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z|{<}U~����A�h~h��� VA`���Z�VAy#R[>AC4P/`-��WQRTZ�`-VwR[`���CU��BD>A`-��RT��CU\^WxfbR[Z�`hV�Z�V�f�VxfbYTY[`���sxfbVxi*����Z�R[>�f���Z]iOR[>
`h��`hY�iQC�Y4�"f��-C���CUVAybRT>�fhY[`-WAVxi�f�PTj�fbR/RTC�YTC�Yk����CqZ�VO�hCkPSRTZ�y^f�RTC�R[>ACwg1`^P[P[Z�sAZ���Z�RSN�RT`�j�`hVxP/R[YTWxj�R4R[>AC
�?f��hC���YT`hV^RTP�gxY[CkiQZ�j�R[CkiqsON�R[>AC�f-P/NOBDgQR[`hR[Z]jDBDC�R[>x`OixP��dC�`-B C�R[YTZ�jUfb��cIgQRTZ�jUP�¡¢��c¤£¤fhVxi��dC�`-B C�R/¥
YTZ]j�fb�"=?>AC�`-Y[Nw`b�G¦IZ�§6Y�fhj�R[Z�`hV�¡¨�¤=�¦d£�©9H�`hYTC|P[g1Ckj�Z�ª1j�fh����N���C#P/>A`��«>A`��«RT`�sAWxZ��]i�f�g1`-��NOVA`-B Z]fb�
fhgAgAYT`�¬QZ�B­f�RTZ�`-V�`b�GR[>AC�f-P/NOBDgQR[`hR[Z]j4P[`h��WQRTZ�`-V�`hV®fwj�Z�YTj���C�fbYT`hWAV1i�R[>xC�PTj�fbR/RTC�YTC�Y­fbVxi�>AC�V1j�Ch�"Z�V
f�P[CUj�`hVxi¯P/R[C�g%�"s6C�fhsA��C#RT`�gAY[`-gxfby^f�RTC|RT>AZ�P4P/`-��WAR[Z�`hV®sON��"f��-C���YT`hV^R­j�`hV1PSRTY[Wxj�R[Z�`hV®BDC�RT>A`QiAP­`hY
P/RTfhVxiAfhYTi|YTf�N^¥¨R[Y�fhj�Z�VAy1©
°�±^²8³T´�µ ��¶<}h� �dCU`hBDC�RTY[Z]j�fh��cIgQR[Z]j�PU�Q·�f��hC���YT`hV^R�j�`-VxPSRTY[W1j�R[Z�`hV
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	 XU\^WxfbR[Z�`hV iQC���C���BD>A`h��R[��ixfbVxP<WAVAC?sxfhVxiQC�iQC?�]fbYTyhC�WxY<iQC
��	 `hY�iQY[Cdi�	 WAVAC���`hVAy-C�WAY?i�	 `hVxiQC�fhWQR[`-WAY�i�	 WxV#`-sxP/RTfhj���C¤iQZ�§6Y�fhj�RTfhV-Rk�OVA`hWxP?C�¬AfbBDZ�Vx`hVxP���f g6`-PTP/Z�sAZ���Z�R[X
iAC|j�`-VxPSRTY[WxZ�YTCD��CkP¤��Y[`-V^RTP�i�	 `hV1iQCUP�gAY[XkiQZ�RTP�gxfhY���	 `-gQR[Z]\^WAC�yhXU`hBDX�RTY[Z]\^WAC�¡¢��c¤£¤C�R��]f#R[>AXU`hYTZ�C­y-X�`b¥
BDX�R[YTZ�\^WACdiQCG�]f�iQZ�§8YTf-j�R[Z�`hVq¡¢�¤=�¦¤£�©Q_'��WxP"gAYTXUj�Z]P[C�BDC�V^R VA`-WxP�B `-V^R[YT`hVxP"j�`-B BDCUV-R?j�`-VxPSRTY[WxZ�YTC�WAVAC
fhgAgAYT`�¬QZ�B­f�RTZ�`-V�g6`h��N^Vx`hBDZ�fh��C­iQCD�]f�P/`-��WQRTZ�`-Vwf-P/NOBDgQRT`bR[Z]\^WAC­P/WxY�WAV�j�C�Y�j���CDC�V^R[`-WAY�fbV^Rd��	 `hsxP/RTf-j���C
C�R?iA`hVxjh�OixfbVxP�WAV4P[CUj�`hVxi�R[CUB g1P�Vx`hWxP"P/`-BDB CkP�jUfbgxfhsA��CIiQCdgAYT`hgxfhyhC�Y"j�C�R/R[C¤P[`h��WQR[Z�`hV�CUV|WQRTZ���Z]P[fhV-R
WxVAC�BDX�R[>x`OiAC¤iAC¤��Y[`-V-R�P�i�	 `hVxiQCkP?`hW#��C��]fbV1j�C�Y�iACdY�f�Nh`-V4P/RTfhVxiAfbY�i$©

�µ ~k} ³ ��� � }4� cIgQRTZ�\^WAC��dX�`-BDX�R[YTZ]\-WxCh�Q·�f��hC���YT`hV^R�j�`-VxPSRTY[W1j�R[Z�`hV
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)+* ~U�Q~ ± � ± � ~ µ-,/. � µ { � ± � ~"0��A~ ~"0 ± z ��1 µ �2! ~'0���} * µ �43 ±-5 �76

# z���1 µ ��!�~"0 ��} �76
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·wC?PSR�fbY[R%��Z�RT>�RT>AC"iAC�YTZ���f�RTZ�`-V�`b�QRT>AC��dC�`hBDC�R[YTZ�jUfb�OcIgAR[Z]j�P"¡¢��c¤£%B `QiQCU�¢©��*C�R
u(x)
s6C RT>AC"P[`h��WQRTZ�`-V

RT`­��C���BD>A`h��R[��Ck\^Wxf�RTZ�`-V

4u +

(

2πη

λ0

)2

u = 0,

P[WAgAgx��CUB CUV^R[CUi�sON�P[WAZ�R�fbsA��C?s1`-WAVxiAfhY[N�fhVxi�YTf-iQZ�fbR[Z�`hV j�`hV1iQZ�RTZ�`-VxPU©�=?>AC�j�`OC��­j�Z�CUV^R
η = η(x)

Z�P<RT>AC
YTC��]f�RTZ��-C�Z�VxiQC�¬ `h�1YTC���Y�fhj�R[Z�`hVDfbVxi

λ0 = 2π/k
Z]P
R[>xC��"f��-C���C�VAyhR[>�Z�VD��fhj�WAWAB ��`-Y'f¤�"f��-C���Z�R[>­�?f��hC

VOWAB�s1CUY
k
©��"C���`����"C���Z�����`hVA��N#j�`hVxP[Z]iQC�YGPTj�fbR/RTC�YTZ�VAyDgAYT`hsx��CUBDP�Z�V���fhj�WAWAB

(η = 1)
fhVxi#��C���Z����

RT>AC�YTC���`-Y[C�P/WAgxgAY[CkP[P*R[>AC"Z�VxiQC�¬�ux©
cIVAC�`b�ART>AC BD`-P/R�s1fhP[Z�j C�¬QgxfbV1P/Z�`hVxP%Z�V �dC�`hBDC�R[YTZ�jUfb�AcIgQR[Z]j�P�Y[CU��Z�CUP
`-V­R[>xCdZ]iQCkf�R[>1f�R"R[>AC�j�`-BDgA��C�¬­��fh��WxCUi|P[`h��WQRTZ�`-V

uλ(x)
j�fbV4s1C¤fbgAgxY[`�¬QZ�BDfbR[Cki$�^f-P/NOBDgQRT`bR[Z]j�fh����NDZ�V

λ
�AsON­RT>AC��/fhVxPTf�R[���

uλ(x) = ei2πφ(x)/λ
n
∑

p=0

Apλ
p,

¡��k£

��>xC�YTC�R[>xCwfhB gx��Z�R[WxiACUP
Ap(x)

fhVxi�R[>xCqgA>1fhP[C
φ(x)

fhY[C���Y[Ck\-WxC�Vxj�N¯Z�VxiQCUg1CUVxiQCUV-R�YTCUfb�d��fb��WACUi
P[`h��WQRTZ�`-VxP?`b��R[>AC � Z��h`-Vxfb���kRTYTfhVxP[g1`-Y/R���c P[NQPSRTC�B `h��CU\^WxfbR[Z�`hVxPU�

|∇φ| = 1
¡¢th£

fhVxi

2∇φ · ∇A1 + A1∆φ = 0 O(λ)
¥ CU\^WxfbR[Z�`hV ¡��-£

2∇φ · ∇Ap + Ap∆φ = −∆Ap−1 O(λp)
¥ CU\^WxfbR[Z�`hV

.
¡ � £

� ¬QgxfhVxP[Z�`-V�¡��U£�jUfbV�s6C�yhCUVAC�Y�fb��Z���CUi|R[`DR�f��-C�Z�V^R[`4fhj�j�`hWAV^RGP[C��-C�Y�fb�8gA>xf-P/CkP�`hY�sxYTfhVxj�>ACUPU©�=?>xZ�P
YTC�g6`hY[RI��Z����9gAY[CkP/CUV^RdP[`hBDC fhVxfb��NQP/Z]PdfbVxiqP/WAy-yhCkPSR¤P/`-B CDfb��yh`-Y[Z�R[>xBDPGR[`4ªxVxi�g1`-��NOVA`-BDZ�fh�
fhgAgAYT`�¬O¥
Z�B­f�RTZ�`-VxPG`h�'R[>xC�gA>1fhP[CUPdfbVxiqfbBDgA��Z�RTWxiQCUPd��>ACUV�RT>AC �GC���BD>A`h��R[�DP/`-��WAR[Z�`hV�Z]P �^Vx`���V�Z�Vqf�V1fbYTY[`��
s1fbVxi$�Q��Z�R[>�fD��Z]iOR[>�`h� O(λ)

�1fhY[`-WAVxi#f PTj�fbR/RTC�YTC�Yk©
cIVAC `b� R[>AC B­f�aS`hY¤j�>xfh����C�VAy-CUPGZ�V�R[>AC­fb��yh`-Y[Z�R[>xBDPGZ�PIRT`4s6C fhsA��C�R[`�iQC�R[CUj�R¤R[>ACDj�WAYT�hCkPG��>xC�YTC

RT>AC�VOWAB�s6C�Y|`b�¤gA>xfhP[CUPU�"`hY�sAY�fbV1j�>ACUPU��j�>xfhVAyhCkP�© =?>xC�R[`bR�fb�Gf-P/NOBDgQRT`bR[Z]j�P[`h��WQR[Z�`hV¯Z�P|yhCUVAC�Y�fb����N
iAZ�PTj�`-V-RTZ�VOWA`-WxP fh��`-VAy�RT>ACUP[Cdj�WAYT�hCUPU©!��NDB­f�RT>AC�B­fbR[Z]j�fb�8fbV1fb��NOP[Z]P'`hVxCIj�fhV|P[>A`��®R[>xfbR�RT>ACUP[CIj�WAYT�hCUP
fhY[C�R[>AC�P/`qj�fb����CUi �	���7��
 ���D� �A����� ��©w=?>AC�E�WABDC�YTZ]j�fb�"H�Z]j�YT`"�*`QjUfb�$#GVxfb��NQP/Z]P|¡¢EGH%�&#I£�gAYTCUP[C�V^R[Cki
Z�V(')��*�fbYTCh��P/Z�Vxj�CDRT>AC�fhP[NOBDgQR[`hR[Z]j­P/`-��WQRTZ�`-VqZ]P�iQZ]PTj�`hV^RTZ�VOWA`-WxP��%VA`bR�fhgAgA��Z�jUfbsA��C­Z�VwRT>AC­�OZ�j�Z�VAZ�RSN�`h�
RT>AC�j�WAYT�hCUPU©?·qC���Z����*RT>AC�YTC���`-Y[C���Z�BDZ�Rd`hWAYdfbVxfh��NQP[Z�P�`h�
R[>AC��"f��-C���YT`hV^R�Y[Ckj�`hV1PSRTY[Wxj�R[Z�`hV�fb��yh`-Y[Z�R[>xBDP
fh��`-VAyDj�WAYT�hCkP RT>xf�RGfhY[C�fhgAgAYT`�¬OZ�B­f�RTC���N Vx`hVQ¥ gxfbY�fb����C��6R[`DRT>AC�j�fhWxPSRTZ�j¤j�WAY[�-CUPU©

+-,.+ /(021$3�4�5!687�9�:;5=<�>@?BAC4�:�<�ACDE7�5=4GF�H�I�5=<�J�7.AC<�J
LQZ�Vxj�C�¡¢t-£ Z�P�f�Vx`hV®��Z�VACkfbY­_ ¦ � R[>xC�YTC�C�¬QZ�P/R�VA`�j���f-P[P[Z�jUfb�?yh��`hs1fb��WAVAZ]\^WAC�P[`h��WQR[Z�`hV®Z�V¯y-C�VACUYTfh�¢©
�G`���CU�hCUYdWxVxiQC�Y�P[g6CUj�Z�ª1j­j�`hVxiQZ�R[Z�`hV1PdR[>ACUY[C�fhY[C­\^WAZ�R[C�P/R[YT`hVAy#s1`-WAVxiAP�`hV

φ
��Z�RTP�iAC�YTZ���f�RTZ��-CUP¤fbV1i

RT>AC
Ap
P�©�F�VxiQCUY�P/`-BDC�j�`-VxiQZ�R[Z�`hVxPdZ�R�Z�P¤fb�]P[`|g6`-PTP/Z�sA��C�RT`�f-P[P[WABDC�WxVAZ�\^WACUVACUPTPU©���`��"C��-C�Yk�1s6C���`��

�"C¤��Z����*`-VA��N4fhPTP/WABDCdR[>1f�RLK

M�N J2MPO
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�� n

χ1(τ)

χ2(τ)

ξ(σ)� n
deg

c �

E�`bRdc �

�<Z�y-WAYTC �"K�� ����WxP/R[Y�f�R[Z�`hV#`b�9j�fhWxP/R[Z]j�P"R[>1f�R�fhPTP/WxB gAR[Z�`hV�¡¢nh£?fh����`���fhVxi#iQ`DVA`bRGfh����`���©

�h©"R[>ACUY[C�Z]P�f�ªxVAZ�R[C�VOWAB�s1CUY�`b�
P/`-��WQRTZ�`-VxP?Z�V�fh���$g6`hZ�V^RTP
tQ©

φ
� ∇φ
fhVxi

Ap
��`-Y ��� � ��P/`-��WAR[Z�`hV#Z�P�j�`hV^R[Z�VOWA`hWxPU©

�A©"R[>AC4j�fbW1PSRTZ�j­j�WAY[�-CUP
χk(τ)

��>AZ]j�>�P/gx��Z�R�iQ`hB­fhZ�VxP���Z�RT>�iQZ�§8C�YTC�V^R�VOWAB�s1CUY�`b��P/`-��WAR[Z�`hVxPU�%��C�R
WxP�PTf�N

φL
1,k . . . φL

j,k . . . φL
mL,k

P/`-��WQRTZ�`-VxPd`hVw`hVACDP[Z�iQC­fhVxi
φR

1,k . . . φR
mR,k

P/`-��WQRTZ�`-VxPd`hVqR[>AC
`bRT>AC�Y�P[Z�iACh�Q��WA��ªx���

arccos

(

∇φj,k · ∂χk

∂τ

|∇φj,k ||∂χk

∂τ |

)

< α ≤ π

4
∀ (j, k)

¥¨gxfhZ�Y�P�fbV1i |x| ≥ R − λ.

cIWxY�fbVxfh��NQP[Z�P?fbV1i4fh��y-`hYTZ�RT>AB­P�YTC���Z�CUP?`hV4R[>xC¤��`h����`���Z�VAyDC�¬OR[CUVxP[Z�`-V|RT`�RT>AC�Z]iQCUf-P?gAY[CkP/CUV^R[CUi4Z�V '�� * K
�"N­fhPTP/WxB gAR[Z�`hV�t¤RT` ���"CGj�fhV�fhPTP/WABDC�RT>xf�R�R[>ACI��`QjUfb����N�gA��fhVACG�?f��hCkP9iQC�RTCUj�R[CUi�Z�V|f�g1`-Z�V^R

xq
�

sON­RT>AC¤R[Y�fbV1PS��`-Y[B­P"gAYTCUP[C�V^R[Cki|Z�V ')� * �AB­f�N�s6C�gxfbY�fbBDC�R[C�YTZ���CUi4fb��`hVAyDfDj�WAYT�hC
ξq(σ)

