
HAL Id: inria-00070337
https://inria.hal.science/inria-00070337

Submitted on 19 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Accurate Model Reduction of Transient Flows
Bernardo Galletti, Alessandro Bottaro, Charles-Henri Bruneau, Angelo Iollo

To cite this version:
Bernardo Galletti, Alessandro Bottaro, Charles-Henri Bruneau, Angelo Iollo. Accurate Model Reduc-
tion of Transient Flows. [Research Report] RR-5676, INRIA. 2005, pp.18. �inria-00070337�

https://inria.hal.science/inria-00070337
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
56

76
--

F
R

+
E

N
G

ap por t  


de  r ech er ch e 


Thème NUM

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Accurate Model Reduction of Transient Flows

Bernardo Galletti — Alessandro Bottaro — Charles-Henri Bruneau — Angelo Iollo

N° 5676

Septembre 2005





Unité de recherche INRIA Futurs
Parc Club Orsay Université, ZAC des Vignes,

4, rue Jacques Monod, 91893 ORSAY Cedex (France)
Téléphone : +33 1 72 92 59 00 — Télécopie : +33 1 72 92 59 ??

���������	��
	��
�������������������
��������� "!#�	����$%�&���'
�()���+*,$

-/.103254603798;:<46=>=>.@?3?3A
∗ B9C =D.FEGEH4I297	038)-/8I?3?H4I038 † B�J/K 4I03=D.FE�L�M�.12903AN-/03O92	.P4IO ‡ B

C 29QR.F=D8TSU8R=>=D8 ‡

VNWYX&Z\[�]+^`_badcPegfihjX&Z\[Gf�kPlYZ\mGnporqFlY[Gf
stnpu@vi[�hw_yxNz

{w|~}�}6u1n�hw�g[�nj[G��WY[Gnj��W�[�kI�5�~�P���yadcP[G}ghp[GZ'�Ynj['z~�1�1��a��3�/}�|~�1[Gf

���	�G�&���Y�@�@� cgu@Z\[�|~}Y}Y��or�&|�hjo�u1k�f/u~�`|#}Ynj[G�&o�fp[�Z/[&hpWYug��hpu�Z\ug�g[&�NhjWY[�hpn�|~k�fpo�[GkFh\�gePk�|@Z\o��Gf u@�
�r|~nj�@[¡fj�&|@��[yfihjnpl���hplYnj[Gf�o�k¢hpWY[y��|@Z/o�k�|@n¤£�u�¥¦}�|1fih�|T�Y��lY§¨�Iug�ge"|~nj[¡}Ynj[Gfp[&kFhp[3�ª©«VNWY[<£�u�¥¦o�f
�Y[Gfj��njo��I[G��l6f�o�kY�¬[&Z\}Yo�npor�&|@�1[Go��1[&kg�­lYk6�Uhpo�u@k6f�u1�ghj|@o�k�[G���Pe+®�}Ynpu1}6[Gn�u1n�hjWYu@�1u@k�|@�@�g[3��u@Z\}Iu1fpo¯hjo�u1kP°�|~k6�
hjWY[�Z\ug�g[&�rft|~nj[���u1k�fihjnpl6�Uhp[3�'}�npu@vi[G�Uhjo�k��`hjWY[w]+|H±Po�[&np²³cPhpu@´1[Gf	[GqFl�|~hpo�u@k�f9u1kFhpu�f�l6��W [Go��1[&kg�­lYk6�Uhpo�u@k6f&©
VNW�['��o�kY[3|~n+hp[&njZ�f+o�k�hjWY[ [&µg}�|~k�fpo�u@k¡��uP[&¶��&o�[GkFhjf¬|@fw¥�[&���9|@fwo�k¡hjWY[ �&u@kFhpnju@��o�k�}Ylghjf�|@np['|1�Hvil�f�hp[3�
hju<[&µg|1�Uhj��e·Z\o�Z/or��f�u1Z/[�np[&�­[&nj[&k��&[�fpu@��lghpo�u@k6f&©·¸w}�}Y��or�&|~hpo�u@k�f\fpWYu�¥�k��&u@k��&[&njk�hpWY[��g[G±@[&��u@}�Z/[GkFh
u@�9£�u�¥¨o�k�f�hj|@�Yo���o�hpo�[Gf`��[3|@�go�kY��hju¤±@u1n�hj[�µ¹f�WY[3�Y�go�kY��|@k���hpW�[ �gePk�|@Z/or�&f+u~�5hjWY['±1u@nphp[�µ�¥�|@´@[�lYk6�g[&n
[&µPhp[&njk�|@�R|1�Uhjl�|�hjo�u1kº©
»�¼F½R¾j¿'À ��Á	�@� Z\ug�g[G�ºnp[3�gl���hpo�u@kºÂg}Ynju@}I[&nNu1n�hjWYu@�1u@k�|@�I�g[3��u1Z/}Iu1fpo�hpo�u@kºÂY]`|H±Fo�[&np²icFhpu1´@[Gf�[GqFl�|~hpo�u@k�f

∗ Ã	ÄÆÅ5Ç3ÈgÉ~ÈgÊUËÍÌ ÎDÏ�ÐiÑHÌÍÐiÊNÒ3ÌPÓgÊUÔDÌÍÑ3ÊHÉPÕ�Ö3Õ�×UØNÓgÊUÔDÌÍÑ3ÊHÉ�ÄrÎÚÙ�Ë Û
† Ã	ÄÆÅ9Ü/ÉHÝ�ÑHÌ Þ�ÏiÔàß>Ì Î>áNÒHÌgâ	ÏiÑHÊ�ÞUÙ3ÉgÕ�ã3Õiä�åwâ	ÏiÑHÊpÞ�Ù3É~ÄrÎÚÙ�Ë Û
‡ Ü�Å9æ�çÆÝ�ÑHÌ Þ�ÏiÔàß>Ì ÎDètæRÊUÔDÒHÏ�Ù�é3ê Õ9Ï³Î	Ü�ëº×tçIÄ­ì�í%ÄÆÅ<î�é3ÎDéHÔàßpÉ@ïUï�ä�ÖUå�ÓYÙ�ËÍÏiÑHÐiÏUÉ~î�Ô>Ù�Ñ3Ð�Ï



����������
����'������������$�� ����� �������&��$��
	�������������� ��� 
�$
����$º
���
��&���������U�9��$


�� ����� � � � kT}YnjmGfp[&kFhp[�q1l�[&�rq1l�[Gf/|~}Y}Y��or�&|�hjo�u1k�f'��� lYk�[�Z\m�hjWYug�g[�}YnjmG�&o�fp[¤}Iu@lYn/Z\ug�gm&��o�fp[&n ��|
�YeFk6|~Z\o�qFlY[`o�k6fih�|�hpo�u@k�k�|~o�np[`�g[`f�hpnjl��UhjlYnj[Gf����@n�|~k��Y[wmG��WY[G����[@ÂPnj[&�r|�hjo�±1[���lYk�mG��u1lY��[&Z\[&kFh��r|~Z\o�k�|~o�nj[
�YmG��u1����m@©���� m3��u@l���[GZ/[GkFh+[Gf�h`�gm3��njo¯h+[Gk�lghpo���o�fj|~kFh`�g[3f��­u1k��Uhjo�u1k�fw}Ynju@}�np[3f�[&Z\}Yo�nporqFlY[Gfwu@�ghj[&kPlY[Gf+}�|~n
�r|�°³�YmG��u1Z\}6uFf�o�hpo�u@k#u@nphpWYu1�@u1k�|~��[ |@lgµy±�|~��[&l�njf¬}Ynju@}Ynj[Gf��às ��� � °U©!�º[3f�Z\uP�YX&��[Gf�fpu@kFh���u@k6fihjnplYo�hjf"�
}6|~nphpo�n��g[`��|'}Ynpu@vi[G��hpo�u@k¤�g[3ftmGqFl�|~hpo�u@k�f��g[�]+|H±Po�[Gn�²icFhju@´@[3f5f�l�n��&[Gf5�­u1k��Uhjo�u1k�f�}Ynpu1}Ynj[GfG© � [Gf�hp[&njZ\[Gf
��o�kYmG|@o�nj[Gf	Z\[�hphj|~kFh5[&k¬vi[Gl/��[Gf5�&uP[�¶¤��o�[&kFhjf9�gl��gmG±@[G��u1}Y}6[GZ\[&kFh5[�h5��[3f	hp[GnpZ\[Gf5�Y[N�&u@kFhpn$#@��[Nf�u1k1ht|~vil�fi²
hjmGf5}Iu@l�n�nj[&}Ynjug�glYo�np[N[�µY|1�Uhp[GZ\[&kFh�qFlY[&�rqFlY[Gftfpu@��lghjo�u1k�ft�g[wnjm��­mGnp[Gk���[1©%�%[Gft|@}Y}Y��o��G|�hpo�u@k6ft��u1k���[GnpkY[GkFh
��[\�gm&±1[&��u@}Y}I[&Z\[&kFh��g[Gf¬o�k�f�hj|~��o���o¯hjmGf��Y|@k�f¬lYk<m3��u@l���[GZ/[GkFh�|H±1[G��l�kyfpo�����|@�@['hpu@l�np�Yo�����u1kYk�|~o�nj[@ÂR[�h���|
�YeFk6|~Z\o�qFlY[��gl�fpo����r|~�@[�fpu@lYZ\orf����g[Gf�|1�Uhpo�u@k�kY[&lYn�fG©
& À �3� ¾ �(' � �y� Z/ug�gXG��[3f�npm3�glYo�hjfGÂ%�gm3��u@Z\}Iu1fpo¯hjo�u1k<u1n�hjWYu@�1u@k�|@��[/|~lgµ¡±�|~��[&l�njf¬}Ynju@}Ynj[GfGÂªmGqFl�|~hpo�u@k�f
�Y[�]`|H±Po�[Gn�²icFhpu1´@[3f



���������	��

�������������	�	������
������ �

� � � 
%�9��������
������

 	o�kYo�hp[¡�go�Z\[&k�fpo�u1k�|~��Z\ug�g[G��f\o�kP±@u@��±Po�k��#|#��o�Z\o�hp[G� kPlYZ �6[Gn�u~���g[&�1np[G[Gf\u~�`�­np[G[G�gu1Z �&|@k)�1np[3|�hj��e
fpo�Z/}���o��­e<hjWY[�|@k�|~��egf�orf�u~��£�lYor�#£�u�¥wfG©�VNW�[��gePk�|~Z\or�&f��G|~k��I[�o�k1hj[&nj}Ynj[�hp[3�#o�k�hj[&njZ\f�u~�w|�f�Z�|@���
kPlYZ �6[Gn�u@�%��u@W�[&nj[&kFh�fihjnpl6�Uhpl�np[3f5hpW6|�h�[G±@u1��±1[w|~k���o�kFhp[Gnj|1�Uh�¥�o�hpW¤u1kY[+|@kYu~hjWY[&n3©��%u�¥ u@n��g[&ntZ\ug�g[G��f
|@np[�|~�rfpu/u@��}Yn�|@��hpor�&|@�ªo�kFhp[Gnp[3fihwfpo�k6��[¬hpWY[Ge��G|~k��6[�l�fp[G�¹|1ft®i}Y�r|~kFh�Z\ug�g[&�rf³°¬�­u@nw�&u@kFhpnju@�R}YlYnj}Iu1fp[GfG©

