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RTSVUXWZY>[�\^]`_badcfehgiUXWZYje�k�lOWZW>mVnVopk�qrnOg�e
s'tulwvxY�gue�y?o{z6Y�t�k�lrW

|?qwz}z lOthg?~fY�tuYXk�SVYXtuk�S}Y�n6���w�O�w��_/adYXzfgiYXW*�VtuY*�w�O�O�,_��X�Zz}qr�rYXe

�����X�����V�r�r��� n�giSVope�z qwz6Y�tj���1Y�o{n��OYXehgio{�OqwgiYJguSVY�Y� 6Yjk;g�e�lr¡�W0lr�Vo{¢£o£gxcr�^k�lO¢£¢{o{eio{lrn}e�qwn}~¤lr�}eilr¢{Y�guY
o{nf¡¥lOtiW3q�guo£lOn¦lrn¦giSVY,z6Y�ti¡¥lrtuW0qrn}k�Y�lw¡�k�lrnVnVYjk;guYX~�~VlrW0o£n q�gio{nV�ZehY�g,§¨[1©^aVª�« � n�z}qrthguo{k�mV¢pqwtj�r�1Y^eiSVl��
guS}q�g'n}Y�o{�rSd� lOth¬­~fYjeho{�rn}qwgiYj~Z[1©,aL�Oeim}k�S3qre�W>mV¢®guo£z6lro{n�gHtuY�¢pq¯c�§°]Js±|�ª�o{nJ² �d���¯³¨�OqwtuY�o{nZ�OY�nVYXtuqr¢fW0lrtuY
tulr�}m}exg1giS qwn´ehYX¢®¡µ¬­ehYX¢£Yjk;guYX~J[1©^a�ehm k�S�qOe±tumV¢{Y

k
[1©,a�o{n�²£�;³¨«�¶�Y^o{nd�rYjexgio{�OqwgiY·giSVY,z6Y�ti¡¥lrtuW3qwn}k�Y·lr¡

qrn�Sdcd�Vtuo{~�euk�SVY�W0Yr«
¸J¹�ºL»u¼*½ ��¾��r� ]¿lr�Vo{¢£Y�nVY�gx�1lrtuÀfe��?k�lrnVn}YXk;guYX~¤~VlrW0o£n q�gio{nV�ÁehY�gX�?W>mV¢®guo£z6lro{n�g�tuY�¢pq¯cfe��?ehguqr�Vo{¢£o£gxcr�
k�lr¢{¢£opeio£lOn}e
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�gum}~fo{lrn}e0¢{YXe>Y� LY�g�e3~fY�¢{q�W0lr�Vo{¢£o£g�
O�±~fYje0k�lr¢{¢{o{eio£lOn}e>Y�g3~fYXe
o{nf¡¥lOtiW3q�guo£lOn}eTlr� ehlO¢£U�giYXe�ehmVt�¢£Yje�z YXth¡¥lOtiW3qrn}k�Yje?~fYXe?Y�n}eiY�W>�V¢£Yje?~flOWZo{n}qrnOg�e?k�lOnVnVYjk;g�
je�§D[1©,aVª�«��'n
z qwtigiopk�mV¢{o£YXt�nVlrmVt�W0lOnOgutilOn}e���mVYT¢£Yje±[1©^a��,~�
Xeio{�rn}qwgio{lrn0~fYT�rlropeio£n}e�guY�¢pe���mVYT¢£Yje�tiYX¢{qro{e�W>mV¢®guo£z6lro{n�gue
§F]JsH|�ª'~�
Xk�tio£gue'~}qwn}eT²Æ�f�r��³ ehlOn�g'Y�n0��
Xn�
�t�qw¢d�Vo{Y�n3zV¢{m}e�tulr�}m}exguYXe���mVYT¢{YXe±[1©,a0qwmfgulw¬­e�
X¢£Yjk;guo£lOnVn}qwn�gj�
guY�¢pe���mVY��;tumV¢£Y

k
��~Vqwn e�²{��³¨«��?lrm e>Y �VqwW0o£n}lrn}eZzV¢{m}e0z}qrthguo{k�mV¢£o{U�tuY�W0YXnOg0¢£Yje0z YXth¡¥lOtiW3qrn}k�Yje>~"! mVn

euk�S�
XW0q>Sdcd�Vtiop~fYO«
#%½ �j� » ��$ � �Z� |%
XeiYXqrm��ZW0lO�Vo£¢{YXeX��Y�n}eiY�W>�V¢£YjeH~flOW0o£n}qrn�gueHk�lrnVn}YXk;g&
XeX�OtuY�¢pqwope�W>mV¢®guo£z6lro{n�gX�fehguqw�}o£¢{o®g&
r�
k�lr¢{¢£opeio£lOn}e
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]¿lr�Vo{¢£Y>qr~JSVlfk�n}Y�gx�1lrtuÀde?tiYX¢£c�lrn¿t�qr~Vo£l0gutuqrn}ex¬
W0opeieio{lrn}eHgiS}qwg1�OY�nVYXtuqr¢£¢{cZ¡¥YXqwgimVtuY�W>m}k�S�¢{YXeueTk�q�¬
z qrk�o£gxc�giS}qrn���o{tiYj~JW0YX~fopqV«>\·n�giSVYZlwguSVY�t,eio{~fY
k�lrn}ehguqrn�g�W0lr�Vo{¢£o£gxc tiY ��mVo£tuYXe�q¤�OY�tuc�¡¥tuY
��mVYXnOg
m}z6~VqwgiY�lr¡<gilOz lO¢£lO�rc¦qrn}~�tilOmfgio{nV�0o£nV¡¥lrtuW0qwgio{lrn «
,}lrtHk�lrW0z}qrtiopehlOn �w��o{tiYj~¦\,ads-,�tiY ��mVo£tuYXe�qrn3mVzf¬
~}q�giY±Y��OY�tuc,�r�?W0o£ndmfguYXe���SVo{¢£Y1o®g�e<��o{tuY�¢{YXeue�k�lrmVnf¬
guY�tuz}qwtig��±lOmV¢p~�n}Y�YX~´qrn�m}z6~VqwgiY�YX�rY�tuc3guY�n¿eiYXk;¬
lOn}~VeX� o£¡±nVlrg�Y��rYXtic¿eiYXk�lrn}~ «ZR�lrz6lr¢{lr�Oc´k�lrn�gitulr¢
guSVY�tuY�¡¥lOtiYZ�VmVt�~fYXn}e^giSVY3n}Y�gx�1lrtuÀ6��qrn}~���o®guSVlrmfg
z}tilOz YXt<ehlO¢£mVgio{lrn}eX�jgiSVY±nVY�gx�1lrtuÀ�W3q¯c,k�lr¢{¢pqwz}eiYHqre
guSVY�gutuq/.¦k��rYXnVY�t�q�guYX~´o{n¿lrt�~fY�t?gil�W3qrn}qw�OY�giSVY
tulrmVgio{nV�Z¡¥mVn}k;guo£lOn´lrn�o®g�e�l���n�opeTl��rYXti¢{lOqO~fo{nV�}«
0 n�o{WZz6lrtiguqrn�g,k�lrW0z lOnVY�n�g�lw¡1q�eilr¢{mfguo£lOn¿gil

guSVope'zVtulr�V¢{Y�W%o{e±qwn0lrzfguo£W0o21Xqwgio{lrn0lw¡LgiS}Y��Vtil�qr~d¬
kXqrehgHl��rYXtiS}YXqr~ «<R<l�giSVopeHYXn}~���giS}Y�guqOehÀZlw¡ tuY�¢pq¯c�¬
o{nV� q¿�VtulOqO~Vk�qOexg>z}qrk�ÀOY�g>opeZ�ro{�rYXn gil q�eimV�}eiY�g
lr¡·nVlf~fYje3o{n guSVYJnVY�gx�±lOtiÀL« RTSVYJehW3qr¢£¢{YXehg3giSVY
tuY�¢pq¯c0ehY�g1ope��dguSVY^¢£YjeieTk�l�exgu¢£c0��o{¢£¢6guSVY,�Vtil�qr~VkXqrehg
�6Yr�Vqrn}~¦W0lOtiY^�}qwn ~f��o{~fgiS�ope�q¯��qwo{¢{qr�V¢{Y?¡¥lrtTm}eiY�t
~}q�guq0k�lrW0W*mVn}o{kXq�gio{lrn e�«�y?l��1Y��OY�tj�fq0�Vtil�qr~VkXqrehg
qro£W3e�q�g�qw¢{¢dnVlf~fYXe�o{n�giS}Y1n}Y�gx�1lrtuÀ^tuYXk�Y�o{�do£nV��giSVY
�}til�qr~VkXqrehg�~Vqwguq}«�RTSVYXtiY�¡¥lrtuY±lOnVY?eiSVlrmV¢p~ZnVlwg'tuY�¬
~Vm}k�Y^giS}Y^tuY�¢pq¯c¦eiY�gTgildl0W*m}k�S43�o{n´lwguSVY�tT�1lrt�~Ve��
guSVYJtuY�¢pq¯c ehY�g¦W*m}ehg0¡¥lrtuW q k�lOnVnVYXk�giYj~ ~flOW0o®¬
n q�gio{nV�3eiY�g*§D[1©,aVª�«
,�o£n ~fo£n}� giSVY�ehW3qr¢£¢{YXehg¦tiYX¢{q¯cÁehY�g�ope�qrn���s�¬