��>AZ]j�>4��WA��ª1���

max
τ

arccos

(

∂ξq

∂σ · ∂χk

∂τ

|∂ξq

∂σ ||∂χk

∂τ |

)

≥ π

4

��>AC�V |x| ≥ R,
¡¢nh£

��`-Y­fb���
τ
fbVxi

k
��>AZ]j�>���Wx��ªx���

minσ |ξq(σ) − χk(τ)| < O(λ)
©�� V���Z�yhWxY[C �#��C#Z�����WxP/R[Y�f�R[C4R[>xZ�P

j�`hVxP/R[Y�fbZ�V^RU©
=?>AC4j�`hV1PSRTYTfhZ�V^RTP¤fhs1`��-C ��Z����¢�
fhP��"C­��Z����"iQZ�PTj�W1P[P¤�]f�RTC�Y�`-V*��y-WxfbY�fbV^RTC�C�R[>xfbR���C�jUfbVwWxP[C­R[>AC

RTYTfhVxP/��`hYTBDP�Z�V ')��*?f�V^WxB�s6C�Y `b��R[Z�BDCUP�R[`wj�`hV1PSRTY[Wxj�R fh���"�"f��-C���YT`hV^RTP�fb��`hVAy�fqj�WAYT�hC
ξ(σ)
©�=?>AC

Vx`hVQ¥ gA�]fbVxfhY'Vxf�RTWAYTC�`b�8R[>xCd��cG¥ �"f��-CUP
B­f�N�RT>AC�V|s1Cdj�fbgAR[WAYTCUiDsONDj�`hB�sAZ�VAZ�Vxy�R[Y�fbVxP/��`hYTB­P9Z�V|P/`-BDC
g6`hZ�V^RTPdfb��`hVAy#f|P[C�y-B CUV^RI`b�

ξ(σ)
fbVxi�sAWAZ���i�g1`-��NOVA`-B Z]fb�
fbgxgAY[`�¬QZ�B­f�R[Z�`hV1P

φj
fhVxi

Apj
�$��>xC�YTC

jZ]P�f sAY�fbVxj�>#Z�V1iQC�¬$�A`-V|RT>xf�RGP[C�y-B CUV^RU©
�GC�Vxj�CG�"CGfhPTP/WxB C�R[>xfbR R[>xCIP[`h��WQR[Z�`hVDRT`���CU��BD>A`-��RT�GCU\^WxfbR[Z�`hV�f-P/NOBDgQR[`hR[Z]j�fh����N jUfbV­s6CG��YTZ�R[R[CUV

f-P

uλ(ξ(σ)) =

m(σ)
∑

j=1

ei 2π
λ

φj(σ)

(

n
∑

p=0

Apj(σ)λe[p,j]

)

,
¡ o-£
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��>xC�YTC�CUfhj�>
φj
P/`-���-CUP"RT>AC � Z��h`hV1fb�*Ck\-W1f�R[Z�`hV�fhVxi�CUf-j�>

Apj
P[`h���hCkP"R[>AC

p
R[>�RTYTfhVxP/g6`hY[R�CU\^WxfbR[Z�`hV*©

·�Z�R[>�R[>xC�B�WA��RTZQZ�V1iQC�¬���WAV1j�R[Z�`hV1P
e [p, j]

Z�V�R[>AC"C�¬Qg6`hVACUV^R<`h�
λ
��C?fb����`�����`-Y<P[`h��WQRTZ�`-VxP�R[>xfbR
fhY[C�VA`bR

VxCUj�CkP[PTfbYTZ���N#fb��yhC�sxYTfhZ�jUfb����N|iAC�g6C�VxiQCUV^RI`hV�RT>AC��?f��hC���C�VxybR[>%© �AYT`hB�VA`�� `hV*�6��C�RIWxPG`hVA��N�j�`hV1P/Z]iQC�Y
RT>AC R[CUY[B­P¤��Z�R[>

i = 0
©D·qC R[>xC�YTC���`hYTCDP/WAgxgAY[CkP[PdRT>AC

p
¥ Z�VxiAC�¬qfhVxiqfhVxiqZ�V^R[YT`QiQWxj�C�RT>AC ��`h����`���Z�VAy

Vx`bRTfbR[Z�`hV

ũλ(σ) =

m(σ)
∑

j=1

ei 2π
λ

φj(σ)A0j(σ)λe[0,j] =

m(σ)
∑

j=1

ūj(σ).

#�jUj�`-YTiQZ�VAy"R[`�fhs1`��-C
��C'f-P[P[WABDC<R[>xfbR
φj(σ)

fhVxi
Aj(σ)

fbYTC9j�`hV^RTZ�VOWA`-WxP$fb��`hVAy�f?j�WAY[�-C
ξ(σ) ↔ ⋃

q ξq(σ̃)sxWQR�R[>AC�B­fb¬OZ�B­fb�*P[WABDB­f�R[Z�`hV#Z�VxiQC�¬
m
iQC�g6C�V1iAP�`hV

σ
�AZ¨© Ch©

m(σ)
©

�x`hY"��fbR[C�Y"YTC���C�YTC�V1j�CG�"CdVA`bRTC�R[>1f�R?Z��%�"C �^Vx`�� �
φ,1
�"CIjUfbV*�OsONDWxP[Z�VAy�¡¢t-£��Qj�`-BDgAWQR[C

φ,2
Wxg�R[`

fDP[Z�y-V*�QZ¨© C-©

φ,2 = ±
√

1 − φ2
,1.

¡��b£
#IP[P[WABDZ�VAy R[>xfbR���C �OVA`�� `-VAC¤`b�<R[>AC�iAC�YTZ���f�RTZ��-CUP"Z�V

[φ,1,1, φ,2,2, φ,1,2] ,
¡ v-£

RT>AC�V#�"C¤jUfbV*�OsON|iQZ�§8C�YTC�V^R[Z]f�RTZ�VAy�R[>xC � Z)�-`hVxfh�8CU\^Wxf�RTZ�`-V|��Z�R[>�YTCUP[g1Ckj�R"R[`
x1
fhVxi

x2
�AfhVxi4P[`h���OZ�Vxy

RT>AC�j�`-Y[YTCUP[g6`hVxiQZ�VAy���Z�VACUfhY�P/NQP/R[CUB#�Aj�`hBDgAWQRTC¤R[>AC�YTCUP/R�`b�<R[>AC�iAC�YTZ���f�RTZ��-CUP"Z�V�¡¢v-£�©

+-,�� F 7��-AC< 5=4 5=<�>	� 6 5=<�J�IGA-6 9 F�
 3�5�9 7.AC< 7.<
� 3 6��C0 4.7 < 025!6�� A A-68>�7 < 5�9 0 J
�%C�R�WxP�j�`hVxP[Z]iQC�Y?`hVxC�gA>xfhP[C¤`hY?sAY�fbVxj�>#Z�V�¡¢o-£�©
=?>AC fbVxfh��NQP[Z�P�Z�VqLQCUj�RTZ�`-V �h©���jUfbV�fb�]P[`­s1C fbgAgA��Z�CUi�RT`|j�WAYT�hC���Z�VACUfhYIj�`^`-YTiAZ�VxfbR[CkP�© � � �"C �OVA`��

φ,σ(σ)
fbVxi

φ,σ,σ(σ)
fb��`hVxy�fDyhZ��hC�V�j�WAY[�-C

ξ(σ)
�"C�j�fhV*�xsON4WxP/Z�VAyDRT>AC�j�>xfhZ�V�YTWA��C-�1j�`hBDgAWQRTC�fbVON

� fhY/RTCUP[Z�fhV4iQCUY[Z���f�RTZ��-CIWAg4R[`D`-YTiQCUY�tQ©-�"C���`�� �"CI��Z�����P/C�R
ξ(σ)
R[`Ds1C¤RT>AC�j�Z�Y�j���CIZ�V � e 2 ©'e�C���CUY[YTZ�Vxy

RT` ��Z�yhWxY[C�t���C�W1P/CdR[>xC¤��`h����`���Z�VAy VA`bR�f�R[Z�`hV4R[`­g1fbY�fbBDC�RTC�YTZ��UCGRT>AC�j�Z�YTj���C

γ := {ξ(θ) ∈ � e 2 : θ ∈ [0, 2π], |ξ(θ)| = R}. ¡ p-£
�%C�R

φ(x1(r, θ), x2(r, θ))
R[>ACUV#sON|R[>AC�j�>xfhZ�V#YTWA��C¤�"C�j�`hBDgAWAR[C

φ,θ = φ,1
∂x1

∂θ
+ φ,2

∂x2

∂θ
.

¡.�Uu-£

·wC�VA`hR[C�RT>AC���`-����`���Z�VxyD��`hYG�]f�RTC�Y�YTC���CUY[CUVxj�C-© � �
φ
fhVxi ∇φ

Z]P �OVA`���V�Z�V�P/`-BDC�g1`-Z�V^R�PGfb��`hVxyDf
j�Z�Y�j�Wx��fhYIj�WxY[�-C�P[C�yhBDCUV-R

ξq(θ)
�*P/RTfhY/RTZ�VAy4Z�V

xq
�6R[>ACUVqfbVqfbgAgAYT`�¬QZ�B­fbR[C

φ(θ)
jUfbV�s6CDj�`hV1PSRTY[Wxj�R[Cki

sONwWxP[Z�VAy1�<��`hY�C�¬AfbBDgA��Ch��R[>AC4g1`��"C�Y�s1fhP[Z�P�Z�V�g6`h��NOVA`hBDZ]fb� j�WAYT�hC­ªAR[R[Z�VAyx©wLOZ�BDZ���fhY�>A`-��ixP���`hY�R[>AC
Aj
P�©'�GC�Vxj�Ch�Qy-Z��-C�V�f�g6`h��NOVA`hBDZ]fb�*fhgAgAYT`�¬OZ�B­f�RTZ�`-V|`b�

φ(θ)
Z�V�j�WAYT�hC�P[C�yhBDCUV-R

ξq(θ)
�A��Z�R[>

φq(θ) =

κφ
∑

`=0

c
(φ)
`,q θ`,

¡.� �k£

��� º���¸¨º���� ½�¸¢¹¢º�� ½¤½���¹¨¼T¹�����½¤»��! �Àkº� "� #�¼T¹�� #�ºS¸%$'&)(��U¹¢¹�� ½�*G¼,+��!-.-�¼/� ½I»� "��½�¹0��»x¹¢¾�º�� ½�À�º�1hÁ324�!-.-�¼/� ½I»� "��½�¹0��»
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iAC�YTZ���f�RTZ��-CUP'P[Wxj�>�f-P
φ,θ
fbV1i

φ,θ,θ
Z�P CUfhP[Z���N fhj�j�CUPTP/Z�sA��Ch© � V�¡��"�U£'fhVxiDZ�V4P/Z�BDZ��]fbY'C�¬QgAY[CkP[P[Z�`hVxP
s6C���`��

�"C���Z����?P[WAgAgAYTCUPTP¤R[>xC�ªA¬QCUi�YTf-iQZ�W1P
R
© �A`-Y�j�`-VO�hC�VxZ�CUVxj�C­�"C���Z����?j�fh���

β =
fhVAyh��C

(∇xφ)
��>xC�YTC

fhVAyh��CdZ�P�f���WAV1j�R[Z�`hV�YTC�RTWAY[VxZ�VAy RT>AC�fbVAy-��C
β = [0, 2π)

s1C�RS��CUC�V4R[>AC�y-YTf-iQZ�C�V^R�fbVxi
x̂1
©

� © �S© �<Z�yhWAYTC�t­fhVxi�iQC�ªxVAZ�R[Z�`hV�¡¢p-£�© � �'�"C���C�R
γ
C�V1j�Z�YTj���C�RT>AC�PTj�fbR/RTC�YTC�Y

S
g6`-P[Z�RTZ�`-VACUi�j���`-P[C�R[`

RT>ACG`-Y[Z�yhZ�V*�
R
j�fbV|s1C¤j�>A`-P[C�V�P[W ��j�Z�C�V^RT��ND�]fbYTyhCGP[`�RT>xf�R�R[>AC¤P/Z�yhV4fbB�sxZ�y-WAZ�RSN Z�Vq¡��h£'jUfbV�s6CdP[`h���hCki

sONqR[>AC#VxfbR[WAY�fb�"fhPTP/WABDgQRTZ�`-V�R[>xfbR�RT>AC4PTj�fh��fhY�gAYT`OiAWxj�R s1C�RS��CUC�V�RT>AC|y-YTf-iQZ�CUV^R�`b��RT>AC4PTj�fbR/R[CUY[Cki
�?f��hCkP�fhVxi4R[>AC�Vx`hYTBDfh�

n̂γ
fbYTCdVx`hVQ¥ VAC�y^f�RTZ��-Ch�OZ¢© Ch©

cosβ(θ, r) cos θ + sinβ(θ, r) sin θ ≥ 0.
¡.�kth£

EG`bRTC�R[>1f�R"R[>AC¤fhPTP/WxB gAR[Z�`hVq¡.�ktb£ Z]P�j�`hVxP[Z�P/R[CUV^R"��Z�R[>�LO`hBDBDC�Y[��C��]iOR�	 P�YTf-iQZ�fbR[Z�`hV|j�`hVxiAZ�RTZ�`-V|fhP
R →

∞ © ·wCdjUfbV#fb�]P/`1�-sON­j�`O`hY�iQZ�Vxf�RTC�RTYTfhVxPS��`-Y[B­fbR[Z�`hV*�^fhj�>AZ�C��-CIfbV � Z)�-`hVxfh�1Ck\^Wxf�RTZ�`-V�Z�V4g1`-��fhY"j�`O`hY�iQZ�¥
V1f�R[CkP��

∣

∣

∣

∣

∣

(φ,r)
2 +

(

φ,θ

r

)2
∣

∣

∣

∣

∣

= 1.
¡.�'�-£

�GC�Vxj�Ch�AsON�W1P/Z�VAy R[>AC�j�>1fbZ�V4YTWA��Cd�"C�j�fhV#��Z�R[>�¡.�Uuh£��%¡���tb£?fbVxi�¡.�'�h£��AZ¢© Ch©

φ,θ =

√

1−
(

φ,θ

r

)2

,
¡.� � £

j�`hBDgAWQRTC
β
fh��`-VAy

γ
fhj�j�`hY�iQZ�VAy�RT`

φ,k =

√

1 −
(

φ,θ

r

)2

r,k + φ,θθ,k
¡.�knh£

fhVxi
β(θ) =

fbVxyh��C
(∇xφ).

¡.�Uo-£
#G��P[`�s^NqiQZ�§8C�YTC�V^RTZ�fbR[Z�VAy�¡��'�-£d��Z�RT>wYTCUP[g6CUj�R¤RT`

r
fbVxi

θ
fbVxiq`hVxj�CDB `-Y[C WxP[Z�Vxy�¡.�kt-£��*�"C­j�fhV

P[`h���hCIR[>xC¤��`h����`���Z�VAyD��Z�VACkfbY�P/NQP/R[CUB ��`hY
φ,r,r
fbVxi

φ,r,θ

(

r3φ,r rφ,θ

0 r2φ,r

)(

φ,r,r

φ,r,θ

)

=

(

φ2
,θ,θ

−φ,θφ,θ,θ

) ¡.���b£

� �'�"C�VOWABDC�YTZ]j�fb����N4�?fbV^R�RT`|j�`-B gxWQR[C
β(θ)
��`hYdf|P[g1Ckj�Z�ª1j

β
RT>AC�V���C�jUfbV�`h�'j�`hWxYTP[C�WxP[C|¡.� �k£

fhVxi�¡.�Uo^£�©��G`���CU�hCUYU�8Z����"C P[CUfhYTj�>
β
��`hY¤B­fbVON���fh��WACkPIR[>ACUVqZ�R�BDf�N�s6CDgAY�fhj�RTZ�jUfb�
sAWAZ��]iqf

β(θ)
¥

g6`h��NOVA`hB��

βq(θ) =

κβ
∑

`=0

c
(β)
`,q θ`,

¡.�Uv-£

LOZ�BDZ��]fbYG>A`h�]iAP���`-Y�R[>xC�Z�VO�hCUYTP[C¤`b�
R[>xC �%fhgA��f-j�Z]fbV#`b�
φ
�x��>AZ]j�>�gA�]f�NOPGfbV�Z�BDg6`hY[RTfhV-R�YT`h��C���>ACUV

P[`h���OZ�Vxy�RT>AC�=%Y�fbVxP[g6`hY[R"Ck\-W1f�R[Z�`hV1P�sON­��`-Y?C�¬AfbBDgA��C¤YTf�N R[Y�fhj�Z�Vxyx©9=?>xf�R�Z]P��QZ�R�Z]P?gAYTf-j�RTZ�jUfb�1R[`DsAWAZ���i
f g6`h��NOVA`hB `h�

ρ =
1

4φ
,

¡.�Up-£
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f-P

ρq(θ) =

κρ
∑

`=0

c
(ρ)
`,q θ`.