^`f�o�kY��hjWY[�}Ynju@}I[&nwu1n�hjWYu@�1u@k�|@�º�g[G�&u@Z\}Iu1fpo¯hjo�u1k�hj[G��WYk�o�qFlY[ �às ��� ��! � �#" u@kY['�G|~k¹[�µPhjnj|1�Uh��­nju@Z
|@k�[&µgo�f�hpo�kY���Y|�h�|~��|1f�[¬u~��£�u�¥%$6[&�r��fpk�|@}�f�W�u~hjfGÂg|\f�[&hwu~��u1n�hjWYu@�1u@k�|@�6[Go��1[&kg�­l�k��Uhjo�u1k�f&©& �u@nw|/�@o�±@[Gk
kPlYZ �6[Gn�u~��hpWY[3f�[�[Go��1[&kg�­lYk6�Uhpo�u@k6f&ÂªhjWY[¤|H±@[Gnj|@�@[

l2
}Ynju~vi[G��hpo�u@ky[&njnpu1n¬u@��|�£�u�¥ f�k�|@}�fpWYu~h�orf�Z/o�kg²

o�Z\o('G[G���Pey�&u@k�f�hpnjl���hpo�u@kº©�¸+f'|��&u@k�fp[GqFlY[Gk���[1Â%¥�WY[Gk�hpWY[¤£�u�¥ [GkY[&nj�@eyo�f'��u@k6��[&kFhjnj|~hp[G�yo�k·��|@np�1[
fj�&|@��[�±1u@nphpor�&|@�tfihjnpl���hplYnj[GfGÂ�|�fpZ�|~����kPlYZ �6[Gn�u~��s ��� [&o��@[&kY�­lYk��Uhjo�u1k�f��G|~}ghjlYnp[3f�|¹�r|~nj�@[\�­n�|@�Uhjo�u1k
u@��hjWY[\hpu@hj|~��´Fo�kY[&hpor� [GkY[&nj�@e<u~��hjWY[\£�u�¥�©�VNWYorf�Z�|He¡kYu@h�|@��¥N|Hegf¬�6[\hjWY[¤�&|1f�[\f�o�k��&[\hpWY[Gnp[\[�µgorfih
|@}Y}Y��o��G|�hjo�u1k�f¬¥�WY[&nj[@Âº[G±@[Gk<hjWYu@lY�1W<hjWY[&nj[�|~nj[ �r|~nj�@[\f�hpnjl��UhjlYnp[3f�}Ynj[Gfp[&kFh¬o�k#hpWY[\£6u�¥�ÂRhpWY[�[GkY[&nj�@e
fp}Ynj[G|1�Yfwu�±1[&n`fpu�Z\|@kPe¹fj�&|@��[3fwhjW�|�h¬hpW�[&nj[ orf+��o�h�hp��[\WYu@}I[ hpu�u@�gh�|~o�k<|�}�nj|1�Uhpor�&|@�%��u�¥ �go�Z\[&k�fpo�u1k�|~�
nj[&}�np[3f�[Gk1h�|�hjo�u1k ! z �#" ©*)³k��&u@kFhpn�|@f�hGÂH£�u�¥wf9}6|@f�h9����lg§��6ug�go�[Gf5fp[&[GZ«hju¬�I[w¥�[&���gnp[G}Ynj[Gfp[&kFhp[3���Pe

O(10)[GZ\}Yo�njor�&|~�%[&o��@[&kY�­lYk��Uhjo�u1k�f ! �YÂ��,+YÂº�H� " |@k��¹WY[Gk���[�|@np[��1uFug�¹�&|@k��gor�Y|�hj[GfN�­u1nwo�kF±1[Gf�hpo��1|~hpo�u@k�fNu@�9��u�¥
�Yo�Z\[&k6f�o�u@k�|@�ªZ\uP�Y[&�rf&©

-t±1[&k¹¥�WY[Gk�hjWY[�£�u�¥ orf�|~Z\[Gk�|~�Y��[¬hpu�|/��u�¥ �go�Z/[Gk�fpo�u1k�|~�ª�g[3fp�&npo�}ghpo�u@k%Âgo¯hworfNkYu~hwu1�P±Fo�u@l6f�hjW�|�h
|�nj[&��o�|@�Y��[/�gePk�|~Z\or�&|@�	Z\ug�g[G�9�G|~ky�6[/u@�gh�|~o�kY[G�º©.)³k<}Ynjo�k���o�}Y��[/o�h�f�lg¶¤�&[Gf`hpu�}Ynju~vi[G��h`hjWY[\]+|H±Po�[Gn�²
cPhpu@´1[GfN[3q1l6|�hpo�u@k6f�u@kFhpu\hjWY[�s ��� [&o��@[Gkg�­lYk���hpo�u@k�f��Pe�|����r|@fjf�or�&|@�0/�|~��[&nj´Fo�k�|~}Y}�npuF|@��Wº©�VNW�o�f�¥N|He@Â
W�u�¥�[G±@[&n3ÂFu@kY[�orfN�à|@�&[G��¥�o¯hjW¹fpu@Z\[¬hieP}Yor�&|~�ª}�npu1�Y��[GZ�fNu~�&/�|~��[&nj´Fo�k�|@}Y}YnjuHµgo�Z�|�hjo�u1k�f�1

� 2 WYu�¥¢hju¤|@�&�&u@lYkFh��­u@n��Iu@lYk6�Y|~nje���u1k��go�hpo�u@k�f"�D|~k���[G±@[&kFhjl�|~����e��Iu@l�k��Y|~nje��&u@kFhpnju@�rf ��3
�4� 2 WYu�¥¢hju��g[&±Por��[�|�����u1fplYnj[+hj[&njZ,hpW6|�hw|@�G��u@l�k1h�f��­u@nNhjWY[�lYkYnj[Gfpu@��±@[3�¤Z\ug�g[Gf 3
�4�4� 2 WYu�¥¢hju�}Ynju�±For�g[�|@�g[3qFl�|�hj[¬kPlYZ\[Gnpor�&|@�Rf�hj|@�Yo���o5'G|~hpo�u@kº©

VNW�['�r|@f�h`hi¥�u¤orfpfplY[Gf¬|~nj[ �&��uFf�[G��e¹nj[&�r|�hj[G�¹�I[G�&|@l�fp[ l�fpl�|@����e��go�fjfpo�}�|~hpo�u@k¡u@�t[&kY[Gnp�1e¹uP�G��lYn�fwZ�|@o�kY��e
u1k¡hjWY[���[G±@[G�	u@��fj�&|@��[3f`¥�W�o���W�|~nj[ }IuPu@nj��e�nj[Gfpu@��±@[3�ª©76+u�¥�[G±@[GnGÂRo�k<hjWY[\��o�hp[Gnj|~hplYnj[/hpWY[Ge<|~nj[ u@�Æhp[Gk
�&u@k�fpor�g[&nj[G��f�[G}�|~n�|�hj[&��e@©

)³k�hjWY[�x�u1npkY[G���@��u�¥�u@n��g[Gnº�gePk�|~Z\or�&|~�Ff�egf�hp[GZ ! � " u@�PhpWY[�hplYnj�YlY��[&kFh%�Iu@lYk6�Y|~nje+�r|He@[GnGÂ3|~k.6w[Go�fp[&Z/²
�I[&nj�¹Z\uP�Y[&��|1�&�&u@lYkFhp[3�¡�­u1n�hpW�[�lYkYnj[Gfpu@��±@[G�#fj�&|~��[Gf�|@k���|��gorfpfpo�}6|�hpo�u@k·�&uF[&¶¤��o�[&kFh�¥�|1f¬hplYk�[G��o�k
u1nj�Y[&n`hpu�u@�gh�|~o�kyqFl�|~��o�hj|�hjo�±1[&��e���u@njnj[G�Uh¬np[3f�l��¯h�f&©.6+u�¥�[G±@[&n3Â6hpu��6[�|~����['hpu¹l�fp['hjWY[ Z\ug�g[G�5np[3f�lY��hjf
�­u1nw|\�&|@fp[¬kYu~h�}Ynj[&±Po�u@l�fp��e�o�kP±@[3fihjo��F|�hp[3�¤�Pe��go�nj[G�UhwkPlYZ\[Gnpor�&|@�Rfpo�Z'lY�r|�hjo�u1k
� � ]¬c � ÂghjWY[�|~Z\u1lYkFhNu@�
�Yo�fjf�o�}�|~hpo�u@k�hpu¤�I[ |1�Y�g[3��fpWYu1lY���¹�I['´PkYu�¥�k ��89�:�����:� ©+¸w��u@kY�¤hpWY[3f�[���o�kY[Gf+o¯h+¥N|@fw}Ynpu1}6uFf�[3� ! � " hpu
|1�Hvil�f�h�hjWY[`�gorfjf�o�}�|�hjo�u1k�}�|~n�|~Z\[&hp[&n�f�u�hjW�|�h�hpWY[`[&kY[Gnp�1e �Yl6�g�@[&ht�­u@n�[G|1��W/s ��� Z\ug�g[+orf���|~�r|~k��&[G�ª©
VNW�o�f�¥N|He¡o�h'¥N|@f�}Iu1fjf�o��Y��[\hpu¡�go�Z\o�kYorfpW�hpWY[¤[Gnpnju@n��I[�hi¥�[&[GkyhjWY[��gePk�|@Z\o��G|~��fpegfihj[&Zb}�np[3�go���hpo�u@k�f
|@k���hjWY[ � ]¬c¡}Ynju~vi[3�Uhjo�u1k¡u�±@[GnwhpW�[/s ��� Z/ug�g[3f&©�]+[&±1[&nphpWY[G��[3fpfGÂª|~k<[&µg}6u1kY[&kFhpor|~�9�go�±@[Gnp�1[&k��&['o�k
hjo�Z\[��I[�hi¥�[&[Gk�hjWY[ � ]¬c¹|~k���hpW�[�Z/ug�g[G�ºnj[GfplY�¯h�fN}6[Gnjfporfih�f&©

)³k�}6|~n�|~����[G�1f�hpl��go�[GfGÂHo¯h	¥�|1fºnj[G�&u@�@k�o('G[G�`hpW�|~h	|wf�hpn�|~o��@WFhp�­u@nj¥�|@nj�`s ��� ²
/�|@��[Gnp´Po�k�|~}Y}YnjuHµgo�Z�|~hpo�u@k
u@�Y|�Z\uP�Y[&�F}Ynpu1�Y��[&Z ²I|wfj�&|@��|@nº��o�kY[3|~n�|1�g±@[3�Uhjo�u1k¬[3qFl�|�hjo�u1k�²6¥N|@fºkPlYZ\[Gnpor�&|@����e+lYk6fih�|~�Y��[ ! �@�~Â1�3z " ©;)³k
hjW�|�h��&|@fp[�hpWY[Gnp[+¥�|1f9kYu�qFlY[Gf�hpo�u@k�u@�I�r|@��´ u~�ª�go�fjfpo�}�|~hpo�u@k\�I[G�&|@l�fp[�u~�ªZ\o�fjf�o�kY��fj�&|@��[3f 3 o¯h�¥N|@f5|�}�lYnp[
kPlYZ\[Gnpor�&|@�@[�§R[G��hG©9_�u@nj[&u�±1[&n3Â&o�h�¥N|@f�f�WYu�¥�k�hpW�|~h%hpW�[�s ��� ²
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fpo��@kYo($6�&|@kFhp��e��­npu1Z nj[��­[Gnp[Gk���[ � ]`c�nj[GfplY��hjfw|1fwfpWYu�¥�k¹o�k ! z~� " ©N¸+f+|¤np[GZ/[3�ge�|��Yo�fjf�o�}�|~hpo�±@[�Z\ug�g[&�
�6|@fp[G� u@k¢fp}I[G�Uhjnj|@�w±Po�fj��uFf�o�hie�¥N|@f¤}Ynpu1}6uFf�[3�;hpWY[Gnp[Go�k%©«VNWY[<��lYh�²Úu~§ }6|~n�|~Z\[�hj[&n�f�¥�[Gnp[¡fp[&��[G��hp[3�
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fpu@��±@[ f�u1Z/['u~�5hpW�['}YWPegf�or�&|@��Z\ug�g[G��o�kY�¤orfpfplY[3f`|1fw¥�[&���	|1f�hpW�[ }Ynju@����[GZ u@�tkFl�Z/[Gnpor�&|@���gnjo��ÆhjfG©¬VNWY[
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Z\ug�g[G�Io�hjfp[&���i© )³k¤hjWYorf�fp[&k6f�[`o�k ! 	 " o�h�¥�|1ft}Ynju@}Iu1fp[G��hpu\�&|~��o��Ynj|~hp[+hpWY[¬��o�kY[3|~n�hp[&njZ�o�k¤hpW�[�/�|@��[Gnp´Po�k
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o�h�¥N|@f�f�WYu�¥�k\hjW�|�hNf�l6��W¤�&|~��o��Ynj|~hpo�u@k\��[G|@��f5hpu |�Z\uP�Y[&�6hpW�|~h���u1npnj[G��hp��e'nj[&}Ynjug�gl��&[G� hpWY[`Z�|~o�k�£�u�¥
�­[3|�hjlYnp[3ft�­u1n�{�[&ePkYu1���Yf�kPlYZ'�I[&n�f�u~hjWY[&n�hpW�|@k�hjWYu1fp[w�­nju@Z�¥�W�o���W�hpWY[�Z\ug�g[&�R¥N|@f��g[&njo�±1[G�ª©5cPo�Z\o��r|~n
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[&µPhp[&k6�¡o�h�o�k#u@n��g[&n`hpu�Z\uP�Y[&�	hpWY[/hjnj|@k�f�o�[&kFh��gePk�|~Z\or�&f¬u~����u@W�[&nj[&kFh¬f�hpnjl��UhjlYnj[GfG©'V%¥�u¤hj[Gf�h��&|@fp[Gf
|@np[���u@k6f�or�g[&nj[G��1\hpWY[��g[&±1[&��u@}YZ\[&kFh/u~�+|�£6u�¥�o�k�f�hj|@�Yo���o�hie���[3|@�go�kY�¡hju<±1u@nphp[�µ·fpWY[G�Y�Yo�kY�#|~k��ThpWY[
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Â&hpWYorfª£�u�¥�orfº�I[&��o�[G±@[3�¬hpu��I[thi¥�u~²³�go�Z\[Gk�f�o�u@k6|~�~|~k6����|@Z/o�k�|@n%|@f%��u1kY�w|@fRhjWY[�{w[&ePkYu@�r�YfªkPlYZ �6[Gn

