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N(A×M) <∞�}©�g�zPsvu�sv«f��h
©�rx�ªz}�#��|Xr:@�z}��h
©/��zP«f|��thS�[swh�u

A ⊂ F ³�» |·u�df~�s#y
z}|Yuwh
­YuS²Yuwdfh¨«f|f~��ªz}��g ��z}~¥swswz}|·���wzty�hSsws^~�s#�7g��}�w°PhE���/z}~�|Yu
�f��zty�hSsws�¦�d�h
��h���zP~�|Yu�s7����h·�t~�svuw��~��f«tuwhS�¿�}yEy�z}���t~�|f{�uwz¹�Â«f|�~Æ�ªzP�wg ��z}~¥swswz}|Á��zP~�|Yu7���wzty�hSswsmz}��~�|YuwhE|�sw~Æu�r

λ
²É��|��"g��}�w°ts

�Pswswzty�~¥��uwhS�
uwz[hS�}y�dÂ�/z}~�|Pum����h�«f|f~��ªz}��g�©�rÂ�t~¥s�u��w~��f«tu�hE�N~�|
M
³=c#dfh�©¥� ¦�z���uwd�~�s��f��zXy
hEs�s�z}|

F ⊂ R
d ~¥s��fh�Ç�|fhS�N�Xr[u�dfh�ªzP©�©�z�¦�~�|�{x���wzP�����f~�©�~Æu�r�g�hE�Psv«��wh .

µ(B) =

∞
∑

N=0

e−λF

N !

∫

(F×M)N

1B({c1, . . . , cN}) dx1dPM (m1) . . . dxndPM (mN )
± �}´

¦�dfhE�whmu�dfh
ci = (xi,mi)

����hmg�����°}hE���/z}~�|Yu�s�z}�
F ×M ²���|��

PM
~�s�uwdfh�«�|f~Æ�ªzP�wg��f��z}���}�f~�©�~�u�r·g�hE�Psv«f��h�z}|�u�dfh�g�����°

sw���}y
h
M
³

��©Æu�dfz}«f{Pd5~�| g�zPsvu
�}�f�f©�~�yE��uw~�z}|�s�~Æu[~¥s·|�z�u·��hE��©�~¥s�u�~�y�u�z �}s�sv«fg�hÂu�d���u[�/z}~�|Yu�s
����hÂs�y
��uvu�h
��hE� ���}|��tzPgx©�r}²���z}~¥swswz}|
�f��zty�hSswswhEsx����h
«�svh
�ª«f©#uwz)�f«f~�©¥�Ug�z}��hÂy�z}g��f©�h�­ g�zt�thE©�sE³U» |��fh
hE�¾²^~�|Pu�h
���}y�uw~�z}|�sxy
�}|U�/h�~�|Yuw��zt�t«�y�hS�U�Xr sw��hSy�~��ªrX~�|f{¿�
Ó Î ' ��(ª  ÏÁ¦�~Æu�dN�whSsv�/hEy�u�u�z�uwdfh7�wh
�ªh
��h
|�y
h¨g�hS�}sw«f�wh

µ
³¯º�h�u

h
�/h���|fzP|f|fh
{Y��u�~�¬Ph��ª«f|�y®uw~�z}|NzP|

Ω
³^c#d�h
|¾²�uwdfh�g�hE�Psv«��wh

νd�� ¬X~�|f{����th
|�sw~�u�r
h
¦�~�uwdÂ�whSsv�/hEy�u#uwz

µ
~¥s=�th
Ç�|fhS�
�Xr .

ν(B) =

∫

B

h(C) µ(dC)
± "Y´

» �
0 < ν(B) < ∞ ²�u�dfh
| ν yE��|N�/h7|fzP�wg��}©�~�Ã
hS�[u�z·�f��z�¬X~��th��·�f�wzP������~�©�~Æu�r
g�hE�}sw«f��h π �th�Ç�|�hE�Â�Xr ν(B)/ν(Ω)

³=» |Nu�dfh
y
z}|Yuwh
­Yu�z}�¯z}�f��hEy®u�h
­Yu����Py®u�~�zP|¹�ª��z}g�~�g���{}hSs
²¾uwdfh��thE|�sv~�u�r¹~¥s�«�sw«���©�©�rÂ���}y®u�z}��~�ÃEhE�"~�|Yu�z
u�¦�z
uwh
��g�s
³�'%~���svuE²¾{Ph
zPgxh
uw��~�yE��©
�}|��ÂuwzP��zP©�zP{}~¥y
�}©¾y�z}|�s�u����}~�|Yu�s�����h�~�|�y�z}���/z}����uwhS�·u�df��z}«f{Pd¹���f��~�zP���th
|�sv~�u�r

hp
³�pXhEy
z}|��¾²/�·����u��xu�h
��g

hd
~�s�«�swhE��uwz[Çfu

u�dfh��f��u��f³8c#dfh�y
z}g��f©�h�uwh��fh
|�sw~Æu�r[z��%uwdfh�sw����u�~��}©G�f�wzty
hEs�s#~�s�u�dfh
|N�th
Ç�|fhE�Â�Ps��ªz}©�©�z�¦=s�.

h(C) ∝ hp(C) hd(C)
± 6X´

¦�dfhE�wh
C = {c1, . . . , cn}

~¥s���y�zP|tÇ�{}«�����uw~�z}|[z}�%zP�t��hEy�u�sE³
#
B $&%"')(+*,%)-/.10&0&*�%�' σ 23.10&45*�687�.9%):8;<(�')(8.='?>A@57�.10&0CBD@57E*�0F%)*G')% A ⊆ F '�(8*,-/.1H8H8$&I+4 {x1, . . . , xn} 7→ NX(A) $&%�-9*�.1%�:87�.1680&*5J
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*�� $�� * 6 Ò Ó Î 7 � Ò ¡[¢ ' 
 ' D ' ÒXÑ ' ' 
	�"� Î ¡ Ò � 9^Ò 7 Ï 7�( ' Î �
c#dfh�i����=k¨º¾»�¼=½¿���wzty�hSsws�~¥s8�¨����|��tzPg0y�zP|tÇ�{P«f����uw~�z}|xz��G��zP©�rX©�~�|�hEsE²�©�ztyE��uwhS�x~�|���y�zPg����}y�u^svh
u

F
z}�

R
2 y
z}���whSsv�/z}|��f~�|f{u�z7u�dfh�zP��swh
��¬}hE��s�y�hE|fh}²X¦�dfzYsvh�|X«fg7�/h
�

N
z}�¾��zP©�rX©�~�|fhSs�~�s¯«f|f°X|fz�¦�|¾³�» |
z�uwd�h
��¦¯zP���fsE²�u�dfh7i����=k¨º¾»�¼�½ �f��zty�hEs�s¯~�s���|

zP�t��hEy�u=�f�wzty
hEs�s¯zP|
F
z��

R
2 ¦�dfh
��h¨uwdfh�zP�t��hEy�u�s��}�whm�/z}©�rY©�~�|fhEsE³�½^�}y�dÂ�/z}©�rY©�~�|fh c ~¥s��thSswy
�w~���hS���Yr .

� ~Æu�s�~�|f~Æu�~��}©Ô��zP~�|Yu p1 ∈ F �

� ~Æu�s�¦�~¥�Xuwd e ∈ [emin, emax]
�

� ��|�«f|f°X|fz�¦�|�|X«fg7�/h
� n ∈ {1, . . . , nmax}
z}��swh
{PgxhE|Yu�s��

� uwdfh�swh
{Pg�h
|Yu�©�hE|f{�u�d�s lj ∈ [Lmin, Lmax]
²
j = 1, . . . , n

�

� uwdfh�swh
{Pg�h
|Yu=�t~���hEy�uw~�z}|�s αj ∈]− π, π]
²
j = 1, . . . , n

³
��|�h
­f��g��f©�h��ªzP�

n = 3
svhE{}g�h
|Yu�s#~¥s#{}~�¬}hE|
~�|*'%~�{�³ 4�³

p1

l2

l1

α2
l
3

α1

α3

 

n=3
 

e 

'%~�{P«f�wh 4 .8� u�rX�f~¥y
�}©¾z}�f��hEy®u�z}��uwd�hji����=k¨º¾»�¼�½ g�zt�thE©K³

ÈÁh�Ç���s�u��fh�Ç�|fhj���wh
�ªh
��h
|�y
hm�f�wzty
hEs�s�¦�df~¥y�d�~¥s���«�|f~Æ�ªzP�wg���z}~¥swswz}|�g�����°}hS�
�/z}~�|Yu��f��zty�hEs�sE³ /=|��th
��u�dfh�©¥� ¦§z}��uwdf~¥s
�f��zty�hSswsE²%uwdfh
|Y«�g7�/h
�

N
z�����zP©�rX©�~�|�hEs7�ªz}©�©�z�¦=s��_��z}~¥swswz}|)©¥� ¦¶�}|��Ô²�u�dfh[~�|f~�uw~¥��©^�/z}~�|Yu�s ± �/z}~�|Yu�sjz���uwd�h[�f��zty�hEs�s�´m��|��

�/z}©�rX©�~�|fh7��������g�h�u�h
��s ± g��}�w°ts�´�����h�~�|��th
�/h
|��th
|Yuw©�r¹��|��N«f|f~��ªz}��g�©�rN�t~¥s�u��w~��f«tu�hE�_~�|Nu�dfh
~��¨�whSsv�/hEy�uw~�¬}h7svu���uwhjsw���Py�h}³¨c#dfh
g�hE�Psv«��whjz��^u�df~¥s����wzty�hSsws�~¥s�{P~�¬Ph
|"�YrNh��Y«���u�~�zP| ± �P´=¦�dfhE�whjuwd�hx«�|f~Æ�ªzP�wg ���wzP�����f~�©�~Æu�rÂg�hE�Psv«f��h7zP|¹u�dfh�g��}�w°Nsw���}y
h7~¥s
{P~�¬Ph
|��Yr .

PM (B) =

nmax
∑

n=1

1

nmax

∫

[emin,emax]

∫

V n

1B(e, v1, . . . , vn)
dn(v1, . . . , vn) de

|V |n (emax − emin)

± �}´

¦�dfhE�wh
B
~�s"��|�h
©�h
g�h
|Yu_z}��uwdfh¿u��w~��f«��}s�swzXy
~���uwhS� u�z5uwdfhUg��}�w°osv���}y�h

M = [emin, emax] × ⋃nmax

n=1 V n ²�¦�dfhE�wh
V = [Lmin, Lmax]×]− π, π]

�}|��
V n = V × . . .× V ±

n
uw~�g�hEs�´®³

c9z·~�|Pu��wzt�t«�y�h7�}|0" $'&)(+*,&)(�zP|N��zP©�rX©�~�|�hjswd����/hEs���|��N~�|YuwhE���Py®uw~�z}|�s���h
u�¦¯hEh
|¹�/z}©�rX©�~�|fhSs
²/¦¯h�uwdfhE|_sv�/hEy
~Æ�ªr�u�dfh�i����#¸
k¨º�»�¼=½ ���w~�z}�¨�f��zXy
hEs�s��XrN�
�f�w~�z}�m�thE|�sv~�u�r

hp
¦�~�uwdÁ�whSsv�/hEy�u�u�z[u�dfhj��h��ªhE�whE|�y�hj�f��zXy
hEs�s�©¥� ¦�³�c#dfhxh�­t�f��hEs�sv~�z}|Nz}�

hp
~¥s

{P~�¬Ph
|�~�|¹pXhSy®uw~�z}|N�t³ 4}³ 6���� u�h
�=�x�f��hEswh
|Yu���uw~�z}|[z}�9u�dfh��/zPs�sv~��f©�h¨~�|YuwhE���Py®uw~�z}|�s¯�/h�u�¦�h
hE|Â��zP©�rX©�~�|fhSs#g��}�thm~�|NpthEy®u�~�zP|¹�t³ 4}³ "X³

*�� $�� 8 � Ò 7 Ï 7 ( ' Î ( '   Î ¡�¢f£� �( Ò ' �
ÈÁh�y�zP|�sv~¥�thE�#u�¦¯zxu�rX��hSs#z���~�|Yu�h
���}y®u�~�zP|¾³

c#dfh�Ç���s�u�z}|fh�~�s����PsvhS��z}|
�7��h
©¥��u�~�zP|�z�� 9 ¡ Ò�� (+�;(�  Ï ∼p
�/h�u�¦�h
hE|·��zP©�rX©�~�|�hEsE³�c#d�~�s���h
©¥��uw~�z}|[~�s��th�Ç�|fhE�
�}s^�ªz}©�©�z�¦=s�.

u ∼p v ⇔
(

∃j ∈ {1, . . . , nu} : d(pj
u, v) < dmax

��|��
d(pj+1

u , v) < dmax)
)

zP� (∃j ∈ {1, . . . , nv} : d(pj
v , u) < dmax

�}|��
d(pj+1

v , u) < dmax)
)

± �P´

¦�dfhE�wh
d
y�zP�w��hEsw�/z}|��fs�u�z�uwd�h7½8«�y
©�~¥�thS��|¹�t~¥s�u���|�y
h}²

nu
�thE|fz�u�hEs#u�dfh7|X«fgj��hE��z}�Éswh
{Pg�h
|Yu�s=y
z}g��/zPsw~�|f{�u�dfh��/z}©�rX©�~�|fh

u
²

�}|��
pj

u

�fh
|fz}uwhEs�u�dfhxy�d�hEy�°X~�|�{ ± zP�my
z}|Yuw��z}© ´#�/z}~�|Yu¨|X«fgj��hE�
j
�fhEs�y���~��f~�|f{

u
³m» |_z}uwdfhE��¦�z}���fsE²�u�¦�z[�/z}©�rX©�~�|fhSs¨�}�whxsw�}~��

y
©�zYsvh�~Æ�¾u�¦�zjy
z}|�swhEy
«tuw~�¬}h���zP~�|Yu�s¯z}�Ôuwdfh�Ç���s�u#�/z}©�rY©�~�|fh��}�wh¨��u��7�t~¥s�u���|�y
h�©�z�¦¯hE�8u�d���|
dmax

z��Ôu�dfh¨swhEy
z}|��[��zP©�rX©�~�|�h}³É�=|
h
­t�}g��f©�h�z��¾u�¦�z7�/z}©�rX©�~�|fhSs^dfzP©��f~�|f{7uwdf~¥s��whE©���uw~�z}|�~¥s�{}~�¬}h
|�~�| '%~�{}«f��h¨�t³���� (K��( '   Î ¡�¢f£� �( Ò ' (K� � Ò ¡ � (�Ó%Ó Î ' ~�|
z}���th
�^uwz
� ¬Pz}~¥�Âz�¬}h
��©¥���f�f~�|f{·z}�8��zP©�rX©�~�|�hEsE³¨È d�h
|¹u�df~¥s�~�|YuwhE���Py®uw~�z}|_zXyEy�«f��s��ªz}�m�·{}~�¬}hE|¹�/z}©�rY©�~�|fhxy
z}|tÇ�{}«f����u�~�zP|

