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Abstract: An (n, p, n+f)-network G is a graph (V, E) where the vertex set V is partitioned
into four subsets P , I, O and S called respectively the priorities, the ordinary inputs, the
outputs and the switches, satisfying the following constraints: there are p priorities, n − p
ordinary inputs and n + f outputs; each priority, each ordinary input and each output is
connected to exactly one switch; switches have degree at most 4. An (n, p, n + f)-network
is a (n, p, f)-repartitor if for any disjoint subsets F and B of O with |F| = f and |B| = p,
there exist in G, n edge-disjoint paths, p of them from P to B and the n − p others joining
I to O \ (B ∪ F). The problem is to determine the minimum number R(n, p, f) of switches
of an (n, p, f)-repartitor and to construct a repartitor with the smallest number of switches.

In this paper, we show how to build general repartitors from (n, 0, f)-repartitors also
called (n, n + f)-selectors. We then consrtuct selectors using more powerful networks called
superselectors. An (n, 0, n)-network is an n-superselector if for any subsets I ′ ⊂ I and
O′ ⊂ O with |O′| = |I ′|, there exist in G, |O′| edge-disjoint paths joining I ′ to O′. We show
that the minimum number of switches of an n-superselector S+(n) is at most 17n+O(log(n)).
We then deduce that R(n, p, f) ≤ 69

2 n + 35
2 f − 33p + O(log(n + f)) if p ≤ n−f

2 , R(n, p, f) ≤
18n+34f+O(log(n+f)), if n−f

2 ≤ p ≤ n+f
2 and R(n, p, f) ≤ 3

2n+ 35
2 f+33p+O(log(n+f)) if

p ≥ n+f
2 . Finally, we give lower bounds for R(n, 0, f) and S+(n) and show optimal networks

for small value of n.
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Repartiteurs, sélecteurs et supersélecteurs

Résumé : Un (n, p, n+f)-réseau G est un graphe (V, E) dont l’ensemble de sommets V est
partitionné en quatre sous-ensembles P , I, O et S appelés respectivement les prioritiés, les
entrées ordinaires, les sorties et les commutateurs, satisfaisant les contraintes suivantes : il
y a p priorités, n− p entrées ordinaires et n + f sorties; chaque priorité, entrée ordinaire ou
sortie est reliée à exactement un commutateur; les commutateurs ont degré au plus 4. Un
(n, p, n+f)-réseau est un (n, p, f)-répartiteur si pour toute paire de sous-ensembles disjoints
F et B de O avec |F| = f et |B| = p, il existe dans G, n chemins arêtes-disjoints, p d’entre
eux allant de P à B et les n−p autres de I à O\ (B∪F). Le problème consiste à déterminer
le nombre minimum R(n, p, f) de commutateurs d’un (n, p, f)-répartiteur et de construire
un répartiteur avec le moins possible de commutateurs.

Dans ce rapport, nous montrons comment construire des répartiteurs à partir de ré-
partiteurs particuliers, nommément les (n, 0, f)-répartiteurs aussi appelés (n, n+f)-selecteurs.
Nous construisons ensuite des sélecteurs par l’intermédiaire de réseaux plus puissants appelés
supersélecteurs. Un (n, 0, n)-réseau est un n-supersélecteur si pour toute paire d’ensembles
I ′ ⊂ I et O′ ⊂ O vérifiant |O′| = |I ′|, il existe dans G, |O′| chemins arête-disjoints reliant
I ′ à O′. Nous montrons que le nombre minimum de commutateurs d’un n-supersélecteur,
S+(n), est au plus 17n+O(log(n)). Nous en déduisons ensuite que R(n, p, f) ≤ 69

2 n+ 35
2 f −

33p+O(log(n+f)) si p ≤ n−f
2 , R(n, p, f) ≤ 18n+34f +O(log(n+f)), si n−f

2 ≤ p ≤ n+f
2 et

R(n, p, f) ≤ 3
2n+ 35

2 f +33p+O(log(n+ f)) si p ≥ n+f
2 . Enfin, nous donnons des bornes in-

férieures pour R(n, 0, f) et S+(n) et exhibons des réseaux optimaux pour de petites valeurs
de n.

Mots-clés : conception de réseaux, réseau embarqué, tolérance aux pannes, vulnérabilité
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1 Introduction

Modern telecommunications satellites are very complex to design and an important indus-
trial issue is to provide robustness at the lowest possible cost. A key component of telecom-
munication satellites is an interconnection network which allows to redirect signals received
by the satellite to a set of amplifiers where the signals will be retransmitted. In this paper,
we consider a certain type of interconnection network as asked by Alcatel Space Industries.
The network is made of expensive switches ; so we want to minimize their number subject
to the following conditions : Each input and output is adjacent to exactly one link ; each
switch is adjacent to exactly four links ; there are n inputs (signals) and n + f outputs
(amplifiers) ; among the n + f outputs, f can fail permanently; among the n input signals,
p of them called priorities must be connected to the amplifiers providing the best quality
of service (that is to some specific outputs) and the other signals should be sent to other
amplifiers. Note that the priority signals are given, but the amplifiers providing the quality
of service change during the life of the satellite and so the networks should be able to route
the signals for any set of f failed outputs and any set of p best quality outputs.

This problem can be formally restated as follows:

Definition 1 An (n, p, n + f)-network G is a graph (V, E) where the vertex set V is parti-
tioned into four subsets P , I, O and S called respectively the priorities, the ordinary inputs,
the outputs and the switches, satisfying the following constraints:

- there are p priorities, n − p ordinary inputs and n + f outputs;
- each priority, each ordinary input and each output is connected to exactly one switch;
- switches have degree at most 4.
An (n, p, n + f)-network is a (n, p, f)-repartitor if for any disjoint subsets F and B of

O with |F| = f and |B| = p, there exist in G, n edge-disjoint paths, p of them from P to
B and the n − p others joining I to O \ (B ∪ F). The set F corresponds to set of failures
and B to the set of amplifiers providing the best quality of service. We denote R(n, p, f)
the minimum number of switches (i.e. cardinality of S) of a valid (n, p, f)-repartitor. A
(n, p, f)-repartitor with R(n, p, f) switches will be called minimum.

Problem 1 Determine R(n, p, f) and construct a minimum (or almost minimum) reparti-
tor.

A particular case of repartitors are those with only one type of inputs, i.e. (n, 0, f)-
repartitors (or (n, n, f)-repartitors) also called (n, n + f)-selectors. A (p, n)-selector is a
network with a set I of p inputs and a set O of n outputs, such that for any subset O′ of p
outputs there exists a set of p edge-disjoint paths connecting I to O′.

In [4] and [6], (n, n + f)-selectors) with f fixed, were studied. Let us denote S(p, n) the
minimum number of switches (i.e. cardinality of S) of a (p, n)-selector. In [4], it is shown
that S(n, n + 2) = R(n, 0, 2) = n. In [6], the following values for small f are also given :
S(n, n+4) = R(n, 0, 4) = n+

⌈

n
4

⌉

; S(n, n+6) = R(n, 0, 6) = n+ n
4 +
√

n
8 +O(1); S(n, n+8) =

R(n, 0, 8) = n + n
3 + 2

3

√

n
3 + O(4

√
n) and S(n, n + 12) = R(n, 0, 12) = n + 3n

7 + O(
√

n).
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4 F. Havet

It is also proved that 3n
2 − O(n

f ) ≤ S(n, n + f) = R(n, 0, f) ≤ 3n
2 + g(f) with g a function

depending only on f . However, this function is exponential in f , hence if log(n) = o(f) this
upper bound is very bad.

In [5], it is shown that R(n, p, 0) ≤ n − p + n
2 dlog2 pe. Moreover, some exact values of

R(n, p, f) were given when p and f are small.
The main objective of this paper (sectionconstruction) is to prove an upper bound for

R(n, p, f) which is linear in n, p and f .
We first show Subsection 2.1 how to construct a repartitor from two selectors and derive

the inequality R(n, p, f) ≤ S(p, n + f) + S(n − p, n + f) + n. We then focus on selectors.
Selectors are an anloguous of (the opposite of) concentrators (see [7]). An (n,m)-

concentrator is a directed acyclic graph with n distinguished vertices called inputs and a
disjoint set of m distinguished vertices outputs such that for any subset A of m inputs there
exists a set of m vertex-disjoint paths connecting A to the outputs. Lots of papers are
devoted to study the minimum number of edges of an (n, m)-concentrator.