�6|@fp[G�¹u@k¡hpWY[/fpqFl�|@np[�fpo��Y[
L
orfw�I[&��u�¥

255
! � Âª�PÂ����FÂRz1z " ©`VNWY['£�u�¥ $�[&�r�<�Y|~hj|¤|@np['u@�gh�|~o�kY[G�¹�Pe

kPlYZ\[Gnpor�&|@�@o�k1hj[&�1nj|~hpo�u@k�u~�ghjWY[�o�k���u1Z\}Ynp[3fpfpo��Y��[�]+|H±Po�[Gn�²icFhju@´@[3fR[GqFl�|~hpo�u@k�fG©%VNWY[�o�kFhp[G�@n�|�hjo�u1k�fj��WY[GZ/[
|1f�¥�[&���%|@fNhjWY[���u1Z\}Ylghj|~hpo�u@k�|@�º}�|@nj|@Z/[&hp[GnjfGÂg��o�´@[���W6|~kYkY[G�º��[&kY�@hpW�|~k����&eP��o�k��g[Gnw}6uFf�o�hpo�u@k%Â�|~nj[�hpWY[
fj|~Z\[¬|@f�l�fp[G�¤o�k ! 	 " ©��#[¬nj[��­[Gn�hjWY[�np[3|@�g[Gn�hju'hjW�|�h�f�hpl��ge¤�­u@n�hpWY[���u1Z\}Ylghj|~hpo�u@k�|@�I�Y[�hj|@o��rfN|~k��¤�­u@n
hjWY[N±�|~��o��Y|~hpo�u@k/u~�6hpWY[�kPlYZ\[&njor�&|~�Pnj[GfplY��hjfG©	^+kY��[3fpf9u@hpWY[Gnp¥�orfp[�f�hj|~hp[G�ºÂ1|~���PhpW�[NqFl�|@kFhpo�hpo�[Gf5��u1k�fpo��g[Gnp[3�
|@np[`kYu@k¹�go�Z\[&k�fpo�u1k�|~��1	hpWY[�nj[��­[Gnp[Gk���[¬±�|~��lY[Gf��­u@n�hjWY[�kYu@njZ�|~��o('3|�hpo�u@k�|~nj[+hjWY[���[GkY�~hjW

L
u~��hpWY[�fpo��g[

u@��hjWY['fjqFl�|~nj[���eP��o�k��Y[&n3ÂghpWY[ ��[&kFhj[&np²>��o�k�[�±@[&��ug��o�hie�|�h+hpWY[�o�kY��[�h`fp[G��hpo�u@k
U
Â�hpWY['�YeFk6|~Z\o���}�np[3fpfplYnj[

ρU2 |~k6��hjWY[�hpo�Z\[�fp�G|~��[ Tref = L/U
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VNWY[#±@[G��ug�&o¯hie $�[G��� �Y|�h�|~��|1f�[¡orf¹|~njnj|@kY�@[3� |@f¹|�fp[�h¹u~�
N
±@[G��hpu1njf {U(1),U(2), . . . ,U(N)} Â¥�W�[&nj[�[G|@��W/±@[3�Uhju@n5nj[&}Ynj[Gfp[&kFhjf5|�fpk�|@}�f�W�u~htu~�IhpW�[w±@[G��ug��o�hie�$�[G����|~h�|��@o�±@[Gk hjo�Z\[1© �%[�htl�f�f�lY�Yhpn�|@�Uh
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 	o��@lYnj[�� 1 � [,$�kYo�hpo�u@k�u@�	hjWY[��1[&u@Z\[&hpnje�|~k6��fihjnp[3|~Z\��o�kY[3fNu~�9hpWY['lYk�f�hj|~����[1Â6f�hp[G|1�ge¹f�u1��lghjo�u1k
u(x)|~h

Re = 66
©

hjWY[�f�hp[3|@�ge1Â5lYk�f�hj|@�Y��[�f�u1��lYhpo�u@k��
U
�­nju@Z [G|1��W�f�k6|~}�fpWYu~h/|~k��T�&u@k�fpor�g[&n'hpWY[�kY[&¥,fp[�h/u~� $���hp[Gnp[3�

fpk�|@}�f�W�u~hjf
W

(n) = U
(n) − U, n = 1, . . . , N

©�VNWY[\|~o�Z orf+hju $6k��<|���u�¥«�Yo�Z\[&k6f�o�u@k�|@�5f�lY�6f�}�|1��[
u@� L = � 8���� {W(1),W(2), . . . ,W(N)} hpW6|�h �1o�±1[Gf�hjWY[��I[Gf�h/|@}Y}YnjuHµgo�Z�|�hjo�u1kyu@� L ©<V�u�hpW�o�f [&k��¥�[��g[�$�k�[#|)lYkYo�h�kYu@njZ ±@[3�Uhpu1n

φ
hjW�|�h�W�|1f¤hjWY[·fp|@Z\[#f�hpnjl��UhjlYnj[<u~� hpWY[�fpk�|~}�fpWYu@hjf�|~k�� hpWY[

�r|~nj�@[3fih\Z\[G|@k;fjqFl�|~nj[�}�npu@vi[G�Uhjo�u1k)u1k�hjWY[�[&��[&Z\[Gk1h�f\u~� L ©% �u@����u�¥�o�kY�·cPo�nju�±Po���W!� f/or�g[G|1f ! zY� " ¥�[
[&µg}Ynp[3fpf

φ
|1f`|¤��o�kY[G|@n`�&u@Z'��o�k�|~hpo�u@k�u@�5hpWY[/f�k�|@}�fpWYu~h�f&Â

φ =
∑N

n=1 bnW
(n) ÂI¥�WYor��W¡��[G|@��f�hpu�hpWY[

[Go��1[&kY}�npu1�Y��[GZ
R b = λ b

ÂI¥�WY[Gnp[
Rks = W

(k)T
W

(s) |~k�� b = [b1, b2, ..., bN ]
T ©+VNWY['fpu@��lghpo�u@k�u@�

hjWY[¬[&o��@[&k�}Ynpu1�Y��[&Z eFo�[&�r�Yf
N
[Go��1[&kP±@[3�Uhpu1njf

φn

�ÆhpW�[��Yo�fj��nj[�hj[+s ��� Z\ug�g[Gf � hjW�|�h��­u@njZ�|'�&u@Z\}Y��[�hp[
u1n�hjWYu@k�u@njZ\|@��fp[�h��­u@n L ©5VNWY[��gorfp�&np[&hp[+o�k�f�hj|@k1h�|~kY[Gu@l�f�±@[G��ug�&o¯hie��&|@k¤�I[¬[&µg}�|~k��Y[G��o�k¤hj[&njZ\f�u@�ºhpWY[�Yo�fj��nj[�hj[�s ��� [&o��@[GkYZ\uP�Y[Gf�1

u(x, t) = u(x) +
∑Nr

n=1 an(t)φn(x)
©¬VNWY[ Z�|~o�k¡}Ynju@}I[&nphie�u@�thpWYorf

�6|@fpo�fNorf�hpW�|~hwZ\u1f�hNu@��hjWY[�£�u�¥ [&kY[Gnp�1e�o�f��G|~}ghjlYnp[3��l�f�o�kY��|/kPlYZ'�I[&n
Nr � N

u@���­l�k��Uhjo�u1k�f
φn
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¸+k�|@�&�&lYn�|�hp[¬Z\ug�g[&�ªu@��hjWY[��g[&±1[&��u@}Yo�kY�/o�k6fih�|~�Yo���o�hie¤orf�u@�Yhj|~o�kY[3���Pe�|�/�|~��[&nj´Po�k�}Ynju~vi[3�Uhpo�u@k�u~�	hpWY[
o�k��&u@Z\}Ynj[Gfjf�o��Y��[�]+|H±Po�[&np²³cPhpu@´1[Gf%[GqFl�|�hjo�u1k�f	u�±@[GnºhpW�[�s ��� Z/ug�g[3f&©9VNWY[�np[3f�l��¯hjo�kY�¬��u�¥Tu@n��g[&n	Z\ug�g[&�
orf

ȧr(t) = (A′
r +A′′

r ) + (C ′
kr + C ′′

kr) ak(t) − Bksrak(t)as(t)
ar(0) = (u(x, 0),φr)

�i� �

¥�W�[&nj[�hpWY[ -to�k6fihj[&o�kyfplYZ\Z\|~hpo�u@k¡�&u@kP±@[Gk1hjo�u1k¹o�f+l�f�[3�¡|~k6��|~���ºhpW�[ fplY��fj��njo�}gh�fwnjlYk¹�­nju@Z
1
hpu
Nr

©
VNW�[N�&uP[�¶¤��o�[&kFhjf

A′′
r

Â
Bksr

|@k��
C ′′

kr

�Y[&njo�±1[��go�nj[G�Uhj��e��­nju@Z«hpWY[ /�|~��[&nj´Po�k }Ynju~vi[G��hpo�u@k u~�YhjWY[�]+|H±Po�[Gn�²
cPhpu@´1[Gf�[GqFl�|~hpo�u@k�fNu1kFhpu/hpWY[�s ��� Z\uP�Y[Gf�|~k6��|@np[��g[,$�kY[G���Pe

Bksr = (φk · ∇φs ,φr)

C ′′
kr = − (u · ∇φk ,φr) − (φk · ∇u ,φr) + (∆φk ,φr) /Re

A′′
r = − (u · ∇u ,φr) + (∆u ,φr) /Re
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¥�W�[&nj[
(·, ·) o�f�hpW�[��G|~kYu1kYor�&|~� l2 o�kYkY[Gn�}Ynjug�gl���h 3 hpW�[`hj[&njZ�f A′

r

|@k��
C ′

kr ak(t)
|~nj[`|@���g[G��o�k�u@n��g[&n

hju�Z\uP�Y[&�5hjWY[¤o�k1hj[&n�|@��hpo�u@k�u~��hpWY[�lYkYnj[Gfpu@��±@[G�<Z\uP�Y[Gf�¥�o�hpW#hjWY[¤nj[Gfpu@��±@[G�yu@k�[GfG©�VNWY[&e#|~�rf�u¹h�|~´1[
o�kFhpu�|@�G��u1lYkFh¬hjWY[�[�§R[G��h�u~��hpWY[�}Ynj[GfjfplYnp[\�gnju@}�|~��u@kY��hjWY[¤��W�|~k�kY[&�>©���eyf�[&h�hpo�kY�

A′
r = Ar − A′′

r|@k��
C ′

kr = Ckr − C ′′
kr

fpegfihj[&Z ��� � nj[G|@��f

ȧr(t) = fr(a1, ..., aNr
, Ar, Ckr) = Ar + Ckrak(t) −Bksrak(t)as(t)

ar(0) = (u(x, 0),φr)

�Dz �

)³k�±Po�[G¥ u@�%hpW�[¬u1n�hjWYu@�1u@k�|@��o�hie\u~��hpWY[�s ��� Z\ug�g[3f&ÂPhjWY[�o�kYk�[&n�}Ynjug�gl��Uh�u@�%hpW�[�o¯²>hpW¹f�k6|~}�fpWYu~h�|~k6�
hjWY[�np²>hpW·Z\ug�g[¤nj[&}Ynj[Gfp[&kFhjf�hpWY[�np[&�­[&nj[&k��&[�±H|@��l�[¤u~�+�&uF[&¶¤��o�[&kFh

ar(t)
��u1Z/}�lghp[3�·|�h'hjWY[�hjo�Z\[

ti
Â

hjW�|�h�orf
âr(ti) = (W(i),φr)