¡¨tbu-£

=?>xCIj�`OC��­j�Z�CUV^RTP"j�fbV�R[>ACUV|s6CIP[C�R�sON­j�`-B�sAZ�VAZ�VAy4¡.����£�fbV1iDR[>ACdZ�V^�-C�Y�P/C�`h�*R[>xC �%fhgA�]fhj�Z]fbV­Z�V|g6`h�]fbY
j�`O`hY�iQZ�V1f�R[CkP

ρ(θ) =
R2

R2φ,r,r + φ,θ,θ + Rφ,r
,

¡¨t �k£

Z�V�P/`-BDCdg6`hZ�V^RTP
θi, i = 1 . . . κρ

©
�<Z�Vxfb����N4��C�P/RTfbR[Cd��`hY?��WAY[R[>xC�Y�YTC���CUY[CUVxj�CIR[>AC�g6`h��NOVA`hBDZ]fb�$C�¬Og1fbVxP[Z�`-V4`h�%RT>AC�fbBDgA��Z�RTWxiQC-�

A(θ) =

κA
∑

`=0

c
(A)
` θ`.

¡¨thth£

� 
 �����?���q�����¤��	����

� V�LQCUj�RTZ�`-V �h© t4��C�Z�VxiQZ]j�fbR[Cki�>A`��
A(θ)
�
φ(θ)
�
β(θ)
fhVxi

ρ(θ)
j�fhV�s1C#fhj�j�CUPTP/Cki�sONwC���fb��WxfbR[Z�VAy

fwg6`h��NOVA`hB�©®EGf�RTWAY�fb����N�RT>AZ�P�Z�V^R[YT`QiQWxj�C#Z�V^R[CUY[g6`h�]f�RTZ�`-V�C�YTYT`hY�P�©�=?>xCUP[C#CUY[YT`hY�P j�fbV¯s6C�s1`-WAVxiQCki
sONqC�YTY[`-Y�CUP/R[Z�BDfbR[CkP¤��Y[`-B RT>AC���Z�RTC�Y�f�R[WxY[C-©#�G`���CU�hC�YdRT`�gAYT`Oj�C�Ckiq�"C­VACUCUiwR[`�iAZ�PTj�WxPTP¤RT>AC�C�YTYT`hY�P
Z�VA>ACUY[Z�R[Cki|sON|R[>AC¤RTYTfhVxPS��`-Y[B­P"gAYTCUP[C�V^R[Cki|Z�V ')��*¨©
�xY[`-B R[>xC�fbVxfh��NQP[Z�P�fhVxi4R[>AC�V^WxB CUY[Z]j�fh�$C�¬Qg6C�YTZ�BDC�V^R�P�Z�V '���*%Z�RGZ]P�j���CUfhY�R[>1f�R�R[>xC�C�YTY[`-YTP"Z�V�R[>AC

VOWABDCUY[Z]j�fh����N#j�`hBDgAWQRTCUiw��cG�b�¤=�¦G¥ j�`^C���j�Z�C�V^RTP
ūj = eikφj Aj

��Y[`-B�R[>ACDE�WABDCUY[Z]j�fh�
H�Z�j�Y[`��*`Qj�fh�
#GVxfb��NQP/Z]P�fbYTCh�Qfb� R[C�YG`hgQRTZ�BDZ��Uf�RTZ�`-V*�Q`b�<`hY�iQC�Y

max
j

O(λe[1,j]) ≡ O(λ
BDC

).
¡¨t��-£

=?>xC�V|BDC�iQCUg1CUVxiAP"`hV|R[>AC�PTj�f�R[R[CUY[CUYU�-R[>AC¤C�¬Qj�Z�R�f�RTZ�`-V|fbVxi|R[>xCIg6`-P[Z�RTZ�`-V|`h�%R[>xCdEIH%� #3g6`hZ�V-Rk©9·qC
jUfbV4��`hY�C�¬QfhBDgA��C¤>xf��-CGRT>AC¤��`h����`���Z�VAy �	�2��� � K
�h© � �<Vx`�iQZ�§8Y�fhj�RTZ�`-V4Z]P?gAYTCUP[C�V^R?R[>ACUV#R[>AC�CUY[YT`hY?Z]P?`b� O(λ)

tQ©?·�Z�RT>�`hVA��N�CkiQyhC�iQZ�§6Y�fhj�R[Z�`hV#gAYTCUP[C�V^R?R[>AC�CUY[YT`hY"Z�P�`b� O(λ3/2)
¡¢jb© �S©2' t * £

�A©?·�Z�RT>�s6`bRT>���c¯fbV1i�iQZ�§6Y�fhj�R[Z�`hV�gAYTCUP[C�V^R<sAWQR
`hVA��N��9R[>xC?��cG¥ j�`-B g6`hVxC�V^R*RTf �hCUV�Z�V^RT`IfhjUj�`-WAV^R
R[>AC�CUY[YT`hY?Z]P?`b� O(λ1/2)

©
=?>AC�CUY[YT`hY�P"`b�

β
�1fhVxi#>AC�V1j�C ∇xφ

�xjUfbV�fb�]P/`Ds6C�P/CUC�V#R[`­s6Ch�6f�� RTC�Y�`hgAR[Z�B Z��UfbR[Z�`hV�fbV1i4��Z�R[>�VA`
iAZ�§8YTf-j�RTZ�`-V4gAYTCUP[C�V^Rk�Q`b� O(λ)

Z�V '���*¨©
�"N|W1P/Z�VAy­EGH%�&# Z�V�f g6`hZ�V-R

xq
��C�jUfbV#V^WxB CUY[Z]j�fh����N­CUP/R[Z�B­f�RTC¤R[>AC�gA>1fhP[CI��WxVxj�RTZ�`-V#sON

φ̄j(xq) = λ
log ūj(xq) − log |ūj(xq)|

2π
√
−1

= φj(xq) + ωj + O(λ
BDC

+1),
¡¨t � £
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��>xC�YTC
ωj
Z]P�fhVwWxV �OVA`���VqZ�V^R[CUyhC�Y�fhVxiw��C­W1P/CkiwP/RTfhVxiAfhYTiw=�f�NO��`hY¤C�¬QgxfhVxP[Z�`-VxPdR[`�CkPSRTZ�B­f�RTCDR[>AC

CUY[YT`hYk©G=?>xfbRIZ]P��$j�`hBDgxfbYTCUi�R[`
ūj
�"C�>xf��-C�y-fhZ�VACki�`hVxC�`hY�iQCUYG`b�

λ
Z�Vqf-j�j�WxYTf-j�N|sxWQRd�"C�>1f��hC�VA`

gxY[Ckj�Z]P/Z�`hV��9�G`���CU�hC�Yk�^R[>AC�CUY[YT`hY?Z�V�gAY[Ckj�Z]P/Z�`hV#Z]P�VA`bR�`h�<Z�BDg1`-Y/R�fbVxj�C¤P[Z�Vxj�C��"C�fbYTCdZ�V#R[>AC�CUVxi#`hVA��N
Z�V^R[CUY[CkPSRTCUi4Z�V#R[>xC�fhP[N^BDgQRT`bRTZ�j¤P[`h��WQR[Z�`hV

uλ
`h�
�GC���BD>A`h��R[��Ck\-W1f�R[Z�`hV%©

=?>AC�CUY[YT`hY?Z�V|RT>AC�fbBDgA��Z�R[WxiQC
A
jUfbV�PSRTYTfhZ�y->^R"��`-Y[�?fbY�iQ��NDs1C¤��`-WAVxi4R[`­s6C�`b� O(λ)

©
� `-VxP/Z]iQCUY�j�f-P/C �-©�#IP�gAYTC��OZ�`hWxP[��NqBDC�V^R[Z�`hVACki���C�jUfbV�j�`-BDgAWQR[C

φ̄j
Z�V�f�j�CUY/R�fbZ�V�V^WxB�s6C�Y�`h�

g6`hZ�V^RTP�Z�V�fhV�Z�V^R[CUY[��fh�'`hY�j�WAYT�hC�P[C�yhBDCUV-R�`b��P/Z���C 4θ
fhVxi�j�YTCUfbR[C�fbV�Z�V^R[CUY[g6`h�]f�RTZ�VAy�g6`h��NOVA`hBDZ]fb�

`-V�RT>xf�R�P[C�yhBDCUV-Rk© � Vw`hWAY�Z�BDgA��C�BDC�V^RTfbR[Z�`hVqgAY[CkP/CUV^R[CUi�s1CU��`�� ��C ��Z����'f-P[P[WABDC­P/CUyhBDC�V^RTPI`b�?P/Z���C
4θ = O(

√
λ)
©'=?>AC�V��"C¤jUfbV4ªARGfDj�WAsxZ�j¤g6`h��NOVA`hBDZ]fb� P(3)(θ)

Z�V#R[>AYTC�C¤g6`hZ�V-R�P�fhjUj�`-YTiQZ�VAy�R[`












P(3)
(φ)(θ)

P(3)
(φ),θ(θ)

P(3)
(φ),θ(θ + 4θ/2)

P(3)
(φ),θ(θ + 4θ)













=









φ̄(θ)
φ̄,θ(θ)
φ̄,θ(θ + 4θ/2)
φ̄,θ(θ + 4θ)









,
¡¨thnh£

fhVxi4��C�j�fhV�j�`hBDgAWAR[C
[

cφ
0 , cφ

1 , cφ
2 , cφ

3

]

,
¡¨tbo-£

Z�V�¡��"�U£"��Z�RT>
κφ = 4

©
=?>xC���f-PSR�RT>AY[CUC�j�`hBDg6`hVACUV^RTP?`hV#RT>AC�Y[Z�yh>^R�>xfhVxi4P[Z]iQC�`b��¡¢t-nb£"Z]P�j�`-B gxWQR[Cki
��Z�R[>4¡��Uu-£$��>ACUY[C'�"C'WxP[C'RT>ACC�OVA`�����CUiAyhC9`b�

β = ∇xφ
Z�V¤RT>AC�EIH%� #�g1`-Z�V^R�P

[θ, θ + 4θ/2, θ + 4θ]
©

LQZ�Vxj�CdR[>AC¤Z�V-RTC�YTg1`-��fbR[Z�`hV4C�YTY[`-Y ��`-Y?f j�WxsAZ�jdg6`h��NOVA`hBDZ]fb�8Z�P?`h� O((4θ)
4
)
R[>AC¤C�YTYT`hY"C�¬QgAYTCUPTP/Cki­Z�V

λ��Z����%s6Ch�6s^N�j�>A`O`-P[Z�VAy 4θ = O(
√

λ)
�6`b�
R[>xC�PTfbBDC�P/Z���C�fhP���`-Y�R[>xC�EGH � #�¥ C�YTYT`hY�Z�V�R[>AC ��cG¥ jUfhP[C

¡¢jb© �S©%¡¢t �h£?fbV1iw¡¨t � £[£��AZ¨© Ch©

max (
� Y[YT`hY�EIH%� #

,
� YTY[`-Y?Z�V^R[CUY[g6`h�]f�RTZ�`-V

) = max

(

O(λ),
O((

√
λ)4)

λ

)

= O(λ).
¡¨t �b£

� V�R[>ACDfb��yh`-Y[Z�R[>AB­PGs1CU��`��l�"C�>xf��-C�WxP[CUiqj�`h����`OjUf�RTZ�`-V�Z�V�R[>AC�R[>AYTC�C EGH%�&#�¥ g1`-Z�V^R�PGRT`4P[C�RdR[>AC
j�`OC���j�Z�C�V^RTP?Z�V P(2)

β

� P(2)
A

fbVxi P(2)
ρ
©'=?>AC¤Z�V-RTC�YTg1`-��fbR[Z�`hV#C�YTY[`-Y RT>AC�V�s6CUj�`hBDCUP

max (
� Y[YT`hY�EGH � #

,
� YTY[`-Y?Z�V^R[CUY[g6`h�]f�RTZ�`-V

) = max

(

O(λ),O
(

(√
λ
)3
))

= O(λ),
¡¨tbv-£

��>xC�V4fhgAgA��NOZ�VAy�R[>xC
β
¥T�

A
¥9fhVxi

ρ
¥¨g6`h��NOVA`hB�©9E�`hR[CdR[>1f�R?��C¤j�`-WA��i4fb�]P/`Dj�`-BDgAWQR[C

β
s^N�iAZ�§8C�YTC�V^R[Z�¥

fbR[Z�VAy P(4)
φ

�Q��>AZ�j�>��"`hWA�]i4yhZ��hCdWxP�fbV#C�YTYT`hY?`b��R[>AC�PTfbBDC�P/Z���C�f-P"Z�V�¡¢thv-£�©
�<Z�Vxfb����Nd�"C<�?fbV^R$RT`�iQZ�PTj�W1P[P8RT>AC f-P/NOBDgQR[`hR[Z]j9fbVxidVOWABDC�YTZ]j�fb��CUY[YT`hY�P6��C'iA`�Z�V�f?g6`hZ�V^R

x ∈ � e 2 \ Σ
©

=?>xCdZ]iQCkfD��Z�RT>�P[C�R[R[Z�VAy­f­P/C�R�`b�9fhP[N^BDgQRT`bRTZ�j¤P[`h��WQR[Z�`hVxP
ūj
P�`hV4R[>xC�j�Z�YTj���C

γ
Z]P?R[>xfbR���CdRT>AC�V�>xf��-C

Z�VAZ�R[Z]fb�<j�`hV1iQZ�RTZ�`-VxP?RT`­R[>AC�P/NQP/R[C�B `b�'=�YTfhVxP/g6`hY[R�CU\^WxfbR[Z�`hVxP?y-Z��-C�V�Z�V�¡��-£�fbVxi�¡ � £�©��GC�Vxj�C�R[`­CkPSRTZ�¥
B­fbR[C�RT>AC C�YTY[`-YTPGZ�V

x
�$�"C�VACUCUi�RT`|Z�VO�hCUP/R[Z�y-fbR[C�R[>AC C�YTY[`-Y�gAYT`hgxfhy-fbR[Z�`hV�Z�V�R[>xC­cd¦ � ¥ P/`-���-C�Y�RT>xf�R

�"C�WxP[Ch©
=?>AZ]P Z]P P/R[Y�fbZ�yh>^R9��`-Y[�?fbY�i Z��$RT>ACGfhP[NOBDgQR[`hR[Z]j�P/`-��WAR[Z�`hV­Z]P j�`-V^R[Z�V^Wx`hWxP'fh��`-VAy�RT>ACGj�Z�Y�j���Ch�^Z¢© Ch©
j�`hVxP[Z]PSR¤`b�?f�ªA¬QCki�VOWAB�s1CUYd`h��gA>1fhP[CUPU�$sAWQR���C s6C���Z�CU�hCDZ�R�Z]P�f|Vx`hVQ¥¨R[YTZ��OZ]fb��RTf-P.��RT`�iA`|RT>AC�P[fhBDC
fhVxfb��NQP/Z]P���`hY�iQZ]PTj�`hV^RTZ�VOWA`-WxP?P/`-��WQRTZ�`-VxPU©<·wC�j�`-Vxj���WxiQC-�Q��`hY?RT>AZ]P�Y[CkfhP[`hV*�^RT>xf�R�Z�R�Z�P��-C�YTN­Z�BDg6`hY[RTfhV-R
Z�V#��WQR[WxY[C��"`hY �DR[`D��`OjUfb��Z��UCh�Q��Z�R[>�>AZ�yh>�fhjUj�WAY�fhj�Nh�^R[>AC�jUfbWxP/R[Z]jdg1`-Z�V^R�P�fb��`hVAy�R[>xC�j�Z�YTj���C-©
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Σ̄