Here we want to minimize the number of switches of selectors which is very close to
minimize the number of edges since every switch has degree at most 4, so the number of
edges of a minimum (p, n)-selector is at most 1

2 (4S(p, n) + n + p).
In order to build selectors, we first build more powerful networks called superselectors.

An (n, 0, n)-network is an n-superselector if for any subsets I ′ ⊂ I and O′ ⊂ O with
|O′| = |I ′|, there exist in G, |O′| edge-disjoint paths joining I ′ to O′. We will denote
S+(n) the minimum number of switches (i.e. cardinality of S) of a n-superselector. A
n-superselector with S+(n) switches will be called minimum.

Superselectors are very powerful since they are like (p, n)-selectors for every 1 ≤ p ≤ n.
Indeed, it is easy to see that the network obtained from a n-superselector by deleting any
set of n − p inputs is a (p, n)-selector.

Proposition 1 For any p ≤ n, S(p, n) ≤ S+(n).

Then we give two constructions of superselectors. The first one (Subsection 2.2) uses
a technique inspired by Pippenger’s construction [8] of superconcentrators. It yields an n-
superselector with 17n + O(log(n)) switches. However, this construction is based on the
existence of funnels which is proved in Lemma 2 in a non constructive way. Hence, we give
Subsection 2.3 an explicit construction of an n-superselectors with 20n + O(1) switches. It
is based an a result of Alon and Capalbo [1]. Then, in Subsection 2.4, we give constructions
of selectors from superselectors. We show :
If p ≥ n/2 then S(p, n) ≤ n

2 + 17p + O(log(n)).
If p ≤ n/2 then S(p, n) ≤ 17n− 16p + O(log(n)).

We then deduce:
If p ≤ n−f

2 , then R(n, p, f) ≤ 69
2 n + 35

2 f − 33p + O(log(n + f)).

If n−f
2 ≤ p ≤ n+f

2 then R(n, p, f) ≤ 18n + 34f + O(log(n + f)).

If p ≥ n+f
2 , then R(n, p, f) ≤ 3

2n + 35
2 f + 33p + O(log(n + f)).

In the second part of this paper, we study lower bounds to the number of switches in a
selector or superselector. In Subsection 3.1, we prove that:

INRIA



Repartitors, selectors and superselectors 5

if p is even then S(p, n) ≥ 2p/2 − 1

2p/2
n + Θ(1);

if p is odd then S(p, n) ≥ 2(p+1)/2 − 3

2(p+1)/2
n + Θ(1).

We conjecture that equality holds. We establish it for p ≤ 6 in Subsection 3.2. In Subsec-
tion 3.3, we give lower bounds for S+(n) and in Subsection 3.4, we show optimal superse-
lectors for small values of n.

2 Construction of superselectors, selectors and reparti-

tors

2.1 Constructing repartitors with selectors

Lemma 1 R(n, p, f) ≤ S(p, n + f) + S(n − p, n + f) + n + f

Proof. Let S be a (p, n + f)-selector with output-set {o1, o2, . . . , on+f} and S′ an (n −
p, n + f)-selector with output-set {o′1, o′2, . . . , o′n+f}. Let H be the (n, p, n + f)-network
constructed from S and S′ by replacing each pair {oi, o

′
i}, 1 ≤ i ≤ n + f , by a switch si

adjacent to an output qi and the neighbours of oi and o′i. See Figure 1. The priorities of H

S’

S

...
...

. .
 . 

. .
 . 

. .
. .

 . 
. .

 . 
. .

. .
 . 

 . 
. .

 . 
 . 

 . 
 . 

 . 
.  

.  
. .p

n+f

n−p

Figure 1: Construction of an (n, p, f)-repartitor from a (p, n+f)- and an (n−p, n+f)-selector

are the inputs of S and its ordinary inputs the inputs of S ′. It is easy to check that H is a
(n, p, 0)-repartitor. Indeed the priorities are routed through S, the ordinary inputs through
S′ and the switches si allow us to select a priority path or an ordinary one. �

RR n° 5686



6 F. Havet

From an (n, p, f)-repartitor, one can easily construct a (p, n + f)-selector or an (n −
p, n + f)-selector by removing inputs and outputs. So S(p, n + f) and S(n − p, n + f) are
less or equal to R(n, p, f). Hence, if a (n, p, f)-repartitor is constructed from two optimum
selectors using the above construction, it has at most 2R(n, p, f)+n+f switches. So finding
minimum (or almost minimum) selectors will give us fairly small repartitors. Hence in the
remaining of the paper, we will focus on selectors.

In order to construct selectors, we first construct more powerful networks: the superse-
lectors.

2.2 Non explicit construction of superselectors

We first give a recursive construction for superselectors. Therefore we need a preliminary
lemma due to Pippenger [8].

Let θ be the function from IN into IN defined by θ(n) = 4
⌈

n
6

⌉

.

Lemma 2 (Pippenger [8]) For every n, there is a bipartite graph Bipn = (A, B) with
|A| = n and |B| = θ(n), in which every vertex of A has outdegree 6, every vertex of B has
indegree 9, and, for every k ≤ n/2 and every set S ⊂ of k vertices, there exists a matching
saturating S.

Theorem 1
S+(n) ≤ 17n + O(log n)

Proof. Let Sn be the (n, 0, n)-network defined recursively as follows : If n ≤ 4, let Sn be
the (optimum) superselector defined Subsection 3.4.

If n ≥ 6, let Bipn be the bipartite graph defined in Lemma 2 with A = {a1, . . . , an}
and B = {b1, . . . , bθ(n)} and {i′j , 1 ≤ j ≤ θ(n)} and {o′j , 1 ≤ j ≤ θ(n)} be the input and
output sets of Sθ(n). Let us construct Sn as follows (See Figure 2) : For 1 ≤ l ≤ n, replace
the vertex al by an path Al = (u1

l , u
2
l , u

3
l ) incident to the 6 edges of Bipn incident to al (1

incident to u1
l , 2 incident to u2

l and 3 incident to u3
l ) and connect u1

l to an input il and an
output ol. For 1 ≤ l ≤ θ(n), replace the vertex bl by an path Bl = (v1

l , v2
l , v3

l , v4
l ) incident to

the 9 edges of Bipn incident to bl (3 incident to v1
l and 2 to each other switch), identify v4

l

with i′l and o′l. This is possible since i′l and o′l are adjacent to the same switch (corresponding
to u1

l ) by construction.

Let us prove by induction on n that Sn is an n-superselector.
Let I ′ and O′ be sets of inputs and outputs with the same cardinality. Let Ii = {j, ij ∈ I ′}
and Io = {j, oj ∈ I ′}. For j ∈ Ii ∩ Io, let Pj = (ij , a

1
j , oj). Let Ji = Ii \ Io and Jo = Io \ Ii.

It remains to find paths from the inputs ij , j ∈ Ji to outputs oj , j ∈ Jo.
By Lemma 2, in Bipn, there is a matching Mi which saturates {aj , j ∈ Ji} and a matching

Mo which saturates {aj , j ∈ Jo}. Note that since Ji and Jo are disjoint Mi ∩ Mo = ∅. For
j ∈ Ji, let g(j) be the integer such that ajbg(j) ∈ Mi and for j ∈ Jo, let h(j) be the integer
such that ajbh(j) ∈ Mo.

INRIA



Repartitors, selectors and superselectors 7

(n)θSBipn

. . . . . . .

. . . .
Figure 2: The network Sn

Set L = g(Ji) ∩ h(Jo), Li = g(Ji) \ L and Lo = h(Jo) \ L. Since Sθ(n) is a θ(n)-
superselector. There is a set R of edge-disjoint paths joining {v4

l , l ∈ Li} to {v4
l , l ∈ Lo}.