©�cPo�k6��[ hpWY[\f�k6|~}�fpWYu~h�f+u@�5hpWY[ £�u�¥«|@np[
N
ÂIhpWY[Gnp[ ¥�o����9�6[\|��gorfj��nj[�hp[

fp[�h�u@�
N
nj[��­[Gnp[Gk���[\±�|~��lY[3f��­u@n�[3|@��W·|~Z\}Y��o�hpl��g[

ar(t)
©��#[��&|@k#}6|@fjf¬�­npu1Z hpW�[��gorfp�&np[&hp[\hpu¡hpWY[

�&u@kFhpo�kPlYu@l6fwf�[&h�hjo�kY��o�k¡hpWY['hpo�Z/[ ±�|~njo�|@�Y��[��Pe¹�g[�$6kYo�k��
âr(t)

|@fwhpWY[/f�}Y��o�kY[�o�k1hj[&nj}6u1��|~hpo�kY��hjWY[ fp[�h
u@��}Iu@o�kFhjf {[t1, âr(t1)] , . . . , [tN , âr(tN )]} ©

t1 tN=Tt2

a (t)r

âr(t)

t

a ( )r 0

 	o��@lYnj[�z�19stnju~vi[G��hpo�u@k�±gf&©9}Ynj[G�gor�Uhjo�u1k

¸�h	hpWYorf9}Iu@o�k1h	hpW�[��&uF[&¶¤��o�[&kFhjf
Ar

Â
Ckr

�&|@k��I[��­u1lYk�� f�u+hpW�|~h�hjWY[�|@Z\}Y��o�hpl6�g[��&uP[�¶¤��o�[&kFhjf
ar(t)

Â
�&u@Z\}Ylghj[G�<�Fe¡fpu@��±Po�k�� �Dz � �D�Y|@fpWY[3�¡��o�kY[/o�k<hjWY[/fp´@[&hj��Wyu~�&$��1lYnj[/z � Âº|~nj[ |1f¬�&��uFf�[/|@f`}6uFfpfpo��Y��[ hpu
hjWY[���u1npnj[Gfp}6u1k��go�kY��nj[��­[Gnp[Gk���[�|~Z\}Y��o¯hjl��g[3f

âr(t)
�àfpu@��o�����o�kY[�o�k¤hpW�[�fp´@[&hj��W�u~�0$6�@lYnj[¬z � ©t{�[3�&|@����o�k��

hjW�|�h
T = tN

ÂghjWYo�fwu@�gvi[3�Uhpo�±@[�orfNnp[3|@��WY[3�¤�Pe�Z\o�kYo�Z/o5'&o�kY�/hpW�[��­lYk��Uhjo�u1k�|~�

∫ T

0

Nr∑

r=1

(ar(t) − âr(t))
2
dt
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l�k��g[&nwhpWY[��&u@k�f�hpn�|~o�kFhjf"�Dz � ©�VNWY[�}Ynj[&±Po�u1l�fN}Ynju@�Y��[&Z o�fw[GqFlYo�±H|@��[GkFh�hpu $�k��Yo�kY�\hjWY[�lYk6��u@k6fihjnj|@o�kY[3�
[&µPhpnj[&Z'l�Z,u~��hpWY[��­lYk6�Uhpo�u@k6|~��1

J =

∫ T

0

Nr∑

r=1

(ar(t) − âr(t))
2
dt+

∫ T

0

bk [ȧk(t) −Ak − Clkal(t) +Blskal(t)as(t)]dt.

¥�W�[&nj[
bk
o�f¬hjWY[/|@}Y}Ynju@}Ynjor|�hp[ �%|@�@n�|~kY�1[�Z'lY��hpo�}Y��o�[GnG© V%u�hpWYorf¬[&k��<hpW�[/±�|@kYo�fpWYo�kY��u@��hjWY[  �npm3��WY[�h

�Y[&njo�±�|�hjo�±1[GfNu@� J (ar(t), br(t), Ar , Ckr)
¥�o�hpW¹np[3f�}I[G��h�hpu¤|@���ºu@�	o�hjf+|~nj�@lYZ\[&kFh�fNZ'l�f�hw�6['o�Z\}Iu1fp[G�ª©

VNW�o�fN��[G|1�Yf�hpu\hjWY[��­u@����u�¥�o�kY�/u@}ghjo�Z�|@��o�hie¤}Ynju@�Y��[&Z
{
ȧr(t) = Ar + Ckrak(t) −Bksrak(t)as(t)

ar(0) = (u(x, 0),φr)

�go�nj[G��h�}Ynpu1�Y��[&Z � � �

{
−ḃr(t) = [Crk − (Blrk +Brlk)al(t)] bk(t) − 2 [ar(t) − âr(t)]

br(T ) = 0

|@�Hviu1o�kFh�}Ynju@�Y��[&Z � + �

{∫ T

0
br(t)dt = 0

∫ T

0
ak(t)br(t)dt = 0

u1}ghpo�Z�|~��o¯hie��&u@k��Yo¯hjo�u1k�f �D� �

¥�W�[&nj[`|~���Ru~�ªhjWY[�f�lY�6fp�&npo�}ghjf��@u'�­npu1Z
1
hju
Nr

©5VNWY[Gfp[`[3qFl�|�hjo�u1k�f�|@np[¬�gorfp�&np[&hpo5'&[G�¤¥�o¯hjW�| }�f�[Gl��gu��
fp}I[G�Uhjnj|@�F�&u@����ug�G|�hpo�u@k'Z/[&hpWYug� |~��u@kY�+hpWY[

t
|~µPorfG©�VNWY[��­lYk���hpo�u@k�f

ar(t), br(t)
|~k��

âr(t)
|~nj[�fj|~Z\}Y��[G�

|~h¤hpW�[
Nt

/�|@l�fpf�² �ºu@�6|�h�hju·}6u1o�kFh�f
ti = T/2 (1 − ξi)

¥�o�hpW
ξi = cosπ(i − 1)/(Nt − 1)

|~k��
i = 1, . . . , Nt

ÂGhjW�|�hºorf
air = ar(ti), bir = br(ti)

|@k��
âir = âr(ti)

©	¸wk�o�k1hj[&nj}6u1��|~hpo�u@k�orfº}I[&np�­u@njZ/[3�
hju\np[&hpnjo�[G±@[`hpWY[�±�|~��lY[3f�u~��hpWY[��­lYk6�Uhpo�u@k6fw|H¥�|He/�­nju@Z hpWY[�kYug�Y|@�º}6u1o�kFh�f

ti
ÂYZ\u1np[¬}Ynj[G��orfp[&��e

ar(t) ≈
Nt∑

j=1

ψj

(
1 − 2

T
t

)
ajr

br(t) ≈
Nt∑

j=1

ψj

(
1 − 2

T
t

)
bjr

âr(t) ≈
Nt∑

j=1

ψj

(
1 − 2

T
t

)
âjr

¥�W�[&nj[
ξ = 1 − 2 t/T

|~k6�
ψj(ξ)

|@np[�hjWY[ �%|~�1nj|@kY�@or|~k�o�k1hj[&nj}6u1��|~hpo�kY��}Iu@��ePkYu@Z\or|~�rfw��|1f�[3��u@k¡hpWY[
k�uP�Y[Gf

ξi
©5VNWY[+hpo�Z/[¬�g[&njo�±H|~hpo�±@[3f5u~�ªhjWY[ $�n�fih�hi¥�u�o�kFhp[Gnp}Iu@�r|�hj[G�/�­lYk���hpo�u@k�f�|�h�hpWY[`kYug�Y|~�6±�|~��lY[Gf�|~nj[

hjWY[&k

ȧr(ti) ≈ − 2

T

Nt∑

j=1

dψj

dξ

∣∣∣∣
ξi

ajr =

Nt∑

j=1

Dij ajr,

ḃr(ti) ≈ − 2

T

Nt∑

j=1

dψj

dξ

∣∣∣∣
ξi

bjr =

Nt∑

j=1

Dij bjr .

�à� �
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VNW�[��Yo¯§R[&nj[&kFhpor|�hjo�u1k¹Z\|~hpnjo¯µ��&|~k��I[��­u@lYk���o�k ! + " |~k���o�fN[3qFl�|~�ªhju

Dij = − 2

T

dψj

dξ

∣∣∣∣
ξi

= − 2

T





ci
cj

(−1)j+i

ξi − ξj
j 6= i

−1

2

ξi
1 − ξ2i

j = i 6= 1, Nt

2(Nt − 1)2 + 1

6
j = i = 1

−2(Nt − 1)2 + 1

6
j = i = Nt

¥�o�hpW
c1 = cNt

= 2
|~k��

c2 = · · · = cNt−1 = 1
©

VNWY[#u@}Yhpo�Z\|@��o�hie"��u1k��go�hpo�u@k �G|~k¢�I[#np[G¥�npo�h�hj[&k¢o�k¢hj[&njZ\f�u@��hpWY[�o�k1hj[&nj}6u1��|~hp[3� �­lYk���hpo�u@k�f¹|@f
�­u1����u�¥wf

∫ T

0

ak(t)br(t)dt ≈
Nt∑

i=1

Nt∑

j=1

aik Iij bjr

�>� �

¥�W�[&nj[`hjWY[�o�k1hj[&�1nj|@��f

Iij =

∫ T

0

ψi(ξ)ψj(ξ)dξ
¥�o�hpW

i, j = 1, . . . , Nt

|@np[w�G|~�r��lY�r|�hj[G�/�Pe'Z\[G|@k�f5u@� �%[&�1[&k��gnj[wqFl�|@�Ynj|~hplYnj[@©; �o�k�|@����e@Â1�Fe/±Po�nphpl�[�u~� �à� � |~k�� �Ú� � ÂF[GqFl�|~hpo�u@k�f
� � ²i� � |~nj[��go�fj��nj[�hjo('G[G��|@f��­u1����u�¥wf

a1r = ar(0) r = 1, . . . , Nr

Dijajr −Ar − Clrail +Blsrailais = 0 i = 2, . . . , Nt, r = 1, . . . , Nr

Dijbjr + Crsbis − (Blrs +Brls)ailbis − 2 [air − âir] = 0 i = 1, . . . , Nt−1, r = 1, . . . , Nr

bNtr = 0 r = 1, . . . , Nr

1i Iij bjr = 0 r = 1, . . . , Nr

aik Iij bjr = 0 k = 1, . . . , Nr r = 1, . . . , Nr

¥�W�[&nj[
1
o�fN|

Nt

²Ú�Yo�Z\[&k6f�o�u@k�|@�I|@npn�|He/u~�%u1kY[GfG©	VNW�[Gfp[¬|@np[
2NtNr +Nr +N2

r

|@���1[&�Yn�|~or��[GqFl�|~hpo�u@k�f
o�k�hpWY[

2NtNr +Nr +N2
r

lYk�´Fk�u�¥�k�fN|~k��¹|~nj[�f�u1��±1[G�¤¥�o�hpW�|/]w[G¥Nhpu@k¹Z\[�hjWYug��¥�W�o���W���u1kP±@[&nj�@[3f
n�|~}�o��g��e@©�VNWY[�kPlYZ �6[Gn

Nt

Z l�f�h��6[��r|~nj�@[/[&kYu1lY�@Wyhpu�}�npug�gl��&[�|��1uPuP�#�g[3fp�&npo�}ghpo�u@k#u~��hpWY[�W�o��1W
�­nj[GqFlY[Gk���e��I[&W6|H±Fo�u@n¬u~��hpWY[�|@Z/}���o�hpl��Y[\�&uP[�¶¤��o�[&kFhjfGÂ%�&u@k�fp[GqFlY[Gk1hj��e¹o�h�f�WYu1lY�r�<�I[\o�k��&np[3|@fp[G��¥�o�hpW
hjWY[�o�k���nj[G|1f�[¬u~�

Nr

©
VNWY[��­u@njZ\[&n/}YnjuP�&[G�gl�np[3f �G|~k��I[�o�kFhp[Gnp}�np[&hp[G�)|@f/|y�G|~��o���nj|~hpo�u@k·u~�+hpWY[¹Z\ug�g[&�Nu@kThpWY[¹�@o�±@[Gk

��|�hj|@��|@fp[@©
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� � �w* ��� � ����$%���'����� � ������������� �� ¤
���� �����������"�¹�����¦����$ª
	�
	��&����
��

VNW�[��­np[3qFlY[&k��&ey|@k��·|~Z\}Y��o¯hjl��g[¤u@�NhpWY[¤uFfp�&o����r|�hpo�u@k6f�u~�NhpWY[¤£�u�¥ o�k·hjWY[¤¥N|~´@[�|@np[¤�&u@Z\}Ylghj[G�·|�h
fp[&±1[&n�|~��±H|@��l�[Gf u~�whjWY[�{w[&ePkYu@�r�Yf kPlYZ'�I[&n/�6[&hi¥�[G[&k