C
²Gu�dfh��th
|�sw~�u�r

hp(C)
~�s�uwdX«�s#h �Y«��}©Guwz�ÃEh
��z�³
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������������	
dmax

u

v

'%~�{}«f��h7� .¯�8�wz ­t~�g�~Æu�r·��h
©¥��u�~�zP|¾³
u ∼p v

��hSy
�}«�svhmu�¦�z·y�zP|�swhEy�«fuw~�¬}h��/z}~�|Pu�s�z��
v
�}�wh���u����t~¥s�u���|�y
h�©�z�¦�h
�#u�d���|

dmax
z��

u
³

c#dfh�swhEy
z}|��"~�|Yu�h
���}y®u�~�zP|Áy
z}���whSsv�/z}|��fs=u�zÂuwdfh £ Ò 'F' Î £} A( Ò ' z}�#���/z}©�rY©�~�|fh�¬Y~¥��z}|fh�z}��~�u�s�h
­Xuw��h
g�~Æu�~�hSs¨uwzN��|�z�uwd�h
�
�/z}©�rX©�~�|fh}³�» u�~¥sm���PsvhS�_zP|_u�dfh�½8«�y
©�~¥�thE�}|Á�f~�svu��}|�y�h��/h�u�¦�h
hE|_u�dfh�h
|��f��zP~�|Yu�s

p1
c

��|��
pn+1

c

z��#�
�/z}©�rX©�~�|fh
c
y�zPgx�/zPswhE�

z}�
n
swh
{Pg�h
|Yu�sm��|��"�}|fz�u�dfh
�m�/z}©�rY©�~�|fh�z}�mz}|fhxhE�f{}h�z��¯uwdfh�y�zPg����}y�u

F
³x» �^u�dfh��t~¥s�u���|�y
h

d(pk
c , o)

�/h�u�¦�h
hE|
pk

c

�}|��
o± ��zP©�rX©�~�|fhjz}��hE�t{PhS´�~¥s�©�z�¦�h
��u�d���|"��uwd��whSsvdfzP©��

ε
²
c
~�s¨s���~¥�Ny�z}|�|fhEy�uwhE�Nuwz

o
u�df��z}«f{Pd

pk
c

³¨º¾h�u
VC,F (pk

c )
��h7uwdfhxsvh
u�z��

�/z}©�rX©�~�|fhEs���|��ÂhS�t{}hSs=z}�
C
�}|��

F
sv«�y�dÂu�d���u

d(pk
c , o) < ε

³#ÈÁhj�th
Ç�|fh7uwdf��h
h7svu���uwhSs�z��^���/z}©�rX©�~�|fh
c
�Py
y�zP���f~�|f{�u�z�uwd�h

yE�����t~�|���©�~Æu�r·z}��u�dfhmu�¦¯z�swh�u�s
VC,F (p1

c)
�}|��

VC,F (pn+1
c )

³8����zP©�rX©�~�|�h
c
~¥s=sw�}~�� .

� �I¡ ÎXÎ/²f~��
c
~¥s�|fz�u=y
z}|f|fhSy®u�hE���Xr[��|Xr·z}�9~�u�s�h
­Yu��whEg�~Æu�~�hSs
²�(���	�� .

VC,F (c) = VC,F (p1
c) ∪ VC,F (pn+1

c ) = ∅

� �A( ' E'7 Î/²X~��
c
~�s�y�z}|�|fhEy�uwhE�
�Xr[zP|f©�r[z}|fhmz��%~Æu�s�h�­Xu��whEgx~�uw~�hEsE²�(���	�� .

VC,F (c) 6= ∅ , ∃k : VC,F (pk
c ) = ∅

� Ó Ò 
9�	7 Î�²t~��
c
~¥s=y�zP|f|fhSy®uwhS�[�Xr·�/z�u�dÂz���~Æu�s�h�­Xuw��h
g�~�uw~�hEsE²�(���	�� .

VC,F (p1
c) 6= ∅ , VC,F (pn+1

c ) 6= ∅
c#dfhSsvhmu�df��h
h�s�u���u�hEs�����hm~�©�©�«�s�u�����uwhS�[~�|*'9~�{�³ "�³

F Free
Single
Double
Connection

'%~�{}«f��h " .���z}©�rY©�~�|fh�s�u���u�hEs#¦�~�uwdÂ�whSsv�/hEy�u#uwz�y�zP|f|fhEy�uw~�z}|�sE³

*�� $��5) + � �.-:/ %�021 9 ¡�( Ò ¡·Ó Î ' ��(ª  Ï
c#dfhm�f��~�z}�#�th
|�sw~�u�r

hp
z}�9�7�/z}©�rX©�~�|fhmy�zP|tÇ�{}«�����uw~�z}|

C = {c1, . . . , cN}
y
��|
��h¨¦���~Æuwuwh
|�~�|
��l¨~��f��sv~¥��|
�ªz}��g��}s^�ªz}©�©�z�¦=s�.

hp(C) =











0
²t~�� ∃ ci ∈ C, cj ∈ C/ci ∼p cj

1

Z
exp−

N
∑

i=1

[U1(ci) + U2(ci, VC,F (ci))]
²�~Æ��|fz�u ± 7�´

¦�dfhE�wh
Z
~¥s^�}|�«f|f°X|fz�¦�|·|fzP�wg��}©�~�Ã
~�|f{�y�zP|�svu���|YuS²

U1
~�s¯���/z�uwhE|Yuw~¥��©/���}swhE��zP|�uwdfh�z}�t��hSy®u�swd��}��hP²Y�}|��

U2
~�s¯����z}uwhE|Pu�~��}©

���PsvhS�[zP|�uwdfh��/z}©�rX©�~�|fh�y�zP|f|fhEy�uw~�z}|�sE³
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c#dfhmhE|fh
��{}r�u�h
��g
U1
�Pswswzty�~¥��u�hE��u�z·�x��zP©�rX©�~�|fh

c
y�zPg���zYsvhS�[z}�

n
svhE{}g�h
|Yu�s#~¥s#¦���~Æuwuwh
|N�Ps��ªz}©�©�z�¦=s�.

U1(c) =











+∞ ²t~��
c
swh
©�� ¸ ~�|YuwhE��swhEy�u�s

U11(n) +

n
∑

j=1

U12(lj) +
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¦�~�uwd .
U11(n) =

Mn

(n+ 1)2
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Lmax − lj

Lmax − Lmin
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U22

~¥s%���}swhE�7z}|j��g�hE�}sw«f��h^z}��uwd�h �Y«��}©�~�u�r�z����/z}©�rX©�~�|fh#y�zP|f|fhEy�uw~�z}|�sE³
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
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

















ωf
²f~��
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²f~��
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0
²t~��
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± 4S�P´
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σ(< c, o >pk
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) =

1

ε2

(
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− 1
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∑
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)
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√
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+
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


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
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
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|Áu�z_sv~�g7«�©���uwh�u�dfh·«f|f|�z}��g��}©�~�Ã
hS�ÁgxhS�}sw«f��h

πT
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�w�ªz}��g�s9swg���©�©
��«�gx��s9�/h�u�¦�h
hE|�u�dfh�sw���Py�hEs
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S
uwzm��|�h
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y
h
�tu�hE�j¦�~Æu�d����f��z}���}�f~�©�~�u�r
α(S, S′)

{P~�¬Ph
|j�Yr�uwdfh=l¨��h
h
|j����uw~�z�³%c#df~�sÉ�Py
y
h
�tu���|�y
h¯����u�~�z
~¥s�y
z}g��f«tu�hE�Nswz�uwd���u�u�dfhj�fh�u��}~�©�hE�Â����©¥��|�y
h7y�zP|��t~�uw~�z}|N~¥s=¬}hE�w~�Ç�hS�Ô²�y
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z}|��t~�uw~�z}|�~¥s�{}~�¬}hE|
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∫

A

∫

B

πT (dC) P (C, dC ′) =

∫

B

∫

A

πT (dC ′) P (C ′, dC)
± � 4S´

¦�dfhE�wh
A
�}|��

B
�}�wh=u�¦¯z7swh�u�s^z}�Ôuwdfh�uw��~��f«[�}s�swzXy
~���uwhS�xuwz

Ω
²t�}|��

P
~¥s8u�dfh�u����}|�sw~Æu�~�zP|�°}h
��|fhE©�z��Ôu�dfhmÅ¹����°}z�¬xy�d���~�|

Ct
³

pX«��f��zYsv~�|f{xuwd���u
πT (.)Q(C → .)

d��Ps#��Ç�|�~Æu�h��th
|�sw~�u�r}² D ²t¦�~�uwd��whSsv�/hEy�u�u�z��jswrXgxg�h
uw��~�yE��©Gg�hE�}sw«f��h ψ zP| Ω×Ω
²Xuwdfh

y
z}|��t~�uw~�z}| ± �>4E´�~¥s�sw��uw~¥s�Ç�hE�
~Æ� .
α(C,C ′)D(C,C ′) = α(C ′, C)D(C ′, C)

± �P�}´
��s�swdfz�¦�|N~�|-� 4E���%�ªz}��uwdfh7Ç�|f~�uwh�s�u���uwhjsv���Py�h7yE�}swh}²/~Æu¨~�s�z}�fuw~�g��}©�u�z[g���°Ph�uwd�h7�f��z}���}�f~�©�~�u�r

α
�}s�©��}�w{Ph7�}s���zYswsw~��f©�h�uwz

��hE�t«�y�h¨uwdfh��}«tuwzty
z}���whE©���uw~�z}|[z}��u�dfh�Å¹����°}z�¬�y�d��}~�|�³8c#dY«�s
²t¦�h¨u���°Ph .

α(C,C ′) = min {1, R(C,C ′)} ± ��"P´
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|Yu�sÉuwd��whEh�u�rX��hSs8z��Ô�f~��wuwdt¸ ��|��t¸ �thS��u�dxz}���m��zP©�rX©�~�|�h .�� /=|f~��ªz}��g @¯~��wuwdt¸ ��|��t¸ À�hE��uwd ± / @�Àm´��t� @�~��vu�dt¸
�}|��X¸ À�hS��uwdÂz}�%�x��zP©�rX©�~�|�h���hE�t«�y�hE�
u�zxzP|fh�sv~�|f{P©�h�swh
{}g�hE|Pu ± @�À¨��´)����|��
� @#À��o���PsvhS�[zP|NÀ���u�� ± @#À¨�=À¨´�³
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y
z}|�sw~�svu�s�z��=�Â«f|f~��ªz}��g��f~��wuwd¿z��=�Â�/z}©�rX©�~�|fh·~�|

F ×M ¸��f��z}�/zPswhE�Á¦�~�uwd �Â�f��z}�����f~�©�~�u�r
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¸¨��|��)��|¿«�|f~Æ�ªzP�wg �thE��uwd

± ~�|X¬}hE��swhm�f��z}�/zPs���© ´8~�|�uwdfh�swh�u�z��Éswh
{}g�hE|Pu�s
C
³8c#dfhm«f|f~��ªz}��g �f~��wuwdNy�zP|�sv~¥svu�s�z�� .

� «f|f~��ªz}��g�©�r[�f��� ¦�~�|f{���|Â~�|�~Æu�~��}©Ô��zP~�|Yu=~�| F �

� «f|f~��ªz}��g�©�r[�f��� ¦�~�|f{���¦�~��Xu�d e ~�| [emin, emax]
�
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� «f|f~��ªz}��g�©�r[y�d�zYzYsv~�|f{���svhE{}g�h
|Yu�|X«fg7�/h
� n ��h
u�¦¯hEh
| 1
��|��

nmax
�

� «f|f~��ªz}��g�©�r[�f��� ¦�~�|f{juwdfh����}���}g�h�uwhE��s#�thSswy
�w~��f~�|f{�hE�Py�d
swh
{}g�hE|Pu ± ©�hE|f{�u�dÂ�}|��Â�t~��whSy®uw~�z}|/´^~�| V n ³
» |�uwd�h�y
�}swhmz��9uwdfh��f~��wuwdÂz�������zP©�rX©�~�|fh

c
²fuwdfh7l¨��h
hE|
����u�~�z�~¥s#{}~�¬}h
|��Xr .

R ����� (C,C ∪ c) =
pd

pb

λ|F |
N(C) + 1

h(C ∪ c)
h(C)

± �P�}´

¦�dfhE�wh
pb

± �whSsv��³
pd = 1− pb

´^~¥s�uwd�h¨���wzP�����f~�©�~Æu�r�z���y�dfzXzPsw~�|�{j�j�f~��wuwd ± ��hEsw�¾³É���thE��uwd�´�²
h
~�s¯u�dfhm�f�wzty
hEs�s��fh
|�sw~Æu�rP²t��|��

λ
~¥s�u�dfh7~�|YuwhE|�sv~�u�rNz��Éu�dfhx�wh
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��h
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c
²/u�dfh�l¨��h
hE|¹����uw~�z·~¥s

{P~�¬Ph
|��Yr .

R ����� (C,C \ c) =
pb

pd

N(C)

λ|F |
h(C \ c)
h(C)

± �}�P´

c#dfh�swhEy
z}|��¹u�rY�/hxz��¯��~��wuwd)y�zP�w��hEsw��zP|��fs�uwz
uwdfh��f��z}�/zPsw~�uw~�z}|_z}���
��zP©�rX©�~�|�h�y
z}g��/zPswhE�¹z}�¯��sv~�|f{}©�h�svhE{}g�h
|YuS³7c#dfh
y
z}���whSsv�/z}|��f~�|f{ ± @�À¨��´=�whE¬}h
��sw~��f©�h¨gxz�¬Ph�y�zP�w��hEsw��zP|��fs�u�dY«�s#uwz�u�dfh��f��z}�/zPsw~�uw~�z}|�z��8sv«�y�dÂ����~��wuwdN¦�~�uwdÂu�dfh��f��z}���}�f~�©�~�u�r
pb  �

�}|��muwd�h¯�f��z}�/zPsw~�uw~�z}|�z������thE��uwd�z}���=�/z}©�rX©�~�|fh¯y
z}g��/zPswhE�mz�����sv~�|f{P©�h�svhE{}g�h
|Yu�¦�~�uwd7uwdfh��f��z}���}�f~�©�~�u�r
pd  � = 1−pb  �

³
» |Âu�dfh7y
�Psvhmz}����s���g��f©�~�|�{�¦�~Æu�dfz}«tu¨�f��u���~�|t�ªzP�wg���uw~�z}|¾²Xu�dfh��f~��vu�dNz��%uwdfh7��zP©�rX©�~�|fh���hE�f«�y�hS�[u�z·��svhE{}g�h
|Yu=~¥s�«f|f~��ªz}��g .
u�dfh7�f��z}�/zPswhE�Âswh
{PgxhE|Yu=~�s�«f|f~��ªz}��gx©�rÂ�t��� ¦�|Â~�|

Z = F × [emin, emax]× [Lmin, Lmax]×]− π, π]
³�c#dfh7�thS��uwdN~¥s��}©�swz

«f|�~Æ�ªzP�wg .8�xsvhE{}g�h
|Yu�~�s�«f|�~Æ�ªzP�wg�©�r[y�dfzPswh
|
~�|
uwd�h�svh
u
E1(C)
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C
�whS�t«�y
hE��u�z�z}|fh�swh
{}g�hE|PuS³�» |[u�dfh�y
�}swh

z}���x�f~��vu�d¾²tu�dfh7l¨�whEh
|�����uw~�zj~¥s�{P~�¬Ph
|��Yr .