S qwt�~�zVtulr�V¢{Y�W´«�\·n*guSVYTlwgiS}Y�t�S}qrn}~��rq·tiYX¢{q¯c�eiY�g
guS}q�g,ope�guldl�eiW3qw¢{¢�W3q¯c´nVlrg^�6Y0tilO�Vm}ehg^YXnVlrmV�OS
o{n�¡°qOk�Y±lw¡}¢{lOehg<gutuqrn}ehW0opeieio{lrn}eX« � n�guSVY±¡¥lr¢{¢£l���o{nV�}�
�1Y>qrn}qw¢{cfehY�giSVYZz YXth¡¥lOtiW3qrn}k�Y*q¦¡¥Y���SVYXmVtuo{ehgiopk�e
qrn}~*giSVYXo£t�tuYXeio£¢{o{Y�n}k�YHgul^YXtitulrt�e�qwn}~*nVY�gx�1lrtuÀ�mVnf¬
ehguqr�V¢{o®guo£Yje�«
RTSVYXtiY qwtuY gx�±l Àdo£n ~Ve lw¡�SVY�m}tiopexguo{kXe��¦qro£WZ¬

o{nV�3gul3¡¥lrtuW=k�lrnVn}YXk;guYX~J~flOW0o£n}qwgio{nV��eiY�g�e(31ehYX¢®¡µ¬
eiY�¢{YXk�giYj~ ~VlrW0o£n q�gio{nV� eiY�gue¿lrn lrnVY S qwn}~ qwn ~
n}Y�o{�rSd� lOth¬­~fYjeho{�rn}qwgiYj~�~flOW0o£n}qwgio{nV��eiY�g�e�lOn giSVY
lrgiSVYXt�S}qwn ~�«
� n%eiY�¢£¡¦ehYX¢£Yjk;giYj~ ~flOWZo{n}qwgio{nV��eiY�gueX��guSVY tuY�¬

¢pq¯c nVlf~fYXe5#(��67���(�8��9:���;#(��6=<���#�qre�z}qwtig�lr¡¦giSVY
k�lrnVn}YXk;guYX~ ~flOWZo{n}qwgio{nV��eiY�gX«?>TqreiYX~�lOn�n}Y�o{�rSf¬

�6lrtuSVldlf~ o{nf¡¥lOtiW3q�guo£lOn�§¥lrn}Y�¬¨SVlrz �±gx�1lw¬¨SVlrz �1lrt
W0lOtiY¯ªZgiSVYXcÁ~VYXk�op~fY�giS}qwg�giS}Y�cÁ� YX¢£lOnV� gil giSVY
tuY�¢pq¯cJehY�gX«Z[±¢pqreueio{kXqw¢�Y �VqwW0zV¢{YXe^lw¡1ehm}k�S�qwn qwzf¬
z}til�qrk�S qwtuY0giSVY�qw¢{�rlrtuo£giSVW3e,lw¡�¶�mA@ o·²£��³1qwn ~
©^qwo�¶�m ²Æ�j³D«
\·nZgiSVY�lrgiSVYXt'S}qrn}~��ro{n0nVY�o{�rSd�6lrti¬¨~VYXeio£�On}q�guYX~

~VlrW0o£n q�gio{nV� eiY�gj�TeilrW0YJnVlf~fYje����&�B#(�(67��������	Jqre
W0YXW*�6Y�t�e'lw¡LguSVY·k�lrnVnVYjk;guYX~3~flOWZo{n}qwgio{nV�*eiY�gH�dc
guSVY�o{t�nVY�o{�rSd�6lrt�e�« RTSVYÁk�¢{qOeieiopk�qw¢>Y �VqwW0zV¢{Y lr¡
eim}k�S¤qrn¤qwzVzVtulOqOk�S ope�giSVY�]¿mV¢®guo£s�lOo£n�g�|?Y�¢pq¯cO¬
o{nV�/² ��³±m}eiYX~�o{n \·zVgiW0o71XYX~C@ o{nVÀ a�guqwgiY¦|�lOmfgh¬
o{nV� §¨\%@�af|·ª0² �r³D«�\·n gulrz lw¡TguSVo{e>ehYX¢£Yjk;guo£lOn ��q
eiY�¢£¡µ¬¨zVtim}nVo£n}�>ehgit�q�giYX�rc0opeTm}ehYj~¦�dc3YXqOk�S¦nVlf~fY,o{n
lOtu~VY�t�gul>~fY�giY�tuW0o£n}Y��1Y�giS}Y�tHo£g±W>m}ehg±tuY�¢pq¯c>q�tuY�¬
k�Y�o{�rYj~��VtulOqO~Vk�qOexgTz}qOk�ÀrY�gj�dlrt�nVlrgX«
R��±l^gxcdz Yje�lw¡�eiY�¢£¡µ¬DzVtumVnVo{nV��ehgit�q�giYX�ro{YXe�kXqwn0� Y

m ehYj~"3'§¥oµª qrn^lr  ¬¨¢{o£nVY'ehgit�q�guY��Ocr�¯~fY�guY�tuWZo{nVYj~·lOn}k�Y
qrn}~´¡¥lOt^qr¢£¢�q�g·giSVY*gio{WZYZlw¡H]¿sH|%eiY�¢{YXk�gio{lrn �Llrt
§°o£oµª´qwn lOnf¬D¢{o{nVY exgutuqwgiY��Ocr��~fY�giY�tuW0o£n}YX~ ~fmVtuo£nV�
guSVY��VtulOqO~Vk�qOexgj�dqOe�~flrn}Y^o{nJ]JsH|ED}ldlf~fo{nV�´² �w³D«
RTSVY,z}qrz YXt?o{e�qZ�OY�nVYXtuqr¢£o21Xqwgio{lrn�lr¡±²{�r�;³¨«

F G ����	���������&±�

� n �6lwguS SVYXmVtiopehgiopk�eX��o£g>ope*qOeieimVW0YX~�guS}q�g*YX�rYXtic
n}ld~VY>ÀdnVl��?e·o®g�e^nVY�o{�rSd�6lrt^nVlf~fYXeX���do{q�z YXtio{lf~fo{k
S}Y�¢{¢£l,Y �Vk�S}qrnV�rYO« � g'ope�qw¢pehl,qreueimVW0YX~*giS}qwg'nVlf~fYXe
z6Y�tuo{ld~Vo{kXqw¢{¢£cJqr~V�rY�tigio21�Y*giSVYXo£t^nVYXo£�OS��6lrt^¢{o{ehgX��YXo®¬
guSVY�t�o{n´SVY�¢{¢{lOeTlrt�o{n ��@�a 0 ¬¨¢£o{ÀrY ��z qrk�ÀrY�gueX�fqreTo{n
\,afs-,1«�RTSVYXtiY�¡¥lrtuYTgiSVY^nVlf~fYjeHqwtuY�qr¢{eil�q¯�1qrtiY�lr¡
guSVY�o{t�gx�1lw¬¨SVlOz�nVYXo£�OSd� lOtiSVldlf~ §¥�VmVg�giSVope>o£nf¡¥lOth¬
W3qwgio{lrn W3q¯c k�lOWZY���o®guS eilrW0Y�~fYX¢{q¯cVª�«H,}lrt>q
n}ld~VY

A
�L�1Y>kXqw¢{¢

N (A)
o£gue·lrn}Y�¬¨SVlrzJnVYXo£�OSd� lOth¬

S}l�lf~ qrn}~
N2(A)

o®g�e�gx�1lw¬¨SVlrz nVYXo£�OSd� lOtiSVldlf~�«
>1lrgiSJSVYXmVtiopehgiopk�e�S}q¯�OY�� YXY�n¿z}til��OY�n�gil¦zVtul��do{~VY
qrn%Y� 6Yjk;gio{�rY ~flOWZo{n}qwgio{nV� eiY�g §°qr¢£¢0guSVYÁnVlf~fYXe
qrtiY k�l��rYXtiYj~}ª;�*��SVY�n nVY�o{�rSd�6lrtuSVldld~ o{nf¡¥lOtiW3q�¬
guo£lOn>ope�Y �Vqrk�gX�rqrn}~*git�qwn}eiW0o{eueho{lrn e�qrtiY1Y�tutilOth¬D¡¥tuY�Y
I ��o£giSVlOmfg�k�lO¢£¢{opeho{lrn}eX«