R

CS

γ

uinc

��Z�yhWxY[C�t K9_ Y[`-sA��CUB�P[C�R[Wxg*©

� � �<�¤����������� ����� �<��������� ��
#�¤� ��
#� � �������<	���
#��� � ���������

=�`�gAYTCUP[C�V^R�RT>ACqfh��y-`hYTZ�RT>AB­PDR[>1f�R4�"C�WxP[CUi¯RT`�YTCUj�`hVxP/R[YTWxj�R­RT>ACqf-P/NOBDgQRT`bR[Z]j�P[`h��WQR[Z�`hV��"C�>ACUY[C
P/RTfbR[C¤RT>AC�VOWABDC�YTZ]j�fb�%gAY[`-sA��C�B�BD`-Y[C¤��`-Y[B­fb����Nh©"·qC�YTC���CUY�R[` ��Z�yhWxY[C�t­fhVxi#��C�BDf �hC�fhV O(λ

BDC
)fhgAgAYT`�¬QZ�B­f�RTZ�`-V�`b��¡ o^£?fhP"��`-����`���P�©

�x`hY�f�yhZ��hC�V­PTj�fbR/R[CUY[CUY
Σ
�OfbV­Z�Vxj�`-B Z�VAy��?f��hC

uinc fhVxiDs6`hWAVxixfbYTN�j�`-VxiQZ�R[Z�`hVxP�fhPTP/WxB C�R[>xfbR ��C
�OVA`�����C���BD>A`h��R[��P[`h��WQRTZ�`-V

u
Z�V4R[>AC�j�Z�Y�j�WA�]fbY�P/R[YTZ�g

CS := {x ∈ � e 2 : R − αλ

2π
≤ |x| ≤ R +

αλ

2π
, 0 ≤ arcsin

(

x1

|x|

)

≤ π}. ¡¨tbp-£

=?>xC�V*�^��`hY?f¤ªA¬QCki�Y�fhiQZ�WxP
R
�
α
fbVxi­��fhY[Z]fbsA��C

θ =
fbVAy-��C

(x)
�Q�"CIP[CUfhYTj�>

m(θ)
�
φj(θ)

fhVxi
Aj(θ)

Z�V

ũλ(θ) =

m(θ)
∑

j=1

ūj(θ) =

m(θ)
∑

j=1

eikφj (θ)Ajλ
e[0,j].

¡��hu-£

�GC�Vxj�Ch�ORT>AC
ūj(φj , Aj , λ)

gAY[`��OZ]iQCdWxP?��Z�RT>�Z�VAZ�R[Z]fb��j�`hV1iQZ�RTZ�`-VxP�R[`�P[`h���hCIR[>AC�cd¦ � P?Z�V�¡��-£?fhVxiw¡ � £
Z�V � e 2 \Σ

s^N4PSR�fbVxiAfhYTi4Y�f�NDR[Y�fhj�Z�VAyD`hY?�?f��hC���Y[`-V-R�j�`-VxP/R[YTWxj�RTZ�`-V|BDC�RT>A`QiAP�©

� � �������
	���
����

=?>xCDEIH%� #�¥ fh��y-`hYTZ�RT>AB ��Z����9s6C­BDC�V^R[Z�`hVACki�Z�V�LOCUj�R[Z�`hV � ©�����>ACUY[CD�"CD>xf��hC�Z�VO�hCkPSRTZ�y^f�RTCUi�f#VACU�
��Ckf�RTWAY[C¤`h��RT>AC¤`hgQRTZ�BDZ��Uf�RTZ�`-V�fb��yh`hYTZ�R[>AB fh��YTCUf-iQN­gAYTCUP[C�V^R�Z�V '�� *¨©
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�� �"�

�x`hY?P/BD`O`bRT>|P/`-��WAR[Z�`hVxPU�-Z¨© Ch©
m(θ) ≡ m

�QfbVxi�jUfhP[C �GZ�V4LOCkj�RTZ�`-V4t���CI��Z����1�]f�RTC�Y"Z�����WxPSRTYTfbR[C���Z�R[>
P[`hBDC¤VOWABDC�YTZ�jUfb�8C�¬Qg6C�YTZ�BDCUV-R�P?R[>1f�R�`hWAY�fh��y-`hYTZ�RT>AB­P��OgAYTCUP[C�V^RTCUi4Z�V#R[>xZ�P�P[CUj�R[Z�`hV*�O��Wx��ªx���]P

|ũλ − u|L∞ = O(λ).
¡�� �k£

�x`hY?VA`-VQ¥ P[BD`O`bR[>�P[`h��WQR[Z�`hV4��C¤��Z����*Z�����WxP/R[Y�f�RTCdR[>xfbR"RT>AC
L1 ¥¨CUY[YT`hY"Z�P?`h� O(λ)

P/Z�Vxj�CIRT>AC�g6`-P[Z�RTZ�`-V4`h�
RT>ACDiQZ�PTj�`-V^R[Z�V^WxZ�RTZ�CkPIZ]Pd��`QjUfb��Z��UCUi���Z�R[>xZ�Vwf4iQZ]P/RTfbV1j�C `b� O(λ)

©�=?>xC fh��y-`hYTZ�RT>AB­P�RT`#f-j�>AZ�CU�hC�R[>ACkP/C
f-P/NOBDgQRT`bR[Z]jdC�YTY[`-Y�s6`hWxVxiAP���Z����%s1C�gAYTCUP[C�V^RTCUi4Z�V�LOCkj�R[Z�`hV � © t�R[` � © � ©

β
fhP���CU���QfhP

ρ
fhY[C�Z�BDg6`hY[RTfhV-R<gxfbY�fbBDC�R[C�Y�P*��>xC�V�RT>AC?fhP[N^BDgQRT`bRTZ�j�P/`-��WQRTZ�`-V�Z]P*RT`Is6C�gxY[`-gxfby^f�R[Cki

��Z�R[>�fhV�cd¦ � ¥ P/`-���-C�Yk©|=?>AC�fh��y-`hYTZ�RT>AB­PdR[`�ªxVxiwRT>AC P(2)
β

fhVxi P(2)
ρ
��Z�R[>xZ�V�fbV O(λ)

¥ C�YTY[`-Y���Z����
RT>AC�YTC���`-Y[C¤s6C�BDC�V^R[Z�`hVxCUi#Z�V�LOCkj�RTZ�`-V � © nQ© � V#R[>AZ]PGP[CUj�R[Z�`hV#��C���Z�����fb�]P[` BDCUV-RTZ�`-V�>A`�� Y�f�N­R[Y�fhj�Z�Vxy
CkfhP[Z���N�j�fhV�s1C�WxP[CUi|R[`­gxY[`-gxfby^f�R[CGR[>AC�P[`h��WQRTZ�`-V4Z�V�>A`hBD`hy-C�VACU`hWxP"B­f�RTC�YTZ�fh��PU©
�<Z�Vxfb����N¤�"C VA`hR[C R[>xfbR�RT>AC�fh��y-`hYTZ�RT>AB­P*VACUCUiAP%R[`Is1C�R[WAVxCUi���Z�R[> fGP[C�R�`h�AgxfbY�fbBDC�R[C�Y�P8RT`GgAYT`QiQWxj�C

PTf�RTZ�P/� fhj�R[`-Y[N­YTCUP[WA��RTPU©

��,.+ � 4.1-A-687�9���D +���� A	� 5=4�
 5 �C0
� 6 A$<C9 / 0�� AC<�J"9 683�� 9 7.AC<
·wCDB­fbZ�VA��N�YTC���CUYdR[` ')��*
��`hY¤R[>xZ�P¤gxfhY/R¤`b��R[>AC­fh��y-`hYTZ�RT>AB�©�·qCD�"`hWA�]i���Z��hC�R[`�C�BDgA>xf-P/Z���C�R[>x`hWAy->
RT>xf�R�RT>AC�YTC­Z]P�fbV�Z�VA>AC�YTC�V^R��"CUf �^VxCUPTP¤s^N�R[>AC|EIH%� #�©�¦IC�g6C�VxiAZ�VAy�`hVw��>AZ�j�>�P[C�R�`h�"g1fbY�fbBDC�RTC�Y�P
RT>xf�R'`-VAC?WxP[CUPU��R[>AC�fh��y-`hYTZ�RT>AB j�fhV�`-VA��N�iQZ]PSRTZ�VAy-WAZ]P/> s1C�RS��CUC�VDsAY�fbVxj�>xCUP�R[>xfbR fbYTC"P[C�g1fbY�f�R[Cki�fhs1`��-C
f4j�CUY/R�fbZ�V�R[>AYTCUP[>A`-��i�Z�V

β
¥ P[gxfhj�Ch©¤=?>xf�R¤Z�PU�8��Z�RT>qf|gxfbY�fbBDC�RTC�YdiQC�g6C�VxiAC�V^R

ε
�8RS�"`�sAY�fbVxj�>xCUP���Z�R[>

|β1 − β2| < ε
��Z����"��`QjUfb����NwZ�V�f�EGH%�&#�¥ g1`-Z�V^R s1C�j�`-VxP/Z]iQCUY[Ckiwf-P�`-VAC|sAY�fbV1j�>*©�=?>AC|�?f��hC���Y[`-V^R

YTCUj�`hVxP/R[YTWxj�R[Z�`hV�fh��y-`hYTZ�RT>AB��6��>xZ�j�>qZ�V�P/`-BDC P[C�VxP[C Z�Pdyh��`hs1fb�¨�6Z]P¤VA`hR¤fhsA��C�R[`�j�`hYTY[Ckj�RGRT>AZ]PG� fhZ���WAYTCh©
�G`���CU�hCUYU�8fhP¤P[`^`-Vqf-P |β1 − β2|

Z]P¤��fhY[y-C�C�Vx`hWAy->qfb��`hVxy
γ
R[>AC­EIH%� #�¥ fb��yh`-Y[Z�R[>xB ��Z����
s1C­j�fh����CUi

fhVxi4>AC�Vxj�C¤R[>AC¤RS�"` sAYTfhVxj�>ACkP?BDf�N|s1C�iQZ]PSRTZ�VxyhWAZ]P/>xCUi$©
·wC�RTY[Z�CUi RT`�Z�BDgAYT`��hC?RT>ACIEIH%� #�¥ fh��y-`hYTZ�RT>AB f-P
��`h����`���P�©<·qCIVA`bRTCUi RT>xf�Rk�-Z��$R[>ACUY[CG��>AC�YTC�`hVA��N

`-VAC�sAY�fbV1j�>#gxY[CkP/CUV-Rk�xZ¨© C-©
m ≡ 1

�xZ�RI�?fhP�g6`-PTP[Z�sA��C�RT`­ªxVxi#RT>AC�Y�fhiQZ�WxP�`h�'j�WAYT��f�R[WxY[C
ρ = (4φ)−1

`h��RT>AC��?f��hC���Y[`-V-Rk�QsON|WxP[Z�Vxy­��`Qj�fh�*VA`-VQ¥¨��Z�VACUfhY�`hgQRTZ�BDZ��Uf�RTZ�`-V�`hV
ρ
Z�V�R[>AC���`-����`���Z�VAy�fbVxfh��N^RTZ�j���cG¥

P[`h��WQRTZ�`-V����

ūλ(x, ρ) = ūλ(x0)

√

ρ

ρ + (|Q(x)| − ρ)
eik(|Q(x)|−ρ),

¡��-th£

��>xC�YTC���C�f-P[P[WABDCUi#f­j�Z�YTj�WA�]fbY��?f��hC�PSR�fbY[R[Z�VAy­f�R
x0 − ρ [cosβ, sin β]

fbVxi��"C¤WxP/Cki#R[>AC�VA`bR�f�R[Z�`hV
C�¬QgA��fhZ�VxCUi�sON �<Z�y-WAY[C �A©I�GC�Vxj�Ch�8�"C�fhPTP[WABDC�R[>1f�RGRT>ACDfhP[N^BDgQRT`bRTZ�j¤ª1C��]i�Z]PGy-Z��-C�V�sON�f|P[gA>AC�YTZ]j�fb�
�?f��hC¤fbV1i4P[C�R

x = x(r, δ) = xr(δ)
�QRT>AC�V��"C�j�fbV�P[CUfhYTj�>

min
ρ

∫ 2π

0

∣

∣

∣u(r, δ) − ū
j�Z�Y�j
r (r, δ, ρ)

∣

∣

∣ dδ,
¡�� �-£

��`-Y�C�¬AfbBDgA��C¤sON|fbgAgx��NOZ�VAy­fD�¤fhWxPTPS¥ E�CU�?R[`hV4RSNOg1C�BDZ�VAZ�B Z��UfbR[Z�`hV#BDC�R[>x`Oi#��Z�R[>�YTCUP[g1Ckj�R�R[`
ρ
Z�V

min
ρ

M
∑

`=0

|u(r, `∆δ) − ūλ(x0)F`(ρ; δ, β, λ, r)| , ¡�� � £

� � ¾�� ¸�¼�½�¼
� &U¹���+������ ¸�� ���k¹�����½ +/¼�½ $bºI»��!��½�À $'&­¸�� � # � ½�*�¹¨¾kº � � Â!��½�¼
�%º�� ��¼T¹�����½�������¼�½�À­¹¨¾�º��  ¢¸ ¹?¹� ¨¼�½�¸�( �! ¹
º �:��¼T¹�����½!�#"$�6»��! *¼ ( �!� ½�¹%¸��!�� �+Sº�Á 2<Á » Á&% "('
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��>xC�YTC

F`(ρ; δ, β, λ, r) =
(∣

∣

∣

r
ρ [cos (`∆δ), sin (`∆δ)] − [cos (β), sin (β)]

∣

∣

∣

)−1/2

·

exp
(

i2π(|r[cos (`∆δ),sin (`∆δ)]−ρ[cos (β),sin (β)]|−ρ)
λ

)

,
¡��-nh£

fhVxi
β
fbVxi

ūλ(x0)
fbYTCDyhZ��hC�VwsON�RT>AC|EGH � #�¥ fb��yh`-Y[Z�R[>xB#© #Gs1`��-C

r
Z]P¤R[>xC

λ
¥ iQC�g6C�V1iQC�V^R�j�Z�Y�j���C�¥

Y�fhiAZ�WxPU�
M
RT>AC�VOWAB�s6C�Y�`h�<g6`hZ�V^RTP�`-V|RT>AC�j�Z�Y�j���CdW1P/Cki4Z�V#R[>AC�EIH%� #�¥ fh��y-`hYTZ�RT>AB fbV1i

F`
Z]P?��`hWAV1i

sON­RTY[Z�yh`-VA`hBDC�R[YTNh©
M
fbV1i

r
fbYTC¤P[C�R�sON�RT>AC¤��`h����`���Z�VAy C�¬QgAYTCUPTP[Z�`-VxP

M = 2 · Y[`-WAVxi (α + C 3
√

α
)

+ 1

fhVxi

r =
λα

2π
,

¡��ho-£

��>xC�YTCd�"C¤>xf��hC¤P[C�R
C = 5

fbVxi
α = 2π

©

��,�� � 4.1-A-687�9���D �	� ?BAC4�:�<�ACDE7�5=4 �(I�I 6 A H 7 D 5�9 7�A$<@A � 
 5 �C0
� 6 AC<$9 J � 4�AC<�1
5 � 7�6 � 4�0 � 021CD 0 <$9 ,

#IP[P[WABDCdR[>xfbR���C¤>xf��-Cd��`hWAVxi�fDj�Z�Y�j���C¤P[C�y-BDC�V^R
Sq
��Y[`-B�f g1`-Z�V^R

R [cos(θq), sin(θq)]

RT`
R [cos(θq + ∆θq), sin(θq + ∆θq)]

��>xC�YTC
m(θq) ≡ m

��`-Y'fb���
θq
Z�V R[>xC�Z�V^R[CUY[��fh�¢©
=?>AC�VD�"C�fbgAgA��N�RT>AC�EGH � #�¥ fb��yh`-Y[Z�R[>xB Z�V RT>AC?R[>AYTC�C

g6`hZ�V^RTP
R [cos(θq), sin(θq)]
R [cos(θq + ∆θq/2), sin(θq + ∆θq/2)]
R [cos(θq + ∆θq), sin(θq + ∆θq)] ,

