢�A�B_Z]P

~6Z[�6E8P
ỹ = m̃ + αK̃,

 �B$E�acE�RcB_E2^_q_�?q_W� �qXP�leacE

� m̃  RTB_E!m_Y]leZ�qIRTE��IR m
� acWnD  �B_Z�opB�Wnq$EKBXlnP�PT^_m_m_acE8PcPSE7j-RcB_E

w
m<W6PTZ[RTZ�Wnq$P�o�WnacaTE7PSm<Wnq$j_Z[q_~�RTW

RTB_E
w
q$WnqQ����E8aTWVmXWIPSZ[RTZ�Wnq$P/We�

e
¢

� A�B_E2E�Y�E�DFE8q6R α ∈
$!�

(qu)
¢

�'E�R
S̃
UXE�R¸RTB_E�PSE�R�Wn�<E8Y[E8DFE�qIRcP¸W6UQRclnZ[q$E8j�� aTW6DrRTB$E/PS^_m$mXW6aSR

S
U?OVPT^_m_m_acE8PcPSZ�q_~�RTB_E

w
E8Y[E8D,E8qIRcP

o�WnacaTE7PSm<WnqXjQZ[q$~	RTWFRcB_E
w
q_Wnq_�4�8E�acWVm<W6PTZ�RcZ[W6q$P�We�

e
¢ 6¯q�RcB_Z�P/ ¤l¡O- ¤E!~nE�R
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¢
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�'E�R .�UXE�l�m$leacZ[RfO6�¯opB_E7op�:D-l�RTacZ[��Wn�
RSk(S̃)  PSE8E�jQE�FXq_Z�RcZ[W6q%v?¢C,¤O o�W6D,m$^QRTZ�q_~ ỹH

°�Wnq_E
W6UQRclnZ[qXP

ỹH = m̃H︸︷︷︸
0

+αK̃H = αK̃H

GQZ[q$o�E�E��6E�acO6RcB_Z�q_~!Z�P¸�?q_W� �qFZ�q,RTB_Z]P¸E8\I^$leRTZ�WnqFE��_o�E�mQR¸RcB_E/E�Y�E�DFE8q6R
α
°n� �nEho8leq,aTE7o�W��nE8a

α
U?OVjQW6Z[q$~

RcB_E�jQZ��IZ]PTZ[W6qVU<E�Rf ¤E�E8q�RcB_E
i
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ỹH
leqXj	RcB_E
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RcB,o�W?WnapjQZ[qXl�RTE¤We�XRTB_E��6E8o­RcWna

K̃H
RcB$l�R�Z]P�q_W6qQ�4�8E�acW$¢
x/� RTE�a/RTB$leRhPSB_E2~6E�RpP

m̃
UIO
o�WnDFm_^_RTZ�q_~

m̃ = ỹ − αK̃.

�$aTW6D
m̃ = eveS

(m0)
°I� �nEK~nE�RpP

m0

U?O-Z�qIRTE�acm<WnY]l�RTZ�q_~2RcB_EKmXW6Y[O?q_W6D,Z]leY
m0

We�*jQE�~6aTE8E
k− 1

Wnq�RTB_E

n − w > k
E8Y[E8DFE�qIRcP�Wn�

S̃
¢

xhY[YiRTB_E7PSE�Wnm<E�apl�RTZ�WnqXP	leacE-mXW6Y[O?q_W6DFZ�lnYileqXj Y[W� �Z[q%o�WnDFm_Y�E��QZ[RfOn¢�A�B_E8aTE�� WnacE- iE�BXl¡�nE�PTB_W� �q
RcB$l�R/~6E�RTRTZ�q_~,RTB_E2q_W6qQ����E�acW,mXWIPSZ[RTZ�Wnq$P�Wn�
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