JKJ Ð�L:M�N�O�P



� ��9���� �����(':���

�	��
 ��
���������
���
�����
�� ��� �"!�#%$&��!�#('
��
)�

� n�giS}o{e�z qwz6Y�tj��giSVY3S}Y�mVtuo{ehgiopkZ�±Y0��o{¢£¢±k�lrn ehop~fY�t
¡¥lOt�ehYX¢®¡�eiY�¢{YXk;guo£lOn�ope^giS}Y0gxc�z}o{kXqw¢�tumV¢£Y

k
lw¡1¶�m

qrn}~ @<oF«�RTSVopeHS}Y�mVtuo{ehgiopk�W3qwÀOYXe±q�nVlf~fY
A
eiY�¢{YXk;g

o£gueiY�¢£¡�qOeTz}qwtig�lw¡�giSVY,tuY�¢pq¯c¦ehY�gT�dc�~VY�giYjk;guo£nV�3qr¢£¢
o£gueZnVYXo£�OSd� lOt>nVlf~fYje�guS}q�g0S}q¯�OY�qwn � « ©>«���SVopk�S
ope±�rtuYXq�guY�tHgiS}qrn¦nVlf~fY

A
! e � « ©*«d¶�Y^kXqw¢{¢}guSVope1eiY�g

S(A)
«�RTS}Y1n}ld~VY

A
eiY�¢{YXk�gue�o£gueiY�¢£¡LqOe�z}qwtig�lw¡6giSVY

tuY�¢pq¯c*eiY�g'o£¡ guSVY�¡¥lO¢£¢{l���o£n}�,k�lrn}~Vo®guo£lOnZope�¡¥mV¢+*}¢{¢£Yj~"3

, giSVY¿eiY�g
S(A)

o{e0n}lwg¦q k�lrn}nVYXk�giYX~Á~flOWZo£¬
n}q�guo£nV�3eiY�g?lr¡<giS}Y�nVY�o{�rSd�6lrtuSVldld~�lw¡

A
«

RTSVY¿eiY�¢£¡µ¬¨eiY�¢{YXk�gio{lrnÁo{e¦z YXth¡¥lOtiW0YX~ÁYX�rY�tuc�gio{W0Y
guSVY�tuY?ope±q*nVlwguo-*6k�q�guo£lOn3lw¡<k�S}qrnV�rY�o£n3guSVY�n}Y�o{�rSf¬
�6lrtuSVldlf~^lrt o{n,giSVY'gx�±lr¬DSVlOz,nVY�o{�rSd�6lrtuSVldld~ « ¶�Y
n}lwgiYT�dc�guSVYT�1q¯cO�¯giS}qwgHq�nVlf~fY

A
~fldYje�nVlwg�S}q¯�OY

gul3eho{�rn}qr¢�o®g�e?eiY�¢£¡�eiY�¢{YXk;guo£lOn�gul3o®g�e�nVYXo£�OS��6lrt�eX«

�	�.� /0
�!�' 1�23�546�7�8
�96!�' #%$&��
��:���;�<�
!�#($=��!�#%'>��
?��9

� n�giS}o{e�z qwz6Y�tj��giSVY3S}Y�mVtuo{ehgiopkZ�±Y0��o{¢£¢±k�lrn ehop~fY�t
¡¥lOt>n}Y�o{�rSd� lOtZeiY�¢{YXk�gio{lrn ope>giSVY´]JsH|=ehYX¢£Yjk;guo£lOn
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lOt¤nVYXo£�OS��6lrm}th¬­~fYXeio{�rn}qwgiYX~ « RTSVY eho{W*mV¢pq�guo£lOn
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gutuqrn}eiWZopeueho{lrnJYXtitulrt�e�qrtiYZk�lrn ehop~fY�tuYX~ «�RTSVYZ~Vo®¡µ¬
¡¥YXtiYXn�g,qr¢£�Olrtuo®guSVW3e·eiSVl��%eio£W0o{¢{qrt,z YXth¡¥lOtiW3qwn k�Yr«
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euk�SVYXWZYje·giS}qwg,W0o{nVlrt^guSVY3eho21�YZlw¡±giSVY0tuY�¢pq¯c´eiY�g
qrn}~ giSVYXtiY�¡¥lrtuY´WZo{nVo{W0o71XYJgiSVYJndmVW>� YXt¦lw¡,m}eiY�¬
¢{YXeueZz}qrk�ÀOY�g0tiY�git�qwn}eiW0o{eueio£lOn}e>qrtiY 3�guSVY´lrnf¬¨¢{o£nVY
z}timVn}o£nV�¦]¿sH| qwn ~�giSVY�Sdcd�Vtuo{~Jeuk�SVYXWZY>]JsH|T¬
�T[1©^aL«wRTS}Y1lOnf¬¨¢£o{nVYT]JsH| o{e�giS}Y1�6YXehg�¡¥lrt�ehW3qr¢£¢
qrn}~ZW0YX~fo{mVW nVY�gx�1lrtuÀ*�VmVgHo{e'lrmfguz YXth¡¥lOtiW0YX~Z�dc
guSVY�]JsH|�¬ �1[1©,a���SVY�n�guSVY�nVY�gx�1lrtuÀ3o{n}k�tuYXqOehYje
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y

10

8

6

4

2

0

x

10080604020

,�o{�rmVtuY?� 3�|�YX¢{q¯c0ehY�g±eio71XY�¡¥lrt1ehYX¢®¡µ¬­ehYX¢£Yjk;guYX~¦[1©^a
§°tiYj~}ª;�<lrnf¬¨¢£o{nVYZzVtumVnVo{nV��]¿sH|:§¥�rtuY�YXn ª;��lr  ¬¨¢{o£nVY
z}timVn}o£nV� ]JsH| §°crY�¢{¢{l���ª;�?]JsH|�¬ �1[1©,a §°�V¢{mVYjª
lOn

2 × 2
e���m}qrtiYO���OY�t�ehm e1giSVY�nVY�gx�±lOtiÀ¦eio21�Y

o{n�eio21�YZlrt,qwtuYXqV« 0 n}~�o{n�giSVope,k�qreiY�guSVY0z YXth¡¥lOth¬
W3qrn}k�Y,tuY�W3qwo{n}e�eio£W0o{¢{qrtX«

� � ��������������&1� ��� ��	�������)+�����
�<���*� �T	�	���	��

¶�Y�S}q¯�rY�eho{W*mV¢pq�guYX~ �Vtil�qr~VkXqrehg D}ldlf~fo{nV����o£giS
guSVY1o£n�gitulf~fm}k�o£nV�^lw¡6qwn>qO~V~fo£gio{lrn}qr¢dz}qwt�qwW0Y�guY�t

p
«

� m qwn�gio£gxc
p
o{e>guSVY�tuYXk�Y�zfguo£lOn zVtulr�}qr�Vo£¢{o£gxcr� �E���N�

guSVY�z}tilO�}qw�Vo{¢{o®gxc�giS}qwgZqJ�Oo£�OY�n git�qwn ehW0opeieio£lOn o{e
k�lrtutiYjk;gu¢£c�tiYjk�Y�o{�rYj~���c´q3�Oo£�OY�nJnVYXo£�OS��6lrt�nVlf~fYr«
¶ S}Y�n

p = 1
�±Y^S}q¯�rY^Y�tutulrt±¡¥tiYXY�gutuqrn}ehW0opeieio{lrn «

y

40

30

20

10

0

x

200180160140120100

,�o{�rmVtuY��:3�|�YX¢{q¯c0ehY�g±eio71XY�¡¥lrt1ehYX¢®¡µ¬­ehYX¢£Yjk;guYX~¦[1©^a
§°tiYj~}ª;�<lrnf¬¨¢£o{nVYZzVtumVnVo{nV��]¿sH|:§¥�rtuY�YXn ª;��lr  ¬¨¢{o£nVY
z}timVn}o£nV� ]JsH| §°crY�¢{¢{l���ª;�?]JsH|�¬ �1[1©,a §°�V¢{mVYjª
lOn

4 × 4
e���m}qrtiYO�f�rY�t�eim}e±giSVY�nVY�gx�±lOtiÀ¦eio21�Y

¶ S}Y�n
p = 0

nVlZgit�qwn}eiW0o{eueho{lrn�k�qwn��6Y^tuYXk�Y�o{�rYj~
�dc�qrndcJnVlf~fYr«Z¶�Y¦qOeieimVW0Y>giS}qwg�giSVY0nVYXo£�OS��6lrt
o{nf¡¥lOtiW3q�guo£lOn´Y �Vk�S}qwn}�rY�ope?nVlrg·ehm}�fvxYXk�g�gil�Y�tutilOt
§F~fmVY,gulZtuYX~VmVn}~VqrnOg�SVYX¢£¢{lOeX�VY�gukXª�«
,�o£�OmVtuY��¿~fopeizV¢{q¯cfe�giSVY�¡¥tuqOk;guo£lOn lw¡�giS}Y�nVY�gh¬