¡�� �b£

fhVxi�j�`-BDgAWQR[C�R[>ACwj�`OC���j�Z�CUV-R�P�Z�V P(4)
q,j,φ

fhVxi P(3)
q,j,A

��`hY#fb���
m
sAY�fbVxj�>ACkP�©l·wC�W1P/C¯¡��Uu-£�fbV1i

∇xφ = [cos(β), sin(β)]
RT`Dj�`hBDgAWQRTC¤R[>AC�YTZ�yh>^R">1fbVxi�P[Z�iQC¤Z�V#R[>AC��]fhP/R?R[>AYTC�C�Ck\-W1f�R[Z�`hV1P�Z�V�¡¨thnb£�©

��,�� � 4.1-A-687�9���D � ��� > 5!I�9 7��C0 � 9 02I�I 7.< 1 � 4.AC< 1 5 � 7.6�� 4�0-,
#IP[P[WABDC�RT>xf�R"��CI>xf��hC�fhgAgA��Z�Cki #���yh`-Y[Z�R[>xB t¤R[`�P[C�y-BDC�V^R

Sq
fbVxi­��C�R

c1
fhVxi

c2
s1CIRS�"`�j�`-VxPSR�fbV^RTP

Z�VxiQCUg1CUVxiQCUV-R�`b§
λ
©�·qC�ªxVxi�RT>AC|P[Z��UC­`b�?��`h����`���Z�VAy�j�Z�Y�j���C�P/CUyhBDC�V^R

Sq+1 : {θmin
q+1 . . . θmax

q+1 }
sON

Z�BDg1`^P/Z�VAy R[>xC�fbgAgAYT`�¬QZ�B­fbR[CdC�YTY[`-Y

eq+1(θ̃
max
q+1 ) = |ũλ − u|L∞,q+1 ≈ c1|

m
∑

j=1

ūj(θ̃
max
q+1 ) − u(θ̃max

q+1 )| ≈ c2λ min
j

|ūj(θ
min
q+1 )|, ¡��hv-£
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r

� Z�YTj�WA�]fbY��?f��hC���YT`hV^R�P

u(0)

δ
Q

−ρ [cos (β), sin (β)]

ū
j�Z�YTj

(x) → ū
j�Z�Y�j
r (δ)

uinc
u = 0

EIH%� #�¥ j�Z�Y�j���C

�<Z�yhWAYTC � K-�*`QjUfb�8`hgQRTZ�BDZ��UfbR[Z�`hV�`b�<YTf-iQZ�W1P?`b�<j�WAYT��fbR[WAYTCh©

fhVxi
θmax

q+1

Z]P|R�f��-C�V�RT`�s6C�RT>ACwg1`-Z�V^R���>AC�YTCqfhgAgAYT`�¬OZ�B­f�RTC���N
∂θeq+1

f�R/R�fbZ�V Z�RTP#B­f�¬QZ�B�WAB Z�V

S̃q+1 : {θmin
q+1 . . . θ̃max

q+1 }
�QZ¢© Ch©

max
`

eq+1(θ`+1) − eq+1(θ`)

δθ
,
��Z�R[>

θ` = θmin
q+1 + `δθ ≤ θ̃max

q+1 .
¡��hp-£

� V3¡��-v-£���C�WxP[C|RT>AC�g1`-��NOVA`-B­P�Z�V #G��y-`hYTZ�RT>AB t�R[`�fbgAgxY[`�¬QZ�BDfbR[C­RT>AC�fhP[NOB gAR[`bRTZ�j#P[`h��WQR[Z�`hV
ũλfbR�R[>xC�C�V1i�g1`-Z�V^Rd`b�'P/CUyhBDC�V^R

S̃q+1
¡�Z¨© C-©G�"C�C�¬OR[Y�fbg6`h�]f�RTC¤R[>AC�g1`-��NOVA`-B­PGfhPTP[`Oj�Z�fbR[Cki|RT`4P[C�y-B CUV^R

Sq
£�©¯=?>AC �"� ���-
 � �2�qfb��yh`-Y[Z�R[>AB RT`�ªxV1i

θ̃max
q+1

Z]PDB `-Y[C4`hYD��CUPTP�fhY[sAZ�R[Y�fbYTN�sAWQRDR[`wBDZ�VxZ�BDZ���C#R[>AC
j�`hBDgAWQR�f�RTZ�`-Vxfb�*j�`-P/R��¤��C¤gAYT`hg6`-P[CIR[>xfbR�C���j�Z�C�Vxj�N|Z]P?gAYTZ�`-Y[Z�R[Z���Cki$©
=?>AC�YTCUf-P/`-V���`-Y9WxP[Z�VAy¤RT>AC�s6`hWAVxiDZ�V�¡��-vh£<Z�P9R[>xfbR ��C?�?fbV^R9R[`¤>xf��-C�f�P/B­fb���AP[C�yhBDCUV-R'Z��6R[>AC

φj
P

fhVxi |ūj |
PGj�>xfhVAyhC�P[WAsxP/RTfhV-RTZ�fh����N4fhVxi��OZ�j�C��hCUYTPTfA©"=?>AC�YTCUf-P/`-V4��`-Y�WxP[Z�Vxy|j�YTZ�RTC�YTZ�f�¡��hp-£�Z�P�R[>xfbRG��C

�?fbV^R
R[`�iQC�RTCUj�R9RT>AC�VACU��sxYTfhVxj�>ACUP<RT>xf�R�BDf�N�P/>A`��¯WAg­iQZ]P[j�`hV^R[Z�VOWA`hW1P/��N�fb��`hVxy
γ
©9cG�*j�`hWAY�P/C?Z��8R[>AC

� M »A¼�$ �!��½�À�¼8 &Gº � º�-�ºS½�¹$¸�� � #�º� 4� ¸ �k¸¨ºSÀ�¹��/+��!-.(;�k¹¨º u ¹¢¾�ºS½Iº/¼8+ ¾Gº�#�¼
����¼T¹�����½ 65� � �b½�ºSºSÀ O(λ−1) � ��¼T¹�� ½�* ( �!� ½�¹
�!(hº� ¢¼T¹�����½k¸[Á
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VxC���sAY�fbVxj�>xCUP'>1f��hCIf�P/B­fh���8fbBDgA��Z�RTWxiQCGR[>ACUV�R[>xC�N­��Z����6VA`bR?s6CdiQC�R[Ckj�R[Cki�sON R[>ACdj�YTZ�RTC�YTZ�fx©9cIV|R[>AC
`hR[>ACUY�>xfhVxi�Z��9R[>ACUN#fhY[C��"CUf �|RT>AC�V�RT>AC�N�fbYTC�gAYT`hsxfhsA��N|VA`hRdfhP�Z�BDg6`hY[RTfbV^RG��>xC�V�RT>AC��?f��hC���YT`hV^R�P
fhY[CIR[`­s6C�gAYT`hgxfhy-fbR[CUi*©
·�>ACUV

θmax
q+1

Z�P¤P[C�R���CD�?fbV^R�j�fb���'EGH � # Z�VqR[>xZ�P¤g6`hZ�V^RdRT`�s1C�fhsA��C�R[`�YTWAV #���yh`hYTZ�R[>ABKt���`hY
Sq+1
©<�G`���CU�hC�Yk�kR[`�iQCkj�YTCUfhP[C'RT>AC?Y[Z]P �¤R[>xfbR<�"C�j�fb���^R[>AC�EIH%� #¯Z�V fIg1`-Z�V^R
R[>1f�R'fbYTC Z�V�RT>AC?�OZ�j�Z�VAZ�RSN

`h�<fDj�fhWxP/R[Z]j�j�WAYT�hCd��C�iQ`DRT>AC¤��`h����`���Z�VAy1©
� >ACkj �­��`hY�j�>1fbVAy-CdZ�V

m(θ)
sON�Z�V1j�YTCUfhP[Z�VAy

θmax
q+1

fhjUj�`hY�iQZ�VAy�R[`

θmax
q+1 → θmax

q+1 +
2r

R
,

¡ � u-£

��>xC�YTC
r
Z�P%yhZ��hC�V�sOND¡��-oh£��bfhVxi¤Y[WxV¤R[>AC"EGH%�&#�¥ fb��yh`hYTZ�R[>AB�© � �QRT>AC�YTC Z]P*VA`Ij�>xfbVAy-C9Z�V�R[>AC�V^WxB�s6C�Y%`h�

sxYTfhVxj�>ACUP9j�`hBDgxfhY[Cki�RT`�R[>xCGEGH%�&#�Z�V
θmin

q+1

RT>AC�V��"C�j�fh��� #���yh`-Y[Z�R[>AB � fbV1i�sxWAZ��]i­VACU�®g1`-��NOVA`-BDP
Z�V

Sq+1
��Z�RT> #���yh`-Y[Z�R[>xB tA© � �9RT>AC�YTC Z�PdfbV�Z�Vxj�Y[CkfhP[C�Z�V�V^WxB�s6C�Yd`b� sAY�fbV1j�>ACUPIfhPTP/WABDC�RT>xf�RdR[>xC�N

��>xC�YTC�Z�V^R[YT`OiAWxj�Cki�C�¬Qf-j�RT��N�fbR
θmax

q+1

fbVxi�sAWAZ���iDfIªxY�PSR9`-YTiQCUY9fbgAgAYT`�¬QZ�B­fbR[Z�`hV�`h�xR[>xC�j�`hYTYTCUP[g1`-VxiQZ�VAy
g6`h��NOVA`hB­P�sON#WxP[Z�VAy�R[>AC�EIH%� #�¥ ixf�RTf�Z�V

θmax
q+1

© � fb���&#���yh`-Y[Z�R[>xB � fhVxi�sAWAZ���i�VxC�� g1`-��NOVA`-B­P�Z�V
Sq+1

��Z�R[> #���yh`-Y[Z�R[>xB tQ©
� ��RT>AC�YTC�Z]P�f�iACUj�YTCUf-P/C­Z�V�VOWAB�s6C�Y�`b��sAY�fbV1j�>ACUP�f-P[P[WABDC­RT>xf�R�RT>AC�N�iQZ]PTfbgAg6CUfhY[CkiqC�¬Afhj�RT��N�f�R

θmax
q+1

fhVxi4P[C�R"R[>xC�Z�Y?j�`hYTY[CkP/g6`hV1iQZ�Vxy�fbBDgA��Z�R[WxiQCkP�R[`­u�fbR
θmax

q+1

© � fb��� #���yh`-Y[Z�R[>AB � fbV1i�sAWAZ��]i|VACU�
g6`h��NOVA`hB­P?Z�V

Sq+1
��Z�R[> #G��y-`hYTZ�RT>AB tQ©

EG`bR[CGR[>xfbR Z�R�Z]P'VA`��¯Vxf�RTWAY�fb�ART`�Z�V-RTY[`QiQW1j�C�RT>AC�VA`hRTf�RTZ�`-V
mq
P/Z�Vxj�CG��C�>1f��hC?R[>xCIPTfbBDC�VOWAB�s6C�Y

`h��sAYTfhVxj�>ACkP�Z�V�R[>AC4C�V^R[Z�Y[C4P/CUyhBDC�V^R
Sq
© #��]P/`�VA`bRTCh�<R[>xfbR�sON�fhPTP/WABDgQRTZ�`-V ¡¢n-£�Z�R�Z]P�YTCUfhP[`hV1fbsA��C

RT`�s6C���Z�CU�hC�RT>xf�RIR[>ACGaSWABDg�`h� O(λ)
Z�V�¡ � u-£���Z����
f��h`-Z�i�Z�V�BD`-P/RIj�f-P/CkP�g6C�Y[��`hYTBDZ�VAy4EGH%�&#�fb��`hVxy

f�j�Z�Y�j���C���>xC�YTC�RT>AC­VOWAB�s6C�Y¤`h�"sAY�fbV1j�>ACUP¤fbYTC VA`hVQ¥ WAVAZ]\^WACh©D��`��"C��-C�Yk�8R[>AZ]P¤g6C�Y�j�WxPTP/Z�`hVqB­f�N�VA`bR
fh���?f�NQP�s6CDC�VA`-WAyh>wP/Z�Vxj�CDf#VAC�� j�fbW1PSRTZ�j j�WAYT�hC B­f�N�P/>x`��lWAgqZ�V�f4iQZ]P/RTfbV1j�C ��CkP[PIR[>1fbV

2r
©�=?>AC

PTfbBDC�j�`-Vxj���WxP[Z�`-V4fhgAgA��Z�CkP�Z���¡��-vh£?fbV1iq¡��hph£�� fhZ��]P�Z�V#Z]iQCUV-RTZ���NOZ�VAy­f­j�fhWxPSRTZ�j¤j�WAY[�-Ch©
� �

Sq+1
Z�P|R[>AC�ªxY�PSR�P/CUyhBDC�V^R�RT>AC�V `-VACqjUfbV j�Y[Ckf�R[Cqf�ªxY�PSR4`hY�iQC�Y4g1`-��NOVA`-B sON®WxP[Z�VAy�R[>AC

EIH%� #�¥ ixf�RTf���YT`hB `-VAC¤g1`-Z�V^Rk©

��, � � 4.1-A-687�9���D � � � A-6 9 7 < 1 � 4.1-A-687�9���D ,
�"C���`hYTC4`-VAC�j�fbV®j�fh��� #���yh`hYTZ�R[>AB tq`-VAC�B�WxP/R�P/`-Y/RDR[>xC�iAf�R�fqZ�V¯CUfhj�>®EGH � #�¥ g6`hZ�V-Rk© ��© C-©®R[>AC
EIH%� #�¥ fh��y-`hYTZ�RT>AB `hVA��NDgAY[`QiQW1j�CGf�P/C�R�`b�

β
P"fhVxi

ūλ
P�Z�V�CUf-j�>�g1`-Z�V^R?fbVxi­�"CIiA`�VA`hR$�OVA`��®��>AZ]j�>

g1fbZ�Y
(β, ūλ)j

Z�V#RT>AC�P/C�RTP

Tmin :
[

(β, ūλ)1(θ
min), . . . (β, ūλ)m(θmin)(θmin)

]

fhVxi
Tmax :

[

(β, ūλ)1(θ
max), . . . (β, ūλ)m(θmax)(θmax)

]

RT>xf�R#s1CU��`-VAy-P|R[`�R[>AC�PTfbBDC�sAY�fbV1j�>*© EG`bR[C�R[>xfbR
m(θmin) = m(θmax)

iA`^CkP|Vx`bR�VACUj�CUPTP[fhY[Z���N
>1f��hC#R[`�>A`-��i*© ·qCqP/WAy-yhCkPSRDR[>xC���`h����`���Z�VAy�P[`hY[R[Z�VAy�fb��yh`hYTZ�R[>AB�© #GPTP[WABDC�R[>xfbR|��C�>xf��-C

mmin
sxYTfhVxj�>ACUP4Z�V

θmin � mmax sAYTfhVxj�>ACkP|Z�V θmax fhVxi�RT>xf�R mmax ≤ mmin �IR[>ACUV RT>AC�iQZ�§6CUY[CUV-R
g6`-PTP[Z�sA��C �	
��������A����
 ��
�� �dR[>1f�R��"C¤fhY[C¤s6`hWAV1i|RT` R[CUP/R���`hY�fhY[C�P[C�R�sON­R[>xC¤��`h����`���Z�VAy8K
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� L^R[`-Y[C¤fb��`hVxy�YT`���P Z�V4f B­f�RTY[Z�¬ C
fh���$g6`-PTP/Z�sA��Cdj�`hB�sAZ�V1f�R[Z�`hV1P'RT` gxZ�j �

mmax CU��CUBDC�V^RTP���YT`hB
P/C�R

Tmin

� ©
C
Z]P�f

mmin!

mmax!(mmin − mmax)!
× mmax

B­f�R[YTZ�¬8©

� �A`-Y�Ckfhj�>­YT`�� ωC
r

Z�V
C
j�Y[Ckf�R[CIfb���xg6C�YTB�WQR�f�R[Z�`hV1P `h�6RT>ACdC���C�BDC�V^RTP���fhVxi�P/R[`hYTC�RT>AC�B«Z�V�Y[`���P

Z�V�f B­f�RTY[Z�¬
PC
©
PC
Z]P�f

mmin!