60
|@k��

70
© -tµFhjnj|@}6u1��|~hpo�kY��hju#�¡hpWY[�¥�|@´@[

uFfp�&o����r|�hpo�u@k"|@Z/}���o�hpl��Y[y|@f�|��­lYk���hpo�u@k¢u@��hpWY[#{�[&ePkYu1���Yf�kPlYZ'�I[&n3Âwo�h�¥�|1f��­u1lYk�� hjW�|�h�² o�k"hpWY[
}�np[3f�[Gk1h��&u@k�$6�@lYn�|�hjo�u1k)² hpWY[y��njo¯hjo��G|~�w±�|~��lY[��­u1n¤hjWY[<u1k�f�[&h¤u~��}I[&njo�ug�gor�¹£�u�¥¦orf�|~}�}YnpuHµgo�Z�|�hp[G��e
Re = 57

©
�#[¡��u1k�f�or�g[Gn\|ykPlYZ\[&njo��G|~���Y|~hj|~�6|@fp[�u@�+hpW�[¹£�u�¥ �g[G±@[&��u@}�o�kY�#u@lYh\u@�+hjWY[¹lYk�f�hj|~����[1Â�f�hp[3|@�ge

fpu@��lghjo�u1k<|�h
Re = 66

©�¸w�Æhp[&n�o�kYo�hpor|~��o('3|�hpo�u@k<�­npu1Z np[3fih3ÂR¥�[/o��Y[&kFhpo��­e�hpW�[/fpePZ/Z\[&hpnjo�� $�[&�r�¡W6|H±Fo�kY�
Z\o�kYo�Z\|@��hpo�Z/[�nj[Gfpo��gl6|~�>Ât|@f'hpWY[¹fihj[G|1�ge�lYk�f�hj|~����[¹f�u1��lYhpo�u@kºÂtfp[&[ $��@lYnj[<�1©  Ynju@Z hpW�[&nj[�u@k%Â5hpWY[
� ]`c�o�k��gor�&|~hp[3fNhpW�|~h�hpWY[�hjnj|@k�fpo�[Gk1hw�r|@f�hjf�|@�6u1lgh 	1�/l�kYo¯h�f�u~�	hpo�Z\[@Â6lYkFhpo��ªhpWY['��o�Z\o¯h`�&eg����[�f�u1��lghjo�u1k
orf�|�hphj|@o�kY[3�ª©
� lYn o�kFhj[&kFh orf�hju<fpo�Z lY��|~hp[�hjWY[�o�kYo�hpor|~��}�|~nph u@�NhpWY[�hpn�|~k�fpo�[GkFh'u@njo��1o�k6|�hpo�kY�¹�­nju@Z hpWY[�fihj[G|1�ge@Â

l�k�fih�|~�Y��[�fpu@��lghpo�u@k�|�h
Re = 66

© ��[&�1o�k�kYo�k�� �­nju@Z�f�l6��W¹|�fpu@��lghjo�u1k¹|�fpo�Z'lY�r|�hjo�u1k��r|@f�hpo�kY��+1�\l�kYo¯h�f
u@�thpo�Z\[\¥�|1f+}I[&np�­u@njZ\[G�ª©'¸ Z\ug�g[&�5��o�´1[�hjWY[\u@kY[/u~��[3qFl�|�hjo�u1k �Dz � �G|~ky�6[��g[3�gl���[3���­nju@Z fpl���Wy|
��|�hj|@��|@fp[@ÂH¥�o�hpW'hpWY[�lYkY´PkYu�¥�k�f

Ar, Ckr

�&|@���&lY�r|�hp[3�'|1�&��u1nj�Yo�kY�whpu`hpWY[�}YnjuP�&[G�gl�np[��g[Gfj��njo��I[G�'|~�Iu�±@[@©
VNWY[�kFl�Z'�I[&n'u@��s ��� Z\ug�g[3f�l�fp[G�#�­u1n�hpWY[�Z\uP�Y[&��orf

Nr = 4
Â�¥�W�o���W·ePo�[&�r�Yf�hjWY[��­u@����u�¥�o�kY�

[Gnpnju@n�o�k�hj[&njZ�fNu~�9np[3��u@k6fihjnpl���hp[3��£�u�¥ [&kY[Gnp�1e91

1

N

N∑

i=1

‖W(i) − ∑Nr

n=1

(
W

(i),φn

)
φn‖

‖U(i)‖
= 0.005.%

)³k  �o���© � �D| � hjWY[`fpu@��lghjo�u1k¤u~�ªhjWY[+Z\ug�g[&�Io�k�hp[GnpZ�f�u~�ªhpW�[whpo�Z\[+[G±@u@��lghjo�u1k�u~�ªhpW�[`��uP[&¶��&o�[GkFhjf
ai(t)

 	o��@lYnj[ � 1��à| � s�np[3�go���hpo�u@k u~�YhjWY[�Z\ug�g[G�P�G|~��o���nj|~hp[G���I[�hi¥�[&[Gk �¬|~k��.+1��hjo�Z\[�lYkYo�hjf9u@�ghpWY[�hpn�|~k6f�o�[&kFh�1
�&u@Z\}�|@nporf�u1k¤�I[�hi¥�[&[&k�hpWY[�Z\ug�g[�|~Z\}Y��o¯hjl��g[3fNu~�%Z\ug�g[&�ªo�kFhp[G�@n�|�hpo�u@k �àfpu@��o�����o�kY[3f � |~k6��hpW�[¬}�npu@vi[G�U²
hjo�u1k<u@�5hpWY[/kPlYZ\[&njo��G|~�9f�o�Z'lY�r|�hjo�u1k¡u�±@[GnwhjWY[���u@njnj[Gfp}6u1k��go�kY��Z\uP�Y[Gf �à�&o�n�����[Gf � ©��­� � �%u@�F|~njo¯hjWYZ u@�
hjWY[�|~��fpu@��lghp[¬±�|~��lY[¬u~�ºhjWY[`��o��ÆhNo�k¤hjWY[¬hpn�|~k�fpo�[&kFh�nj[&�1o�Z\[ �àfpu@��o�����o�kY[ � |~k6��| ��o�kY[ �à�Y|1f�WY[3� � u~��fp��u1}6[
Re(λ1)/Tref
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orf��&u@Z\}�|~nj[G�<hpu¡hpWY[¤nj[��­[Gnp[Gk���[�]`|H±Fo�[&np²icFhpu1´@[Gf�fpu@��lghpo�u@k�}Ynju~vi[3�Uhj[G�#u�±@[Gn�hpWY[�s ��� Z\uP�Y[GfG©�VNWY[
Z\ug�g[G�ªo�fw|@�Y��[`hju�[�µY|@��hp��e¤nj[&}Ynjug�gl���[`hpW�[��gePk�|~Z\or�&fNu~�	hpW�[��&u@k�fpor�g[&nj[G��}�|~nph�u~�	hpWY[¬hjnj|@k�f�o�[&kFh3©

)³k�}6[Gn��­[3�Uh�|~k�|@��u1�@e\¥�o�hpW�¥�W�|�hNu@kY[¬¥�u@lY�r���gu/o�k�|/fih�|~�Yo���o�hie¤f�hpl��ge�l�f�o�kY�\|��­l����ªu1nj�g[Gn�Z\ug�g[G�DÂ
¥�[¤��u1Z\}Ylghp[¤hpWY[¤�1npu�¥NhjW�nj|~hp[�u~�NhjWY[�|~�6f�u1��lghj[�o�k6fih�|~�Yo���o�hie<l6f�o�kY�¡[3q1l6|�hpo�u@k �>z � ©�VNWY[�[GqFl�|�hjo�u1k
orf���o�k�[G|~njo5'&[G��|@�6u1lgh�hpWY[�[GqFlYo���o��Ynjo�lYZ fih�|�hj[

ar(0) = 0
¥�o¯hjW

r = 1, . . . , Nr

¥�WYo���W·�&u@njnp[3f�}Iu@k���f
hju¤hjWY['lYk6fih�|~�Y��[ fpu@��lghpo�u@k<u~�5hpW�[ f�hp[G|1�ge�]+|H±Po�[&np²³cFhju@´1[GfN[GqFl�|~hpo�u@k�fw�­u@n

Re = 66
© -5µg}�|~k��Yo�kY�

fr|1f�|¹}6u�¥�[&n�fp[&njo�[Gf�|~�Iu@lYh�hpWYorf�[GqFlYo���o��Ynjo�lYZb}Iu@o�kFh |~k��ykY[G�@��[G�Uhjo�k��¹hpWY[¤fp[G�&u@k��#u@n��g[Gn�hp[&njZ�f�u@kY[
u1�ghj|@o�k6f,1

ȧr(t) = fr(0, Ar, Ckr) + Jrj aj(t)
¥�WY[&nj[

Jrj = (∂fr/∂aj)0 = Cjr

©& Ynju@Z
ȧr(0) ' 0

o�h
�­u1����u�¥wf+hpW�|~h

Ar ' 0
3 hjWYorf¬�à|@�Uh�orf���u@k $�npZ\[3��kPlYZ\[&njo��G|~����e¡fpo�k6��[ hpWY[���uP[&¶��&o�[GkFh

Ar

�­u@lYk��yorf`u@�
u1nj�Y[&n

10−4 ©t¸`fw|/np[3f�lY��h fr(0, Ar, Ckr) ' 0
ÂYfpu hjW�|�h�hjWY[���o�kY[3|~njo('G[G��fih�|�hj[¬[3qFl�|�hjo�u1k�nj[G|1�Yf

at(t) = J a(t).
�D� �

VNW�[�fpu@��lghjo�u1k�orf
a(t) = Q exp (Λt)Q−1a(0)

� 	 �
¥�o�hpW

a(t) = [a1(t), . . . , aNr
(t)]

T Â
Λ
hpWY[

Nr ×Nr

�gor|~�@u1k�|~��Z\|~hpnjo¯µ¤�&u@njnp[3f�}Iu@k��Yo�kY��hju�hjWY[`[Go��1[&kg²
±�|@��lY[3f5u~�

J = {Jrj}1≤r,j≤Nr

|~k��
Q
hjWY[

Nr×Nr

Z�|�hjnpo�µ'¥�WYuFf�[w�&u@��lYZ\k�ft|~nj[�hpWY[`��u@njnj[Gfp}6u1k��go�kY�
njo��@WFh�[Go��1[&kP±@[3�Uhpu1njfG©ºVNWY[�kFl�Z/[Gnpor�&|@�1±�|@��lY[3f�|@np[

λ1 = 0.03+0.74i
Â
λ2 = 0.03−0.74i

Â
λ3 = −0.16

Â
λ4 = −0.09

|@k��

Q =




0.71 0.71 −0.10 −0.02

−0.00 + 0.70i −0.00− 0.70i −0.03 −0.10

−0.00− 0.00i −0.00 + 0.00i −0.32 −0.92

−0.00− 0.00i −0.00 + 0.00i −0.94 −0.37




¥�o�hpW
i =

√
−1
©5VNWY[Gnp[¬|~nj[�hi¥�u'��u1Z/}���[&µ��&u@k�vil��1|�hj[w[&o��@[GkP±H|@��l�[Gft¥�o�hpW�}6uFf�o�hpo�±@[`np[3|~��}6|~nphGÂ

λ1
|~k6�

λ2
©5VNWY[+[&o��@[&kP±1[G�Uhju@n�f9}6[Gn�hjo�k�[&kFhthpu

λ1
|~k��

λ2
|~nj[9vil�f�h�hjWY[ $�n�fih�hi¥�u�s ��� Z\uP�Y[Gf��à¥�o¯hjW�|�}YW6|@fp[

fpWYo��Æh�u~�
π/4

� © �y[+�&u@k��&��l6�g[NhpW�|~h5hpWY[+u@kY��e�lYk�f�hj|@�Y��[wZ\uP�Y[Gf5nj[&�r|�hjo�±1[�hju�hpWYorf9£�u�¥ |~nj[Nnp[G}Ynj[Gfp[&kFhp[3�
�Pe`hpWY[ $�n�fih	|~k���fp[G�&u@k���s ��� Z\ug�g[GfG©;)Úh�orf%o�kFhp[&nj[Gf�hpo�kY��hjuwnj[&Z�|~nj´+hjW�|�h�hpWY[�o�Z�|@�@o�k�|~nje+}�|@n�h�fºu@�

λ1|@k��
λ2
��u1npnj[Gfp}6u1k��'hpu�|�kYu1kg²Ú�Yo�Z\[&k6f�o�u@k�|@�g�­nj[GqFlY[&k6��e'u@�

Im(λ1)/(2π) = 0.119
¥�WY[&nj[G|1f	hpWY[+kYu@kg²

�Yo�Z\[&k6f�o�u@k�|@�ª±@u1n�hj[�µ�fpWY[G���go�k��\�­np[3q1l�[&k��&e¤u~�	hpWY[��­lY����e��Y[&±@[G��u1}6[3��£�u�¥ orf
0.124