�1lrtuÀ�tiYjk�Y�o{�do£n}�¿giS}Y��VtulOqO~Vk�qOexg��OY�t�ehm e�guSVY�tuY�¬
k�Y�zfguo£lOn�z}tilO�}qw�Vo{¢{o®gxc

p
o{n�q�nVY�gx�±lOtiÀJ��o£giSÁ�X�O�

n}ld~VYXe�lrn0q
4×4

e���m}qrtiYO�j¡¥lrt�giS}YT~Vo® LY�tuY�n�gH[1©^a
gxcdz6YXeX« ��lwguo{k�Y$guS}q�g¤qr¢®guSVlrmV�OS=eiY�¢£¡µ¬¨eiY�¢{YXk�giYj~
[1©,a�o{nd�rlO¢£�OY�WZlOtiY±tiYX¢{q¯c^nVlf~fYje guS}qwn�n}Y�o{�rSd� lOth¬
~VYXeio£�On}q�guYX~Á]JsH| §°eiY�Y *}�OmVtuY��dª;�1o®g�e0¡¥t�qrk;guo£lOn
lr¡?k�lrtutuYXk;g�tuYXk�Y�zfguo£lOn ~VtilOz}e�W*m k�S ¡°qrehgiY�t�giS}qrn
��o£giS�nVY�o{�rSd�6lrti¬¨~fYjeho{�rn q�giYj~´]JsH|�«LR<l�� Y>W0lrtuY
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z}tiYjk�opehYO����SVY�n
p
ope0k�¢{lOeiY�gul � §¥��S}o{k�SÁehSVlOmV¢p~

�6YZgiSVY3kXqreiY�¡¥lrt�ehguqr�V¢£Y0nVY�gx�±lOtiÀfe�ªTguSVY3eho{W*mV¢pq�¬
guo£lOn}e�ehmV�O�rYjexg¦guS}q�g�giSVY ~ftulrz ope�o£n

O(1 − p)¡¥lOt¤ehYX¢®¡µ¬­eiY�¢{YXk;guYX~ [1©^a qrn}~9o{n
O((1 − p)2)¡¥lOt±n}Y�o{�rSd� lOth¬­~fYjeho{�rn}qwgiYj~3]JsH|�«VRTSVopeTk�lOn�*}tuW0e

guSVY¦qreueimVW0zfgio{lrn�giS q�g*eiY�¢£¡µ¬DzVtumVnVo{nV�¿qO~¯vxm}ehgue�o£gh¬
eiY�¢£¡0��SVY�n eilrW0Y tiYX¢{q¯c�nVlf~fYXe´¡°qO~fYr« \�  ¬¨¢{o£nVY
eiY�¢£¡µ¬¨zVtim}nVo£n}�¦]JsH| �6Y�S}q¯�OYXe�eio£W0o{¢{qrti¢{c¦gul¦�}qreiopk
]¿sH| D}ldld~Vo£nV� � ��o£giS ehlOW0Y0qO~f��qwn�guqr�rY>zVtilO�}q�¬
�}¢£c�~VmVY,gil¦qZ¢pqwtu�rY�t1tuY�¢pq¯c�ehY�gX«

�?lrgiopk�Y0guSVY0¡°qrk�g�giS}qwg�� lrgiS�giSVY�lrnf¬¨¢£o{nVY3qwn ~
lr  ¬¨¢{o£nVY z}timVn}o£nV� ]¿sH| euk�SVY�W0YXe lrmfguz YXth¡¥lOtiW
guSVY3ehYX¢®¡µ¬­eiY�¢{YXk;guYX~ [1©^a�qrn}~¿guSVY3Sdcd�Vtiop~�]¿sH|T¬
�T[1©^aL«LRTSVY�lOzfgio{W3qw¢ lOnVY�opeTgiS}Y*lw 6¬¨¢£o{nVY�zVtumVnf¬
o{nV�¿]Js±|���z}tilO�}qw�V¢{c¿�6YXkXqwm}eiY0giSVY�tiYX¢{q¯c�eiY�g>o{e
¢pqwtu�rYXt�guS}qwnÁ��o®guS guSVY�lrnf¬¨¢£o{nVY�zVtumVnVo{nV��]¿sH|�«
0 ¢®guSVlrm}�rS ehSVl���o{nV�´eho{W0o£¢pqwt,tuY�¢pq¯c¿ehY�g�eho21�YO� lrnf¬
¢{o{nVY zVtumVnVo{nV��]JsH|�e¿lrmVgiz6Y�ti¡¥lrtuW giS}Y S�cd�Vtuop~
euk�SVYXWZYO« RTS}Y�ehYX¢®¡µ¬­eiY�¢{YXk;guYX~ eiSVl��?e3�rYXtic ¢£o£ghgu¢£Y
¢{YXeue¦¢{lOeue0guS}qwn guSVY¿Sdcd�Vtuo{~ euk�SVY�W0YO��zVtilO�}qw�}¢£c
�6YXkXqwm}eiY0lw¡1o®g�e�¢{qrti�OY�t^tiYX¢{q¯c¿eiY�gj«¦y?l��1Y��OY�t^giSVY
eiY�¢£¡µ¬­ehYX¢£Yjk;giYj~$euk�SVYXWZY eiSVl��?e´W*m k�S$W0lrtuY ¢£l�eie
guS}qwn�giSVY�lrnV¬D¢{o£n}Y�zVtumVnVo{nV� euk�SVYXWZYO�·qr¢®guSVlrmV�OS
guSVY�¢pq�guY�t1S}qre±W*m k�S¦¢£YjeieHnVlf~fYXe±o{n�o£gue±tiYX¢{q¯c0ehY�gX«

�?lrgiopk�Y�giS}qwg>guSVY�¡¥tuqOk;gio{lrn lw¡·k�lrtutiYjk;g>tuYXk�Y�zf¬
guo£lOn o{e*nVlwg*Y �Vqrk;gu¢£c�1�Y�tulJ��SVYXn

p = 0
��giSVope�ope

~VmVYZgil´qwn�qrthguo®¡°qOk;g,lw¡±giSVY3eio£W>mV¢{qwgio{lrn�giS}qwg�qr¢®¬
�Tq¯cfe<o{n}k�¢£m}~VYTgiSVY�o{nVo£giopqw¢fY�W0o£ghguY�t�o{n>guSVY�k�lOtituYXk�g
tuYXk�Y�zfguo£lOn�eiY�gj«

� � ��
������������<� ��� ����&1� ��"
� ��
´�������6�

� n�giSVope´ehYjk;guo£lOn¤�±Y�o{n��OYXehgio{�OqwgiYJguSVY��6Y�S q¯��o{lrt
lr¡�[1©,a¦eiY�¢{YXk;guo£lOn�qr¢£�Olrtuo®guSVW3eH��SVYXn¦guSVY·n}Y�o{�rSf¬
�6lrtuSVldlf~¿o{nf¡¥lrtuW3q�guo£lOn�ope·lOmfgu~}q�giYj~�~VmVYZgil�giSVY
n}ld~VYXe
!>W0lr�}o£¢{o®gxcO« ¶ o£giS�guSVope tuYXeiz6YXk;gj��gx�1lw¬
S}lrz�nVYXo£�OSd� lOtiSVldlf~,o{nf¡¥lrtuW3q�gio{lrn*o{e�W0lrtuY'¡¥t�qw�ro{¢{Y
guS}qwn�lrnVY�¬DS}lrz�n}Y�o{�rSd� lOt±o{nf¡¥lOtiW3q�guo£lOn�eio£n k�Y^giSVY
¡¥lOtiW0YXt<ope<tuY�¢pq¯crYj~·�dc @�a 0 z}qOk�ÀrY�g�eLgiS q�g�qrtiYH¢£Yjeie

y

1

0,8

0,6

0,4

0,2

0

x

10,80,60,40,20

,�o{�rmVtuYJ� 3�¡¥tuqOk;guo£lOn lr¡�giS}Y�n}Y�gx�1lrtuÀ tiYjk�Y�o{�do£n}�
guSVY1�Vtil�qr~VkXqrehg<�rYXtueim}e giSVY1tiYjk�YXo£�OYHzVtulr�}qr�Vo{¢£o£gxc

po{n*q�nVY�gx�1lrtuÀ���o£giS��X�r�?nVlf~fYXe<lrn*q
4×4

e&��m}qwtuYr�
¡¥lOt�ehYX¢®¡µ¬­ehYX¢£Yjk;guYX~ [1©^a §¥cOY�¢{¢£l���ª�� lrnf¬¨¢{o£nVYZzVtumVnf¬
o{nV��]Js±| §¥tuYX~}ª��rlr  ¬¨¢£o{nVY?z}timVn}o£nV��]¿sH|�§¥�V¢{mVY¯ª;�
]¿sH|T¬ �1[1©^a §°�rtuY�YXn ª