(mmin − mmax)!
× mmax

B­f�R[YTZ�¬8©

� � Y[Ckf�RTC�f�j�`hVAªxyhWAY�f�RTZ�`-V
cr
sON�gAZ]j �OZ�VAy�YT`��

ωPC
r

Z�V
PC
�-��Z�R[>­��C�VxybR[>

mmax �OfbV1i f-P[P[`Qj�Z]f�RTC
C���C�BDC�V^R

j
Z�V

ωPC
r

R[`�CU��CUBDC�V^R
j
Z�V�P/C�R

Tmax
©|=?>AC

mmax gxfbZ�YTP¤`h� (β, ūλ)j
VA`�� iAC�ªxVAC

j�`-VQªxyhWxYTfbR[Z�`hV
cr
fbVxi4>AC�V1j�CdR[>ACUY[C�fhY[C

mmin!

(mmin − mmax)!
j�`-VQªxyhWxYTfbR[Z�`hVxP�R[>1f�RGfbYTCIR[`­s6C¤R[CUP/R[Cki$©

�x`hYICUfhj�>qj�`hVAªxyhWAY�f�RTZ�`-V
cr
�"C�j�`-BDgAWQR[C

(P(φ,r,j),P(A,r,j))
��Z�R[> #���yh`-Y[Z�R[>AB t ��`-YGRT>AC�B­fbRTj�>ACki

g1fbZ�YTP¤fbV1iq��Z�R[>�f4ªxY�PSR�`-YTiAC�Y�fbgAgxY[`�¬QZ�BDfbR[Z�`hV���`hY¤R[>xC­WAVAB­f�R�j�>ACUi$©­·wC­gAZ]j ��RT>AC�j�`-VQªxyhWxYTfbR[Z�`hV
RT>xf�R�BDZ�VAZ�B Z���C |ũ(r)

λ (θ) − u(θ)|L1

fbgAgxY[`�¬QZ�BDfbR[CU��N-�^Z¨© Ch©

min
r

`max

∑

`=1

mq
∑

j=1

∣

∣

∣ū
(r)
j (θ`) − u(θ`)

∣

∣

∣ ,

��Z�R[>
θq+1,` = θmin

q+1 + `δθ ≤ θmax
q+1

��`-Y�P/`-B C
δθ
©

� �
mmax > mmin ��C¤gAYT`Qj�C�Cki|Z�V�fDP/Z�BDZ��]fbY�B­fbVxVAC�Y�f-P"fhs1`��-Ch©

�"C���`�� �"C�WxP[C�R[>xC���`-����`���Z�Vxy�VA`hBDCUVxj��]f�RTWAY[C-© # �"f��-C���YT`hV^R���>AZ]j�> >xf-P���`-��iQCki�`��hCUY�Z�RTP[C����
gxY[`QiQWxj�CUP�f­P[C�RI`b�9VAC�� sAY�fbV1j�>ACUPU©$#�j�R[Wxfh����Nh�6fbVxfh��NQP[Z�P�P[>A`���P?RT>xf�R���YT`hB `hVAC��"f��-C���YT`hV^R"N-`hW�yhC�RU�
��>xC�VwZ�R���`-��iAPU�%f#iQ`hB­fhZ�Vw��Z�RT>wR[>AYTC�C sAY�fbVxj�>ACkP��$VxC�¬OR�R[Z�BDC Z�R���`h�]iAP¤N-`hW�y-C�R¤ªx�-C�sAY�fbV1j�>ACUP¤fbV1i
P[` `hV*©9��`��"C��-C�Yk�h��>ACUV#P[C��-C�Y�fb�6�"f��-C���YT`hV^RTP�fbYTCGgAYTCUP[C�V^R?Z�R�Z]P"Z�BDg6`-PTP/Z�sA��CGRT`DiAZ�P/R[Z�VAyhWxZ�P[>|s6C�RS�"C�CUV
RT>xf�R��"C¤>xf��hC¤P[C��hCUYTfh�8�"f��-C���YT`hV^RTP�`hY�P[C��-C�Y�fb�6sAYTfhVxj�>ACkP"��Y[`-B `hVAC¤�?f��hC���Y[`-V-Rk©

#IP[P[WABDC�R[>1f�R�RT>AC�YTC�fbYTC�`hVA��N|`-VAC��?f��hCd��Y[`-V^R�gAY[CkP/CUV^R�R[>ACUV���C�B­f��-C¤R[>AC���`h����`���Z�VAyDY[CUB­fbY �6©
� RD�"`hWA�]i�>xf��-C|s6C�C�V��hCUY[N�f�R[R[Y�fhj�R[Z��hC�RT`qW1P/C|R[>ACB�OVA`�����CUiQy-C­R[>xfbR Vx`wjUfbWxP/R[Z]j|j�WAY[�-C4j�Y[`^P[P�R[>AC
P[C�y-BDC�V^R�P[Z�Vxj�C�RT>AC�V4��C �OVA`��®RT>xf�R�R[>ACIY[CU��fbR[Z��hC$�/`hY�iQCUY `b�%P[Z���C ��`h�$R[>ACdsAY�fbVxj�>ACkP

φ1(θ), . . . φm(θ)fhY[C �hC�gAR¤j�`hVxP/RTfhV-Rk© ��© C-©dZ��
φ3(θ

min) < φ1(θ
min)
>A`h�]iAPIR[>ACUVqfh��P[`

φ3(θ
max) < φ1(θ

max)
B�WxPSR

>x`h�]i$©9=?>AC�P/`-Y/RTZ�VAy fb��yh`-Y[Z�R[>AB«�"`hWA�]i�>1f��hCds1CUC�V4R[YTZ��OZ]fb�6R[` Z�BDgA��C�BDCUV-R�Z�V#P[Wxj�>#f�jUfhP[Ch©9��`��"C��-C�Yk�
fhgxfbY[R���YT`hB R[>xfbRI�"C�B­f�N4>xf��-C�P/CU�hCUYTfh�*�"f��-C���YT`hV^RTP?�"C�`-VA��N��OVA`��

φj
WAg�R[`4fbV�Z�V-RTC�y-C�Y

ωj
¡ jb© �S©

C�¬QgAY[CkP[P[Z�`hVq¡¨t � £[£"��>AZ]j�>#��Z����*B­f��hCIR[>xZ�P?RSNOg6C�`b�
P/`-Y/RTZ�VAyDWAVA¥¢��CkfhP[Z�sA��Ch©
� M ½���¼T¹ � ¼8$ ��½�º7+/¼�½dÀ����	��

��������� � �����mmin ���mmax �8¹��,*�º ¹%¸���+¨¾�¼/-�¼T¹� �� 1hÁ
� M ½���¼T¹ � ¼8$ ��½�º7+/¼�½dÀ������������ �����mmax � �6¹��.*�ºS¹%¸���+ ¾¤¼/-�¼T¹� "� 1-Á
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��,�� � 4.1-A-687�9���D � � 
 5 �C0 � 68AC<$9 ? 6 ACI�5!1-5�9 7�AC< 5=<�> /(5 : � 6 5�� 7 < 1 ,
�x`hY?Z�VA>A`hBD`-yhC�VxC�`hW1P B­f�RTC�YTZ�fh�xRT>AC�P/`Dj�fh����CUi4�?f��hC���YT`hV^R�j�`hVxP/R[YTWxj�R[Z�`hV�RTCUj�>AVxZ�\^WACdgAYTCUP[C�V^R[Cki�Z�V ' � *
gxY[`��OZ]iQC�WxP���Z�R[>lf®BDC�R[>x`Oi�RT`�gAY[`-gxfby^f�RTC�RT>AC�P/`-��WAR[Z�`hVlfb��`hVAy�P[`�j�fb����CUi3CU\^WAZ�¥¨gx>xfhP[Cw��Y[`-V-R�P��
φ(τ) =

j�`hVxP/RTfhV^RU�xsON�gAYT`hgxfhy-fbR[Z�VAy­f�P/C�RI`h�'BDfhY �-C�Y�P�fb��`hVAy
γ
©G�G`���CU�hC�Yk�QRT>AC�P[C�y-B CUV^RTP�`h�'gA>xf-P/C

��WxVxj�RTZ�`-VxP
φ

(q)
j (θ)

�x��C�>xf��-Cdj�`hVxP/R[YTWxj�R[CUi4��Z�R[>%#���yh`-Y[Z�R[>xB ��¥ � fhs1`��-Ch�AfhY[C¤j���CUfhY[��N�VA`hR?Z�V�yhCUVAC�Y�fb�
Ck\^WAZ�¥ gA>xf-P/C���YT`hV^RTPU©<=?>xZ�P
Z]P9VA`hR
`h�6y-Y[Ckf�R
Z�BDg6`hY[RTfhVxj�C�fbV1i�RT>AC�BDC�R[>x`OiA`h��`hyhN�gAY[CkP/CUV^R[CUi�Z�V ' n *xB­f�N
s6C�fbgxgA��Z�CUi|R[`DRT>ACUP[C � ���-��� ��
 ���"� �#�?f��hCI��YT`hV^RTP"RT`x©
�x`hY¤>A`hBD`-yhC�VxC�`hW1P�B­f�RTC�YTZ�fh�<��>xC�YTC�RT>AC j�>1fbY�fhj�RTC�YTZ�P/R[Z]j�j�WAY[�-CUPdfbYTC P/R[Y�fbZ�yh>^Rk�6�"C >xf��hC�Z�BDgA��C�¥

BDCUV-RTCUi4R[>xC¤��`h����`���Z�VAyDfb��yh`hYTZ�R[>AB�©
#IP[P[WABDCdR[>xfbR"�"CI�?fbV^R"R[`Dj�`-B gxWQR[CdR[>xC¤��cG¥¨ªxC��]i�Z�V�f�g6`hZ�V^R

y
© �A`-Y�Ckfhj�>#j�Z�YTj���C¤P/CUyhBDC�V^R

Sq
�

P[C�R�sON #G��y-`hYTZ�RT>AB ��¥ � �^�"C�j�fhV4gxfhYTfhBDC�R[CUY[Z���CIR[>xC�fbVAy-��C

α =
fhVAyh��C

(y − x(θ))
��>AC�YTC

x ∈ Sq ,

sON�g6`h��NOVA`hBDZ]fb�%j�WAYT�hCIªAR/RTZ�VAy4fbVxi�j�`-BDgAWQR[C Pκα
α (θ)

��`hY�P[`hBDC
κα
© �GC�Vxj�C���C�jUfbV�P/CkfbY�j�>���`-Y�R[>AC

g6`h��NOVA`hBDZ]fb�$YT`O`bRTP��GR[`
Pκα

(α),q,j(θ) −Pκβ

(β),q,j(θ) = 0.
¡ � �k£

�x`hY�fh���
ζq,j
YT`O`bR�P

[

θ1,q,j , . . . θζq,j ,q,j

]

,
��Wx��ªx����Z�VAy

θmin
q ≤ θ < θmax

q

�6��`-YIfb���<sAYTfhVxj�>ACkP�Z�V�fb���<P[C�y-BDC�V^RTPG`hVAC j�fbV�RT>AC�Vwj�`-B gxWQR[C�R[>AC�R[`bR�fb�
��cG¥¨ªxCU��i

ũλ
Z�V

y
f-j�j�`-YTiAZ�VAy�R[`B' � *

#S
∑

q=1

mq
∑

j=1

ζq,j
∑

k=1

P(A),q,j(θk,q,j)

√

P(ρ),q,j(θk,q,j)

P(ρ),q,j(θk,q,j) + s(y, θk,q,j)
exp

(

i2π

λ
(P(φ),q,j + s(y, θk,q,j))

)

,

¡ � th£
��>xC�YTC

#S
Z�P�R[>AC�VOWAB�s1CUY�`b�9P/CUyhBDC�V^RTP"y-Z��-C�V#s^N #���yh`hYTZ�R[>AB �DfhVxi

s(y, θk,q,j) = (y − R [cos(θk,q,j), sin(θk,q,j)]) ·
[

cos
(

P(β),q,j(θk,q,j)
)

, sin
(

P(β),q,j(θk,q,j)
)]

.

·wC�j�`hV1j���WxiQCdR[>xfbR�Z�V4R[>ACdRTY[Z�gA��C¤P[WABK¡ � tb£��"CI>1f��hCdZ�BDgA��Z�j�Z�RT��N|WxP/Cki4fh���8g6`h��NOVA`hB­P�iQC�ªxVACUi4Z�V
LQCUj�RTZ�`-V �-©)�­¡[¡�� ��£��%¡.�Uvh£��%¡¢thuh£?fbV1iq¡¨thth£[£��AZ¨© Ch© P(φ)

� P(β)
� P(ρ)

fbV1i P(A)
©

� � �|��	U��		������	����

·wC�>xf��-C�P/CUC�V¯RS��`�g6`-PTP[Z�sAZ���Z�RTZ�CkPDR[`�`-gQR[Z�BDZ��UC�R[>ACqj�`OC���j�Z�C�V^R�P­Z�V P(φ)
� P(β)

� P(ρ)
fbV1i P(A)

©
·�>1f�R���C­jUfb��� �d��`-sxfb� cIgQRTZ�BDZ��Uf�RTZ�`-VwfhZ�B­P¤f�R�YTCUiQW1j�Z�VAy#R[>AC­P[Z��UC `h� RT>AC­j�`OC���j�Z�C�V^R�P¤Z�Vq��Y[`-V^R¤`h�
RT>AC�C�YTYT`hY<R[CUY[B­P9Z�VDgxfbY�fbBDC�RTY[Z]j�fh�Qj�WAYT�hC"ªAR[R[Z�VAyx�^Z¢© Ch©<�"C���Z����AVA`hR fb��R[C�Y
RT>AC�`-YTiQCUY
`b�$fhj�j�WAY�fhj�N���Z�R[>
`-gQR[Z�BDZ��kf�RTZ�`-V*©
# P[CUj�`hVxi�`-gQR[Z�BDZ��kf�RTZ�`-V*����>xZ�j�>��"C|j�fh��� � fhWxP/R[Z]j�¦GC�R[Ckj�R[Z�`hV%�
fhZ�B­P�fbR�YTC�ªxVAZ�VAy�RT>AC�g6`-P[Z�RTZ�`-V

��>xC�YTCIRT>AC�j�fhWxP/R[Z]jdj�WAYT�hCUP
χk(τ)

j�Y[`^P[P
γ
©


 M ½���¼T¹ � ¼8$ ��½�º7+/¼�½dÀ������ ��� � � [cφ
3
, c

φ
2
, c

φ
1
, c

φ
0

]

,
[

c
φ
κα

, . . . , c
φ
0
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��,.+ � 4�A���5=4�� I�9 7 DE7�� 5�9 7�AC<
�"N4WxP/Z�VAy�P/RTfhVxiAfbY�i4`hgQRTZ�BDZ��Uf�RTZ�`-V�fb��yh`hYTZ�R[>AB­P?gAYT`��OZ�iQCki|Z�V#��`hY�C�¬AfbBDgA��C�H�f�RT��fhs��¤`hVAC�jUfbV�BDZ�VxZ�¥
BDZ���C |ũλ(θ) − u(θ)|L1

s^N4P/CkfbY�j�>AZ�Vxy���`-Y���`Qj�fh�$BDZ�VAZ�B�WxB�`b�

min
c

`max

∑

`=1

mq
∑

j=1

|ūj(θ`, c) − u(θ`)| ,

��Z�R[>
θq,` = θmin

q + `δθ ≤ θmax
q

��`-Y�P/`-BDC
δθ
fbV1i

c =
[

cφ
0,1 . . . , cA

0,1 . . . , cφ
0,j , . . . c

A
0,j . . .

]

.