For every l ∈ Li, let Rl be the path of R joining v4
l to a vertex v4

f(l) with f(l) ∈ Lo.
Let j ∈ Ji.

If g(j) /∈ L, let j′ = h−1[f(g(j))]. There is a path Qj , j ∈ Ji corresponding to ajbg(j) from ij
to a vertex v4

g(j) and a path Q′
j from v4

h(j′) to oj′ corresponding to the edge aj′bh(j′). Hence

Pj = QJRjQ
′
j route ij to oj′ .

If g(j) ∈ L, let j′ ∈ Jo such that h(j′) = g(j). By construction of Sn, there is a path
Qj , j ∈ Ji corresponding to ajbg(j) from ij to a vertex x of Bg(j) and a path Q′

j from x to
oj′ corresponding to the edge aj′bh(j′). Hence Pj = QJQ′

j route ij to oj′ .
Obviously the Pj , j ∈ Ii, are edge disjoint since a path Aj or Bl intersects at most one

of them. So they are the desired paths.

Now |Sn| ≤ 3n + 4θ(n) + |Sθ(n)|. For n ≥ 4, define θ0(n) = n and θt+1(n) = θ(θt(n)).

Pick t the smallest integer such that θt+1(n) = 4. Since 2
3 < 1, then t = O(log n) since

2
3 < 1. Now applying the above equation t + 1 times, we get

|Sn| ≤ 3n + 7(θ1(n) + · · · + θt(n)) + 16 + S+(4)

It is easy to show by induction on t that θt(n) ≤
(

2
3

)t
n + 8. This implies that

|Sn| ≤ 17n + 56(t + 1) + O(1) ≤ 17n + O(log(n))

�

RR n° 5686



8 F. Havet

2.3 Explicit construction for superselectors

In order to construct explicitely an n-superselector, we need the following Lemma due to
Alon and Capalbo [1]:

Lemma 3 (Alon and Capalbo [1]) There exists an explicit 10-regular bipartite graph Hn =
(A, B) with A = {a1, a2, . . . , an}, B = {b1, b2, . . . , bn} and n = k×2l+1 with k = 63×64×65
such that for any subsets A1 and A2 of A of the same cardinality |A1| = |A2|, there exists
two matchings M1 and M2 such that:

(i) M1 saturates A1 and M2 saturates A2;

(ii) Let i be any integer in {1, 2, . . . , n/2}. Then if M1 covers bi and bi+n/2 then M2 covers
at least one vertex of {bi, bi+n/2}. Similarly, if M2 covers bi and bi+n/2 then M1 covers
at least one vertex of {bi, bi+n/2}.

Using this bipartite graph and a method similar to Alon and Capalbo’s one for super-
concentrators, we construct explicitely superselector recursively :

Theorem 2 There exists an explicit n-superselector 20n + O(1) switches.

Proof. Let Nn be the network constructed recursively as follows. Take the bipartite graph
Hn constructed in Lemma 3 and Nn/2 with input set {i′1, i′2, . . . , i′n/2} and output set and

{o′1, o′2, . . . , o′n/2}.
For 1 ≤ j ≤ n, replace the vertices aj by a path Aj = (u1

j , u
2
j , u

3
j , u

4
j , u

5
j) incident to the 10

edges of Hn incident to aj (one incident to u1
j , two incident to each of u2

j , u
3
j , u

4
j and three

incident to u5
j ) and connect u1

j to an input ij and an output oj .

For 1 ≤ l ≤ n/2, replace the two vertices bl and bl+n/2 by a path Bl = (v1
l , v2

l , . . . , v10
l )

incident to the 20 edges of Hn incident to bl or bl+n/2, (Each switch is incident to one edge
of incident to bl and one edge incident to bl+n/2). Finally, for 1 ≤ l ≤ n/2, remove i′l and o′l
and connect their common neighbour s′l in N ′ with v1

l and v10
l . The network Nn is depicted

Figure 3.
Let us prove by induction that Nn is an n-superselector.

Let I ′ ⊂ I and O′ ⊂ O be two sets of the same cardinality k. Set I1 = {j, ij ∈ I ′},
I2 = {j, ij ∈ I ′}, I = I1 ∩ I2, J1 = I1 \ I and J2 = I2 \ I . If j ∈ I , route ij to oj via
Pj = (ij , v

1
j , oj). It remains to find paths from {ij , j ∈ J1} to {oj , j ∈ J2}.

Let A1 = {aj , j ∈ J1} and A2 = {aj , j ∈ J2}, and M1 and M2 be the two matchings
constructed as in Lemma 3. For j ∈ Ji, let g(j) be the integer such that an edge e among
ajbg(j) and ajbg(j)+n/2 is in M1 and let u′

jv
′
j the edge of Nn corresponding to the edge e.

By construction u′
j ∈ V (Aj) and v′j ∈ V (Bg(j)). Let Q′

j be the path from ij to v′j in Aj ∪ e.
For j ∈ Jo, let h(j) be the integer such that an edge e among ajbh(j) and ajbh(j)+n/2 is in
M2 and let u′′

j v′′j the edge of Nn corresponding to the edge e and Q′′
j the path from v′′

j to oj .

For 0 ≤ a, b ≤ 2, La,b be set set of integers l such that |g−1(l)| = a and |h−1(l)| = b. By the
property (ii) of M1 and M2, L2,0 and L0,2 are empty.

INRIA



Repartitors, selectors and superselectors 9

Nn/2

Hn

a b

a

b

a b

2

n

bn/2+1

n/2

1 1

n

. . . . . . . .

. . . . . . .  . . . . .  . . . . . . . . . 

Figure 3: The network Nn.

RR n° 5686



10 F. Havet

If l ∈ L2,2, set {j, j′} = g−1(l) and {k, k′} = h−1(l). In the cycle induced by V (Bl) ∪ s′l
there exist two edge-disjoint paths joining {v′

j , v
′
j′} to {v′′

k , v′′k′}. Free to exchange j and j ′

we may assume that a path Qj goes from v′
j to v′′k and another Qj′ goes from v′

j′ to v′′k′ .
Then route ij to ok via Pj = Q′

jQjQ
′′
k and ij′ to ok′ via Pj′ = Q′

j′Qj′Q
′′
k′ .

If l ∈ L1,1, set {j} = g−1(l) and {k} = h−1(l). There is a subpath Qj of Bl which goes from
v′j to v′′k . Then route ij to ok via Pj = Q′

jQjQ
′′
k .

If l ∈ L2,1, set {j, j′} = g−1(l) and {k} = h−1(l). In the cycle induced by V (Bl) ∪ s′l there
exist two edge-disjoint paths Qjl

from v′jl
to s′l and the other Qj′

l
from v′jl

to v′′k . Route ij′
l

to ok via Pj′
l
= Q′

j′
l

Qj′
l
Q′′

k .

If l ∈ L1,0, set {j} = g−1(l). There is a subpath Qj of Bl which goes from v′
j to s′l.

If l ∈ L1,2, set {j} = g−1(l) and {k, k′} = h−1(l). In the cycle induced by V (Bl) ∪ s′l there
exist two edge-disjoint paths Qkl

from s′l to v′′kl
and the other Qk′

l
from v′j to v′′k′

l

. Route ij

to ok′

l
via Pj = Q′

jQkl
Q′′

k′

l

.

If l ∈ L0,1, set {k} = h−1(l). There is a subpath Qk of Bl which goes from s′l to v′′k .
Now, since Nn/2 is an (n/2)-superselector, in Nn/2, there is a set R edge-disjoint paths

joining {s′l, l ∈ L2,1 ∪L1,0} to {s′l, l ∈ L1,2 ∪L0,1}. For l ∈ L2,1 ∪L1,0, let Rl be the path of
R with end s′l and let s′f(l) be its other end.

For j ∈ {jl, l ∈ L2,1} ∪ g−1(L1,0), let l = f(g(j)), and k = kl if l ∈ L1,2 and k = h−1(l)
otherwise. Then route ij to ok via Pj = Q′

jQjRg(j)Q
′′
k .