¡¥tuY
��mVYXn�g�giS}qrn�SVY�¢{¢£l�z qrk�ÀrY�gueX��lOt �dc·eiz Yjk�o+* k�SVYX¢®¬
¢{lOe�giS q�g�k�lrn�g�qwo{nJgiSVY0¢{o{ehgue^lr¡�giSVYjehYZnVY�o{�rSd�6lrt�e�«
]¿o{eueho{nV��eilrW0Y±S}Y�¢{¢£l�e�W0q¯c>k�qwm ehY±giSVY�¢{lOeue�lw¡6giSVY
¢{o{nVÀL�±�VmVg¦WZopeueho{nV� z}qOk�ÀrY�g�e>giS}qwg�k�lrn�g�qwo{n}eZgiSVY
gx�1lw¬¨SVlOzÁo{nf¡¥lOtiW3q�guo£lOn W3q¯c lOmfgu~VqwgiYJguSVY¿gx�1lw¬
S}lrz�o£nf¡¥lOtiW3qwgio{lrn���o®guSVlrmfg�kXqwm}eio£n}��guSVY0¢£l�eie,lr¡
guSVY�lOnVY�SVlrz´o{nf¡¥lrtuW3q�guo£lOn «±RTSVYXtiY�¡¥lrtuY^gx�±lr¬DSVlOz
o{nf¡¥lOtiW3q�guo£lOnJo{e·W0lrtuY�¡¥t�qw�Oo£¢{Y�giS qwn¿lOnVY�¬¨SVlrzJo{nf¬
¡¥lOtiW3qwgio{lrn «
� n3guSVY�¡¥lO¢£¢{l���o{nV���±Y^qr~V~VtiYjeie'giSVY^k�qreiY���S}Y�tuY

gx�1lw¬¨SVlOz�o{nf¡¥lrtuW3q�gio{lrn�o{e?z}qwtigiopqw¢{¢£c3lO�}eilr¢{Y�giYO« � n
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guSVope*k�qOehY0guSVY�[1©,a qw¢{�rlOtio£giSVW3e�W3q¯c�nVlwg>k�lrnf¬
�OY�tu�rY¿z}tilOz YXti¢{cr«9adYX¢®¡µ¬­eiY�¢{YXk;guYX~ [1©^a$qwn}~¤giSVY
n}Y�o{�rSd� lOth¬­~fYjeho{�rn}qwgiYj~�[1©,a � YXS}q¯�rY¦~Vo® LY�tuY�n�gi¢{c
o{nÁgiSVope¦tuYXeiz6YXk;gj«�RTSVYXo£t¦�6Y�S q¯��o{lrt�e3qw¢peil ~Vo® LY�t
��o£giS ��qwtuo{lrm}e�o{nf¡¥lrtuW3q�gio{lrn lr�}eilr¢{YXeuk�YXn}k�Y euk�Y�¬
n qwtuo£oD«�¶�Y,��o{¢£¢ k�lrn}eio{~VY�t1gx�±lZlr� ehlO¢£Yjeik�Y�n}k�Y·euk�Y�¬
n qwtuo£oD�±��S}Y�tuY´gx�±lr¬DSVlOz o{nf¡¥lOtiW3q�guo£lOnÁqwg3gio{W0Y

tk�lrW0YXe1¡¥tulrW83

� 	<�j¾��V� ¹ ¾ � ¼*½}»���½��<» I ¹ JEK � � ½ � ��½ ½ ¾H� qr~d¬
�OY�tigio21�Yj~*nVYXo£�OSd� lOtiSVldlf~Ve�qwg�gio{WZY

t
qrtiYTW3qr~fY�lr¡

guSVY�nVlf~fYjeT��SVo{k�S´S}q¯�OY,� YXY�n´nVY�o{�rSd�6lrt�eT~fmVtuo£nV�
guSVY,gio{W0Y�o£n�guY�tu�¯qr¢

(t − T, t)
«

	=I=JEG ½ � ��$ º ¾ ¹ $°� º ¹ ¾ � ¼*½V»���½�� I ¹ JEK � � ½ � »
��½ ½ ¾±� qr~f�OY�tigio21�YX~¤nVY�o{�rSd�6lrtuSVldld~ qwg�guo£W0Y

tqrtiY·Y �Vqrk�gi¢{c0W0qO~fY�lr¡<nVlf~fYje±��S}o{k�S��±YXtiY?n}Y�o{�rSf¬
�6lrt�n}ld~VYXe�q�g�guo£W0Y

t − T
M

� n�giSVY,¡¥lO¢£¢{l���o£n}�>�1Y�qreuehmVW0Y^giS q�g?nVlf~fYje�qwtuY
W0lO�Vo£¢{Yr�Tqwn ~ guS}q�g3Y��OY�tuc nVlf~fY´¡¥lr¢{¢{l��?eZq�t�qwnf¬
~VlrW:�1qr¢£ÀL«^RTSVY>q¯�OY�t�qw�rY�eiz6Y�YX~¿o{e·lw¡'lOnVY*mVn}o®g
lr¡^~fopehguqwn k�Y�z YXt0gio{WZYO�HguSVY�tuY�¡¥lOtiY´~fY *}nVo{nV� giSVY
guo£W0Y·mVnVo£gX«±\�¡<k�lOmVt�ehYO�OnVlf~fYje±~Vlrn ! gHgutuq¯�OY�¢VguS}q�g
~Vo{ehguqrn}k�Y¦o{n lrn}Y3gio{W0Y¦mVnVo£gX���6YXkXqwm}eiY3giS}Y�c qwtuY
o{n´z YXtiW3qrnVY�n�g 1�o{�w¬ 1Xqr�}«

�	��
 �
	(���%$=�6
&� �
� � � �0��� � #(���546�
� $=��!�� #

RTS}Y�eio£W>mV¢pq�gio{lrn e>lr¡·lOmfgu~VqwgiYj~ gx�1lw¬¨SVlrz o£nf¡¥lOth¬
W3qwgio{lrn�eiSVl���qrn�o{WZz6lrtiguqrn�g�~fY��OtuqO~Vq�guo£lOn·lr¡fgiSVY
¡¥t�qrk�gio{lrn�lw¡TgiS}Y¦nVlf~fYXe�giS}qwg�Y �fz YXtio{Y�n k�Y¦qJk�lOth¬
tuYXk�g·tuYXk�Y�zfguo£lOn¿��SVY�n�giSVY¦[1©,aJope·eiY�¢£¡µ¬¨eiY�¢{YXk�giYj~
§FehYXY3*}�OmVtiY���ª;«�RTSVY�tuYXeimV¢£gue·qwtuY�qw�Oqro£n´eimVtiz}tiopex¬
o{nV� «�RTSVY´]JsH|9�}qreiYX~ eik�SVYXW0YXe�§¥lrnV¬D¢{o£n}Y�qwn ~
lr  ¬¨¢{o£nVYHzVtim}nVo£n}��ª�eiSVl����rY�tuc��Oldld~^z6Y�ti¡¥lrtuW3qwn}k�Y
o£gHguSVY·eiY�n ehY�guS}q�g1giS}Y?¡¥t�qrk;guo£lOn3lw¡ nVlf~fYje'tuYXk�Y�o{�O¬
o{nV�´guSVY��VtulOqO~Vk�qOexg�tuY�W3qwo{n}e�k�¢£l�ehY0gul �X�O��z YXth¬
k�Y�n�gX« >1lwguS�guSVY¦ehYX¢®¡µ¬­eiY�¢{YXk;guYX~�eik�S}Y�W0YZqrn}~�giSVY
Sdcd�Vtuo{~�eik�SVYXW0Y·k�lO¢£¢pqwz ehY?�OY�tucZ~VY�Y�z}¢£cO�OguSVY^¢{qwgiY�t
q�¢£o£ghgu¢£Y�¢{YXeue�guS}qwn giSVY�¡¥lrtuWZYXtX« � g3ehYXY�W3e�guS}q�g

0

y

1

0,8

0,6

0,4

0,2

0

x

21,510,5

,�o{�rmVtuY � 3 \·mfg�~Vq�guYX~ ~fYX¢{q¯cOYX~ o£nV¡¥lrtuW0qwgio{lrn 3
¡¥t�qrk�gio{lrn�lw¡HguSVY0nVY�gx�1lrtuÀ´tiYjk�YXo£�do{nV�¦guSVY0�Vtil�qr~d¬
kXqrehg��rY�t�eim}e±giSVY�lOmfgu~VqwgiYj~���o{n}~fl��

T
o{n´qZnVY�gh¬

�1lrtuÀ%��o£giS �j�r� nVlf~fYje lOn�q
4 × 4

e&��m}qwtuYr�
¡¥lOt�ehYX¢®¡µ¬­ehYX¢£Yjk;guYX~>[1©,a�§°�rtuY�YXn ª;�wlOnf¬¨¢£o{nVYHz}timVn}o£nV�
]¿sH| §°tiYj~}ª;�±lw 6¬D¢{o£n}Y�zVtumVnVo{nV� ]JsH|
§¥crYX¢£¢{l���ª;�
]¿sH|T¬ �1[1©^a §°�V¢{mVYjª

eiY�¢£¡µ¬­ehYX¢£Yjk;gio{lrn´ope?�OY�tuc�eiY�n}eio®guo£�OY�gil�lrmfg�~Vq�guYX~¿�¯¬
S}lrz�o£nf¡¥lOtiW3qwgio{lrn «
RTSVY^tiYX¢{q¯c3eio71XY^eiSVl��?e1q>~Vo® LY�tuY�n}k�Y·S}Y�tuY�3�giSVY

eiY�¢£¡µ¬­ehYX¢£Yjk;giYj~%[1©^a qrn}~ guSVY ]JsH|�¬ �1[1©,a�tuY�¬
¢pq¯c¤eiY�g´tiYj~fm}k�Yje�o£n eho21�Y���SVo{¢£Y�giS}Y�n}Y�o{�rSd� lOth¬
~VYXeio£�On}q�guYX~�tiYX¢{q¯c�ehY�g*tiYXW3qwo{n}e�ehguqw�}¢£Y¿§FehYXY *}�w¬
m}tiY �rª;«^\·n}Y*z6lOeueho{�V¢{Y�Y �fzV¢pqwn}qwgio{lrnJope?guS}q�g·giSVY
Yjexguo£W3qwgiYX~ nVY�o{�rSd�6lrtuSVldld~ lr¡?nVlf~fYXeZqwtuY¦¢pqwtu�rYXt
��o£giS���o{n}~fl�� ~fYX¢{q¯cOYX~¿o{nf¡¥lOtiW3q�guo£lOnJgiS qwn���o£giS
Y �Vqrk;g�n}Y�o{�rSd� lOtiS}l�lf~�«J[±lrn}eiY
��mVYXn�gi¢{cJgiSVY�ehYX¢®¡µ¬
eiY�¢{YXk�giYj~ [1©,a ��o{¢£¢±� Y�ehW3qw¢{¢{Y�t,giS qwn giS}Y�[1©^a
��o£giS�Y �Vqrk�g�gx�±lr¬DSVlOz´o£nf¡¥lOtiW3qwgio{lrn «�RTSVY>nVY�o{�rSf¬
�6lrt�~fYjeho{�rn q�giYj~¦eiY�¢{YXk;guYX~�]JsH| qwtuY·qrzVz}qwtuY�n�gu¢£c
¢{YXeue,ehYXn}eio®guo£�OY*gul�guSVope^¡°qrk;g�qrn}~¿guSVY�o{t�tuY�¢pq¯c´eiY�g
tuY�W3qro£n}e1tuY�¢pq�guo£�OY�¢{c�exg�qw�V¢{Yr«
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21,510,5

,�o{�rmVtuY � 3´\·mfg�~Vq�guYX~ o£nf¡¥lOtiW3qwgio{lrn 3�|?Y�¢pq¯c eiY�g
eio21�Y��OY�t�ehm}e1guSVY*lOmfgu~}q�giYj~´��o£n ~fl��

T
o{n¿q3nVY�gh¬

�1lrtuÀ%��o£giS �j�r� nVlf~fYje lOn�q
4 × 4

e&��m}qwtuYr�
¡¥lOt�ehYX¢®¡µ¬­ehYX¢£Yjk;guYX~>[1©,a�§°�rtuY�YXn ª;��lOnf¬D¢{o{nVY±z}timVn}o£nV�
]¿sH| §°tiYj~}ª;�±lw 6¬D¢{o£n}Y�zVtumVnVo{nV� ]JsH|
§¥crYX¢£¢{l���ª;�
]¿sH|T¬ �1[1©^a §°�V¢{mVYjª

�	�.� � #%!����54L� � � ��
&��$ � 
&� �
� � �
�0��� /0
�!�' 1�23�54L1(���	�

RTS}Y eho{W*mV¢pq�guo£lOn}eJeiSVl�� ¢{o®gigi¢{Y ~fYX�rt�qr~Vqwgio{lrn�lr¡
guSVY¦¡¥t�qrk�gio{lrn lw¡�k�lrtutiYjk;g�tuYXk�Y�zfguo£lOn�o{n guSVY�nVY�gh¬
�1lrtuÀL�f��o®guS¿ehYX¢®¡µ¬­eiY�¢{YXk;guYX~¿[1©,aL�}��SVYXn�giSVY�gx�1lw¬
S}lrz nVYXo£�OSd� lOt¿o£nV¡¥lrtuW0qwgio{lrn ope¿m}nVo®¡¥lOtiW0¢{c�~fY�¬
¢pq¯crYj~ §FehYXY *}�rm}tiY3�Oª�«¦¶ SVYXn eim}k�S qJ~fYX¢{q¯c¿o{nf¬
k�tiYjqreiYXe�giSVY0tuYXk�Y�zfguo£lOn�t�q�guo£l�giY�n ~Ve,gil��6Y3�}qrk�À
gul¿�r« 0 ¢£giSVlOmV�rS¿qr¢£¢�z6Y�t�k�Y�n�g�qw�rY�qrtiY*�rY�tuc´k�¢{lOeiY
gul �X�r� z6Y�t�k�Y�n�g¿o£g�k�lOmV¢{~$�6Y nVlwguYX~$giS}qwgJgiSVY

guSVtuY�YHlOnf¬¨¢£o{nVYHqrn}~�lw 6¬¨¢£o{nVYHz}timVn}o£nV�^eik�S}Y�W0YXe�qwtuY
q>¢{o®gigi¢{Y�¢£Yjeie1z6Y�ti¡¥lrtuW0qrn�g±guS}qwn�giSVY�eiY�¢£¡µ¬¨eiY�¢{YXk�giYj~
euk�SVYXWZY,��SVYXn�giSVY�lOmfgu~VqwgiYj~�~fYX¢{q¯c�o£n}k�tiYjqreiYXeX«
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21,510,5

,�o{�rmVtuY��:3 @�nVo£¡¥lrtuWZ¢{c�~fY�¢pq¯crYj~ o£nV¡¥lrtuW0qwgio{lrn 3
¡¥t�qrk�gio{lrn�lw¡HguSVY0nVY�gx�1lrtuÀ´tiYjk�YXo£�do{nV�¦guSVY0�Vtil�qr~d¬
kXqrehg<�rYXtueim}e giSVY±lrmfg�~Vq�guYX~�~fYX¢{q¯c

T
o{n*q�nVY�gx�±lOtiÀ

��o£giS �X�O�¿nVlf~fYjeZlrn q
4 × 4

e&��m}qwtuYr��¡¥lOt0eiY�¢£¡µ¬
eiY�¢{YXk�giYj~�[1©^a�§°�V¢{mVYjª���lrnV¬D¢{o£n}Y¿zVtumVnVo{nV� ]JsH|
§°crYX¢£¢{l���ª;�6lw 6¬D¢{o{nVY>z}timVn}o£nV��]JsH|=§¥tuYX~}ª�� ]JsH|T¬
�T[1©^a�§¥�OtiYXY�n ª

� n ¡°qOk;gX��guSVY�z6Y�ti¡¥lrtuW3qwn}k�Y¦eho{�rnVo+* kXqwn�gi¢{c�~Vo®¡µ¬
¡¥YXtue¿SVY�tuY o£¡0�1Y ¢{l�lOÀ$qwg¿giSVY eho21�Y lr¡0giSVY tuY�¬
¢pq¯cJehY�gueX«*RTSVY0o{n}k�lOn}ehopehgiY�n k�o{YXe·lw¡HguSVY>gx�±lr¬DSVlOz
o{nf¡¥lOtiW3q�guo£lOn W3qrÀrY´giS}Y¿ehYX¢®¡µ¬­ehYX¢£Yjk;guYX~¤[1©^aÁtuY�¬
qOk;g��dc3o£n k�tuYXqreio{nV�>o£gue�eio21�Y,��SVo{¢£Y^giS}Y^n}Y�o{�rSd� lOth¬
~VYXeio£�On}q�guYX~ ]JsH| tuY�W3qro£n}e�W0lrtuY exg�qw�V¢{Y�§°eiY�Y
* �rmVtuY �Oª�«�RTSVY·ehYX¢®¡µ¬­ehYX¢£Yjk;guYX~ZtiYX¢{q¯cZeho21�Y�o{n D qwgiYje��
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lOn�guSVY�k�lrn�git�qwtucJlw¡TzVtuY��do£lOm}e,eik�Y�n}qrtio{lOe^��SVYXtiY
guSVY'tuY�¢pq¯c�eio71XY'�1qOe eiSVtio{nVÀdo{nV�}�¯k�lOn�*}tuWZo{nV��qwn�o{nf¬
S}Y�tuY�n�g�o£n}ehguqr�Vo{¢£o£gxc�lr¡�guSVY*euk�SVY�W0Yr«'RTS}Y�S�cd�Vtuop~
euk�SVYXWZY?eiSVlOmV¢{~0o{n D qwgiY�guldl��VmfgH�6Y�o{nV�>� lOmVn}~fYj~
¡¥tulrW qr� l��OY3giSVY�tuY�¢pq¯c�eiY�g3eho21�Y�lw¡�guSVY�lr  ¬¨¢{o£nVY
z}timVn}o£nV��]JsH|���o®gZY��OY�n�gim}qr¢£¢{c�tuY�W3qro£n}e*exg�qw�V¢{Yr«
RTS}o{e>¡°qrk�gZopeZz}qwtigiopk�m}¢{qrti¢{c��dopeho{�V¢{Y�lOn giS}Y�¢{lrn}�
t�qwn}�rY,eho{W*mV¢pq�guo£lOn�~Vo{eizV¢pq¯crYX~�o£nO*}�OmVtuYZ�j�V«
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21,510,5