©t^wk�fplYnj}Ynjo�fpo�k��@��e@Â
hjWY[��@nju�¥NhpW)nj|~hp[¹u~�`hpWY[�o�k�f�hj|@�Yo���o�hie�orf\±@[&nje��&��uFf�[�hpu#hjW�|�h¤}Ynj[G�Yo���hp[G�)�PeThjWY[�np[3|~�N}�|@n�h¤u@�

λ1
Â

|1f\o�����l�fihjnj|~hp[3��o�k  �o���© � �­� � © �#[¡��u@k6����l��g[�hpW�|~h�hpWY[�Z\uFfih¤[GkY[&nj�@[&hpor��l�k�fihj[G|1�geTs ��� Z\ug�g[3f&Â
[&µPhpn�|@�Uhj[G�¹�­nju@Z | � ]`c<u~�thjWY[/hpn�|~k�fpo�[GkFh¬f�hj|�hj[@Âª�1o�±1[ |�np[G��or|~�Y��[/np[G}Ynp[3f�[GkFhj|�hjo�u1k�u~�thjWY[�|~��fpu@��lghj[
o�k�f�hj|@�Yo���o�hie¤u~�	hpWYorfN£�u�¥�©

)³kTu1nj�Y[&n�hju<|@fjf�[3fpf�hpWY[��&|~}6|~�Yo���o�hie#u~�NhpWY[�s ��� ²
/�|@��[Gnp´Po�k#Z\ug�g[G��hju¡�@o�±@[¤�1uPuP��}�np[3�go���hpo�u@k�f
[G±@[Gk��­u1nNhpo�Z/[3f���u@kY�1[&n�hpW�|@k�hpWYuFf�[�lY}Iu@k¹¥�WYor��W�hpWY[�Z\ug�g[&�ª¥N|@fN��lYo���hGÂ6|/hpo�Z/[�o�kFhp[G�@n�|�hpo�u@k�u~�	hpWY[
Z\ug�g[G�	o�hjfp[&����W�|1f+�I[&[Gky}I[&np�­u@njZ\[G���I[&e1u@k��

t = 40
|@k��¡l�}¡hpu�|¤hjo�Z\[/u~�+�3�@��ÂI�&u@njnp[3f�}Iu@k��Yo�kY�¤hpu

hjWY[ �­lY����e¡�g[G±@[&��u@}I[G��£�u�¥�©�VNWY[ |@Z/}���o�hpl��Y[Gf�f�u@²Ú�&u@Z\}Ylghj[G��W6|H±@[��I[&[Gky��u1Z\}�|~nj[G�¹hju¤hjWY[ }�npu@vi[G�U²
hjo�u1k�f�u@�NhpWY[�£6u�¥ fpk�|~}6f�WYu@hjf�h�|~´1[&k��­nju@Z hjWY[�o�kFhp[G�@n�|�hpo�u@k#n�|~kY�1[�u@kFhpu¹hjWY[¤�@o�±@[Gk·s ��� Z\ug�g[3f&©
VNW�[�fpk�|~}6f�WYu@hjf �6[&hi¥�[G[&k�hpWY[�hpo�Z\[�lYk�o¯h�f +1�<|@k��"�3�@�<|@np[�np[3��u1k�fihjnpl6�Uhp[3�·�Pe#hpWY[¹s ��� Z\ug�g[Gf
nj[&��[&±�|@k1h�hju¤hjWY[�o�k1hj[&nj±�|~���~²�+F�\¥�o¯hjW<|~k¡|H±1[&n�|~�1[`[Gnpnju@n�u@��|~�Iu@lgh¬����© )³k  	o��6©�+ �D| � |���u@Z\}�|@nporfpu@k
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orf�fpWYu�¥�k��6[&hi¥�[G[&k�hjWY[�$�n�fih/|~Z\}Y��o¯hjl��g[��&uF[&¶¤��o�[&kFh�np[3f�l��¯hjo�kY�¹�­nju@Z Z\ug�g[&��o�kFhp[G�@n�|�hjo�u1k#|@k��#hpWY[
�&u@njnp[3f�}Iu@k6�go�k��¡np[&�­[&nj[&k��&[�|~Z\}Y��o�hpl��g[¹u1�ghj|@o�kY[3�·�Pe·}Ynju~vi[G��hpo�u@kº©�¸ }6[Gn��­[3�Uh¤|~�1np[G[&Z\[&kFh'�I[�hi¥�[&[Gk
}�np[3�go���hpo�u@kT|@k��·}Ynju~vi[3�Uhpo�u@k·o�k�fpo��Y[�hpWY[�s ��� [�µPhpn�|@��hpo�u@k·o�kFhp[&nj±�|~���à�g[GkYu~hj[G�·¥�o�hpW

TPOD

o�k�hpWY[
$6�@lYnj[ � o�f�u@��fp[&nj±@[3�ª© � lghjfpo��Y[+u~�%hpWYorf�n�|~k��@[@Â1hpW�[¬fpu@��lghpo�u@k�o�f�|@�G��lYn�|�hj[&��e [&µFhjnj|@}6u1��|~hp[3�\�­u@nNf�[G±@[Gnj|@�
fpWY[3�Y�go�kY�'��eg�&��[3f&ÂF�Ylgh��­u@n���|@np�1[&n5hjo�Z\[GfN|�fp��o��1W1h�}YW�|1f�[+�Ynpo��ÆhN|1ft¥�[&���I|1f�|@k¤[&njnpu1nto�k�hpWY[`u1fj��o����r|�hjo�u1k
|@Z\}Y��o�hpl6�g[N}Ynp[3�gor�Uhpo�u@k o�f	nj[&Z�|~nj´@[3�ª© � kY[��G|~k'k�u~hpor��[1Â~WYu�¥�[&±1[&n3Â&hjW�|�h9hpW�[�Z\ug�g[G�go�f9|~����[�hpu¬}Ynj[G�gor�Uh
hjWY[¤��[&kY�@hpW·u@��hjWY[¤hjnj|@k�fpo�[Gk1h3Â	|1f��Iu~hpWThpWY[��&u@Z\}Ylghj[G�·|@k��#hpWY[�}Ynju~vi[G��hp[3�#|@Z\}Y��o�hpl6�g[Gf fp|~hplYn�|�hj[
o�k�|~}Y}YnjuHµgo�Z�|~hp[&��e�hpWY[�fj|~Z\[/hpo�Z\[@©\VNWY[�|~�Iu�±@[/}Ynpug�&[G�glYnj[/W�|@f¬�I[&[&k#nj[&}I[G|�hj[G�y�Pe�[�µPhpn�|@��hpo�kY��|
s ��� ��|1f�['�­npu1Z |¤�Y|�h�|~��|1f�['u~�w�,+P��fpk�|~}�fpWYu@hjfw�I[�hi¥�[&[Gk�hpW�['hjo�Z\['o�k�f�hj|@k1h�f¬z@�Y© +�|~k6� � �Y© ��Â6|~k6�
�Pe#�&|~��o��Ynj|~hpo�kY�¡|��­u@l�n'�go�Z/[Gk�fpo�u1k�|~�ts ��� ²=/�|~��[&nj´Po�k�Z\ug�g[&��u�±@[&n�hjWY[�fj|~Z\[\hpo�Z\[¤o�k1hj[&nj±�|~�>©�VNWY[
nj[GfplY��hjf`�g[&}Yor�Uhj[G�<o�k  �o���©9+ �à� � |~nj['qFlYo¯hj[ fpo�Z\o���|@n+hju¤hjWY[ }�np[G±Fo�u@l6fwu@k�[GfGÂIfpWYu�¥�o�kY��hpW6|�h¬hpWY[\fp|@Z\[
|@Z\u@lYkFh�u~�	o�kg�­u1npZ�|~hpo�u@k��G|~k��6[��G|~}ghjlYnj[G���Fe¤hj|~´Po�kY�\f�k�|@}�fpWYu~h�f��­nju@Z | k6|~njnpu�¥ hjo�Z\[�o�k1hj[&nj±�|~�ªo�k
hjWY[ $�n�fih�}�|@n�h�u@��hjWY[�hpn�|~k�fpo�[&kFhG©

����� �����  ���	� �
�#����� �
� ���
�  �"#� ��������� ������ �

�%[�h�l�f�kYu�¥ ��u@Z\}�|@np[<hpWY[yZ\u1f�h�lYk6fih�|~�Y��[<Z\ug�g[<u1�ghj|@o�k�[G�¢�Pe;hpW�[y|~�Iu�±@[<np[3�gl���[3�¢Z\ug�g[&�`hpu
hjWY[�u1kY[¤u1�ghj|@o�kY[3���Pe<hjWY[�Z\[�hjWYug�·}Ynju@}Iu1fp[G��o�k ! �G� " Â9¥�WY[&nj[�hpW�[¤�­lY����u1nj�Y[&n�}Ynju@����[GZ�Â ���4�
� hpWY[
o�k��&u@Z\}Ynj[Gfjf�o��Y��[¬]`|H±Fo�[&np²icFhpu1´@[Gf�[3q1l6|�hpo�u@k6f&Âg��o�k�[G|~njo5'&[G��|~�Iu@lYh�hjWY['f�hp[3|@�ge¤l�k�fih�|~�Y��[�f�u1��lYhpo�u@k

U
Â�o�f

l6f�[3�ª©5V%u hpWYorf�[&k�����[�h
L
�Y[&kYu@hp[`hpWY[���o�kY[3|~njo('3|�hjo�u1k¤u~�ºhjWY[�]+|H±Po�[Gn�²icFhju@´@[3f��gorfj��nj[�hpo5'G|~hpo�u@k¤u1}6[Gnj|~hpu1n

o�k¡fp}�|@�&[@ÂYu1k���[�hjWY[�o�k6��u@Z\}Ynj[Gfjfpo��Yo���o¯hie���u@k6fihjnj|@o�kFh�o�f`fp|~hporf=$6[G�ª©�VNWY[�np[3f�l��¯hjo�kY�¤fp[&Z\or�gorfp�&np[&hpo5'G|�hjo�u1k
±�|@��or��o�k�hpWY[�±Por��o�kYo�hie�u~�

U
�&|@k��I[�¥�njo¯hphp[&k�|1f

ψt = Lψ
�i�3� �

¥�W�[&nj[
ψ(t) = U(t) − U

o�f |���u@��lYZ\k·±@[3�Uhju@n�¥�WYor��WT��u1kFhj|~o�k�f�hjWY[¤�1npor�#±H|@��l�[Gf�u@�NhpWY[¤±1[&��ug��o�hie
�&u@Z\}Iu@kY[Gk1h�f�|~njnj|@kY�@[3��¥�o�hpW�hpW�[¤fp|@Z/[\njlY��[Gf�|@f¬hjWY[&e#|~nj[\u@nj�1|~k�o('G[G�¡o�k#hpWY[¤fpk�|@}�f�W�u~hjf¬±1[G�Uhju@n�f&©
VNW�[��go�Z\[Gk�f�o�u@k6fNu~�

ψ
|@k��

L
|~nj[

2M × 1
|~k��

2M × 2M
nj[Gfp}6[3�Uhjo�±1[&��e@Âg¥�o�hpW

M
hjWY[�kPlYZ'�I[&nwu@�

�1npor��}6u1o�kFhjfG©5VNWY[�fpu@��lghpo�u@k�u~�9[GqFl�|~hpo�u@k ���G� � �&|~k��I[�¥�npo�h�hj[&k

ψ(t) = P exp (Σt)P−1ψ0

���@� �
¥�W�[&nj[

ψ0

orf'hpWY[�o�k�o¯hjo�|@���&u@k��go�hpo�u@kT�&u@njnp[3f�}Iu@k6�go�k��¹hpu¡hjWY[�f�hp[3|@�ge�lYk6fih�|~�Y��[�fpu@��lghpo�u@k%Â
Σ
orf'hpWY[

�Yo�|@�@u@k6|~�IZ\|~hpnjo¯µ���u@kFh�|~o�kYo�k��'hjWY[�[&o��@[&kP±�|~��lY[3f�u@�
L
|@k��

P
o�f�hjWY[�Z�|�hpnjo�µ¤¥�WYu1fp[���u@��lYZ\k�fN|~nj[¬hpWY[

�&u@njnp[3f�}Iu@k6�go�k��'[&o��@[GkP±@[G��hpu1njf�f�l6��W�hjW�|�h
LP = PΣ

©
� [&kYu@hp[¡�Pe

Φ
hpWY[¡Z�|~hpnjo¯µ;¥�WYu1fp[¹�&u@��lYZ\k�f¤|@np[¹hjWY[¡s ��� Z/ug�g[3f�nj[�hj|@o�k�[G�;o�k hjWY[¡Z\ug�g[&�>Â

|@npn�|~k��@[G�To�k;±@[3�Uhpu1njf/¥�o�hpW)hpWY[¡fj|~Z\[�npl���[3f�|@f/hpW�u1fp[��PeT¥�WYor��W)hpWY[¡]`|H±Fo�[&np²icFhpu1´@[Gf f�u1��lYhpo�u@k;o�f
|@npn�|~k��@[G�¹o�k

ψ
© �#[/W6|H±@[

Φ
T
Φ = I

�­u@n¬hpWY[\u1n�hjWYu@kYu1npZ�|@��o�hie�u@��hjWY[\s ��� Z\uP�Y[GfG© �º[&h
a(t) =

[a1(t), . . . , aNr
(t)]

T |~k��
ψ̃(t) = Φa(t)

Â9hpWY[Gk·[GqFl�|�hjo�u1k �D� � }�np[GZ'lY��hpo�}Y��o�[3�·�Pe
Φ
nj[G|1�Yf

ψ̃t '
ΦJΦ

T ψ̃
3 �Fe¡�&u@Z\}�|@npo�kY��hpWYorf�[GqFl�|~hpo�u@k#¥�o¯hjW ���G� � hjWY[\[Gf�hpo�Z\|~hp[

L̃ = ΦJΦ
T �­u@n¬hpW�[���o�kY[G|@npo5'&[3�

]`|H±Po�[Gn�²icFhpu1´@[3f�u@}I[&n�|�hju@n
L
orfw�­u1lYk��ª© � k¡hpWY[\u~hjWY[&n¬W�|@k��ªÂR�Pe¹�&u@k�f�hpnjl���hpo�u@kºÂR¥�['W�|H±1[�hpW6|�h

J =
Φ

T
LΦ

©
VNWY[¹fpu@��lghpo�u@k)u~�whjWY[¹��o�kY[G|@npo5'&[3�·��u�¥N²>u1nj�g[Gn'Z\ug�g[&�N[3q1l6|�hpo�u@k ��	 � Z�|�h���WY[Gf [�µY|1�Uhp��e�hpW�[�}Ynju~²

vi[3�Uhjo�u1kyu@��hpW�[\]`|H±Po�[Gn�²icFhpu1´@[3f`�Y|~hj|�u�±@[Gn+hjWY[�s ��� Z\ug�g[Gf��  �o���© � � © 6w[Gk���[1Â%o�h��G|~k#�6[\l�fp[G�<hpu
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 	o��@lYnj[ +�1ºstnj[G�Yo���hpo�u@k/u�±@[&n�hpW�[�¥�W�u@��[�hjnj|@k�fpo�[Gk1h9u~��hpWY[�Z\ug�g[&�Y�G|~��o���nj|~hp[G��u@k hpWY[�hpo�Z\[Nnj|@kY�@[N��² +1��1
�D| � �&u@Z\}�|@nporf�u1k��I[�hi¥�[&[Gk�hpWY[ $�njf�hwZ\ug�g['|~Z\}Y��o�hpl��g[��­npu1Z Z\ug�g[&��o�kFhj[&�@n�|�hjo�u1k

a1(t)
�ÆhjWYor��´���o�k�[ �

|@k���kFl�Z/[Gnpor�&|@�ªf�o�Z'lY�r|�hjo�u1k
â1(t)

�ÆhpW�o�k¹��o�kY[ � |~k��
�à� � hpWY[Go�nw�Yo¯§R[&nj[&k��&[��à�Y|1f�WY[3����o�kY[ � ©5stnp[3�gor�Uhpo�u@k
u�±1[&n%hpWY[�¥�WYu@��[�hpn�|~k�fpo�[GkFh�u~��hpWY[�Z\uP�Y[&�Y�&|@��o��Yn�|�hj[G��u1k�hpWY[�hjo�Z\[�nj|@kY�@[Nz~�Y© + � � �Y© ��1��à� � ��u@Z\}�|@nporfpu@k
�I[�hi¥�[&[Gk¡hjWY[ $�njf�h�Z/ug�g[\|~Z\}Y��o�hpl��g[/�­nju@Z Z\ug�g[&�9o�kFhp[&�1nj|~hpo�u@k

a1(t)
�ÆhpW�o���´¡��o�kY[ � |~k6�¡kPlYZ\[&njo��G|~�

fpo�Z'lY�r|�hjo�u1k
â1(t)

�ÆhjWYo�k���o�k�[ � |~k�� �à� � hpWY[Go�n��go�§R[&nj[&k��&[ �D�Y|@fpWY[G����o�kY[ � ©
TPOD

orf�hpWY[`hpo�Z\[¬o�kFhp[Gnp±�|~�
¥�W�[&nj[`hjWY[�s ��� |@np[¬[�µPhjnj|1�Uhp[3�

[3fihjo�Z�|~hp[¬hpWY[�fpu@��lghjo�u1k�o�k�hpWY[�}YWPegfpo��G|~�ºfp}�|@�&[`�Pe�¥�njo�hpo�kY�

ψ̃(t) = Φa = ΦQ exp (Λt)Q
−1

Φ
Tψ0

���3z �
�#[�nj[G�&|@���FhjW�|�h

λ1
|~k��

λ2
W�|H±@[�}6uFf�o�hpo�±@[Nnj[G|@�g}�|~npht|~k��'hpWY[w�&u@njnp[3f�}Iu@k6�go�k��+lYk�f�hj|@�Y��[�[Go��1[&kP±@[3�Uhju@n�f

ug�G��lY}PeThjWY[ $�n�f�h�hi¥�uT�&u@��lYZ\k�f�u~�
Q
©¨¸��&��u1nj�Yo�kY�1��e1Â�¥�[¡|@fjfplYZ\[¹hpW�|~h¤hpWY[<[&o��@[&kP±�|~��lY[3f\¥�WYo���W

�&u@njnp[3f�}Iu@k6�\hpu/hpW�[¬}�WFegfpo��G|~�ª|~�6f�u1��lghj[&��e�lYk�f�hj|@�Y��[�Z\ug�g[�|~nj[
σ1
|~k��

σ2
�
Re(σ1,2) > 0

� ¥�o¯hjW�hpWY[
}�WFegfpo��G|~�RlYk�f�hj|@�Y��[�[&o��@[&kP±1[G�Uhju@n�f�|@npn�|~k��@[G�¤o�k�hpW�[ $�njf�hNhi¥�u��&u@��lYZ\k�fNu~�

P
©
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�%[�h\l�f �Y[&kYu@hp[�¥�o�hpW
P
|~k��

P
? hjWY[�fplY�YZ�|~hpnjo��&[Gf��­u1npZ\[3�·�Pe�hpWY[ $�njf�h'hi¥�uy�&u@��lYZ\k�f u~�

P|@k��)�Fe�hpWY[<$6njf�h\hi¥�u�nju�¥wf u@�
P
−1 nj[Gfp}I[G�Uhjo�±1[&��e@©¢cPo�Z\o��r|~nj��e1Â���[�h¤l6f¤�g[&k�u~hp[¹¥�o�hpW

Q
|@k��

Q
?

hjWY[�fplY�YZ�|~hpnjo��&[Gf��­u1npZ\[G���PeyhpWY[ $�n�fih�hi¥�u<�&u@��lYZ\k�f�u@�
Q
|@k����Pe#hpWY[�$6njf�h'hi¥�u�npu�¥wf�u~�

Q
−1 Â

nj[Gfp}I[G�Uhjo�±1[&��e@©
VNWY[GkºÂN�PeT[GqFl�|@����o�k��yhjWY[�}YWPegf�or�&|@�wf�u1��lYhpo�u@k �i�@� � hpu�o�hjf�nj[G�&u@k�f�hpnjl��Uhjo�u1k ���3z � Â�|��Æhp[Gn�W�|H±Po�k��

k�[&�@��[G��hp[3�¤hjWY[��g[G�&np[3|@fpo�k�� [&µP}Iu@k�[&kFhpor|~�rf&Âgo�h��­u@����u�¥wf�hjW�|�h

P

[
eσ1t 0

0 eσ2t

]
P

?ψ0 = ΦQ

[
eλ1t 0

0 eλ2t

]
Q

?
Φ

Tψ0.

cgo�k��&[
σ1,2 = λ1,2

ÂI¥�['u1�ghj|@o�k
P = ΦQ

|@k��
P

? = Q
?
Φ

T © )³k<u@n��g[&n+hpu��1o�±1[ |��@n�|~}YWYor�&|@�%nj[&}g²
nj[Gfp[&kFh�|�hpo�u@k�u~��hpWY[�nj[G�&u@k�f�hpnjl��Uhj[G��}YWPePfpor�&|~�RlYk6fih�|~�Y��[�[&o��@[GkF±1[G��hpu@n�¥�[¬W6|H±@[��gnj|H¥�k�o�k $��1lYnj[�� �­� �
hjWY[�Z\ug�glY��l�fwu@�9hpWY[ $�njf�h+��u1��l�Z/k�u@�

P
© )Úh`o�f+o�kFhp[Gnp[3fihjo�k��\hpu¤Z�|~´1[�|¤��u1Z\}�|~njo�fpu@k�¥�o�hpW�hjWY[�nj[G|~�

l�k�fih�|~�Y��['[Go��1[&kP±@[3�Uhju@n�u@�Yhj|~o�kY[3���Pe¹fpu@��±Po�k��\hpWY[/[&o��@[GkY}Ynju@�Y��[&Z¦|@fjf�ug�&o�|~hp[G��hju¤hpW�[��­lY���9��o�kY[G|@npo5'&[3�
]`|H±Po�[Gn�²icFhpu1´@[3fwu@}I[&n�|�hju@n

L
©'VNW�[/kPlYZ\[Gnpor�&|@��±�|~��lY[ �­u@n¬hpW�[/�r|�hphp[Gn¬�g[G}Yor�Uhp[3�<o�k $��@lYnj[/� �à| � ÂªW�|H±1[

�I[&[Gk·´Po�k��Y��ey}Ynpu�±Por�g[G�y�Pe  	�r|H±Fo�u /¬or|~kYkY[&h�hjo�¥�WYu�W�|1f�np[G}6[3|�hj[G�y�­u@n�hjWY[��&lYnpnj[&kFh��1[&u@Z\[&hpnje�hpWY[
fj|~Z\[�´Fo�k�� u~�6�G|~�r��lY�r|�hjo�u1k�}I[&np�­u@njZ/[3��o�k W�o�f	¥�u@nj´¬¥�o�hpW s5|~u@��u �ºl���WYo�kYoF�­u@n�hpW�[N�G|@fp[�u@��hpW�[��&o�n���lY�r|~n
�&eP��o�k��g[Gn ! �3� " ©�VNWY[¤|@�@nj[&[&Z\[Gk1h�orf�fj|�hporf��à|@�Uhju@nje@Â%�&u@k�$6npZ\o�kY�¹hpWY[�±H|@��or�go�hie<u@��hjWY[¤s ��� ²
/�|@��[Gnp´Po�k
|@}Y}Ynju1|1��W¤o�k�hjWY[�fihjl��ge�u~�%hjWY[�f�hj|~��o���o¯hie1©

� � �w* ����� ����$���������� � �������&����� �� )
%�9����$ ���N�9$%��� �  ����	�������¹�w*