�G`���CU�hCUYU�^P/Z�Vxj�C
u(θ)
`-PTj�Z����]f�RTCUP�`hV4R[>AC

λ
¥ PTj�fh��Cd��C¤j�fhV|VA`hR">x`hg6CG��`-Y�RT>xf�R?RT>AC¤`hY�iQC�Y�`b�<f-j�j�WAYTf-j�N

Z�V
λ
Z]P�Z�B gxY[`��-CUi#P/Z�Vxj�C¤RT>AC�C�YTYT`hY?Z�V�RT>AC�Z�VAZ�RTZ�fh�%y-WACUPTP?gAYT`��^Z]iQCki|sON #G��y-`hYTZ�RT>AB ��¥ � fbYTC¤`b� O(λ)

©
�G`���CU�hCUYU�x��`hYdCUfhj�>qP/g6CUj�Z�ª1j

λ
R[>ACDfhjUj�WAY�fhj�N4B­f�N#s1C Z�B gxY[`��-CUi$©¤=?>AC Z�Vxj�Y[CkfhP[C�`b�"fhj�j�WAY�fhj�N#j�fhV

fh��P[`�s6C�fhj�>AZ�C��-CUi|s^N­Z�Vxj�Y[CkfhP[Z�VAy�R[>AC¤`-YTiQCUY?`b�*RT>AC¤g1`-��NOVA`-BDP P(φ)

fhVxi P(A)

��>AC�YTCI�"CdVA`bRTCIRT>xf�R
RT>AC���Z�VACkfbY­gAYT`hsx��CUBDPDP[`h���hCki�Z�V�P/Wxj�>¯`hgAR[Z�B Z��UfbR[Z�`hV¯B­f�N�yhC�R�Z�����¥ g6`-P[CUi�Z��dR[>ACUY[C�fhY[C4R[`O`�B­fbVON
g6`h��NOVA`hB j�`OC���j�Z�C�V^R�P"R[`­s6C�`hgQRTZ�BDZ���CUi*©

��,�� � 5!3 J"9 7 �
	 029�0�� 9 7.AC<
#IP #G��y-`hYTZ�RT>AB ��yhCUVAC�Y�fb����N�� fbZ���P4f�R#Z�iQCUV^R[Z���N^Z�VAy�R[>ACwj�fbW1PSRTZ�j�j�WAYT�hCUP�	'C�¬Qf-j�R|g6`-P[Z�R[Z�`hV �"C�>xf��-C
Z�VO�hCkPSRTZ�y^f�R[Cki�RT>ACDg1`^P[P[Z�sxZ���Z�RSN�R[`x��sON�g1`^PSR[¥¨gxY[`Qj�CkP[P[Z�VAyx�8YTC�ªxVAC RT>AC�Z�Y�g6`-P[Z�RTZ�`-Vq`-V

γ
© =?>AZ]P�jUfbVws1C

iA`hVAC�fhP"��`-����`���PU©
�%C�R

SL
fhVxi

SR
s6C­RS��`�VAC�Z�yh>Os6`hYTZ�VAy�P[C�y-BDC�V^RTP���Z�R[>

mL
sAY�fbVxj�>xCUP�fhVxi

mR
sAY�fbV1j�>ACUP�YTC�¥

P[g6CUj�RTZ��-C���Nh©=#GPTP[WABDCIRT>xf�R #G��y-`hYTZ�RT>AB ����`hWAVxi|R[>1f�R?R[>AC�jUfbWxP/R[Z]jdj�WAYT�hC¤j�YT`-PTP/Cki
γ
f�R

θ = θ
j�fhWxPSRk©y-WACUPTP ©

=?>xC�V#`hVAC�jUfbV4R[YTN­R[`�P[`h���hCIR[>AC¤��`-����`���Z�VAy�BDZ�VAZ�B Z��UfbR[Z�`hV�gAYT`hsA��C�B

min
θ

jUfbWxP/RU©





∫ θ

jUfbWxP/RU©

θ

j�fhWxP/RU©
−∆θL

|ũλ,L(θ) − u(θ)| dθ +

∫ θ

jUfbWxP/RU©
+∆θR

θ

j�fhWxPSRk© |ũλ,R(θ) − u(θ)| dθ



 ,
¡ � �-£

��>xC�YTC"�"C�j�fhVDWxP/C�C�¬OR[Y�fbg6`h�]f�R[Z�`hV�Z��$�"C?�"fhV-R9RT`�C���fb��WxfbR[C
ũλ,L
fbVxi

ũλ,R
`hWARTP[Z�iQC?RT>AC�Z�Y'YTCUP[g1Ckj�RTZ��-C

Z�V^R[CUY[��fb�]P<`hV�R[>AC�j�Z�Y�j���C
γ
©
E�`bRTC?>A`���CU�hCUYU��P[Z�BDZ���fhY�RT`�LOCUj�R[Z�`hV­nQ©��b��R[>1f�R

u
`-PTj�Z����]f�RTCUP<`hV�R[>AC

λ
¥ P[jUfb��C

fhVxi�P[Z�Vxj�C9R[>xC C�YTYT`hY*Z�V
θ
jUfbWxP/RU© Z]P�`b� O(λ)

R[>AC�BDZ�VAZ�BDZ��kf�RTZ�`-V�fb��yh`-Y[Z�R[>AB�B­f�NIs6C'RTYTfhgAg1Cki�Z�V�f���`OjUfb�
BDZ�VAZ�B�WAB�©��GC�Vxj�Ch�kR[`�P[`h���hC
gAYT`hsx��CUB ¡ � �h£8�"C9��`-WA�]iIVxC�CUiIRT`�WxP[C'f?yh��`hsxfh��`hgQRTZ�BDZ��Uf�RTZ�`-V�fb��yh`hYTZ�R[>AB
fhVxiwfhiAfhgQR[Z��hC­\^WxfhiAYTfbR[WAYTC�YTWA��CUPdRT`�s1C�fhsA��C RT`�j�`hBDgAWAR[CDR[>xC­Z�V^R[CUyhY�fb�]Pd`��hC�YdRT>AC�iQZ]P[j�`hV^R[Z�VOWA`hWxP
Vx`hYTBDPU©

� � &����?�
	�!������ ����&4�����

� V�R[>xZ�P'P[CUj�R[Z�`hV ��C?��Z����xZ�����W1PSRTYTfbR[C"R[>AC?g6C�Y[��`hYTB­fbVxj�C"`h�1`-WAY9fb��yh`hYTZ�R[>AB­P<gAYTCUP[C�V^R[Cki�Z�V�LOCUj�R[Z�`hV � © � V
RT>A`-P[C�j�f-P/CkP���>ACUV���C�fhVxfb��NO��C¤RT>AC�PTj�f�R[R[CUY[Cki|ª1C��]i���Y[`-B j�Z�Y�j�WA�]fbYI¦GZ�Y[Z]j�>A��C�RGs6`hWxVxiAfbYTN4j�`hVxiAZ�RTZ�`-V
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�"C�>xf��-C�WxP[CUiDRT>AC¤fbVxfh��N^R[Z]j�P[`h��WQR[Z�`hVDRT`�j�`hBDgAWQRTC
u(x)
Z�V

CS
© �A`hY?f�P[C�BDZ�¥ j�Z�Y�j�WA�]fbY�yhCU`hBDC�RTY[N���C

>1f��hC�WxP[CUi�f4tb¦ ��`-WAVxiAfhY[N � ��C�BDC�V^R¤LQ`h���hC�YGR[`|j�`hBDgAWQRTC�RT>AC�ªxCU��i�`hV�f � fhY/RTCUP[Z�fhV�yhYTZ�i�Z�V
CS
©

=�`�fhjUj�CUPTP
u(x)
��Z�R[>

x ∈ CS
�"CDWxP[CUi�P/gx��Z�VAC­Z�V-RTC�YTg1`-��fbR[Z�`hV���© � V�fb���'C�¬AfhB gx��CkP¤��CD>xf��-C W1P/Cki

R = 2
B�©

#IP�fb��Y[CkfhiQN�BDC�V^RTZ�`-VACUi�R[>AC�fh��y-`hYTZ�RT>AB­PGVACUCUiQCki�RT`�s1C R[WxVACUiqR[`#Z�B gxY[`��-C�RT>ACDg1CUY/��`-Y[B­fbV1j�Ch©
=?>xZ�P��"f-P�iQ`hVxC�sONqBD`QiQZ���N^Z�VAy�RT>AC4P[Z���C­`b��RT>AC�Z�V^R[C�YT��fb�¨��Z�VxiQZ]j�fbR[Cki�sON�R[>xC ≈ ¥ P[Z�yhV�Z�V ¡��hv^£�fbV1isON�P[C�R[R[Z�VAy

c2
© #G��P[`x�8RT>AC�ª1YTP/RdZ�VAZ�R[Z]fb�9y-WACUPTPG`h�

θ̃max
q+1

Z�VqR[>xC P[CUfhYTj�>�fh��y-`hYTZ�RT>AB �"f-PIj�>1fbVAy-CUi�sON
BD`QiQZ���NOZ�VAy RT>AC�j�`-VxPSR�fbV^R

c
Z�V

θ̃
max,(0)
q+1 = θmin

q+1 + c · (θmax
q − θmin

q ),

f-P?��C�j�>xfhVAyhCki|�GC���B >x`h��R[��P[`h��WQR[Z�`hV*©

��,.+ � A�� AC3�< > 5!6 : � AC<�> 7 9 7�AC< J ,
=�`�P/Z�BDgA��Z���N�R[>AC�VOWABDCUY[Z]j�fh�QC�¬Qg1CUY[Z�BDC�V^RTP'��C?>xf��-C"Z�VAZ�R[Z]fb����N�R[CkPSRTCUi `hWAY'fh��y-`hYTZ�RT>AB­P
`hV­f

u(x)
RT>xf�R

fhY[CdVA`hRGf P[`h��WQRTZ�`-V|RT`���C���BD>A`h��R[�¤Ck\-W1f�R[Z�`hV%© � V
CS
��C�P[C�R

u(x)
R[`Ds1C

u(x(r, θ)) =

m(θ)
∑

j

exp

(

i
2π

λ
x · [cos(βj), sin(βj)]

)

,

��>xC�YTCIRT>AC�fbVxyh��CUP
βj(θ), j = 1, . . . , 3

fhY[CdyhZ��hCUV4Z�V#R[>AC¤��`-����`���Z�Vxy�R�fbsA��C K

β1 β2 β3 m(θ)

−π
4 ≤ θ < π

4
7π
4 0 π

4 3

π
4 ≤ θ < π

4 + π
6

π
4 − − 1

π
4 + π

6 ≤ θ < π
4 + π

3
π
4

3π
4 − 2

π
4 + π

3 ≤ θ < π
4 + π

2
3π
4 − − 1

π
4 + π

2 ≤ θ < 5π
4

3π
4 π 5π

4 3

5π
4 ≤ θ < 5π

4 + π
6

5π
4 − − 1

5π
4 + π

6 ≤ θ < 5π
4 + π

3
5π
4

7π
4 − 2

5π
4 + π

3 ≤ θ < 7π
4

7π
4 − − 1

¡ � � £

= 5 � 5 � F !¢}U� µ � ~"! � � !�~'! ± } � � ¶ * µ ��~"! � 1
� V �<Z�yhWAYTC � ��C�Z�����WxP/R[Y�f�RTC�Z�V�f �[\^WAZ��-C�Y.�¨¥ gA��`bR"R[>AC�iQZ�YTCUj�R[Z�`hV�`b�
gAYT`hgxfhy-fbR[Z�`hV���`-Y�R[>xC�gA�]fbVAC��?f��hCkP
fh��`-VAy

γ
©9·wC�gA��`bR�fbYTY[`���P"f�R

θmin
q

�Q��Z�R[>
q = 1, . . . , #S

©
� 2<Á » Á�� � � � � �
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−1
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2

3
No boundary condition, λ = 0.01 m. 

�<Z�yhWAYTC � K � ����WxP/R[Y�f�R[Z�`hVw`b�"YTf�NQPdfhPTP/`Qj�Z�fbR[CUi�R[`�gA�]fbVAC �?f��hCUPdfb��`hVxy|RT>AC�j�Z�YTj���C
γ
©D=?>ACDs6`h�]i���Z�VxCUP

Z�VxiQZ]j�fbR[CdR[>xC�v P[CUj�R[`-YTP�iQC�ªxVACki4Z�V4RTfbsx��C �"� ©

cIVACDj�fhVwP[C�C-�$Ch© yx©�fbR
θ = 7π/12

�1RT>xf�RdR[>xCDiAZ�PTj�`-V-RTZ�VOWAZ�RSNDaSWABDgxP�P[`hBDC�RTZ�BDCkPdj�`hZ�Vxj�Z]iQC ��Z�RT>
RT>AC�EGH � #�¥ fbV1fb��NOP[Z]P"fhVxi4gAY[`QiQW1j�C�iQC���CUj�RTZ��-C

β
P�©

� V �<Z�yhWAYTC�n���C�Z�����WxP/R[Y�f�RTC¤R[>AC���`hy^fbYTZ�RT>ABDZ�jdCUY[YT`hY�fhPGf ��WAVxj�RTZ�`-V�`b�
θ
fb��`hVAy

γ
©�=?>AC�� �-��� � ��Z�V

RT>AC C�YTY[`-YIgA��`bR¤`hYTZ�yhZ�Vxf�RTC���YT`hB R[>1f�RdR[>ACDg6`-P[Z�RTZ�`-V�`b� R[>AC­j�fhWxP/R[Z]j�j�WAY[�-CUPdfbYTC�`-VA��N���`-WAVxi���Z�RT>AZ�V
O(λ)

iQZ]PSR�fbVxj�Ch©
� V#R[>xZ�P�C�¬AfbBDgA��CIRT>AC ≈ ¥ P/Z�yhV4Z�V�¡��-vh£">xf-P?s1CUC�V�Z�BDgA��C�BDCUV-RTCUi�fhP"RT>AC�Z�V-RTC�YT��fb�

λ min
j

|ūj(θ
min
q+1 )| [.9, 1] = [0.009, 0.01] .

EG`bRTCh�'RT>xf�RDRT>AZ�PDZ�V^R[CUY[��fb��iQ`OCkPD`hVA��N�Z�V1iQZ�YTCUj�R[��N�iQCkj�Z]iQC#R[>AC�C�YTYT`hYk�'P/Z�Vxj�C#�"C#W1P/C#C�¬OR[Y�fbg6`h�]f�RTZ�`-V
��Z�R[>#g6`h��N^Vx`hB­P���Y[`-B gAYTC��OZ�`-WxP"P/CUyhBDC�V^R?Z�V�¡��-vh£��A��>xZ���C¤Z�V �<Z�y-WAY[C�n���C¤WxP[CIZ�V^R[CUY[g6`h�]f�RTZ�`-V|`b��R[>AC
g6`h��NOVA`hB­P�f-P[P[`Qj�Z]f�R[Cki­RT` Ckfhj�>�P/g6CUj�Z�ª6j�P/CUyhBDC�V^RU©
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lo
g(

u−
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O
)

�<Z�y-WAYTC�n K�� ����WxP/R[Y�f�R[Z�`hV#`b�
C�YTYT`hY"Z�V#R[>xC���cG¥ P[`h��WQR[Z�`hV#`hV
γ
©

= 5 � 5 $ � µ � 3 ± ��1 ± � � ±
·wC�Z�����WxP/R[Y�f�RTC�R[>xC O(λ)

¥¨CUY[YT`hY4Z�V�C�¬OgxY[CkP[P[Z�`-Vl¡��8�k£DsON¯gA��`hR/RTZ�VAy�R[>ACqB­f�¬QZ�B�WAB C�YTY[`-Y�fb��`hVAy
γs6C�RS�"C�CUV

θ = 0
fhVxi

θ = 30 deg
Z�V �<Z�y-WAYTC�oQ©9·wC�j���CUfhY[��N|P[C�CdR[>1f�R�C�YTYT`hY"Z�P�`h� O(λ)

©
� V �<Z�y-WAYTC �|�"C�RTY[N�RT`�Z�����W1PSRTYTfbR[C R[>xfbR¤R[>AC­��Z]iOR[>w`b��R[>AC�P[gAZ��hCDf�R

θ = 35 deg
fbYTC�`h� O(λ)

©
�"NwfbgAgA��NOZ�Vxy���CkfhP/R�P[\^WxfhY[CkPdR[`�RT>AC�VOWAB�s6C�Y�P�Z�V�R[>AC|RTfhsA��C­s6C���`��«��C�f-j�>AZ�C��hC­f�P[gAZ��hC­��Z]iOR[>�`h�
O(λ0.98)

©
λ ∆θ

10−2 uA© v

10−3 uA©��
10−4 ux© u^t

10−5 ux© u-uhuhv

¡ � nh£

�GC�Vxj�Ch�QRT>AC¤VOWABDC�YTZ�jUfb�$YTCUP[WA��R�P�j�`-VQªxYTBDP?`-WAY�C�¬Qg6CUj�RTf�RTZ�`-VxP"��YT`hB RT>AC�� aSWxB g �d�"C�iQ`DZ�V�¡ � uh£�©
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Error in max−norm