R ���	� (C,C ∪ c) =
pd  �
pb  �

λ|F |
nmax (](E1(C)) + 1)

h(C ∪ c)
h(C)

± � 7�´

¦�dfhE�wh
](E1(C))

�thE|fz�u�hEs^uwdfhm|X«fg7�/h
��z��9��zP©�rX©�~�|fhSs�~�|
C
�whS�t«�y
hE��u�zjzP|fh¨swh
{Pg�h
|YuE³�º¾~�°}hE¦�~�swh}²X~�|·uwd�h¨yE�}swh�z��%�7�thS��uwd7.

R ���	� (C,C \ c) =
pb  �
pd  �

nmax ](E1(C))

λ|F |
h(C \ c)
h(C)

± �}�P´

�=��uwdfhE��uwd��}| «�|f~Æ�ªzP�wg�©�r �f��z}�/zPsw~�|�{Á�Á|fhE¦�swh
{PgxhE|YuE²^~�u·¦�z}«f©¥�U�/hÂg�z}��h���h
©�h
¬��}|Puxuwz¿«�svhN�f��u��Á~�|f�ªz}��g���uw~�z}|Uuwz
�f��z}�/zPswh�g�z}��hxz}� uwhE|)swh
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���PsvhS��zP|7À���u�� ± @#À¨�=À¨´�³�c#dfh¯Ç���svu%svuwhE�jy
z}|�sw~�svu�s9z��/y�z}g��f«fuw~�|f{=u�dfh¯���wzP�����f~�©�~Æu�~�hSs�z}��©�~�|fhS����s�u��w«�y�uw«f��h^���whSsvhE|�y�h¯~�|jhE�}y�d
�f~�­th
©�z��Guwdfh�zP�w~�{}~�|��}©t~�g���{Ph#�ªz}�^��{}~�¬}h
|x|X«fg7�/h
�¯z��Gz}��~�hE|Yu���u�~�zP|�s

Nθ
³ 'fz}�8uwd���uE²Y¦¯h=svuwzP�wh��ªz}�¯h
¬Ph
��r��f~�­XhE©

pi, i=1,...,Npix�}|���h
¬}hE�wr[z}��~�hE|Pu���u�~�zP|
θ̃k, k=1,...,Nθ

²fu�dfh7y
z}|Yuw���}svu���z}uwh
|Yu�~��}©
uk

i ∈ [−1, 1]
¸^{}~�¬}hE|��Xr
h �Y«���u�~�zP| ± 4 �}´¯¸¯y
z}���whSsv�/z}|��f~�|f{

u�z[��svhE{}g�h
|Yu=z}��zP�w~�h
|Yu���uw~�z}|
θ̃k
y�hE|Pu�h
��hE��z}|

pi
³#ÈÁh�uwdfhE|Nz}�tu���~�|¾²f�ªzP�=h
¬Ph
��r[zP�w~�h
|Yu���uw~�z}|

θk
²���g����

Bk
�th
Ç�|f~�|f{·��|

~�|fdfzPgxzP{}hE|fh
zP«�s ± (���	��/|fz}|�«f|f~��ªz}��g·´��f~��wuwdÂ°Ph
��|fh
© .

Bk(pi) =
2− uk

i
∑P

j=1(2− uk
j )

± �}�P´

c#dfh#¦�hE�}°}h
�9~�s%u�dfh#��z}uwhE|Pu�~��}©t�}s�svzty�~¥��u�hE�mu�z����f~�­th
©
pi
²�u�dfh�svuw��z}|�{}h
�%~¥s�u�dfh#�f��z}���}�f~�©�~�u�r

Bk(pi)
z}���f��z}�/zPsw~�|f{��¨svhE{}g�h
|Yu

z}�%zP�w~�h
|Yu���uw~�z}|
θ̃k
y
h
|YuwhE�whS�·z}|

pi
³

c#dfhm�f��zty�hS�t«f��h��ªzP���f��z}�/zPsw~�|f{xz��É�x|fh
¦§��zP©�rX©�~�|�h
c
�Py
y
z}���t~�|�{�uwz

B1, . . . , BNθ

~�s�u�dfh
|�uwd�hm�ªz}©�©�z�¦�~�|f{�.

� uwdfh�¦�~¥�Xu�d�~¥s#«f|f~��ªz}��g�©�r��t��� ¦�|[~�| [emin, emax]
�

� uwdfh�©�h
|�{�uwd l ��|��·u�dfh��t~��whSy®uw~�z}| α z}�9u�dfhmÇ���s�u=swh
{}g�hE|Pu=�}�wh¨«f|f~��ªz}��g�©�r��t��� ¦�|
~�| [Lmin, Lmax]×]− π, π]
�

� �_��~Æ­th
© pi
~�s��t��� ¦�| �Py
y
z}���t~�|�{¹uwz"uwd�h�g��}�

Bkα

²#y�z}����hEsw��zP|��t~�|f{NuwzÁu�dfhÂz}��~�hE|Pu���u�~�zP|
θ̃kα

sw«�y�dUuwd���u�.
kα =

argminj [|α [π]− θ̃j |]
²f¦�dfhE�wh

[π]
g�hE��|�s#gxzt�t«�©�z

π
�

� uwdfhmswh
{}g�hE|Pu#y�hE|Pu�h
� p ~¥s�«f|f~��ªz}��gx©�r��t��� ¦�|·~�|·uwdfhms��Y«��}�wh�z�� F ⊂ R
2 y�zP�w��hEsw�/z}|��t~�|f{mu�z7u�dfh���~Æ­th
© pi

�Yuwdfh¨~�|f~Æu�~��}©
��zP~�|Yu

p1
c

z}�
c
~¥s#uwdfhE|Ny�z}g��f«fuwhE�
�ª��z}g

p
²
α
²/��|��

l
³
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c#dfhm~�|X¬}h
��swh�g�z�¬}h¨y�z}|�sv~¥s�u�s�z���«f|�~Æ�ªzP�wg�©�r·�whEg�z�¬Y~�|f{7�x�/z}©�rX©�~�|fh¨~�|
E1(C)

³^c#dfh�l¨��h
h
|
����uw~�zPs#�}s�swzXy
~���uwhS��uwzjuwdfhm�f~��wuwd
�}|��
uwdfh��thS��u�d
z}���x�/z}©�rY©�~�|fh

c = (p1
c , e, l, α)

����h¨�whSsv�/hEy�uw~�¬}h
©�r·{P~�¬Ph
|[�Xr .

R ���	� � (C,C ∪ c) =
pd  �
pb  �

λ|F |
Npix Bkα

(ip) nmax (](E1(C)) + 1)

h(C ∪ c)
h(C)

± "P�P´

R ���	��� (C,C \ c) =
pb  �
pd  �

Npix Bkα
(ip) nmax ](E1(C))

λ|F |
h(C \ c)
h(C)

± "C4S´

¦�dfhE�wh
ip
~¥s�uwdfh���~Æ­th
©9y�z}����hEsw��zP|��t~�|f{7u�z��f�wz}��hEy�uw~�z}|[z}�9u�dfh�y�hE|Yuwh
��z}�

(p1
c , p

2
c)
z}|
uwdfh�����u��x~�g���{}hP³
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60Ò � Î �
c#dfh)swhEy�zP|�� °X~�|���z}�7g�z�¬}hEs[«�sw«���©�©�r ���wzP��zYsvhS� uwz5sw�}gx��©�h"z}�t��hSy®uÂ�f�wzty
hEs�svhSs·~¥s[u�dfhÁgxzt�t~�Ç�yE��uw~�z}| z��j�U���}|��tz}g�©�r
y�dfzYsvhE|_zP�t��hEy�u��Py
y
z}���t~�|�{·uwzN�ÂswrYg�g�h�u��w~¥y
�}©%uw����|�sv�ªz}��g���uw~�z}|�³7º¾h
u T = {Ta : a ∈ E} �/h��[���}g�~�©�r¹z��#svrXg�g�h�u��w~¥y
�}©u����}|�s��ªzP�wg���uw~�z}|�s����}���}g�h�uwhE�w~�Ã
hS�x�Yr��m¬}hSy®u�z}�

a ∈ E ³�» �Ôuwd�h=g�zX�f~ÆÇ�yE��u�~�zP|�z��¾��|�zP�t��hEy�u^~�s¯�tz}|�h=�Xrj�����f©�rX~�|f{ Ta
¦�dfhE�wh

a
~�s#«f|�~Æ�ªzP�wg�©�r
y�dfzYsvhE|[~�|

E
²fuwdfh7l¨��h
hE|
����u�~�z�~¥s#�whS�t«�y�hS�·u�z�uwdfh��fh
|�sw~Æu�r[����uw~�z�.

R(C,C ′) =
h(C ′)

h(C)

± "Y�}´

ÈÁh��f��z}�/zPswh�dfhE�wh�u�¦�z�swrYg�g�h�u��w~¥y
�}©�sw~�g��f©�h=g�z�¬}hSs/.�uwdfh¨�t~�©���uw~�z}|�z��¾���/z}©�rX©�~�|fh��}|���u�dfh=g�z�¬}h=z}�¾��y�dfhEy�°X~�|f{��/z}~�|PuS³
c#dfh¨�t~�©���uw~�z}|·z}������zP©�rX©�~�|�h�y�zP|�sw~�svu�s^z��¾«f|f~��ªz}��g�©�r�y�dfzXzYsv~�|f{

δe ∈ [−∆e,∆e]
�}|��·�P�f�t~�|f{

de
uwz7uwdfh¨��zP©�rX©�~�|�h�¦�~¥�Xuwd

e
²}¦�~�uwdxu�dfh��}���t~Æu�~�zP|���©fy
z}|��f~Æu�~�zP|ju�d���uÉu�dfh�|fhE¦ ¦�~¥�Xuwd�~¥sÉ~�|

[emin, emax]
.
e′ = emin +((e−emin +δe) [emax−emin])

²
¦�dfhE�wh

[.]
�th
|fz}uwhSs�uwdfh�g�zt�t«f©�z��ª«f|�y�uw~�z}|¾³

c#dfhmg�z�¬}h¨z����7�/z}~�|Yu=y�z}|�sv~¥s�u�s�z��9«�|f~Æ�ªzP�wg�©�r[y�dfzXzPsw~�|f{x�xy�dfhSy�°Y~�|f{x��zP~�|Yu�z��9uwdfh�y�dfzYsvhE|[�/z}©�rX©�~�|fh���|��
�f��z}�/zPsw~�|�{x�
u����}|�sv©¥��u�~�zP|
z}��uwdf~¥s=y�dfhSy�°Y~�|f{��/z}~�|YuE³¯c#d�~�s#u����}|�sw©���uw~�z}|�~�s���svrXg�g�h�uw��~¥y
��©Gu����}|�sv�ªz}��g���uw~�z}|���������g�h
uwh
��~�Ã
hE�[�Xr���¬PhEy®u�z}�
a
«f|f~��ªz}��gx©�r[�t��� ¦�|�~�|N��y�z}g����Py®u=y�hE|Yuwh
��hE�[uwzxu�dfh�z}��~�{P~�|�³

8�� 8�� 8 �xÓ%Ó Ð ¢ ' Ó Ð ¡ Î � Ò � Î¹Ò ��¢)� Î E'� Î '  
c#dfhm���f�X¸ ��|��X¸ �=h
g�z�¬}h ± ����´¯�/h
�wuw«f������u�~�zP|[y�zP|�sw~�svu�s^z��9�P�f�t~�|f{7zP�^��h
g�z�¬X~�|f{j�7swh
{}g�hE|Pu#��u¯uwdfh¨h
|��[z}�^uwdfh¨��hE{}~�|f|f~�|f{
z}���Â�/z}©�rX©�~�|fhP³ '%~���svuE²��N�/z}©�rX©�~�|fh

c
~¥s�«f|f~��ªz}��g�©�rÁy�dfzPswh
|)~�|)uwdfh
y�«f���whE|Yu7y�z}|fÇ�{}«f����u�~�zP|¾³�pthEy�zP|��Ô²9uwdfh
y�dfz}~¥y�h�z}��u�dfh

g�z�¬}hxu�rX�/h�~�s��fz}|fh·�Py
y�zP���f~�|f{
uwz¹���f��z}�����f~�©�~�u�r¹���PsvhS�Áz}|"uwdfh·|X«fgj��hE��z���svhE{}g�h
|Yu�s�y�z}g��/zPsw~�|�{
c
³·» �#uwdfh��/z}©�rX©�~�|fh

~¥sm�whS�t«�y
hE�Nu�z
zP|fh�svhE{}g�h
|YuE²ÔzP|f©�rÂuwdfh��}���t~Æu�~�zP|"z}�¯��svhE{}g�h
|Yum¦�~�©�©É��h��f��z}�/zPswhE�¾³�º¾~�°}h
¦�~¥swh}²Ô~��^uwd�hx�/z}©�rX©�~�|fhx~�s�y
z}gx¸
�/zPswhE� z��

nmax
svhE{}g�h
|Yu�sE²^zP|f©�r¿uwdfhN��h
g�z�¬���©#z}�m�)swh
{}g�hE|Pu�¦�~�©�©��/hN�f��z}�/zPswhE�Ô³5» | uwdfhNz}uwdfhE�·y
�PsvhSs
²^uwdfhN��h
g�z�¬���©