Oviously Nn has |Nn/2|+ 10n switches. So by induction, one can explicitly construct an
n-superselector with at most 20n + O(1) switches. �

2.4 Applications to selectors and repartitors

Theorem 1 and Proposition 1 yield S(p, n) ≤ 17n+O(log(n)). However, better upper bounds
may be achieved by constructing a (p, n)-selector from smaller superselectors.

Theorem 3
If p ≥ n/2 then S(p, n) ≤ n

2 + 17p + O(log(n)).
If p ≤ n/2 then S(p, n) ≤ 17n− 16p + O(log(n)).

Proof. Suppose first that p ≥ n/2. Let G(n, p) be the (p, 0, n)-network constructed as fol-
lows from Sp be the p-superselector constructed in Subsection 2.2 with input set {i′1, . . . , i′p}
and output set {o′1, . . . , o′p}. For 1 ≤ j ≤ dn/2e, create a switch tj connected to an input
ij and two outputs oj and on+1−j (except eventually tdn/2e which is adjacent to a unique
output oj if n is odd), remove i′j and o′j and connect tj to their common neighbour vj . For
dn/2e+ 1 ≤ j ≤ p, let i′j be the input ij of G and remove o′j . See Figure 4 left.

Let us prove that G(n, p) is a (p, n)-selector. Let I ′ and O′ be set of inputs and outputs
of G(n, p) with the same cardinality. Set I = {j, {oj , on+1−j} ⊂ O′}, I1 = {j, {oj , on+1−j}∩
O′ = {oj}}, I2 = {j, {oj , on+1−j} ∩ O′ = {on+1−j}}, and J = {j, {oj , on+1−j} ∩ O′ =
∅} ∪ {dn/2e+ 1, . . . , p}. If j ∈ I1 then route ij to oj via tj , and j ∈ I2 ∪ I then route ij to

INRIA
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Figure 4: Construction of a (p, n)-selector from Sp or Sn−p

on+1−j via tj . It remains to route the inputs ij , j ∈ J to outputs oj , j ∈ I . This is possible
through Sp because it is a p-superselector and tj is adjacent to the common neighbour of i′j
and o′j and then may be identified to each of these two.

Suppose now that p ≥ n/2. Let G(n, p) be the (p, 0, n)-network constructed as follows
from the (n−p)-superselector Sn−p constructed in Subsection 2.2 with input set {i′1, . . . , i′p}
and output set {o′1, . . . , o′p}. For 1 ≤ j ≤ p, create a switch tj connected to an input ij and
two outputs oj and on+1−j , remove i′j and o′j and connect tj to their common neighbour vj .
For 2p + 1 ≤ j ≤ n − p, remove i′j and set oj = o′j . See Figure 4 right.

Let us prove that G(n, p) is a (p, n)-selector. Let I ′ and O′ be set of inputs and outputs
of G(n, p) with the same cardinality. Set I = {j, {oj , on+1−j} ⊂ O′} ∪ {2p + 1, . . . , n − p},
I1 = {j, {oj , on+1−j} ∩ O′ = {oj}}, I2 = {j, {oj , on+1−j} ∩ O′ = {on+1−j}}, and J =
{j, {oj , on+1−j} ∩ O′ = ∅}. If j ∈ I1 then route ij to oj via tj , and j ∈ I2 ∪ I then route
ij to on+1−j via tj . It remains to route the inputs ij , j ∈ J to outputs oj , j ∈ I . This is
possible through Sn−p because it is a (n−p)-superselector and tj is adjacent to the common
neighbour of i′j and o′j and then may be identified to each of these two. �

From Proposition 1 and Theorem 3, we derive the following upper bounds of R(n, p, f).

Corollary 1
If p ≤ n−f

2 , then R(n, p, f) ≤ 69
2 n + 35

2 f − 33p + O(log(n + f)).

If n−f
2 ≤ p ≤ n+f

2 then R(n, p, f) ≤ 18n + 34f + O(log(n + f)).

If p ≥ n+f
2 , then R(n, p, f) ≤ 3

2n + 35
2 f + 33p + O(log(n + f)).

Analogously, to Theorem 3, replacing Sn by Nn in the construction one can explicitly
construct (p, n)-selectors with 20n + 19p switches if p ≥ n/2 and n/2 + 20p switches if
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12 F. Havet

p ≥ n/2. We then can derive (n, p, f)-repartitor with 20n+20f − 19p if p ≤ n−f
2 , 21n+40f

switches if n−f
2 ≤ p ≤ n+f

2 , and n + 20f + 19p if p ≥ n+f
2 .

3 Some lower bounds and minimum networks

3.1 Lower bounds for selectors

Let W be a set of vertices of a network. We denote by in(W ) (resp. out(W ), sw(W )) the
number of inputs (resp. outputs, switches) in W . An edge connecting W and W = V \ W
is said to be W -cutting. The set of W -cutting edges is denoted by ∆(W ) and its cardinality
is denoted by deg(W ).

Proposition 2 A (p, 0, n)-network is a (p, n)-selector if and only if for every subset W :

deg(W ) ≥ min{p, out(W )} − in(W )

Proof. Let O′ be a fixed set of p outputs and let out′(W ) = |W ∩ O′|. A variant of the
Ford-Fulkerson Theorem states that the problem is feasible if and only if

∀ W ⊂ V : deg(W ) ≥ demand(W ) = out′(W ) − in(W ).

It follows that a (p, n)-network is (p, n)-selector if and only if:

∀ W ⊂ V : deg(W ) ≥ max{out′(W )|O′ set of p outputs} − in(W ).

Now max{out′(W )|O′ set of p outputs} is the maximum number of outputs of W in
O′. This maximum is attained either by choosing all the outputs in W to be in O′

if out(W ) ≤ p, or by choosing p outputs in W to be in O′ if out(W ) ≥ p. Hence,
max{out′(W )|O′ set of p outputs} = min{p, out(W )}. �

Let S0 (resp. S1, S2) be the set of switches adjacent to no output (resp. one output, two
outputs) and s0 (resp. s1, s2) its cardinality.

Let S0
0 (resp. S1

0 , S2
0 ) be the set of switches of S0 adjacent to no vertex (resp. one vertex,

two vertices) of S2 and s0
0 (resp. s1

0, s2
0) its cardinality.

Let S0
1 (resp. S1

1 ) be the set of switches of S1 adjacent to no vertex (resp. one vertex)
of S2 and s0

1 (resp. s1
1) its cardinality.

Let us define the sets Ui and Ti inductively by: U0 = S1
1 and T0 = S0

1 . Ui+1 (resp. Ti+1)
is the set of switches of Ti having exactly one (resp. no) neighbour in Ui. The cardinality of
Ui is denoted ui.

Let us denote by k0
1 (resp. k1

1 , k2) the number of inputs adjacent to S0
1 (resp. S1

1 , S2).
From Proposition 2, we prove the following assertions:

Proposition 3 1. If p ≥ 2, a switch is adjacent to at most two outputs.

INRIA
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2. If p ≥ 3 then two switches of S2 are not adjacent.

3. If p ≥ 4, a switch of S1 is adjacent to at most one switch of S2.

4. If p ≥ 5, a switch of S0 is adjacent to at most two switches of S2.

5. If p ≥ 2i + 4, then (Ui; Ti) is a partition of Ti−1.

6. If p ≥ 2i + 5, then any two elements of Ui are not adjacent.

7. If p ≥ i + 6, then any element of Ui is not adjacent to any element of S2
0 .

Proof. 1. Suppose that a switch S is adjacent to three outputs. Let W be the set consisting
in S and its three adjacent outputs. Then deg(W ) = 1, out(W ) = 3 and in(W ) = 0. So if
p ≥ 3 then W contradicts Proposition 2.

2. Suppose that two switches S and S ′ of S2 are adjacent. Let W be the set consisting
in S, S′ and their four adjacent outputs. Then deg(W ) = 2, out(W ) = 4 and in(W ) = 0.
So if p ≥ 3 then W contradicts Proposition 2.