,�o{�rmVtuY �:3 @�nVo£¡¥lrtuWZ¢{c�~fY�¢pq¯crYj~ o£nV¡¥lrtuW0qwgio{lrn 3
|?Y�¢pq¯cZeiY�g±eio21�Y?�OY�t�ehm}e'giSVY·lrmfg�~Vq�guYX~3~fYX¢{q¯c

T
o{n

qZnVY�gx�±lOtiÀ3��o£giS �j�r�>nVlf~fYXeTlOn�q
4 × 4

e&��m}qwtuYr�
¡¥lOt3ehYX¢®¡µ¬­ehYX¢£Yjk;guYX~Á[1©,a §¥tuYX~}ª��HlOnf¬D¢{o{nVY�z}timVn}o£nV�
]¿sH|`§¥�}¢£mVY¯ª;��lr  ¬¨¢£o{nVY�zVtim}nVo£n}��]JsH|`§°�rtuY�YXn ª;�
]¿sH|T¬ �1[1©^a §°crYX¢£¢{l���ª

¶�Y�qw¢pehlJt�qwn<��lOmfg>lr¡�k�mVtuo£l�eho£gxcr�<giSVY�eho{W*mV¢pq�¬
guo£lOnJmVz´gil

T = 10
� ��SVY�n´guSVY�gx�1lw¬¨SVlOz�o{n}k�lOnf¬

eiopexguY�n}k�c¿~ftuqrW3q�giopk�qr¢£¢{c�o£n}k�tiYjqreiYXeX« � n¿giS}o{e�kXqreiY

YX�rYXticJnVlf~fY3eiY�¢{YXk�gue,o£gueiY�¢£¡1o{n�guSVY3tuY�¢pq¯c´eiY�g�o£¡1q
guSVY0ehYX¢®¡µ¬­ehYX¢£Yjk;guYX~¿ehgit�q�guY��rc�ope�m}eiYX~ ����SVo£¢{Y*��o£giS
n}Y�o{�rSd� lOth¬­~fYjeho{�rn}qwgio{lrn�giSVY>tiYX¢{q¯c�ehY�g�ÀrYXY�z}e·eho{�w¬
n}o-* kXqwn�gi¢{c¦�6Y�¢{l��¤guS}q�g�eio71XYr«

x

1086420

y
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0,6

0,4

0,2

0

,�o{�rmVtuYÁ�X� 3 @?nVo£¡¥lrtuW0¢£c¤~VY�¢pq¯crYX~�o£nV¡¥lrtuW0qwgio{lrn 3
|?Y�¢pq¯cZeiY�g±eio21�Y?�OY�t�ehm}e'giSVY·lrmfg�~Vq�guYX~3~fYX¢{q¯c

T
o{n

qZnVY�gx�±lOtiÀ3��o£giS �j�r�>nVlf~fYXeTlOn�q
4× 4

e&��m}qwtuYr�
¡¥lOt�ehYX¢®¡µ¬­ehYX¢£Yjk;guYX~>[1©,a�§°�rtuY�YXn ª;�wlOnf¬¨¢£o{nVYHz}timVn}o£nV�
]¿sH| §°tiYj~}ª;�±lw 6¬D¢{o£n}Y�zVtumVnVo{nV� ]JsH|
§¥crYX¢£¢{l���ª;�
]¿sH|T¬ �1[1©^a §°�V¢{mVYjª

� #%����&±�����<�����

[±lOnVnVYjk;giYj~ ~flOW0o£n}qwgio{nV�:ehY�gue qwtuY q k�tuo£giopk�qw¢
¡¥Yjq�gumVtiY ¡¥lrt�W0lO�Vo£¢{Y ��o{tiYX¢£Yjeie�nVY�gx�1lrtuÀdo£n}�}« � ¡
guldl9W3qwndc:nVlf~fYXe$tuY�git�qwn ehW0o£g�gilOz lO¢£lO�rc mVzf¬
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~}q�giY�o{nf¡¥lOtiW3q�guo£lOn �ÁgiSVY9nVY�gx�1lrtuÀ`W3q¯c4eio£WZ¬
z}¢£c k�lr¢{¢{qrz}ehYO�>l��OY�tu¢£l�qr~fYj~ ��o®guS k�lrn�gitulr¢*git�q�¡µ¬
*6k lrn o®g�eJl���n «`RTSVYXtiY�¡¥lrtuY�q W0YXk�S qwnVopehW o{e
n}Y�YX~VYX~�gul%¢{o£W0o£g giSVY ehY�gÁlr¡��VtulOqO~Vk�qOexg ¡¥lOth¬
�Tqwt�~fYXtue,o{n giS}Y¦nVY�gx�1lrtuÀL« @�eio£nV��q¿k�lOnVnVYXk�giYj~
~VlrW0o£n q�gio{nV� eiY�g ope eim}k�S�q�eilr¢{mfgio{lrn « y?l��T¬
YX�rYXt�giS}Y�tuY�qrtiY��¯qrtio{lrm e��Tq¯cde�gil��VmVo{¢{~ q�k�lrnf¬
n}YXk;guYX~�~flrW0o{n}q�guo£nV��ehY�gX« 0 W0lOnV�¦guSVY�W´���}qOehYj~
lOn�gx�1lw¬¨SVlOz�nVYXo£�OS��6lrtuSVldlf~¦o{nf¡¥lrtuW3q�guo£lOn �dgiSVYXtiY
qrtiY gx�±l$W0qro£n qwzVzVtulOqOk�SVYXe 3 §¥oµª�eiY�¢£¡µ¬¨eiY�¢{YXk�giYj~
[1©,a´qwn ~ §¥o{opªTn}Y�o{�rSd� lOth¬­~fYjeho{�rn}qwgiYj~´[1©,a´ehm k�S
qOe ]JsH|bo{n4\%@�af|�«¦¶�Y�S q¯�rY�ehS}l���n=guS}q�g
n}Y�o{�rSd� lOth¬­~fYjeho{�rn}qwgiYj~ k�lOnVnVYjk;giYj~ ~flrW0o{n}q�guo£nV�
eiY�g�e z6Y�ti¡¥lrtuW$W>m}k�S��6Y�gigiY�t�o{n��rYXnVY�t�qw¢�guS}qwn>ehYX¢®¡µ¬
eiY�¢{YXk�giYj~�k�lrnVnVYjk;guYX~�~VlrW0o£n q�gio{nV�JeiY�gueX« � n�z}qrth¬
guo{k�mV¢pqwt�guSVY�c�qwtuY�W0lrtuY�tiYjeho{¢{o£YXnOg�gul�git�qwn ehW0opeieio£lOn
YXtitulrt�e3qwn ~ nVY�o{�rSd�6lrt�o£nf¡¥lOtiW3qwgio{lrn lrmVgu~Vqwgio{nV�}«
RTS}Y>mVn exg�qw�Vo{¢£o£gio{YXe,lr¡1eiY�¢£¡µ¬¨eiY�¢{YXk�giYj~�[1©,a¿YXo®guSVY�t
¢{YXqO~Jgul�q�gildl�eiW3qw¢{¢H[1©^a¿giS}qwg,~Vl�Yje^nVlwg,lw LY�t
YXnVlrm}�rS*k�l��rY�t�qw�OY�lw¡VguSVYTnVY�gx�1lrtuÀL�XlOt�gil,q?W*m k�S
guldl¿¢{qrti�OY�[1©^a�guS}q�gZcdo£YX¢{~Ve�gildl¿W3qwndc�tiYj~fmVnf¬
~}qwn�g�tiY�git�qwn}eiW0o{eueho{lrn eHlr¡��VtulOqO~Vk�qOexgTz}qOk�ÀrY�g�e�«
RTSVYXtiY�¡¥lrtuY �±YÁS}q¯�OY o{n��OYXehgio{�OqwgiYX~ guSVYÁz YXth¬