�}|��Nu�dfhx�P�f�t~�uw~�z}|¹z}�¯�[swh
{Pg�h
|Yu¨�}�wh����wzP��zYsvhS�N¦�~Æu�d¹u�dfhj���wzP�����f~�©�~Æu�r
1/2

³�k�|�y�h�u�dfhxgxz�¬Ph�~¥s¨y�d�zPswh
|¾²G��|"h�­Xuw��h
g�~�u�r
~¥s·y�dfzYsvhE| ¦�~�uwd �f��z}�����f~�©�~�u�r

1/2
³ » | uwd�h_�}�f�f~Æu�~�zP|5yE�}swh}²#�Á©�hE|f{�u�d

l
�}|��5�¿�t~��whSy®uw~�z}|

α
�}�whÂ«f|f~��ªz}��g�©�r �t��� ¦�| ~�|

V = [Lmin, Lmax]×] − π, π]
³¨º�h�u

c = (p, e, l1, α1, . . . , ln, αn)
�/h�u�dfh�y�dfzPswh
|N�/z}©�rX©�~�|fh}³�» �Éuwdfh�y�dfzYsvhE|Nh�­Xuw��h
g�~�u�r
~¥s

u�dfh�~�|�~Æu�~��}©É��zP~�|Yu
p = (x, y)

²Ôu�dfh
|Áu�dfh�|fh
¦ ��zP©�rX©�~�|fh�~¥sm{}~�¬}hE|_�Xr
c′ = (p′, e, l, α, l1, α1, . . . , ln, αn)

¦�dfh
��h7u�dfh�|fh
¦
~�|f~�uw~¥��©��/z}~�|Yu8~�s

p′ = (x− l cos(α), y− l sin(α))
³É» �/uwd�h�y�dfzPswh
|xh�­Xu��whEgx~�u�r�~¥sÉu�dfh#Ç�|��}©f��zP~�|YuS²�uwd�h=|fh
¦ �/z}©�rY©�~�|fh�~�s8{}~�¬}h
|

�Xr
c′ = (p, e, l1, α1, . . . , ln, αn, l, α)

³=» |¹uwdfhj�whEgxz�¬X~�|f{·y
�PsvhP²�~��Éuwdfhxy�dfzPswh
|Nh
­Xuw��h
g�~Æu�r�~¥s�uwd�h7~�|f~Æu�~��}©9�/z}~�|YuE²/uwd�h
|Nu�dfh
|fhE¦���zP©�rX©�~�|�h�~�s�{}~�¬}hE|Â�Yr

c′ = (p′, e, l2, α2, . . . , ln, αn)
¦�d�h
��h

p′ = (x + l1 cos(α1), y + l1 sin(α1))
��|��Ô²�z}uwdfhE�w¦�~¥swh}²

c′ = (p, e, l1, α1, . . . , ln−1, αn−1)
³

» |�y
�}swhEs�¦�dfhE�wh�uwdfhm|X«fgj��hE��z}�9swh
{}g�hE|Pu�s�z��¾u�dfh�y�dfzPswh
|·�/z}©�rX©�~�|fh¨~�s#�/h�u�¦�h
hE|
2
��|��

nmax − 1
²Pu�dfh�l¨�whEh
|
����uw~�z7~¥s

{P~�¬Ph
|��Yr·uwdfh�����u�~�z�z��9uwdfh��fh
|�sw~Æu�~�hSs/.

R ��� (C,C ′) =
h(C ′)

h(C)

± " "P´

¦�dfhE�wh
C ′ ~¥s�uwd�h7y�zP|tÇ�{}«�����uw~�z}|�z}�tu���~�|fhE���Xr[u�dfh��/h
�wuw«f������uw~�z}|Âz��%uwdfhxy�«f����h
|Yu=y�z}|fÇ�{}«f����u�~�zP| C ³#» |Âu�dfh�z�u�dfh
��y
�}swhEsE²u�dfh7l¨�whEh
|�����uw~�z�~�s#{P~�¬Ph
|��Yr .

R ��� (C,C ′) =
h(C ′)

2 h(C)

± "�6Y´

c#dfh
y�z}|�s�u���|Yu
1/2

~�|Yuwh
��¬}hE|fhEs7�}smu�dfh[�}���t~Æu�~�zP|)z��=�NsvhE{}g�h
|Yu�u�z_�Â��zP©�rX©�~�|�h[y�zPgx�/zPswhE�Áz}�#zP|fh·swh
{}g�hE|Pu ± �whSsv��³[u�dfh
��h
g�z�¬���©Gz����jswh
{Pg�h
|Yu�z}�%�x�/z}©�rY©�~�|fh¨y
z}|Yu��}~�|�~�|f{

nmax
svhE{}g�h
|Yu�s�´^~�s��fz}|fh¨¦�~Æu�dÂ�f�wzP������~�©�~Æu�r

1
��|��·u�dfhm~�|X¬}hE��swh�g�z�¬Ph}²

(���	��%uwd�h·�whEg�z�¬ �}©Éz��=�Nswh
{}g�hE|Pu�z}�=�Â��zP©�rX©�~�|fh
y�z}g��/zPswhE�Áz��#u�¦�z¹svhE{}g�h
|Yu�s ± ��hEsw�¾³[u�dfh[�P�f�t~�uw~�z}|¿z��=�Nswh
{PgxhE|Yu�uwz_�
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�/z}©�rX©�~�|fh�y�zPg���zYsvhS�[z}�
nmax − 1

swh
{Pg�h
|Yu�s�´8~¥s=y�dfzYsvhE|
¦�~�uwdÂ�f��z}�����f~�©�~�u�r
1/2

³

c#dfh�y
z}g7��~�|���uw~�z}|jz���u�df~¥sÉsv«f�f¸I°Ph
��|fh
©X¦�~�uwdxz}|fh#z���uwdfh�u�¦�z�sv«f�f¸I°Ph
��|fh
©¥s�z}���f~��wuwdt¸ ��|��t¸ �thS��u�d7z��/��zP©�rX©�~�|�hEs���hE�t«�y
hE��uwz
zP|fh�swh
{Pg�h
|Yu%�}©�©�z�¦=sÔu�z�{P«�������|YuwhEhÉuwd�h¯~��w��hE�f«�y®u�~��f~�©�~Æu�rmz���uwdfh#Å¹����°}z�¬¨y�d���~�|�{Ph
|fhE����uwhE���Yr¨u�dfh�ÅNz}|Yuwh�i�����©�z���©�{}z}��~�uwdfgÂ³
c#df~¥s�y
z}gj�f~�|���uw~�z}|N�}©�©�z�¦=s�uwz·� ¬Pz}~¥�·u�dfh / @#À0°}h
��|fhE©¾¦�df~¥y�d¾²�¦�~�uwdf~�|¹��|ÂzP�tuw~�g�~�ÃS��uw~�z}|Â�ª����g�hE¦¯zP�w°G²X~�s�|fz�u=��h
©�h
¬��}|Pu�.¯�
�f~��wuwdÂz�����zP©�rX©�~�|�hmy
z}g��/zPswhE�
z��ÉsvhE¬}h
����©Gswh
{}g�hE|Pu�s#~�s�u�dfh
|Ng�zYs�u�©�r·��h���hSy®u�hE�Ô³

8�� 8��5) � 9 7 (�  Ð ¢ ' Ó Ð � Î ¡�E Î
Ò �=� Î E'� Î '  E�
��s��ªzP�7u�dfh·u����}|�sv©¥��u�~�zP|¾²%uwdfh��}�f�f~Æu�~�zP|U��|��¿uwdfh
�whEgxz�¬��}©^z����_y�dfhEy�°X~�|f{¹�/z}~�|Pu���©�©�z�¦ u�z_�/h
�wuw«f���¿~�| �N��h
©�h
¬���|Yu7¦#� r
�Á�/z}©�rY©�~�|fh��}�f�f��z ­t~�g���u�~�¬Ph
©�r)¦¯hE©�©�¸I�/zPsw~�uw~�z}|fhS�Ô³Uc#dfhSsvh�g�z�¬}hEs��th
Ç�|fhN�"�whE¬}h
��sw~��f©�h[g�z�¬Ph�yE��©�©�hS� pX�f©�~�uv¸ ��|��X¸ ÅNhE�w{Ph[z��
pXhE{}g�h
|Yu�s ± ptÅ_p�´#¦�df~¥y�d
~¥s�~�©�©�«�svuw����uwhS�[�Xr�Ç�{}«f��h��f³

z ~ U(     )

Split Merge

h

b
l

'%~�{P«f�whm� .^pt�f©�~�uv¸ ��|��X¸Ig�hE�w{Ph�z}��swh
{PgxhE|Yu�sE³

¢�� � 9 7�(ª 
º�h�u

s = (pj , pj+1)
��hm�xsvhE{}g�h
|Yu#z��9�j��zP©�rX©�~�|�h

c
³Éc#dfh�sw�f©�~�uvu�~�|�{jz}�

s
~¥s¯zP|f©�rx���wzP��zYsvhS�·~��¾uwdfhm©�h
|f{}uwd
z��

s
²
l
²X~¥s�©��}�w{Ph
�

u�d���|
2Lmin

²f��|��[~��
c
~�s#|�z�u=y�zPgx�/zPswhE�[z��

nmax
swh
{PgxhE|Yu�sE³%ÈÁhm«�swhm�}|
�}«t­t~�©�~��}�wr�¬��}�w~¥���f©�h

Z
~�|�z}���th
��uwzxz}�fu���~�|
u�¦¯z

|fhE¦ swh
{PgxhE|Yu�s
s′1 = (pj , p′)

�}|��
s′2 = (p′, pj+1)

sv«�y�dx�Ps
p′
~�s�©�zty
��uwhE�j~�|7u�dfh#�whSy®u��}|f{}©�h�z���©�h
|�{�uwd

l−2Lmin
��|��j¦�~¥�Xuwd

2Lmin
��|��
¦�d�zPswh¨g��}~�|N��­t~¥s=y�zP�w��hEsw�/z}|��fs¯u�z�uwdfh�swh
{PgxhE|Yu

s
³^» |
u�df~¥s=¦#� r}²Xuwd�h�©�hE|f{�u�d�s�z��%uwd�h�|fh
¦�swh
{}g�hE|Pu�s�����hm~�|

[Lmin, Lmax]
³�c#dfh7¬ �}�w~¥����©�h

Z
y�z}����hEsw��zP|��fs�uwz
��«f|f~��ªz}��g �t��� ¦�~�|f{�z��É�/z}~�|Pu�s=~�|Âuwdfhj�whSy®u���|f{P©�h�z}��©�h
|�{�uwd

l − 2Lmin�}|���¦�~��Xu�d
2Lmin

.

Z =

[

H ∼ U([−Lmin, Lmin])
B ∼ U([Lmin, l − Lmin])

] ± "Y�}´

� '��wzPg uwdfh�{Ph
|fhE����uwhE�_¬}hSy®uwzP�
z = (h, b)

²¾¦�h�z}�tu���~�|_u�dfh���������g�h
uwh
��s
v1 = (l1, α1)

�thSswy
�w~��f~�|f{�uwdfh�swh
{}g�hE|Pu
s′1«�sw~�|f{�uwdfh��t~�#Gh
z}g�zP�w�fd�~�swg �th
Ç�|fhE���Xr .

v1 = ηv(h, b) =

[ √
h2 + b2

α+ arctan(h
b )

] ± "P�P´

¦�dfhE�wh·uwdfh
��������g�h�u�h
��s
v = (l, α)

z}�
s
�}�wh·Çf­thE�Ô³¹ÈÁh[zP�tu��}~�|)u�dfh
| uwdfh
��������g�h�u�h
��s

v2 = (l2, α2)
�fhEs�y���~��f~�|f{Nu�dfh

swh
{PgxhE|Yu
s′2
�ª��z}g

v1
h
u
v = (l, α)

�}s��ªzP©�©�z�¦=s�.

v2 = T (v, v1) =





√

(l sin(α)− l1 sin(α1))2 + (l cos(α)− l1 cos(α1))2

arctan(
l sin(α)− l1 sin(α1)

l cos(α)− l1 cos(α1)
)





± " 7�´

��� 6 Î ¡ E Î

º�h�u
sj = (pj , pj+1)

��|��
sj+1 = (pj+1, pj+2)

uwd�h�u�¦�zjy
z}|�swhEy
«tuw~�¬}h¨svhE{}g�h
|Yu�s^z}�9���/z}©�rX©�~�|fh
c
³�Å¹h
��{}~�|f{�u�dfhEswh�u�¦�z

swh
{PgxhE|Yu�s�y�zP|�sw~�svu�s�z�����h
�f©¥�}y
~�|f{
sj
�}|��

sj+1
�Yr

s′j = (pj , pj+2)
³8c#d�h¨g�hE�w{P~�|f{�z}��u�¦�z�swh
{Pg�h
|Yu�s�~¥s#z}|f©�r·�f��z}�/zPswhE�
~Æ�

465HG7498
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u�dfh���zP~�|Yu
pj+1 ~�s¨©�zty
��u�hE�N~�|¹u�dfh��whSy®u���|f{P©�h7�Pswswzty�~¥��u�hE�Âu�z sl,l+1

�ªzP�¨�
sv�f©�~�um���wzP��zYsv~�uw~�z}|¾³mc#dfh�y�zP|��t~�uw~�z}|�s�uwz�¬}hE�w~��ªr
�}�wh¨uwdX«�s�uwdfh¨�ªz}©�©�z�¦�~�|f{ .

� d(pj , pj+2) ∈]2Lmin, Lmax]
�

� uwdfh��f~�svu��}|�y�hmz�� pj+1 uwz�uwd�hmswh
{Pg�h
|Yu s′j = (pj , pj+2)
~¥s#©�z�¦�h
��uwd���|

Lmin
�

� uwdfh�zP�vu�dfz}{Pz}|��}©X�f�wz}��hEy�uw~�z}|xz�� pj+1 z}| s′j
~¥sÉ©�zXyE��u�hE�x��u¯�m�t~¥s�u���|�y
h

b
z��
pj uwd���u^~�s8��h
u�¦¯hEh
| 2Lmin

��|��
l−Lmin

³

£ � �m¡ Ò 9^Ò �E¢�7 D Î ¡ ' Î 7

º�h�u
C
��h
uwdfhÂy�«��w��h
|Yuxy
z}|tÇ�{}«f����u�~�zP|¾³"c#dfhE�wh�����h

NS(C)
swh
{}g�hE|Pu�s�u�d���u�y
�}| ��hÂsw�f©�~�u���|��

NM (C)
y�z}«��f©�h
z��

swh
{PgxhE|Yu�s%uwd���u¯yE��|x��h=g�hE�w{PhE�Ô³%c#dfh
��h=����h�uwdX«�s
NT (C) = NS(C)+NM (C)

�/zPs�sv~��f©�h�gxz�¬PhEs�z}��u�rX�/h=sv�f©�~�uv¸ ��|��X¸ g�h
��{}h
z}��svhE{}g�h
|Yu�s
³Ác#dfh·Ç���svuxsvuwh
� y�zP|�sv~¥svu�s�z}�=«f|f~��ªz}��g�©�r¿�t��� ¦�~�|�{_�¹g�z�¬}h
��g�z}|f{_uwdfh

NT (C)
�/zPs�sw~��f©�h[g�z�¬PhEsE³_» �=u�dfh

y�dfzYsvhE|_g�z�¬}hx~¥s��
sw�f©�~Æu ± �whSsv�¾³jg�h
��{}hS´�²¾¦�hj�f��zty�hEhE�_�Psmh�­t�f©¥��~�|fhE�_~�|)�P´ ± �whSsv�¾³x��´w´®³�c#dfh��f�wzP��zYsw�}©9°Ph
��|fh
©
Q �����

~¥s
u�dY«��
{P~�¬Ph
|��Xr .