3. Suppose that a switch S1 of S1 is adjacent to two switches of S2, S2 and S′
2. Let

W be the set consisting in S1, S2, S′
2 and their five adjacent outputs. Then deg(W ) = 3,

out(W ) = 5 and in(W ) = 0. So if p ≥ 4 then W contradicts Proposition 2.
4. Suppose that a switch S0 of S0 is adjacent to three switches of S2, S2, S′

2 and S′′
2 . Let

W be the set consisting in S0, S2, S′
2, S′′

2 and their six adjacent outputs. Then deg(W ) = 4,
out(W ) = 6 and in(W ) = 0. So if p ≥ 5 then W contradicts Proposition 2.

5. Suppose that a switch T of Ti−1 is adjacent to two switches Ui−1 and U ′
i−1 of Ui−1.

For j = 2 to i, let Ui−j (resp. U ′
i−j) be the swich of Ui−j adjacent to Ui−j+1 (resp. U ′

i−j+1).
Let S2 (resp. S′

2) be the switch of S2 adjacent to U0 (resp. U ′
0). Let W be the set consisting

in T , Uj , 0 ≤ j ≤ i − 1, U ′
j , 0 ≤ j ≤ i − 1, S2, S′

2 and their adjacent outputs. Then
deg(W ) = 2i + 3, out(W ) = 2i + 5 and in(W ) = 0. So, if p ≥ 2i + 4 then W contradicts
Proposition 2.

6. Suppose that two switches Ui and U ′
i of Ui are adjacent. For j = 1 to i, let Ui−j

(resp. U ′
i−j) be the swich of Ui−j adjacent to Ui−j+1 (resp. U ′

i−j+1). Let S2 (resp. S′
2) be

the switch of S2 adjacent to U0 (resp. U ′
0). Let W be the set consisting in Uj , 0 ≤ j ≤ i,

U ′
j , 0 ≤ j ≤ i, S2, S′

2 and their adjacent outputs. Then deg(W ) = 2i + 4, out(W ) = 2i + 6
and in(W ) = 0. So, if p ≥ 2i + 5 then W contradicts Proposition 2.

7. Suppose that a switch S0 of S2
0 and a switch Ui of Ui are adjacent. For j = 1 to i,

let Ui−j be the swich of Ui−j adjacent to Ui−j+1. Let S2 be the switch of S2 adjacent to
U0 and S′

2 and S′′
2 be the two vertices of S2 adjacent to S0. Let W be the set consisting

in Uj , 0 ≤ j ≤ i, S2, S0, S′
2 and S′′

2 and their adjacent outputs. Then deg(W ) = i + 5,
out(W ) = i + 7 and in(W ) = 0. So, if p ≥ i + 6 then W contradicts Proposition 2.

�

From this Proposition, we deduce the following equations:
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14 F. Havet

Corollary 2
If p ≥ 3,

n = 2s2 + s1 (1)

2s2 ≤ 3s1 + 4s0 + p (2)

If p ≥ 4,
2s2 ≤ s1 + 4s0 + p (3)

If p ≥ 5,
2s2 = s1

1 + 2s2
0 + s1

0 + k2 (4)

If p ≥ 2i + 5,

2s1
1 +

i
∑

j=1

uj ≤ 3ti + 3s1
0 + 4s0

0 + k1
1 + k0

1 (5)

If p ≥ 2i + 6,

2s1
1 +

i
∑

j=1

uj ≤ ui+1 + 3s1
0 + 4s0

0 + k1
1 + k0

1 (6)

Proof. Eq. (1) is obtained by counting the number e of edges in ∆(O). Every output
is adjacent to one edge so e = n. By Proposition 3, a switch is adjacent to at most two
outputs. Then n = 2s2 + s1.

Eq. (2) and (3) are obtained by counting e0 the number of edges between S2 and S1 ∪
S0 ∪ I. By Proposition 3-2, a switch in S2 is adjacent to exactly two vertices of S1 ∪S0 ∪ I.
So e0 = 2s2. A switch of S0 is adjacent to at most 4 switches in S2 and a switch of S1 is
adjacent to at most 3 switches in S2 or at most one switch in S2 if p ≥ 4 by Proposition 3-3.
So e0 ≤ 3s1 + 4s0 + p or if p ≥ 4, e0 ≤ s1 + 4s0 + p.

Eq. (4) is also obtained by counting e0 : if p ≥ 5, by Proposition 3-3, S0 is partitionned
in (S2

0 ,S1
0 ,S0

0 ).

Eq. (5) and (6) are obtained by counting the number ei of edges between
⋃i

j=0 Uj and

I ∪ S0 ∪ Ti. There are 2s1
1 edges between S1

1 and S0 ∪ S1. And by definition of U1 and

Proposition 3-5, there are u1 edges between S1
1 and U1 and no between S1

1 and
⋃i

j=2 Uj . So

there are 2s1
1 − u1 edges between S1

1 and Ti. Analogously, for every 1 ≤ j < i, there are
2uj −uj+1 edges between Uj and I ∪S0 ∪Ti. If p ≥ 2i+5, then by Proposition 3-6, there at

2ui edges between Ui and I ∪ S0 ∪ Ti. Because there are no edges between
⋃i

j=0 Uj and S2
0 ,

it follows that ei = 2s1
1 +

∑i
j=1 uj . Moreover, switches of Ti ∪ S1

0 are adjacent to at most 3

switches not in S2, switches of S0
0 have degree at most 4 and k1

1 + k1
0 inputs are adjacent to

switches in S1. So ei ≤ 3ti + 3s1
0 + 4s0

0 + k1
1 + k0

1 . If p ≥ 2i + 6, by Proposition 3-4 the only

switches of Ti which are adjacent to vertices of
⋃i

j=0 Uj are those of Ui+1 which are adjacent

to exactly one by definition. So ei ≤ ui+1 + 3s1
0 + 4s0

0 + k1
1 + k0

1 .
�
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Theorem 4

1. If p ≥ 2p′ − 1, S(p, n) ≥ 2p′+1 − 3

2p′+1
n − 2p′ − 3

2p′+1
p

2. If p ≥ 2p′, S(p, n) ≥ 2p′ − 1

2p′
n − 2p′−1 − 1

2p′
p.

Proof. Since a minimum (p, n)-selector must be connected, it follows that S(p, n) ≥
1/2(p + n − 2), hence S(1, n) ≥

⌊

n
2

⌋

and S(2, n) ≥
⌈

n
2

⌉

.
If p ≥ 3, Eq. (1) + 1/5 Eq. (2) gives 8/5s2+8/5s1+4/5s0 ≥ n− 3

5 . Thus S(3, n) ≥ 5n
8 − 3

8 .
If p ≥ 4, Eq. (1) + 1

3 Eq. (3) gives 4/3s0+4/3s1+4/3s2 ≥ n−4/3. Thus S(4, n) ≥ 3n
4 −1.

Suppose now that p ≥ 5.

1) Set l = p′ − 3.

Eq. (1) +
1

2l+4 − 3

{

(2l+3 − 3)Eq. (4) +

l−1
∑

i=0

2l+1−iEq. (6)[i] + Eq. (5)[l]

}

yields:

n ≤ 2l+4

2l+4 − 3

(

s2 + s1
1 +

l
∑

i=1

ui + tl

)

+
2l+4 − 6

2l+4 − 3
s2
0 +

7 × 2l+1 − 12

2l+4 − 3
s1
0 +

2l+4 − 12

2l+4 − 3
s0
0

+
2l+3 − 3

2l+4 − 3
k2 +

2l+2 − 4

2l+4 − 3
k1
1 +

2l+1 − 4

2l+4 − 3
k0
1

Thus n ≤ 2l+4

2l+4−3
s + 2l+3−3

2l+4−3
p.

2) Set l = p′ − 3.

Eq. (1) +
1

2l+3 − 1

{

(2l+2 − 1)Eq. (4) +

l
∑

i=0

2l−iEq. (6)[i]

}

yields:

n ≤ 2l+3

2l+3 − 1

(

s2 + s1
1 +

l+1
∑

i=1

ui

)

+ tl+1 +
2l+3 − 2

2l+3 − 1
s2
0 +

7 × 2l − 2

2l+3 − 1
s1
0 +

2l+3 − 4

2l+3 − 1
s0
0

+
2l+2 − 1

2l+3 − 1
k2 +

2l+1 − 1

2l+3 − 1
k1
1 +

2l − 1

2l+3 − 1
k0
1

Thus n ≤ 2l+3

2l+3−1s + 2l+2−1
2l+3−1p.