λ

|u
−

u G
O

| ∞

�<Z�y-WAYTC¤o8K � `hVO�hCUY[y-C�Vxj�CGY�f�RTCI`h��RT>AC�·wf��-C���YT`hV^R�e�CUj�`hVxP/R[YTWxj�RTZ�`-V#fh��y-`hYTZ�RT>AB�©

= 5 � 5 ) � µ � & � ±�� !�~ ²
LQZ�Vxj�C �"C WxP[C P4

(φ)

� P3
(A)

fbVxi�f�YTZ�y->-R<>xfbV1i�P/Z]iQC�Z�V|¡��hv^£$`b� O(λ)
¡ jb© �S©
iQZ�PTj�W1P[P[Z�`-V�C�Vxi�`b�1LOCkj�RTZ�`-V�th£

�"CGjUfbVDC�¬Qg6CUj�R�R[>xfbR'R[>xCIj�`-BDgA��C�¬QZ�RSN
#S(λ)

Z�P `b� O(1/
√

λ)
©9=?>AZ]P'Z]P j�`-VQªxYTBDCUiDsON�RT>AC���`-����`���Z�Vxy

R�fbsA��C���>AZ]j�>4>1f��hC¤s1CUC�V�gAYT`QiQWxj�Cki#s^N#j�`-B gxWQR[Z�VAy R[>AC ��cG¥¢ªxCU��i4s6C�RS�"C�C�V
θ = 0

fhVxi
θ = 30 deg

©
·wC�>xf��-C

λ #S

10−2 p

10−3 t �
10−4 v �
10−5 ththv

¡ � o-£

��>xZ�j�>*�^sOND��CkfhP/R"PT\-W1fbYTCUPU�-j�`-Y[YTCUP[g6`hVxiAP9R[`
#S(λ) = O(λ−0.47)

© � �%f�s1`-WAVxiAfhY[N C���C�BDCUV-R�P[`h���hC�Y Z�P
W1P/Cki�RT`Dj�`hBDgAWQRTC

u
`hV

γ
R[>ACUV#�"C¤VAC�Cki O(λ−1)

� `-f�RTZ�Vxy�g6`hZ�V^R�`hg6C�Y�f�R[Z�`hV1P RT`­P/C�R�fh���%g1`-��NOVA`-BDP
Z�V�fDP/CUyhBDC�V^RU©9=�`­P/C�RGfb���*P/CUyhBDC�V^RTP?`-V

γ
�"C¤>AC�V1j�C�VACUCUi O(λ−1.5)

� `^f�R[Z�VAy g1`-Z�V^R�`-g1CUYTfbR[Z�`hVxPU©

��,�� 	 7�687 ����4.0 9 � AC3�< > 5!6 : � AC<�> 7 9 7�AC< AC< 5 � 7�6�� 4.0-,
·wC�C�¬Aj�Z�RTCIRT>AC�gAYT`hsA��C�B�s^N|��C�R/R[Z�VAy�f gA�]fbVAC��?f��hCdZ�V4RT>AC

x̂1
¥ iAZ�YTCUj�R[Z�`hV*�QZ¨© C-©

u
C�¬Aj

(x) = exp

(

i
2π

λ
[cos 0, sin 0] · x

)

,

� fh���"`hV^RT`�R[>xC#PTj�fbR/R[CUY[CUYU©�=?>AC4s1`-WAVxiAfhY[N�j�`-VxiQZ�R[Z�`hV
u = 0

Z�P P[C�RD`hV�RT>AC4WxVAZ�R­j�Z�Y�j���Ch�'Z¨© C-©wR[>AC
PTj�fbR/RTC�YTC�Yk©
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�<Z�y-WAYTC � K�� ����WxP/R[Y�f�R[Z�`hV#`b�<R[>xC���Z�iORT>�`b�%RT>AC�P[gAZ)�-CUP?��>ACUY[C¤`-WAY�fb��yh`-Y[Z�R[>AB«� fhZ��]PU©

= 5 $ 5 � � µ � 3 ± ��1 ± � � ±
·wCdY[C���C�Y�R[` ��Z�yhWxY[Cdv�fhVxi �<Z�y-WAYTCdpQ©9=�`�Z�����WxP/R[Y�f�RTCG��>xfbR�RSNOg6CI`h�%Y�f�NOP'R[>xfbR"B­f�N­s6CdjUfbgQRTWAYTCUi­sON
`-WAY¤fb��yh`hYTZ�R[>AB­PI��CDP/>x`�� R[>ACDYTC � Ckj�R[Cki�fhVxi�RT>AC­P/`#j�fb����CUiqLQB `O`hR[>wLQWAY/� f-j�CD¦GZ�§8YTf-j�R[Cki ' o *'Y�f�NQP
Z�V|f�¦GZ�Y[Z]j�>A��C�R?j�Z�YTj���CI��Z�RT>|Y�fhiQZ�WxP �-©
·qCdj�fbgAR[WAYTC�RT>ACGY�f�NQP fb��`hVxy�RS��`�j�Z�YTj���CdP/CUyhBDC�V^RTPI¡�YTC � Ckj�RTZ�`-V
50 < θ < 310 deg

fbVxi�iAZ�§8YTf-j�RTZ�`-V
(−40 < θ < 40 deg

£�©�=?>xC�Y[CU��fbR[Z��hC­��C�VAyhR[>�`h�"RT>AC|fhY[YT`���P
Z�VxiQZ]j�fbR[CdR[>xC�fbBDgA��Z�RTWxiQC�`b�<R[>xC��"f��-C���YT`hV^RU©
� V �<Z�y-WAYTC��Uu ��C¤Z�����WxP/R[Y�f�RTC¤R[>AC�fhV-RTZ�j�Z�g1f�R[Cki#C�YTY[`-YTP���`hY?RT>AC�Y�fhiQZ�WxP?`b�9j�WxY[��f�RTWAYTC

ρ
�ART>AC�gAYT`hgQ¥

fhy-fbR[Z�`hV�iQZ�YTCUj�R[Z�`hV
β
�<R[>xC�gA>xf-P/C

φ
fbV1i

u
sON�gA��`bR[R[Z�VAy�R[>xC�C�YTY[`-Y�Z�V�f�g6`hZ�V^R4¡

θ = π
£�`-V

γ
��`-Y

RT>AC¤Y[C � CUj�R[Cki�Y�f�NOPU©'cIVAC�j���CUfbYT��NDP[C�CkP�R[>xfbR?g6`hZ�V^RS��Z�P[CdC�YTY[`-Y�Z�V
ρ
�
β
fhVxi

u
fhY[Cd`b� O(λ)

��>AZ���CIRT>AC
CUY[YT`hY Z�V

φ
Z]P�`b� O(λ2)

©'=?>ACGVOWABDC�YTZ]j�fb�1��fb��WACUP"fbYTCGj�`-BDgxfbYTCUiD��Z�R[>|fhVxfb��N^R[Z]jI��cG¥ P/`-��WAR[Z�`hVDR[`�R[>AC
PTj�fbR/RTC�YTZ�VAy gAYT`hsA��C�B�©
=�`�Z�����WxP/R[Y�f�R[C�R[>xfbR R[>xC O(λ)

C�YTY[`-Y9Z�V
u
Z]P'VA`hR�iQCUP/R[YT`�NhCki ��>AC�V­�"CGP[`h���hC�¡ � �k£'fbVxi­fhgAgA��N#¡ � th£

�"C#gA��`hR Z�V �<Z�yhWAYTC � �4fhV�CkPSRTZ�B­f�RTZ�`-V�`h��R[>AC
L1
`h�

uGO
fh��`-VAyqfwj�Z�YTj���C�P[C�yhBDCUV-R ��Z�RT>�Y�fhiAZ�WxP
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u(1,θ) = 0, λ = 0.01 m. 

�<Z�y-WAY[C�v8K � ����WxPSRTYTfbR[Z�`hV#`b�
Y[C � CUj�R[Cki|Y�f�NQP"fhVxi
uexc fhY[C¤VA`hR?Z�Vxj���WxiACUi#Z�V#RT>AC�EGH%�&#�¥ fbVxfh��NQP[Z�PU©
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2
u(1,θ) = 0, λ = 0.01 m. 

�<Z�yhWAYTC�p8K � ����W1PSRTYTfbR[Z�`hV�`b��LQB `O`hR[>qLOWxY/� f-j�C�¦IZ�§8Y�fhj�RTCUi�Y�f�NQP�©�=?>AC fbYTY[`���P?>1fhP�s6C�CUV�PTj�fb��CUi���Z�R[>
n���`-Y��^Z�C���Z�VAyDgAWAYTg6`-P[CUP�fbV1i

uexc fbYTC¤Z�Vxj���W1iQCUi#Z�V4RT>AC�EGH � #�¥ fbV1fb��NOP[Z]P�©

tbB�© ��© C-©
ū
>xfhP¤s6C�CUVqgxY[`-gxfby^f�R[Cki�uA© n�B sON�WxP[Z�Vxy�¡ � th£IfhVxi�Z]P�j�`-BDgxfbYTCUi���Z�R[>qR[>xCDP[`h��WQRTZ�`-V�R[`

�GC���BD>A`h��R[��Ck\-W1f�R[Z�`hV%©

= 5 $ 5 $ � µ � & � ±�� !�~ ²
� �"f�s6`hWAVxixfbYTN#CU��CUBDC�V^R¤P[`h���hCUYGZ]PdWxP/Cki�RT`#j�`hBDgAWQRTC

u
Z�V

CS
R[>xC�V��"C VAC�Cki$�*fhjUj�`hY�iQZ�VAy­RT`#LOCkj�¥

RTZ�`-V�oA©��h© �Q� O(λ−1.5)
� `-f�RTZ�Vxy�g1`-Z�V^R%`-g1CUYTfbR[Z�`hVxP*R[`GP[C�R<fb���-g6`h��NOVA`hB­P*Z�V�fb���OP/CUyhBDC�V^RTPU©%=�`Gj�`-BDgAWQR[C
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λ

|β
GO

−β
Analyt.

|

|ρ
GO

−ρ
Analyt.

|

|φ
GO

−φ
Analyt.

|

|u
GO

−u
Analyt.

|

�<Z�yhWAYTC �ku K � ����WxPSRTYTfbR[Z�`hV­`h�*C�YTY[`-YTP
Z�V
ρ
�
β
�
φ
fbVxi

u
©
=?>ACGVOWABDCUY[Z]j�fh�A��fb��WACUPU�-Z�VxiQC�¬QCUi­sON

GO
�Q>1fhP

s6C�CUV�j�`hBDgxfhY[Cki���Z�R[>�fbV1fb��N-RTZ�jUfb�%��cG¥ P/`-��WAR[Z�`hV|Z�V�`hVAC¤g6`hZ�V^R�`hV
γ
©

u
`hV4f � fbY[R[CkP/Z]fbVDy-Y[Z]i­��Z�R[>|BDCkP/>|P[Z���C O(λ−1)

�OZ�V4f�P[\^WxfhY[C���Z�R[>4P/Z]iQCd��CUVAybRT>�`b� O(1)
C�Vxj���`^P/Z�VAy

RT>AC�PTj�f�R[R[CUY[CUYU�QZ�RG�"`hWA�]i4RTf��-C O(λ−2λ−0.5)
� `-fbR[Z�VAyDg1`-Z�V^R�`hg6C�Y�f�RTZ�`-VxPU© =?>AC

λ−0.5 ¥¨� fhj�R[`hY�j�`hBDCUP
��YT`hBKR[>ACD� f-j�R�RT>xf�R��"CD>xf��hC RT`x����`hY�CUf-j�>�yhYTZ�iqg1`-Z�V^Rk�<P[`h���hC O(λ−0.5)

g6`h��NOVA`hB­P�f-j�j�`-YTiAZ�VAy4R[`
Ck\^Wxf�RTZ�`-V�¡ � �k£�©DEG`bRTC >x`���CU�hC�YIR[>1f�R�R[>xZ�P�j�`hBDgA��C�¬QZ�RSNqj�`hWx��iqCUf-P/Z���N�s6C�iQCkj�YTCUfhP[CUi�sON�Z�Vxj�Y[CkfhP[Z�Vxy
RT>AC�VOWAB�s6C�Y�`h�
iAC�yhYTC�CkP���`hY P(φ)

� P(A)
fhVxi P(β)

©
=?>AC O(λ−2.5)

j�`-B gx��C�¬OZ�RSN­j�`-WA��i�s1C¤j�`-B g1fbYTCUiD��Z�R[>|Z��%�"CIj�`hBDgAWQRTC
u
Z�V|CUfhj�>|yhYTZ�i­g6`hZ�V^R�sON

CU��fb��Wxf�RTZ�VAy�f�s6`hWAVxixfbYTN Z�V^R[CUyhY�fb�x`��-C�Y9RT>AC¤P[jUf�R/RTC�YTC�Yk©�=?>AC¤j�`-BDgA��C�¬QZ�RSN Z�P"Z�V­R[>xZ�P?j�f-P/CG`b� O(λ−3)
©

��,�� 	 7�687 ����4.0 9 � AC3�< > 5!6 : � AC<�> 7 9 7�AC< AC< 5 � 0 DE7�� � 7�6 � 4�0-,
·wC�C�¬Aj�Z�RTCIRT>AC�gAYT`hsA��C�B�s^N|��C�R/R[Z�VAyDRT>AC�gA�]fbVAC��?f��hC

u
C�¬Aj

(x) = exp

(

i
2π

λ
x̂1 · x

)

,

� fh���O`-V-RT`GRT>AC?P[jUf�R/RTC�YTC�Yk©�=?>AC"s6`hWAVxixfbYTN¤j�`hVxiAZ�RTZ�`-V
u = 0

Z]P
P/C�R<`-V�R[>xC?P[C�BDZ�¥ j�Z�Y�j���Ch��Z¨© C-©
u(1,−π <

θ < π) = 0
©

=�`�Z�����W1PSRTYTfbR[C R[>xfbR�CUiQy-C­iQZ�§8Y�fhj�RTCUiqYTf�NQPD¡
ū = O(

√
λ)
£dZ�VwR[>AC�P[C�BDZ�¥ j�Z�Y�j���C fhY[CDj�fhgQR[WxY[Cki�sON

RT>AC�fh��y-`hYTZ�RT>AB��1�"C�YTC���CUY�RT` �<Z�y-WAYTC �ktQ©I=�`|Z�����WxP/R[Y�f�R[C�R[>AC�� fbZ���WxY[C�`b�9R[>xC EIH%� #�¥ fh��y-`hYTZ�RT>AB��1jb© �S©
iAZ�PTj�WxPTP[Z�`-V�Z�V®LOCUj�R[Z�`hV � ©)�h�9��>AC�V�R[>ACUY[C4Z�P VA`hR�C�Vx`hWAy->�`b�IP[C�g1fbY�f�R[Z�`hV�Z�V

β
¥ P[gxfhj�Ch�9�"C|YTC���C�Y�R[`

�<Z�yhWAYTC �"�Q©G#��]P/`1�6P[Z�Vxj�C�R[>ACUY[C�R[>AC VOWAB�s6C�Yd`b��sAYTfhVxj�>ACkP�gAYT`hsxfhsA��N#j�>xfhVAyhCkPG\^WAZ�R[C `b� RTC�Vqfh��`-VAy
γZ�R¤BDf�N#s6C�RT>xf�RdR[>ACGaSWABDgqZ�V�¡ � uh£IfbYTC�VA`hRdP[Wxj�j�CUPTPS��Wx�<fhVxi�>ACUVxj�C EGH%�&#�Z]P¤j�fb����CUi�RT`^`#j���`-P[C�R[`

f4j�fhWxPSRTZ�j�j�WAYT�hC-©G·wC jUfbgQRTWAY[C�R[>AC YTf�NQPIfb��`hVAy­RS�"`|j�Z�Y�j���C�P[C�y-B CUV^RTP�¡ CUiQy-C�iQZ�§8YTf-j�R[Z�`hV
45 < θ <

90 deg
fbV1i|YTC � Ckj�RTZ�`-V

(160 < θ < 200 deg
£�©
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