Q ����� (C → A) =
∑

si∈S(C)

qS
i (C,A)

NT (C)
+

∑

(si,si+1)∈M(C)

qM
i (C,A)

NT (C)

± "P�P´

¦�dfhE�wh
S(C)

�fh
|fz}uwhEs=uwdfhjsvh
u�z��^swh
{PgxhE|Yu�s#u�d���u�yE��|N�/hjsw�f©�~ÆuS²
M(C)

�th
|�z�uwhSs#uwd�hjswh�u�z}�Éy
z}|�swhEy
«tuw~�¬}hjsvhE{}g�h
|Yu�s�uwd���u
yE��|[�/h¨gxhE�w{PhE�Ô²

qS
i (C,A)

y�zP�w��hEsw��zP|��fs8uwzjuwdfhmsv��©�~�uvu�~�|f{�z}�¾uwdfhmswh
{}g�hE|Pu
si
²f�}|��

qM
i (C,A)

y�zP�w��hEsw�/z}|��fs8uwdfh¨g�h
��{}~�|f{
z}�9u�dfh�y�zP«f�f©�h

(si, si+1)
³^c#dfh�sw�f©�~Æu=���}�vu

qS
i (C,A)

~¥s�{}~�¬}hE|
�Xr .

qS
i (C,A) =

∫

Σi

1A(Si(C, z))
dz

2Lmin (li − 2Lmin)

± "P�P´

¦�dfhE�wh
Σi = [−Lmin, Lmin] × [Lmin, li − Lmin]

~¥s�u�dfhjy
z}g����Py®u=~�|¹¦�df~¥y�dÂuwdfh�¬��}�w~¥���f©�h
Z
~¥s��f��� ¦�|N��|��

Si(C)
~¥s��

y
z}|tÇ�{P«f����uw~�z}|�z����/z}©�rY©�~�|fhEs#¦�dfhE�whmu�dfh����}���}gxh
uwhE��s
vi = (li, αi)

z��%uwdfh�swh
{PgxhE|Yu
si
�}�whm��h
�f©¥�}y
hE�
�Xr

(l1, α1) = ηvi
(z)�}|��

(l2, α2) = T (vi, ηvi
(z))

³8c#d�h�gxhE�w{Phm�����wu
qM
i (C,A)

z��%uwdfh�°Ph
��|fh
©Ô~¥s#{}~�¬}hE|
�Xr .

qM
i (C,A) = 1A(Mi(C))

± 6Y�P´

Mi(C)
~¥s��xy�zP|tÇ�{P«f����uw~�z}|·z}���/z}©�rY©�~�|fhEs�¦�dfhE�wh�uwdfhm���}���}g�h�uwhE��s^z��¾u�dfh�y�zP«f�f©�h

(si, si+1)
�}�wh¨��h
�f©¥�}y
hE���Xr�uwd�h¨��������g�h�¸

u�h
��s#z��%uwdfh�swh
{PgxhE|Yu#zP�tu��}~�|�hE�
�Yr·uwdfh�g�h
��{}~�|f{�z��
si
��|��

si+1
³

Ó � � ¡ ÎXÎ ' ¡�¢t A( Ò £ Ò � 9 
9 E¢f A( Ò '

c#dfh�swrXgxg�h
uw��~�yE��©Ôg�hE�Psv«f��h
ψ
z}|

Ω× Ω
y�d�zPswh
|·u�z·�th
��~�¬ ��uwh¨uwd�h�gxhS�}sw«f��h

πQ �����
~�s#u�dfhm�ªz}©�©�z�¦�~�|f{ .

ψ(A,B) =

∫

A

∑

si∈S(C)

∫

Σi

1B(Si(C, z))
dz

|V | dµ(C)

+

∫

A

∑

(si,si+1)∈M(C)

1B(Mi(C)) |Jφ−1(vi, vi+1)| dµ(C)

± 6 4S´

¦�dfhE�wh
V = [Lmin, Lmax]× [−π, π]

²f�}|��
φ
~¥s¯uwdfhm�t~�#/hEz}g�z}���fdf~¥swg�y�z}����hEsw��zP|��t~�|f{�uwzjuwd�h��ªzP©�©�z�¦�~�|f{7¬�����~¥���f©�h�y�d��}|f{}h .

(v1, v2)
φ←−− (z, v)

¦�dfhE�wh
(v1, v2)

y
z}���whSsv�/z}|��xu�z�u�dfh���������g�h�u�h
��sÉz��Ôu�dfh�u�¦�zjswh
{Pg�h
|Yu�s^z}�tu���~�|fhE�·��� uwhE��sw�f©�~Æuwuw~�|f{7u�dfhmsvhE{}g�h
|Yu^z}����������gx¸
h
uwh
��s

v = (l, θ)
«�sw~�|f{xu�dfh���«t­t~�©�~¥����r�¬�����~��}�f©�h

z
³Éc#df~¥s��t~�#Gh
zPg�z}���fdf~¥svg�~¥s�{P~�¬Ph
|��Yr .

φ(z, v) = (ηv(z), T (v, ηv(z))
± 6X�}´

¦�dfhE�wh
ηv
�}|��

T
�}�wh���hEsw��hSy®u�~�¬Ph
©�r_{}~�¬}hE|"�Xr"h �Y«���u�~�zP|�s ± "}�}´��}|�� ± " 7�´®³

Jφ−1

�thE|fz�u�hEsmu�dfh[ÄY�}y�zP�f~¥��|_z}�
φ−1 ¦�dfzYsvh�th
uwhE�wg�~�|���|Yu=~¥s#{}~�¬}h
|��Xr .

|Jφ−1(v1, v2)| =
l1 l2
l

± 6 "P´

GHG ICJ�K�L�M
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'%~�|���©�©�rP²}u�dfh¨l¨��h
hE|·����uw~�z�y�zP�w��hEsw�/z}|��t~�|f{mu�z�uwd�h�sw�f©�~�u¯z}����swh
{}g�hE|Pu¯z��¾©�h
|f{}uwd
l
~�|�u�¦�z7swh
{}g�hE|Pu�s8z}�¾©�hE|f{�u�d�s

l1
��|��

l2
~¥s#{}~�¬}hE|
�Xr .

R ����� (C,C ′) =
NT (C)

NT (C ′)

Lmin(l − 2Lmin)

π (Lmax − Lmin)

l

l1 l2

h(C ′)

h(C)

± 6 6Y´

º�~�°Ph
¦�~¥svhP²t~�|�uwd�h�gxhE�w{P~�|�{xyE�}swh}²Xuwd�h7l¨�whEh
|�����uw~�zx~¥s#{}~�¬}hE|
�Xr .

R ����� (C,C ′) =
NT (C)

NT (C ′)

π (Lmax − Lmin)

Lmin(l − 2Lmin)

l1 l2
l

h(C ′)

h(C)

± 6X�}´

8�� 8�� 3 � 9 7 (�  Ð ¢ ' Ó Ð � Î ¡�E Î
Ò � 9^Ò 7 Ï 7�( ' Î �
ÈÁh7�f��z}�/zPswh¨u�¦¯z��/h
�wuw«��w����uw~�z}|�s=z���u�rX��h7sw�f©�~Æuw¸ �}|��X¸ g�h
��{}h�z��É�/z}©�rX©�~�|fhEsE³#c#dfhEswh�u�¦�z��whE¬}h
��sw~��f©�hmg�z�¬}hEs�����h¨~�©�©�«�svuw����u�hE�
~�|ÁÇ�{}«f��h 7Y³·c#dfhxÇ���s�u��/h
�wuw«f������uw~�z}| ± ptÅN� 4S´my�zP|�sw~�svu�smz}���}���t~�|�{Â�Âswh
{PgxhE|Yum©�~�|f°X~�|f{�u�¦�zÂ��zP©�rX©�~�|fhSs���|��¾²¾�whE¬}hE��swh
©�r}²
��h
g�z�¬X~�|�{j�xsvhE{}g�h
|Yu¯z}�%�7��zP©�rX©�~�|fhP³8c#dfhmsvhSy�z}|��·�/h
�wuw«f������u�~�zP| ± pfÅN�¯�}´#y
z}|�sw~¥s�u�s^z}���whEg�z�¬Y~�|f{x�jy
z}|f|fhSy®u�~�zP|·��h
u�¦¯hEh
|
u�¦�z�svhE{}g�h
|Yu�s��}|��Ô²t��h
¬Ph
��svhE©�rP²Xy
�whS��u�~�|f{���y�zP|f|fhEy�uw~�z}|��Xr[g�z�¬X~�|f{xz��É��|�h
|��t��zP~�|Yu=z}�%���/z}©�rY©�~�|fh}³

���������
	 �������
��	

'%~�{}«f��h�7 .���h
�wuw«f������u�~�zP|�s�z��%u�rX��h�sw�f©�~Æuw¸ �}|��X¸ gxhE�w{Ph�z}�9�/z}©�rX©�~�|fhEsE³

¢�� � 6 � $ � Ò � Î
º�h�u

Sj,δe

��h[uwdfh���hE�vu�«f������u�~�zP| ¦�df~¥y�dUsv��©�~�u�s��N�/z}©�rX©�~�|fh��Yr)��h
g�z�¬X~�|�{¹�_swh
{}g�hE|Pu
j
z����_��zP©�rX©�~�|fh
z��=¦�~¥�Xuwd

e
�}|��

y
z}g���zYsvhS�·�Xr[��u#©�hE�Ps�u�uwd��whEhmswh
{Pg�h
|Yu�s#��|��·¦�df~¥y�d��}©�©�z�¦=s^uwz��th�Ç�|fh¨u�¦¯zx��zP©�rX©�~�|�hEs�¦�dfzPswhm¦�~��tuwd�s��}�wh¨h �Y«��}©�u�z
e+ δe�}|��

e− δe
.

Sj,δe
(p, e, v1, . . . , vn) = {(p1, e+ δe, v1, . . . , vj−1), (p

j+1, e− δe, vj+1, . . . , vn)} ± 6Y�P´
c#dfh�¬��}�w~¥��u�~�zP|[z���¦�~¥�Xuwd

δe
~¥s�«f|f~��ªz}��g�©�r[�f��� ¦�|�~�|Â��y�zPg����}y�u�sw«�y�dÂ�}s�u�dfhmu�¦¯zx|fhE¦§¦�~¥�Xuwd�s=����hm~�|

[emin, emax]
.

δe ∼ U([−B(e), B(e)])
²f¦�d�h
��h

B(e) = min{e− emin, emax − e}
± 6>7�´

c#dfh�~�|X¬}hE��swhj�/h
�wuw«��w����uw~�z}|)y�zP|�y�hE�w|�s¨u�dfh·y�zP«f�f©�h�z��#��zP©�rX©�~�|�hEs
(ci, cj)

¦�dfzPswh�Ç�|��}©É��zP~�|Yu
pni+1

i

z}�
ci
��|��Á~�|f~Æu�~��}©

�/z}~�|Yu
p1

j

z��
cj
¬}h
��~��ªr .

Lmin ≤ d(pni+1
i , p1

j ) ≤ Lmax

± 6Y�P´
ÅNzP�whEz�¬}hE�E²Puwdfh�sw«fg z���u�dfh�swh
{}g�hE|Pu�|X«fgj��hE�

(ni + nj)
d��}s�u�z���h�©�z�¦�h
��uwd��}|

nmax
.

ni + nj < nmax

± 6Y�P´
c#dfh�g�hE�w{Ph¨g�z�¬Ph

M(ci, cj)
�ªz}�

ci = (p1
i , ei, (v

k
i )k=1..ni

)
h
u
cj = (p1

j , ej , (v
k
j )k=1..nj

)
~�s��th�Ç�|�hE�Â�}s��ªzP©�©�z�¦=s/.

M(ci, cj) = (p1
i ,
ei + ej

2
, (vk

i )k=1..ni
, vij , (v

k
j )k=1..nj

)
± �}�P´

¦�dfhE�wh
vij

y�z}����hEsw��zP|��fs¯z��%uwdfh����}���}g�h�uwhE��s�z}��uwd�h�svhE{}g�h
|Yu
(pni+1

i , p1
j)
³

c#df~¥s8�th
Ç�|f~�uw~�z}|�z��/uwd�h=sv�f©�~�uv¸ ��|��X¸ g�h
��{}h�z}|f©�r7~�|�y
©�«��fhEs�u�dfh=y�zP«f�f©�h�z��G��zP©�rX©�~�|fhSs�¦�dfzPswh�Ç�|��}©f��zP~�|Yu^�}|��x~�|f~�uw~¥��©���zP~�|Yu
¬Ph
��~Æ�ªrxuwd�h��f��z ­t~�g�~�u�rxy
z}|��t~�uw~�z}| ± 6P�P´®³�» u�¦�z}«�©����/h���h
©�h
¬��}|Pu^uwz7g�hE�w{Ph���©¥svzjy�z}«��f©�hSs^¦�d�zPswh=~�|�~Æu�~��}©�h
­Yu��whEg�~Æu�~�hSs^zP�8Ç�|��}©
h
­Yu��whEg�~Æu�~�hSs�¬Ph
��~Æ�ªrÂu�df~¥s¨y
z}|��f~Æu�~�zP|¾³7�0Ç���svu�svzP©�«tu�~�zP|_¦�z}«f©¥�¹�/hjuwzN�}�f�"�·|fhE¦0�f��z}�/zPsw~�uw~�z}|¹°Ph
��|fh
©%~�|"uwd�hx�=ÄYÅ"i�Å"i
�}©�{Pz}��~Æu�dfg uwd���u�y�zP�w��hEsw�/z}|���u�z�uwdfh�~�|X¬}hE��sw~�zP|[g�z�¬}hP² (���	���g�z�¬}h¨uwd���u=~�|Y¬Ph
��svhSs¯���/z}©�rX©�~�|fh��}s��ªzP©�©�z�¦=s�.