�

We conjecture that the inequalities obtained in the above corollary are tight:

Conjecture 1 Let p be a fixed non-negative integer,

if p is even then S(p, n) =
2p/2 − 1

2p/2
n + Θ(1);

if p is odd then S(p, n) =
2(p+3)/2 − 3

2(p+3)/2
n + Θ(1).
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3.2 Minimum (p, n)-selectors for p fixed

We now show that Conjecture 1 holds for p ≤ 6.
Therefore we prove a reinforcement of Proposition 2, which allows us to check the cut

criterion only for a certain kind of subsets called suitable. A subset is suitable if it is
connected, with no input and containing all the outputs adjacent to its switches.

Proposition 4 A (p, n)-network is a (p, n)-selector if and only if deg(W ) ≥ min{p, out(W )}
for any suitable subset W .

Proof. Suppose that deg(W ) ≥ min{p, out(W )} for any suitable subset W .
Let us first prove that for any subset X connected with no input then deg(X) ≥

min{p, out(X)}. Let W be the set obtained from X by adding all the outputs adjacent
to a switch of X . Then deg(W ) ≤ deg(X) and out(W ) ≥ out(X). So deg(X) ≥ deg(W ) ≥
min{p, out(W )} ≥ min{p, out(X)}.

Let us prove that for any subset Y with no input then deg(Y ) ≥ min{p, out(Y )}, by
induction on the number c of connected component. The result is true if c = 1. Suppose
now that it is true for c, and suppose Y has c+1 connected components. Let C be one of these
and X = Y \ C. We have deg(Y ) = deg(C) + deg(X) ≥ min{p, out(C)} + min{p, out(X)}.
Since out(Y ) = out(C) + out(X), we obtain deg(Y ) ≥ min{p, out(Y )}.

Let us now prove that for any subset Z, deg(Z) ≥ min{p, out(Z)}− in(Z). Let Y be the
set obtained from Z by removing all the inputs. We have deg(Y ) ≥ deg(Z) − in(Z), and
out(Y ) = out(Z). Now deg(Y ) ≥ min{p, out(Y )}, so deg(Z) ≥ min{p, out(Z)} − in(Z). �

Theorem 5

S(1, n) =
⌊n

2

⌋

S(2, n) =
⌈n

2

⌉

(7)

Proof. Let Pi be the network consisting of a path (v1, v2, . . . , vi) of switches and 2i outputs
1 ≤ oj ≤ 2i such that for every 1 ≤ j ≤ i, then vj is adjacent to oj and oi+j . Let S1,2i+1

(resp. S2,2i) be the network obtained from Pi by adding an input adjacent to v1 and an
output (resp. an input) adjacent to vi see Figure 5.

Let W be a suitable subset of S1,2i+1. And let j be the smallest integer such that vj ∈ W .
Then vi is adjacent to an element in W . Thus deg(W ) ≥ 1. By Proposition 4, it follows
that S1,2i+1 is a (1, 2i + 1)-selector.

Analogously considering j and j ′ the smallest and largest integer such that vj is in a
suitable subset W of S2,2i, we obtain that deg(W ) ≥ 2 for any suitable subset of S2,2i. Hence
S2,2i is a (2, 2i)-selector by Proposition 4.

The network S1,2i (resp. S2,2i−1) obtained from S1,2i+1 (resp. S2,2i) by removing an
output is obviously a (1, 2i)-selector (resp. (2, 2i− 1)-selector). �
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. . . . . .

. . . . . .

S1,2i+1

S2,2i

Figure 5: Minimum (1, 2i + 1)- and (2, 2i)-selectors.

Theorem 6

S(3, n) =

⌈

5n

8

⌉

+ Θ(1)

Proof. Let S3,8i+5 be the network depicted Figure 6. Let W be a suitable subset of S3,8i+5.

. . .

. . .. . .

. . .
u

r rj v

s

t

i

i

i+1i

i+1wwj+1sj

t j

vj+1

w

v2v1 r1

t1

s1 w21

Figure 6: Minimum (3, n)-selector

If W contains a unique switch then deg(W ) ≥ 2 ≥ out(W ). Set u = ri+1 = si+1 and let
R = {rj , 1 ≤ j ≤ i + 1} and S = {rj , 1 ≤ j ≤ i + 1}. Suppose now that W contains at least
two switches. Then because W is connected, it contains an element of R∪S. By symmetry,
we may assume that W ∩ R is not empty. Let j and j ′ be the smallest and largest integer
such that rj ∈ W . Then if vj ∈ W then vjrj ∈ ∆(W ) otherwise vjrj−1 (with r0 being
the input adjacent to v1) is in ∆(W ). Analogously, if vj′+1 ∈ W then vj′+1rj′ ∈ ∆(W )
otherwise vj′+1rj′+2 (with ri+2 being the input adjacent to u) is in ∆(W ).

Suppose first that W ∩ S 6= ∅. Let j ′′ be the smallest integer such that sj′′ ∈ W . There
is a cutting edge which is incident to wj′′ . Hence deg(W ) ≥ 3.

Suppose now that W∩S = ∅. Then j ≤ i and rj tj or tjsj is in ∆(W ). Again deg(W ) ≥ 3.
Thus by Proposition 4, S3,8i+5 is a (3, 8i+5)-selector. Obviously, for 1 ≤ j ≤ 7, S3,8i+5−j

obtained from S3,8i+5 by removing j outputs is a (3, 8i + 5 − j)-selector. �
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Theorem 7

S(4, n) =
3

4
n + Θ(1)

Proof. Let S4,4i be the network depicted Figure 7.

. . .

. . .

. . .

. . .

v v v v

w w w w

u

1 ij2

1 ij2

1 uj−1 ui−1

Figure 7: Minimum (4, n)-selector

Let W be a suitable subset of S4,4i. If W contains a unique switch then deg(W ) ≥ 2 ≥
out(W ). Suppose now that it contains at least two switches. Then because W is connected,
it contains at least one of the uj . Let j and j′ be the smallest and largest integer such that
uj , uj′ ∈ W . Then one of the two edges vjuj and vjuj−1 is in ∆(W ) since uj−1 /∈ W (with
u0 the input adjacent to v1). Analogously wj , vj′+1 and wj′+1 are incident to a W -cutting
edge. Hence deg(W ) ≥ 4. Therefore, by Proposition 4, S4,4i is a (4, 4i)-selector.

Obviously, for 1 ≤ j ≤ 3, the network S4,4i−j , obtained from S4,4i by removing j outputs
is a (4, 4i − j)-selector. �

Theorem 8

S(5, n) =
13

16
n + Θ(1) (8)

Proof. It is simple matter to check that the network S5,16i depicted Figure 8 is a (5, 16i)-
selector. For 1 ≤ j ≤ 15, the network S5,16i−j , obtained from S5,16i by removing j outputs
is a (5, 16i− j)-selector. �

Theorem 9

S(6, n) =
7

8
n + Θ(1)

Proof. Let S6,8i be the network depicted Figure 9. Set PA = (a1, a2, . . . , ai), PB =
(b1, b2, . . . , bi), PC = (c1, c2, . . . , ci) and PD = (d1, d2, . . . , di). Let W be a suitable set of
S6,8i.
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Figure 8: Minimum (5, n)-selector
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Figure 9: Minimum (6, n)-selector
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Assume first that W has sw < 6 switches. Since there is no cycle of length less than
6 and the distance between to switches of G is at least 6, then W is a tree containing at
most one element of G. Thus, deg(W ) ≥ 2sw + 2 − out(W ) and out(W ) ≤ sw + 1. Thus,
deg(W ) ≥ out(W ).

Suppose now that W has at least 6 switches. Let us prove that deg(W ) ≥ 6.
Let us consider the paths P1 = PAPD , P2 = PB and P3 = PC . For 1 ≤ l ≤ 3, if there is

a vertex on Pl then Pl contains at least two cutting edges. In particular, if there is a vertex
on each path then deg(W ) ≥ 6.