)³k�hjWYo�f+f�[3�Uhpo�u@k�¥�[`�­ug�&l�f�u@k�hpW�[���W�|~kY�1[Gf�hju/�I[�Z�|@�g[�o�k�hpWY[�s ��� ²=/�|~��[&nj´Po�k�Z\uP�Y[&�ºo�k¹u@n��g[&n�hpu
u1�ghj|@o�k�|�}�npu1}6[Gn+f�o�Z'l���|~hpo�u@k¹u~�9hpW�[�£�u�¥¨|~nju@lYk6��hjWY['fjqFl�|~nj[���eP��o�k��Y[&n+¥�W�[&k��Y��u�¥�o�k�����fpl���hpo�u@k�o�f
}I[&np�­u@njZ\[G��|@��u1kY��hpW�[ ��W�|@kYkY[&�	¥N|~����fG©wVNWY['±1[&��ug��o�hie�|@��u1kY��hpW�['¥N|~����f+o�f`[&±1[&njeF¥�W�[&nj[�'&[&nju¤[&µg�&[&}gh
�­u1nthi¥�u�u@}�}6uFf�o�hp[+fp[&�1Z\[&kFhjf�kY[�µPh�hju�hpW�[`fjq1l6|~nj[�¥�WY[&nj[wo�hjf�hpn�|~k�fp±@[Gnjfp[w��u1Z/}Iu@k�[&kFh�±�|~njo�[3fto�k\hpo�Z\[@Â
¥�W�o���[+nj[&Z�|~o�kYo�kY� �&u@k�f�hj|@kFh�|~��u@kY��hpWY[�fihjnp[3|~Z ¥�o�fp[+�go�np[3�Uhjo�u1kºÂFhpW�|~h�orf

u(x, t) = c(t)j
¥�o�hpW

x ∈ Γc�Df�[G[  	o��6©@� � ©5VNWY[w|1�Uhjl�|�hju@n�f	|@np[��gnjo�±@[&k\o�k\u@}Y}Iu1fpo¯hj[�}YW�|1f�[3f&Â~o>© [@©9|�h�|~kPe�hjo�Z\[�hjWY[�±@[G��ug�&o¯hie�±1[G��hpu@n
u@�thpW�['hju@}�|@�Uhjl�|�hju@n`o�f¬[GqFl�|@�9o�k#|~Z\}Y��o¯hjl��g[/hpu�hpW�|~h¬u@�thpW�[/�Iu~hphpu1Z |@�Uhjl�|�hju@n3Âªf�u�hpW�|~h`hjWY[/£�u�¥
n�|�hj[¬hpWYnju@lY�1W¤hjWY[���W�|~k�kY[&�º�guP[3f�kYu~hw��W�|@kY�@[1©
�%[�h�l�f��g[�$�k�[ ¥�o�hpW

u′(x)
u1lYn¬��|@fp[ f�hj|~hp[/¥�WY[&k

c(t) = c? = 0.1
ÂIu@�Yhj|~o�kY[3��vil�f�h¬��o�´@[/o�k<hpWY[

l�kg�­u@n���[3�¤�&|1f�[w¥�W�[&k¤hjWY[+kPlYZ\[Gnpor�&|@�Ifpo�Z lY�r|�hpo�u@k�nj[G|1��WY[Gf�|�Z\o�kYo�Z lYZ�±�|~��lY[+o�k�hjWY[+hjo�Z\[¬np[3f�or�gl�|@�D©
)Úh��G|~k#�6[\u@�6f�[Gnp±1[G�¹hjW�|�h�hjWY[ $��¯hj[&nj[G�#f�u1��lYhpo�u@k

uc(x) = u′(x) − u(x)
orf�f�l���W<hpW�|~h

u = 0
u@k

Γin,Γw −Γc

|@k��
u = c?j

u@k
Γc

©9VNW�[+±@[G��ug�&o¯hie7$�[&�r��u@�ªhpWY[¬f�egf�hp[&Z ¥�WYor��W¤W�|1ft�I[&[&k¤�­u@n���[G�\¥�o�hpW
|/�1[&kY[Gnpor�`�&u@kFhpnju@�ª�r|H¥

c(t)
ÂYorfN[�µg}Ynj[Gfjfp[G��|@f�o�k ! �G� " |@�G��u@n��go�kY� hpu/hpWY[��­u1����u�¥�o�kY�\[�µg}�|~k6f�o�u@k

u(x, t) = u(x) +
c(t)

c?
uc(x) +

Nr∑

n=1

an(t)φn(x).

)ÚhNhjlYnpk6f�u@lghNhjW�|�h�hjWY[�±@[&��ug��o�hie¤orf '&[&nju/u@k
Γin,Γw

�­u@nNhjWY[ $���hp[&nj[G��fpk�|~}�fpWYu@hjf
u(x, ti) −u(x) −

c(ti)uc(x)
ÂY¥�WY[&nj[¬�­u@nN[G|1f�[�u@��kYu@hj|�hjo�u1k�¥�[�W�|H±@[¬np[Gk�|~Z\[3�

c(t)/c?
|@f
c(t)

© ��e�fplY��f�hpo�hplghjo�k��\hpWY[
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 	o��@lYnj[¬� 1��à| � cP}�|~hpor|~�R�gorfihjnpo��Ylghjo�u1k�u~�%hpWY[¬Z\uP�YlY��l6f�u@�ºhpW�[`lYk6fih�|~�Y��[`[Go��1[&kP±@[3�Uhju@n �D�Y|�h�|'�&u@lYnphp[3f�e
u@�& ��r|H±Po�u /¬or|~kYk�[�h�hjo � © �­� � cP}�|�hjo�|@���gorf�hpnjo��YlYhpo�u@k�u~�	hpW�[�Z\uP�YlY��l6fwu~�9hjWY[�nj[G��u1k�f�hpnjl��Uhj[G��lYk�f�hj|@�Y��[
[Go��1[&kP±@[3�Uhju@n3©

�­u1npZ\[Gn�[�µg}�|@k�fpo�u1k�o�kFhpu'hpWY[¬]+|H±Po�[&np²³cFhju@´1[Gf5[3q1l6|�hpo�u@k6f�|~k6��}Ynju~vi[G��hpo�kY��u1k1hju�hpW�[`s ��� Z\ug�g[Gf�u@kY[
u1�ghj|@o�k6f,1

ȧr(t) = −(∇p,φr) +A′′
r + C ′′

krak(t) −Bksrak(t)as(t) −E′′
r ċ− F ′′

r c
2 + (G′′

r −H ′′
krak)c

ar(0) = (u(x, 0),φr)

¥�W�[&nj[�|@���RhjWY[�fplY��fj��njo�}gh�fNnpl�k��­nju@Z
1
hju
Nr

|~k��

E′′
r = (uc ,φr)

F ′′
r = (uc · ∇uc ,φr)

G′′
r = (∆uc ,φr) /Re− (u · ∇uc ,φr) − (uc · ∇u ,φr)

H ′′
kr = (uc · ∇φk ,φr) + (φk · ∇uc ,φr)
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 	o��@lYnj[�� 15¸��Uhjl�|�hjo�u1k�fj��WY[GZ/[

�#['��WYuPuFf�[¬hpu�Z/ug�g[G�ªhpW�['}Ynju~vi[3�Uhpo�u@k�hp[GnpZ�nj[&��[&±�|~kFh�hpu\hjWY[�}Ynj[GfjfplYnp[�|@k���hpWY['lYkYnj[Gfpu@��±@[G��fj�&|~��[Gf
�Pe�|1fpfplYZ\o�kY�/hpW�|~h

−(∇p,φr) = A′
r + C ′

krak(t) −E′
r ċ− F ′

rc
2 + (G′

r −H ′
krak)c

¥�W�[&nj[\hpWY[�}Ynpo�Z\[G��qFl�|~kFhjo¯hjo�[3f'|~nj[�lYkY´PkYu�¥�k%© ��e�f�[&h�hpo�kY�
A′

r = Ar − A′′
r

Â
C ′

kr = Ckr − C ′′
kr

Â
E′

r = Er −E′′
r

Â
F ′

r = Fr − F ′′
r

Â
G′

r = Gr −G′′
r

|@k��
H ′

kr = Hkr −H ′′
kr

ÂPhpWY[¬�­u@njZ\[&n�fpePf�hp[GZ,�&|@k
�I[�nj[&¥�njo¯hphp[&k

ȧr(t) = Ar + Ckrak(t) −Bksrak(t)as(t) −Er ċ− Frc
2 + (Gr −Hkrak)c

ar(0) = (u(x, 0),φr)
)³k�u@hpWY[Gn+¥�u@n��YfNhjWY[ �G|~��o��Yn�|�hjo�u1k¹}Ynpug�&[G�glYnj[�orfw}I[&np�­u@njZ\[G���­u@n`[&±1[&nje�}Ynju~vi[3�Uhpo�u@k¹hj[&njZ [&µY��[&}Yhw�­u@n
Bksr

©
�#[·��u@k6f�or�g[&nj[G� |�kPlYZ\[&njor�&|~��fpo�Z lY��|~hpo�u@k |�h�|){�[GePkYu@�r�Yf�kFl�Z'�I[&n¹u~�

Re = 60
Â+¥�WYor��W orf

fp��o��1W1hj��e �@nj[G|�hj[&n�hpW�|@k hpWY[T�&npo�hpor�&|@��±H|@��l�[#u@�\�F�P© )³k hpWYorf¡�&|1f�[yhpW�[·��o��Æh¡u1fj��o����r|�hj[Gf¹�I[�hi¥�[&[Gk ²
��© �Fz·|~k6�¢�Y© �1z#�­u1n�hjWY[y�­lY����e¢�g[G±@[&��u@}I[G�"£�u�¥�© � k���[<hpWY[y��o�Z\o¯h¡��eg�&��[yW�|@f��6[G[&k np[3|@��WY[3�ªÂ�¥�[
fp[�h

t = 0
�­u1n�hpWY[<o�k�f�hj|@kFh���u1npnj[Gfp}6u1k��go�kY�#hpu 'G[&nju·��o��Æh�|@k��"|~}Y}���e)hpWY[¡�­u@����u�¥�o�kY���­u@n���o�kY�·�r|H¥

c(t) = −2/π sin(2π t Tref/TS) arctan(t Tref )
Â�¥�WY[Gnp[

TS

�Y[&kYu@hp[Gf/hjWY[��go�Z/[Gk�fpo�u1k�|~�N}I[&njo�ug�Tu@�
hjWY[w��o�Z\o�h��&eP�&��[+u1fj��o����r|�hjo�u1k�f&©;)³k  	o��6©P� �à| � �6u@hpW�hjWY[+��o¯�ÆhN|~k��/hjWY[w�­u1nj�&o�k���|~nj[wf�WYu�¥�k¤|1f�|¬�­lYk6�Uhpo�u@k
u@�%hjWY[��go�Z/[Gk�fpo�u1k�|~�Rhjo�Z\[@©

¸;kPlYZ\[&njo��G|~�P�Y|�h�|~��|1f�[�W�|@f��I[&[&k �YlYo��¯h5�Pe�fj|~Z\}Y��o�kY�+hpWY[�hjo�Z\[Nf�}�|@k'�I[�hi¥�[&[Gk �+|@k��
19.45

¥�o�hpW
z1z@z/fpk�|~}�fpWYu@hjf �Df�[G[�� }Y��l�f���Z�|~nj´@[GnjfNo�k  	o��6©R� �D| ��� |~k��¹|\s ��� ��|@fp[�u~�

Nr = 5
Z/ug�g[3f�W�|1fw�I[&[&k

[&µPhpn�|@�Uhj[G�'�­npu1Z«o�h�¥�o¯hjW�|�np[3��u@k6fihjnpl���hpo�u@k [&njnpu1n	u@�R|@�6u1lghw�@© � ��©	VNWY[�lYkY´PkYu�¥�k
Ar

Â
Ckr

Â
Er

Â
Fr

Â
Gr|@k��

Hkr

|~nj[��g[&hp[&njZ\o�k�[G��|@�G��u1nj�go�kY� hpu�hjWY['fj|~Z\[�}Ynjug��[G�YlYnp[¬�­u1����u�¥�[3�¹|~�Iu�±@[¬�­u@n�hjWY[�Z\ug�g[&����o�kY�
u@�%hjWY[�hpn�|~k�fpo�[&kFhG©5VNWY[�nj[GfplY��hpo�kY���go�nj[G��h �g|@�Hviu1o�kFhN}Ynpu1�Y��[&Z,orfNhpW�[&k
{
ȧr(t) = Ar + Ckrak(t) −Bksrak(t)as(t) −Er ċ− Frc

2 + (Gr −Hkrak)c

ar(0) = (u(x, 0),φr)

�go�np[3�Uh�}Ynju@�Y��[&Z
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 	o��@lYnj[�� 1�| � �%o¯�Æh ±@[&n�fpl�f`hpo�Z/[ ��®��w° � |~k6�¡�­u1nj�&o�kY�¹�r|H¥��D�Y|@fpWY[G�#��o�k�[ �:3 � � �&uP[�¶¤��o�[&kFh
a1
|~k���� �

�&uP[�¶¤��o�[&kFh
a2
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{
−ḃr(t) = [Crk −Hrkc(t) − (Blrk +Brlk)al(t)] bk(t) − 2 [ar(t) − âr(t)]

br(T ) = 0
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

∫ T

0 br(t)dt = 0
∫ T

0 ak(t)br(t)dt = 0
∫ T

0
bk(t)ċ(t)dt = 0

∫ T

0 bk(t)c2(t)dt = 0
∫ T

0
bk(t)c(t)dt = 0

∫ T

0 ak(t)br(t)c(t)dt = 0
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