(p1, e, v1, . . . , vn)← (pn+1, e, v′n, . . . , v
′
1)

± � 4S´
¦�dfhE�wh

v′j = (lj , αj − π)
~��
αj > 0

²f�}|��
v′j = (lj , αj + π)

z�uwd�h
��¦�~�swh}³

465HG7498
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��h
��h}²t¦�h��tz�|fz�u=«�swh�sv«�y�d���°Ph
��|fh
©G�f«tu�¦¯h��t~��whSy®u�©�r·~�|�y
z}����zP����uwh�uwdf~¥s�g�z�¬}h¨~�|Yu�z�uwdfh�°Ph
��|fh
©
Q �����  

³8» |��thEhE�Ô²�¦¯h
�P�f�Â��s�u�h
��uwd���u�y�zP|�sw~�svu�s#z}�%����|��fz}g�©�r[�f�wzP��zYsv~�|f{��x��hE�wgj«tu���uw~�z}|Âz��%uwd�h7svhE|�swh¨z}�9u�dfh��/z}©�rX©�~�|fh ± s�´�³ '�z}�=��sw�f©�~�u=g�z�¬}h
Sj,δe

²tu�dfhm�whSsv«�©Æu�~�|f{����}~���z}�%�/z}©�rX©�~�|fhSs#~�s#u�dX«�s#«f|f~��ªz}��g�©�r[y�d�zPswh
|Â��g�z}|f{xu�dfh¨�ªz}©�©�z�¦�~�|f{x�ªz}«f������~���s�.

S1
j,δe

(p1, e, v1, . . . , vn) = {(p1, e+ δe, v1, . . . , vj−1), (p
j+1, e− δe, vj+1, . . . , vn)}

S2
j,δe

(p1, e, v1, . . . , vn) = {(pj , e+ δe, v
′
j−1, . . . , v

′
1), (p

j+1, e− δe, vj+1, . . . , vn)}
S3

j,δe
(p1, e, v1, . . . , vn) = {(pj , e+ δe, v

′
j−1, . . . , v

′
1), (p

n+1, e− δe, v′n, . . . , v′j+1)}
S4

j,δe
(p1, e, v1, . . . , vn) = {(p1, e+ δe, v1, . . . , vj−1), (p

n+1, e− δe, v′n, . . . , v′j+1)}

± �P�}´

ÈÁh�|fz�¦�y�z}|�sv~¥�th
�#u�d���u�uwdfh�g�h
��{}~�|f{��/h�u�¦�h
h
|�u�¦�z���zP©�rX©�~�|�hEs
ci
��|��

cj
y
�}|��/h��tzP|fh��Xr·�ªz}«��=����~���s#z���h
|��t�/z}~�|Yu�s�.

{pi, pj}1 = {pni+1
i , p1

j}
� {pi, pj}2 = {p1

i , p
1
j}
� {pi, pj}3 = {p1

i , p
1
nj+1}

� {pi, pj}m = {pi, pj}4 = {pni+1
i , p1

nj+1}
³%º�h�u

{pi, pj}k
�/h[�Â���}~��7z���h�­Xuw��h
g�~�uw~�hEsmu�d���uxy
��|)�/h·©�~�|f°PhE�Áu�zNgxhE�w{Ph

ci
�}|��

cj
³Nc#dfh��whSsv«�©Æu�~�|f{N�/z}©�rX©�~�|fh·~¥s�«f|�~Æ�ªzP�wg�©�r

y�dfzYsvhE|��}g�z}|f{juwdfhm�ªzP©�©�z�¦�~�|f{xu�¦¯z��/z}©�rY©�~�|fhEs�.

M1
k (ci, cj) =



















(p1
i ,

ei+ej

2 , (vi
l)l=1..ni

, vij , (vj
l)l=1..nj

)
~Æ�
k = 1

²�(���	�� {pi, pj}k = {pni+1
i , p1

j}
(pni+1

i ,
ei+ej

2 , (v′i
l
)l=ni..1, vij , (vj

l)l=1..nj
)
~Æ�
k = 2

²�(���	�� {pi, pj}k = {p1
i , p

1
j}

(pni+1
i ,

ei+ej

2 , (v′i
l
)l=ni..1, vij , (v′j

l
)l=nj ..1)

~Æ�
k = 3

²�(���	�� {pi, pj}k = {p1
i , p

1
nj+1}

(p1
i ,

ei+ej

2 , (vi
l)l=1..ni

, vij , (v′j
l
)l=nj ..1)

~Æ�
k = 4

²�(���	�� {pi, pj}k = {pni+1
i , p1

nj+1}

M2
k (ci, cj) =



















(p
nj+1
i ,

ei+ej

2 , (v′j
l
)l=nj ..1, vji, (v′i

l
)l=ni..1)

~Æ�
k = 1

²�(���	�� {pi, pj}k = {pni+1
i , p1

j}
(p

nj+1
j ,

ei+ej

2 , (v′j
l
)l=nj ..1, vji, (vi

l)l=1..ni
)
~Æ�
k = 2

²�(���	�� {pi, pj}k = {p1
i , p

1
j}

(p1
j ,

ei+ej

2 , (vj
l)l=1..nj

, vji, (vi
l)l=1..ni

)
~Æ�
k = 3

²�(���	�� {pi, pj}k = {p1
i , p

1
nj+1}

(p1
j ,

ei+ej

2 , (vj
l)l=1..nj

, vji, (v′i
l
)l=ni..1)

~Æ�
k = 4

²�(���	�� {pi, pj}k = {pni+1
i , p1

nj+1}± ��"P´
º�h�u

NS
�/h�uwdfh#|X«fg7�/h
�Éz}�/swh
{PgxhE|Yu�s%¦�dfzPswh��whEgxz�¬��}©X�}©�©�z�¦=s�uwdfh�{Ph
|fhE����uw~�z}|�z}��u�¦�z��/z}©�rX©�~�|fhEsÉ�}|��

NM
uwd�h�|X«fgj��hE�

z}�G����~���s�z}�Gh
­Xuw��h
g�~Æu�~�hSsÉ¦�dfzYsvh�©�~�|�°Y~�|f{��}©�©�z�¦=s%uwdfh�{}h
|�h
����uw~�z}|xz��Ô�m|fhE¦ �/z}©�rX©�~�|fhP³%� g�z�¬Ph�~¥s8«�|f~Æ�ªzP�wg�©�rjy�dfzYsvhE|x�}g�z}|f{
u�dfh

NT = NS +NM
��zYswsw~���©�h�g�z�¬}hSs
³�c#dfh�°Ph
��|fh
©

Q �����  
~¥s�uwd�h
|Â{}~�¬}hE|
�Xr .

Q �����  (C → A) =
∑

sj
i
∈S(C)

1

NT (C)

4
∑

k=1

1

4

∫ B(ei)

−B(ei)

1A((C \ ci) ∪ Sk
j,δe

(ci))
dδe

2B(ei)

+
∑

{pi,pj}k
∈M(C)

1

NT (C)

2
∑

m=1

1

2
1A((C \ {ci, cj}) ∪Mm

k (ci, cj))

± � 6Y´

¦�dfhE�wh
sj

i

�th
|fz}uwhSs=u�dfhxswh
{Pg�h
|Yu
j
z��Éu�dfh7�/z}©�rX©�~�|fh

ci
z}�^¦�~¥�Xuwd

ei
²
pk

i

�thE|fz�u�hEs�uwdfhj��zP~�|Yu
k
z��
ci
² S(C)

~¥s=u�dfhxswh�u¨z��
swh
{PgxhE|Yu�s�¦�dfzYsvh#��h
g�z�¬���©t��©�©�z�¦=s9u�dfh�{}hE|fh
����u�~�zP|7z���u�¦¯zm�/z}©�rX©�~�|fhEsE²}�}|�� M(C)

uwdfh=swh�uÉz}�Gswh
{PgxhE|Yu�s%uwd���u8y
�}|x{Ph
|fhE����uwh
���/z}©�rX©�~�|fhm�Xr[�}�f�f~�|f{���swh
{PgxhE|Yu#©�~�|f°X~�|f{xu�dfh
gÂ³8c#dfh�°Ph
��|fh
©Ô~¥s�uwdX«�s�{P~�¬Ph
|
�Yr .

Q �����  (C → A) =
1

8NT (C)

∑

ci∈C

1

B(ei)

ni−1
∑

j=2

4
∑

k=1

∫ B(ei)

−B(ei)

1A((C \ ci) ∪ Sk
j,δe

(ci)) dδe

+
1

2NT (C)

∑

{ci,cj}∈C

4
∑

k=1

2
∑

m=1

1A((C \ {ci, cj}) ∪Mm
k (ci, cj))

± �P�}´

c#dfh�g�hE�}sw«f��h
ψ
z}|

Ω×Ω
y�d�zPswh
|�uwzx�th
��~�¬ ��uwh�uwdfh�gxhS�}sw«f��h

πQ �����  
~¥s¯�jsvrXg�g�h�uw��~¥y
��©�g�hE�}sw«f��h�y
z}|�y
h
|Yuw����u�hE�xz}|

⋃∞
n=0{{ΩN ×ΩN+1} ∪ {ΩN+1×ΩN}}

³Éº¾h
u
A
�}|��

B
��h�swh�u�s#z��¾u�dfh¨uw��~��f«�z��

Ω
sw«�y�d
�Ps

A ⊆ EN
��|��

B ⊆ EN+1
³

c#dfh�g�hS�}sw«f�wh
φ
~�s�u�dfh
|Â{}~�¬}hE|
�Xr .

ψ(A,B) =

∫

A

N
∑

i=1

ni−1
∑

j=2

4
∑

k=1

∫ B(ei)

−B(ei)

1B((C \ ci) ∪ Sk
j,δe

(ci)) dδe dµ(C)

ψ(B,A) =

∫

B

N
∑

i=1

N
∑

j = 1
j 6= i

4
∑

k=1

nmax(emax − emin)

2dk(ci, cj)λ|V |
1A((C \ {ci, cj}) ∪M1

k (ci, cj)dµ(C)

=

∫

B

∑

{ci,cj}

2
∑

m=1

4
∑

k=1

nmax(emax − emin)

2dk(ci, cj)λ|V |
1A(C \ {ci, cj}) ∪Mm

k (ci, cj)dµ(C)

± �}�P´

GHG ICJ�K�L�M
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¦�dfhE�wh
Σ
�th
|�z�uwhSs=u�dfhjsvu���uwhxsv���Py�h7�Pswswzty�~¥��u�hE��uwz[uwdfhj��zP©�rX©�~�|�h7¦�~¥�Xuwd¾²Ô�}|��

dk(ci, cj)
�thE|fz�u�hEs�uwdfh��t~¥s�u���|�y
h���h
u�¦¯hEh
|

u�dfhmu�¦¯z��/z}~�|Yu�s�z}� {p1, p2}k
³8c#dfh¨���}y�uwz}� 1

2dk(ci,cj)

~¥s��t«fhmu�z�uwdfh�¬��}�w~¥���f©�hmy�d���|f{Ph .

(e1, e2, p
′)←− (e, δe, lj , αj)

¦�dfhE�wh
e1
�}|��

e2
����h=uwd�h¨¦�~¥�Xu�d[z��

c1
�}|��

c2
zP�tu��}~�|fhS�·�Xr���h
g�z�¬X~�|f{7z��¾u�dfh¨swh
{Pg�h
|Yu

j
z}�9�7�/z}©�rX©�~�|fh¨z���¦�~¥�Xu�d

e
²X�}|��

p′
y�zP�w��hEsw��zP|��fs¯uwzxu�dfh�{}hE|fh
����u�hE�·~�|f~�uw~¥��©¾�/z}~�|YuE³

'%~�|���©�©�rP²Xuwdfh7l¨��h
hE|[����u�~�z�y�zP�w��hEsw��zP|��t~�|f{7z}��u�dfh�sv��©�~�u�z��%�x�/z}©�rX©�~�|fhmz��%¦�~��Xu�d
e
�Xr·�whEg�z�¬Y~�|f{x�xswh
{Pg�h
|Yu�z}�9©�h
|f{}uwd

l
~¥s�{}~�¬}hE|
�Xr .

R �����  (C,C ′) =
NT (C)

NT (C ′)

8 l λ |V | min(e− emin, emax − e)
nmax(emax − emin)

h(C ′)

h(C)

± � 7�´

¦�dfhE�wh |V | = 2π(Lmax − Lmin)
³É» |�uwdfh���h
¬Ph
��svh¨y
�PsvhP²Xuwdfh7l¨��h
hE|
����u�~�z�~¥s#{}~�¬}h
|��Xr .