Suppose now that W intersects two paths Pl. Let Tj be the network induced by
{aj , bj , cj , dj , ej , fj , gj}. Then each Tj containing a vertex of W contains a W -cutting edge.
If there at least two such trees, then deg(W ) ≥ 6 because there are at least four cutting
edges on the paths. If there only one, it is easy that there are six cutting edges because
there are 4 on P1, (two on PA and two on PD). So deg(W ) ≥ 6.

At last, assume that W intersects one of the Pl. For any tree Tj , if |W ∩Tj | = 1, there is
one cutting edge in Tj , if |W ∩ Tj | ∈ {2, 3} there are two cutting edges and if |W ∩ Tj | = 4,
there are three cutting edges. It follows easily that deg(W ) ≥ 6. �

3.3 Lower bounds for superselectors

Proposition 5 A minimum n-superselector is connected.

Corollary 3 S+(n) ≥ n − 1.

Proof. Since the switches have degree at most four and inputs and outputs degree one,
denoting by e the number of edges connecting two switches, we obtain : 4sw ≥ 2e + 2n.
Since a minimum superselector is connected e ≥ sw − 1. It follows 2sw ≥ 2n − 2. �

Proposition 6 Let G = (V, E) be an n-selector and W a subset of vertices such that

out(W ) + in(W ) ≤ n. Then deg(W ) ≥ max{out(W ), in(W )} ≥ out(W )+in(W )
2 .

Proof. Let W be a set such that out(W ) + in(W ) ≤ n. Set O′ = out(W ) and I ′ be a set
of |O′| inputs in I \ in(W ). Such a set I ′ exists since out(W ) + in(W ) ≤ n. A variant of
the Ford-Fulkerson Theorem states that the problem is feasible only if

deg(W ) ≥ demand(W ) = O′ ∩ W − I ′ ∩ W = out(W )

Analgously, setting I ′ = in(W ) and O′ be a set of |I ′| outputs in O \ out(W ), we get
deg(W ) ≥ in(W ). �

Proposition 7 If n ≥ 3 then a switch is adjacent to at most two elements of I ∪ O.
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Proof. Suppose a vertex S is adjacent to at least three outputs or inputs. Then W the
union of S and its adjacent inputs and outputs. Then deg(W ) = 1 and in(W )+out(W ) = 3.
So if n ≥ 3 then W contradicts Proposition 6. �

Since there are n inputs and n outputs in an n-superselector we get the following :

Corollary 4 If n ≥ 3 then S+(n) ≥ n.

Definition 2 Let V0 (resp. V1, V2) be the set of switches adjacent to no (resp. one, two)
elements of I ∪ O and v0 (resp. v1, v2) its cardinality. By Proposition 7, (V0,V1,V2) is a
partition of V thus sw = v0 + v1 + v2.

Since there are n outputs and n inputs then

2n = 2v2 + v1 (9)

Assume now that n ≥ 6.

Proposition 8 If n ≥ 6, an element of V2 is adjacent to at most one element of V2.

Proof. Suppose that a swicth V2 of V2 is adjacent to two switches V ′
2 and V ′′

2 of V2. Let
W be the union of V2, V ′

2 V ′′
2 and their adjacent inputs and outputs. Then deg(W ) = 2 and

out(W ) + in(W ) = 6. Hence if n ≥ 6, W contradicts Proposition 6. �

Corollary 5 If n ≥ 6,
v2 ≤ 3v1 + 4v0 (10)

Proof. Let us count the number e2 of edges between V2 and V1 ∪ V0. By Proposition 8,
every switch of V2 is adjacent to at least one switch in V1 ∪ V0. So e2 ≥ v2. A switch of V1

(resp. V0) is adjacent to at most 3 (resp. at most 4) switches, so e2 ≤ 3v1 + 4v0. �

Corollary 6 If n ≥ 6,

S+(n) ≥ 8

7
n

Proof. Eq. (9) + 1/4 Eq. (10) yields: 2n ≤ 7/4v2 + 7/4v1 + v0. Thus sw ≥ 8/7n. �

Suppose now that n ≥ 7.

Proposition 9 If n ≥ 7, an element of V1 is adjacent to at most two elements of V2.
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Proof. Suppose that a switch V1 of V1 is adjacent to three switches V2, V2 and V ′′
2 of

V2. Let W be the union of V1, V2, V ′
2 V ′′

2 and their adjacent inputs and outputs. Then
deg(W ) = 3 and out(W ) + in(W ) = 7. Hence if n ≥ 7, W contradicts Proposition 6. �

Let V ′
2 (resp. V ′′

2 be the set of switches of V2 which are adjacent to one (resp. no) switch
of V2, and v′2 (resp. v′′2 ) its cardinality. By Proposition 8, V ′

2 ∪ V ′′
2 = V2. So v2 = v′2 + v′′2 .

For i = 0, 1, 2, let V i
1 be the set of switches of V1 which are adjacent to i switch of V2

and vi
1 its cardinality. By Proposition 9, V2

1 ∪ V1
1 ∪ V0

1 = V1, so v1 = v2
1 + v1

1 + v0
1 .

Hence Eq. (9) and (10) become

2n = 2v′
2 + 2v′′2 + v2

1 + v1
1 + v0

1 (11)

Corollary 7 If n ≥ 7,
v′2 + 2v′′2 ≤ 2v2

1 + v1
1 + 4v0 (12)

Proof. By counting e2 the number of edges between V2 and V1 ∪ V0. The result follows
from the definitions of V ′

2, V ′′
2 and V i

1, 0 ≤ i ≤ 2 and the fact that a switch of V0 has degree
at most 4. �

Proposition 10 If n ≥ 7, a switch of V ′
2 is not adjacent to a switch of V2

1 .

Proof. Suppose that a switch V ′
2 of V ′

2 is adjacent to a switch V 2
1 of V2

1 . Let W ′
2 be the

switch of V ′
2 adjacent to V ′

2 and T ′
2 the switch of V2 distinct from V ′

2 adjacent to V 2
1 . Let W

be the union of V ′
2 , W ′

2, T ′
2 V 2

1 and their adjacent inputs and outputs. Then deg(W ) = 3
and out(W ) + in(W ) = 7. Hence if n ≥ 7, W contradicts Proposition 6. �

Corollary 8 If n ≥ 7,
v′2 ≤ v1

1 + 4v0 (13)

Corollary 9 If n ≥ 7,

S+(n) ≥ 5

4
n

Proof. Eq. (11) + 1/5 Eq. (12) + 1/5 Eq. (13) yields: 2n ≤ 8/5(v′
2 + v′′2 + v0 + 7/5(v2

1 +
v1
1) + v0

1 . Thus sw ≥ 5/4n. �

Suppose now that n ≥ 10.

Proposition 11 If n ≥ 10 then an element of V0 is adjacent to at most two elements of
V ′

2.

Proof. Suppose that a switch V0 of V0 is adjacent to three switches V2, W2, T2 of V ′
2. Let V ′

2 ,
(resp. W ′

2) be the neighbour of V2 (resp. W2) in V ′
2. Let W be the set consisting in V0, V2, V ′

2 ,
W2, W ′

2, T ′
2 and their adjacent inputs and outputs. deg(W ) = 4 and in(W ) + out(W ) = 10.

So if n ≥ 10, then W contradicts Proposition 6. �
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Corollary 10 If n ≥ 10
v′2 ≤ v1

1 + 2v0 (14)

Corollary 11 If n ≥ 10,

S+(n) ≥ 4

3
n

Proof. Eq. (11) + 1/4 Eq. (12) + 1/4 Eq. (14) yields: 2n ≤ 3/2(v′
2+v′′2 +v0 +v2

1 +v1
1)+v0

1 .
Thus sw ≥ 4/3n. �

For i = 0, 1, 2, let V i
0 be the set of switches of V0 which are adjacent to i switch of V ′

2

and vi
0 its cardinality. By Proposition 11, V2

0 ∪ V1
0 ∪ V0

0 = V0, so v0 = v2
0 + v1

0 + v0
0 .