¡¥lOtiW3qrn}k�Y�lr¡±qwn�S�cd�Vtuop~¿eik�S}Y�W0Yr�Lk�qr¢£¢{YX~¿]¿sH|T¬
�T[1©^aL« 0 ¢®guSVlrm}�rS�o{nVo£giopqw¢{¢£c�zVtulrW0opeho{nV� �XguSVY1z YXth¬
¡¥lOtiW3qrn}k�YTgumVtin}YX~ZnVlwgHgil��6Y�eil��rldlf~>m}n}~fY�tHgiSVY
��qrtio{lrm}e�exgutiYjeie�euk�Y�n qwtuo£l�e�« RTSVY�tiYjehopexg�qwn}k�YJgil
gutuqrn}eiWZopeueho{lrn YXtitulrt�e¦ope�n}l �Ol�lf~��?giSVY�z YXth¡¥lOth¬
W3qrn}k�Y*k�lr¢{¢{qrz}eiYXe�mVn ~fY�t^lrmfg�~Vq�guYX~´gx�1lw¬¨SVlOz�o{nf¬
¡¥lOtiW3qwgio{lrn « � n ehm}WZW3qrtic guSVYJSdc��}tiop~ euk�SVYXWZY
eiY�YXW3e^gil�k�lr¢{¢£Yjk;g,giSVY�~fo{euqr~V�¯qrn�guqw�OYXe^lw¡To£gue�tuY�¬
eiz6YXk;guo£�OY¿z}qrtiYXnOg�euk�SVYXWZYje(3 q k�lrW0zV¢{Y � n}Y�o{�rSf¬
�6lrt¦~VYXeio£�On}q�guo£lOnÁeuk�SVY�W0Yje¦qwn}~ guSVYJz ldlOt3z YXth¬
¡¥lOtiW3qrn}k�Y�lr¡'giS}YZeiY�¢£¡µ¬¨eiY�¢{YXk�gio{lrn « � g�ehYXY�W3e?guS}q�g
z}mVtiY nVYXo£�OSd� lOt ~VYXeio£�On}q�guYX~ eik�SVYXW0YXe qwtuYÁgiSVY
W0l�exg�tulr�Vm}ehg�qwn}~�z YXth¡¥lOtiW3qrnOg�euk�SVY�W0YXe1¡¥lOt�lrzf¬
guo£W0o21�Yj~!D l�lf~fo{nV�0o{n�W0lO�Vo£¢{Y ��	 9 
 �TnVY�gx�±lOtiÀfeX«

� ��"��T	�����&1���

²£��³�� «,¶�m qwn}~ y�« @ oD�3\·n k�qr¢{k�mV¢{qwgio{nV�$k�lrnf¬
n}YXk;guYX~´~flOWZo{n}qwgio{nV�ZeiY�gT¡¥lOt�Y�.¦k�o{Y�n�g�tilOmfgh¬

o{nV�Jo{n qr~�SVlfk0��o{tiYX¢£Yjeie,nVY�gx�±lOtiÀfeX� ¶�lrtuÀO¬
eiSVlOz�lOn�©·o{euk�tuY�guY 0 ¢{�rlrtuo£giSVW3eTqwn}~�]JY�giSf¬
lf~Ve'¡¥lrt1]Jlr�Vo{¢{Y^[±lrW0zVmfguo£n}�*qwn}~�[±lrW0W*mf¬
n}o{kXq�gio{lrn e�§x� � � ��ª �¯¬u�X�}«

² ��³*[·« 0 ~¯vxo{S � s�« ��qrk ��mVY�gX�
@H« �·o£YXnVnVlrgX�Ò[±lrW0zVmfguo£nV� [±lOnVnVYXk�giYj~
©·lrW0o{n}q�guo£n}� adY�gue ��o®guS ]JmV¢£gio{z lOo£n�g
|?Y�¢pq¯cdeX� � ��| � 0 |?|T¬¨��� � �¦§D�w�O�O�rª�«

² �w³ 0 « � q¯cdcdmVW´�/@'«��·o£YXnVnVlrgX�Oqrn}~ 0 «�@�qwlrm}o®guoF«
]¿mV¢®guo£z6lro{n�gZtuY�¢pq¯cdo£n}�´¡¥lrt;D}ldld~Vo£nV���Vtil�qr~d¬
kXqrehg$W0YXeueuqw�rY%o£n4WZlO�Vo{¢£Y ��o£tuY�¢{YXeue¤nVY�gh¬
�1lrtuÀfe�« � n�s'tulfk�Y�Yj~fo{nV�Oe�lw¡}y � [TaVa�¬­�O�f����qwn «
�r�r���f«

² �r³�R,«�[±¢pqwm ehYXn�qrn}~¿s�«���qrk
�Om}Y�g3§ �H~�«Æª;� �X\·zf¬
guo£W0o21�Yj~ @ o{nVÀ`a�g�q�giY |�lrmVgio{nV�9s'tulwgulfk�lr¢
§¨\%@�af|·ª ��� | ,�[¤�r�O�r�V�}\^k;gulr�6Y�t��r�r�r�}«

² ��³�� «T¶�m<� ,1«�©^qwoD���hs�Y�ti¡¥lrtuW0qrn}k�Y 0 n}qr¢£cfeio{e
lr¡ >1tulOqr~}k�qrehg·sHtilrgilfk�lO¢{e^o{n 0 ~�y?lfk �?Y�gh¬
�1lrtuÀfe >TqOehYj~3lrn´adY�¢£¡�s'tumVnVo{nV� � �·sHtilfk�YXYX~d¬
o{nV��e�lw¡�¶ [��,[·� �w�O�w�}«

² �w³�� «±y·qwtutioD�?[·« >1lrnVn}Y�gX� ,1«-,�o{¢{qr¢£oD� �X\%@�af|
qrn}~ ]¿sH|���W*mVgim}qr¢ ~VY�z6Y�n}~fYXn}k�Y+qwn ~
z6Y�ti¡¥lrtuW3qwn}k�Yr� ��s'tilfk�Y�YX~Vo£nV��e3lw¡�]JYj~fSVlfk;¬
��Y�g ! ���f� �r�r�O�V«

² �¯³ ,1«�©·qro qwn ~	� «¿¶�m ��©·lrm}�V¢£Y�¬x[±l��OY�tuYX~
>1tulOqO~Vk�qOexg §F©,[Ta}ª�3 0 afo£W0zV¢{Y |?Y�¢{o{qr�V¢£Y
>1tulOqO~Vk�qOexg 0 ¢{�rlrtuo£giSVW o{n ] 0 � �HR�eX� �
sHtilfk�YXYX~fo{nV��eTlw¡ � � � � � � ,�\�[�\^] �}�w�O�w� «

² �w³,¶�« @ lOm%qwn ~
�}«·¶�m � ��©·lrm}�V¢£Y�¬x[±l��OY�tuYX~
>1tulOqO~Vk�qOexg §F©,[Ta}ª�3 0 afo£W0zV¢{Y |?Y�¢{o{qr�V¢£Y
>1tulOqO~Vk�qOexg 0 ¢{�rlrtuo£giSVW o{n ] 0 � �HR�eX� �
sHtilfk�YXYX~fo{nV��eTlw¡ � � � � � � ,�\�[�\^] �}�w�O�w� «

² �w³�� «0¶�m<��,1«0©^qwoD����\·n [±lrn exgutim}k�gio{nV�%À�¬
[±lOnVnVYjk;giYj~ ÀO¬­©·lrW0o£n q�gio{nV� adY�g¿o{n ¶ o£tuY�¬
¢{YXeue �?Y�gx�±lOtiÀfeX� ��sHtilfk�YXYX~fo{nV��e*lr¡ � sH©�s1aL�
�r�r���f«
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²{�X�w³ � «H¶�m � ,1«±©^qwoD� � ��.3k�o£YXn�g >1til�qr~VkXqrehgio{nV�
��o£giS � m qwt�qwn�giYXYX~ [±l��OY�t�qw�OY�o{n:]¿lr�Vo{¢£Y
0 ~ y?lfk �?Y�gx�±lOtiÀfeX� �3gul�qwzVz6YXqrt*o{n � � � �
R�t�qwn}euqrk�gio{lrn}e1lrn´]JlO�Vo£¢{Y>[±lrW0zVmVgio{nV�}«

²{�r��³�[·« 0 ~¯vxo{S ���?« >TqOk�k�YX¢£¢{oD��R,«�[±¢pqwm ehYXn � �j\·n
guSVY tilO�Vm}ehginVYjeie¤qrn}~`ehguqr�Vo£¢{o£gxc lr¡Á[±lrnf¬
n}YXk;guYX~ ©·lrW0o£n q�gio{nV� adY�gue ��� � ��| � 0 |�Y�¬
eiYXqrtuk�S�|�Y�z}z lOthg�|?|�¬­�r�r� �}�d�r�r���f«
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