R �����  (C,C ′) =
NT (C)

NT (C ′)

nmax(emax − emin)

8 l λ |V |min(e− emin, emax − e)
h(C ′)

h(C)

± �}�P´

��� � 6 � * � Ò � Î
c#dfh·swhEy
z}|��)ptÅN���/h
�wuw«f������uw~�z}|Á¦��Psm�f«f~�©Æu�u�zNgxhE�w{Phxy
©�zYsvh��/z}©�rX©�~�|fhEs¨u�d���u7�fzN|fz�u�¬}hE�w~��ªrNu�dfh��f��z ­X~�g�~Æu�r¹y
z}|��f~Æu�~�zP|¾³
��h
��h}²9uwdfh�g�h
��{}h�~¥s7�tzP|fh��Xr_��h
g�z�¬X~�|f{�u�dfh�Ç���s�u�zP��uwdfh�©¥�}svu7swh
{}g�hE|Pu�z}�#�Â�/z}©�rX©�~�|fh��ªzP©�©�z�¦¯hS�_�XrÁ�}�f�t~�|f{¹��©�~�|f°X~�|f{
swh
{PgxhE|YuE³8c#dfh�|fhE¦ ¦�~¥�XuwdN~¥s#h �Y«��}©Guwz�u�dfh�g�hE��|�z��%u�¦�zx¦�~¥�Xu�d�s�z��9uwdfh�g�hE�w{PhE�
��zP©�rX©�~�|fhSs
³$'�z}�=��y�zP«f�f©�h�z��%��zP©�rX©�~�|fhSs
(ci, cj)

¬}hE�w~��ªrX~�|�{
ni + nj ≤ nmax

²�¦¯hmd�� ¬Ph¨d�h
~�{}dYu���zYswsw~���~�©�~Æu�~�hSs#z���|fh
¦o«f|fzP���fh
��hE�·�/z}©�rX©�~�|fhSs��}s�swdfz�¦�|
~�|�Ç�{}«��wh��t³
��gxzP|f{�u�dfhEswh7dfhE~�{PdYu���zYswsw~��f~�©�~�uw~�hEsE²�¦�h�z}|�©�r�°}hEh
�Âuwd�h7�f��z}�/zPsw~Æu�~�zP|�s�z}�Éswh
{Pg�h
|Yu�s�¦�dfzPswh�©�h
|f{}uwdN~¥s��/h�u�¦�h
hE|

Lmin�}|��
Lmax

²¾¦�df~¥y�d"�}©�©�z�¦=s�uwzÂ{}hE|fh
����u�h7¦�h
©�©Æ¸ �th�Ç�|fhE�_��zP©�rX©�~�|fhSs
³�'fzP�m�
{}~�¬}hE|_g�h
��{}hP²¾�[�/z}©�rX©�~�|fhx~�sm«�|f~Æ�ªzP�wg�©�r¹y�dfzPswh
|
�}gxzP|f{xu�¦¯z��/z}©�rX©�~�|fhEs�y
z}g��/zPswhE�
�Yr·uwdfh�s���g�h�svhE{}g�h
|Yu�s#�f«tu=~�|Â���t~�#Gh
��h
|Yu�z}���th
�
c#dfh=sw�f©�~Æu�y�z}|�y�h
��|�s%u�dfh���zP©�rX©�~�|�hEs8y
z}g���zYsvhS�x�Yrx��u8©�hE�Ps�uÉu�¦�z�svhE{}g�h
|Yu�sE³�� y�dfhEy�°X~�|f{m��zP~�|Yu

pj
i

~¥sÉ«f|f~��ªz}��g�©�rxy�dfzPswh
|
�}gxzP|f{Nu�dfh
�/z}~�|Yu�s

(p2
i , . . . , p

ni

i )
³¿c#dfh[�/z}©�rX©�~�|fh ± z���¦�~��Xu�d

e
´�~¥s�u�dfh
| y�«tu���uxuwdf~¥sj��zP~�|YuE³)c#dfh�¦�~��tuwd�sjz���u�dfh[u�¦�z

��hEsw«f©�uw~�|f{)��zP©�rX©�~�|fhSs�����h
h��Y«���©#u�z
e + δe

��|��
e − δe

²�¦�dfh
��h
δe
~�s�«f|�~Æ�ªzP�wg�©�rU�t��� ¦�|U~�|

[−B(e), B(e)]
�th�Ç�|fhE� ~�|

h��P«���uw~�z}| ± 6>7�´®³ '�z}�xz}|fh
z��=u�dfh[u�¦�z_�/z}©�rX©�~�|fhSs
²^y�d�zPswh
| ¦�~�uwd �f�wzP������~�©�~Æu�r
1/2

²�u�dfh�y�d�hEy�°X~�|�{¹��zP~�|Yu�~�sx��h
{Ph
|fhE����uwhE�
�Py
y�zP���f~�|f{�u�z[��«f|�~Æ�ªzP�wg �t��� ¦�~�|f{�z}�8��©�hE|f{�u�d

l
��|��N�·�t~��whSy®uw~�z}|

α
³ 'fzP«f��zP���fh
��hE����zP©�rX©�~�|�hEs�yE��|Âu�dfh
|¹�/h�{Ph
|fhE����uwhE�

�Xr[��h
¬Ph
��sv~�|f{jz��%uwdfh�swh
{}g�hE|Pu�zP���thE�E³Éc#dfhE�wh��}�wh�uwdX«�s�d�h
~�{}dYu���zYswsw~���©�h�sw�f©�~Æu�s��ª�wzPg ��y�dfhEy�°X~�|f{x��zP~�|Yu
pj

i

³
º�h�u

NM (C)
��h�u�dfh�|X«fgj��hE�=z��É�/z}~�|Pu�s#uwd���u��}©�©�z�¦=s�uwdfh7gxhE�w{P~�|�{xz}��u�¦¯z��/z}©�rY©�~�|fhEs�z��

C
�}|��

NS(C)
uwdfh�|X«fgj��hE�

z}�j�/z}~�|Pu�s
uwd���uÂ�}©�©�z�¦=s·u�dfh¿sv��©�~�uvu�~�|f{5z}�j�U�/z}©�rX©�~�|fhÁz��
C
³ � gxz�¬Ph_~¥s�«f|f~��ªz}��gx©�r�y�dfzYsvhE|§��g�zP|f{ u�dfh

NT (C) =
NF (C) +ND(C)

��zYswsw~���©�hmg�z�¬}hSs
³Éc#dfhm°}hE�w|�h
©Ô~¥s�uwdfhE|�{P~�¬Ph
|��Xr .

Q ������� (C → A) =
∑

ci∈C

ni
∑

j=2

1

NT (C)

8
∑

k=1

1

8

∫ B(ei)

−B(ei)

∫

V

1A((C \ ci) ∪ Sk
j,δe

(ci))
dv dδe
|V | 2B(ei)

+
∑

{ci,cj}∈C

8
∑

k=1

1

NT (C)

2
∑

m=1

1

2
1A((C \ {ci, cj}) ∪Mm

k (ci, cj))

± �}�P´

c#dfh�l¨��h
hE|[����uw~�z�y�z}����hEsw��zP|��t~�|f{�u�zx��sw�f©�~�u�z����7�/z}©�rX©�~�|fhmz���¦�~¥�Xu�d
e
�Xr·��h
��©��Py�~�|f{j��swh
{}g�hE|Pu#z��%©�hE|f{�u�d

l
²X~�s�u�dfh
|

{P~�¬Ph
|��Yr .

R(C,C ′) =
NT (C)

NT (C ′)

16 l λ |V |min(e− emin, emax − e)
nmax(emax − emin)

h(C ′)

h(C)

± �P�P´

º�~�°Ph
¦�~¥svhP²Pu�dfh7l¨��h
h
|�����uw~�z�y�z}����hEsw��zP|��t~�|f{7u�z��jg�hE�w{Ph�z}�9u�¦�zj�/z}©�rX©�~�|fhSs#�whE�f©��Py�~�|f{���|�~�|f~�uw~¥��©�z}�#Ç�|��}©¾svhE{}g�h
|Yu#�Xr
��|fhE¦§swh
{PgxhE|Yu#z}�%©�h
|�{�uwd

l
²t~¥s�{P~�¬Ph
|��Yr .

R(C,C ′) =
NT (C)

NT (C ′)

nmax(emax − emin)

16 l λ |V |min(e− emin, emax − e)
h(C ′)

h(C)

± �C4S´

����� � � ����� 

� ���/��� �	� ��
/� 
 	 
�� ���/�
����������� � � � 
 	�� �����
» |)u�df~�s7svhSy®uw~�z}|�²9¦�h�y�dfhEy�°_uwdfh��/h
d�� ¬X~�z}��z}�¯u�dfh[Å"i�Å"i0��©�{}zP�w~�uwd�g �ªz}�7s���g��f©�~�|f{¹��«f|f~��ªz}��g,��z}~¥s�svzP|"�f��zty�hSswsm¦�~�uwd
nmax = 10

��|��
λ|F | = 100

³ 'fzP��u�d���uS²�¦�hjy
z}|�sw~¥�th
��uwdfhjh
g��f~��w~¥y
�}©%� ¬Ph
����{}hSs�z��
N
²/uwd�h�uwz}u���©%|X«fg7�/h
��z��8�/z}©�rX©�~�|fhEsE²

�}|�� {Ni}i=1..10
²}uwdfh�|X«fgj��hE�Éz��G��zP©�rX©�~�|�hEsÉy�zPg���zYsvhS�7z}�

i
swh
{Pg�h
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Ç�¬}h7gxhE�w{PhEs=�}�wh����wzP��zYsvhS�
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��|fh
©¾�}|��N��|N����°Ph
��|fh
©I²
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z}|X¬}hE�w{PhE�
~�|
©�hEs�s�uwd��}| "�6�swhEy
z}|��fs¨¦�~�uwd)�[���wzty�hSswswz}�m�
l ��Ã ±
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|�y�djl¨hEz}©�z}{P~�yE��©

pX«��w¬Ph
r ± @���lmÅ_´). ± �/´�«�sv~�|f{xuwd�h�svhE{}g�h
|Yu��f��zXy
hEs�sÉÊ�Ë�«��}©�~�u�r
i���|��trPÌ � ± yE´�«�sw~�|�{ju�dfh��/z}©�rY©�~�|fhm�f�wzty
hEs�s8Ê�i�����k¨º�»�¼=½�Ì®³

©�z}|f{x�f����|�y�d�hEs^�}�wh�uwdX«�s���� ¬Pz}��hE���f«tu#u�dfh������}|�y�d���«f|�y�uw~�z}|�s#�}�wh�|fz�u#��� ¬}zP�whS��h�­t�f©�~�y
~Æu�©�rP³É¼=h
¬Ph
�wuwdfhE©�hSswsE²S��«f|�y�uw~�z}|�s�g�� r
�/h¨�fz}|fh�¬Y~¥�mu�dfh�y
z}|f|fhSy®u�~�zP|·¦�~Æu�d[�7y
©�zYsvh�h�­Xuw��h
g�~�u�r}³Éc#df~¥s^h
­X��©��}~�|�s^�����wuw©�rxuwdfh����}� �P«���©�~Æu�rxz��Ôu�dfh^��«�|�y®u�~�zP|·��h
u�¦¯hEh
|
u�dfh�u�¦�z·sv~�|X«fz}«�s��t~��vu�uw���}y�°
�}|��N��g���~�|N��zP�}��~�|Nuwd�h�Ç�{}«��wh.4�"t³=c#dfh�z}uwdfhE�=��hE�}swz}|Â~¥s�u�d���u¨~�|YuwhE��swhEy�uw~�z}|�s=¦�~Æu�d¹�}y�«fuwh
�}|f{}©�h ± Ê 0=Ì�~�|YuwhE��swhEy�uw~�z}|�s�´¯����h¨�/h
|���©�~�ÃEhE�
«f|��thE��uwdfh�©¥� ¦ z}��u�dfh�Ê�Ë�«���©�~Æu�r
i��}|��trPÌ¨�f��zty�hSswsE³

c#dfh��f��z ­X~�g�~Æu�rx~�|Pu�h
���}y�uw~�z}|�~�|Pu��wzt�t«�y�hE�·~�|�u�dfh�Ê�Ë�«��}©�~�u�r�i��}|��trPÌ�g�zt�th
©�uwzj��hE|���©�~�ÃEh=u�dfh�z�¬Ph
��©��}�f�f~�|f{�z���swh
{PgxhE|Yu�s
~¥s8|fz}u^¦�h
©�©Æ¸ �th�Ç�|fhE��.%~�u^~�|��t«�y�hSs^���/h
|���©�~�ÃS��uw~�z}|�z}�/u�dfh�Ê 0=Ì�~�|Pu�h
��svhSy®u�~�zP|�s8��|��x�ªz}���f~��xu�¦�z�swh
{}g�hE|Pu�s
²P¦�dfzPswh=y�hE|Yuwh
��s8�}�wh
��u��x�f~�svu��}|�y�h�©�z�¦¯hE��uwd��}|[u�dfh�g���­t~�g��}©Ôd���©�� ¸ ©�hE|f{�u�d
z}�9u�dfhmu�¦¯z�swh
{PgxhE|Yu�sE²Xuwz���h �Y«��Psv~�¸ ��������©�©�hE©K³ÉpXz�²f~Æu=~¥s#~�gx�/zPs�sw~��f©�h
u�zÁ�th
uwhSy®uxu�¦¯zÁy�©�zPswh[��zP�}��s
³Ác#dfh 9 ¡ Ò�� (+�;(�  Ï ( '   Î ¡�¢f£} A( Ò ' ��h
u�¦¯hEh
|¿u�¦�z_�/z}©�rX©�~�|fhSsj~¥s � Î  
  Î ¡ Ó Î � ' Î Ó .�u�dfh�Ê10�Ì
~�|Yuwh
��swhEy®u�~�zP|�s�����hm|fz�u=�/h
|���©�~�ÃEhE�Â��|������}���}©�©�h
©ÔswhEy�uw~�z}|�s=�}�wh��}©�©�z�¦¯hS�·~���uwdfhEr
����h���u����t~¥s�u���|�y
h�©��}�w{Ph
��uwd���|

d
³^c%��°X~�|f{

d
swg���©�©K²Ô~�u�~�s¨u�dY«�s��/zPs�sw~��f©�hxuwzÂ�th�u�hEy�um¬Ph
��rNy�©�zPswhj��zP�P�fs�¦�d�~�©�hx� zP�w��~��f�f~�|f{ÂswhEy®u�~�zP|_z�¬Ph
��©��}�f�f~�|f{�³�c#df~¥s¨~�s¨~�©�©�«�svuw����u�hE�
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256 × 256 
 � ������	 
 � ��� � � � � ��� 7 � � ��� 
 � ���
����� � � � 1 � ��� � 15 � �����

'%~�{}«f��h24A"�.j��zY�}�Áh�­Xuw���}y�uw~�z}|"�ª�wzPg,�}|¿~�g���{Ph[pX��k¨c �É��|�y�d��wz ±
10
gxh
uwhE��s�z}���whSsvzP©�«tu�~�zP|�´¨�f��z�¬X~��thS�_�Xr"uwdfh 'f��h
|�y�d

pX����uw~¥��©%�={Ph
|�y
r ± i�¼�½¯pf´). ± ��´#«�sw~�|�{�uwdfhjsvhE{}g�h
|Yu=�f��zty�hEs�s8Ê�Ë�«���©�~Æu�rNi���|��fr}Ì�� ± yE´#«�sw~�|f{�uwdfh7��zP©�rX©�~�|fh7�f�wzty
hEs�s8Ê�i����#¸
k¨º�»�¼=½�Ì®³

�Xrxuwdfh¨��hEsw«f©Æu�{}~�¬}hE|·~�|[Ç�{}«��wh 4 �X²X¦�dfh
��h=u�¦�z7��zP�P�fs3�Y«��Psv~�¸ ��������©�©�hE©�y
�}|·�/h¨�th
uwhSy®uwhS�·«�sw~�|f{�u�dfh�Ê�i����=k¨º¾»�¼�½�Ì��f��zty�hEs�s
¦�dfhE�whS�}s#zP|f©�r[z}|fhm¦#�}s#�th�u�hEy�uwhE��«�sw~�|f{�uwdfh�Ê�Ë�«��}©�~�u�r
i���|��fr}Ìm�f��zXy
hEs�s
³