Proposition 12 If n ≥ 10, two elements of V2
1 are not adjacent.

Proof. Suppose that a switch S of V2
1 is adjacent to a switch S ′ of V2

1 . Let V2 and W2

be the two neighbours of S in V2 and V ′
2 and W ′

2 be the two neighbours of S ′ in V2. Let
W be the set consisting in S, V2, V ′

2 , S′, V ′
2 , W ′

2 and their adjacent inputs and outputs.
deg(W ) = 4 and in(W ) + out(W ) = 10. So if n ≥ 10, then W contradicts Proposition 6. �

3.4 Minimum n-superselectors

Proposition 13

i) S+(1) = 0

ii) S+(2) = 1

Proof.

i) Obvious.

ii) The network S2 consisting of a switch adjacent to two inputs and two outputs is a
2-superselector. Thus S+(2) ≤ 1. And by Corollary 3 S+(2) ≥ 1.

�

The following lemma immediatly follows from the definition of superselector:

Lemma 4 Let G be an n-superselector with a switch s adjacent to an input i, an ouput o
and two switches s1 and s2. Then the network G′ obtained by removing s, i, o and adding
the link s1s2 is an (n − 1)-superselector.

Proposition 14 If 3 ≤ n ≤ 5 then S+(n) = n.
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Figure 10: Minimum n-superselector for 3 ≤ n ≤ 5

Proof. By Corollary 4, S+(n) ≥ n, if n ≥ 3.
For 3 ≤ n ≤ 5, let Sn be the network consisting of a cycle of n switches sj , 1 ≤ j ≤ n

each of which is adjacent to an input ij and an output oj . (see Figure 10). Let us prove
that S5 is a 5-superselector. Let I ′ and O′ be subset of I, and O respectively such that
|I ′| = |O′| = k ≤ 5. If the input ij and the output oj are in I ′ and O′ then route ij to
oj directly through sj . It remains at most two inputs to route and one can do it using the
cycle.

By Lemma 4, S4 and S3 are 4- and 3-superselectors. �

Proposition 15 S+(6) = 7

Proof. By Corollary 6, S+(6) ≥ 48/7 so S+(6) ≥ 7. Now it is simple matter to check that
the network depicted Figure 11 is a 6-superselector. �

Figure 11: Minimum 6-superselector

Proposition 16 S+(7) = 9 and S+(8) = 10.

Proof. By Corollary 9, S+(7) ≥ 35/4, so S+(7) ≥ 9 and S+(8) ≥ 10.
Let us prove that S8, the network depicted Figure 12 right, is a 8-superselector. For

1 ≤ j ≤ 8, set Pj = (ij , sj , oj) and Qj = (ij , sj , sj+4, oj+4). (j + 4 must be understood
modulo 8). Let I ′ and O′ be sets of k inputs and k outputs of S8. If ij ∈ I ′ and oj ∈ O′

then route ij to oj through Pj . Let I ′′ = {ij ∈ I ′, oj /∈ O′} and O′′ = {oj ∈ O′, ij /∈ I ′}. It
remains to route inputs of I ′′ to outputs of O′′ and obviously |I ′′| = |O′′| ≤ 4. If ij ∈ I ′′
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s 2 3 4

8765

1

s

Figure 12: Minimum 7- and 8-superselector

and oj+4 ∈ O′′ then route ij to oj+4 through Qj . Let I3 = {ij ∈ I ′, oj /∈ O′ and oj+4 /∈ O′}
and O′′ = {oj ∈ O′, ij /∈ I ′} and ij+4 /∈ I ′}. It remains to route inputs of I3 to outputs of
O3 and obviously |I3| = |O3| ≤ 4. Hence this can be done through u and v.

By Proposition 4, the network depicted Figure 12 left is a 7-superselector. �

Proposition 17
S+(9) = 12

Proof. By Corollary 9, S+(9) ≥ 45/4, so S+(9) ≥ 12.
Let us prove that S9, the network depicted Figure 13, is a 9-superselector. For 1 ≤ j ≤ 6,

1s 4s

t1

3

t3 2t s2

s5s

s6

u v

w

Figure 13: Minimum 9-superselector

set Pj = (ij , sj , oj), Qj = (ij , sj , sj+3, oj+3). (j + 3 must be understood modulo 6) and for
7 ≤ j ≤ 9, set Pj = (ij , tj−6, oj).
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Let I ′ and O′ be sets of k inputs and k outputs of S9. If ij ∈ I ′ and oj ∈ O′ then route
ij to oj through Pj . It remains then at most 4 inputs to route to four outputs. If ij ∈ I ′,
oj /∈ O′, ij+3 /∈ I ′ and oj+3[mod 6] ∈ O′ then route ij to oj+3 through Qj . It is now easy to
see that we may route the remaining inputs to the remaining outputs through u, v and w.
�

4 Conclusion and open problems

In Section 2.4, we obtain linear upper bounds for R(n, p, f). However these bounds are far
to be satisfactory because they seems far to be optimal and also because their variations
are “opposite” to the variations of R(n, p, f). Indeed, according to the value of R(n, p, f)
for small n, p and f and the fact that R(n, p, f) = R(n, n − p, f), we conjecture that as a
function of p, R(n, p, f) is unimodal and maximum for p = n/2.

Conjecture 2
If p ≤ n/2 then R(n, p − 1, 0) ≤ R(n, p, 0).
If p ≥ n/2 then R(n, p, 0) ≤ R(n, p + 1, 0).

But our upper bound is minimum for p = n/2 which is a bit bizarre. Note that Conjecture 2
implies R(n, p, f) ≤ 18n + 34f + O(log((n + f)) for every p.

It seems that the cornerstone of the problem is to find the smallest constant α such that
R(n, dn/2e, 0) ≤ αn. If Conjecture 2 is true then R(n, p, 0) ≤ αn for every p. Moreover, even
if Conjecture 2 turns out to be false, if would imply that R(n, p, 0) ≤ 2αn for every p. Indeed,
if p ≤ n/2, one can construct an (n, p, 0)-repartitor from an (n, dn/2e, 0)-repartitor and an
(bn/2c, p, 0)-repartitor. (See Figure 14). Hence, R(n, p, 0) ≤ R(bn/2c, p, 0) + R(n, dn/2e, 0).

R(n, n/2 ,0)

R( n/2 ,p,0)

...
..

. .
 . 

. .
 . 

. .
 . 

. .
 .

...
..

...
..

...
..

Figure 14: Construction of an (n, p, 0)-repartitor from an (n, dn/2e, 0)-repartitor and an
(bn/2c, p, 0)-repartitor.
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Applying this formula recursively with the equality R(n, p, 0) = R(n, n − p, 0), we obtain :

R(n, p, 0) ≤
log(n)
∑

i=1

R(
⌊ n

2i

⌋

,
⌈ n

2i+1

⌉

, 0)

A good manner to improve the upper bounds on R(n, p, f) would be to improve the
upper bounds for S(p, n) obtained in Section 2.4. Indeed these bounds are far to be tight
and a lot greater than the lower bounds given in Section 3.2 or [6]. A problem is to close
the gap between the lower bounds and the upper bounds.

It would also be interesting to get some results on the shape of S(p, n). We conjecture
that, for any fixed integer n, S(p, n) increases until an integer αn ≥ n/2 and then decreases.
In particular, we conjecture :

Conjecture 3 If p ≤ n/2 then S(p − 1, n) ≤ S(p, n).

If true, this conjecture would imply S(p, n) ≤ S(n/2, n) ≤ 9n + O(log(n)) if p ≤ n/2
which is a better upper bound as ours.

One can easily prove a weaker statement than Conjecture 3 :

Proposition 18
S(p − 1, n − 1) ≤ S(p, n)

Proof. The network obtained from a (p, n)-selector by removing an input and an output
is trivially a (p − 1, n− 1)-selector. �

A way to improve the upper bounds on S(p, n) and so those on R(n, p, f) is to improve
the bounds on S+(n). It would also be interesting to close the gap 4

3n ≤ S+(n) ≤ 17n +
O(log(n)).
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