'9~�{}«��wh 4�6 .�½^��p����}�f�}�¯~�g���{}h ±
525× 546

�f~�­XhE©�s�´	�:½¯pt�7³

c#dfh £ Ò � 9 
9 A( ' E) �(+� Î·z���uwdfhj��zP©�rX©�~�|�h��f��zXy
hEs�s�g�zt�th
©%~�s�|fh
¬Ph
�wuwdfhE©�hSsws (+� 9^Ò ¡  E¢ '   ~�|¹y�zPg�������~�swz}|�u�z[svhE{}g�h
|Yu
�f��zty�hSswsÉg�zt�thE©K³Éc#df~¥s8~¥s^g��}~�|f©�r��t«fh�u�z�uwdfh¨y�zPgx��«tu���uw~�z}|�z��Gu�dfh��f��u��mu�h
��g zP|�uwdfh�¦�dfz}©�h
|fhSsws^z��Guwd�h��/z}©�rY©�~�|fh���u¯hE�}y�d
�f��z}�/zPsw~�uw~�z}|Âz��8���/h
�wuw«f������uw~�z}|¾²�h
¬}hE|N~Æ��u�dfh7�/h
�wuw«f������uw~�z}|Ny�zP|�y�hE�w|�s=z}|f©�r
zP|fh�z}��u�¦¯z·swh
{Pg�h
|Yu�sE³�c#d�h��whS�}swz}|Â~¥s�uwd���u
u�dfhj�f��u��xu�h
��g �/z�u�h
|Yuw~¥��©9~�s�|fz�u����}swhE��z}|¹��sw«fg�z��É��z}uwhE|Pu�~��}©�s=�ªz}�=hS�}y�dNswh
{}g�hE|Pu=z}��uwdfhj��zP©�rX©�~�|fh7�f«tu�zP|¹��«f|f~��ªz}��g
�thSy�zPgx�/zPsw~�uw~�z}|Âz���uwd�h���zP©�rX©�~�|�h�g��}sw°/³�º¾zP|f{}hE�#uwdfh��/z}©�rX©�~�|fhSs�����h}²�©�zP|f{}hE�#uwdfh7y
z}g��f«tu�~�|�{�uw~�gxhj¦�~�©�©¾�/h}³=pXz�²fuwd�h7y�zYs�u
z}�É�}|N~Æu�h
����u�~�zP|N~�s�¬}h
��r[d�~�{Pd¹��u=u�dfh7hE|��Âz���uwd�hj��©�{}zP�w~�uwd�g�²�hEsw��hSy�~¥��©�©�r�~Æ�Éu�dfh���zP�P�fs=��|��Â�w~�¬}hE��s#�f��hEswh
|Yu�~�|Âuwd�h7~�g��}{}h
�}�whm©�z}|f{���|��[|X«fg�h
��z}«�s
³
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± �Y´¯swh
{Pg�h
|Yu��f�wzty
hEs�s ± ��´���zP©�rX©�~�|�h��f�wzty
hEs�s

'%~�{}«f��h;4S� ._��zY�}� h�­Xuw���}y�uw~�z}|5z}|��)���}������~�g��}{}h ± svhEhNÇ�{}«��wh 4A6P´ . ± �P´�«�sv~�|f{_Ê�Ë�«���©�~�u�r5i���|��trPÌÂ�f��zty�hSswsx¸���½^À .
swh
{PgxhE|Yu�s�u�d���uxÇfu��f��u�� ± |fhE{P��uw~�¬}h·�/z�u�h
|Yuw~¥��© ´�¸ @#º�/=½%.�swh
{Pg�h
|Yu�s�uwd���ux�tz"|fz�u�Ç�uju�dfh
�f��u�� ± �/zPsw~Æu�~�¬Ph·��z}uwhE|Pu�~��}©¥´�¸
lm��½^½^¼�./h�­XuwhE�w|���©G�����wu�z��%uwdfh�swh
{Pg�h
|Yu�g��Psv°[«�svhS�·�ªzP��uwd�h¨g�hS�}sw«f�whmz}�9u�dfh�y�zP|Pu����Ps�u#¦�~�uwd�uwdfh�|�hE�����Xr����}y�°X{P�wzP«f|����
± ��´�«�sw~�|�{NÊ�i����=k¨º�»�¼=½�ÌÂ�f�wzty
hEs�s7¸jlm�=½8½^¼�.¯~�|Yu�h
��|���©����}�vu�z}��uwd�hN��zP©�rX©�~�|fhNg��Psv°G² @#º /=½ .8h
­Xuwh
��|��}©������wu�z}��u�dfh
�/z}©�rX©�~�|fh�g��}sw°�¸^��½^À .��/z}©�rX©�~�|fh�y�zP|f|fhSy®uw~�z}|�s
³

� # �����¯�� ���	
���

ÈÁh"d�� ¬}h_���wzP��zYsvhS� ~�| uwdf~¥s��whE��zP�vu��U��h
©�h
¬���|Yu�gxh
uwdfzt��uwzU�/h
�w�ªz}��g ©�~�|fhÁ|fh
u�¦¯zP�w° h�­Xuw���}y�uw~�z}|5�ª��z}g s���u�h
©�©�~�uwhÁ��|��
�}h
��~��}©�~�g���{PhEsE³Uc#df~¥s�~�s��"�ª«f©�©�rU�}«tuwzPg���uw~¥y
gxh
uwdfzt� ¦�~Æu�dfz}«fu��}|Xr¿~�|f~�uw~¥��©�~�ÃE��u�~�zP|¾³U» |��th
hS�Ô²^u�dfhÂ«�swh
z}�¨�Ásv~�g7«f©¥��u�hE�
�}|f|fhE�}©�~�|f{Âswy�d�h
g�hj«�sv~�|f{Â����ÄPÅ"i�ÅÁi���©�{}zP�w~�uwdfg �ªzP�¨uwdfh�z}�fuw~�gx~�ÃE��uw~�z}|Á��©�©�z�¦=s�«�s¨uwz�~�|f~Æu�~��}©�~�Ã
hxu�dfh���©�{}z}��~�uwdfg ¦�~�uwd
u�dfh7hEgx�fu�r�y
z}|tÇ�{P«f����uw~�z}|�³¯c#dfh����w~�z}�=g�zt�thE©�©�hE�}��s#uwz[y
z}|Yuw~�|X«fz}«�s�h�­Xuw���}y�uwhS�
©�~�|fh�|fh
u�¦¯zP�w°ts#¦�~�uwdÂ�ªh
¦�zPg�~�s�sv~�z}|�s���|��
z�¬Ph
���th�u�hEy®u�~�zP|�sE³9��hSsv«f©�u�s8z}|��whEg�z�uwhE©�rjsvhE|�svhS�x~�g���{PhEs�d�� ¬Ph�svdfz�¦�|juwd���uÉuwd�h=��zP©�rX©�~�|�h��f�wzty
hEs�s^i����=k¨º¾»�¼�½Á~¥s�ÇfuwuwhS�xuwz
u�dfh#h�­Xuw���}y�uw~�z}|7z}��sw~�|X«fzP«�s%|fh�u�¦�z}��°ts9�}|���g�zt�th
©¥s�y�zP�w��hEy�uw©�r�u�dfh#�wzY�}�j��|��7�w~�¬}hE����«f|�y®uw~�z}|�s%uwd��}|f°ts�u�z�u�dfh��th�Ç�|f~Æu�~�zP|jz}�/�
�/z}©�rX©�~�|fh�y
z}|f|�hEy®u�~�zP|¾³ÉÅNz}��h
z�¬Ph
�S² uwdfhm�f��u��mu�h
��g¶swh
hEg�sÉuwzj��hE�v�ªzP�wg ¦�h
©�©��ªzP�¯�t~�#/hE�whE|Yu^u�rX��hSs^z}�¾~�g��}{}hEsE³%È"h�¦�~�©�©��ªzty
«�s
~�|Á��|fhS���¨�ª«tu�«f�wh�zP|_u�dfh��th�Ç�|�~Æu�~�zP|"z}����|"~�|�dfz}g�z}{Ph
|fhEz}«�s���h��ªh
��h
|�y�hx�f�wzty
hEs�s����}swhE�¹zP|Á����u��[uwd���u�¦¯zP«f©¥�_�/h���h
uvuwhE�
�P�f���tu�hE�[uwz�zP«f���f��z}�f©�h
gÂ³�» |��thEhE�Ô²f~�u=¦�z}«f©¥�
�}©�©�z�¦ u�z��Py
y
h
�tu=g�z}��hmy�z}����hEy®u�©�r��/zPsw~�uw~�z}|fhS�
swh
{PgxhE|Yu�s���u#u�dfh���hE{}~�|f|f~�|f{
z}�/u�dfh��}©�{Pz}��~Æu�dfg �}|���swdfz}«f©¥���thEy
�whS�}swh#uwdfh�y�z}g��f«fu���u�~�zP|�uw~�g�h}³ÉÅNz}��h
z�¬Ph
�S² uwdfh��f��z}�/zPswhE��s�u�zty�d��}svuw~¥y#g�zX�fh
©�~�|f{j��©�©�z�¦=s
«�s¯u�zjy�zP|�sw~��thE�^¦�z}��°X~�|f{7~�|����ª����g�h�z}���f��u����ª«�sw~�zP|[~�|·z}���thE�8uwzx�/h
|fh
Çfu¯�ª��z}g u�dfh¨y
z}|Yuw��~��f«tuw~�z}|�z}�9swh
¬}hE���}©�swz}«f��y�hSs ± �ªzP�
~�|�svu���|�y�h}²�g7«f©�uw~�¸ swh
|�svzP��zP��g7«f©�uw~�¸Iuwh
g��/z}����©¾�f��u��Y´®³

� �%1��
��.�����&�@7<>���j-9�

c#dfh)��«fuwdfzP��s
¦¯zP«f©¥��©�~�°Ph_u�zUu�d���|f° u�dfh 'f��h
|�y�d�l¨h
z}©�z}{P~�yE��©mpX«f��¬}h
r ± @���lmÅ_´·�ªz}�Â���}�vu�~��}©�Ç�|���|�y
~��}©�sv«f����zP�vuÂ��|��
~�|Yuwh
��hEsvuw~�|f{_�f~�s�y�«�s�sw~�zP|�s
²�uwdfhÂpX���Py�h·�={Ph
|�y
r ± i�¼=½¯p�´���|��Áuwdfh·½^«f�wzP��hS��|UpX���}y�h
�={}hE|�y�r ± ½¯pf��´��ªz}���f��z�¬X~��f~�|f{Âu�dfh
s���u�h
©�©�~�uwh�~�g���{}hSs
²Yu�dfh�'f��h
|�y�dÂÅ¹�}�f�f~�|f{�» |�svuw~�uw«tu�h ± »vlm¼�´#�ªz}���f��z�¬X~��t~�|f{���hE�w~¥��©Ô�f��u��f³
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�54/���7³ @��P�f�thE©�hEr��}|��¹Å¿³G¼�³ÔÅ¿³/¬���|"º�~�hSsvd�z}«tuS³¨pYu�zXy�d��}svuw~¥y�{}hEz}g�h�u��wr�g�zX�fh
©¥s�~�|_df~�{}df¸I©�h
¬Ph
©�¬X~¥sv~�z}|�³�� � "���( ���4( �!��" ���
�)�-"�� 	!�®²B4 .µ� " "��f�}����²C4S�}��"�³

� ����Å ³F@#����Ã
zPd������}|�� Àj³ @�³Éi¯zXz}�/h
�S³_�=«tu�z}g���u�~�y·Ç�|��t~�|f{"z��=g���~�| ��zP�}��s�~�| ��h
��~¥��©^~�g���{PhEs��XrÁ«�sw~�|f{"{}hEz}g�h�u��w~¥y®¸
svuwzty�d��Ps�u�~�y_g�zX�fh
©¥s��}|���hSs�u�~�g���uw~�z}|¾³	� ������
�&�"��C��" �!��(+*��C� *�� � "�� � 	5&�� � �'"�� � � ( � "�����
 " ����(��
	��!�C� 	!��� (�� 	��
�
	
²
4S� .�7�� 7�� 7}�>4P²}Ä}«�©�r 4E�}�P�f³

� ""���7³B@#��«fg�{P�}�vu�|fh
�S²¾i�³ÔpXuwh
{Ph
�S² ��³¾Å¹� rPh
�S²�È�³Ô½^y�°tsvuwhE~�|¾²¾�}|�� �7³Ô½8�f|fhE�E³j�=«tu�z}g���u�~�yj�wzY�}�Nh
­Xuw���}y®u�~�zP|¹���PsvhS�Nz}|
gj«f©�uw~�¸ s�y
�}©�hP²�{}��z}«f�f~�|f{�² �}|��7y
z}|Yuwh
­XuE³ � ��* � *���&�"���� 	���&)( � � ����(��
	
	�&)(���� " ����� 	)�%*�� 	�� 	!�C�)(����}²��P� ± 7�´). 7 7�7��C7��Y�t²
ÄP«f©�r
4S�}�P�f³

� 6 � /7³ @�d���uvu��Py�d�����rP���}|��NpG³ ��³��É����«f~K³#�=|_~�g��f��z�¬}hS�[���Py�°X�f�wzP����{Y��u�~�zP|[|fhE«f���}©¾|fh
u�¦¯zP�w°[�ªz}���th
uwhSy®uw~�z}|Nz}�É�wzY�}�X¸ ©�~�°}h
�ªhS��u�«f�whSs#~�|Ns���u�h
©�©�~�uwhm~�g��}{}hE�wrP³��!�C� 	�&�� "���(+*�� "�����*�
�&�� "�� * ��� 	/�-* � 	�� 	�� �)(����}² 4E��. " " 7���� " "}��6�²}���f�w~�© 4E�P� 7t³

� ���m»®³�i¯z}«f©�z}~�{}|fhE����|��)cm³��=�}|�y�df~�|¾³·Å¹�}�f�f~�|f{Âz��#«f�w����|¿����hE�Ps/.m� g7«�©Æu�~���hEswz}©�«tuw~�z}|Ág�zt�th
©�~�|�{Â�}�f�f��zP�Py�d¹�ªz}�jsvhEgx~�¸
�}«tuwzPg���uw~¥yxh�­Xuw���}y�uw~�z}|Áz��#s�u��whEh�u�sE³ � ��*�� *���&�"����:	!��&)( �:� ����(��
	
	5&)(���� "������ 	/�-* � 	 � 	�� �)(����}²9�P� ± 7�´�. �}� 7��t� 7 6�²�ÄP«f©�r
�}�}�P�f³

� �"�m��³�À�zP«�y�h
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